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Abstract

Predicting failure initiation in nonlinear composite materials, often referred to as metamaterials, is a
fundamental challenge in nonlinear solid mechanics. Microstructural failure mechanisms encompass fracture,
decohesion, cavitation, compression-induced contact, and instabilities, affecting their unconventional static and
dynamic performances. To fully take advantage of these materials, especially in extreme applications, it is
imperative to predict their nonlinear behavior using reliable, accurate, and computationally efficient numerical
methodologies. This study presents an innovative nonlinear homogenization-based theoretical framework for
characterizing the failure behavior of periodic reinforced hyperelastic composites induced by
reinforcement/matrix decohesion and interaction between contact mechanisms and microscopic instabilities.
Debonding and unilateral contact between different phases are incorporated by employing an enhanced
cohesive/contact model, which features a special nonlinear interface constitutive law and an accurate contact
formulation within the context of finite strain continuum mechanics. The theoretical formulation is
demonstrated using periodically layered composites subjected to macroscopic compressive loading conditions
along the lamination direction. Numerical results illustrate the way in which debonding phenomena, in
conjunction with fiber microbuckling, may influence the critical loads of the examined composite solid. The
sensitivity of the results obtained through the proposed contact-cohesive model at finite strain with respect to

its implementation is also explored.

1.Introduction

The onset of failure prediction in finitely strained nonlinear composite materials, such as fiber or particle-
reinforced elastomers with periodic microstructures frequently embedding voids or imperfections, is a
challenging problem of fundamental interest in nonlinear solid mechanics. Since their microstructures can be
tailored to obtain unusual as well as enhanced static and dynamic properties, and often incorporating
multifunctional properties arising from coupling between mechanical and electrical, thermal and/or chemical
characteristics (see [1,2], for instance), they are frequently referred to as metamaterials and adopted in a
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considerable number of advanced technological applications in large deformations contexts. In the last decade,
the role of additive manufacturing in metamaterial research has gained significant importance enabling the
production of digitally designed complex microstructures by using metal, polymeric, ceramic, biocompatible,
and bioinspired materials with highly versatile performances [3-5].

The adoption of biocompatible and bioinspired metamaterials is often associated with medical applications, but
not limited to, where highly deformable biocompatible materials are typically used for prosthetics, implantable
medical devices, artificial tissues, and more. Biocompatibility is important in these applications but the ability
of these materials to be highly deformable is essential since the materials need to conform to the shapes and
movements of the human body. For instance, in implantable medical devices or prosthetics, the adopted
metamaterials must be capable of withstandinglarge deformations and mechanical stresses without undergoing
damage. In this context, the combination of advanced numerical models, able to investigate the nonlinear
behavior of highly deformable metamaterials, together with the capabilities of additive manufacturing to
produce custom-designed metamaterial samples that can incorporate controlled defects and features, is the best
way to bridge the gap between theory and practical experimentation. This convergence among theoretical
approaches, innovative methodologies, and advanced manufacturing techniques is essential for realizing the
full potential of metamaterials and harnessing their unique properties for a multitude of engineering
applications.

In light of these considerations, the theoretical knowledge of the involved phenomena and the capability of
modeling the potential damage mechanisms, that these materials can manifest when subjected to large
deformations, becomes a crucial engineering aspect in numerous fields of application. Such nonlinear
phenomena, frequently occurring at the microstructural level and drastically influencing the metamaterial
macroscopic behavior consist of fracture phenomena, decohesion at the interfaces between different
microconstituents, matrix cavitation, contact under compression, and instabilities that can compromise the
unconventional characteristics and multifunctionality of the metamaterials. Moreover, there hasbeen a growing
interest in investigating the dynamic and wave propagation characteristics of periodic microstructured
metamaterials [6,7]. This interest arises from the periodicity of the microstructure, which can intrinsically
influence the propagation of elastic waves. However, it is worth noting that the combination of high
deformations and the onset of microscopic instabilities makes it necessary to carefully address the complexities
associated with contact mechanics and damage/fracture mechanics under conditions of finite deformations,
from both static and dynamic points of view.

In the past few years, to effectively address these issues from the numerical point of view and avoid
computationally demanding numerical simulations, researchers proposed reliable and accurate modeling
strategies based on nonlinear homogenization [8,9] and multiscale [10] techniques in a finite deformation
framework. Specifically, the application of multiscale techniques in the context of microstructural arrangements
was taken into account to address the limitations of the first-order homogenization approaches. For instance, in
[11,12] the instability phenomena at various length scales in hyperelastic composite materials together with the
effects of constitutive and geometrical nonlinearities were investigated. In [13] was highlighted that the
prediction of the onset of local instability in composite materials often demands large computational effort. This
arises from the direct finite element discretization of a unit cell assembly of unknown size or the use of advanced
techniques like Bloch wave stability analysis [14,15], except when the instability mode has a significantly longer
wavelength compared to the characteristic size of the microstructure, for which a simplified analysis based on
loss of ellipticity condition canbe applied. In [16] a multiscale finite element scheme was applied to analyze the
coupled effects of microcracks and instability in the context of heterogeneous solid materials. Furthermore,
failure arising from fiber microbuckling is a common issue in unidirectional fiber-reinforced composite
materials under compression along the fiber direction (see [17,18], for additional details). This type of failure
may induce microcrack initiation and propagation that significantly reduces their compressive strength due to
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increased energy release at crack tips especially in combination with instability phenomena. A similar
phenomenon, known as buckling-induced debonding or delamination buckling, can occur in structural
components reinforced with composite materials or composite laminates [19,20]. Therefore, it is important to
conduct a thorough examination of the interplay between microcracks and local fiber buckling to mitigate their
adverse effects on the failure behavior of fiber-reinforced composites. To the best of the authors” knowledge, the
study of the nonlinear behavior of 3D printed microstructured metamaterials, considering damage and
instability phenomena, represents a relatively new and emerging research field. This underscores the potential
for further research and innovation in this area, as it holds significant promise for applications across various
scientific disciplines. To this end, this paper proposes an original theoretical approach for modeling the failure
behavior of hyperelastic layered composites as a consequence of fiber/matrix decohesion and contact
mechanisms in coupling with microscopic instability phenomena.

2. Theoretical setting of the microstructural failure problem

The examined representative volume element (RVE) of a periodic composite microstructure occupies the
domain Wi (with boundary 0¥ ) in its initial undeformed configuration and contains internal cohesive/contact
interfaces I'w) comprising pairs of coincident physical surfaces. The deformation process is described by the
time-like parameter ¢, family of deformations x(X,7)=X+u(X):Vs — V; mapping points X of the initial
configuration Wi into points x of the current configuration ¥, with ¢ =0 corresponding to ¥ and u(X) being

the displacement field vector.

t=0 T cohesive-contact interface
A B Teniy=Tangp(t = 0)
oo/ T ;A’ 777777777777777777 B’ 7777777777
>0 Lagrangean description Eulerian description
Lo (t) » T (t) )

8N

ASHNNA L tha B () 7

Figure 1: Kinematical description of the cohesive-contact interfaces and related surface pairs during the
deformation process: a) initial undeformed configuration; b) Lagrangean description; c) Eulerian description.
(A,A’) and (B,B’) are cohesive points pair while (A,B’) is a contact points pair.

As reported in Figure 1, according to a Lagrangean description, the set of cohesive interfaces in ¥ are denoted
by e (¢) (in the reference configuration Tu) = Ta (¢ = 0)) and comprise pairs of coincident lower and upper

reference cohesive surfaces I, (f) and T'%,, (7), respectively placed on the positive and negative side of T (7)
oriented by its unitnormal n(,, separating after deformation into the disjoint current cohesive surfaces I",(r)
and I (¢). On the other hand the portions I, (¢) and I’ (1) where contact occurs at time ¢ are generally
disjoint and respectively denoted by the reference surface pair I'; (f) and I}, (¢), since pair of pointsin contact

in the current configuration are generally not coincident in the reference one; in the current configuration the
intersection of physical surfaces pairs where contact occurs, coinciding with a single interface, is denoted by the
symbol T.(¢). In the following, the dependence on t will be omitted from explicit consideration in order to

simplify the notation unless where it is needed to avoid ambiguity.
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2.1 Contact-cohesive interface modeling

The displacement jump vector across the cohesive-contact interface at a generic cohesive point pair
(X', X Yriy ={X" €T, X* €T | X' = X"} is defined as:

A(X', X“)ch(i) A= =[u(X, D]y = w(X" )~ u(X',0). (1)
With reference to the current unit normal n'(¢) to T?,(¢), obtained as the transformation by the deformation
mappingof n(,, A canbe decomposed, respectively, into normal and tangential component vectors A,n' and
4 according to:
A=An'+A, A =4An', A =(1-n"®n')A. @)

The following continuity-like condition for the nominal cohesive traction vector across the undeformed cohesive

interface T'w» is usually assumed (see, for instance, [21-23] and the references cited therein), leading to

tllzchz_t;ch V(Xlaxu) ©)

where ¢, (t;,) is the cohesive traction acting at the lower (upper) cohesive surface. The above physically-

7
ch(i)

based choice of the local basis for the decomposition A, accounting for interface rotations, is consistent with
objectivity and contact mechanics requirements, although different choices can be assumed such as the
conventional one based on the deformed cohesive “mid-surface” (see [22,23], for instance). Although
displacements may remain arbitrarily large, the hypothesis of small cohesive interface displacement jumps,
commonly satisfied until complete decohesion takes place, implies a negligible influence of the orientation of
the local basis on the cohesive behavior.

In the present study the phenomenological interface traction-separation law introduced in [21], incorporating
an approximated penalty-like local contact condition, is enhanced by adopting a full finite interface deformation
formulation for modeling both cohesive and contact interface phenomena, thus generalizing previous some
authors’ works (e.g. [24,25]). After introducing the normal and tangential cohesive interface traction component
vectors, respectively denoted by ¢ n' and ¢, as follows:

! — 1 ! !
tRch =tnchn +tsch’ tnch _tRch.n H tsch :(I_n ®n )tRch’ (4)

where #za here and in what follows denotes ¢,  , the cohesive interface constitutive law can be written in the

R ch’

following form:

2 2

i- %) +(M] s (A=t (1244 ) 041, dun () =supA(0),

A 4 = )
- :% £ (Auw)s 1.0 :ai £ (As) A

where 4 and A are the normal and tangential critical displacements, fms is the normal maximum traction,

A is the dimensionless effective separation, A_  is the maximum attained by A during a given deformation

history, f(A) specifies the nonlinear variation of the normal traction in purely normal separation, and a gives

the normal to tangential maximum traction ratio.

When contact is detected between cohesive surfaces, a purely tangential separation specialization of the

cohesive interface law (5) is obtained by taking 4, =0:
; A | " ' h A A
if contact occurs (4, =0) A= , 0 =0, 6" =a— f(Amax ) - 6)
(4 =0) Ay"‘; /(4]

As a matter of fact, adopting a global full finite deformation approach to model contact ata cohesive interface
outside the local cohesive law, in the presence of small cohesive interface tangential displacement jumps contact
can be detected when 4, =0 since the interface normal relative displacement remains unchanged when
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5

determined both at a cohesive and contact points pair, namely [[“,. ]]r i = [[”n ]]r , where the double bracket with

the  subscript I. denotes the jump for a contact interface material point pair
(X’,X“) ={X1 el .. X" el |x(Xl,t)=x(X“,t)}, computed as [ f(X)] =rf(X")-f(x"). Note that

. ch(i)’
when interface tangential displacement jumps are not small, the approximate cohesive interfacial
interpenetration condition based on 4. does not imply approximations in the large deformation contact
mechanics approach since contact is modeled independently from the cohesive interface model.
The rate version of the cohesive law (5) can be cast in the following form:

fra =t +1,q0 +1 4,

A

c
s

. A . PN . @)
o = )+ (o), =

where a dot denotes the derivative with respect to f and the prime denotes the differentiation, 5’ :—( Lr'-11 )n'

A

A

£ (o) + @2 1) A,
, L=V _i is the spatial gradient (namely with respect to x) of the displacement rate, also called the Eulerian
for both

effective (o, <0) and grazing contact (o, =0) conditions, as in both the above circumstances we have that

A=A, =0.

velocity gradient and L = Lnen . It is worth noting that under contact conditions (7) leads to a zero ¢

nch

2.2 Rate equilibrium problem and homogenized rate response

For the sake of brevity, only the equilibrium conditions at the cohesive-contact interface are here presented. The
remaining equations of the equilibrium boundary value problem of the microstructure under periodic
fluctuation conditions and accounting for unilateral self-contact constraints at discontinuity interfaces, can be
obtained by an appropriate generalization of the formulation developed in previous authors” works [24,25].
Therefore, at a contact pair (X', X*). the Lagrangean form of the balance of linear momentum across the
deformed cohesive-contact interface can be expressed as
(T2 (dS iy / Sy, 1y = ti on (dSkry | dS,) + 5 o (dSLiy 1 dS.) s 8)

where n(li) is the reference outward normal to the lower cohesive surface, Tx is the first Piola-Kirchhoff stress
tensor, dSY,, and dS},, respectively are the reference cohesive upper and lower surface elements (centered at
X" and X*) which are deformed in the same current surface element dS, = dS* = dS', and they are related by
the following relation asyl, =J! ||1!?'*Tn(“l/)’||’l dSe - On the other hand, the local equilibrium conditions at the
lower and upper contact-cohesive surfaces in the current configuration, lead to:

r(X') =T, (Xl)”(]i) ~tra (X)) VX' e rih(z‘) and ry (X*) =Tp (X")ng) —t; o, (X )VX" €T, ©)
where r; and r; are the lower and upper surface nominal contact reactions, respectively, which, owing to the
frictionless assumptions, can be written as r; =on' and ry = oin*, while o4 = (o%) being the normalnominal
contact reaction on the lower (upper) crack surface. Moreover T, (X')n(,, =t; with i=u,l isthe nominal traction

vector at the upper and lower cohesive surfaces. An appropriate combination of eqs (9) written for a contact
points pair (X', X")_, after the use of eqn (8), leads to the following relation:

ordSly 1 dS,, = oxdSh, 1 dS,=c V(X',X"). (10)
where ¢ is the corresponding true normal contact reaction and dS,, is the current surface element centered at

the current position of the contact points pair obtained as the transformation of its reference counterpart through
the Nanson’s formula. It follows that the nominal contact pressure on the upper and lower cohesive-contact
surfaces can be determined as o} =Te(X')n(, -n' —t;, -n' with i=u,l.

Each solid phase of the RVE obeys an incrementally linear constitutive law 7Tk = C*(X,F)[F] , where
CR(X,F) is assumed symmetric to encompasses hyperelastic materials for which Cp%, =8°W (X, F)/8F;0Fu

with (X, F) the strain energy-density function of each phase. In order to carry out uniqueness and stability
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analyses along the principal equilibrium path driven by a macroscopic deformation process F(t), where

1_:'(;) =1/ I x(X,6)®nidSa the equations governing the RVE quasi-static rate response to a macroscopic

GIZ)

deformation gradient rate F superposed at the generic time t mustbe considered. To this aim an appropriate
extension of the asymptotic analysis developed in [25] can be performed. In particular, the rate interface contact
conditions can be written as:

[ie:(X)].. <0, o [1ta(X)];, =0, 6% <0 and 6} [un(X)],, =0 if of =0,V(X",X"), (11)

where the subscript n denotes projection on n' and, considering the additive decomposition
x(X,t)= F ()X +w(X,{), the normal displacement rate jump can be expressed as a function of the periodic
fluctuation field rate w(X) in the following form [u, (X)]. = W« (X)]. -n'JF (X*-x")]- In addition, eqs (8) and
(9) give the following rate equilibrium conditions at the actual cohesive contact interface I'* :

R (S, 1 dS,, )+ (dSL, 1dS,, )+ op'n" (dSl, 1dS,, ) +o,/n' (dS),, /dS, ) =0

ty—t, ,=oxn +oyn’ v(x',x", , (@12)

ST I Y R L
t, —t, ,=0,n +o,n

The solution of the RVE rate equilibrium problem leads to obtain a homogeneous of degree one implicit
nonlinear tensorial relationship between F and the macroscopic nominal stress tensor rate T_‘R ; consequently,
the macroscopic rate constitutive relation can be written as

T, = CH(F)[F), (13)

where 75 ) =1/ J' tr (X,1)® XdS, - When effective contact occurs and the rate cohesive law is linear, the

o
rate homogenized constitutive law turns out to be a linear one and can be defined in terms of the homogenized
nominal moduli tensor C* as 7;}@ =C*t [F]

A classical macroscopic condition for the stability of the periodic solid corresponds to the following strong
ellipticity of the one-cell homogenized moduli tensor, coinciding with the positive definiteness of the one-cell
acoustic tensor Q'

A(F().F)= min {C*(F )(m&N)n©N|= min 0 (F.N)@m)n{>0 - (14)
2.3 Stability and uniqueness issues: exact and approximate interface

formulations
The stability functional can be cast in the following form:

- N o ds,\ ds | . o
S(F.w)= j C* (X, F)[VW]-VwdV;) - j opn' W] dSi + j o' I’(d—é)j E]l wi'dS|, + j froAdSh, - (15)
B Teqiy Teqiyf (i) r.

Tlenciy
The positivity condition of the above-defined stability functional for all W(x);t()eA*(IT‘ IT‘ =0), where
A (F,F) represents the set of admissible fluctuation rates defined as

A'(F,F) =i e H' (Vo) | lialy, =0if o <0, [i],, <O if ox* =0 on T!

c

o and T L (16)
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H l(V(i) ») denoting the usual Hilbert space of order one of vector-valued functions periodic over Vi, ensures

the stability of the considered equilibrium configuration. On the other hand, a primary instability occurs at the

corresponding critical loading parameter t when the minimum eigenvalue

A= min_ J{S(F.w)/ J ViweViwdV;, b first vanishes.
w(x)ed (F,F=0) B

Assuming a homogeneous macroscopic incremental loading (F =0), the stability condition based on eqn (15)

implies incremental uniqueness, however, owing to the absence of a variational structure, the primary

eigenstate loading level ¢, corresponding to a primary bifurcation for homogenous data F =0, does not
precede the primary instability one, i.e. ¢, <t . Moreover, when contactrate loading terms and the rate cohesive
model admit a potential, a special situation examined in the subsequent part of the paper, primary instability

and eigenstate critical load levels coincide, i.e. ¢ =t .

For the general rate problem driven by a non-homogeneous macroscopicincremental loading F) %0, the above
connections between primary instability and primary bifurcation (with the corresponding loading level referred
to as ¢.) are not valid as a consequence of the conditionality nature of self-contact unilateral contact terms and
of the nonlinearities in the cohesive incremental constitutive law. However, when the displacement
discontinuity interface is everywhere under effective contact condition (o <0 Vx eI'¢), reducing unilateral
contact conditions to linear constraints ([u»] .. =0 on T'c), and the cohesive rate model is linear, the connections

obtained for homogeneous macroscopic incremental loading still apply for the non-homogeneous macroscopic
loading case Fo) #0, namely 7 <t and ¢, =t,, where ¢, is the primary bifurcation loading level. If the contact

rate loading terms and the rate cohesive model admit a potential, a special situation examined in the numerical
applications of the paper, primary instability and bifurcation critical load levels coincide, i.e. ¢, =¢,.
A first simplified cohesive-contact model can be introduced in which the third contribution in eqn (15) is
neglected according to the hypotheses of small cohesive surface relative deformations (but large interface
displacements are allowed). This leads to the following modified stability functional:
S§'(F.w)= j C* (X, F)[V#]-VowdVy j ohn' W], dSt + j tro-AdS,, Vw(x)£0eAd (F,F=0)
Yooy r, o 17)

A'(F,F)= {w e H' (Vi) | [i:];,, =0 if ox" <0, [in]y,, <Oif or'=0,0n T, and [ly}
The approximation is consistent with an interface equilibrium condition (8) written assuming that the current
contact points pair corresponds to an initially coincident points pair, i.e. pair (X', X")u = (X', X").,leading
to ds,, =dS!,, =dS.,; and to the continuity condition for the nominal traction vector across the undeformed

contact-cohesive interface.
When surface rotations at the contact-cohesive interfaces are also neglected according to small displacements
hypotheses at the cohesive interface, a second simplified cohesive-contact model is obtained and the above
functional further simplifies in:

S"(F.w)= [ C*(X,F)IVW]-VidVy + [ 4y, -AdSl, Wi(x)#0ed (F.F=0), (18)

Bl ey

where it must be intended that the contributions arising from the rates of the normal and tangential unit vectors
in the definition of the cohesive traction rate are neglected.
In the context of the above-approximated formulations, interface contact phenomena can be locally incorporated

in the cohesive law by means of a penalty formulation imposing [ui.]] =0, as done in most cases in the

Tenci
technical literature (see [20,21,23,26] for instance, and the reference cited therein), with the set of admissible
fluctuation rates characterized by unconstrained functions along the contact interfaces, namely

A'(F,F) ={we H'(Viy+)} - The cohesive law (5) can be thus modified by considering that, in place of eqs (6), if

A <0 A =| |4/ 45 | and t,en = kads with k. a penalization parameter which must be chosen with a high value.

Note that in some works [21,26] the above approximate treatment of unilateral cohesive interface contact has
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been developed with reference to the undeformed geometry of the cohesive surface (ﬂam]] =0), thus

Ten(iy
neglecting the rotations of the unit normal to the deformed cohesive surfaces as in the second approximated
formulation.

3. Numerical applications

In this section, the theoretical dissertation reported above is applied to investigate, from the numerical point of
view, the microbuckling phenomena inducing debonding in highly deformable 2D layered composites. The
geometrical representation of the investigated RVE is shown in Figure 2, along with an example of mesh
discretization based on quadratic triangular Delaunay elements. The layered RVE model consists of a
reinforcing material (dark grey area) placed between two layers of matrix phases (light grey areas) and embeds
cohesive interface models (red lines) at the two reinforcement/matrix interfaces. The height and length of the
RVE are denoted as H and L, respectively.

The reinforcement thickness is Hr =1 mm, and its value is related to the RVE height through the reinforcement
volume fraction parameter Vs which is equal to the ratio between Hrand H. The mechanical behavior of the
layered system microconstituents is described by a hyperelastic constitutive law following the neo-Hookean
energy density function:

p VL, 2 _1\?
W, = +va)(11 In(7,) 3)+2(1+%)(1_2%)(13 1y, (19)
where the subscript @ = m,r is referred to the matrix or reinforcing material, respectively, E, denotes the
Young’s modulus and v, the Poisson ratio, both considered at the undeformed configuration. Moreover I, =
tr(C) and I; = det(€) = J? are the first and third invariant of the right Cauchy-Green tensor C=F'F, respectively,
and ] = detF. The Young's modulus and the Poisson’s ratio are related to the shear modulus p, and the first
Lame parameter 1, at zero stress by the following relations: y, =E_ /[2(1+v,)] and A, =v,E, [[(1+v,)(1-2v,)]
. The latter, being strictly related to the so-called 3D bulk modulus k, = 4, +24, /3, governs the compressibility
of the solid material. The initial Young’s modulus of the matrix E,, is set equal to 1 GPa, while the one of the
reinforcing material E, is set equal to k;E,,, where k; denotes the Young’'s modulus stiffness ratio giving a
measure of the stiffness of the reinforcing material compared with the matrix.

RVE of layered composite material

—— Cohesive interface

X2 Matrix

X1 Matrix

Y

L =5H
V¢=Volume fraction H=H,/Vy H,=1mm

Example of mesh discretization

1862 quadratic triangular elements

Figure 2: Geometrical representation of the investigated RVE related to a layered composite microstructure.

Preprint version of AAM for the publication on Phil. Trans. R. Soc. A.



266
267
268
269
270
271
272
273
274
275
276
277
278
279
280

281
282
283
284
285
286
287
288
289

290
291
292
293
294

295

296
297

298

299

300
301
302
303
304
305
306
307
308

The numerical investigation depicted in Figures 3-5 consists of a parametric analysis performed by gradually
varying the following geometrical and material parameters: the reinforcement volume fractions V; =
0.05; 0.1;0.2, the Young’'s modulus stiffness ratio k; = 1; 2;10, and the percentages of integrity of the cohesive
interfaces %I = 100; 20;14;10; 4; 3. The latter defines the percentage of equivalent displacement jump still
available before the complete decohesion of the cohesive crack faces and, therefore, it is strictly related to the
secant stiffness of the cohesive interfaces. The cohesive parameters required to define the traction-separation
law are ty,q, = 70 MPa, G, = 9/16 tpq, AS= G;;.=107 J/m? and a = 1, thus implying AS = AS since G;.=9/16 t,,4,

Af and Gy =9/16 ot ty,g, AS.

The numerical procedure is based on two different steps. In the first one, periodic boundary conditions are
adopted for the external boundaries of the layered composite RVE, and a uniaxial macroscopic compression
load alongthe X1 direction is applied to evaluate the so-called principal solution path, representing the nonlinear
equilibrium solution of the RVE along the stable equilibrium path. Specifically, the following macroscopic
deformation gradient tensor is applied to the RVE:

FA)=(-He®e +e,0e +e;0e; (20)
where t is a scalar load factor parameter whose opposite value represents, due to the absence of macroscopic
rigid body rotations, the principal value of the macroscopic Biot strain tensor in the Xi direction, while 1-
corresponds to the macroscopic principal stretch along the same direction. With reference to the uniaxial
macroscopic loading path investigated in this study, the principal solution path, owing to the homogeneous
properties of each constituent, exhibits constant stresses and strains within each layer, and thus the solution for
the principal path in a finite deformation regime remains unaffected by the presence of the cohesive interfaces
since the cohesive surfaces remain plane and undergo effective contact conditions (with a constant interface
contact pressure o) without displacement discontinuities until the initiation of the primary instability. In
addition, using the periodicity condition for the fluctuation rate field and its jump [[w]]rc at the boundary points

of the cohesive interface, itis possible to prove that for the examined macroscopic loading path the rate contact
loading terms admita potential. This leads to simplifying the uniqueness and stability analyses which can be
both carried out by monitoring the minimum eigenvalue of the stability functional (15).

Along the examined principal solution equilibrium path, the displacementjumps across the cohesive interface
vanish and initially corresponding material points pairs coincide with current contact points pairs:

A[(lexu)ch(i),t]=0 with 0 <t <t 1)
Lin (X, =Din (XD, =D (X, =0, V(X*,X') =(X",X")

ch(i)
The cohesive interface rate constitutive law assumes the following simplified form:
A 27

18 =6, 1 = T (22)
R AY(’ 4
since A4, =0, A=0, A (©)=0, A, =0. The cohesive contribution to the stability functional becomes:
<2
- laf
[ feasddSho, = | aA—thmaxds;,,(i), (23)

Cenci) eniy
where it can be noted that rate cohesive traction turns out to admit a rate potential. Consequently, when the
incremental loading terms arising from self-contact are self-adjoint, the stability functional acting as an exclusion
functional assumes a variational structure leading to the coincidence between a primary eigenstate (and thus
primary bifurcation due to the linearity of both contact mechanics and cohesive model equations) and a primary
instability. In addition, it can be noted that the cohesive contribution (23) is stabilizing since a positive definite
function of A.When the simplified contact model (18) is adopted, we obtain that a primary eigenstate (in turn
corresponding to a primary bifurcation) coincides with a primary instability state independently of the self-
adjointness of contact terms. As a matter of fact, the simplified stability functional assumes the following form:
S"(F. )= [ C*(X,F)IV]-VidViy+2 [ U(A)dSl,, (24)

By Clenci)
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where the rate cohesive traction potential assumes the following form U (A ) =1/2K, [AJ-A =1/2k,A?, A, =||A,
and K, =k, (1-n'®n'), with k, =« jc ZT:tmax‘

In the second step, the stability analyses were performed by superimposing, on each step of the principal
solution, a macroscopic deformation gradient rate and solving the corresponding boundary value problems in
terms of the fluctuation rate field. Specifically, the microscopic primary instabilities (coinciding with a primary
bifurcation), related to the Exact and the two Simplified contact-cohesive formulations, occur at the vanishing
of the minimum eigenvalue associated with the stability functionals reported in Section 2.3, while the
macroscopic primary instability was obtained when the at the first vanishing of the lowest eigenvalue associated
with the macroscopic acoustic tensor. In the Exact formulation, a full finite deformation approach isadopted to
model contact and cohesive interface constitutive laws; in the Simplified formulation I the dependence on
cohesive surface deformations is neglected whereas in the Simplified formulation II the dependence on both
cohesive surface deformations and rotations are omitted. In Figures 3-5, the critical load factors are reported as
a function of the percentage of the integrity of the cohesive interfaces to investigate the influence of the nonlinear
contributions arising on the cohesive interfaces due to the onset of primary instabilities. Specifically, the
microscopic critical load factors associated with the Exact and Simplified formulations I e II are depicted with
red, green, and blue solid curves, respectively, while those associated with the macroscopic instabilities are
reported with black solid curves. In addition, the critical mode shapes associated with the Exact solution are
illustrated for the cases in which the mode shape switches from local to global with a color map showing the
norm of the displacement vector.

Figure 3 shows the critical load factors associated with a layered composite material characterized by a Young's
modulus stiffness ratio k; = 1 that corresponds to a homogeneous solid material characterized by a couple of
cohesive interfaces placed at a distance Hr =1 mm.

We observe that, in general, the critical load factors decrease as the volume fraction increases, implying that a
thicker reinforcing layer results in lower critical load factors. However, sincethe scenario presented in Figure 3
refers to a homogeneous solid material, we can infer that the reduction in critical load factors is primarily
influenced by the thickness of the matrix layer, which defines the separation between a pair of cohesive
interfaces in a perfectly periodic layered material, rather than the specific thickness of the reinforcing layer.

In Figure 3.a and 3.b, related to a volume fraction V; equal to 0.05and 0.1, respectively, we observe that the onset
of primary instability, occurring at a percentage of integrity within the range of 100 to 10%, is characterized by
a critical mode shape with wavelength comparable to the RVE length (microscopic instability).
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Figure 3: Microscopic critical load factors associated with the Exact (red solid curves) and the Simplified
formulations (green and blue solid curves) together with the macroscopic one (black solid curves) as a function
of the percentage of integrity of the cohesive interface for a layered composite material with k; = 1 and V; =
0.05; 0.1;0.2 in (a), (b) and (c), respectively. The dotted curves show the percentage variation of the critical load

factors associated with the Simplified formulations with respect to the Exact ones.

However, in the range from 10 to 3%, particularly at the point where the black and red curves intersect (thus
leading to a macroscopic critical load level lower than the microscopic one for the examined RVE length), a
transition to a critical mode shape with a longer wavelength than the RVE length is observed (a symptom of
macroscopic instability). On the contrary, when V; = 0.2 (as seen in Figure 3.c), we notice that the primary
instability exhibits a long wavelength (indicating macroscopic instability) across all the examined percentages
of integrity. In Figure 3, the percentage variations between the Exact formulation and the Simplified
formulations I and II are minimal when the percentage of integrity is within the range of 100% to 20%. However,
as the integrity falls below 20%, these differences become more pronounced, indicating a significant
underestimation of the critical load factors across all the examined volume fractions. Specifically, this
underestimation becomes particularly severe as the integrity percentage decreases, reaching its maximum peak
at 64% for the Simplified Formulation II (indicated by the blue dotted curve) and 46% for the Simplified
Formulation I (represented by the green dotted curve) when V; =0.2 and 1% = 3. In Figure 3.c, related to a
scenario of a layered material with V; = 0.2, the percentage variation of critical load factors is higher compared
to the cases with lower volume fractions (Figure 3.a andb) due to the onset of primary macroscopic instabilities
for any examined percentage of integrity, asevident from the black curve consistently positioned below the red

one.
a b [9
0.7 ) T T 1 L ) T L T T ) T — 1 1 LI 100
V.= 0.05 —+— Macroscopic 1 V.=
06l —+— Exact . PN 190
s - 80
051 1r 170 &
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Figure 4: Microscopic critical load factors associated with the Exact (red solid curves) and the Simplified
formulations (green and blue solid curves) together with the macroscopic one (black solid curves) as a function
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of the percentage of integrity of the cohesive interface for a layered composite material with k; = 2 and V; =
0.05; 0.1;0.2 in (a), (b) and (c), respectively. The dotted curves show the percentage variation of the critical load
factors associated with the Simplified formulations with respect to the Exact ones.

In Figure 4 the critical load factors obtained for a Young’'s modulus stiffness ratio k; = 2 are reported. The
general trend is similar to the homogeneous material (with k; = 1) but with a slight reduction in the critical
load factors. Also in this case, for a percentage of integrity 1% below 20%, severe underestimations of the critical
load factors were observed with the most significant underestimations occurring in the case of I% =3 and V; =
0.2 (see Figure 4.c) and equal to 58% and 39% for the Simplified Formulations II and I, respectively.

Examining the critical mode shapes and the trends of the macroscopic and the exact microscopic instability
curves (black and red, respectively), we observed a transition from the onset of a microscopic to a macroscopic
primary instability in Figure 4.a and 4.b when the integrity ranged from 10% to 4%.

a) b) ©)
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) '. RN . {20 &
005 L | | 410
000 a---ooo st 4 - . 0
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100 20 14 10 43 100 20 14 10 43
pacentage of integrity [%] percentage of integrity [%] percentage of integrity [%]

Figure 5: Microscopic critical load factors associated with the Exact (red solid curves) and the Simplified
formulation (green and blue solid curves) together with the macroscopic one (black solid curves) as a function
of the percentage of integrity of the cohesive interface for a layered composite material with £, =10 and

V,=0.05; 0.1;0.2 in (a), (b) and (c), respectively. The dotted curves show the percentage variation of the critical

load factors associated with the Simplified formulations with respect to the Exact ones.

In Figure 5, the latest set of results related to the highest examined Young's modulus stiffness ratio, k; = 10, are
presented. Similar to the previous set of numerical findings, the critical load factors exhibit a decreasing trend
as the percentage of integrity decreases. This trend remains practically constantfrom 100% to 20% and gradually
decreases from 20% to 3%. Notably, the obtained criticalload factors are lower in comparison to those associated
with the earlier investigated Young's modulus stiffness ratios (i.e k; = 1 and k; = 2). Furthermore, there is a
reduction in the percentage variation for the Simplified I and II formulations, indicating that the nonlinear
contributions arising at the cohesive interfaces, due to the onset of instability, are less pronounced for layered
composite materials with a high stiffness ratio between the matrix and the reinforcement. Interestingly, a
reversal in the trend of underestimation of the critical load factor is observed. The maximum underestimation,
which is equal to 43% for Simplified II and 28% for Simplified I, is found for the lowest examined volume
fraction, V; = 0.05 contrarily to the scenarios reported in Figures 3 and 4, in which the highest underestimations
were observed for the highest examined volume fraction, V; = 0.2.
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4. Conclusions

This study introduces an innovative theoretical framework based on nonlinear homogenization to characterize
the failure behavior of periodic reinforced hyperelastic composites. The focus of the work is on understanding
the nonlinear effects induced by the reinforcement/matrix decohesion and its interaction with contact
mechanisms and microscopic instabilities. The modeling approach incorporates debonding and unilateral
contact between layers through an enhanced cohesive-contact method, employing a specific nonlinear interface
constitutive law and an accurate contact formulation within the context of the finite deformation continuum
mechanics.

The investigation was performed on periodically layered composites characterized by a hyperelastic
constitutive behavior under macroscopic compressive loading conditions along the lamination direction. The
numerical results show that, in order to obtain reliable predictions of microscopic instability failure mechanisms
related to debonding and contact phenomena, cohesive surface deformations mustbe appropriately accounted
in the model adopting a finite strain continuum mechanics formulation, although the loading path involves
negligible displacement jumps at the cohesive interface (theoretically zero). This is not crucial for undamaged
or partially damaged cohesive interfaces, where significant tangential cohesive tractions can be transmitted.
Specifically, the numerical outcomes highlighted that as the structural integrity decreases to less than 20%, the
differences between the critical load factors obtained by means of the proposed exact formulation and the
simplified ones become strongly noticeable. As a matter of fact, in the simplified formulations adopted in most
cases in the literature, cohesive surface deformations can be incorporated only approximatively considering
surface rotations (simplified formulation I), if not completely neglected (simplified formulation II). The obtained
numerical results show a substantial underestimation of critical load factors (reaching values of about 60%),
especially for the lowest values of matrix/reinforcement stiffness ratio and for the highest values of
reinforcement volume fraction investigated.

In addition, a higher influence of the finite deformation contributions appearing at cohesive-contact interfaces
was shown when the primary instability is characterized by a long wavelength rather than a short one. To delve
deeper into this concept, when the primary instability has a long wavelength, the finite deformation
contributions at cohesive-contact interfaces become particularly effective. In such cases, the deformations
occurring at these interfaces are more extensive and, therefore, have a more substantial effect on the overall
failure behavior of the material. This is because the cohesive-contact interfaces play a critical role in transmitting
forces and maintaining the structural integrity of the composite. On the other hand, when the primary instability
has a shorter wavelength, the deformations at cohesive-contact interfaces may be relatively limited in scale. In
this situation, the impact of nonlinear finite deformation contributions appearing at the cohesive interfaces
becomes less prominent compared to the larger-scale deformations occurring elsewhere in the material.

In summary, such numerical evidence suggests that especially in scenarios in which the composite materials
feature imperfect interfaces and instability phenomena characterized by a wavelength longer than the unit cell
size, understanding and accurately accounting for finite deformation contributions at cohesive-contact
interfaces are essential.

As a future perspective, the proposed modeling approach can be also generalized in a dynamic context to
analyze the influence of interfacial debonding on incremental wave propagation properties of finitely strained
metamaterials characterized by a perfectly or locally periodic microstructure, taking into account the geometry
transformation induced by microscopic instabilities.
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