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Abstract : Technology progress has changed the way research and development tasks are done. The capability to
perform intricate system modeling and simulation is now crucial in engineering, physics, chemistry, biology, and
other industries relying on scientific computing. As these scientific computing workloads require quick and efficient
execution, there is an increasing need for disruptive technology. This is where hardware accelerators enter the
picture. These accelerators, capable of managing intricate systems modeling and simulation, hold promise for
improving precision and dependability in research and development results, thereby saving time and resources. In
this survey, we define, summarize, and analyze the accelerators required in different scientific computing domains.
We have also proposed a taxonomy based on these aspects: implementation methods; types of implementations; host
coupling; cost factors; and applications, grouped into five macro-categories. Then we observed and categorized the
intersection of micro-architectures with differential equations in three areas in the scientific computing domain, like
acceleration for higher-order nonlinear systems, acceleration based on differential equations using off-the-shelf
accelerators, and finally acceleration using customized co-processors. Lastly, we finish the survey by giving a brief
summary. We think that these methods will be useful for researchers who are aiming to make new hardware
accelerators in the scientific computing area.

Keywords: Hardware accelerators, Scientific Computing, Taxonomy, FPGA, GPU, Domain-specific architectures,
Survey.

L INTRODUCTION

In semiconductor electronics, Dennard scaling is the process of incorporating more transistors with the same power
by reducing the supply voltage. Around fifteen years ago, hardware manufacturers faced setbacks on the path of
Dennard scaling as they grappled with complexities based on power dissipation, leakage current, and wire delays
[1]-[4]. During that time, stagnation arose in the improvement of the single-core microarchitecture. Hardware
manufacturers shifted their attention to new design models, giving rise to “multi-core” micro-architectural design.
This approach involves the incorporation of multiple cores onto a single die (functional electronic components
fabricated on a thin piece of silicon) [5]. However, that approach was short-lived and insufficient for the worldwide
demand for simultaneously diminishing the computing power and increasing the performance of the device. This
realization made it apparent that more compact strategies are required to deal with high computing demands.

To overcome the opposing requirements of computing power and performance, the solution embraced by many
computer architects is to customize the hardware for specific tasks. This approach has been successfully
implemented in the graphics processing unit (GPU) domain, thereby marking significant growth over the past
decade. This is referred to as Domain-Specific Architectures (DSAs) or accelerators [6]. By configuring hardware
for special applications or workloads, these DSAs aim to deliver improved performance, efficiency, and low
computing power. This fulfills the evolving demands of computational tasks in various domains of scientific
computing [4], [8]-[11]. In Figure 1, an overview of a system of hardware accelerators architecture has been
presented.



In this figure, the central processing unit (CPU) ’offloads’ its task to any of the accelerators, which executes the
assignment faster and delivers the result to the CPU [7]. Differential equations are often referred to as nature’s
language because they provide a way to describe and understand many natural phenomena in a precise and
systematic way. Differential equations capture the dynamics of physical systems and are fundamental to progress in
the computational sciences. It is known that systems of differential equations can be solved analytically to obtain
exact solutions. However, this is often not possible due to the complexity of the systems being studied. This is where
the power of scientific computing and DSAs can be leveraged. Numerical methods are instrumental in
approximating solutions to differential equations and exploring their behavior effectively. The "Multigrid method"
[12], [13] stands out as a very efficient technique for solving linear differential equations (specifically for partial
differential equations (PDEs)) by utilizing a hierarchical structure of discretizations to obtain precise results. These
methods typically involve dividing the domain of the differential equation into discrete points and then,
approximating the solution at each point by employing techniques like finite difference methods or finite element
methods [14].

INTERCONNECT
HARDWARE
ACCELERATOR 1 “

HARDWARE “ _ PERIPHERALS

ACCELERATOR 2

HARDWARE
ACCELERATOR 3 “

MAIN
4  vcvory

LI e s ’“ _ PROCESSING
ACCELERATOR N UNIT (CPU)

Figure 1. Overview of an architecture of a system of hardware accelerators.

Recent trends have popularized numerous techniques in machine learning for modeling, simulation, and the solution
of differential equations. Machine learning models being used in this area are essentially powerful function
approximators [15]-[17]. Although these algorithms utilize general-purpose processors, they are still
computationally intensive. This is especially true when there is a requirement for solving large, complex systems.
Also, complex machine learning models are not transparent in that the explainability aspect (showing how a decision
was arrived at) is not clearly understood [18]. More efficient acceleration toward a solution can be achieved by
DSAs, which leverage the parallel architecture inherent in GPUs [19], [20].

This comprehensive survey paper investigates the intricate relationship between differential equations, multigrid
methods, and hardware acceleration in the realm of scientific computations. Specifically, the paper discusses:

* A variety of applications, including (1) aerodynamic simulations for aircraft design, (2) Monte Carlo simulations in
statistical mechanics, and (3) computational fluid dynamics.

» The potential benefits of domain-specific accelerators designed specifically for advanced modeling and simulation
tasks, thereby alleviating bottlenecks in the simulation process.

* The recent advancements in hardware acceleration for advanced modeling and simulation.



» The design of the specialized hardware to do certain scientific workloads, particularly multigrid methods, which
can significantly enhance simulation efficiency.

The outline of this paper is as follows. In Section II, the taxonomy representation of this survey has been
represented. The motivation is discussed by exploring the fundamental role of differential equations in modeling
complex systems and emphasizing their pivotal role in the advancement of computational sciences in Section III.
The focus of Section IV is to discuss the contributions of multigrid methods. Also discussed is their categorization
into various modalities, such as structured, block-structured, and adaptively structured grids. In Section V, the paper
discusses an overview of the current methodologies and implementations designed to accelerate several higher-order
nonlinear systems. Additionally, in Section VI and VII, the paper aims to provide a comprehensive understanding of
implementations of hardware accelerators in scientific computing using GPU and customized co-processors such as
FPGA respectively. Finally, a summary has been provided based on the scientific computing in Section VIII before
concluding the survey in Section IX.

II. TAXONOMY REPRESENTATION

To give a complete description of the hardware accelerator, we derive twenty one criteria and sorted them in five
main categories: a. Implementation methods, b. Implementation types, c¢. Host Coupling, d. Cost factors, and e.
Applications. Figure 2 gives a graphical representation of our proposed coherent taxonomy for this survey.

In this section, we discuss the descriptive classification of each area. It must be mentioned that certain possibilities
may not be mentioned for two reasons: either they are not an accurate representation of the accelerators we
considered, or we are restricted by time for more detailing. In the following, we acknowledge some exclusions for
the sake of completeness.

A. IMPLEMENTATION METHODS

This macro-category holds certain numerical methods that apply to solve several ordinary differential equations in
the field of scientific computing.

The Euler method [21] is one of the basic or simplest numerical methods for solving ordinary differential equations
(ODEzs). It was named after Leonhard Euler, the Swiss mathematician who formulated this approach during the 18th
century. The Euler method comes from the concept of estimating the solution of an ODE by moving forward in time
with small steps, using a derivative function for approximating how much the function value changes in each time
step.

The Modified Euler method, which is known as “Heun's method” or “Improved Euler method”, offers a numerical
way for solving ordinary differential equations (ODEs). This technique presents an enhancement on the basic Euler's
way by providing more accurate estimations of slope over every time step size. This method also gives a superior
precision in comparison to simple Euler methods because it employs a weighted mean value of slopes at start and
middle points within each time interval. However, it's still quite simple and might not be as precise or efficient
compared to more advanced methods like those from the Runge-Kutta family [21].

The Runge Kutta method, also known as the “RK” method, is one of the most commonly used numerical
techniques for solving ordinary differential equations. It's named after the German mathematicians Carl David
Tolmé Runge and Wilhelm Eduard Friedrich Kutta. The basic idea of this method is to approximate the solution of
an ODE by advancing it through time steps that are discrete. Frequently used modification in this approach includes
four stages; hence it's called fourth-order Runge-Kutta method (RK4). This particular variant has become quite
popular because of its ability to deliver accurate results while being computationally efficient at the same time [22].

The multigrid method [23] is a type of iterative method that makes use of grid hierarchy having different levels of
resolution to speed up the convergence process for PDEs solved by iterative solvers. The main concept behind this
approach involves solving the problem initially on a coarse grid, where solution can be obtained relatively easily,
and then progressively refining it on finer grids to reach more precise results. This approach is generally applied in
solving partial differential equations (PDEs), specifically those that come up in computational fluid dynamics
(CFD), electromagnetics, and other fields of applied mathematics along with engineering.



The L-stable method [24] is one that remains stable with a large step size even if changes occur in parameter values
or step sizes. It's said to be L-stable because its stability holds up across a wide variety of situations, including when
the numerical approximation's step size is quite big. This feature is crucial in making methods for solving stiff
ordinary differential equations (ODEs) efficient and useful. It permits using bigger steps, leading to quicker
convergence of results while maintaining stability. L-stability is a property that some numerical methods possess,
allowing them to handle stiff ordinary differential equations (ODEs). Two such methods are the backward
differentiation formulas (BDF) and Gear's method, which are implicit Runge-Kutta methods. These techniques find
common application in tackling stiff ODEs encountered in various scientific and engineering domains.
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Figure 2. A graphical representation of our proposed taxonomy for the survey.
B.  IMPLEMENTATION TYPES

In this category, we have targeted two areas to construct the hardware acceleration in scientific computing. They are
FPGA and GPU. Below is the detailed explanation of these two areas.

An FPGA or “Field-Programmable Gate Array” [25] is a kind of hardware accelerator used to enhance the
computing performance for a certain workload. The FPGAs are usually reconfigurable and programmable hardware



devices that perform specific computations or tasks. Generally, they contain an array of configurable logic blocks
(CLBs), interconnects, along with memory blocks which can be programmed in order to implement customized
digital circuits. FPGAs are used for their flexibility and adaptability that allows the hardware architects or
developers for their specific customized requirements. Some of the common applications where FPGAs are
commonly used include signal processing, cryptography, networking, image processing etc.

A GPU or “Graphics Processing Unit”, on the other hand, is another type of hardware accelerator designed
primarily for rendering graphics in computer graphics applications. A common characteristic of GPUs includes
many processing cores made for parallel computation along with dedicated memory and fast interconnects/buses.
Operations such as matrix multiplication, vector computation and parallel algorithms are enhanced by the use of a
GPU. In addition, GPUs excel at highly parallel computations with large amounts of data parallelism due to their
parallel processing capabilities [26].

In situations where there is a requirement for high-performance computing, both FPGA and GPU can be combined
in heterogeneous environments. This allows the use of each component's unique advantages to handle specific parts
of a computation.

C. HOST COUPLING

Host Coupling is the process of incorporating external hardware or software protocols that assist in linking and
exchanging communication between various hardware and software components within a computing system. Host
coupling typically includes physically or virtually connecting customized hardware accelerators or peripheral
devices with a host system (such as PC, server) for effectively working together. We have categorized this
macro-category into two types: i. Hardware Interface and ii. Software Interface.

The hardware interface involves the actual connectors, buses and protocols that are used to connect host systems
and accelerators. Based on the survey we conducted, it is seen that various interfaces like PCle (Peripheral
Component Interconnect Express), AXI (Advanced extensible Interface), Ethernet etc., have been utilized. The
hardware interface gives a physical link for transferring data and might also involve power transfer, clock matching
along with other signaling methods.

On the other hand, the software interface is the combination of APIs (Application Programming Interfaces),
libraries, and protocols used to allow communication and exchange of data between the host system's software with
external devices. Libraries along with APIs give a more understandable programming interface that helps developers
access features and abilities of external devices in an efficient way. Protocols are responsible for setting
communication standards and data formats to exchange information between the host system and outside devices
which guarantees compatibility as well as interoperability.

D. COST FACTORS

We have derived this macro-category based on three sections, which involve speed, area saving and memory
bandwidth. For hardware systems, the design and optimization depend on speed, area savings, and memory
bandwidth. Every factor has a unique influence on the overall cost.

Speed is one of the crucial criteria for faster hardware systems. These systems often require more advanced and
specific parts, resulting in increased costs. These systems bring better performance, less delay and faster results that
are frequently crucial that is extremely crucial in the high performance computing domain. However, strategies for
attaining more speed can be many, like utilizing faster clock speeds, optimizing important paths within the design,
reducing propagation delays and lessening overheads in data processing. But, when we enhance speed, it generally
includes compromises such as more energy usage, greater heat emission and possibly increased expenditures linked
to specific parts or procedures for making them better or design intricacy. Sometimes, if we have a use that sets great
importance on time-to-market or competitive edge, the advantages of quicker speed could make paying more
acceptable.



Area savings refer to reducing the physical size or footprint of hardware components, which can result in cost
reductions within semiconductor manufacturing and packaging. Methods frequently employed to optimize area are
logic synthesis, layout optimization, resource sharing and architectural enhancements. When designers improve the
design and arrangement of integrated circuits, they can reduce the amount of silicon area that must be used for a
certain function. Saving area might result in less cost when making things, because it requires fewer materials to
make silicon. Furthermore, the need for power and cooling is less in small components. This can also lessen the
operational costs throughout the lifespan of a hardware system.

Memory Bandwidth indicates how fast data can move between the processor and memory subsystem. A bigger
memory bandwidth lets us access and process data more quickly, which may enhance the total system performance.
But, to increase memory bandwidth usually we need to use specific memory technologies like high-speed DDR or
HBM (High Bandwidth Memory). These could be costlier than typical options for memory. So, when we speak
about memory bandwidth optimization, it's like finding a balance between what performance needs and how much
money one can spend to get that desired level of performance at an acceptable cost.

In general, making the most of speed, area savings and memory bandwidth is a balance that requires thinking about
design aims, performance needs and cost limits. When these aspects are balanced well, it helps in creating hardware
systems that meet the set performance goals while also reducing expenses and enhancing worth.

E. APPLICATIONS

According to our survey, we have focused on the hardware implementation for the applications specific to the
scientific computing field. Those areas include Computational Fluid Dynamics (CFD), Cryptography, Chaotic
systems, Statistical mechanics, Dynamical systems modeling, Electron dynamics modeling, Aircraft design,
combustion modeling, Tsunami wave propagation.

Computational Fluid Dynamics or CFD is a section of fluid mechanics that employs numerical procedures and
algorithms to replicate the movements of fluids. It involves the study and analysis of fluid flow situations in
engineering and scientific applications. Cryptography refers to the study dealing with secure communication
techniques. This involves the methods of encryption and decryption, which are used to maintain data's secrecy,
accuracy as well as genuineness in information security systems. Chaotic systems are certain kinds of deterministic
dynamical systems that have a built-in characteristic known as sensitive dependence on initial conditions (SDIC).
They show a behavior that appears random or not foreseeable but is actually following hidden mathematical rules
often studied under chaos theory. Statistical mechanics uses statistical methods to guess the properties of big
systems made from many particles by looking at small-scale behavior on a single particle level. It has important use
in thermodynamics and phase transitions. Modeling of dynamical systems is about learning how a system acts as it
goes through changes over time. This consists of equations that explain how state variables change with respect to
each other over time or in a sequence of events; this area is helpful to comprehend issues in physics, engineering and
other fields like biology or economics among others. Electron dynamics modeling is about creating simulations on
how electrons act inside materials, devices or systems - usually using quantum mechanical ways for studying
features such as electronic transport, band structure and operation of semiconductor devices. Aircraft design is the
process related to designing and building aircrafts, which involves things such as aerodynamics, structure analysis,
propulsion systems and avionics. The goal is to model them in order to make these elements work at their best
performance level efficiently and safely too. Combustion Modeling implies the formation of simulations related to
chemical reactions and fluid movements occurring within combustion processes. Such processes can be found
within engines, furnaces or any area where there's burning occurring like a combustion chamber. The key goal is
comprehension of how these reactions occur, so we can enhance things like fuel burn efficiency by decreasing waste
from it and also producing less harmful emissions; additionally optimizing energy production rates related with this
activity (combustion). Tsunami Wave Propagation emphasizes the science behind the movement of tsunami waves
in oceans worldwide. It includes comprehending different elements such as their creation or birth, travel through
water bodies until they touch coastlines then what occurs when interacting with coastal areas. Here, the main aim is
to assess risks related to tsunamis along shores all over the world so that actions can be taken for reducing risk
which will help people living close by coastsides (tsunami hazards assessment).



I11. MOTIVATION

The reason behind conducting this study is based on the changing landscape of the scientific environment, where the
accuracy and efficiency of simulations are critical. The motivation for writing this survey is given in each
subsection.

A. MULTIGRID METHODS

In this present era of high-performance computing, the need to solve complex systems of differential equations is at
the heart of many scientific and engineering challenges [27], [28]. Nowadays, researchers face challenges in solving
these sets of non-linear and complex equations and thereby heavily rely on numerical simulations to make informed
decisions [29], [30]. Multigrid methods are important tools for solving these equations due to their robustness,
scalability (ability to handle increasing numbers of computational tasks), and ability to be parallelizable for
high-performance computing architectures [31]. Robustness implies the ability to solve a wide range of problems
with several characteristics like boundary conditions, distinct grid resolutions (coarse to fine), and types of equations
(linear and nonlinear). This survey aims to gain an understanding of these methods while considering their
computational intensity and the increasing demand for faster and more accurate solutions.

B. HARDWARE ACCELERATION

Hardware acceleration is an essential instrument for a wide range of computational workloads across various
domains due to the increased benefits in energy efficiency, real-time processing capabilities, parallelism, and better
performance (high accuracy with less processing time). It is essential to investigate domain-specific hardware
solutions in (1) expediting multigrid and other numerical methods, (2) comprehending the difficulties in
implementing them, and (3) realizing their impact on simulation fidelity (accurate predictions in real-world
phenomena) [32] and efficiency (measurement of the effective computational resources to meet the computational
needs) [33]. This approach helps not only in assessing the current state of hardware-accelerated scientific computing
but also in identifying future directions and potential breakthroughs in this rapidly evolving field.

C. PARALLEL PROCESSING

Parallel processing capabilities refer to the system’s ability to perform multiple tasks simultaneously. The parallel
processing competencies of hardware accelerators allow overall performance improvements in workloads that
contain large and complicated numerical computations [34]. In Figure 3, the different types of parallel processing
architecture have been represented. Generally, there are four types of parallel processing architecture. Figure 3(a)
defines the “Single Instruction, Single Data” (SISD) architecture. This architecture executes a single instruction
stream on a single data stream. This is typically seen on Von Neumann computers. Figure 3(b) is the “Multiple
Instruction, Single Data” (MISD) architecture. This is typically executing multiple instructions on a single data
stream. In Figure 3(c), we see how an instruction can work on many data elements at once, which is typically seen in
vector processors and GPUs. This is termed as “Single Instruction, Multiple Data” (SIMD) architecture. Finally, in
Figure 3(d), all the independent instructions are assigned to different areas of the chip, making it effective to perform
various tasks autonomously with optimized resource utilization, which finally executes as “Multiple Instruction,
Multiple Data” (MIMD) architecture.

Parallel processing also involves decomposing a larger computational complexity task into smaller concurrent
problems with careful consideration of data sharing, communication, and dependencies between parallel tasks to
ensure effective and accurate results. Another factor that is necessary for high-performance scientific simulations is
the scalability of the system. Systems with parallel processing capabilities can branch out to satisfy growing
computing needs or scale up to tackle bigger issue sizes.
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Figure 3. Types of Parallel Processing Capabilities of a system.

D. SYNERGIES AMONG DISCIPLINES

Finally, this study seeks to (1) highlight the synergies among different disciplines like pure science, theoretical
mathematical concepts (particularly in the realm of differential equations), computer science, and engineering and
(2) examine how their integration can lead to groundbreaking improvements in computational science. This holistic
perspective is essential for fostering innovation and enhancing the capability to tackle complex scientific problems
with greater precision and efficiency.

Iv. CONTRIBUTION

The intersection of micro-architectures and differential equations is observed primarily in three different areas, as
outlined below.

» Hardware implementation of higher-order non-linear systems, such as chaotic systems.

» Acceleration of scientific computing workloads, based on systems of differential equations, with commercial
off-the-shelf accelerators such as graphics processing units.

* Acceleration of scientific computing workloads, based on systems of differential equations, with customized,
application-specific hardware accelerators.

The overall contributions of the survey are based on these three aspects and are given in each subsection.
A. CATEGORIZATION OF MULTIGRID METHODS
Multigrid methods are generally utilized as preconditioners [35]-[37] and solvers [38]. For any generalized

application multigrid methods can be broken down into various modalities. One of those modalities is the grid
formation algorithm. Depending on this algorithm, multigrid methods can be structured, block-structured, or



adaptively structured. Another way to classify these methods is based on computational performance and
convergence trajectory. Characterized by this path of dependency, multigrid methods are categorized into various
cycle types such as V-cycle (a traversal pattern involving correction steps across different grid resolutions), F-cycle
(Also known as ’Full Multigrid cycle’ with an extra relaxation step at each grid level), and W-cycle (traversal
pattern with additional correction steps at intermediate levels). In this survey, the attributes of multigrid methods will
be examined at the intersection of various modalities (grid formation algorithm, computational performance,
convergence trajectory, and scope of parallelization).

B. EVALUATION OF HARDWARE ACCELERATION USING COMMERCIAL HARDWARE

Software solvers often use multi-scale, multi-resolution multigrid algorithms to achieve the performance demanded
by scientific computing tasks. Multigrid solvers are computationally demanding but they result in a bottleneck
during the simulation process. In the current era of domain-specific computing, multigrid methods use commercially
available general-purpose graphics processing units (GPGPUs) to expedite the solutions of the linearized system of
equations generated from intricate systems of differential equations [39], [40]. Mostly, this survey focuses on
exploring the role of GPGPUs in accelerating scientific computations. This survey also includes the challenges in
implementing these methods on commercially accessible hardware.

C. ANALYSIS OF DOMAIN-SPECIFIC ARCHITECTURES

While there is an absence of a generalized framework for synthesizing co-processors to accelerate multigrid
methods, the existing literature is focused on the instances of co-processor development customized for narrow
applications in some scientific disciplines. This study illustrates and analyzes the usage of field-programmable gate
arrays (FPGAs) and other domain-specific hardware accelerators in several scientific domains like computational
fluid dynamics, multi-body physics, and computational biology. The review also scrutinizes these solutions by
assessing their effectiveness, scope, and applicability across these domains.

V. HARDWARE IMPLEMENTATION OF HIGHER-ORDER NONLINEAR SYSTEMS

In modern times, higher-order nonlinear systems like chaotic systems (dynamical systems with unpredictable
behavior) demand the use of hardware implementations for their simulation and analysis. Employing hardware
provides a greater understanding of the behavior and dynamics of chaotic systems. In this case, the authors of [41]
introduce a chaotic oscillator characterized by a single parameter and an exponential function. The oscillator exhibits
an open curve of equilibrium points, underscoring the system’s potential to facilitate hidden attractors. The system’s
dynamism is validated through the Lyapunov exponents spectrum (estimation of the rate of entropy production) [42]
and bifurcation diagram computations, with implementation realized by a Field-Programmable Gate Array (FPGA).
Also, the authors outline a step-by-step approach designed to solve Poisson’s equation in two dimensions. The
technique’s design enables an easy programming style using vector and array operations, and it works comparably to
the regular Successive Over-Relaxation (SOR) method. Moreover, the strategy exhibits notable performance
improvements and fits well within a multigrid framework.

Another research in [43] presents FPGA implementations of two distinct chaotic systems (the single-switch Jerk
system and the two-wing butterfly system) that employ a switching-type non-linearity. The authors utilize compact
VHDL codes and develop two hardware architectures for parameter-independent and customized ones. According to
the research, the parameter-independent architecture is more resource-intensive, while the customized architecture,
using less FPGA resources, achieves higher throughput. The experimental findings underscore the substantial
improvement in operating frequency and resource utilization when applying enhancement techniques with the
customized architecture. The research also emphasizes the significance of these applications in chaotic systems for
random bit generators and various digital signal processing applications. Figure 4 presents the top-level hardware
block diagram of the oscillator system. The block takes initial state variables x0, y0, and z0 along with the
coefficient parameters a, b, ¢, break-point B, and switching levels S1 and S2 as inputs. The block processes them
according to the system’s dynamics and generates three output buses for the state variables xn, yn, and zn. These
buses are fed back as inputs to the block to generate updated outputs for the next iteration of the system.



Figure 4. The top-level hardware block diagram of the oscillator system (adopted from [37]).

In [44], an FPGA implementation of an autonomous Lii-Chen (2002) chaotic system (a dynamical system with its
ability to produce chaotic behavior in the absence of control inputs) using the Heun numerical algorithm in VHDL
32-bit 1Q-Math fixed-point number format has been presented. The authors developed core units compatible with
fixed-point number standards and synthesized the system for a Virtex-6 FPGA chip. The system is defined by
Equation 1 and has the initial conditions set at (-10, 0, 37). The system is defined as the transition between the
Lorenz and Chen systems. The system’s real constants are ’a’, ’b’, and ’c’. The parameters ’a’ and ’b’ are fixed at 36
and 3, respectively, whereas ’c’ is a variable parameter within the equations. In the paper, the system’s attractor is
homogeneous to the Lorenz attractor when the parameter ’¢’ lies within the range of 12.7 and 17, and similar to the
Chen attractor when ’¢’ ranges between 23 and 28.5. According to the research, FPGA-based implementations of
chaotic systems could surpass other conventional performance and resource utilization techniques. The research
suggests that such hardware-based design of the Lii-Chen chaotic system can be applied in various chaos-based
embedded system applications, including cryptography and secure communication.
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In [45], a time-delayed chameleon (TDC) like chaotic system has been implemented. The research is notable for
exhibiting multiple chaotic flows depending on parameter settings. The paper explores the system’s dynamics
through bifurcation analysis and synchronization techniques. It introduces an adaptive modified functional
projective lag synchronization (AMFPLS) algorithm for synchronizing systems with uncertain parameters. The TDC
system and the synchronization algorithm are implemented on an FPGA platform using hardware-software
co-simulation, demonstrating the system’s practical application potential. The results confirm the feasibility of
implementing complex chaotic systems on FPGA for applications like secure communications. The paper concludes
with the validation of the proposed AMFPLS algorithm and FPGA implementation, suggesting the efficiency and
effectiveness of these approaches.

The authors of [46] elucidate the feasibility of implementing two-dimensional rotation on a chaotic system, enabling
the rotation of its attractor in space without altering the system’s chaotic dynamics. This rotation operation preserves
the system’s eigenvalues at all equilibrium points. Furthermore, the largest Lyapunov exponent remains unchanged,
as demonstrated through two chaotic systems, including the classical Lorenz system, with numerical simulations and
FPGA implementation. The research has implications for chaos-based encryption, where dynamic rotation of
attractors could enhance security without affecting the system’s behavior. FPGA-based results show efficient
resource use, suggesting the approach’s feasibility for hardware applications. Another study in [47] modifies product
integration (PI) rules modifies product integration (PI) rules for solving fractional-order systems (FOS) on FPGA,
addressing high memory dependencies of traditional PI rules. The modified rules such as PI rectangular, PI



trapezoidal, and predict-evaluate-correct-evaluate (PECE), are validated with a benchmark system under varying
memory window sizes. Also, a novel fractional-order chaotic system (FOCS) is simulated, and its bifurcation
diagrams have been analyzed. Demonstrating higher throughput and lower resource usage, the research emphasizes
that the FPGA implementation provides a flexible and efficient platform for implementing complex systems like
FOCS, suitable for secure communications and other high-speed applications while comparing with existing
literature.

In [48], a core design of the novel fractional-order multi-scroll chaotic system that offers complex chaotic behaviors
has been introduced. The study investigates how system parameters affect behavior, providing bifurcation diagrams
and discussing the maximum Lyapunov exponent (MLE) for both integer and fractional domains, indicating richer
chaos in the fractional domain. The core block design, represented in Figure 6, offers complex behaviors due to
added parameters. In the paper, the authors also present a novel and automated FPGA design tool to optimize system
implementation and allow developers to design configurable modules for different applications easily. The tool is
tested on Xilinx’s Virtex-5 FPGA and validated using MATLAB, with the results demonstrating the design
methodology’s effectiveness. The paper provides a procedure to generalize the tool for other chaotic systems,
contributing to the field of information security, encryption, and IoT applications by enabling the rapid design of
complex, high-performance chaotic systems on FPGA platforms. In Figure 5, the authors demonstrated the FPGA
design for the Grunwald-Letnikov (GL) block and illustrated its functionality with an example of three inputs (X)
by initializing the parameters d2, d1, and dO to zero. The proposed design needs n-cycles for n-inputs as shown in
the figure. Finally, the proposed design in Figure 6(a) shows the GL of x, y, and z. The k-generator in Figure 6(b) is
solely a clock divider with a specified threshold counter. Figure 6(c) shows how the selection mode block generates
logic 0 and 1 outputs, respectively, corresponding to variance in the k parameter values for each shape (V, Hat, and
X-shape).

The FPGA implementations for two nonlinear time-delay equations: the Johnson and Moon equation, used to model
electromechanical system vibrations, and the Mackey-Glass equation, applicable to biological systems have been
represented in [49]. It offers a detailed stability analysis for these models and employs a 32-bit floating-point
precision Runge-Kutta method for the computations. The FPGA simulations are shown to align with numerical
simulations, underlining the method’s accuracy for time-delay systems. This research demonstrates the potential of
FPGA-based modeling in scientific and engineering fields where precise time-delay dynamics are crucial. Another
research in [50] also investigates the impact of numerical solution accuracy on the digital implementation of
differential chaos generators. Implementing four chaotic systems on an FPGA using Euler, mid-point, and
Runge-Kutta methods, the study compares these systems based on resource usage, throughput, and chaotic behavior
indicators like Lyapunov exponents. It concludes that simpler numerical solution techniques, such as the Euler
method, offer better chaotic response and higher throughput when compared to more complex methods like
midpoint and Runge-Kutta fourth-order techniques.
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Figure 5. Proposed design of the Grunwald-Letnikov (GL) block with an example for three inputs (X,), (adopted
from [42]).



The Chaotic systems also have tremendous potential for modeling critical real-world systems. The work done in [51]
presents efficient FPGA implementation of chaotic models for epidemic spread and disease progression on FPGA
platforms. The research focuses on Ebola, Influenza, and COVID-19 virus spreading models, plus a cancer disease
progress model. Despite their complexity due to a large number of parameters and arithmetic operations, these
models are numerically analyzed for parameter sensitivity and successfully executed on two different FPGA
platforms, paving the way for real-time control of chaotic dynamics in disease propagation. This work proves the
feasibility of real-time simulation, control, and prediction of complex biological systems on FPGA, a step forward
for applications in predictive health management.

Another such example can be found in [52], which focuses on a high-level synthesis (HLS) approach to algorithm
development for evaluating tsunami wave dangers using FPGA technology. The paper discusses a specialized
calculator designed to quickly simulate tsunami wave propagation by applying the MacCormack finite-difference
scheme. The developed software is tested for precision and shows strong agreement with exact solutions,
highlighting its capability to evaluate tsunami risks in a matter of minutes following seismic events. This rapid
assessment tool could be crucial for early warning systems in coastal regions. The research demonstrates the
application of HLS in creating efficient computational pipelines for numerical solutions of complex equations on
FPGAs, which are critical for time-sensitive simulations like tsunami wave propagation.
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Figure 6. Core block design (adopted from [42]), is divided into three parts: (a) the Grunwald-Letnikov (GL) block
LUT, (b) the k-generator, and (¢) selection mode.

Table I represents a summary that is based on the types of accelerator, their characteristics and the results of
experiments. The table relies on the acceleration of higher order nonlinear systems. It offers details about different
kinds of accelerators, their traits or characteristics and also shows results from experiments performed with these
methods.



TABLE I. A summary based on the types of accelerator, their characteristics and experimental results that relies on
the hardware implementation of higher-order nonlinear systems.

Propagation Simulator [52]

Chaotic Oscillator System | FPGA The system’s dynamism is validated through the Lyapunov exponents spectrum and

[41] bifurcation diagram computations, Multigrid frameworks.

Chaotic Systems [43] FPGA Resource-intensive, Customized architecture, Random bit generators, digital signal
processing.

Lii-Chen Chaotic System FPGA Compeatibility with fixed-point standards, Heun numerical algorithm, Chaos-based

[44] embedded systems, cryptography, secure communication.

Time-Delayed Chameleon | FPGA Multiple chaotic flows, Adaptive modified functional projective lag synchronization

System [45] algorithm, Secure communications, synchronization techniques.

Two-Dimensional Rotation | FPGA Preservation of chaotic dynamics,Chaos-based encryption, security enhancements.

System [46]

Fractional-Order Chaotic FPGA Modified product integration rules, Fractional-order chaotic systems, high throughput,

Systems [47] lower resource usage,Secure communications, high-speed applications, fractional-order
systems.

Fractional-Order FPGA Information security, encryption,automated FPGA design tool, Complex chaotic

Multi-Scroll Chaotic behaviors, IoT applications.

System [48]

Nonlinear Time-Delay FPGA Scientific modeling, 32-bit floating-point precision Runge-Kutta method,Stability

Equations [49] analysis, engineering applications, time-delay systems.

Differential Chaos FPGA Euler, midpoint, and Runge-Kutta methods, resource usage, throughput, Lyapunov

Generators [50] exponents, Chaos generation, resource optimization, high-speed applications.

Epidemic Spread and FPGA Epidemic spread models, disease progression models,Predictive health management,

Disease Progression Model disease propagation, real-time simulation.

[51]

Tsunami Wave FPGA MacCormack finite-difference scheme,Early warning systems, coastal region risk

assessment, tsunami simulations.

VI ACCELERATION OF SCIENTIFIC COMPUTING WITH GPU

General-purpose graphics processing units (GPUGPUs) have been instrumental in scientific computation due to
their capabilities for parallel computing. The researchers in [53] investigate the potential of graphics processing units
(GPUs) for speeding up scientific calculations, specially for Monte Carlo simulations of classical spin models in
statistical mechanics. The authors present a significant performance gain, up to a factor of 1000, over serial CPU
code when simulations are tailored to the GPU architecture. Experimental findings indicate that careful algorithm
optimization for specific GPU architectures can yield significant speed-ups, often exceeding two orders of
magnitude, emphasizing the importance of GPUs in the future of computational science. The paper also details
examples such as simulations of the Ising and Heisenberg models and parallel tempering, along with an argument
that the efficiency of GPU simulations depends on algorithmic adjustments to match the architecture.




Advanced computational strategies for fluid dynamics simulations have been outlined in [54].The study suggests
that optimizing the DLR TAU code by profiling the most time-consuming processes, testing new partitioning
algorithms, and exploring hardware acceleration, particularly using FPGAs and GPUs is a crucial component for
performance acceleration. Simulations for computational fluid dynamics (CFDs) have been readily ported to the
GPGPU paradigm. Methods for improving an unstructured grid solver’s efficiency on modern graphics hardware are
proposed in [55], focusing on the three-dimensional Euler equations for inviscid, compressible flow. The
performance of the solver has been demonstrated based on two benchmark cases, such as a National Advisory
Committee for Aeronautics wing (NACA0012) and a missile. Implementing these techniques yielded an average
speed-up factor of roughly 9.5xover parallelized

OpenMP code running on a quad-core CPU and about 33x over the equivalent serial code, suggesting potential
benefits for computational fluid dynamics problem-solving. The paper concludes that GPUs, with careful memory
and computation management, can deliver substantial performance improvements for unstructured grid-based CFD
solvers, although double-precision performance gains are less pronounced. Future GPUs are anticipated to enhance
double-precision performance further, and the techniques presented are expected to be relevant for OpenCL codes.
The study sets the stage for more advanced solvers with features like fourth-order damping and flux limiters.

In general, software tools for fluid dynamics modeling, analysis, and simulation are largely available to the
community [56]. The highly parallel structure of GPUs has been leveraged in [57] for enhancing combustion
modeling, demonstrating substantial simulation acceleration and predictive capability improvements. The authors
demonstrate substantial acceleration of combustion simulations without sacrificing the accuracy of detailed
chemistry. This is achieved by implementing GPU-enhanced algorithms for reaction rate evaluation and the
integration of ordinary differential equations (ODEs), specifically matrix factorizations, yielding more than tenfold
speed increases over CPU-only simulations. The computational time is shown to scale less than quadratically with
the number of species involved when GPUs are utilized, compared to the super-quadratic scaling seen with CPUs.
The paper concludes that GPUs will play a crucial role in the future of combustion modeling, allowing for the
practical application of increasingly large reaction mechanisms. The authors also provide practical guidance for
transitioning from CPU-only to GPU-enhanced combustion modeling, underscoring the potential for GPUs to
significantly advance the field of combustion science. The GPU-enhanced algorithms significantly outperform
CPU-only simulations, with computational time scaling less favorably on CPUs, and GPUs are expected to play an
increasingly important role in future combustion modeling. Although not explored at length, there are some prior
works focused on porting generalized multigrid solvers to GPUs [58]. A multigrid solver implemented on GPU
hardware to efficiently solve boundary value problems across various applications such as simulation and image
processing. Leveraging the GPU’s shaders, the authors achieve significant computational speed-ups by conducting
all operations on the graphics card, avoiding the bottleneck of data transfer to and from the CPU has been detailed in
the paper. While highlighting the GPU’s potential as a computational tool, the paper also acknowledges current
limitations in memory bandwidth and precision, suggesting future advancements in graphics hardware could further
enhance its applicability in scientific computing.

Table II represents a summary that is based on the types of accelerator, their characteristics and the results of
experiments. The table relies on the acceleration of scientific computing with GPU and GPGPU. In this table,
"Type" signifies different types of accelerators that can be used in scientific computing. The "Characteristics"
column explains their unique features and "Experimental Results" tells about how effective they are when applied to
various tasks. The information in Table III comes from a source that discusses the use of GPU and GPGPU for
speeding up scientific calculations. It offers details about different kinds of accelerators, their traits or characteristics
and also shows results from experiments performed with these methods.

VII. ACCELERATION OF SCIENTIFIC COMPUTING WITH CUSTOMIZED CO-PROCESSORS

The work done in this area cuts across multiple problem domains. The work in [59] employs an FPGA-based system
to simulate two-dimensional Ising lattices, achieving considerable speed improvements over single CPU, single
GPU, and prior FPGA systems. A significant speedup in Monte Carlo simulations of the Ising model using FPGA
technology has been represented. The authors developed a system capable of updating multiple spins per FPGA
clock cycle, resulting in a linear increase in simulation time with lattice size. They designed a hybrid random
number generator that combines pseudorandom and true random generators, which demonstrated superior statistical



TABLE II. A summary based on the types of accelerator, their characteristics and experimental results that relies on
speeding up scientific computing with GPU and GPGPU.

Monte-Carlo simulations [53] GPU Up to 1000x speed-up over serial | Scientific calculations, Ising and
CPU code, algorithm Heisenberg models, Parallel
optimization for GPU tempering.
architecture.

Optimization of DLR TAU Code | GPU Computational fluid dynamics Profiling, new partitioning

[54] (CFD) simulations. algorithms.

Unstructured Grid Solver [55] GPU Speed-up factor of 9.5x over Unstructured grid-based CFD
OpenMP on CPU, 33x over solvers.

serial code, potential for CFD
problem-solving.

Combustion Modeling [57] GPU Combustion modeling, reaction More than tenfold speed

rate evaluation, ODE integration. | increases over CPU-only
simulations, practical guidance
for GPU-enhanced modeling

Multigrid Solvers [58] GPU Efficient solution of boundary Simulation, image processing,
value problems, significant multigrid solvers.
computational speed-ups.

quality and helped overcome correlation issues affecting Monte Carlo simulations. Their FPGA-based system
provided considerable speedups over CPU and GPU systems and showed potential for real-time simulations,
especially near critical phase transitions in the Ising model. The paper concludes with an affirmation of FPGAs as
valuable additions to scientific computing platforms, particularly for Monte Carlo simulations. The authors of [60]
propose a methodology for optimizing FPGA implementations of digital signal processing (DSP) circuits. The
authors propose a methodology for optimizing FPGA implementations of digital signal processing circuits. It
introduces a design exploration process that combines module selection and resource sharing within pipeline
scheduling to meet throughput constraints while minimizing hardware area. The authors present two algorithms for
exploring this design space, demonstrating that integrated application of these techniques can achieve significant
area savings over using either technique independently. This approach aids in automating the generation of
high-performance FPGA circuits from high-level descriptions, addressing the growing gap between design
productivity and chip complexity. The paper underscores the potential for using these methods to efficiently map
computations onto FPGAs, improving performance and reducing design complexity.

A novel framework for the real-time evaluation of one-dimensional computational fluid dynamics (1D-CFD) models
is presented in [61], deployed on a field-programmable gate array (FPGA) to enhance fuel pressure estimation in
diesel engines. The work is particularly applicable in designing fuel systems for diesel engines. The real-time model
improves fuel pressure estimation and contributes to more efficient engine operation. The paper describes how each
segment of the interconnected pipes is partitioned into sub-volumes that compute pressure and flow rates, with
calculations performed every time step. Precision Timed (PRET) processor cores are used for synchronization to
meet real-time requirements. The paper demonstrates the feasibility and scalability of this approach, which allows
for real-time 1D CFD modeling on FPGAs, with potential benefits in automotive engineering and other domains
requiring real-time fluid dynamics analysis. In [62], an FPGA-based system designed to accelerate iterative
linear-equation solvers with low memory bandwidth has been evaluated. The system uses a pipelining approach over
successive iterations, showing nearly linear speedup and outperforming microprocessor-based software execution.
The study addresses the performance limitations faced by general-purpose microprocessors due to memory
bandwidth constraints in high-performance computing (HPC) applications. By designing a custom FPGA-based



accelerator, the research demonstrates scalable and efficient performance for HPC tasks, such as CFD simulations,
which typically suffer from low memory bandwidth on traditional computing systems.

The Johnson and Moon equation and the Mackey-Glass equation, both nonlinear time-delay systems, have been
implemented on an FPGA [49]. Using the fourth-order Runge-Kutta method and 32-bit IEEE-754-1985
floating-point standards, the systems are implemented on a Xilinx Virtex-6 FPGA, with maximum frequencies of
around 432 MHz and results that align with numerical simulations. Alongside the implementation, the numerical
algorithms themselves are also major contributors to performance. A novel L-stable method for numerically solving
ordinary differential equations (ODEs) has been outlined in [63]. It introduces a stabilized fourth-order L-stable
method that addresses the accuracy and stability in the numerical integration of ODEs, particularly stiff equations.
The method proposed extends upon the A-stable two-step methods and is designed to achieve higher-order
convergence compared to existing methods. Numerical results are presented for three test problems, demonstrating
that the proposed method provides a more accurate solution when compared to some existing A-stable and L-stable
methods, including the Runge-Kutta fourth-order method. The paper suggests that the new method is well-suited for
practical applications due to its enhanced stability and convergence properties. The findings from FPGA-based
deployment in [54] show significant computational gains from optimization, superior scalability with the graph
partitioner algorithm, and promising results from a mixed hardware-software computation platform for simulations.
Computational fluid mechanics problems are a prime candidate for customized co-processor-based acceleration,
especially in the acrospace domain.

The authors of [64] introduce a novel hardware solver based on the open-source RISC-V instruction set architecture
for solving ordinary differential equations (ODEs). The study designs reconfigurable co-processors that implement
Euler and Runge-Kutta numerical methods for ODE solving. The coprocessor achieves a remarkable 4.8x
performance improvement in the best-case scenario, with only a marginal increase of 13.3 percent in hardware
resources and 8.1 percent in additional power dissipation. Another study in [65] discusses a hardware accelerator
based on second-order, third-order, and fourth-order Runge-Kutta ODE solvers. The experimental results
demonstrate the accelerator has been deployed on the Zynq ZC702 FPGA evaluation board. A comprehensive
comparative analysis of different Runge-Kutta hardware accelerators, highlighting factors including timing
performance, hardware resource usage, and the total on-chip power consumption has been given. According to the
findings, the fourth-order Runge-Kutta ODE solver has a significant power consumption of an estimated 51.37
percent and 12.445 percent when compared with second-order and third-order Runge-Kutta solvers at a clock rate of
100 MHz, respectively. In [66], a design-space exploration for the half, single, and double floating-point precision
formats at a clock frequency of up to 80 Mhzs has been presented intended for the Runge-Kutta ODE solvers. The
accelerator for the fourth-order Runge-Kutta solver consumed the most power when compared with the second-order
and third-order Runge Kutta ODE solvers. In [67], an FPGA-based hardware accelerator for the Euler and Modified
Euler method for solving an ODE has been demonstrated. The Xilinx Vivado Power Analyzer tool has been used to
determine the total on-chip power consumption. at a clock frequency of 2.85Mhz. According to the experimental
results, the paper reveals that there’s a slight increase of 0.001W in the modified Euler method after deploying on
the ZYNQ - ZC702 FPGA Evaluation Board (xc7z020clg484-1). The paper also focuses on an in-detailed FPGA
hardware resource summary for both the methods along with a timing analysis.

The researchers in [68] present the Chipyard framework, a comprehensive environment for SoC design, simulation,
and implementation designed for specialized computing systems. Chipyard is a collection of generator-based,
open-source, configurable IP (intellectual property) components that are meant to be used at different phases of the
hardware development process, all the while maintaining consistency in design intent and integration. Chipyard
enables fast ASIC (Application-Specific Integrated Circuit) development and cloud-hosted FPGA-accelerated
simulation to enable ongoing validation of customized systems that are both physically and conceptually feasible.
The application of Field Programmable Gate Arrays (FPGAs) in Computational Fluid Dynamics (CFD) to shorten
computation times in aeronautics design has been explored in [69]. The authors present a methodology to develop an
FPGA-based solution for the quasi-1D Euler equations. The authors address the challenges of long simulation times
and propose a methodology using FPGA for hardware acceleration. The approach includes four steps: performance
analysis of current CFD software, design and development of a CFD-specific hardware system architecture,
development of specific hardware for time-consuming subroutines, and implementation of software for
synchronization and communication between PC and hardware modules. The paper demonstrates the methodology
on the Sod’s Shock Tube problem, revealing that FPGA implementations can yield considerable speedups—up to
two orders of magnitude—compared to CPU-based solutions. The study concludes that integrating FPGA into CFD



computations could be a significant advancement for the aeronautics industry, offering a new level of parallelism
and optimization in simulation platforms. The challenge of adapting Computational Fluid Dynamics (CFD) software
to efficiently utilize emerging multi/many-core, GPU, and FPGA architectures.

The problem of adapting large CFD software to new microprocessor designs is tackled in [70], focusing on
accelerating computational kernels in Air Force CFD applications across various architectures. It demonstrates the
effectiveness of hybrid architectures, allowing better mapping of algorithm requirements and hardware architecture
and achieving significant speed-ups. It outlines the computational bottlenecks common to CFD tasks and suggests
acceleration techniques, including the use of hybrid systems combining different architectures’ strengths. The paper
presents specific examples where such approaches significantly improve performance, indicating a promising future
for heterogeneous computing in accelerating key CFD computations. An FPGA-based systolic architecture designed
for computational fluid dynamics (CFD) simulations, showcasing enhanced computational speed and efficiency has
been represented in [71]. The systolic array structure maximizes parallelism and optimizes resource utilization on
the FPGA, offering a significant performance leap over traditional CPU-based systems. This approach is particularly
adept at handling the regularity and locality demands of CFD computations. Benchmarked against standard CPUs,
the FPGA implementation reveals a marked improvement in processing times for a 2D cavity flow problem,
establishing a promising avenue for advanced CFD computing solutions.

In [72], the paradigm shift required for algorithm developers when using Field Programmable Gate Arrays (FPGAs)
for efficient numerical solutions has been discussed. The authors focus on the advantages of FPGAs for solving
partial differential equations (PDEs), highlighting three levels of parallelism: fine-grained, coarse-grained, and
algorithm-level. The authors demonstrate these concepts through the solution of the 2D Laplace equation using a
novel "Laplace Atom" which optimizes the algorithm’s computational units. Their FPGA-based approach achieves
significant speedups over traditional CPU solutions, showcasing the potential of FPGAs in high-performance
computing for scientific applications. The paper concludes that mastering FPGA-based algorithm design can lead to
breakthroughs in computational speed, offering hundreds to thousands of times faster performance than conventional
methods.In [73], the authors examine the utilization of hybrid parallel programming models combining MPI and
OpenMP for computational fluid dynamics (CFD) simulations using high-order methods. The authors highlight the
benefits of such models, particularly the dual-level parallelism that exploits the hierarchical nature of modern
supercomputing architectures. Through a coarse-grain approach, they aim to minimize OpenMP synchronization
overhead and improve scalability for high-order methods like the spectral/hp element method.

The authors of [74] examine the use of Field Programmable Gate Arrays (FPGAs) to accelerate the numerical
solutions of fluid dynamics equations, providing a solution speed up to 20 times faster than a conventional CPU in
some cases without sacrificing data precision. The researchers acknowledge that further speed improvements could
be achieved with more powerful reconfigurable hardware, lower precision data formats, and parallelizing several
FPGAs to perform computations as a single unit. The authors compare the performance of FPGAs to conventional
CPUs, showcasing instances where FPGA computations were up to 20 times faster without sacrificing precision.
The research highlights the potential of FPGA’s parallel processing capabilities and its system-level and
hardware-level configurations. Numerical solutions for typical CFD problems such as the Laplace and 1-D Euler
equations are implemented and evaluated, with the FPGA-based solutions showing significant time savings over
CPU calculations. The study not only demonstrates the computational advantages of using FPGAs but also suggests
a promising future for FPGA utilization in computational fluid dynamics. A mixed-precision linear solver for
FPGAs, utilizing lower precision data formats for performance benefits while ensuring high computational accuracy,
is demonstrated in [75]. It details the implementation and performance comparison with CPUs, marking it as the first
work of its kind to implement a hardware architecture for the pivoting algorithm in a mixed-precision linear solver.
Throughout existing literature, we note that innovation must be adopted both in software and hardware design;
algorithm developers must undertake a paradigm shift to utilize FPGAs and reconfigurable computing, emphasizing
three levels of parallelism: fine-grained, coarse-grained, and algorithm-level. The authors assert that once a
developer overcomes the Von Neumann programming approach and embraces multi-level parallelism,
reconfigurable computing can result in significantly faster and more efficient numerical solutions.

The authors of [76] discuss FPGA-based accelerators designed for solving ordinary differential equations (ODEs),
demonstrating substantial speed improvements over CPU solutions. By focusing on the Lotka-Volterra model, the
study presents configurable hardware accelerators that offer up to 14 times faster performance. It also considers the
balance between computational efficiency and hardware resource utilization, setting the stage for further



optimization in high-performance computing applications. In [77], the authors explore the implementation of the
V-cycle Multigrid algorithm for solving 2D Poisson’s equation on FPGAs. The authors use Handel-C, a high-level
hardware design language, and demonstrate that their hardware implementation outperforms both Jacobi and
successive over-relaxation (SOR) iterative solvers in terms of execution speed when compared to a C++ software
version running on general-purpose processors. The paper presents a detailed analysis of the performance using
FPGA vendor tools, revealing substantial improvements in the speed of convergence and accuracy of the solution.
They discuss the potential of FPGAs for solving partial differential equations efficiently due to their ability to
exploit parallelism inherent in the Multigrid method. The authors conclude with the suggestion of future work
including a pipelined version of the algorithm, transitioning to lower-level hardware description languages, and
extending the application of Multigrid methods.

In [78], the authors provide an overview of explainable machine learning (ML) in the natural sciences, underscoring
the importance of models that are not only accurate but also transparent, interpretable, and explainable. The paper
emphasizes that explainable ML should incorporate domain knowledge for scientific consistency and highlights the
role of interpretability in scientific discoveries. The paper reviews recent applications of ML in scientific domains
and suggests that explainability is crucial for advancing scientific understanding. Two FPGA-based techniques for
implementing fractional-order integrators and differentiators, aiming to better model dynamical systems have been
described in [79]. The techniques focus on accuracy and efficient resource usage, with applications demonstrated in
various systems. Experimental results show these methods offer significant improvements over previous approaches.

The benefits of SIMD many-core architectures for data-intensive applications, acknowledging challenges in
fabrication cost and complexity has been outlined in [80]. It proposes leveraging advanced silicon integration, IP
cores, and FPGAs to enhance design efficiency and performance. The work presents an IP-based design
methodology for customizable SIMD processing on FPGA platforms, demonstrating the methodology’s
effectiveness and the SoC’s performance through experimental results. A novel chaotic system characterized by a
single parameter and an open curve of equilibrium points, implemented on an FPGA (Field-Programmable Gate
Array) has been represented in [81]. The study explores the system’s dynamics through bifurcation and Lyapunov
exponent analysis. The FPGA implementation is detailed, showcasing the approach of the exponential function with
a power series to simplify the hardware design. The system’s application to secure communications is demonstrated
by synchronizing two chaotic oscillators, with experimental results underscoring the effectiveness of the chaotic
system in transmitting an image securely. The work concludes by affirming the utility of FPGAs in rapidly
prototyping and testing dynamic systems for secure communication applications.

In [82], the sensitivity of chaotic systems to implementation details, which can lead to mismatches affecting
chaos-based applications like cryptography has been examined. It identifies significant discrepancies between
different software and hardware (FPGA) implementations of chaotic systems due to variances in precision and
operation order. The study showcases how mismatches in software implementations using different precision levels
and in hardware due to the order of multiplications can be exploited in encryption applications, proposing a new
approach for pseudo-random number generation (PRNG) and image encryption. The authors demonstrate that
despite these mismatches, chaotic systems still exhibit their fundamental properties, and the mismatch signals can
provide a novel source of randomness for cryptographic applications, passing various performance metrics and
statistical tests. The authors of [83] present an open-source high-level synthesis tool called LegUp. It enables the
conversion of standard C programs into hybrid architectures, incorporating both an FPGA-based MIPS soft
processor and custom hardware accelerators. The tool aims to harness the performance and energy benefits of
hardware design while maintaining the ease of software development. The paper demonstrates that LegUp can
generate hardware solutions that are comparable in quality to those from commercial tools and can significantly
improve performance and reduce energy consumption in comparison to purely software-based implementations.
This tool is positioned to make FPGA technology more accessible to software engineers and expand the FPGA user
base, thus promoting the broader application of FPGA in various fields. Key themes include the need for efficient
partitioning algorithms for parallel computations and the potential of heterogeneous computing architectures in
enhancing CFD simulation speeds. The paper also details the challenges and benefits of implementing these
computational strategies in aeronautics engineering, where accurate and fast simulations are critical for energy
savings, cost reduction, and safety improvements.

In [84], the authors present an exploration of FPGA-based accelerators for computational fluid dynamics (CFD)
codes, with a specific focus on the spectral element method (SEM) used in high-fidelity CFD systems. The authors



design a custom FPGA-based accelerator targeting both single and double precision for the SEM-based
Pressure-Poisson solver, utilizing an analytical performance model based on the I/O cost of the algorithm. They
evaluate the accelerator’s performance in terms of speed and power consumption, comparing it to traditional CPU
solutions. Moreover, they introduce a data movement-reducing technique by computing geometric factors on the fly,
leading to a substantial reduction in runtime for local evaluations. The research reveals that FPGAs can achieve
significant single-precision performance improvements, suggesting that mastering FPGA-based algorithm design
can lead to breakthroughs in computational speed for CFD applications. The paper also discusses the challenges and
opportunities of using reconfigurable architecture for future CFD applications, especially with the advent of
emerging technologies. The study’s findings open up possibilities for future research to further enhance FPGA-based
CFD solutions. The simulation results solve the 2D Laplace equation, indicating that the hybrid model performs
better in terms of scalability and computational efficiency on certain systems compared to pure MPI or OpenMP
models. The study shows that the hybrid model’s effectiveness hinges on several factors including the MPI library,
the shared-memory system, and hardware specifics. Key findings include the hybrid model’s superior performance
with two threads per process on SGI Origin and [A64 clusters and its ability to counter-balance cost increases from
p-type refinement by employing multiple threads. However, on IBM SP and Compaq Alpha clusters, pure MPI
outperforms the hybrid model. Overall, the paper demonstrates the potential of hybrid programming models to
improve the performance of high-order CFD methods on parallel computing platforms. In [85], enhancing iterative
methods for solving equations in Banach spaces has been focused. Polyak introduces multi step iterative methods,
providing convergence proofs and conditions for their efficiency over traditional methods. The paper meticulously
lays out the theoretical foundations for these methods, including lemmas and theorems that guide the optimization of
iterative processes. Polyak’s work is a significant theoretical contribution to numerical analysis, offering practical
solutions for achieving faster convergence in computational algorithms.

In [86], the authors outline the advancements and applications of the MEGAFLOW software system in acrodynamic
simulations for aircraft design. This system incorporates the block-structured Navier-Stokes solver FLOWer and the
unstructured/hybrid solver TAU, offering solutions to the three-dimensional Reynolds-averaged Navier-Stokes
equations. The paper discusses the development, validation, and industrial application of these software components,
emphasizing their integration into the design process for complex configurations in the aerospace industry. The
document also covers the software’s ability to predict viscous flows around intricate geometries, its use in shape
optimization, and the potential for applications beyond aeronautics, such as ground transport vehicle aerodynamics.
Overall, the MEGAFLOW system has become a cornerstone in German aerospace for designing new aircraft and
optimizing aerodynamic performance. A high-performance FPGA-based solver for the 3D heat equation, aimed at
improving non-destructive evaluation (NDE) techniques such as the detection of antipersonnel mines has been
discussed in [87]. The solver uses an explicit finite-difference (FD) method, achieving a speedup factor of 34 over
purely software solutions. The proposed system integrates software developed in C++ and hardware described in
Handel-C and VHDL, enabling efficient simulation and processing times suitable for field use. The work is
significant because it addresses the problem of detecting plastic antipersonnel mines which are challenging to find
with traditional methods. The FPGA implementation not only demonstrates considerable computational speed
improvements but also presents an integrated approach combining software flexibility with hardware acceleration.
This study provides a valuable contribution to the field of NDE and showcases the capabilities of FPGA platforms in
accelerating complex computational tasks.

In [88], the design and implementation of a hardware-based simulator for electron dynamics in semiconductors,
focusing on the Poisson equation’s parallel solution as part of a Monte Carlo method has been discussed. The
authors propose a parallel approach using the finite differences method to solve the Poisson equation, which is
traditionally the most time-consuming part of semiconductor device simulators. They compare this approach to the
classical Gauss-Seidel iteration, highlighting the potential for substantial computational speed increases due to the
parallel nature of the new method. This part of the study presents a detailed structure for the hardware simulator and
explains the implementation of the parallel Poisson equation solver across a mesh of computational nodes. The
results indicate that using a parallel processor matrix can significantly enhance the efficiency of the Gauss-Seidel
algorithm for harmonic equations. The paper concludes with the authors’ intentions to develop an FPGA solution,
which could further improve the speed and efficiency of semiconductor device simulations, and identifies
synchronization among parallel particle processors as an area for future research. A summary based on the types of
the accelerator, their characteristics, and experimental results has been represented in Table III, depending on the
acceleration of scientific computing with customized co-processors.



Table III. A summary based on the types of accelerator, their characteristics and experimental results that relies on
speeding up scientific computing with customized co-processors.

Ising Model Simulation [59] FPGA Considerable speed improvements | Monte Carlo simulations of Ising model,
over CPU/GPU, real-time potential. real-time simulations near critical phase
transitions.
Optimization of DSP Circuits | FPGA Area savings in FPGA | Digital signal processing (DSP) circuits
[60] implementations, optimization. optimization methodologies.
Real-time 1D-CFD Model [61] FPGA Improved fuel pressure estimation, | Fuel system design for diesel engines,
real-time 1D CFD modeling. real-time fluid dynamics analysis.
Linear Equation Solver [62] FPGA Nearly linear speedup, outperforms | Acceleration of iterative linear-equation
microprocessor-based execution. solvers with low memory bandwidth.
Johnson-Moon & Mackey-Glass | FPGA High-frequency operation, results | Nonlinear time-delay systems on FPGA,
Equations [49] aligned with numerical simulations. numerical algorithm optimization.
Stabilized L-stable Method for | FPGA Higher-order convergence, accuracy, | Numerical integration of stiff ordinary
ODEs [63] and stability. differential equations (ODEs).
Euler and Runge-Kutta Solver | FPGA Solving ordinary differential | The coprocessor achieves a remarkable 4.8x
[64] equations (ODEs). performance improvement in the best-case
scenario, with only a marginal increase of
13.3 percent in hardware resources and 8.1
percent in additional power dissipation.
Runge-Kutta Solver [65, 66] FPGA Solving ordinary differential | The fourth-order Runge-Kutta ODE solver
equations (ODEs). has a significant power consumption of an

estimated 51.37 percent and 12.445 percent
when compared with second-order and
third-order Runge-Kutta solvers at a clock
rate of 100 MHz. Also, a design-space
exploration for the half, single, and double
floating-point precision formats at a clock
frequency of up to 80 Mhzs.




Euler and Modified Euler ODE | FPGA Solving ordinary differential | A slight increase of 0.001W in the modified

solver [67] equations (ODEs). Euler method after deploying on the ZYNQ -
ZC702 FPGA Evaluation Board
(xc7z020clg484-1) at a clock frequency of
2.85 Mhz. An in-detailed FPGA hardware
resource summary for both the methods along
with a timing analysis.

Quasi-1D Euler Equations [69] FPGA Acceleration of computational fluid | Speedups up to two orders of magnitude over

dynamics (CFD) simulations. CPU-based solutions.

Hybrid Architectures for | FPGA Acceleration of computational fluid | Significant speed-ups, acceleration

Accelerating CFD Kernels [70] dynamics (CFD) tasks. techniques.

Systolic Architecture for CFD | FPGA Acceleration of computational fluid | Enhanced  computational  speed  and

Simulations [71] dynamics (CFD) simulations. efficiency.

Algorithm Design for Efficient | FPGA Efficient numerical solutions for | Significant speedups over traditional CPU

PDE Solutions [72] partial differential equations (PDEs). solutions.

Hybrid Parallel Programming | FPGA Computational fluid dynamics (CFD) | Dual-level parallelism, improved scalability.

Models for CFD Simulations simulations using high-order methods.

(73]

Numerical Solutions of Fluid | FPGA Acceleration of fluid dynamics | 20x faster speed than conventional CPU.

Dynamics Equations [74] equations solved using FPGAs.

Mixed-Precision Linear Solver | FPGA Acceleration of linear solver for | High computational accuracy, significant

[75]

FPGAs.

speed improvements.




Lotka-Volterra Solver [76] FPGA Acceleration of ordinary differential | Configurable hardware accelerators that offer
equations (ODEs) solvers wusing | up to 14 times faster performance. Also
FPGAs. considers the balance between computational
efficiency and hardware resource utilization,
setting the stage for further optimization in
high-performance computing applications.
V-Cycle Multigrid Solver [77] FPGA Implementation of the V-cycle | Outperforms both Jacobi and successive
Multigrid algorithm for solving 2D | over-relaxation (SOR) iterative solvers in
Poisson’s equation on FPGAs. Uses | terms of execution speed when compared to a
Handel-C, a high-level hardware | C++  software  version running on
design language. general-purpose processors.
Explainable Machine Learning | FPGA Applications in natural sciences, | Transparent and interpretable models, domain
in Natural Sciences [78] interpretability in scientific | knowledge integration.
discoveries.
Fractional-Order Integrators [79] | FPGA Dynamical system modeling, | Accuracy and efficient resource usage.
fractional calculus.
Customizable SIMD Processing | FPGA Enhancing design efficiency and | IP-based design methodology, customizable
[80] performance in data-intensive | SIMD processing.
applications.
Chaotic System Implementation | FPGA Chaotic systems for  secure | Synchronization for secure communication,
[81] communication, FPGA-based | hardware simplification.
dynamic system modeling.
Sensitivity Analysis of Chaotic | FPGA Cryptography, exploitation of chaos | Exploitation for pseudo-random number
Systems [82] for secure communication. generation, image encryption.
LegUp: High-Level Synthesis | FPGA Making FPGA technology more | Converting C  programs to  hybrid
Tool for Hybrid Architectures accessible, improving performance | architectures, performance improvement.
[83] and energy efficiency.
Spectral Element Method [84] FPGA Acceleration of spectral element | Single-precision performance improvements,
method (SEM) for computational | data movement reduction.
fluid dynamics (CFD).
Polyak's Multi-Step Iterative | FPGA Enhancing iterative methods for | Faster convergence in iterative algorithms.

Methods [85]

solving equations in Banach spaces.




MEGAFLOW Software System | FPGA Aerodynamic simulations for aircraft | Predicting viscous flows, shape optimization,

for Aerodynamic Simulations design. industrial applications.
[86]
3D Heat Equation [87] FPGA Accelerating non-destructive | Speedup factor of 34 over software solutions,

evaluation (NDE) techniques using | NDE applications.
FPGA-based solvers.

Parallel Poisson Equation Solver | FPGA Semiconductor device simulations, | Parallel solution, speed improvement over
[88] electron dynamics modeling. classical algorithms.

VIII. SUMMARY

Scientific computing is now a fundamental instrument in current research across many different areas. The world we
live in today has experienced a massive increase in data creation from multiple sources, like scientific experiments,
simulations, and observational studies. Luckily, progress made with computer hardware and software helps satisfy
the requirements of scientific computing in today's world. The design of specialized systems to speed up the
simulation of dynamical systems isn't a novel issue; it has been examined and solutions have been created, at least
since the early 1990s. However, these design processes are super-specialized, costly, and extremely hard to integrate
with common computing frameworks or programming environments. In addition, targeted systems do not possess
strong enough characteristics to speed up the simulation of dynamical systems that they were not designed for. This
creates a very high development cost and limits the use of high-performance computing infrastructure. In this
survey, we have discussed accelerators in depth, adopting a holistic perspective. We presented many aspects by
proposing a taxonomy organized into five macro-categories: implementation methods, implementation types, host
coupling, cost factors, and applications. This literature survey provides a comprehensive analysis of the convergence
between these areas in implementing the hardware accelerator in the scientific computing domain. This review will
also make it possible for the researchers to choose domain-specific computing systems that are modular, fast,
efficient, and optimally targeted towards any given dynamical system.

One of the primary methods for handling scientific computing requirements is high-performance computing (HPC).
HPC systems have been developed to carry out complicated calculations and simulations in a rapid and effective
manner. The main feature is that they consist of many interconnected processors that work together to solve
large-scale problems. Simulations in areas like physics, chemistry, and biology regularly employ these systems. This
is how we meet the needs for scientific computing. These systems are often used for simulations in fields such as
physics, chemistry, biology, astronomy, genetics, and climate science. Cloud computing is a method to gain entry
over the internet into computing resources. Researchers who do not have their own HPC system or find it difficult to
maintain can use cloud computing. Cloud computing providers offer a range of services, including virtual machines,
storage, and software tools, that can be used for scientific computing. Scientific computing needs are being met in
today's world through a combination of high-performance computing systems, cloud computing, specialized
software tools, and data management tools [90]. These tools and resources provide researchers with the ability to
analyze large datasets, perform complex simulations, and collaborate with other researchers worldwide. As
technology continues to advance, scientific computing will continue to play a crucial role in modern research.

In this survey, we have explored various applications of hardware accelerators within the domain of scientific
computing. Specifically, we concentrated on Field-Programmable Gate Arrays (FPGAs) and Graphics Processing
Units (GPUs) and these accelerators promise notable speed improvements compared to traditional CPU methods.
They hold potential for performing simulations instantly and making substantial progress in many computational
duties [53, 55]. Moreover, FPGA-based solutions have shown the effectiveness in real-time computational fluid
dynamics (CFD) modeling [61]. Also, implementing FPGAs for solving linear equations and ordinary differential
equations (ODEs) has shown nearly linear speedups as well as significant performance enhancements when




compared with executions on microprocessors. This shows their usefulness in speeding up iterative solvers and
numerical integration tasks. Also, modeling of complex dynamical systems like Johnson-Moon and Mackey-Glass
equations [49] have been done using FPGA architectures. They show high-frequency operation that matches well
with numerical simulations. These systems include stabilization methods for stiff ODEs as well as efficient
implementations for Euler and Runge-Kutta solvers which give rise to higher-order convergence along with
accuracy and stability advantages while providing noteworthy performance enhancements. Likewise, just like how
FPGA implementations have progressed, GPU-based accelerators are also showing notable development in
scientific computing. For example, Monte Carlo simulations and computational fluid dynamics optimizations on
GPUs are delivering impressive speed-ups compared to CPU-only implementations. These advancements open up
fresh areas for algorithm optimization as well as parallel tempering techniques. In addition, GPU-based solvers for
unstructured grids along with multigrid methods show significant improvements in computational speed. This makes
solving boundary value problems and handling image processing jobs faster. These enhancements are setting up the
ground for practical guidance in modeling and simulation that uses GPUs across different areas like combustion
modeling, reaction rate evaluation as well as multigrid solvers. Also, the study of chaotic systems on FPGA
architectures highlights their resource-intensive nature and the requirement of customized architectures.

IX. CONCLUSION

This systematic survey has classified three different areas of hardware acceleration in scientific computing in
Sections V, VI, and VII. The classifications are as follows: a. hardware acceleration in terms of higher-order
nonlinear equations; b. commercial off-the-shelf hardware acceleration in scientific computing; and c. customized
co-processors for scientific computing. Using this concept, for scientists, researchers, or any professionals working
within this domain, this survey emphasizes the effectiveness of using ensemble approaches to predict the suitable
accelerator for their research. The parts of the survey contain many elements on how to construct hardware
acceleration for a particular area of scientific computing. This survey also represents three different tables based on
the analysis, that will shorten the topics. To conclude, this survey provides a brief overview of hardware accelerators
in various scientific computing areas. However, there are some limitations to consider for this work. It was not
feasible to examine every paper published on this subject within the chosen time frame due to timing constraints.
Conversely, the predictions for the five distinct macro-categories of the taxonomy of hardware accelerators could
possess more classified assumptions. The future ways that the research community will suggest make it all more
interesting as we move towards a world where hardware acceleration is the key to success for better performance in
the scientific computing domain.
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