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Abstract: Nodal demand satisfaction in potential flow networks often requires a scheduled
manipulation of edge resistances. The actuators used to implement the resistance variations
can broadly be classified into (i) discrete (edge fully OPEN or CLOSED) and (ii) continuous
(continuously vary edge resistance). Previously, we presented theoretical bounds on the ratio of
time required to transport a given quantum of material with either type of actuators assuming
that that all sinks are at the same potential. In the present work, we extend the results to a class
of networks with demand nodes at different potentials. Based on our findings, we conjecture that
the bounds remain the same irrespective of whether the sinks are at the same potentials or not.
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1. INTRODUCTION

Potential flow networks are common in both natural
and engineered systems (Hendrickson and Janson, 1984;
Raghunathan, 2013; Ronellenfitsch and Katifori, 2016;
Sankar EM and Rengaswamy, 2022; Klimm et al., 2022).
In these networks, the potential difference between the up-
stream and downstream nodes–whether it be mechanical,
electrical, or chemical–drives the flow through the edges.
The equilibrium flow rates in these networks, computed by
simultaneously solving the flow conservation equation at
the nodes and the potential drop across the edges, may not
be in accordance with the demand at the sinks. To effec-
tively meet the demand, networks are usually engineered
to allow variations in edge resistances or node potentials.
For an agent modifying the edge resistances, the ability
to do so can either be discrete (OPEN/CLOSE an edge)
or continuous (continuously vary the edge resistance). For
example, turning an electrical switch ON or OFF is a
discrete operation. On the other hand, vasodilation–the
process of widening a blood vessel to increase the blood
flow to a part of the body–is an example of continuous
control. Several systems, such as water and gas networks,
could have actuators that may either allow discrete or
continuous operation depending on the type of valve used.

In prior studies, we compared the minimum time required
to transport a given quantum of material with discrete
and continuous actuators. The problem was presented
for the first time in Velmurugan et al. (2023). Here, for

a basic network, we derived theoretical bounds on the
ratio of minimum operational times with either type of
actuation. The results were later generalized to branched
networks of arbitrary size where we showed that the upper
bound on the ratio of operational times scaled sub-linearly
with the maximum depth (m of the network (Kurian and
Narasimhan, 2023), and the flow head relationship is of
the form δh = kqn. In both studies mentioned above,
we assumed that all demand nodes in the system are at
the same potential. While this is a fair assumption in
some systems (e.g. electrical networks discharging to a
common ground), there are systems with the sinks located
at different potentials (e.g. water networks transporting
water to consumers at different elevations). Therefore, in
the present work, by solving the appropriate mathematical
programs, we analyze the effect of sink node potential on
the ratio of minimal transportation times.

In the rest of the document, we limit our discussion to wa-
ter distribution networks, an important class of potential
flow networks. However, the results are applicable to any
other system satisfying the network assumptions given in
Section 2.

2. SYSTEM AND MATHEMATICAL MODEL

We consider a water network with two demand nodes
supplied from a single source through a system of three
pipes as shown in Fig. 1. The source is maintained at
a constant potential (referred to as hydraulic head in



water networks) of one unit. Without loss of generality,
we consider demand node 3 to be at the lowest head of
zero units. The other sink, i.e., node 2, is located a head
of h2, where 0 ≤ h2 ≤ 1.
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Fig. 1. A schematic of the three pipe network considered
in the present work.

We limit our discussion to networks with the potential
drop along the edges (∆h) given by the equation:

∆h = kqn, n ≥ 1 (1)

where, k is the edge resistance and q is the flow rate.
In water networks, n is usually assumed to be equal to
1.85, and in gas transportation networks, 1.8 ≤ n ≤
2 (Velmurugan et al., 2023; Shiono and Suzuki, 2016).
Solving the potential loss equations for the pipes along
with the nodal mass conservation equations gives the
flow rates along the edges and the potentials at the
intermediate nodes of a given network. It may be noted
that, even though the head at two nodes and the resistance
across one edge is fixed, the system still has enough
degrees of freedom to represent any three pipe network
with suitable choice of units.

The demand, i.e., the quantum of water that has to be
transported to either demand node is given. On operating
the network, the flow rates in pipes b and c need not be
proportional to the demands at nodes 2 and 3. Hence,
control elements (valves) are provided immediately up-
stream of either demand points to regulate the flow in the
network. The network, operating under a setting of the
valves, is referred to as a state of the network. Identifying
the appropriate sequence of such valve operations to meet
the consumer demands is referred to as the scheduling
problem in water networks.

3. PROBLEM DEFINITION

The control elements in the network may be of discrete
or continuous type. In the former, there are only two
choices for the resistance added to an edge by a valve:
0 or ∞, representing the OPEN and CLOSED settings
respectively. On the other hand, continuous control valves
can be kept partially open to offer any resistance in
the interval [0,∞). The time required to meet the nodal
demands could vary with the type of actuators available.
For a given demand, let the minimum time required to
meet the demand using discrete valves be equal to td and
that using continuous control valves be equal to tcv. We
define the ratio of operating times, R := td

tcv
.

R has a lower bound of unity as the feasible space of
operation using discrete valves is a subset of those using

continuous control valves. For a system where the demand
nodes are at the same head, the supremum ofR was shown
to be equal to 2(1−1/n) (Velmurugan et al., 2023; Kurian
and Narasimhan, 2023), where n is the exponent in Eq. 1.
The task at hand is to find the supremum of R when h2,
the head (potential) at demand node 2 is different from
that at demand node 3. This involves a search over all
combinations of resistances along edges b and c, and all
combinations of demands at nodes 2 and 3. For every
choice of network resistances, scheduling problems have
to be solved to identify the optimal schedules for meeting
the demand using either types of actuators. Altogether,
the mathematical program to identify the supremum of R
is a complex bilevel optimization problem.

In our previous analyses, we used several results from the
general behavior of potential flow networks to simplify
the search space primarily relying on the observation that
the set of achievable flow rates is convex (Proposition 4
in Kurian and Narasimhan (2023)). In a network with
demand nodes being at different heads, the set of achiev-
able flow rates is not guaranteed to be convex. Hence, we
combine a subset of the existing analytical results with ad-
ditional numerical simulations to elucidate the behaviour
of the class of networks considered here.

4. THEORETICAL RESULTS AND MATHEMATICAL
PROGRAM

Searching over the entire space of pipe resistances, network
demands, and the respective optimal operational schedules
to identify the upper bound on R is a laborious task.
Hence, we simplify the search space using two theoretical
results. Following this, we formulate mathematical prob-
lem and solve it numerically to find the supremum of R.

Proposition 1: R approaches its supremum when the
supply using continuous control valves has only one state
active.

A proof of the proposition is available in Velmurugan
et al. (2023). The argument is on the basis that, for
any scheduled operation of continuous control valves (P)
that involves multiple states, the resultant R would be
a convex function of Rp’s, where Rp denote the ratio
of operational times when considering only the demand
supplied by individual states p, p ∈ P. The proposition
narrows down the search space to only those demands
that can be met using a constant setting of the continuous
control valves.

Proposition 2: In order to supply a desired amount of
water in the minimal time using continuous control valves
at a constant setting, at optimum, one valve is completely
open.

The proof (available in Velmurugan et al. (2023)) explains
that if all valves are partially closed, one could simultane-
ously increase the flow rate through all of them to meet
the given demand in a lower time a contradiction to the
claim that the given valve setting is optimal. This exercise
can be continued until one valve is completely open.

Combining Propositions 1 & 2, we are able to reduce our
search space to demands that can be met by continuous



control valves operated at a constant setting with one
valve completely open. Given these simplifications, we
could formulate a mathematical program to identify the
supremum of R as described below.

Consider the system with continuous control valves oper-
ated with one valve partially closed. For example, Fig. 2 (a)
shows a schematic of the system with the valve on pipe
c partially closed. Due to the positive resistance offered
by the valve, the net resistance of pipe c increases from
kc to kc,cv. Let the water supplied in one unit of time
(tcv = 1) be equal to the total demand of the system. Now
the same water has to be supplied using discrete valves in
the minimal time (= td). For this, we solve a mathematical
program, P1. P1 involves (i) enumerating the states of
the system as shown in Fig. 3; we ignore the trivial state
when both valves are closed as the objective is to minimize
the transportation time, (ii) finding the flow rates in each
of of these sates, and (iii) solving a linear programming
problem (for details of the algorithm, see Kurian et al.
(2018)). The ratio of operational times, td

tcv
gives the value

of R. To find the supremum of R, we need to solve an
outer optimization problem, P , that identifies the values
of h2, kb, kc, and kc,cv at optimum.

In the above description of the mathematical program P ,
we started the exercise with the valve along pipe c partially
closed (Fig. 2 (a)). We must also consider the alternative–
valve along pipe b partially closed (Fig. 2 (b)). Therefore,
to find the supremum ofR, the problem P has to be solved
for both cases.
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Fig. 2. System operated with with one of the valves
partially closed and the other fully open: (a) valve
along pipe c is partially closed (b) valve along pipe b
is partially closed.

The bilevel optimization problem to identify the supre-
mum of R can be formulated as follows:

(P ) max
h2,kb,kc,kc,cv,t≥0

||t||1
1

(2)

s.t kc,cv ≥ kc (3)

t ∈ arg min
τ>=0

{||τ ||1 : Aτ = d(kb, kc,cv)}
(4)

where, tcv = 1. d(kb, kc,cv) is the vector of cumulative
demands. By definition, d equals the water supplied to
each demand node when the system is operated for 1 unit
of time with pipe resistances kb and kc,cv. t is the vector
of time duration for which the system is operated in each
state under discrete operation, td = ||t||1. Eq. 4 is the
inner optimization problem P1. The parameter matrix
A3×2 stores the flow rates to the two demand nodes in
each of the three states shown in Fig. 3.
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Fig. 3. Operational states of the system when discrete
valves are available: (a) valve along pipe c is closed (b)
valve along pipe b is closed (c) both valves are open.
The trivial state with both valves closed is ignored as
there is no flow.

In its current form, the problem assumes that the valve
along pipe c is partially closed during supply using contin-
uous control valves. To find the supremum of R, we need
to repeat the problem under the assumption that the valve
along pipe b increases from kb to kc,cv while during supply
with continuous control valves (and the resistance along
pipe c is kc).

5. RESULTS AND DISCUSSION

We solved the optimization problem P numerically. Rather
than solving a single problem to find the global optimum
of R, we solved the problem several times under different
constraints on the choice of h2 and the ratio of pipe
resistances kb/kc. The objective behind imposing these
constraints were two fold: (i) to make the solution of the
optimization problem easy, and (ii) to shed light on the
effect of the variations of these parameters on R.

We solved the problem for four choices of h2 (0.00, 0.25,
0.50, 0.75) and 200 different choices of the ratio kb/kc
ranging from 10−10 to 1010. Two values, viz., n = 2 and
n = 3 are considered for the exponent in the potential loss
equation (Eq. 1). The results are shown in Fig. 4 and Fig.5
for n = 2 and n = 3 respectively. The x-axis indicates the
ratio of pipe resistances kb/kc and the y-axis showing the
ratio of operational times under discrete and continuous
operation. The markers show the limits on R when the
valve along pipe c is partially closed during supply with
continuous control valves. The dashed lines indicate the
same when the valve along b is partially closed.

The blue circular markers show the limits on R when
both demand nodes are at the same potential (= 0). This
is same as the plot given by Velmurugan et al. (2023),
where it was analytically shown that the supremum of R
is m1−1/n, where m is the depth of the network. Moreover,
the limit is reached as kb → ∞ and kc → 0. The
results being the same serves as a preliminary verification
of optimization problem P and its solution. From the
remaining plots, we observe that even at varying potentials
of node 2 (h2), the ratio of operational times–denoted by
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Fig. 4. The upper bound on the ratio of operational times
( td
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) at different choices of pipe resistances (kb
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sink node potential h2, n = 2. The markers de-
note scenarios where supply using continuous control
valves have the valve along pipe c partially closed
(Fig. 2 (a)). The dashed lines denote the same when
the valve along pipe b is partially closed (Fig. 2 (b)).
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sink node potential h2, n = 3. The markers de-
note scenarios where supply using continuous control
valves have the valve along pipe c partially closed
(Fig. 2 (a)). The dashed lines denote the same when
the valve along pipe b is partially closed (Fig. 2 (b)).

the +, ∗, and × markers–still converge to the same upper
bound. However, as h2 increased, R approached high
values even when kb/kc was relatively low. In summary,
with varying node potentials, though its bounds remain
the same, the ratio of operational times can approach its
limits at more realistic values of pipe resistances.

When the demand nodes were at the same potential, the
ratio of operational times reached it maximum as kb → ∞
and kc → 0, i.e., the transportation to node 2 became
much more difficult compared with transportation to node
3. In the present work, as we increased the node potential
h2, we established the same effect–transportation to node

2 became difficult. As bringing h2 to be closer to the
source potential (= 1) is essentially similar to increasing
the pipe resistance kb, the upper bounds tends to be
the same in either case. Moreover, as we already made
the transportation to node 2 difficult by increasing its
potential, the ratio of operational times can now remain
high over a broader range of pipe resistances–evidenced by
the steep rise of the purple, orange, and red plots relative
to the blue.

The dashed lines converge to bounds that are lower than
those given by the markers. If the valve along pipe b
(leading to the node at higher potential) is partially closed
during supply with continuous control valves, the bounds
are, therefore, shown to be lower than that of the converse.
This observation is also in alignment with our earlier
discussion on the difficulty in transporting water to either
demand nodes. If pipe b has the partially closed valve
during supply with continuous control valves, then for R
to be high, the transportation to demand node 3 has to be
difficult compared with node 2. However, by placing node
3 at a lower potential than node 2, we imposed a check on
this. What so ever be the choice of pipe resistances, the
placement of node 3 at a lower potential does give a boost
to the flow rate into the node. Consequently, R remains
lower for these cases.

6. CONCLUSION

In this work, we considered the bounds on the ratio of
operational times under discrete and continuous operation
of a certain class of potential flow networks. Different from
our prior works, we considered networks with varying sink
potentials. Interestingly, the ratio of operational times, R,
converged to the same upper bound irrespective of whether
the demand nodes were at the same potential or not.
In the past, the results we generated for the basic three
pipe network (Velmurugan et al., 2023) was clearly an
indicator of what would later be shown for large networks
(Kurian and Narasimhan, 2023). This leads us to speculate
that the bounds on R derived for large networks with
uniform sink node potentials would remain valid even
when the sinks are at different potentials. A confirmation
of the hypothesis would, of course, require a more detailed
analysis, which is outside the scope of the current work.
Such an analysis may also reveal the bounds on the ratio
of operational times under decentralized and centralized
operation as shown earlier in Kurian and Narasimhan
(2023). Additionally, we are exploring opportunities for
applying the results to reaction networks and emergency
planning (Kaltenbach, 2012; Pyakurel et al., 2023).
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