
The Strategy Dynamics of Collective Systems
Ambrosio Valencia-Romero

The Roux Institute
Northeastern University

Portland, ME 04101, USA
a.valenciaromero@northeastern.edu

Paul T. Grogan
School of Computing and Augmented Intelligence

Arizona State University
Tempe, AZ 85287, USA

paul.grogan@asu.edu

I. INTRODUCTION

Designing systems-of-systems requires collective decision-
making, which can be difficult due to local incentives, partial
information, and decentralized control [1]. These complexities
can make the process daunting, and conventional optimiza-
tion methods provide effective solutions only sometimes [2].
Decentralized control leads to strategy-related uncertainty, af-
fecting system performance and decision-making. Traditional
engineering systems design relies on a central authority to
decompose and allocate objective functions among stakehold-
ers, which does not address the complexities of these settings.
Game theory creates models and conducts analyses of strategic
interactions between various actors to obtain insights into such
situations and address related challenges [3–5]. However, more
work is required to unlock the potential of game theory in these
contexts. Addressing this research gap is crucial to accurately
evaluate strategic uncertainty and its effect on the dynamics
of collective action and comprehend how individuals make
trade-offs in complex decision-making scenarios.

This work proposes a framework that generalizes the con-
cepts of structural fear and greed strategy dynamics in two-
strategy normal-form games, typically expressed for only two
players, to any number of players. This approach builds on
previous work that explored the impact of a design problem’s
strategic components on collective performance and aims to
increase understanding of strategy dynamics across various
multi-actor decision-making processes, regardless of their size
or asymmetries. The concept of structural fear and greed space,
which we call strategic hindrance, helps diagnose the stabil-
ity of each player’s incentives across all possible collective
strategy outcomes and address strategy-related uncertainty.
This approach focuses more on the players’ beliefs about
the game and the other players’ strategies rather than their
explicit knowledge. In this context, uncertainty arises when
a player lacks ‘common’ or ‘objective’ knowledge about the
likelihood of specific combinations of other players’ strategies.
This framework provides insights into the strategic trade-offs
that decision-makers face when confronted with ambiguity and
uncertainty about others’ actions. By examining the landscape
of possible strategic scenarios, individuals can better under-
stand the various factors that come into play when making
critical decisions in multi-actor environments.

II. BACKGROUND AND CONCEPTUAL FRAMEWORK

The concept of fear and greed strategy dynamics is rooted in
the study of social dilemmas through economic game theory. A
“game” is an abstraction of a decision-making process involv-
ing several independent actors with diverse preferences over
the decisions they could make and their possible consequences.
The most common game representation used to describe social
dilemmas is the normal-form (or strategic-form) game. A
normal-form game GN = (N ,

(
Si
)

i∈N ,
(
Ui
)

i∈N ), consists of

• A player set N consisting of n ≥ 1 player names or ids;
• A set of pure individual strategies Si = {s(1)i , . . . , s(mi)

i } ∋
si, with mi ≥ 2, for every i ∈N ; and

• A payoff function Ui : S 7→ Rn valuing the preference of
player i for each s ∈ S .

An n×2 normal-form game is one in which mi = 2 for every
i∈N , resulting in a total of 2n pure collective strategies. Most
classical social dilemmas are symmetric 2×2 in which the
players share the same payoff function and strategy set. Let
us set Sk = {ϕk,ψk} for every player k ∈ N = {i, j}; in this
work, we call ϕ = ⟨ϕ1,ϕ2, . . . ,ϕn⟩ the status quo collective
strategy and ψ = ⟨ψ1,ψ2, . . . ,ψn⟩ the desired outcome from the
perspective of a modeler, experimenter, or systems designer.

Classical 2×2 social dilemmas are commonly characterized
by the differences in payoff between pursuing the same
strategy and unilaterally deviating from it. The function

ℓi(s j) =
1
Ai

[
Ui(ϕi,s j)−Ui(ψi,s j)

]
∈ [−1,+1] , (1)

where Ai = maxs Ui(s)−mins Ui(s)> 0, is player i’s rescaled
deviation loss of deviating away from the status quo for a fixed
s j. The values

Fi(ϕ,ψ) = ℓi(ϕ j) and Gi(ϕ,ψ) = ℓi(ψ j)

are respectively known as the structural fear a structural greed
factors [6]. The possible combinations of signed values of Fi
and Gi characterize multiple 2×2 strategy dynamical domains
exhibiting different payoff and risk dominance conditions [7,
8]. The following four regions stand out:

– harmony (HA):
Fi < 0 ∧ Gi < 0

– coexistence (CX):
Fi < 0 ∧ Gi > 0
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Fig. 1. Main strategy dynamics in 2×2 social dilemma games in terms of the individual payoffs Ui(si,s j) — player ids i and j are interchangeable — and
their relative differences (+ versus −). The labels “defect” and ‘cooperate” commonly used in the literature are herein replaced by ϕi) and ψi, respectively.
An economically rational player would presumably prefer those collective strategies marked with a plus sign (+) over those marked with a minus sign (−);
for instance, a rational player in a harmony game would rather cooperate regardless of what they believe their partner would do, while players in a chicken
game (coexistence dynamics) would need to anti-coordinate their strategies to reach a mutually beneficial outcome.

– bistability (BI):
Fi > 0 ∧ Gi < 0

– defection (DE):
Fi > 0 ∧ Gi > 0.

If the fear and greed values of both players coincide in one
of the above regions, the game is guaranteed to have at least
one collective strategy s⋆ ∈ S from which no economically
rational player would want to deviate, assuming the individual
strategy of the other player is fixed. This is known as a pure-
strategy Nash equilibrium (PNE) [9]; the set of PNE is S⋆ ⊆S.
Figure 1 describes each of the four main strategy dynamics
using a signed payoff matrix representation with every plus
sign labeling the strategy that a rational player would prefer
given the strategy of their partner. The sets S and S⋆ in a 2×2
game are equal whenever

Fi = 0 ∧ Gi = 0,

for every i ∈N ; we call this indifference dynamics (ZZ).

We generalize the structural fear and greed concept to
characterize the strategy dynamics in more extensive and
general collective decision-making processes (n ≥ 2). This
characterization aims to assess the stability of collective action
in complex scenarios and assist in designing incentive mech-
anisms that mitigate unfavorable strategy dynamics and guide
actors toward desired outcomes. The first step is to extend the
definition of rescaled deviation losses, ℓi(s j), to account for
all conjectures that a single player can make about the actions
that some or all of the other players in N \{i} = −i could
take. Let K ⊂ N \{i} be a proper subset of players and let
J = N \(K∪{i}) be the non-empty set of players different
from i that are not in K. Equation (1) can be generalized to

ℓi(sJ , sK) = A91
i ·

[
Ui(ϕi, sJ , sK)−Ui(ψi, sJ , sK)

]
, (2)

with s9i =(sJ , sK), sJ ∈S |J |
i , and sK ∈S |K|

i . We now consider
the scenarios in which player i expects the players in J to
coordinate their actions, assuming that the strategies of the
players in K are fixed:

Definition 1. Assume the players in K have adopted an
immovable collective strategy sK = σK. From the standpoint

of player i, the normal-form game GN reduces to

GN\K =
(
N\K,

(
Si
)

i∈N\K,
(
Ui( · ,σK)

)
i∈N\K

)
. (3)

We call GN\K a player-reduced game observed by player i
within GN . Now, assume that player i conjectures that all
players in J act as one player with individual strategy sJ ∈
{ϕJ ,ψJ }. The values of structural fear and greed specific
to player i concerning an unanimous course of action by the
players in J are given by

F(σK)
i (ϕ,ψ) = ℓi(ϕJ ,σK) (4)

and

(5)G(σK)
i (ϕ,ψ) = ℓi(ψJ ,σK)

The number of possible combinations of σK in (1) is given by

g(n) = ∑
K⊂N\{i}

|P (K)|=
n−2

∑
|K|=0

2|K| ·
(n−1
|K|

)
= 3n−1 −2n−1, (6)

is the number of player-reduced games observed by player
i ∈N under the assumption of coordinating players in J . For
example, g(3) = 5: in one instance, |K|= 0 and J = { j,k}=
−i, thus ϕ9i is restricted to {⟨ϕ j,ϕk⟩,⟨ψ j,ψk⟩}; in four other
instances, |K| = 1, with either J = { j} ⇔ K = {k} or J =
{k} ⇔ K = { j}, and the strategy of either player in K fixed
to σ j ∈ {ϕ j,ψ j} or σk ∈ {ϕk,ψk}.

Definition 2. The space of structural fear and greed values,
or strategic hindrance, of player i in an n×2 game GN is

H(n)
i (ϕ,ψ) =

F(σK)
i (ϕ,ψ)

G(σK)
i (ϕ,ψ)

T

×g(n)

=

[
ℓi(ϕJ ,σK)

ℓi(ψJ ,σK)

]T

×g(n)

, (7)

where g(n) is the number of possible player-reduced games
GN\K observed by i.

We visualize strategic hindrance spaces on the plane, with
the structural fear along the vertical axis and the structural
greed along the horizontal axis, and each quadrant named
after each of the main strategy dynamics in Fig. 1. Figure 2
exemplifies how our approach is applied to characterize seven
different 3×2 games.



Fig. 2. Strategic hindrance spaces in seven classical 3×2 social dilemmas

III. APPLICATION: GRAPHICAL VOLUNTEER’S DILEMMA

In an n-player volunteer’s dilemma, each player chooses
between making a small contribution for the common good
(ψi) or doing nothing and expecting to benefit from the
contributions of others (ϕi). Player i’s payoff in this game
is defined as

Ui(si,sJ ,sK) =

{0 if si = ψi
a if si = ϕi ∧ sJ = ψJ
−b otherwise,

(8)

where a and b are both positive real numbers. There are exactly
n PNE in this game, each of them equal to s⋆ = ⟨ψi,ϕ9i⟩ for
every i ∈ {1,2, . . . ,n} — every time one and only one player
volunteers and the rest do not. Strategy ψi is perfectly limited,
viz. it yields constant Ui(ψi,s9i) for any s9i ∈ Sn−1

i , restricting
interactive effects [4]. Figure 2 shows the below individual
strategic hindrance space in a 3-player volunteer’s dilemma
with a = 1 and b = 2:

H(3)
i (ϕ,ψ) =

1
3

[
−2 +1 −2 +1 −2

+1 +1 +1 +1 +1

]T

.

Three structural fear and greed pairs fall on the coexistence
region and two fall on the defection region. It can be shown
that the greater the number of players in the volunteer’s
dilemma game, the greater the incidence of defection dynamics
on each player’s strategic hindrance, which could lead to an
increased likelihood of no players volunteering at all. This
quantitative insight into the evolution of defection dynamics
in the volunteer’s dilemma game is reminiscent of the preva-
lence of the diffusion of responsibility and bystander effect
phenomena observed in real-world settings [10].

The interactions between players in a normal-form game can
be represented as a complete directed graph. Games described
using directed graphs are referred to as graphical games. In
these games, player i’s payoff is only affected by the strategies
of the players that are their direct predecessors, i.e. there is a
directed edge (arc) coming from i’s neighbors.

Fig. 3. Strategic hindrance in a 5-player graphical volunteer’s dilemma. Payoff
Ui follows Eq. (8), with J ∪K as i’s direct predecessors, and a = b = 1. The
sole PNE is ⟨ψ{1,3}, ϕ{2,4,5}⟩, in contrast with the result for the normal-form
(complete directed graphical) game, S⋆ = {⟨ψi, ϕ9i⟩ | i ∈N }, |S⋆|= n.

Figure 3 shows our approach applied to a 5-player graphical
volunteer’s dilemma game. Harmony dynamics emerge for
players 1, 3, and 4, with reduced connectivity resulting in
lower levels of greed. The single PNE would see players 1
and 3 — the less connected — more inclined to volunteer (ψ1
and ψ3), while the rest do nothing (ϕ2, ϕ4, and ϕ5).

IV. DISCUSSION AND CONCLUSIONS

While strategy dynamics for two-player two-strategy games
neatly fall within four domains on the strategic hindrance plane
of fear and greed, normal-form games with a greater number
of players exhibit more complex dynamics. The strategy
dynamics experienced by each player depend on the belief
of other players’ strategies and connectivity.

This framework shows how considering player-reduced
games allows a similar mapping onto the strategic hindrance
spaces with corresponding interpretations of the prevalence of
different dynamics. A graphical method illustrates the strategy
dynamics as a polygon region, with each node representing
dynamics at granular, sub-game levels. The example applica-
tion case shows that a volunteer’s dilemma gravitates towards
defection dynamics with increasing numbers of players —
consistent with real-world observations of the bystander effect.
It also shows that defection can be partially mitigated by aptly
removing connections between players.

Applications of this framework can be used to understand
complex interdependent dynamics among actors designing
system-of-systems. Furthermore, based on this understanding,
system-of-systems engineers can devise or develop incentive
mechanisms to mediate unfavorable dynamics and stabilize
socially efficient outcomes.
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