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Abstract

In this paper we introduce a computational framework for optimizing 3D prestressed concrete structures. The procedure
combines shape optimization of post-tensioning cables with topology optimization of concrete, enabling novel design
configurations of 3D beams and plates. Prestressing cables are modeled as B-spline curves that are embedded within
a concrete continuum and whose control points serve as design variables. Concurrently, the distribution of concrete is
determined by density-based topology optimization. A special filter enforces concrete cover around the cables, creating
a coupling between the two sets of design variables. The optimization problem formulation mimics the design intent
of prestressed concrete structures, separating the load-balancing part with respect to permanent loads from stiffness
maximization with respect to live loads. Results show that material savings exceeding 30% can be achieved compared to
solid prestressed members, strengthening the argument in favor of using prestressed concrete for reducing embodied CO2.
The complete implementation in MATLAB is provided as supplementary material.
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1. Introduction

Prestressed concrete is used extensively in new infras-
tructure, e.g. road and railway bridges, as well as in build-
ings with relatively large spans. The use of prestressing
steel increases the durability of concrete structures due to
the reduction, or even elimination, of tensile stresses. Pre-
stressing also reduces the sizes of concrete members that
are utilized more efficiently than their reinforced concrete
counterparts, providing an economic advantage as well as
the capability to design for larger spans.

Optimization of concrete structures, and prestressed
ones in particular, is gaining interest for two main reasons.
One is the significant contribution of cement production to
global CO2 emissions (Andrew, 2019). Prestressed con-
crete structures have an advantage w.r.t. embodied CO2
(Miller et al., 2015; Broyles and Hopper, 2023) and formal
optimization can further reduce the quantities of raw mate-
rials and hence also the embodied CO2. Another motiva-
tion for optimizing prestressed concrete is the growing in-
terest in 3D concrete printing, with prestressing being one
of the methods that is being explored for joining printed
parts and resisting bending (Vantyghem et al., 2020; Ooms
et al., 2022; Li et al., 2024).

These motivations call for formulating and developing
shape and topology optimization procedures that are tai-
lored specifically for prestressed concrete. The challenge
is that the shape of the prestressing cables and the topology
of the concrete structure need to be optimized simultane-
ously. The cables transfer equivalent forces to the concrete,
that depend on the shape and should counteract external
loads – indicating a coupling between shape and topology.
Moreover, in most practical scenarios, the cables are cov-
ered by concrete – indicating another coupling between
shape and topology .

Simultaneous shape and topology optimization of pre-
stressed structures is a relatively new research topic. It
was approached by Amir and Shakour (2018a) where 2D
beams were optimized for stiffness, with a single cable that
was parameterized by a set of linear segments. Later, the
prestressing force was added as a design parameter to be
minimized and B-splines were employed for modeling the
cable, allowing to impose curvature constraints (Amir and
Shakour, 2018b). More recently, Zhang et al. (2021) re-
formulated the design parameterization using spline bases
for the cable and the continuum concrete, and introduced
stress constraints which are necessary in realistic applica-
tions. Another related work presented topology optimiza-
tion of concrete girders with prestressed shape memory
alloys, that hold the advantage of applying local prestress-
ing effects (Sung and Andrawes, 2023). Finally, Jha and
Pathak (2023) presented concurrent shape optimization of
a concrete beam and its post-tensioning cable. The authors
considered also frictional losses which have not been ac-
counted for in previous studies.

In the current work, we present a framework for op-
timizing 3D concrete structures with 3D post-tensioning
cables. The purpose is to allow complete design freedom
in 3D that can generate innovative design concepts. Our
formulation enables direct design of 3D beams, eliminat-
ing manual interpretation of 2D optimization (Vantyghem
et al., 2020; Ooms et al., 2022). Another exciting appli-
cation is the optimization of post-tensioned plates, where
research has shown that optimal cable layouts are curved
in 3D (e.g., Sarkisian et al., 2018; Zelickman and Amir,
2021) and the interaction with topology optimization of
concrete has yet to be explored.

The remainder of the article is organized as follows.
Modeling and design parametrization of both concrete
and prestressing steel are described in Section 2. The
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optimization problem and subsequent sensitivity analysis
are presented in Sections 3 and 4. Several design examples
are presented and discussed in Section 5 and concluding
remarks are provided in Section 6.

2. Modeling and design parameterization

In this section, we present the methodology adopted
in the current paper for modeling prestressed concrete ele-
ments and provide details on their design parameterization.
The prestressed elements are modeled as a 3D continuum
discretized using tri-linear cube finite elements, with em-
bedded cables that are parameterized by B-splines. The
optimization is formulated to simultaneously optimize the
topology of the concrete, that is controlled by pseudo-
density design variables (Bendsøe, 1989; Bendsøe and
Sigmund, 2003), and the shape of the cables, that is deter-
mined by the splines’ control points.

Specifically, we use quadratic B-spline curves

C (𝜉) =
𝑁𝑐𝑝∑︁
𝑖=1

P𝑖𝑁𝑖,2 (𝜉)

where C (𝜉) is the quadratic three-dimensional B-spline
curve; 𝜉 is the parameter along the curve; P𝑖 and 𝑁𝑖,2 (𝜉)
represent the control point 𝑖 of the curve and its corre-
sponding quadratic B-spline basis function, respectively;
and 𝑁𝑐𝑝 is the number of control points. All the B-splines
curves in this paper are defined over open uniform knot
vectors. The spatial coordinates of the curve’s control
points serve as shape design variables in the optimization
problem. An illustration of a continuum domain with a
single embedded cable is depicted in Figure 1.

2.1. Pseudo-density representation
The density design variables in this paper are subjected

to three consecutive filters to prevent numerical instabili-
ties (Sigmund and Petersson, 1998) and meet specific ge-
ometrical requirements. The first is a density filter (Bruns
and Tortorelli, 2001; Bourdin, 2001) which is formulated
as a PDE (Lazarov and Sigmund, 2011). In its discretized
form, we solve(

𝑙2𝑜K 𝑓 + Mvol
𝑓 + 𝑙𝑠Msurf

𝑓

)
𝝆̃ = T𝝆 (1)

where 𝝆 is the vector of density design variables; 𝝆̃ is the
vector of their filtered values; 𝑙𝑜 is the bulk length scale
parameter that is related to the traditional filter radius 𝑟min;
and 𝑙𝑠 is the surface length scale parameter that guarantees
consistent filtering on the boundaries (Wallin et al., 2020).
Further details on the implementation of Eq. (1) and the
finite element assembly of K 𝑓 , Mvol

𝑓
, Msurf

𝑓
and T can be

found in Lazarov and Sigmund (2011); Wallin et al. (2020).
In the current context, we impose 𝑙𝑠 = 𝑙𝑜 on faces whose
material distribution is free, and 𝑙𝑠 = 0 on faces that either
contain prescribed solids or belong to symmetry planes.
As commonly done in topology optimization procedures,
Eq. (1) is formulated based on the same finite element
discretization that is used for solving the displacements.

The second filter is applied to ensure an adequate con-
crete cover for the prestressing cables. In the majority of

applications involving prestressed elements, it is essential
for the prestressing cables to be fully embedded within the
concrete. In the numerical model, this is materialized by
ensuring that the B-spline curve representing the cable is
covered by finite elements with solid material. For this
purpose, we adopt the filter suggested in Amir and Shak-
our (2018a,b) and extend it to accommodate 3D designs.
In the remainder of this paper, we refer to this filter as the
cable-to-concrete filter. By applying the filter, concrete el-
ements located within a specified radius around the cable
are pushed to the material phase using a super-Gaussian
function. The influence region of this filter is illustrated
in Figure 2.

The cable-to-concrete filter is applied to the filtered den-
sities 𝝆̃, while each 𝜌̃𝑖 is updated as follows,

𝜌̂𝑖 = 𝜌̃𝑖 + (1 − 𝜌̃𝑖)𝑒
− 1

2

(
𝑑𝑖
𝑟𝑐 𝑓

) 𝜇
(2)

where 𝜌̂𝑖 represents the modified density of concrete el-
ement 𝑖; 𝑑𝑖 is the minimal distance between the concrete
element 𝑖 and a cable segment; 𝑟𝑐 𝑓 is the radius of the
cable-to-concrete filter; and 𝜇 represents the sharpness of
the super-Gaussian function. Notice that this filter couples
the density and shape design variables through the distance
𝑑𝑖 . While the control points representing the cables are
adjusted, the distance changes, affecting the resulting fil-
tered densities. A plot of the super-Gaussian function with
respect to the distance 𝑑𝑖 , for 𝜌̃ = 0.5, 𝑟𝑐 𝑓 = 4, and various
values of 𝜇 is displayed in Figure 3a. As the sharpness
parameter 𝜇 increases, the region surrounding the cable
becomes more crisply defined. Notice that when the dis-
tance is below 𝑟𝑐 𝑓 , the density is pushed to 1, while when
the distance is greater than 𝑟𝑐 𝑓 , the density tends to remain
the same. For further demonstration of the effect of the
filter, a plot for different values of 𝜌̃ is presented in Figure
3b and an illustration of a 2D cross-section of a cable with
its surrounding elements is presented in Figure 4.

Finally, to ensure a clear separation between the void
and material regions, the densities 𝝆̂ are subjected to a
smooth Heaviside projection function (Guest et al., 2004;
Xu et al., 2010). Specifically, this projection is formulated
following the ‘robust’ topology optimization formulation
(Wang et al., 2011; Lazarov et al., 2016) that allows to
consider worst-case scenarios. Herein, we employ the
eroded layout for stiffness evaluation and the dilated layout
for volume evaluation, even though our stiffness measure
is not strictly a compliance functional hence the eroded
layout is not strictly the worst case. The element-level
eroded and dilated densities are defined as (Wang et al.,
2011)

𝜌ero𝑖 =
tanh(𝛽𝐻𝑆𝜂ero) + tanh(𝛽𝐻𝑆 ( 𝜌̂𝑖 − 𝜂ero))
tanh(𝛽𝐻𝑆𝜂ero) + tanh(𝛽𝐻𝑆 (1 − 𝜂ero))

(3)

𝜌dil
𝑖 =

tanh(𝛽𝐻𝑆𝜂dil) + tanh(𝛽𝐻𝑆 ( 𝜌̂𝑖 − 𝜂dil))
tanh(𝛽𝐻𝑆𝜂dil) + tanh(𝛽𝐻𝑆 (1 − 𝜂dil))

(4)

where 𝛽𝐻𝑆 governs the sharpness of the smooth projec-
tion; 𝜂ero is the projection threshold for the eroded layout
(e.g., 𝜂ero = 0.6); and 𝜂dil is the projection threshold for the
dilated layout (e.g., 𝜂dil = 0.4). The intermediate layout,
with 𝜌int which is considered as the actual design intended
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Figure 1: An illustrative model of a a continuum domain with a single embedded cable. The cable shape is outlined in red, its four control points are
marked by blue dots and the control polygon is outlined by a black polyline.

Figure 2: The influence region of the cable-to-concrete filter.
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Figure 3: The super-Gaussian function used for the cable-to-concrete filter. Left: 𝜌̃ = 0.5, 𝑟𝑐 𝑓 = 4 and different values of 𝜇; Right: 𝑟𝑐 𝑓 = 4, 𝜇 = 8 and
different values of 𝜌̃.

for manufacturing, is evaluated similarly using 𝜂int = 0.5.
We note that the response according to this layout does not
need to be evaluated during the optimization. However,
the volume of this layout is evaluated to adjust the volume
constraint, as will be discussed in Section 5.

After implementing all filters, the structural response
is evaluated over the eroded layout with 𝝆ero, where the
Young’s modulus of each concrete element is determined
by a Modified SIMP interpolation scheme (Sigmund and
Torquato, 1997),

𝐸𝑖 (𝜌ero
𝑖 ) = 𝐸𝑚𝑖𝑛 + (𝐸𝑚𝑎𝑥 − 𝐸𝑚𝑖𝑛)

(
𝜌ero
𝑖

) 𝑝𝐸 (5)

where 𝐸𝑚𝑖𝑛 is a relatively small positive number in order

to avoid singularity of the stiffness matrix; 𝐸𝑚𝑎𝑥 is the
actual value of Young’s modulus for concrete; and 𝑝𝐸 is
a penalization factor that drives the design towards a 0-1
distribution.

2.2. Prestressing forces
The prestressed elements in this paper are subjected

to four different forces: prestressing forces, self-weight,
external dead loads and external live loads. The nodal
force vectors associated with these forces are denoted as
f𝑝 , f𝑠 , f𝑑 , and f𝑙 , respectively. Dead and live loads are
applied to the prestressed structural elements in specified
regions based on the problem settings. The self-weight is
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di

rcf

Figure 4: An illustration of a 2D cross-section of a cable with its sur-
rounding elements. Concrete elements that should be pushed to the
material phase are marked with blue crosses, while elements that should
not be affected are marked with blue dots.

evaluated according to the eroded layout while the weight
of each finite element is applied to its associated degrees
of freedom. For a specific finite element 𝑖, the local nodal
force vector due to self-weight is evaluated as follows,

f𝑠,𝑖 = 𝛾𝑐𝑣𝑖𝜌
ero
𝑖 N𝑖 ,

where 𝛾𝑐 is the specific weight of concrete; 𝑣𝑖 is the volume
of the finite element; and N𝑖 represents the shape functions
of the finite element.

The prestressing forces are modeled as distributed forces
acting along the cable in its normal direction due to the
cable’s curvature, as well as point loads at the anchorages.
These forces are denoted as FCurv

𝑝 and FAnc
𝑝 , respectively.

A demonstration of is presented in Figure 5. To evaluate
the forces and subsequently compute the prestressing nodal
force vector f𝑝 , the following steps are performed:

1. The intersections of the cable with the finite element
grid are found. Thanks to the second-order B-spline
representation of the cable, the intersection points can
be determined analytically with 𝜉 being the unknown
variable. Specifically, we solve the equations 𝑥(𝜉) =
𝑥𝐺𝑟𝑖𝑑 , 𝑦(𝜉) = 𝑦𝐺𝑟𝑖𝑑 , and 𝑧(𝜉) = 𝑧𝐺𝑟𝑖𝑑 to find the
intersection points with the 𝑦 − 𝑧, 𝑥 − 𝑧, and 𝑥 − 𝑦

planes, respectively.
2. For each cable segment between two intersection

points, FCurv
𝑝 is defined:

FCurv
𝑝 (𝜉) = 𝑇𝑝𝜅n̂,

where 𝜅 is the average curvature between the two
intersection points, 𝜅 = (𝜅(𝜉𝑠) + 𝜅(𝜉𝑒))/2; 𝜉𝑠 and 𝜉𝑒
are the values of 𝜉 at the intersection points; 𝑇𝑝 is the
prestressing force in the cable; and n̂ is the normal
vector of the cable. The curvature and the normal
vector as a function of 𝜉 are evaluated as follows,

𝜅(𝜉) = |C′ × C′′ |
|C′ |3

and

n̂(𝜉) = C′ × (C′′ × C′)
|C′ | |C′′ × C′ | .

A demonstration of FCurv
𝑝 within a single finite ele-

ment is presented in Figure 6.
3. Within each finite element, the force, FCurv

𝑝 , is pro-
jected to the finite element’s nodes using the ele-
ment’s shape functions N𝑖 ,

fCurv
𝑝,𝑖 =

∫ 𝜉𝑒

𝜉𝑠

FCurv
𝑝 N𝑖𝐽𝑑𝜉

with 𝐽 (𝜉) representing the Jacobian of the curve
which is calculated by

𝐽 (𝜉) =
√︃
𝑥(𝜉)′2 + 𝑦(𝜉)′2 + 𝑧(𝜉)′2

and N with respect to 𝜉 is defined as, N𝑖 (𝜉) =

N𝑖 (C) = N𝑖 (𝑥(𝜉), 𝑦(𝜉), 𝑧(𝜉)).
4. The loads at the anchors are applied as point loads

at the cable’s ends. These loads are equal to the
prestressing force and act in the direction tangential
to the cable,

FAnc
𝑝 (𝜉ends) = 𝑇𝑝t(𝜉ends),

where 𝒕 is the tangential direction of the cable and
can be evaluated by C′/|C′ |. Subsequently, the nodal
prestressing forces at hosting elements of the cable’s
endpoints are evaluated by

fAnc
𝑝,𝑖 = FAnc

𝑝 N𝑖 .

5. Finally, the prestressing force vector f𝑝 is assembled
as follows,

f𝑝 =

𝑁𝐸∑︁
𝑖=1

(
fAnc
𝑝,𝑖 + fCurv

𝑝,𝑖

)
where 𝑁𝐸 is the number of finite elements.

To facilitate the subsequent presentation and discus-
sions regarding displacements, we denote the displace-
ments caused by f𝑝 , f𝑠 , f𝑑 , and f𝑙 as u𝑝 , u𝑠 , u𝑑 , and u𝑙 ,
respectively. Additionally, the combined displacements
resulting from multiple forces are represented by combin-
ing their subscripts. For instance, the displacements due
to f𝑠 + f𝑑 are denoted as u𝑠𝑑 and the displacements arising
from f𝑠 + f𝑑 + f𝑝 are denoted as u𝑠𝑑𝑝 .

We note that the stiffness of the cable and force losses
along the cable are neglected. Nevertheless, the formu-
lation is capable of accommodating immediate losses re-
sulting from friction, anchorage slip and elastic shorten-
ing, given their explicit dependence on the prestressing
force, the curvature of the cable and concrete deformation.
Furthermore, long-term losses due to creep, shrinkage,
and relaxation can be evaluated based on cable forces and
concrete deformation, and can be incorporated into the
computation of prestressing forces.
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Figure 5: A demonstration of the prestressing forces acting on a three-dimensional beam model. FCurv
𝑝 represents the prestressing forces due to the

curvature of the cable while 𝐹Anc
𝑝 represents the prestressing forces at the anchors.

Figure 6: A demonstration of 𝑭Curv
𝑝 within a single finite element. The blue dots indicate intersection points between the cable and the finite element.

3. Problem formulation

The optimization problem is formulated to simultane-
ously optimize the topology of concrete and the shape of
the embedded cables. The topology is optimized follow-
ing the density-based approach (Bendsøe, 1989; Bendsøe
and Sigmund, 2003). The shape optimization is simul-
taneously conducted by adjusting the positions of the B-
splines’ control points. The objective of the optimization
involves minimizing compliance and displacement-related
terms, while limiting the amount of concrete in the opti-
mized design.

The objective function in this paper has been uniquely
developed to incorporate a commonly adopted concept in
the design of prestressed elements. In prestressed con-
crete design, the prestressing forces balance the structural
response due to self-weight and permanent dead loads,
while live loads are subsequently applied to the already-
balanced design. To align with this concept, we formulate
the objective function to minimize two separate measures.

The first part of the objective is defined as

𝜙1 = (l ◦ u𝑠𝑑𝑝)𝑇 (l ◦ u𝑠𝑑𝑝), (6)

and aims at minimizing the absolute displacements due
to self-weight, permanent dead loads and prestressing –
hence achieving a balanced structural response. In Eq. (6),
the displacements to be balanced are designated by the
degrees of freedom indicated by the vector l and the symbol
◦ indicates component-wise multiplication. Typically, l
will refer to the primary loading surface of the structure,
where also the live loads are applied. Without loss of
generality, herein the vector l corresponds to vertical DOF
in the top surface of the prestressed structure.

The second part of the objective is defined as

𝜙2 = f𝑇𝑙 u𝑙

and aims at minimizing the compliance due to live loads.
The key difference between the two parts of the objective
is that 𝜙2 drives the concrete’s topology towards the stiffest
design under live loads, while 𝜙1 is not directly related to
stiffness. By minimizing 𝜙1, the design should accommo-
date several sets of loads and reach a neutral displacement
field. Previous work has shown that when the prestressing
force is too large, the topology adapts itself by soften-
ing parts of the structure to reach neutral displacements
(Amir and Shakour, 2018a). One way to avoid this phe-
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nomenon is to minimize also the prestressing force (Amir
and Shakour, 2018b). Herein, we choose to minimize two
separate measures, a choice which is aligned with prac-
tical preliminary design of prestressed structures. At the
same time, a reasonable value for the prestressing force
is determined prior to the optimization. We note that in
principle, one can choose to apply only a certain portion
of the dead loads in 𝜙1 and allow upwards deflections, and
subsequently add the remainder of the dead loads to 𝜙2.
This depends on design preferences and various choices
can be accommodated.

Mathematically, the simultaneous topology-shape opti-
mization is formulated as follows,

min
[𝝆,X]

𝜙 =
𝑤1

𝜙0
1
(l ◦ u𝑠𝑑𝑝)𝑇 (l ◦ u𝑠𝑑𝑝)︸                     ︷︷                     ︸

𝜙1

+𝑤2

𝜙0
2

f𝑇𝑙 u𝑙︸︷︷︸
𝜙2

s.t.: 𝑔 = 𝑉 (𝝆dil) −𝑉★
dil ≤ 0

0 ≤ 𝜌𝑒 ≤ 1, 𝑒 = 1, ..., 𝑁𝐸 (7)
X ≤ X ≤ X

with: Kerou𝑠𝑑𝑝 = f𝑠 + f𝑑 + f𝑝
Kerou𝑙 = f𝑙

where 𝝆 is the vector of density design variables that deter-
mine the concrete’s distribution; X is the vector of shape
design variables that determine the location of control
points defining the cables, with lower and upper bounds
X and X, respectively; 𝑤1 and 𝑤2 are coefficients that
provide proper weighting for each part of the objective;
𝜙0

1 and 𝜙0
2 are values of 𝜙1 and 𝜙2 at the initial design,

used for scaling; 𝑁𝐸 is the number of continuum finite
elements, which is also the number of density design vari-
ables; 𝝆dil is the projected dilated density used for impos-
ing the volume constraint on the concrete, related to the
mathematical variables 𝝆 and X via Eqs. (1),(2) and (4);
𝑉★

dil is the allowable volume fraction for the concrete in its
dilated configuration; and Kero is the stiffness matrix of
the eroded concrete domain, assembled with 𝝆ero, which
is related to the mathematical variables via Eqs. (1),(2)
and (3).

We note that 𝝆ero is used to evaluate both parts of the
objective. For 𝜙2, this is a straightforward choice because
for compliance subject to a volume constraint, 𝝆ero repre-
sents the worst case for compliance and 𝝆dil the worst case
for volume (Wang et al., 2016). Then we maintain 𝝆ero
also for evaluating 𝜙1 for the sake of consistency – mean-
ing, the same structural configuration should be used to
evaluate both measures – even though it is not necessarily
a worst case for 𝜙1, which is not a compliance measure.

4. Sensitivity analysis

In this section, we present the sensitivity analysis of the
optimization problem introduced in Eq. (7). This problem
exhibits coupling between the topology and shape design
variables due to the cable-to-concrete filter: the density of
the concrete surrounding the cable depends on the cable’s
shape variables. This coupling should be carefully ac-
counted for in the sensitivity analysis. While we describe
herein only the main steps needed for deriving the sensitiv-
ities, complete details and the numerical implementation

can be found in the MATLAB code that is provided as
supplementary material.

We start by presenting the sensitivity analysis with re-
spect to a generic design variable 𝛼. Then, we develop
the specific derivatives with respect to the topological and
shape design variables, 𝝆 and 𝑿, taking into account the
coupling between them.

To differentiate the objective function, and to eliminate
the implicit derivatives of the displacement fields u𝑠𝑑𝑝

and u𝑙 with respect to the design variables, we employ the
adjoint method. The augmented objective functional is as
follows,

𝜙 =
𝑤1

𝜙0
1
(l ◦ u𝑠𝑑𝑝)𝑇 (l ◦ u𝑠𝑑𝑝) +

𝑤2

𝜙0
2

f𝑇𝑙 u𝑙+

𝝀𝑇1 (Kerou𝑠𝑑𝑝 − f𝑠 − f𝑑 − f𝑝) + 𝝀𝑇2 (Kerou𝑙 − f𝑙)
(8)

where 𝝀1 and 𝝀2 are the adjoint vectors. The derivative of
Eq. (8) w.r.t. 𝛼 is

𝑑𝜙

𝑑𝛼
= 2

𝑤1

𝜙0
1
(l ◦ u𝑠𝑑𝑝)𝑇 l ◦ (

𝜕u𝑠𝑑𝑝

𝜕𝛼
) + 𝑤2

𝜙0
2

f𝑇𝑙
𝜕u𝑙

𝜕𝛼

+ 𝝀𝑇1 (
𝜕Kero
𝜕𝛼

u𝑠𝑑𝑝 + Kero
𝜕u𝑠𝑑𝑝

𝜕𝛼
− 𝜕f𝑠

𝜕𝛼
−
𝜕f𝑝
𝜕𝛼

)

+ 𝝀𝑇2 (
𝜕Kero
𝜕𝛼

u𝑙 + Kero
𝜕u𝑙

𝜕𝛼
)

(9)

where we assume that the dead and live loads do not depend
on the design variable 𝛼.

To eliminate the dependence on 𝜕u𝑠𝑑𝑝

𝜕𝛼
, we gather all

relevant terms as follows,

2
𝑤1

𝜙0
1
(l ◦ u𝑠𝑑𝑝)𝑇 l ◦

𝜕u𝑠𝑑𝑝

𝜕𝛼
+ 𝝀𝑇1 Kero

𝜕u𝑠𝑑𝑝

𝜕𝛼
= 0,

leading to the first adjoint equation

K𝑇
ero𝝀1 = −2

𝑤1

𝜙0
1
(l ◦ u𝑠𝑑𝑝 ◦ l).

Similarly, to eliminate the dependence on 𝜕u𝑙

𝜕𝛼
, we gather

all relevant terms and obtain the second adjoint equation

K𝑇
ero𝝀2 = −𝑤2

𝜙0
2

f𝑙

that reflects the fact that the second term of the objective
is essentially self-adjoint and we can use

𝝀2 = −𝑤2

𝜙0
2

u𝑙 . (10)

Once the adjoint vectors are obtained, they can be sub-
stituted back into Eq (9), yielding final sensitivities that
contain only explicit derivatives. We note that in this equa-
tion, Kero and f𝑠 can be represented as functions solely of
the densities in the eroded layout, Kero (𝜌ero (𝝆,X))) and
f𝑠 (𝝆ero (𝝆,X)). Their dependence on the topology and
shape design variables 𝝆 and X is established through the
three consecutive filters. Additionally, we note that f𝑝
depends only on the shape design variables, f𝑝 (X). Rep-
resenting 𝜙 as 𝜙(𝝆ero (𝝆,X),X), its explicit derivatives
w.r.t the density and shape design variables are

𝑑𝜙

𝑑𝝆
=

𝜕𝜙

𝜕𝝆ero
𝜕𝝆ero

𝜕 𝝆̂

𝜕 𝝆̂

𝜕 𝝆̃

𝜕 𝝆̃

𝜕𝝆
and (11)
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𝑑𝜙

𝑑X
=

𝜕𝜙

𝜕𝝆ero
𝜕𝝆ero

𝜕 𝝆̂

𝜕 𝝆̂

𝜕X
+ 𝜕𝜙

𝜕X
, (12)

respectively, where

𝜕𝜙

𝜕𝝆ero = 𝝀𝑇1

(
𝜕Kero

𝜕𝝆ero u𝑠𝑑𝑝 − 𝜕f𝑠
𝜕𝝆ero

)
−𝑤2

𝜙0
2

u𝑇
𝑙

𝜕Kero

𝜕𝝆ero u𝑙 ,

(13)

𝜕𝜙

𝜕X
= −𝝀1

𝜕f𝑝
𝜕X

. (14)

The components in Eqs. (11) to (14) are evaluated explic-
itly through the following relations:

◦ 𝜕Kero
𝜕𝝆ero is related to the interpolation rule (5) for the
stiffness;

◦ 𝜕𝝆ero

𝜕𝝆̂ is related to the smooth Heaviside projection
(3);

◦ 𝜕𝝆̂
𝜕𝝆̃ is related to the cable-to-concrete filter (2);

◦ 𝜕𝝆̃
𝜕𝝆 is the derivative of the PDE filter (1).

Regarding the derivatives of the force vectors, the deriva-
tive of the prestressing forces 𝜕f𝑝

𝜕X is evaluated by differ-
entiating the procedure and geometrical relations for con-
structing f𝑝 , as presented in Section 2. The derivative of
the self-weight force vector, 𝜕f𝑠

𝜕𝝆ero , is straightforward and
can be computed according to the corresponding expres-
sion provided in Section 2.

Regarding the volume constraint, as the dilated volume
of the design is a function of the dilated densities,𝑉 (𝝆𝑑𝑖𝑙),
its derivatives w.r.t to the topology and shape design vari-
ables are:

𝑑𝑔

𝑑𝝆
=

𝜕𝑔

𝜕𝝆𝑑𝑖𝑙

𝜕𝝆𝑑𝑖𝑙

𝜕 𝝆̂

𝜕 𝝆̂

𝜕 𝝆̃

𝜕 𝝆̃

𝜕𝝆
, (15)

𝑑𝑔

𝑑X
=

𝜕𝑔

𝜕𝝆𝑑𝑖𝑙

𝜕𝝆𝑑𝑖𝑙

𝜕 𝝆̂

𝜕 𝝆̂

𝜕X
. (16)

5. Examples

In this section, we demonstrate and investigate the capa-
bility of the suggested approach to achieve simultaneous
optimization of the cable shape and the concrete topology
in 3D prestressed structures. We present four different ex-
amples. In the first two examples, we showcase the design
of prestressed beams, with single and multi-span configu-
rations. The third and fourth examples address the design
of prestressed slabs with different boundary conditions.

All physical measures, material properties, and loads
in the following examples are chosen to resemble practi-
cal scenarios. The material properties are set to 𝐸max =

3 · 107𝑘𝑁/𝑚2, 𝐸min = 1 · 10−3𝑘𝑁/𝑚2 and 𝜐 = 0.2. For
computing the self-weight, the specific weight of concrete
is set to 25 𝑘𝑁/𝑚3. The SIMP penalty is set to 𝑝𝐸 = 3
in all examples. The Heaviside projection functions are
computed with 𝜂𝑑𝑖𝑙 = 0.4 and 𝜂𝑒𝑟𝑜 = 0.6. To control
the sharpness of the Heaviside projection, the sharpness

parameter 𝛽𝐻𝑆 begins at 1 and is multiplied by 2 every
20 iterations, up to a maximum value of 8. The sharpness
parameter of the cable-to-concrete filter is kept fixed at
𝜇 = 2 during all optimization iterations. All other param-
eters are problem-specific and are explicitly stated in the
respective examples. The allowable volume of the dilated
design, 𝑉★

dil, as defined in Eq. (7), is initially set to the
allowable volume of the intermediate design, denoted by
𝑉★

int. This value is adjusted continuously during the op-
timization to ensure that the volume of the intermediate
design ultimately aligns with its allowable volume frac-
tion. This adjustment is performed using the formula:
𝑉★

dil = (𝑉 (𝝆dil) · 𝑉★
int)/𝑉 (𝝆int).

For optimization in the nested approach, we employ
the Method of Moving Asymptotes – MMA (Svanberg,
1987). The optimization terminates when the absolute
change in the objective and the constraint between con-
secutive iterations is less than a certain threshold for three
consecutive iterations. This threshold is set to 10−4 for the
beam examples and 10−3 for the slab examples, reflecting
the increased number of design variables. A minimum
number of 60 iterations is set to ensure the sharpness pa-
rameter 𝛽𝐻𝑆 reaches its maximal value, and the maximum
number of iterations is set to 100.

To impose clear concrete cover, the maximal values
of the shape design variables are set to ensure that the
corresponding cable stays within a distance of 0.05 𝑚 from
the boundaries of the design domain. The move limits on
the density design variables are set to 0.2, while the move
limits on the shape design variables are specified in each
example because they depend on the domain size. In all
examples, the objective weights are set to 𝑤1 = 𝑤2 = 0.5.
To ensure force transfer of dead and live loads, two layers
of finite elements are prescribed as concrete material on the
upper surfaces where loads are applied. The vector l in Eq.
(6) is constructed to activate all the vertical displacements
in the top surfaces.

Each cable in Examples 1, 3, and 4 is represented using
six control points. In the test cases for Example 2, the cable
is represented using eight control points, due to the longer
prestressed elements. All the cables are defined by open
uniform knot vectors. To ensure the cable is perpendicular
to the symmetry surfaces, the shape design variables of the
two consecutive control points near the symmetry surface
are adjusted and then merged so that they align with the
normal direction of the symmetry surfaces. For example,
if the cable intersects a symmetry surface whose normal is
in the 𝑥-direction, the 𝑦- and 𝑧-coordinates of the crossing
control point and the one before are set to be identical, and
then merged into a single design variable for each direc-
tion. In general, because a straight cable does not create
transverse forces due to its zero curvature, we impose a
small perturbation of the control points in the initial de-
sign. This prevents the commencement of optimization
without meaningful sensitivity information.

5.1. Simply supported beam
In this example, we demonstrate the design of a sim-

ply supported beam, subjected to uniformly distributed
external loads. The beam domain has a length-to-height
ratio of 15 : 1 with a span of 12 𝑚 and a cross-section
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of 0.4 𝑚 × 0.8 𝑚. The dead and live loads are both set
to 30 𝑘𝑁/𝑚, distributed uniformly over the upper chord
of the beam. Utilizing the symmetry of the problem,
we model and optimize only the quarter-symmetric part.
The model is discretized with cube finite elements of size
0.025 𝑚, resulting in a grid composed of 240×8×32 finite
elements. The setup of the numerical model is presented
in Figure 7. Note that vertical supports are distributed
along the entire height of the beam. If a single support
was placed at the beam’s bottom corner, the optimization
process would require additional material to create a ver-
tical connection between the support and the anchoring
point of the cable.

The prestressing force in the cable is set to balance
the external dead load with half of the self-weight of
the beam domain distributed over its upper chord, 𝑞 =

30 + 25·0.4·0.8
2 = 34 𝑘𝑁/𝑚. For this purpose, the cable

is assumed to be parabolic with zero eccentricity at the
beam’s ends and an eccentricity of 𝑒𝑚𝑎𝑥 = 0.35 𝑚 in
mid-span. The balancing force is then set to

𝑇𝑝 =
𝑞𝑙2

8𝑒max
= 1748 𝑘𝑁. (17)

Note that since only the quarter-symmetric part is being
modeled, only half of the prestressing force and the exter-
nal loads are applied in the numerical model.

The allowable volume fraction of concrete in the inter-
mediate phase is limited to 50%. The radii of the density
filter, 𝑟𝑚𝑖𝑛, and the cable-to-concrete filter, 𝑟𝑐 𝑓 , are both
set to 0.1 𝑚. The design comprises a single prestressing
cable and we optimize only the vertical coordinates of the
control points. The move limit for these coordinates is set
to 0.05 𝑚 with maximal and minimal values set to 0.05 𝑚

and 0.75 𝑚, respectively, leading to a minimal distance
of 0.05 𝑚 from the lower and the upper chords of the
beam. The coordinates in the longitudinal direction are
equally spaced along the beam and remain fixed during
the optimization process. Due to symmetry, the cable is
positioned at the central plane of the beam and is fixed in
the transverse direction during the optimization.

The initial design is depicted in Figure 8. This design is
achieved by setting all the density design variables to 0.5
and placing the vertical coordinates defining the cable at
the mid-height of the beam. Filtered intermediate densities
exceeding a value of 0.75 are highlighted in the figure.
The figure clearly illustrates the influence region of the
cable-to-concrete filter, where the densities of the elements
within the specified filter radius are pushed to their material
phase. The optimization terminated after 71 iterations,
yielding the optimized design presented in Figure 9. We
summarize the values for various measures in both the
initial and final designs in Table 1.

Convergence of the optimization is portrayed in Figure
10, indicating the stability of the optimization procedure.
As the optimization progresses, the load-balancing com-
ponent of the objective 𝑤1𝜙1/𝜙0

1 gradually converges to-
wards zero with a value of 8.2𝑒−4 in the optimized design,
leading to the final objective being nearly equal to the com-
pliance component. This can also be observed in Table 1,
where their values are recorded as 0.127 and 0.128. The

graph illustrates also the convergence of the volume con-
straint, 𝑔, represented in magenta. The minor fluctuations
in the 20th and 40th iterations correspond to adjustments
made to the sharpness parameters 𝛽𝐻𝑆 at those iterations.

Measure Initial design Final design
𝜙1 [𝑚2] 6.321 0.010
𝜙2 [𝑘𝑁𝑚] 5.181 1.319

𝑤1𝜙1/𝜙0
1 [−] 0.5 8.2𝑒−4

𝑤2𝜙2/𝜙0
2 [−] 0.5 0.127

𝜙 [−] 1 0.128
𝑉𝑖𝑛𝑡 [𝑚3] 0.561 0.480
𝑔 [𝑚3] 0.104 −3.1𝑒−5

Table 1: Optimization of a simply supported beam. Summary of the
values for various measures in the initial and final designs.

To further examine the optimization, specifically its ef-
fect on the deflection of the beam, we measure the vertical
displacement of the beam at mid-span due to various com-
binations of forces. For this purpose we use the eroded
domain which was used for evaluating displacements dur-
ing optimization. The displacements corresponding to the
initial and final designs are summarized in Table 2, and
the evolution during the optimization is illustrated in Fig-
ure 11. As expected, the displacement due to self-weight
and dead loads, 𝑢𝑠𝑑 , is balanced by the displacement due
to prestressing, 𝑢𝑝 , with their total sum being 0.001 𝑚.
We note that since the dead and live loads are equal, the
difference between the magenta and red lines in the figure
is, in fact, the displacement due to self-weight.

Next, we verify the balancing effect in the intermedi-
ate layout. We note that in this configuration, the beam
exhibits a slightly higher stiffness and a minor increase in
self-weight. This does not have a significant effect on the
displacements at the examination point, with 𝑢𝑠𝑑𝑝 = 0.001
and 𝑢𝑠𝑑𝑝𝑙 = −0.020 in the intermediate layout. Therefore,
given these small differences in the response across the dif-
ferent layouts, we consider that the balance is preserved in
the intermediate layout, even though the eroded layout was
utilized for optimization. Additionally, the ratio between
the maximal displacement 𝑢𝑠𝑑𝑝𝑙 in the intermediate layout
and the span length is 0.02/12 = 1/600. Considering that
the permanent loads are roughly balanced, it is expected
that the long-term deflection will be acceptable according
to design requirements. Nevertheless, the examples herein
merely demonstrate the potential of the method, and we
do not attempt to provide a detailed assessment of the
long-term deflection.

Design 𝑢𝑚𝑖𝑑
𝑠𝑑

𝑢𝑚𝑖𝑑
𝑝 𝑢𝑚𝑖𝑑

𝑠𝑑𝑝
𝑢𝑚𝑖𝑑
𝑙

𝑢𝑚𝑖𝑑
𝑠𝑑𝑝𝑙

Initial -0.093 0.034 -0.058 -0.081 -0.140
Final -0.026 0.027 0.001 -0.023 -0.022

Table 2: Displacements at mid-span of the beam due to different combi-
nations of forces, measured in meters.

It is interesting to observe the displacements along the
upper chord of the beam resulting from the permanent
loads in the final design, as shown in Figure 12. The plot
exposes the interplay between the displacements due to
dead loads and self-weight with those due to prestressing.
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Figure 7: Problem setup for a quarter-symmetric part of the simply supported beam.

Figure 8: Initial design of the simply supported beam. Top: Original design. Bottom: Transparent view, revealing the cable’s shape and cross sections
every 1 meter along the beam.

Figure 9: Optimized design of the simply supported beam. Top: Original design. Bottom: Transparent view, revealing the cable’s shape and cross
sections every 1 meter along the beam.
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Figure 10: Convergence of the optimization problem, simply supported
beam.

The maximum combined displacement is 0.003 𝑚, which
does not occur at mid-span as typically happens in uni-
form beams. The maximum displacement occurs in close
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Figure 11: Convergence of vertical displacements at mid-span, simply
supported beam.

proximity to the anchorage points, primarily influenced by
the inclination of the anchor, the relatively high curvature
of the cable and the reduced beam height in this region.
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Figure 12: Displacements along the upper chord of the beam due to
permanent loads (only symmetric half is presented).

The optimized design of Figure 9 can be used to evaluate
the potential material savings achieved by the simultane-
ous topology and shape optimization. For this purpose,
we find the depth of a solid beam that has the same com-
pliance under live loads – i.e., the same 𝜙2. Then, we find
the prestressing force that balances the permanent loads,
assuming a simple parabolic cable shape. The required
depth of the beam is found to be slightly above 0.7 𝑚

and the prestressing force is 2220 𝑘𝑁 . This reflects sav-
ings of 43% in concrete volume and 21% in prestressing
force, while the design domain is enlarged by 0.1 𝑚 in
the vertical direction. The reduction in prestressing force
is a result of both the reduction in concrete weight and a
certain increase of the maximum eccentricity.

We conclude this example by presenting optimized de-
signs for the same problem settings but with different al-
lowable volume fractions𝑉 𝑓★

𝑖𝑛𝑡
for the intermediate layout.

The optimized designs, along with the maximal displace-
ment at mid-span and the final compliance, are presented
in Figure 13. In all designs, balanced displacements due to
permanent loads are obtained (𝑤1𝜙1/𝜙0

1 < 0.001), lead-
ing to an optimized objective that consists primarily of
the compliance part. As expected, as the volume de-
creases, the compliance and the displacement at the ex-
amination point increase. Additionally, we illustrate the
cables’ shapes obtained for the different optimized designs
in Figure 14. This illustration indicates that with an in-
creased 𝑉 𝑓★

𝑖𝑛𝑡
, the cable exhibits reduced curvature. This

emanates from the fact that higher 𝑉 𝑓★
𝑖𝑛𝑡

values lead to
stiffer designs, requiring lower equivalent forces to achieve
load balancing. Consequently, to control the equivalent
forces, the optimization decreased cable curvature. Addi-
tionally, this illustration shows that in the stiffer designs
obtained from higher 𝑉 𝑓★

𝑖𝑛𝑡
values, the cable shows slight

curvature upwards, resulting in prestressing forces that act
downwards. This may indicate that the combination of the
prescribed prestressing force and the maximum eccentric-
ity is too large, and the prestressing force could be reduced.
Adding the minimization of prestressing force is possible
(Amir and Shakour, 2018b) but was not pursued in the
current work.

5.2. Multi-spans beam
In this section, we demonstrate the applicability of the

proposed approach to the design of multi-span beams with

(a) 𝑉 𝑓★
𝑖𝑛𝑡

= 0.45, 𝑢𝑚𝑖𝑑
𝑠𝑑𝑝𝑙

= −0.024 𝑚, 𝜙2 =

1.436 𝑘𝑁𝑚.

(b) 𝑉 𝑓★
𝑖𝑛𝑡

= 0.40, 𝑢𝑚𝑖𝑑
𝑠𝑑𝑝𝑙

= −0.027 𝑚, 𝜙2 =

1.610 𝑘𝑁𝑚.

(c) 𝑉 𝑓★
𝑖𝑛𝑡

= 0.35, 𝑢𝑚𝑖𝑑
𝑠𝑑𝑝𝑙

= −0.032 𝑚, 𝜙2 =

1.862 𝑘𝑁𝑚.

(d) 𝑉 𝑓★
𝑖𝑛𝑡

= 0.30, 𝑢𝑚𝑖𝑑
𝑠𝑑𝑝𝑙

= −0.039 𝑚, 𝜙2 =

2.242 𝑘𝑁𝑚.

Figure 13: Optimized designs for various volume fractions 𝑉 𝑓★
𝑖𝑛𝑡

. The
total vertical displacement at mid-span and the external compliance are
depicted for each design.
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Figure 14: Optimized cable shapes for various volume fractions 𝑉 𝑓★
𝑖𝑛𝑡

, corresponding to the optimized designs in Figures 9 and 13. The dashed lines
represent the upper and lower values of the shape design variables. Only the symmetric part of the beam is shown.

various setups. All design parameters remain consistent
with those in the previous example. The changes involve
the beam’s length, boundary conditions, and prestressing
force. Additionally, to account for the increased length of
the beams compared to the previous example, we repre-
sent the prestressing cables using 8 control points instead
of 6. Utilizing symmetry, we model and optimize only
the quarter-symmetric parts of the beams. The volume
fraction for the test cases is 50%.

The three test cases considered are: a two-span beam,
a two-span beam with cantilevers, and a three-span beam.
The span lengths and boundary conditions for these cases
are depicted in Figure 15. With similar cross-section di-
mensions as in the previous example, the grid over the
cross-section comprises 8 × 32 finite elements. Mean-
while, the grid size in the longitudinal direction varies
according to the model, being 360, 440, and 540 for the
three different cases, respectively. The prestressing forces
are smaller than in to the previous example because of
the shorter spans. For the first two cases, the prestressing
force𝑇𝑝 is set to 300 𝑘𝑁 , while in the third case, it is set to
500 𝑘𝑁 . (150 𝑘𝑁 and 250 𝑘𝑁 in the quarter symmetric
numerical models.) The optimization process for the three
cases converges smoothly after 70, 66, and 68 iterations,
respectively. Figure 16 presents the optimized designs
with supports depicted as gray cones. We summarize the
values for various measures in both the initial and final
designs associated with these cases in Table 3.

(a) Two-span beam.

(b) Two-span beam with cantilevers.

(c) Three-span beam.

Figure 15: The three different settings for the numerical models of the
multi-span beams.

In the three different cases, we can see similar behav-
ior as before, with the displacement balancing part of the

objective gradually diminishing, indicating that the de-
sired displacement balance is approached in the optimized
design. In all cases, the volume constraint is fulfilled.
Additionally, the cables follow an expected path, being lo-
cated at the upper chord of the beam in the internal support
regions and in cantilevers, and at the lower chord in the
spans.

5.3. Simply supported slab

In this example, we use the proposed approach to op-
timize a simply supported prestressed slab. The design
domain of the slab has dimensions of 12.8 × 12.8 𝑚 with
a thickness of 0.32 𝑚 and it is subjected to uniformly dis-
tributed dead and live loads, each amounting to 10 𝑘𝑁/𝑚2.
Exploiting double symmetry of the domain, we model only
its quarter-symmetric part. The computational model is
discretized with cube elements of size 0.04 𝑚, resulting
in a mesh of 160 × 160 × 8 elements. Additionally, to
exploit the symmetry about the diagonal of the numeri-
cal model, shape and topology design variables from one
triangle are merged with their symmetric counterparts, re-
sulting in a single set of design variables that determine the
shape and topology of both parts. This symmetry cannot
be exploited for the analysis due to the use of cube finite
elements. Therefore, for analysis, the entire mesh of the
numerical model is employed. The problem settings of
the numerical model are illustrated in Figure 17.

The allowable volume fraction of concrete in the in-
termediate phase is limited to 50%. The radii of the
density filter, 𝑟𝑚𝑖𝑛, and the cable-to-concrete filter, 𝑟𝑐 𝑓 ,
are both set to 0.12 𝑚. The prestressing force is set to
𝑇𝑝 = 1400 𝑘𝑁 . This value was chosen based on prelim-
inary results of similar test cases where the formulation
included also the prestressing force as a design variable
(Shaked, 2023). The design consists of four cables in
each planar direction, hence two cables in each planar
direction in the numerical model. During optimization,
specific coordinates of the cables are kept constant. For
cables with initial geometry aligned with the 𝑥-direction,
the 𝑥-coordinates of their control points are kept constant,
while the 𝑦 and 𝑧 (vertical) coordinates are optimized. The
same concept is applied to cables whose initial geometry is
aligned with the 𝑦-direction. The design domain for each
optimized coordinate is set to be at a distance of 0.05 𝑚

from the slab ends. The move limits on the shape design
variables in this example are set to 0.3 𝑚 in the planar
direction and 0.1 𝑚 in the vertical direction of the slab.

The initial design is depicted in Figure 18a, with the
initial density design variable values set to 0.5. In this
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(a) Two-span beam.

(b) Two-span beam with cantilevers.

(c) Three-span beam.

Figure 16: Optimized designs for the multi-span beams. Original designs and transparent views revealing the cables’ shapes and cross-sections at
1-meter intervals along the beam.

Two-span beam Two-span beam + cantilevers Three-span beam
Measure Initial design Final design Initial design Final design Initial design Final design
𝜙1 [𝑚2] 0.270 0.004 0.200 0.001 0.424 0.001
𝜙2 [𝑘𝑁𝑚] 0.974 0.272 0.732 0.196 1.312 0.359

𝑤1𝜙1/𝜙0
1 [−] 0.5 0.008 0.5 0.004 0.5 0.002

𝑤2𝜙2/𝜙0
2 [−] 0.5 0.140 0.5 0.134 0.5 0.137

𝜙 [−] 1 0.147 1 0.138 1 0.138
𝑉𝑖𝑛𝑡 [𝑚3] 0.841 0.720 1.028 0.880 1.262 1.080
𝑔 [𝑚3] 0.104 −2.2𝑒−5 0.104 −7.0𝑒−6 0.104 −3.4𝑒−6

Table 3: Optimization of multi-span beams. Summary of the values for various measures in the initial and final designs.
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Figure 17: Problem setup for a quarter-symmetric part of the simply
supported slab.

design, the distance between the cables in each direction
is 3.2 𝑚 with a 1.6 𝑚 distance from the slab ends. All
cables are positioned at the mid-plane of the slab. The
optimization is terminated after 68 iterations, yielding the
optimized design shown in Figure 18b. A planar view
of the optimized design from the bottom is presented in
Figure 19. In this design, all the cables are pushed to their
minimal allowed height of 0.05 𝑚 and are fully embed-
ded in the concrete. The optimized topology includes a
prescribed material layer with thickness of 0.08 𝑚 at the
upper surface of the slab. Additionally, the optimization
created regions of material at the bottom surface of the
slab with an average thickness of 0.08 𝑚. In the optimized
design, material regions from the upper and lower parts
of the slab are interconnected by diagonal column-like
parts, curved beam-like regions that cover the cables, and
straight beam-like sections near the corners of the slab.
This is illustrated in Figure 20 that shows the slicing of the
design at the mid-plane, exposing the connections between
its upper and lower parts.

In Figure 21 we present the planar configurations of the
cables in the initial and optimized designs. The cables are
marked with four distinct colors while each cable and its
symmetric counterpart are marked with the same color.
As seen in Figure 21b, the cable configuration forms a
circle-like shape with a radius of 2.55 𝑚 at the center of
the slab. Since all the cables are positioned at the bot-
tom of the design domain in the vertical direction, this
arrangement creates a compression ring in the bottom part
of the slab. As the displacement field resulting from pre-
stressing is influenced by the general configuration of the
cables, this compression ring is interpreted as a special-
ized treatment designed to counterbalance the expected
maximum displacement at the center of the slab, which
arises due to dead load and self-weight. A possible ex-
planation for the circular prestressing is its axis-symmetric
effect on the vertical displacements. We presume that such
axis-symmetric prestressing provides more effective load

(a)

(b)

Figure 18: Initial and optimized designs of the simply supported slab.
(a) Initial design with intermediate densities ranging from 0 (blue) to 1
(red). (b) Final design with intermediate densities ranging from 0.5 to 1.

Figure 19: Bottom view of the optimized simply supported slab.

(a)

(b)

Figure 20: Cross-sectional view at the mid-plane of the simply supported
optimized slab, illustrating the connections between its upper and lower
parts. (a) Upwards view. (b) Downwards view.
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balancing compared to traditional cable layouts that are
arranged orthogonally in 𝑥 and 𝑦 directions.

(a)

(b)

Figure 21: Prestressing cable configurations in the initial and optimized
designs of the simply supported slab, where each cable and its symmetric
counterpart are marked with the same color. (a) Initial design. (b)
Optimized design.

Convergence of the optimization is presented in Figure
22. The graph indicates smooth convergence and fulfill-
ment of the volume constraint. We summarize the values
for various measures in both the initial and final designs
in Table 4. As expected, and as obtained in previous ex-
amples, the displacement component 𝑤1𝜙1/𝜙0

1 gradually
diminishes during the optimization and approaches a load-
balanced design with an optimized value of 0.003. The
compliance component of the objective in the optimized
design is 0.323, which is derived from a final compliance
value of 6.023 𝑘𝑁𝑚. In this design, the maximal dis-
placement of the slab in its intermediate layout is 0.034 𝑚,
representing 1/375 of the span.

To further examine the load-balancing effect in the op-
timized design, we present the vertical displacements at

the upper surface of the slab in Figure 23. As the opti-
mization progresses towards its ideally balanced design,
the deflections 𝑢𝑠𝑑 and 𝑢𝑝 (shown in Figures 23a and 23b,
respectively) progressively converge to similar absolute
values, exhibiting deflections in opposite directions. The
combined displacement field, 𝑢𝑠𝑑𝑝 , is illustrated in Figure
23c. As the optimization progresses, the absolute values of
the combined displacements decrease, ideally completely
diminishing. When convergence criteria are met, the max-
imal displacement in 𝑢𝑠𝑑𝑝 is 0.008 𝑚 downwards, and it
is located at the center of the slab.

0 10 20 30 40 50 60
Iteration

0

0.2

0.4

0.6

0.8

1
Convergence Graph

w1?1=?
0
1 w2?2=?

0
2

~? g

Figure 22: Convergence of the optimization problem, simply supported
slab.

Measure Initial design Final design
𝜙1 [𝑚2] 22.942 0.150
𝜙2 [𝑘𝑁𝑚] 9.333 6.023

𝑤1𝜙1/𝜙0
1 [−] 0.5 0.003

𝑤2𝜙2/𝜙0
2 [−] 0.5 0.323

𝜙 [−] 1 0.326
𝑉𝑖𝑛𝑡 [𝑚3] 8.648 6.555
𝑔 [𝑚3] 0.177 −1.3𝑒−4

Table 4: Optimization of a simply supported slab. Summary of the
values for various measures in the initial and final design.

Finally, we wish to evaluate the potential material sav-
ings that can be achieved by the simultaneous topology and
shape optimization. As before, we find the thickness of a
solid slab that has the same compliance 𝜙2. The required
thickness that meets this criterion is found to be roughly
0.23 𝑚. The respective concrete savings are roughly 30%,
but one should keep in mind that a thickness of 0.08 𝑚 is
prescribed at the top of the optimized slab. This restricts
the amount of material that can be redistributed via opti-
mization, meaning that the benefit from optimization can
exceed 30%. With a hypothetical thickness of 0.23 𝑚, the
maximum eccentricity is limited and it is difficult to find a
reasonable prestressing force that balances the permanent
loads. Nevertheless, similar to the case of the simply sup-
ported beam, we can assume that a solid slab will require
larger prestressing forces compared to an optimized slab,
due to its increased weight and smaller maximal eccen-
tricity.
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(a)

(b)

(c)

Figure 23: The vertical displacements at the upper surface of the opti-
mized simply supported slab. From the top: self weight and dead loads;
prestressing; and the combination of both.

5.4. Cantilevered slab on columns
In this example, we optimize a slab supported by four

internal columns, creating cantilevered regions. The di-
mensions, external loads, optimization parameters, fixed
and merged design variables, as well as all other param-
eters, remain identical to the previous example, with the
sole exception being the column replacing the supported
edges. The columns are square-shaped with side lengths
of 0.64 𝑚 and are positioned near the corners of the slab.
Their centers are 1.6 𝑚 meters from the slab’s edges.
Within the column area, the degrees of freedom are con-
strained in the vertical direction throughout the slab’s
thickness. As in the previous example, we consider the
symmetry of the problem, modeling only one quarter of
the slab. The settings of the numerical model are depicted
in Figure 24.

Figure 24: Problem setup for a quarter-symmetric part of a slab supported
by columns.

The initial and final designs are presented in Figure 25.
A planar view from the bottom is shown in Figure 26. A
cross-section at the mid-plane of the slab illustrates the
connections between its upper and lower parts, as pre-
sented in Figure 27. In the optimized design, a bulk of
material is accumulated near the columns, with rib-like
parts reinforcing the spans between the columns, forming
a stiff column strip that extends across these columns. This
design aligns with common strategies in which a stiff col-
umn strip is created between columns, creating an internal
span of the slab that is supported by the column strips.
Additionally, a material region is formed in the bottom
part at the center of the slab, enhancing the stiffness of this
area where maximal displacement is expected.

The configurations of the cables in both the initial and
optimized designs are presented in Figures 28a and 28b,
respectively, where each cable and its symmetric counter-
part are marked with the same color. The heights of the ca-
bles are depicted in Figure 28c. In contrast to the previous
example, where all the cables were pushed to their mini-
mum height, Figure 28c illustrates that in this example, the
optimization generated cables of varying vertical profile,
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(a)

(b)

Figure 25: Initial and optimized designs of the slab supported by
columns. (a) Initial design with intermediate densities ranging from
0 (blue) to 1 (red). (b) Final design with intermediate densities ranging
from 0.5 to 1.

corresponding to the anticipated displacements and ten-
sile forces in each region. The regions outside the column
strips behave as cantilevers, hence they are prestressed in
their upper part. In contrast, the internal span in the center
of the domain is prestressed in its bottom part.

Convergence of the optimization is presented in Figure
29. The optimization is terminated after 67 iterations. In
Table 5 we summarize the values of various measures in
both the initial and final designs. The optimization pro-
cess reduced the objective value to 24.1% of its initial
value, while also fulfilling the volume constraint. Similar
to the previous examples, the optimization progressed to-
wards achieving an ideal balance due to permanent loads,
while simultaneously stiffening the design for live loads.
Figure 30 shows the vertical displacement fields 𝑢𝑠𝑑 , 𝑢𝑝

and 𝑢𝑠𝑑𝑝 , as measured over the upper surface of the slab.
The balancing effect can be easily observed: prestressing
creates a displacement field 𝑢𝑝 that has a similar pattern
as 𝑢𝑠𝑑 with opposite sign. The maximal total displace-
ment due to permanent loads is approximately 0.004 𝑚,
at the corners of the slab. We note that both displacement
fields – 𝑢𝑠𝑑 and 𝑢𝑝 – are downwards at these points. This
indicates that the objective function lead the optimizer to
balance the displacements mostly at the central span, while
the displacements at the cantilevers are not balanced. We
presume that this is due to their relatively small area that
has minor contribution to the objective.

6. Conclusions

In this paper, we introduced a computational procedure
for simultaneous shape and topology optimization of 3D
post-tensioned concrete structures. The main contribu-
tions of this work that extend the state of the art are as
follows:

Figure 26: Bottom view of the optimized slab supported by columns.

Measure Initial design Final design
𝜙1 [𝑚2] 6.803 0.053
𝜙2 [𝑘𝑁𝑚] 4.132 1.959

𝑤1𝜙1/𝜙0
1 [−] 0.5 0.004

𝑤2𝜙2/𝜙0
2 [−] 0.5 0.237

𝜙 [−] 1 0.241
𝑉𝑖𝑛𝑡 [𝑚3] 8.648 6.554
𝑔 [𝑚3] 0.177 −2.0𝑒−5

Table 5: Optimization of a slab supported by columns. Summary of the
values for various measures in the initial and final design.

1. A general formulation that can accommodate three-
dimensional design scenarios, with complex interac-
tions between the optimized geometries of the con-
crete and cables;

2. An optimization problem formulation that mimics
the design intent of prestressed concrete structures,
separating the load-balancing part w.r.t. permanent
loads from stiffness maximization w.r.t. live loads;

3. A verification of the optimality of curved cable lay-
outs: previous work (Zelickman and Amir, 2021,
2022) showed optimized spline-based cable layouts
with in-plane curvature, where the concrete slabs
were modeled as plates. These were explored follow-
ing the suggested designs of Sarkisian et al. (2018)
that were interpreted from density-based topology op-
timization. Herein, we model the concrete and cables
in the most general fashion – as three-dimensional en-
tities – and show that curved layouts indeed emerge;

4. An indication that by combining topology optimiza-
tion and three-dimensional post-tensioning, material
savings of over 30% can be achieved compared to
solid members. This strengthens the argument in fa-
vor of prestressed concrete for reducing embodied
CO2, suggesting further advantages beyond current
knowledge (Miller et al., 2015; Broyles and Hopper,
2023).

The non-traditional layouts presented in Section 5 show-
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(a)

(b)

Figure 27: Cross-sectional view at mid-plane of the slab supported by
columns, illustrating the connections between its upper and lower parts.
(a) Upwards view. (b) Downwards view.

case the potential of the proposed methodology to enable
the design of novel, lightweight post-tensioned structures
that can be realized by advanced manufacturing processes.
Furthermore, the results can provide designers an indica-
tion regarding optimal placement of materials, that can
be subsequently simplified and adapted to traditional con-
struction methods. Naturally, the methodology is demon-
strated through examples of simple, box-shaped domains
that can be treated by an academic computer code. Never-
theless, the method is general and applicable to complex
geometries, based on standard FEA and spline modeling.
To promote extensions and industrial adoption, we provide
our complete MATLAB code as supplementary material.

(a)

(b)

(c)

Figure 28: Prestressing cable configurations in the initial and optimized
designs of the slab supported by columns. Each cable and its symmetric
counterpart are marked with the same color. (a) Initial design. (b)
Optimized design.
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Figure 29: Convergence of the optimization problem, slab supported by
columns.

(a)

(b)

(c)

Figure 30: The vertical displacements over the upper surface of the
optimized design in the slab supported by columns.
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