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Abstract  8 

This study presents a physics-informed neural network (PINN) that captures the elasto-plastic 9 

behaviour of soils under complex strain and stress paths. The PINN uses the void ratio and plastic 10 

strain as the outputs of the neural networks and then includes them in a general elasto-plastic stress-11 

strain relationship as an additional loss function. The PINN provides a more stable prediction and a 12 

superior performance than deep neural networks in forecasting the stress, strain, plastic strain, and 13 

void ratio. The PINN was then incorporated into a FEM framework as a replacement for the 14 

constitutive model to solve boundary value problems (BVPs). Three cases, biaxial test, layered-soil 15 

compression, and cavity expansion, showed that the FEM-PINN framework results in excellent 16 

agreements of deviatoric stress, plastic shear strain, and void ratio compared to state-of-the-art 17 

numerical methods as a benchmark. The approach captures the stress-history memory of soils as well 18 

as the volumetric and shear response of soil, including contractive and dilative behaviour. The stress 19 

concentration and strain localization characteristics were also reproduced by the FEM-PINN 20 

framework in the BVPs. Critically this approach also achieves outstanding performance in plasticity 21 

without the need to define plastic yield functions or hardening rules. Added to the comparable 22 

accuracy, the PINN is significantly better from a computational effort point of view.  23 

 24 
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1. Introduction 27 

Soil presents complex mechanical behaviours, such as path dependency, stress dilatancy, state 28 

variables-dependency, and critical state characteristics, to name but a few [1]. In an attempt to predict 29 

soil behaviour, constitutive models are usually used, e.g., the Modified Cam-clay (MCC) model [2] 30 

and the Clay And Sand Model (CASM) [3]. Among those developed models in the past, elastoplastic 31 

models coupled with the critical state concept [2] achieved great popularity [4-6] due to their 32 

comprehensive description of soil. Additionally, they follow a well-understood philosophy and 33 

methodology that can be explained in relatively simple terms mathematically and this enables 34 

seamless implementation in numerical frameworks. Among the many numerical frameworks, the 35 

finite element method (FEM) combined with constitutive models remains the most widely spread tool 36 

to predict soil behaviour and therefore, for the design of engineering problems [7-9].   37 

 38 

Over the past few years, the successful application of neural networks, also commonly referred to 39 

Deep Learning (DL), has been an alternative to phenomenological models [10, 11]. Based on that, 40 

some DL models have been recently developed to represent the mechanical behaviours of soil by 41 

directly learning the stress-strain relationships from simulations or measurements [12, 13]. These DL 42 

models eliminate in principle the requirement for any idealizations of material mechanics or 43 

calibration of constitutive parameters [14]. The neural network can replace conventional constitutive 44 

modelling, including the potential to learn complex path-dependent behaviour if appropriate state 45 

variables are used [13]. For all of the above reasons, DL models have been recently proposed as 46 

surrogate models and used in FEM. Zhang et al. [15-17] investigated the application of the long short-47 

term memory (LSTM) neural network in modelling complex history-dependent soil constitutive 48 

behaviours as well as incorporating it into finite elements for the boundary value problems (BVPs) 49 

of biaxial tests and foundations with internal erosion. Guan et al. [18, 19] successfully applied several 50 

neural networks to learn the stress-strain relationship and to model the BVPs of cavity expansion and 51 

strip footing. However, such pure DL models also come with some drawbacks. They usually require 52 

a large amount of training data and have poor extrapolation ability [12]. This may be rooted in the 53 
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lack of proper physical constraining of the output [10, 12]. In addition, such DL models usually take 54 

only the stress and strain variables as an output of neural networks so as to improve prediction 55 

accuracy, but discard some important information in soil, e.g., plastic strain or void ratio [20]. The 56 

lack of physical information in DL models has hindered their application. 57 

 58 

These drawbacks of DL models have led some scholars to develop physical-based neural networks 59 

that enforce the outputs to comply with a framework of physical equations [16, 21], Physical-60 

Informed Neural Network (PINN) can theoretically be applied to any given physical process 61 

described by partial differential equations (PDEs) [22]. The PINN endows the outputs of neural 62 

networks with a clear physical meaning and constrains the outputs into a framework of physical 63 

relationships, thereby improving the prediction accuracy of models [23, 24]. Recently, some scholars 64 

extended the restriction of PDEs in PINN to more general respecting physical-based laws, including 65 

physic-based postulates in constitutive modelling that are not necessarily expressed in terms of PDEs 66 

[10, 12, 24]. In fact, PINN is applied to solid mechanics [21], fluid mechanics [25], thermodynamics 67 

[26], and elastoplastic mechanics [10], etc. Vlassis and Sun [27, 28] deployed the derivative of the 68 

network outputs as the loss function to incorporate a yield surface and flow rule for modelling 69 

conventional elasto-plastic materials. Xu et al. [29] proposed using the tangent elasto-plastic matrix 70 

to constrain the outputs of the neural network into classical elasto-plastic constitutive relationships. 71 

With the re-constructed tangent matrix, the neural network was successfully and effectively used to 72 

solve the boundary value problem of thin plate tests. Su et al. [30] used the plastic strain as the output 73 

and constrained it into elastoplastic constitutive modelling with a thermodynamics-informed neural 74 

network. 75 

 76 

However, many of these PINN models ignore internal state variables [10], such as void ratio and 77 

plastic strain, even though they are key in the calculation of stress and constitutive relationships. This 78 

results in inaccurate prediction of these variables and overall performance in BVPs. Additionally, 79 

neural networks usually perform not so well in forecasting soil internal state variables due to the lack 80 

of constraining these soil properties into a physical relationship. Besides this, when coupling with 81 
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FEM, these soil internal variables should participate in the formation of a stiffness matrix. Finally, 82 

other elements such as stress history memory, stress reversals, and dilative, compressive behaviour 83 

during and before shear band formation are not considered jointly.  84 

  85 

To fill the above gaps, this work focuses on developing a Physical-Informed Neural Network to model 86 

soil elastoplastic behaviour, in which a general stress-strain relationship is used to constrain the 87 

outputs of the neural network approximation. Critically, we consider internal state variables (void 88 

ratio and plastic strain) as part of the process to prove whether a more universal solution to soil 89 

behaviour prediction can be achieved. The hypothesis is that this will improve the accuracy of the 90 

networks whilst directly recovering the soil's physical information. Section 2 introduces the PINN-91 

based constitutive modelling framework. Section 3 illustrates how to develop the PINN, including 92 

the data generation, network architecture, and loss function. Section 4 shows the validation of the 93 

developed model and Section 5 incorporates the PINN into the FEM framework to enhance its 94 

practical application whilst comparing it to boundary value problems.  95 

2. Methodology 96 

2.1 Strain-controlled neural network-based constitutive modelling 97 

For a strain-controlled constitutive model, the current stress state is dependent on the previous stress 98 

and strain history, and soil internal state variables (e.g., void ratio) [12, 15]. Following this logic, a 99 

neural network-based modelling strategy shown in Fig. 1 can be described as: 100 

 (𝝈𝑖+1, 𝐽𝑖+1) = 𝒩𝒩(𝝈𝑖, 𝜺𝑖, Δ𝜺𝑖, 𝐽𝑖) (1) 101 

where σi, εi, Δεi, and Ji represent the stress tensor, strain tensor, strain increment tensor, and soil 102 

internal state variables at step i, respectively; σi+1 and Ji+1 are the stress tensor and internal state 103 

variables at step i+1. 𝒩𝒩 represents the neural network. Many deep neural networks possessing a 104 

highly nonlinear mapping ability between inputs and outputs have been developed to capture 105 

constitutive relationships, such as the multi-layer perceptron (MLP) [10, 12], the long short-term 106 

memory (LSTM) neural network [15, 31], or some hybrid networks [11].  107 
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 108 

Fig. 1. Schema of neural network-based constitutive modelling. 109 

2.2 Classical elasto-plastic model 110 

The elasto-plastic theory is written in the incremental form in this paper as it matches the finite 111 

element method. Traditional elastoplastic models decompose the total strain into elastic and plastic 112 

components and can be expressed in Eq. (2): 113 

 ∆𝜺 = ∆𝜺𝑒 + ∆𝜺𝑝 (2) 114 

where Δε, Δεe, and Δεp denote the total, elastic, and plastic strain increment tensor, respectively. The 115 

elastic strain can be solved using the simple general elasticity theory. However, the specification of 116 

plastic strains requires further complex calculations. Eq. (3) describes the conventional elasto-plastic 117 

constitutive model [12]: 118 

 ∆𝝈 = 𝑫𝑒: (∆𝜺 − ∆𝜺𝑝) (3-1) 119 

 𝐹(𝝈, ℋ) ≤ 0 (3-2) 120 

 ∆𝜺𝑝 = d𝜆
𝜕𝑔(𝝈,ℋ)

𝜕𝝈
 (3-3) 121 

 dℋ = 𝐻(ℋ, 𝝈, 𝜺, ∆𝝈, ∆𝜺, 𝑱) (3-4) 122 

Eq. (3-1) describes the general stress-strain relationship, in which σ represents the stress tensor; De is 123 

the elastic stiffness matrix and 𝐹(𝝈, ℋ) is the yield function or loading surface in which ℋ are the 124 

hardening variables. Eq. (3-3) is the flow rule, where g denotes the plastic potential function and dλ 125 

is the plastic multiplier. Eq. (3-4) is the hardening law.  126 

 127 
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The elastic stiffness matrix De can be resolved by the general elasticity theory, as shown in Eq. (4): 128 

 𝑫𝑒 = (𝐾 −
2

3
𝐺) 𝐈⨂𝐈 + 2𝐺𝚷 (4) 129 

where K and G are the elastic bulk and shear moduli, respectively; 𝐈 and 𝚷 are second and fourth-130 

order identity tensors; ⨂ denotes the dyadic product. K and G can be obtained from soil properties 131 

[3]: 132 

 𝐾 =
1+𝑒

𝜅
𝑝 (5-1) 133 

 𝐺 =
3(1−2𝜇)

2(1+𝜇)
𝐾 (5-2) 134 

where µ is the Poisson’s ratio; κ is the slope of the swelling line; e is the void ratio; p is the mean 135 

effective stress defined as p = tr(σ)/3. 136 

2.3 Physical-informed neural network for elasto-plastic soil   137 

In this paper, we aim to develop a physics-informed model to describe the elasto-plastic information 138 

of soil. For this purpose, we designed the framework shown in Fig. 2. Inspired by Eghbalian et al 139 

[12], we use the void ratio e and plastic strain tensor εp as the internal state variables, together with 140 

the stress as the output. These parameters with the knowledge of other variables such as µ and 𝜅 allow 141 

calculation of all variables to fully characterize soil behaviour. The advantages of using e and εp as 142 

the output of neural networks are 1) no need to define analytical expressions of yield surface or plastic 143 

potential functions; 2) the output of networks can directly form the material stiffness matrix; 3) e and 144 

εp are necessary for the expression of the stress-strain relationship, which is further used as a loss 145 

function.  146 

 147 

In Fig. 2, the main body of the neural network is chosen as MLP as recommended by Haghighat et al. 148 

[10] and Eghbalian et al. [12]. Details of the MLP approach are shown in Appendix A. Accordingly, 149 

with the current step i of stress, strain, strain increment, and internal state variables (σi, εi, Δεi, Ji), the 150 

MLP is employed to predict the next step i+1 of stress and internal state variables (σi+1, Ji+1). Strain 151 

increment information should be given specifically to determine the loading path.  152 
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 153 

Fig. 2. The PINN for elasto-plastic soil. 154 

 155 

The problem’s physics is introduced in the network by using a PDE as part of the error function, 156 

defined from Eq. (3-1): 157 

 
𝜕(𝝈𝑖+1)

𝜕(𝜺𝑖+1−𝜺𝑝
𝑖+1)

− 𝑫𝑒
𝑖+1 = 0 (6) 158 

where De
i+1 is the elastic stiffness matrix at the i+1 step. The stress and plastic strain tensor in Eq. (6) 159 

are the predicted output of the neural network, while De
i+1 can be further calculated using Eqs. (4) 160 

and (5). By Eq. (6), the predicted void ratio, stress, and plastic strain are constrained into an elasto-161 

plastic stress-strain relationship and thereby improve the prediction precision for physical information.  162 

 163 

Hence, the loss function ℒ has two parts – see Eq. (7).  164 

 ℒ = ℒ1 [(𝝈, 𝑒, 𝜺𝑝)
pred

 , (𝝈, 𝑒, 𝜺𝑝)
real

] + ℒ2 [
𝜕(𝝈𝑖+1)

𝜕(𝜺𝑖−𝜺𝑝
𝑖 )

− 𝑫𝑒
𝑖+1, 0] (7-1) 165 

 ℒ1[𝑦pred , 𝑦real] = MSE =
1

𝑁𝑇
∑ (𝑦pred − 𝑦real)

2𝑁𝑇
𝑖=1  (7-2) 166 

 ℒ2[°, 0] = ‖°‖2 (7-3) 167 

where ℒ1  represents the error between the predicted output compared to the true values, and ℒ2 168 

denotes the error of the PDE. Subscripts “pred” and “real” refer to the predicted values of the neural 169 

network and real values. The ℒ1  loss function uses the mean squared error (MSE) and NT is the 170 

number of sample values. The ℒ2  loss function tries to reduce the L2 norm (‖°‖2 ) to zero as an 171 

indication of the error of the PDE - see Eq. (7-3). 172 
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3. Development of PINN 173 

3.1 Data generation and processing 174 

3.1.1 Bounding surface model 175 

To test the ability of our approach, we selected a constitutive model, the bounding surface model 176 

(BSM), capable of capturing the very complex behaviour of soils. The model uses seven material 177 

parameters: λ, κ, µ, M, N, Γ, and n. The parameter definition and detailed introduction of BSM is 178 

given in Appendix B. Some of the complex behaviours, that this model can capture, is that plasticity 179 

can occur before reaching the yield surface, in which case plastic strain would emerge in every 180 

loading step [32]. Additionally, BSM can also extend to general soils including clay and sand, which 181 

also makes it attractive for its generalization ability.  182 

 183 

The adopted constitutive parameters of the bounding surface model are summarized in Table 1. The 184 

initialization parameters used are pre-consolidation pressure pc, initial void ratio e0, and initial stress 185 

state p0. We set the value of pc to 100 kPa and e0 to 0.85, respectively. The p0 is set to a confining 186 

pressure of 100 kPa to model a normally consolidated soil.  187 

Table 1. Parameters of the bounding surface model. 188 

λ κ µ M N Γ n 

0.15 0.05 0.3 1.2 2.69 2.62 1.6 

3.1.2 Random loading path  189 

To consider complex strain-loading paths that the soil may experience, we use the representative 190 

volume elements (RVEs) to generate strain paths since RVEs can map the properties of soils to the 191 

FEM domain. To demonstrate the superiority of the PINN in processing complex stress-strain data 192 

and capturing the inherent elastoplastic relationship, the random strain-loading path proposed by 193 

Mozaffar et al. [13] is employed to generate training data in this study, which is also used by Zhang 194 

et al. [15] and He et al. [33]. For convenience and efficiency, we degrade the real three-dimensional 195 

problems in RVEs to plane strain conditions, in which case the strain and stress components are (ε11, 196 

ε22, ε33, ε12) and (σ11, σ22, σ33, σ12) with ε33 equals to zero. Next, we display how to generate the 197 
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complex strain paths. Considering in all cases the soil starts from the initial state before loading, the 198 

strain path should start from ε11 = ε22 = ε12 = 0, as shown in Fig. 3(a). Then, the strain path will evolve 199 

in the next 150 loading steps. For one strain path, three control points are set at 50, 100, and 150 200 

loading steps and their strain values are randomly taken from the range of [-0.15, 0.15]. The strain-201 

loading path is subsequently constructed by interpolating between control points using polynomial 202 

regression, and the same method to strain components ε11, ε22, and ε12, as shown in Fig. 3(a). 203 

Correspondingly, the BSM can calculate the stress path (σ11, σ22, σ33, σ12), as displayed in Fig. 3(b). 204 

The stress-strain path presents a complex case, including even strain direction reversals, which helps 205 

to test the robustness and generalization of PINN. 206 
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Fig. 3. Data sampling strategy for plane strain condition (ε33=0): (a) random strain-loading path generated (dot 207 

denote control points); (b) corresponding stress path.  208 

3.1.3 Data processing 209 

With the BSM, 20 strain-loading paths are generated for training and testing the neural network. The 210 

generated samples are displayed in Fig. 4, where the stress and strain are shown by the spherical and 211 

deviatoric tensors. As can be observed in Fig. 4, adopting a random strain path guarantees that a wide 212 

range of volumetric and shear strains, as well as their increments, are included. Most of the generated 213 

volumetric strain as well as its increment are mainly distributed around zero, as shown in Figs. 4(b), 214 

(c), (d), and (e). Similarly, the generated mean effective stress p is mainly distributed around the initial 215 

confining pressure. The shear strain, its increment, and its plastic components have a wide range 216 
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because of the continued change of strain paths.  217 
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Fig. 4. Distribution of generated samples. (a) mean effective stress p and deviatoric stress q; (b) volumetric strain εv 220 

and shear strain γ; (c) volumetric strain increment Δεv and shear strain increment Δγ; (d) plastic volumetric strain 221 

𝜀v
𝑝
 and plastic shear strain γp; (e) plastic volumetric strain increment ∆𝜀v

𝑝
 and plastic shear strain increment Δγp; (f) 222 

void ratio e. 223 

 224 

Normalization is preferably adopted to rescale variables with different scales to lower their influence 225 

on the model performance and reduce computational costs. The following equation was used to 226 

normalize the input data to the common range of 0 ~ 1: 227 

 xnorm =
x−xmin

xmax−xmin
 (9) 228 

where x is the raw input variables before normalization, xnorm is the input variables after normalization, 229 

xmin and xmax are the minimum and maximum values of the input variables, respectively. 230 

3.2 Configurations and hyperparameters of PINN 231 

The configurations and hyperparameters of neural networks should be determined, including the 232 

number of layers, the number of neurons in each layer, and the learning rate. For comparing the 233 
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performance of PINNs with MLP, we varied the number of neurons in three-hidden-layer neural 234 

networks, as shown in Table 2, while other hyperparameters are kept the same. The Relu function is 235 

adopted as the activation function for hidden layers as it can well address the vanishing and exploding 236 

gradient problem [34]. A widely used learning rate is set to be 0.001 [12, 15]. The adaptive moment 237 

estimation (Adam) optimizer is utilized since it makes the neural networks converge faster and better 238 

handle sparse gradients [34, 35]. The number of epochs is set to 1000 to ensure sufficient training. 239 

The input layer has 15 neurons corresponding to 1 for void ratio, 4 for stress components, 3 for strain 240 

components, 3 for strain increment components, and 4 for plastic strain components. The output layer 241 

has 9 neurons, of which 1 for void ratio, 4 for stress components, and 4 for plastic strain components. 242 

The loss function of MLP is the MSE in Eq. (7-2), while the PINN uses the custom loss function Eq. 243 

(7-1). 244 

 245 

All produced data are firstly divided into training and testing datasets using the split ratio of 80% : 246 

20%. Besides, the training data is shuffled in each epoch during training to enhance the robustness of 247 

neural networks. Additionally, two indexes: the coefficient of determination (R2) and mean absolute 248 

percentage error (MAPE) are applied to evaluate the performance of the developed models: 249 

 𝑅2 = 1 −
∑ (𝑦real −𝑦pred )

2𝑛
𝑖=1

∑ (𝑦real −𝑦real)
2𝑛

𝑖=1

 (10) 250 

 MAPE =
1

𝑁
∑ |

𝑦pred −𝑦real 

𝑦real 
|𝑁

𝑖=1 × 100% (11) 251 

where 𝑦
real

 is the mean real value and other parameters are the same as in Eq. (7-2). 252 

Table 2. Architecture and hyperparameters of neural networks 253 

Model Architecture f Learning rate Loss function Others 

PINN 

15-40-40-40-9  

Relu 0.001 
Eqs. (7-1) to 

(7-3) 
Optimizer = Adam 

Batch size = 128 

Epoch = 1000 

15-60-60-60-9 

15-80-80-80-9 

15-100-100-100-9 

MLP 

15-40-40-40-9  

Relu 0.001 Eq. (7-2) 
15-60-60-60-9 

15-80-80-80-9 

15-100-100-100-9 

Note: 15-40-40-40-9, for example, denotes the neural network including an input layer with 15 
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variables; three hidden layers with 40 neurons in each hidden layer; and an output layer with 15 

variables. f denotes the activation function. 

3.3 Training of PINN 254 

This section presents the training results of neural networks. Figs. 5(a) and (b) depict the evolution 255 

of the loss function for MLP and PINN in training and testing sets, respectively, taking the network 256 

architecture “15-80-80-80-9” in Table 2 as an example. The training curve of traditional MLP presents 257 

obvious fluctuation, while the loss function of PINN converges after 430 epochs and achieves a lower 258 

average loss value. More distinctly, the loss function in the testing set generated by the PINN is also 259 

lower than that by the MLP, thus revealing the improved generalization ability of PINN. Fig. 5(c) 260 

displays the evolution of the custom loss function Eq. (7) as well as its decomposition. The fluctuation 261 

of the total loss function is mainly due to ℒ2  (the error of the PDE), while the ℒ1  part (the error 262 

between real values and predictions) achieves great improvement in convergence rate and stability. 263 

Since ℒ1 is the same loss function as used in MLP, the ℒ1 part loss reduces from 2.66e-4 for MLP to 264 

9.86e-5 for PINN, corresponding to a 62.9% improvement. Accordingly, we can conclude that the 265 

loss function is reduced by applying the physical constraint to the output of the neural network. 266 
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Fig. 5. Comparison of the loss function during the training process in (a) training set, (b) testing set, and (c) 268 

decomposition of Eq. (7). 269 

4. Validation of the developed model 270 

4.1 Comparison between different networks 271 

For the sake of investigating the optimal network architecture, Fig. 6 displays the performance of 272 
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MLP and PINN for different hidden-layer neurons in terms of R2 and MAPE. The R2 for the PINN in 273 

both training and testing sets are all higher than those from MLP. Additionally, the hidden layers with 274 

80 neurons reach the highest R2 for the testing set. Generally, more neurons in layers could improve 275 

the nonlinear prediction ability but have a higher risk of overfitting. In this study, 100 neurons reduced 276 

the R2 value compared to 80 neurons, illustrating a possible overfitting phenomenon. Similarly, the 277 

MAPE for the PINN in training and testing datasets are all lower than the MLP. Besides, the MAPE 278 

with 80 neurons achieves the lowest value in the testing set for both MLP and PINN, showing a better 279 

generalization ability. The network architecture is determined to be the hidden layers with 80 neurons 280 

as it provides the best accuracy with the lowest overfitting potential.  281 
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Fig. 6. Comparison of (a) R2 and (b) MAPE for different network architectures in training and testing sets. 282 

 283 

After choosing the optimal network, the R2 and MAPE for output variables are shown in Fig. 7(a) 284 

with respect to void ratio, stress tensor, and plastic strain tensor. The PINN for each group variable 285 

still performs better than the MLP with higher R2 and lower MAPE in both training and testing sets. 286 

The stress performs the worst, followed by plastic strain, especially in terms of MAPE compared to 287 

the void ratio. The reason is thought to be that both tensors have four components while the void ratio 288 

has only one, resulting in the neural network being harder to capture all components. To delve deeper 289 

into this, the R2 of each stress and plastic strain component in the PINN result is shown in Fig. 7(b). 290 

All stress and plastic strain components present a similar and very high R2 value. The σ33 and (εp)33 291 

perform a little bit worse than other components but very marginally.  292 
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Fig. 7. Comparison of R2 and MAPE for (a) different group variables, and (b) different components of stress and 293 

plastic strain in the PINN result. 294 

 295 

The performance of the selected network architecture for a variation in the size of the training dataset 296 

is presented in Fig. 8(a) for R2 and Fig. 8(b) for MAPE, determined for the testing set. The R2 basically 297 

increases with the used data samples while the MAPE decreases, signifying a higher fitting degree 298 

and less error with more data used in the training process. Meanwhile, for all the sizes of training 299 

samples, the R2 for PINN is always higher than that for MLP, while the MAPE for PINN is lower 300 

than MLP. However, as expected the difference tends to become smaller as the size of the dataset 301 

increases. This confirms what we know: that PINNs assist in making better predictions in the absence 302 

of too much data. Interestingly, the performance of PINN degrades slightly when the training samples 303 

reach around 2100 (about the 14th loading path). This phenomenon was also discovered by Zhang et 304 

al. [15] and may be because this loading path has less points to participate in the training since 20% 305 

of points are always used for testing, causing a reduction in R2 regarding this path. Besides, when the 306 

number of training samples reaches about 3000 (this paper used), the R2 does not increase and MAPE 307 

does not decrease obviously. Therefore, the optimal sample size can be regarded as 3000 as no more 308 

improvements are observed.  309 
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Fig. 8. Performance of PINN and MLP with 80-neurons hidden layers as a function of the size of training dataset: 310 

(a) R2, and (b) MAPE for the testing set. 311 

4.2 Prediction on complete loading paths 312 

Next, the recall mode is employed to predict a complete loading path, as illustrated in Algorithm 1. 313 

Herein, the trained network is called multiple times. The outputs of the current step are used as the 314 

inputs of the next step, in such a way to update the constitutive relationships, including stress, strain, 315 

plastic strain, and void ratio. As the algorithm suggests, using the neural network to predict the 316 

constitutive response is significantly easier to implement than the implicit integration required in 317 

classical elasto-plastic theory [36]. 318 

 319 

Algorithm 1 Recall mode to predict a strain-loading path 

Require: Pre-trained network, number of loading steps (nstep) 

Initialization: σ0, ε0, e0, εp
0  

for i = 0, nstep do 

    Prescribe the strain increment tensor Δεi 

    Calculate the output of the neural network (𝝈𝑖+1, 𝑒𝑖+1, 𝜺𝑝
𝑖+1) = 𝒩𝒩(𝝈𝑖 , 𝜺𝑖 , Δ𝜺𝑖 , 𝑒𝑖, 𝜺𝑝

𝑖 ) 

    Update the state variables σi = σi+1, εi = εi + Δεi, ei = ei+1, εp
i = εp

i+1 

end for 

 320 

By way of example, Fig. 9 displays a better prediction of constitutive response by PINN for a 321 

complete strain-loading path. Fig. 9(b) presents the evolution of stress, in which PINN shows 322 



16 

 

excellent agreement with the generated data using the BSM and outperforms the results by MLP, 323 

which underestimates the stress components. In addition, Fig, 9(c) shows that PINN also achieves 324 

great prediction of the plastic strain and its evolution. The predicted void ratio in Fig. 9(d) shows the 325 

PINN also achieves a better agreement with the BSM, while the MLP greatly overestimates the value 326 

of the void ratio in the evolution process. In conclusion, the elastoplastic physical constraint for the 327 

output of the neural network improves the prediction accuracy significantly.  328 

 329 

Fig. 10 provides a case of PINN predictions where both the stress and strain components deviate 330 

slightly from the bounding surface model. Whilst not perfect, the performance of PINN is still better 331 

than MLP, and the PINN can also successfully capture the evolution tendency of stress and strain. 332 

The reason for the worse prediction case is found to be that we randomly take 80% of total data 333 

generated from all loading paths to train the network, so inevitably some loading paths have less 334 

points participating in the training, corresponding to a worse prediction on the complete stress and 335 

strain paths. Besides, although the R2 in training and testing sets have reached a very high value, there 336 

are still some discrepancies in predicting the whole loading path. This is because the recall mode uses 337 

the output in the last step instead of the real value as the input in the current step, thereby causing the 338 

error accumulation.  339 
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Fig. 9. Better prediction of constitutive relationship by PINN and comparison with bounding surface model: (a) 340 

strain path; (b) predicted and real stress path; (c) predicted and real plastic strain; and (d) predicted and real void 341 

ratio.  342 
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Fig. 10. Worse prediction of constitutive relationship by PINN and comparison with bounding surface model: (a) 343 
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strain path; (b) predicted and real stress path; (c) predicted and real plastic strain; and (d) predicted and real void 344 

ratio.  345 

5. Incorporation into FEM  346 

5.1 Implicit algorithm for FEM-PINN coupling 347 

To enhance the application of the model to real cases, we incorporate the PINN into FEM for solving 348 

some boundary value problems (BVPs). Compared with elastoplastic constitutive models, the PINN 349 

does not need elastoplastic iteration and thereby requires fewer computational resources [12]. Fig. 11 350 

and Algorithm 2 show the schema of the implementation of PINN into the FEM framework using an 351 

implicit algorithm. The Gauss points in the finite element domain give the displacement tensor u. 352 

Accordingly, the strain can be calculated via the shape function and its gradient. The strain in the 353 

current step is then transmitted to the neural network to predict the stress and internal state variables, 354 

with the recorded stress and state variables. In the FEM-PINN framework, the predicted stress and 355 

material stiffness matrix are required to return to Gauss points to assemble the global stiffness matrix. 356 

The tangential stiffness matrix is found a higher convergence rate and stable calculation results, which 357 

makes sense since the incremental quantities are calculated based on previous timesteps [18, 33]. 358 

Referring to Guan et al. [18], Eqs. (4) and (5) are employed to assemble the tangential stiffness matrix, 359 

in which the required stress tensor and void ratio are directly predicted by the neural network. Finally, 360 

the node displacement and material stress can be obtained by several Newton-Raphson iterations, 361 

thereby finishing the FEM-PINN calculation.    362 



19 

 

Gauss point in FE mesh Displacement interpolation

ξ

η

u1

u2
u3

Displacement-strain conversion

ε11

ε22

ε12

Stress update by neural network

Stress integration

Material stiffness 

matrix

σ11

σ22

σ12
De 

Eqs. (4) and (5)

 363 

Fig. 11. Schema of the incorporation of neural network into finite element framework. u denotes the displacement 364 

vector; N denotes the shape function; B denotes the operation matrix (gradient of shape function); Ω denotes the 365 

geometric domain; ∂Ω denotes the boundary; t denotes the surface traction force; b denotes the body force.  366 

 367 

Algorithm 2 Implicit algorithm for FEM-PINN coupling 

Require: Geometry, meshing, loading, boundary conditions, and pre-trained neural network 

Initialization: σ0, ε0=0, e0, εp
0=0, total load step Ns, and maximal New-Raphson iterations Nmax 

for i = 1, Ns do 

    Apply global loading step i 

    for j = 1, Nmax do 

        Calculate the strain increment tensor Δεi-1, j via shape function and node displacement U 

        Calculate stress tensor and internal state variables via the neural network 

        (𝝈𝑖 , 𝑒𝑖, 𝜺𝑝
𝑖 ) = 𝒩𝒩(𝝈𝑖−1, 𝜺𝑖−1, Δ𝜺𝑖−1,𝑗 , 𝑒𝑖−1, 𝜺𝑝

𝑖−1) 

        Assemble element stiffness matrix via Eqs. (4) and (5) 

        Assemble global stiffness matrix K with the integration of element stiffness matrix 

        Calculate the internal force Fint = KU and Residual force R = Fint – Fext – Fb 

        if R < tolerance, break current loop 

        elseif R > tolerance 

            Calculate the displacement increment ΔU = K-1R  

            Update node displacement vector U = U + ΔU 

        end if 

    end for 

    Update the state variables at Gauss points σi-1 = σi, εi-1 = εi, ei-1 = ei, εp
i-1 = εp

i 



20 

 

end for 

Note: Fext and Fb denote the external force and body force vectors, respectively.  

 368 

In the next sections, we select the BVPs of the biaxial test (with three sub-cases), layered-soil 369 

compression, and cavity expansion to examine the validity of the FEM-PINN framework. As the 370 

Gauss point in the finite element domain would experience various strain paths that are quite different 371 

from the loading paths in the training process, we first use the BSM to run cases as the benchmark 372 

and generate a new database. Then we deploy the transfer-learning to re-train these BVPs-based data, 373 

during which the network architecture is kept constant but the weight matrix between layers will be 374 

re-trained using the new dataset. After that, the re-trained neural network will play the role of 375 

calculating stress and internal state variables in the FEM-PINN framework. The FEM, constitutive 376 

model, and neural network are all built up in a custom Matlab program.  377 

5.2 Case 1: Biaxial test 378 

5.2.1 Proportional strain loading 379 

The biaxial test with proportional strain-control loading is used. Inspired by Zhang et al. [15], we 380 

designed an elementary test with two three-node triangular elements as shown in Fig. 12(a). The size 381 

of the square is 100×100 mm. The left and bottom boundaries are fixed in horizontal and vertical 382 

directions, respectively. We impose a proportional strain by controlling the ratio of displacements of 383 

the top (𝑢22) and right boundaries (𝑢11): 384 

 𝑢22 = 𝜒𝑢11  (12) 385 

where χ controls the strain-loading proportion. χ = 1 denotes a constant volume response. χ > 1 and χ 386 

< 1 correspond to the dilation and contraction in volume, respectively. We set u22 to 15 mm in all 387 

cases, corresponding to a 15% strain. Besides, the BSM is used as the benchmark for comparison 388 

with the PINN. The constitutive parameters and initial state are the same as that in section 3.1.1. Five 389 

χ values are investigated: 0.6, 0.8, 1.0, 1.2, and 1.5, with corresponding strain paths shown in Fig. 390 

12(b). The results in the top-right element are extracted to be analysed.  391 



21 

 

u22

u11

 

0.00 0.03 0.06 0.09 0.12 0.15
−0.25

−0.20

−0.15

−0.10

−0.05

0.00

ε 1
1

ε22

 χ=0.6

 χ=0.8

 χ=1.0

 χ=1.2

 χ=1.5

 

(a) (b) 

Fig. 12. Biaxial test in a finite element: (a) triangular elements, and (b) proportional strain-loading paths with 392 

different χ values. 393 

 394 

Fig. 13 displays the predicted evolution of deviatoric stress, stress paths, plastic shear strain, and void 395 

ratio using the BSM and PINN. Excellent agreements with the exact BSM-based results are achieved 396 

by the FEM-PINN framework for both stress and strain responses. The decrease of stress and 397 

transition of strain-hardening to strain-softening behaviours with increasing χ values are captured by 398 

the FEM-PINN predictions. In the p-q plane, the FEM-PINN also successfully predicts the stress 399 

paths for all χ values, in which the stress always increases with strain for χ < 1. For the constant-400 

volume response (χ=1), the final computed M value coincides with the prescribed value at the critical 401 

state. Besides, critically, the FEM-PINN accurately predicts the plastic strain for all χ values as shown 402 

in Fig. 13(c). Likewise, the evolution of void ratio in the loading process is also well captured. 403 
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Fig. 13. Results of biaxial test with different χ values in (a) deviatoric stress q; (b) stress paths of effective stress p 404 

versus deviatoric stress q; (c) plastic shear strain γp; and (d) void ratio e. The same colour represents the same case. 405 

5.2.2 Loading-unloading test 406 

To examine the ability of PINN to maintain the well-known memory of soils regarding their stress-407 

strain history, the loading-unloading-reloading path is designed using the FE domain in Fig. 12(a) 408 

with the same boundary condition. In this strain path, we keep ε11 = ε22 and ε12 = 0, as shown in Fig. 409 

14(a). The axial strain will first increase to 2%, which is achieved by applying the displacement of 410 

the top and right boundary to 2 mm. Then unload the strain to 1% by inversely applying the 411 

displacement of boundaries by 1 mm. Finally, reload the strain to 4% by again applying the 412 

displacement of the top and right boundary until 4 mm. In this loading-unloading cycle, the 413 

constitutive parameters and initial state of soil elements keep the same as in Section 5.2.1. 414 

 415 

Fig. 14(b) shows the evolution of deviatoric stress with axial strain using BSM and PINN. It can be 416 

observed that PINN achieves great agreement with the BSM in the loading-unloading-reloading cycle. 417 

In the strain range of 1% - 2%, the unloading line did not coincide with the reloading line, which is a 418 

feature of the bounding surface model that the plastic strain can occur even within the yield surface. 419 

This performance is also captured by the FEM-PINN.  420 
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Fig. 14. Illustration of biaxial loading-unloading test: (a) loading path; and (b) results of deviatoric stress q. 421 

5.2.3 Biaxial shear 422 

This example aims to verify the ability of PINN in shear localization problems. The biaxial shear 423 

BVP is shown in Fig. 15 with a homogeneous soil column of size 0.08×0.02 m. The constant confining 424 

pressure of p0 = 100kPa is applied. A top-boundary displacement of u22 = 0.006 m is applied, 425 

corresponding to 7.5% axial strain, while the bottom boundary is fixed in the vertical direction. A 426 

small hole is used to induce in the left centre as an imperfection to trigger shear localization [33], as 427 

shown in Fig. 15. The constitutive parameters and initial state of soil elements also keep the same in 428 

Section 5.2.1. Two Gauss points are selected to display the process of loading in detail.  429 
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 430 

Fig. 15. FE domain of the biaxial shear test, as well as two selected Gauss points. 431 

 432 

The contours plot shear strain at the end of loading are displayed in Fig. 16. It can be observed that 433 

the shear strain field of the PINN matches the BSM well, as shown in Figs. 16(a) and (b). Besides, 434 

both methods successfully described the expected development of a shear band around the 435 

imperfection. Fig. 16(c) presents the relative error (defined as |
𝑦B−𝑦P

𝑦B
|, where yB and yP denote the 436 

results of BSM and PINN, respectively) with respect to the shear strain. As supposed, the relative 437 

error at all Gauss points is extremely low and less than 7%, indicating an excellent agreement between 438 

BSM and FEM-PINN calculations. 439 
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Fig. 16. Contours of FEM results of shear strain γ for biaxial shear test using (a) BSM and (b) PINN, as well as (c) 440 

their relative error. 441 

 442 

The selected two Gauss points in Fig. 15 are further plotted in Fig. 17 regarding the evolution of 443 

deviatoric stress and void ratio with plastic shear strain. The deviatoric stress in Fig. 17(a) presents a 444 

good agreement between the BSM and PINN for two Gauss points. Point 1 presents more stress 445 

evolution as it is closer to the imperfection hole. The void ratio in point 1 shows some discrepancies 446 

between the BSM and PINN, as displayed in Fig. 17(b). For Gauss point 2, its void ratio almost 447 

remains constant after the shear strain of 5%, which indicates point 2 has approached the critical state 448 

since it is located at the shear band. As expected, the FEM-PINN also reproduced this critical state 449 

feature.  450 
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Fig. 17. Results of biaxial shear test for two points in the FE domain. The variation of (a) deviatoric stress q and (b) 451 

void ratio e with γp using the BSM and PINN.  452 

5.3 Case 2: Layered-soil compression 453 

The second case is the layered-soil compression, whose FE domain is shown in Fig. 18. A soil column 454 

with a height of 0.2 m and width of 0.1 m is set up, with the lateral side fixed in the horizontal direction 455 

and the bottom fixed in the vertical direction. The soil in this case has the same constitutive parameters 456 

as that in Section 3.1.1 and a pre-consolidated pressure of 100 kPa. From the top to bottom, the soil 457 

column is divided into three layers, with the initial stress of p0 = 100 kPa, 50 kPa, and 100 kPa 458 

(corresponding to over consolidation ratio (OCR) of 1, 2, and 1) as well the initial void ratio of e0 = 459 

0.85, 0.88, and 0.82, respectively. Soil thickness for each layer is depicted in Fig. 18. The top 460 

boundary will be subject to a total vertical displacement of u22 = 0.006 m. We calculated all Gauss 461 

points but selected three of them from each layer to detail the results of finite element simulation, as 462 

shown in Fig. 18. Soil gravity is neglected. 463 
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  464 

Fig. 18. FE domain of the layered-soil compression, as well as three selected Gauss points. 465 

 466 

The comparison of the deviatoric stress, plastic shear strain, and void ratio contours using the BSM 467 

and PINN at the end of the simulation are present in Fig. 19. It can be observed that the FEM-PINN 468 

can reproduce satisfactory results that are very similar to those calculated using the benchmark BSM. 469 

The soil of OCR=2 presents the lowest deviatoric stress and highest plastic shear strain due to the 470 

small initial stress state. The predicted void ratio contour by FEM-PINN coincides well with the BSM 471 

in all three soil layers. To quantify the difference between the BSM and FEM-PINN, Figs. 19(g), (h), 472 

and (i) show the relative error with respect to the deviatoric stress, plastic shear strain, and void ratio. 473 

The relative error at all Gauss points is extremely low and less than 5%, indicating an excellent 474 

agreement between BSM and FEM-PINN calculations.   475 
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Fig. 19. Contours of FEM results for layered-soil compression using the bounding surface model in (a) deviatoric 476 

stress q; (b) plastic shear strain γp; and (c) void ratio e, as well as using the PINN in (d) deviatoric stress q; (e) plastic 477 
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shear strain γp; and (f) void ratio e.; and their relative error in (g) deviatoric stress q; (h) plastic shear strain γp; and 478 

(i) void ratio e.  479 

 480 

Fig. 20 shows the detailed deviatoric stress, plastic shear strain, and void ratio for three selected Gauss 481 

points. It can be observed that the PINN exhibits great agreement with the BSM-based results both 482 

in stress and deformation responses. The soil of OCR=2 and e0=0.88 experiences the longest vertical 483 

strain, during which the evolution of deviatoric stress and plastic shear strain is accurately captured 484 

by the FEM-PINN framework. Additionally, the void ratio in three soil layers decreased with the 485 

increasing mean effective stress as the applied compression loading. The calculated void ratios of soil 486 

with OCR=1 by the BSM and PINN are precisely located at the normally consolidated line (NCL) 487 

with the pre-set λ = 0.15. The soil of OCR=2 and e0=0.88 starts from the left side to gradually 488 

approach the NCL. As expected, this feature is also reproduced by PINN. 489 
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Fig. 20. Results of layered-soil compression for three points in FE domain in (a) deviatoric stress q; (b) plastic shear 491 

strain γp; and (c) void ratio e with mean effective stress p, using bounding surface model and PINN.  492 

5.4 Case 3: Cavity expansion  493 

The third case investigated a typical cavity expansion problem to demonstrate the capability of the 494 

proposed FEM-PINN framework to capture complex constitutive responses. Fig. 21(a) shows the 495 

geometry and boundary conditions of the cavity expansion problem. A cavity inside the centre of a 496 

2×2 m square soil domain has a radius of 0.2 m and would expand along the radial direction by 0.01 497 

m. The left and right boundaries are fixed to horizontal displacements, but the top and bottom 498 

boundaries are free. Only a quarter of the domain was used, as displayed in Fig. 21(b). One Gauss 499 
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point on the edge of the cavity is selected to analyse as a representative. The constitutive parameters, 500 

initial stress, and void ratio are the same as that in Section 3.1.1.  501 

2 m

r = 0.2m

ur = 0.01 m

2
 m

 

 
(a) (b) 

Fig. 21. FE domain of the cavity expansion: (a) geometry and boundary conditions; (b) meshing and selected Gauss 502 

point.  503 

 504 

Fig. 22 compares the result contours of the bounding surface model and FEM-PINN in domain 505 

displacement, deviatoric stress, and plastic shear strain, where a very good match is observed. The 506 

field displacement contours in Figs. 22(a) and (b) are almost the same, which demonstrates the FEM-507 

PINN framework achieved good success and can reproduce soil deformation in the expansion process. 508 

In addition, the stress field also exhibits excellent agreement, as shown in Figs. 22(d) and (e). Stress 509 

concentration emerges around the cavity edge, which has been reported by Guan et al. [18], and a 510 

larger stress region is present near the right side of the cavity because of the constraint of boundary 511 

displacement. The FEM-PINN also well reproduces the strain localization of plastic shear strain near 512 

the cavity edge area in Figs. 22(g) and (h). Figs. 22(c), (f), and (i) show the relative error for each 513 

variable between the BSM and PINN is very small with values less than 8.5%.  514 
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 515 
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q (kPa) q (kPa) Relative error of q (%)

 516 

(d) (e) (f) 

γp γp

Relative error of γ
p
 (%)

 517 

(g) (h) (i) 

Fig. 22. Contours of FEM results for cavity expansion using bounding surface model in (a) total displacement u; (d) 518 

deviatoric stress q; and (g) plastic shear strain γp, as well as using the PINN in (b) total displacement u; (e) deviatoric 519 

stress q; and (h) plastic shear strain γp, and their relative error in (c) total displacement u, (f) deviatoric stress q; and 520 

(i) plastic shear strain γp. 521 

 522 

Fig. 23 shows the evolution of stress and plastic strain components with the cavity radial displacement 523 

for the selected Gauss point. It can be observed that the stress and plastic strain during cavity 524 
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expansion would undergo different loading paths for every component. Considering this fact, the 525 

FEM-PINN framework still provides well-acceptable results and successfully captures the evolution 526 

tendency for each stress and strain component. In summary, the PINN for modelling elasto-plastic 527 

soil in this study can surrogate the stress, strain, and internal variables with practical incorporation 528 

with the FEM framework.  529 
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Fig. 23. Results of cavity expansion for selected Gauss point in evolution of (a) stress components; and (b) plastic 530 

shear strain components, using bounding surface model and PINN.  531 

6. Conclusion  532 

This study proposed a physical-informed neural network approach to capture the elasto-plastic 533 

behaviour of soils under different strain and stress paths. The general elasto-plastic stress-strain 534 

relationship with strain decomposition is used as an additional loss function to constrain the outputs 535 

to a framework of elasto-plasticity. The results demonstrate that the loss function which includes the 536 

restriction of physical information, can achieve a lower error than traditional deep networks based on 537 

MLP. The PINN provides a more stable prediction and a superior performance than the deep network 538 

in forecasting stress and strain in complex strain-loading paths. The proposed PINN can also 539 

accurately capture the evolution of plastic strain components and void ratio. Critically, it achieves 540 

this without the specification of any yield function or hardening laws.  541 

 542 

The PINN was then incorporated into the FEM framework as a replacement for the constitutive model 543 
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to test its performance in boundary value problems. Three cases were examined: biaxial test, layered-544 

soil compression, and cavity expansion. The results show that the FEM-PINN calculation exhibited 545 

excellent performance of deviatoric stress, plastic shear strain, and void ratio in comparison to the 546 

benchmark bounding surface model. In addition, the stress concentration and strain localization 547 

characteristics were also reproduced by the FEM-PINN framework. When coupled with FEM, the 548 

neural network can provide reliable and effective means of modelling soil behaviours under complex 549 

loading paths.  550 

 551 

The PINN model overcomes non-physical constraints of outputs of neural networks and therefore 552 

improves the prediction precision. The PINN for elasto-plastic soil in this study can be a practical 553 

approach to model complex soil behaviours in engineering applications with less computational cost. 554 

This study provides an alternative strategy and potential for developing an interesting interpretable 555 

deep learning for elasto-plastic soil as well as its practical use. Future work will involve validation of 556 

the approach for multiple soil parameters and conditions which will allow comparison to real soil 557 

behaviour. We will also experiment with cyclic and rapid loading conditions.  558 
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Appendix A: Multi-layer perceptron (MLP) neural network 561 

Fig. A1 shows a typical MLP, which contains an input layer, multiple hidden layers, and an output 562 

layer [18]. A set of neurons are arranged in each layer and connected through weights and bias. The 563 

input data are firstly presented through the input layer and then passed through the hidden layer(s) 564 

being processed by the neural network to eventually predict values for the output layer. This process 565 

can be expressed mathematically by considering a feedforward propagation process that the output 566 

of the i-th neuron in the kth layer (𝑦𝑖
𝑘) can be given by assuming n neurons in the (k-1)-th layer [37]: 567 

 𝑦𝑖
𝑘 = 𝑓(∑ 𝜔𝑖𝑗

𝑘𝑛
𝑗=1 𝑥𝑗

𝑘−1 + 𝑏𝑖
𝑘) (A1) 568 
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where 𝑥𝑗
𝑘−1 is the output of the j-th neuron in the (k-1)-th layer; 𝜔𝑖𝑗

𝑘  is the weight between the two 569 

neurons of the 𝑥𝑗
𝑘−1 and 𝑦𝑖

𝑘; 𝑏𝑖
𝑘 is the bias of the i-th neuron in the kth layer. f signifies the activation 570 

function, and typically used activation functions are sigmoid, hyperbolic tangent (Tanh), rectified 571 

linear unit (Relu), and leaky Relu activation functions [5].  572 
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 573 

Fig. A1. Typical structure of an MLP. x1, x2, …, xm represent the elements in input vector x; y1, y2, …, yn represent 574 

the elements in output vector y. 575 

 576 

The training implementation of MLP can be considered into two phases: forward calculation and 577 

backward propagation. During the forward process, the value of each hidden neuron is calculated by 578 

summing up the values of input neurons multiplied by corresponding connection weights. The error 579 

between the output and the real values can be calculated and then minimized by the backward 580 

algorithm that updates the connection weights.  581 

Appendix B: Bounding surface model 582 

The bounding surface model adopted in this research is based on the CASM by Yu [3] and the model 583 

by Zhou et al. [38]. The state bounding surface is described by a general stress-state relation (see Eq. 584 

(B-1)) with the definition of state parameter ξ (see Eq. (B-2) and Fig. B1, defined by Been and 585 

Jefferies [39]): 586 

 (
𝜂

𝑀
)

𝑛

= 1 −
𝜉

𝜉𝑅
 (B-1) 587 

 𝜉 = 𝜈 + 𝜆ln𝑝′ − 𝛤 (B-2) 588 
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 𝜉𝑅 = 𝑁 − 𝛤 = (𝜆 − 𝜅)ln𝑟 (B-3) 589 

where p' is the mean effective stress; M is the slope of the critical state line (CSL) in the p' - q space 590 

where q denotes the deviatoric stress; η = q / p' is the stress ratio; ν = (1 + e) is known as specific 591 

volume and e is void ratio; λ is the slope of the CSL in the ν - lnp' space; κ represents the slope of the 592 

swelling line; ξR is the positive reference state parameter which denotes the vertical distance between 593 

CSL and a normal consolidation line (NCL); n denotes a material constant controlling the curvature 594 

of the yield surface; Γ and N denote the ν value of CSL and NCL at p' = 1 kPa, respectively; r = p'0 / 595 

p'x is known as the spacing ratio, in which p'0 is the consolidation pressure and p'x is the mean stress 596 

at the intersection between the CSL and the swelling line. 597 

lnp'

ν =1+e

N

Γ 

  ξR  
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NCL

λ 
1

κ 

p'0p'x
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ξ=ν+λlnp'-Γ
Spacing ratio:

r=p'0/p'x

Reference State parameter:

 ξR=(λ- κ) lnr

 598 

Fig. B1. Definitions of state parameter and critical state parameter.  599 

 600 

The elastic volumetric (d𝜀𝑉
𝑒) and deviatoric strain (d𝜀𝑞

𝑒) increments are calculated using the bulk 601 

modulus K and the shear modulus G:   602 

 d𝜀𝑉
𝑒 =

d𝑝′

𝐾
=

𝜅d𝑝′

(1+𝑒)𝑝′  (B-4) 603 

 d𝜀𝑞
𝑒 =

d𝑞

3𝐺
=

2(1+𝜇)d𝑞

9(1−2𝜇)𝐾
 (B-5) 604 

where μ denotes Poisson’s ratio. 605 

The normal consolidation line (NSL) of soil is expressed as: 606 

 𝜈 = 𝑁 − 𝜆ln𝑝′ (B-6) 607 

The critical state line (CSL) is shown as follows: 608 
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 𝑞 = 𝑀𝑝′ (B-7) 609 

 𝜈 = 𝛤 − 𝜆ln𝑝′ (B-8) 610 

Fig. B2 depicts the bounding surface in p' – q space. The formula of the bounding surface can be 611 

deduced by integrating Eqs. (B-1) to (B-3) in terms of stress: 612 

 𝐹 = (
𝑞

𝑀𝑝′)
𝑛

+
ln(𝑝′/𝑝0

′ )

ln𝑟
 (B-9) 613 

Parameter r can be expressed as a function of Γ, N, λ, and κ with respect to the critical state of soil: 614 

 𝑟 = exp (
𝑁−𝛤

𝜆−𝜅
) (B-10) 615 

The radius mapping rule is employed, in which the mapping centre point is the original point in stress 616 

space. The mapping rule is expressed as: 617 

 
𝑝′

𝑝𝑚
′ =

𝑞

𝑞𝑚
=

𝜌

𝜌𝑚
 (B-11) 618 

where p' and q also signify the stress components in the real point; p'm and qm are the stress 619 

components in the mapping point; ρ and ρm are the distance to the mapping centre from the real point 620 

and mapping point, respectively. 621 

p'

q

O

stress point

mapping 

point

CSL

p' p'm

q

qm

ρ 
ρm 

Bounding 

surface

p'0

 622 

Fig. B2. Schema of bounding surface model. 623 

 624 

The bounding surface model adopts the non-associated flow rule, in which the stress-dilation function 625 

D is expressed as follows: 626 

 𝐷 =
d𝜀𝑉

𝑝

d𝜀𝑞
𝑝 =

𝑀2(𝜌/𝜌𝑚)−𝜂2

2𝜂
 (B-12) 627 

where d𝜀𝑉
𝑝
  and d𝜀𝑞

𝑝
  are elastic volumetric and deviatoric strain increments, respectively. The 628 
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following isotropic hardening law is adopted to relate the variation of the bounding surface dp'0 to the 629 

internal variable d𝜀𝑉
𝑝
 as follows: 630 

 d𝑝0
′ =

𝜈

𝜆−𝜅
𝑝0

′  d𝜀𝑉
𝑝
 (B-13) 631 

The plastic volumetric strain increment should keep the criterion that the stress state should remain 632 

on the bounding surface during plastic evolution, as follows: 633 

 
𝜕𝑓

𝜕𝑝′ d𝑝′ +
𝜕𝑓

𝜕𝑞
d𝑞 +

𝜕𝑓

𝜕𝑝0
′

𝜕𝑝0
′

𝜕𝜀𝑉
𝑝 d𝜀𝑉

𝑝 = 0 (B-14) 634 

Substituting d𝜀𝑉
𝑝
 by the 𝐷d𝜀𝑞

𝑝
 can deduce to: 635 

 d𝜀𝑞
𝑝 =

1

𝐾𝑝
{

𝜕𝐹

𝜕𝝈
}

T
{d𝝈} (B-15) 636 

where Kp is the plastic modulus and expressed as: 637 

 𝐾𝑝 = −
𝜕𝐹

𝜕𝑝0

𝜕𝑝0

𝜕𝜀𝑉
𝑝 𝐷 =

𝜈

(𝜆−𝜅)ln𝑟

𝑀2−𝜂2

2𝜂
 (B-16) 638 

The above formula is only suitable to the point on the bounding surface. For the points within the 639 

bounding surface, Zhou et al. [38] used a relatively simple form: 640 

  𝐾𝑝 =
𝜈

(𝜆−𝜅)ln𝑟

𝑀2(𝜌/𝜌𝑚)−𝜂2

2𝜂
 (B-17) 641 

in which the introduction of ρ/ρm reflects that the state points closer to the bounding surface will have 642 

a smaller plastic modulus.  643 

 644 

The Eqs. (B-1) to (B-17) formulate the theoretical basis of the bounding surface model. As mentioned 645 

above, there are seven parameters that need to be calibrated: λ, κ, µ, M, N, Γ, and n, by which other 646 

parameters and corresponding constitutive law can be derived from these seven parameters. 647 
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