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Abstract. This study develops a novel reference analytical elastodynamic model for the harmonic and
seismic response of a rigid caisson, extending the pioneering work of Veletsos & Younan (1994) to
vertically inhomogeneous soils. Both the caisson and the soil stratum are supported on a non-
deformable base which is subjected to uniform horizontal motion. The solution is based on Sturm-
Liouville’s theory and Helmholtz’s decomposition and makes use of the realistic simplifying
assumption of universally vanishing the vertical normal stresses in the soil medium. An extensive
parametric analysis in terms of horizontal soil pressures, shear force and bending moment for a soil
shear modulus which increases with depth, demonstrating the effect of the type and degree of soil
inhomogeneity on the caisson’s response. The findings offer an improved understanding of soil-caisson
interaction mechanism in presence of inhomogeneous soils, which can be used to validate numerical

models and interpret results for more complex systems.
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INTRODUCTION

Cylindrical caissons are used frequently as foundations for bridge piers and towers, as vertical
shafts for a variety of underground structures such as ventilation and escape routes for tunnels, as
embedded storage tanks and vaults, and as deeply embedded foundations for special structures. Their
seismic response has received rather indirect attention, in the form of research on the dynamic
impedances and seismic response of embedded foundations (e.g., Tajimi 1969, 3. Beredugo & Novak
1972, Day & Frazier 1979, Domingue 1978, Tassoulas & Kausel 1983, Wolf & Somaini 1986, Gazetas
& Tassoulas 1987, Apsel & Luco 1987, Luco & Wong 1987, Pais & Kausel 1988). In the past couple
decades, there is a sequence of papers by Gerolymos and Gazetas dealing with the lateral response of
circular, square and rectangular shaped rigid caissons under inertial and kinematic loading, which
include the development of a Winkler model for the dynamic response of a caisson embedded in an
elastic half-space subjected to inertial and kinematic seismic loading (Gerolymos & Gazetas 2006a),
.the subsequent development of a most general inelastic Winkler model to account for the effects of soil
and interface nonlinearities in the response of a caisson subjected to strong static or dynamic excitation
(Gerolymos & Gazetas 2006b), and a final study on the validation of the proposed nonlinear method
through comparisons with3D-finite element analysis, and scaled lateral load tests (Gerolymos &
Gazetas 2006c¢). In the framework of Winkler formulations, Varun et al. (2009) developed an analytical
model for the prediction of the response of rigid cylindrical caisson foundations embedded in linear
elastic soil media, providing analytical expressions for the transfer functions of kinematic interaction
effects, and for the prediction of forced vibration and seismic transient response. Additional studies
investigate the dynamic response of suction caissons in visco-elastic soils using finite element models
(e.g., Latini & Zania 2017). Among the few published theoretical studies specifically addressing the
caisson under seismic excitation we mention the work of Harada et al. (1981, 1985), Guan &
Novak (1994), Veletsos & Younan (1994, 1998), Saitoh (2001), Assimaki et al. (2001).

The work presented in this paper is an extension of the rigorous analytical model described in the
studies of Veletsos & Younan (1994b, 1998), which investigate the dynamic soil pressures that develop
on the vertical surface of a cylindrical “vault” embedded in a homogeneous soil stratum. Both the visco-
elastic soil stratum and the rigid caisson were considered fixed on a rigid base (bedrock), which is a
realistic idealization for many caisson foundations of large bridge piers. The assumption of vanishing
vertical stresses was a key assumption introduced by Veletsos & Younan (1994b), demonstrating the
superiority of the model over the more restrictive approach of vanishing vertical displacements

proposed by Tajimi (1969), which resulted in a stiffer soil medium.

One of the key findings of Veletsos & Younan (1994b, 1998) refers to the distribution of normal
and tangential stresses acting on the caisson surface. Both stresses increase from the base to the top,
following an approximately parabolic distribution, with minimal dependence on the aspect ratio H/R

(where H is the height and R is the radius of the vault). The low-frequency (“quasi-static”) maximum
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values of the resultant horizontal force along the circumference at the top of the caisson was found to

be on the order of 3.7 mpii,RH, for an aspect ratio of H/R = 3, where ii, denotes the acceleration

amplitude at the rigid base. However, such high alternating forces (+) near the ground surface are
unlikely to develop, given the vanishingly small pre-existing (“geostatic”) normal compressive stresses
at shallow depths. These forces either exceed the frictional capacity of the interface or imply net tension.
Such forces are unrealistic since they arise as a direct consequence of two fundamental assumptions:

linear elasticity (Timoshenko 1987) and soil homogeneity (Menahem & Singh 1981).

This work relaxes the second of the aforementioned assumptions by treating the soil shear modulus
as a function of depth, thereby accounting for the increase in soil stiffness (soil inhomogeneity) due to
increasing confining pressure. As a result, the predicted distributions of soil reactions on the caisson
wall no longer exhibit maxima at the top, aligning more closely with observed behavior. In addition to
refining the soil-structure interaction model, a second objective of this research is to conduct a
parametric analysis to investigate the “effective input motion” at the top of the caisson, which arises
from capturing the kinematic interaction between caisson and the surrounding soil. This effective
motion is critical for determining the appropriate input needed to evaluate the response of the
superstructure. To achieve these objectives, an elegant solution is developed in the frequency domain.
The treatment presented is relatively short, straightforward and novel, without relying on higher-level
mathematics. The response of more complex types of embedded structures is beyond the scope of this

work and has been developed in ongoing studies, which will be made available in forthcoming works.

SYSTEM CONSIDERED

The system examined is shown in Figure 1: the caisson is modelled as a rigid circular cylinder of
radius R, is embedded in a soil layer of thickness H and infinite lateral extent, overlying a rigid base.
The soil is defined by its constant material density pg, Poisson’s ration v, and hysteretic material
damping B, expressed through the complex valued soil shear modulus of elasticity Gy = Gg(1 + 2if;).
G = Gs(z) varies with depth (z) according to a monotonically increasing function of depth i.e.,
G = Gy f(z/H), G, being a reference modulus at the soil surface. Both the cylinder and the base of
the layer are considered to undergo a rigid body horizontal harmonic acceleration i, (t) = iig, el@t of
maximum amplitude ii,. The main objective is to evaluate the distribution of normal and shear stresses
in the soil acting along the circumference of the caisson, as well as the resulting horizontal force per

unit depth along its height.
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METHOD OF ANALYSIS
The rationale for this analysis can be understood by first considering the far-field action of the soil
medium, namely the response computed under the assumption that the layer is of infinite extend and
that no caisson is present. Under these conditions, each vertical strip of the medium behaves as an
independent cantilever shear beam. The resulting response, which is naturally independent of the
horizontal position coordinate, constitutes the particular solution to the governing equation of motion

for the medium.

The response of the considered system (Fig. 1), within the framework of linear elasticity (e.g.,
Timoshenko & Goodier 1987, Menahem & Singh 1981, Courant & Hilbert 1953), can be evaluated by
superimposing the homogeneous solution (which represents free vibration of surrounding medium) onto
the far-field particular solution. This approach accounts for the effect of the pressures exerted by the
caisson. The magnitude and distribution of these pressures at any given time must be such that the
resulting displacements, combined with those induced by the ground motion under free-field conditions,
match the caisson displacements. The caisson pressures p, necessary to ensure compatibility of the
displacements along the caisson, can be expressed as follows

p= K (uff —Uc) 1)

where K denotes a generalized impedance of the soil medium, usr is the free-field displacement relative
to the base, and u, is the corresponding displacement of the caisson. For the special case of a fixed-
based rigid caisson, its relative displacement u. equals to zero, and the caisson pressures are then simply
proportional to the far-field motion. It should be noted that when the soil medium is of infinite extent,
the boundary conditions at infinity become essentially radiation conditions. This implies that certain
integrals vanish over the partial surface of spheres of infinite radius. The proposed approach can be

modified to be valid in any orthogonal curvilinear coordinate system (Courant & Hilbert 1953).

With reference to the cylindrical system of coordinates shown in Figure 1, the equilibrium o forces
acting on an arbitrary soil element in r, z, and 6 generate the equations of motion of the medium

(ignoring external forces) as follows

do, 10t ROT,., 1 0%u
20te B0z L iy gy = Ju 2a
PR + £ 0 b an + f(o-r 0p) ps R =3 (2a)
aTrg 1 609 R ang 2 6217
27 4 Z = R — 2b
9t Vi THam TETe T PN Ga (2b)
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ot,, 1019, Rdo, 1 0w

Z 2z 4 = — 2c
5t Yio0 thog T T AR ga (2¢)

in which ¢ =r/R and n = z/H are dimensionless position coordinates, o,, og, 0, are the normal
stresses at an arbitrary point in space and the time along the r, 8 and z spatial coordinates, respectively;
u, v, and w are the corresponding horizontal, tangential and vertical soil displacement components
relative to the moving rigid base; and the stresses t,¢, 7,5, Ty, are the shear stresses in the -6, r-z, and

6-z planes, respectively.

Building upon the work of Veletsos & Younan (1994), this study also adopts the fundamental
assumption that, under the horizontal excitation considered at the rigid base, no vertical normal stresses
develop anywhere in the medium i.e., g, = 0. It is further assumed that the variation of the vertical
displacements in the horizontal direction is negligible i.e., dw/0¢ = 0 and ow/d8 = 0, as this does
not introduce significant errors in the solutions and aligns with the physics of the problem . Thus, the
three governing equations of the rigorous elasticity reduce to the following two (Tsikas 1995)

do, 1019 ROT., 1 0%u
T 4 - — Z — = —_— 3a
af + g 90 + H an + f(o-r 66) ps R Ot2 ( )
and
0 10 RO 2 0%
Tro 20 e ey = p R (3b)

9t Vi "THm 7 az

where the stress components are related to the displacement components by (Veletsos & Younan, 1994)

oy (‘1’0—2) ou u 10v 20u
G [5e+ 5+ 550l * 7o (42
o (‘I’O—Z) ou u 10v 2 u 1dv
G |5 + £+ 750l * 7z * 7301 (o)
g 1 /10u 0v v
=5 = 7l ?) (0
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Tg, 1 dv (4d)
Gs(m)  Hon

Ty 10u

- N = 4e
Gs(m)  Hon (4€)

in which G;(n) = Gs(n) (1 + 2if,) and ¥, is a dimensionless parameter, solely function of the soil’s
Poisson’s ratio v, (Veletsos & Younan 1994, Anoyatis et al. 2016)

2
IP = 5
0 1—vg ©®)

It is essential to note that the Tajimi solution to the problem assumes vanishing vertical displacements w
(Tajimi 1969). The expressions for the various response quantities can now be derived from those

presented herein by replacing the factor ¥, with the appropriate factor ¥,, as shown below

2(1 —vy)
e = f 1-2v, ©)

This new factor represents the ratio of the dilatational and shear wave velocities in the soil medium.
Notably, from Equations (4a) and (6), it can be observed that as v approaches 0.5 (indicative of
saturated soil conditions), the radial normal stresses o,, obtained in the solution for the w =0

approximation, tend to infinity, an outcome that is inconsistent with physical reality.

Substituting the stresses (Egs. 4) into the equations of motion (Egs. 3) one gets:

gl e 59 - ale oo -5
R\N2( 1 @ wH * -
+ (5) { & (”)_n) (7w) ”} -
and
aele Ge v =55 + nt g g e G e + 55) (7)

+ ) (o a0 ) ) v} =
J— —_— u =
) 0 i/

where 7;, is expressed as (Veletsos & Younan 1994)
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2 — v

(8)

2 _
nL 1—v,

and V() = VMV (1 + 2iB;) is the complex-valued propagation velocity of shear waves in the soil

medium.

For a harmonic excitation of circular frequency w, the radial and tangential displacements can be

expressed in the form

u(€,6,n,t) =U(,0,n) e (9a)

and

v, 0,m,6) =V(,0,m) e " (9b)

in which U and V' represent the amplitudes of the resulting displacements relative to the moving rigid
base. The functions U(¢, 8,n) and V (&, 8,n) can be expressed as linear combinations of appropriately
chosen eigenmodes of the soil-caisson system (Anoyatis et al. 2024a, Anoyatis et al. 2024b, Della Corte
et al. 2024a, Della Corte et al. 2024b)

U0 = ) Un(®) cosd V() (108)
m=1
and
VEOD = ) Vn()sing V() (106)
m=1

in which U,,, and V4, are functions of only the radial position coordinate ¢, due to the symmetry of the

system. The eigenmodes (eigenfunctions) Y,,, satisfy the following differential equation (Tsikas 1995)

d ay,, w? pg
— —m) 4 g2 — Y,, =

and the boundary conditions of zero displacement at the rigid base and stress-free condition at the soil
surface i.e., ¥;,(1) = 0 and dY;,,/dnl,-o = 0. Equation (11) is a Sturm-Liouville (SL) equation with
variable coefficients and its solution depends on the functional form of G¢(rn). Finding the distinct
values 4,, (m = 1,2, 3, ...) for which non-trivial solutions to satisfy the boundary conditions exist, is
part of the SL theory (Anoyatis et al. 2019). A,,,’s are referred to as the eigenvalues of the boundary-

value problem and specific solutions to Equation (11) are the eigenfunctions (soil modes) Y,,, and can
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be obtained in closed form in dynamic regime for specific types of soil inhomogeneity (Anoyatis et
al. 2023).

Furthermore, one can deduce that the class of the eigenmodes Y;,,(n) is orthogonal with respect to the

shear modulus G (1), which is a weight function in SL-theory,

1

f G(0) V() YeG) dn = 0, m # k (12)
0

considering that the shear modulus must not vanish in the domain of the solution. Notice that the above

expressions for U and V satisfy automatically the boundary conditions, ul,-; = v|,=; = 0.

Expressing U,,and V,, in terms of the potential functions @, and ¥,

Ao, ¥,
U,=—+— 13a
and
B, AP,
T @ (139)

and substituting Equations (13) into (10) and (9), and then into the governing equations (7), the solutions
for U,, and V},, can be obtained, considering the conditions at the soil-caisson interface (Veletsos &
Younan 1994).

At this stage, the concept of generalized soil impedance K,, can be introduced, which reflects the

horizontal soil reaction at the soil-caisson interface (Tsikas 1995)

=

m = = f T lom(1) 05?8 — T(1) sin? 0] RO = — 1R (o(1) — (D) (14)
0

where 6,,(1) = ,,(§ = 1) and 1,,(1) = 1,,,(¢ = 1) are the stresses at the soil-caisson interface

*

Om(1) = > (APl + DK, () + 20 Ko )] — 2B 265 (B) + BB} (159)

and

*

Gs
tm(1) = o (=B K1 (Br) (B + 4) + 2BnKo(Br)] + 24m [2K; (@) + amKo(am)]} - (15b)

page 8/31



Rigid caissons in inhomogeneous soil strata Tsikas et al.

The constants A,, and B,, are determined by satisfying the boundary conditions Up,|s—; = 1 and

Vm|§=1 =-L

1
Ap = _A_ [ZKl(ﬁm) +BmK0(ﬁm)] (16a)
and
B = — 5 [2K3(@m) + @nko(an) (160)

where the parameter 4,,, is obtained from the following expression

Am = [Ki () + amKo(a)] [Ki(Bm) + BmKo(Bm)] — Ki(am) Ki(Bm) (16¢)

In the above equations K, () denotes the modified Bessel function of the second kind and order v
(Abramowitz & Stegun), and a,, = (R/%Wy)+\/ A, and By, = ¥y a,,, Where a,, and A, are obtained

from the solution of the partial differential equations of motion (Egs. 7) using the methods of Helmholtz

decomposition and separation of variables.

The impedance K,,, represents the amplitude of harmonic circumferential force necessary to induce
a steady-state circumferential displacement of unit amplitude. It depends on the characteristics of the
system and the frequency of excitation. The real part of K,,, represents the force component that is in
phase with the excitation, whereas the imaginary part represents the component that is 90° out of phase.
In the conventional spring-dashpot representation of the resisting action of the medium, the stiffness of

the spring is represented by Re(K,,,) and the coefficient of the viscous damper € by Im(K,,)/w.

The proposed solution accounts for the boundary conditions of zero tractions at the soil surface and
bounded displacements at large radial distances from the caisson. It should be noted that Equation (2c),
which expresses the equilibrium of the vertical (“parasitic”) forces, is not satisfied in this approach, nor
is the condition of vanishing shears 7,.4 at the soil surface. The literature contains numerous examples
of similar violations associated with “parasitic” stresses, which exert only a minor influence on the
solution (e.g., Veletsos & Younan 1994, Tajimi 1969, Nogami & Novak 1977, Anoyatis et al. 2016).

At this point the steady-state response of the caisson to a harmonic base motion, along with the
corresponding response of the soil stratum, can be readily evaluated. Utilizing the same assumptions as

previously, the radial and tangential displacements at the far-field may be expressed as follows
Usrw = Upr(n) cosO et (17a)

and
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Vespe = —Upp(n) sinf e (17b)
in which

Ps (ﬁg)

Upr @) = = === Yu() = (Ugf),,, Y () (18)

is the displacement amplitude of a vertical cantilever shear beam of the same height and material
properties as the soil stratum at hand, excited at its base. The term (iiy )., is determined by decomposing
the acceleration ii,(t) using the following transformation, based on generalized Fourier series

expansion (Courant & Hilbert 1953, Anoyatis et al. 2024b)
iy (t) = (ilg)m Gs () Y () €' (19)

where

Lol
ity [, Ym dn

(20)
1 .4
Jo Gs Vi dn

(ﬁg)m =

The force per unit height of the caisson, parallel to the direction of motion, can be obtained by
multiplying each displacement component by the corresponding impedance. Accordingly, it is deduced
that

40
PGLO = ) R (Upf),, Yon € (21)
m=1

in which a positive P(n, t) is considered to coincide with the direction of the base motion. Finally, the
expressions for the shear force Q(n, t) and the bending moment M(n, t) across a normal section are

determined from the following expressions

n n
Q) = [ P,y Hdng = | Ron (Ups),, Yimlyen, € H 22)
0 0
and
n n
M(n,t) = J P(110,t) 1o H? dng = j Ko (Usr),,, Ymln=n, €** 110 H* dno (23)
0 0
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With the harmonic response of the system established, the response to an arbitrary transient excitation
is computed using the Discrete Fourier Transform (DFT) method in combination with the Fast Fourier
Transform (FFT) algorithm. To implement this procedure, the duration of the forcing function is
extended by appending a sufficiently long band of zeros to prevent aliasing errors that could otherwise
occur (Chopra 1995, Cooley & Tukey 1965, Veletsos & Ventura 1985).

NUMERICAL RESULTS
STATIC EFFECTS

To illustrate the effects of soil inhomogeneity on the system response, four soil profiles with the same
average shear modulus G, are considered (Fig. 2). This form of inhomogeneity captures, in a simple
manner, not only the reduction in soil stiffness due to the lower confining pressures near the soil surface,
but also the softening of the soil resulting from large shear deformations and the nonlinear behavior at
the soil-caisson interface, including separation and slippage. All the results are obtained using a

Poisson’s ratio v; = 1/3 for the soil, unless otherwise stated.

The analysis starts by investigating the system’s response to harmonic excitations with frequencies
much lower than the fundamental natural frequency of the soil stratum (i.e., w — 0), referred to as
“pseudo-static” response. These results can be directly compared to available pseudo-static soil

mechanics solutions.

Figure 3 presents the first three “static” mode shapes Y, (m = 1, 2, 3) for the four types of soil
inhomogeneity shown in Figure 2. The modes are obtained from the solution to Equation (11) and are
normalized to their value at the soil surface. It is evident that the mode shapes vary significantly with
increasing inhomogeneity. For a homogeneous profile (soil 1), the fundamental mode Y; attains its
maximum at the soil surface, while for increasingly inhomogeneous profiles, the maximum shifts

deeper, occurring around mid-depth in strongly inhomogeneous cases.

Figure 4 presents the maximum values of the static resultant force per unit of height (P)stq:, aS @
function of the soil stratum height H to caisson radius R. The results indicate that the magnitude of the
resultant force increases monotonically with increasing H/R. Additionally, for a homogeneous soil with
a shear modulus equal to the average G, of the inhomogeneous profiles analyzed, the resultant forces
for the homogeneous soil are consistently higher than those for the inhomogeneous profiles across the
entire range of H/R ratios investigated. This suggests soil inhomogeneity leads to reduced caisson
pressures compared to the homogeneous case. This reduction seems largely independent of the specific

type of inhomogeneity or variation in shear modulus, provided that G, remains constant.

Figure 5 presents the variation with normalized depth z/H of the normalized pseudo-static force per
unit height (P,)stq: for the selected soil profiles and H/R ratios (i.e., H/R =0, 1, 3). For the
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homogeneous profile (soil 1), (P,)s:q: decreases monotonically with depth. In contrast, for all other
types of soil inhomogeneity investigated, (P,)s:q: reaches a maximum at a certain depth below the
surface. The exact location and magnitude of this maximum depend on the type of inhomogeneity and
the soil-caisson system geometry. Higher H /R values consistently correspond to higher maxima, while
stronger inhomogeneity shifts the position of the maximum to greater depths.

In cases where the system's response is approximated by considering the contribution of only the
fundamental mode, the interface forces would have been proportional to GJ(n) Y;(n), with the

distribution of shearing forces and bending moments determined by the following expressions

Y,
Qu(m = Qp Gs() %(n) (24)

and

n rm
MyGr) = M, fo fo Go(12) Ya (1) iy (25)

The corresponding approximate results for Q, and M, (as defined in Egs. (24) and (25), respectively)
are presented in Figures6 and 7. These figures illustrate the results for various soil profiles,
characterized by differing degrees of inhomogeneity (Fig. 2) and geometries defined by the H/R ratio.

Figure 6 illustrates the variations of the normalized pseudo-static shear force with the depth along
the caisson embedded in different soil types (as shown in Fig 2) for selected height-to-radius ratios H /R
of 1 and 3. The shear force distribution is plotted against the normalized depth z/H. A common trend
is observed for all cases: the shear force increases with increasing depth, attaining its maximum at the
caisson base. There is a noticeable stronger increase in the shear forces with depth for the slenderer
caisson (H/R = 3). It is evident that the highest forces develop for a caisson embedded in a
homogeneous soil layer (Soil 1), of constant soil shear modulus equal to the average moduli of the
inhomogeneous layers investigated. It is evident that Qg values drop with increasing soil

inhomogeneity.

Likewise, Figure 7 presents the variations of the normalized pseudo-static bending moment with
depth along the caisson embedded in the same soil types and for the same height-to-radius ratios as in
Figure 6. Similarly to the shear forces, the bending moments increase with increasing depth, reaching
their maximum at the caisson base. A pronounced increase in bending moments with depth is observed
for the more slender caisson (H/R = 3), for all types of inhomogeneity investigated. The highest
bending moments clearly developed for homogeneous soil (Soil 1). Additionally, there is a clear

reduction in M, values with increasing degrees of soil inhomogeneity.
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HARMONIC RESPONSE

Figure 8(a) shows the variation with the dimensionless frequency a, = wR/V, of the force amplitude
(per unit height), normalized by its static value (i.e., ao = 0) and induced at the middle (z/H = 1/2) of

the caisson, for a harmonically excited soil-caisson system, where V stands for the propagation velocity

of a reference shear wave in the soil medium with average soil shear modulus G, (i.e., V; = \/Go/ps).
Results are shown for three different soil-caisson geometries namely H/R = 0.5, 1, 2, 3 and soil 4 type

inhomogeneity (Fig. 2) soil with material damping of 5; = 5%.

The following main trends are observed: In the low frequency range (w < w,, w, being the first
natural frequency for the soil layer), the force amplitude is dominated by its real part, whereas for
frequencies higher than the resonance (w = w;), the contribution of the imaginary part becomes more
important. In particular, the rapid and significant increase of the imaginary part in the vicinity of w; is
well-documented in the literature (Gazetas & Tassoulas 1987, Guan & Novak 1994, Assimaki et al.
2001). This is attributed to the fact that no energy dissipates by radiation (emergence of travelling
waves) within this frequency range. As expected, the absolute maximum values of the force amplitude
are attained at resonance (w = w,). The amplification values range between 3.5 and 5 for all soil
profiles investigated. Note that an amplification factor attains its minimum value of approximately 3.13
in the limiting case of H/R — 0, which corresponds to the scenario of a rigid retaining wall
(H/R — o) rather than a caisson. This value of amplification is consistent with that reported in
Veletsos & Younan (1994a) for the corresponding dynamic soil-wall interaction problem. The relative
low values observed indicate greater damping in the plane strain soil-wall system compared to the
(approximate) three-dimensional anti-symmetric soil-caisson system. This finding aligns with the
differences in radiation damping between a strip foundation in plane-strain conditions, and a circular
foundation subjected to horizontal loading in anti-symmetric mode, as documented by Gazetas (1982)
and (1987).

Having examined the trends in lateral forces along the caisson with varying excitation frequencies
and transitions between the natural frequencies of the system, it is now pertinent to delve into the
mathematical aspects. The analysis can provide insight into how inhomogeneity influences the
resonances, by using the proposed model to determine the free-field response and, thus, its resonances.
In this regard, values for the m-th dimensionless natural frequencies a, ,,, are presented in Table 1, for
the inhomogeneity patterns shown in Figure 2. An increase in the fundamental frequency w; is observed
as the degree of inhomogeneity increases, whereas the trend reverses for higher natural frequencies
(e.g., w, and ws3). It is noteworthy that the amplification is slightly higher in homogeneous soil, which
contrasts with the trend observed in the free-field soil amplification of motion as reported by

Gazetas (1982) and (1987), in which stronger inhomogeneity results in larger amplification.
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The effect of the slenderness ratio (H/R) on the amplification factor at resonance is shown in
Figure 8(b). The results are presented for H/R values ranging from 1 to 3. It is noteworthy that
increasing H/R slightly increases the amplification factor at resonance for all soil inhomogeneity
profiles. This observation, initially noted by Veletsos & Younan (1994b), parallels the effect of
decreasing damping on the transmissibility factor of a viscously damped single-degree-of-freedom
system. Specifically, for fixed soil stratum thickness, reducing the caisson’s radius reduces the lateral
surface area of the caisson, thereby decreasing system’s capacity to radiate energy (radiation damping).

The variations in force amplitude along depth for the soil-caisson systems considered in Figure 8,
are shown in Figure 9, for different values of the dimensionless frequency ratio a,. The results are
normalized with respect to the maximum absolute static value of the force. It is observed that for
frequency ratio values within the range 0 < a, < 1, the force attains smaller values at zero frequency
along the caisson and increases gradually, matching the shape of the first mode of vibration Y; (7). The
force distribution follows a wave-like pattern, starting from zero at the base to a finite value at the
surface similar to Y; (n). This indicates that the fundamental mode of vibration of the soil-caisson is
dominating and hence controls the system’s response. For larger a, values, the distribution is wavy due
to the increased participation of higher modes of vibration. However, even in these cases, the

contribution of the fundamental mode remains substantial.

Figure 10 presents the variation of the caisson base shear normalized both over its static value
(amplification factor Q,/Q,s:), and the base excitation (Qb/npsiigRHZ), as function of the
dimensionless frequency ratio a,, for a soil-caisson system of H/R = 3. Evidently, as shown in the
subfigures, the impact of inhomogeneity on peak amplification does not exceed 40 %, with the

homogeneous case exhibiting the highest amplification.

Figure 11 presents the variation with the dimensionless frequency ratio a, of the height h of
application of the resultant horizontal force acting on the caisson, normalised by the caisson height H,
for caisson slenderness ratio H/R = 3 and different soil profiles. Four distinct curves are plotted, each
representing a different soil inhomogeneity type labelled as Soil (1), Soil (2), Soil (3), and Soil (4)
(Fig. 2). Overall, it is evident that there is a strong effect of excitation frequency on h, while the effect
of inhomogeneity is less pronounced. At a, = 0, all soil types start with h/H values around
approximately 0.5 — 0.6, indicating similar behavior for “static” conditions. As a, increases from
0to 1, there is a slight increase in h/H values, accompanied by a noticeable drop for all soil types, with
Soil (1) showing the most pronounced decrease at the first resonant frequency of the system (a, = 1.5).
Beyond the first resonance, the curves exhibit a recovery, with h/H values increasing again, though
return to values lower than their initial (static) levels. In the vicinity of a, = 2.5, another dip is observed,
which is associated with the second resonance of the system. Particularly for Soil (1), a distinct drop

compared to the other soils is observed. For higher excitation frequencies (a, = 3), the curves tend to
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stabilize, with minor fluctuations, indicating the gradually suppressed role of higher resonances in the

point of application of the resultant horizontal force.

TRANSIENT RESPONSE
The response of the soil-caisson system is also evaluated using the ground motion recorded during
the 6.4-magnitude earthquake recorded on August 14, 2003 in Lefkada, Greece. The peak ground

acceleration was ii; = 0.425 g (Fig. 12(a)) and the maximum spectral acceleration, obtained from the

response spectrum using the commonly used 5 % damping for most structures, was found to be 1.6 g
at a period of T ~ 0.36 s (Fig. 12(b)). Figure 12(c) depicts the amplification factor for the maximum
amplitude of the base shear (Q,/Qp,s¢) acting on a caisson with H/R = 3 and subjected to this
earthquake motion at its base. The static values of the base shear can be computed by interpreting i,
as the maximum acceleration of the transient ground motion. The results are plotted as a function of the
fundamental frequency of the soil stratum f;. For very stiff strata with f; ~ 5 Hz, the amplification
factors are approximately equal to one. As the system frequency decreases, the amplification factors
generally increase for all soil profiles. This behavior is consistent with observations made for
harmonically exited soil-caisson systems. For highly compliant systems with very low natural
frequencies, the amplification factors drop naturally below one.

CONCLUSIONS

A rigorous analytical solution has been developed for the dynamic response of an end-bearing rigid
caisson in an inhomogeneous soil stratum resting on a rigid base. The proposed extends the seminal
work of Veletsos & Younan (1994b) to derive a novel semi-analytical solution to account for soil
inhomogeneity. The results converge to the solution of Veletsos & Younan (1994a, 1998) for caissons
in homogeneous soils. The approach neglects the equilibrium of the soil in the direction perpendicular
to the loading yet allows the solution to be obtained in a semi-closed form. Despite these restrictions,
the model is physically sound and can capture the key aspects governing the seismic response of rigid
caissons. The model can serve as a benchmark solution to allow verifications of more complex dynamic
numerical models and provides additional valuable insights into the dynamic response of caissons
embedded in non-homogeneous soils layers. With the novel semi-analytical expressions developed
herein, the dynamic pressures and associated base shears and bending moments induced by ground
shaking on caissons can be easily evaluated. The resultant soil reaction force per unit height is shown
to be a function of the caisson’s slenderness ratio H/R, type of soil inhomogeneity, and, evidently,
excitation frequency. The model, with minor modifications, has further taken into account actual
recorded motions at the bedrock and generated a response spectrum for the amplification of the base

shear, while it can generate time histories of normal stresses, total forces, and moments that develop on
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caissons. Finally, it is essential to point out that limiting case of H / R — 0, corresponds to the scenario
of a rigid retaining wall (H / R — o0), rather than a caisson, and the results are consistent with that

reported in Veletsos & Younan (1994a) for the corresponding dynamic soil-wall interaction problem.
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Figure 1. System considered; schematic distribution of the radial (o,) and the tangential (7,g)

components of the soil stresses as a function of 8, along a quarter of the caisson’s circumference.
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Figure 12. Amplification factor response spectra for the base shear of a caisson with H/R = 3, subjected to real ground motion recorded during the

6.4 magnitude earthquake in Lefkada, Greece in 2003.
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Table 1. Dimensionless m-th natural frequencies for the different soil inhomogeneity profiles.

Soil (1) Soil (2) Soil (3) Soil (4)
w H/T, 1.57 1.65 1.68 1.71
w,H/T, 4.70 4.68 4.68 4.59
wsH/T, 7.83 7.77 7.71 7.47
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