
Elastostatics of Nonuniform Miniaturized Beams: Explicit 

Solutions Through a Nonlocal Transfer Matrix Formulation 
 

Hossein Darban1 
 

 Institute of Fundamental Technological Research, Polish Academy of 
Sciences, Pawińskiego 5B, 02-106 Warsaw, Poland 

1- Corresponding author: Hossein Darban; E-mail addresses: hdarban@ippt.pan.pl; Tel.: (+48) 22 826 12 81 
 

Title Page (with Author Details)

*+

*Preprint released under CC BY 4.0 licence. 
+Published in the International Journal of Engineering Science, Volume 198, 1 May 2024, 104054. 
doi: 10.1016/j.ijengsci.2024.104054



1 

Elastostatics of Nonuniform Miniaturized Beams: Explicit Solutions Through a 
Nonlocal Transfer Matrix Formulation  

 

Abstract  
A mathematically well-posed nonlocal model is formulated based on the variational approach and the 

transfer matrix method to investigate the elastostatics of nonuniform miniaturized beams. These beams 

are composed of an arbitrary number of sub-beams with diverse material and geometrical properties, as 

well as small-scale size dependency. The model adopts a stress-driven nonlocal approach, a well-

established framework in the Engineering Science community. The curvature of a sub-beam is defined 

through an integral convolution, considering the bending moments across all cross-sections of the sub-

beam and a kernel function. The governing equations are solved and the deflections are derived in terms 

of some constants. The formulation employs local and interfacial transfer matrices, incorporating 

continuity conditions at cross-sections where sub-beams are joined, to define relations between constants 

in the solution of a generic sub-beam and those of the first sub-beam at the left end. The boundary 

conditions are then imposed to derive an explicit, closed-form solution for the deflection. This solution 

significantly facilitates the study of nonuniform beams with many sub-beams. The study explores 

nonuniform beams made of two to five different sub-beams. The results are presented with an emphasis 

on the effects of the material properties, nonlocalities, and lengths of the sub-beams on the deflection. 

The results reveal the intricate behavior of nonlocal nonuniform beams, showcasing complexity in 

contrast to the predictable responses observed in the bending of the local nonuniform beams.  

 

Keywords: Small-scale beam; Transfer matrix method; Multi-material; Size effect; MEMS and NEMS. 
 

1. Introduction 
1.1. Miniaturized Structures and Modeling Strategies 

The advent of small-scale structures has revolutionized several technological domains in the Engineering 

Science community by introducing significant improvements in the functionality of smart devices and 

systems. These structures with micro- and nanoscale dimensions have become integral components in 

the construction of devices in many fields ranging from electronics and optics to medicine and materials 

science [1–4]. For instance, micro- and nanostructures, including nanobeams, nanotubes, nanoplates, and 

nanoshells, find ex tensive applications, contributing to advancements in energy harvesters, fluid 

conveying devices, nanoswitches, nanoactuators, nanosensors, and nanoresonators.  The unique 

mechanical properties of these intelligent miniaturized structures open new avenues for innovation. 
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Recent advancements have introduced novel types of micro- and nanostructures, including those 

constructed from functionally graded [5–7] or porous [8–10] materials, having sandwich configurations 

[11, 12], or composed of multiple layers [13, 14].  

Along with the progress in technology and beyond the atomistic models [15, 16], pioneering nonclassical 

continuum mechanics-based theories have emerged within the community of Engineering Science, able 

to model the mechanical response of small-scale structures accurately. The commonly employed theories 

include the couple stress theory [17], strain gradient theory [18], micropolar theory [19], nonlocal 

elasticity [20], surface elasticity theory [21], theories based on fractional calculus [22], modified couple 

stress theory [23], modified strain gradient theory [24], and nonlocal strain gradient theory [25]. These 

theories have been used extensively to study the mechanical behavior of small-scale structures [26–43]. 

The new generations of miniaturized structures present unique challenges and opportunities, demanding 

more efficient and innovative models for their comprehensive study and understanding. For instance, the 

phase field method and surface elasticity theory are combined in [34] to develop a powerful tool for 

studying the fracture mechanics of ultra-thin films at micro- and nanoscale. Another example is in [13], 

where three-dimensional thermoelastic solutions are derived for nonlocal multilayered plates with 

imperfect interfaces using matrix techniques. In [44], a nonlocal layerwise formulation is developed for 

the bending of multilayered miniaturized beams featuring weak bonding. 

 

1.2. Nonuniform Miniaturized Beam 

The term " nonuniform miniaturized beam" in this paper refers to a small-scale beam element composed 

of different sub -beams along its length. These sub-beams may be made of various materials and possess 

different geometries and small-scale size dependencies. The primary objective of creating a nonuniform 

miniaturized beam is often to tailor its overall properties, such as flexibility or strength. This engineering 

approach enables the optimization of the performance of the miniaturized beams for specific applications 

or under particular loading conditions. For instance, having control over the deflection profile of a small-

scale beam can be crucial for optimizing design, enabling sensing and actuation functionalities, and 

ensuring the reliable operation of small-scale devices across various applications. Two notable examples 

of nonuniform miniaturized beams include (i) a micro- or nanomechanical cantilever mass sensor with a 

wider cross-section near the free end, as depicted in Fig. 1(a), and (ii) a micro- or nanomechanical fixed-

fixed mass sensor with a wider cross-section at the midspan, as shown in Fig. 1(b). These specific 

geometries are often designed to increase the likelihood of binding entities such as viruses near the tip 

or midspan of the sensor to maximize the effect of added mass. The nonuniform miniaturized beams 
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belong to the category of innovative small-scale beams, and studying their mechanical response is 

essential. 

 
Fig. 1 Miniaturized (a) cantilever and (b) fixed-fixed mass sensors. 

 

1.3. Objective 

In this paper, the flexural response of a nonuniform miniaturized beam, composed of any arbitrary 

number of sub-beams, is studied. The experimentally observed size effect in small-scale structures [45, 

46] is incorporated into the formulation by using a stress-driven type of nonlocal elasticity [47]. In this 

manner, the curvature of a cross-section within a sub-beam is defined by an integral convolution 

expressed in terms of all the bending moments across that sub-beam and a kernel function. The integral 

form of the nonlocal  constitutive equation is first converted to a differential form and then used to express 

the Bernoulli-Euler equilibrium equations of each sub-beam in terms of deflection. The equilibrium 

equation is solved in a closed-form, and the solution is derived in terms of some unknown constants. The 

transfer matrix method, originally presented by Thomson in [48] and later corrected by Haskel in [49] 

for addressing the propagation of plane elastic waves in a layered medium submerged in a fluid, is used 

to derive the unknown constants and present an explicit closed-form solution for the deflection of the 

nonuniform miniaturized beam with any arbitrary number of sub-beams.  

The article is structured as described in the following. The problem definition and the nonlocal 

formulation are presented in Sect. 2. The closed-form solution is derived in Sect. 3 through the 

application of the transfer matrix method. The obtained closed-form solution is used in Sect. 4 to 

investigate the bending of nonuniform miniaturized beams with two to five sub-beams. The conclusions 

of the work are presented in Sect. 5. 
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2. Problem Definition and Nonlocal Formulation 
As shown in Fig. 2, a general case of a small-scale beam composed of n different homogeneous and 

isotropic sub-beams under flexural deformations is considered. The sub-beams, numbered from left to 

right, may have varying material properties and cross-sections. They are perfectly connected end-to-end 

at locations ix for i = 1, …, n-1, with the shown coordinate system. Without loss of generality, we 

consider that the small-scale beam is subjected to a uniform distributed load denoted by q. The flexural 

response of the beam under any other loading distributions can be studied similarly.  

 

 
Fig. 2 Small-scale beam made of n different sub-beams subjected to a uniform distributed load. 

 

Based on the stress-driven theory of nonlocal elasticity [47], the curvature of a generic sub-beam i, ( )i 

, is related to the bending moment distribution along the length of the sub-beam,  i M , as: 

 

     

       
1

0.5 ii C

i

x
x Li i i

ix
C

x e C M d
L



  


 
 
 
    (1) 

for i = 1, …, n. Here and throughout the derivation, ( )i F  indicates the quantity F defined across the sub-

beam i. The elastic compliance of the sub-beam is       1ii C EI  , with  i E  Young’s modulus and 

 i I  the second moment of area of the sub-beam. The kernel function is 
    0.5
i

Cx L i
Ce L

 
. The length 

scale parameter, ( )i
CL , controls the intensity of nonlocality of the sub-beam i, such that when the length 

scale parameter approaches zero, the local formulation is restored.  

The constitutive behavior of sub-beam i, presented in Eq. (1), is not affected by the bending distributions 

of other sub-beams since the integration is defined only across sub-beam i. Therefore, the equation is 

valid under the assumption that the nonlocalities of the sub-beams are independent. This assumption 
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aligns with the fact that the small-scale beam is formed by connecting individual, distinct sub-beams. 

Although there may exist some subtle interactions between the nonlocality of sub-beams due to the 

continuity of displacements and stresses at the cross-sections where the sub-beams are connected, these 

effects are disregarded for the sake of simplicity. In addition, this assumption allows for the derivation 

of explicit closed-form solutions of the problem, as presented in Sect. 3. 

Following the standard manipulation in nonlocal beam theories, decomposing the constitutive relation in 

Eq. (1) for 1ix x   and ix x  , and taking two derivatives of the relation, the integral nonlocal 

constitutive relation given in Eq. (1) is reformulated as the following differential equation: 

 
         2

,
i i i i i

C xxL C M    (2) 

with the associated constitutive boundary conditions: 

 

     
   

     
   

, 1 1

,

1

1

i i
x i ii

C

i i
x i ii

C

x x
L

x x
L

 

 

 

 
 (3) 

for i = 1, …, n. Here and throughout the derivation, 
 times

, ...
j

j

xxx x j
d FF
dx

 . 

Considering the bending equation of the Bernoulli-Euler beam,  , 0xxM x q  , Eq.(2), and the 

curvature-deflection relation,    
,

i i
xxv  , the equation governing the flexural response of sub-beam i 

reads: 

 
( ) 2 ( ) ( ) ( )

, , 0i i i i
C xxxxxx xxxxL v v Cq    (4) 

for i = 1, …, n. The solution of the sixth-order ordinary differential equation (4) for sub-beam i involves 

six unknown constants which make the solution of the entire beam to depend on 6 n  unknown 

constants. The constants are determined by imposing the following  4 1n   variationally consistent 

continuity conditions at the cross-sections where the sub-beams are connected: 
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



 



 







 


 


 (5) 

for i = 1, …, n-1. The first two equations satisfy the kinematic continuity conditions, while the last two 

equations ensure the continuity of bending moment and shear force at the cross-sections where the sub-

beams are connected. The remaining equations are 2 n  constitutive boundary conditions (3) at the sub-

beam ends, which in terms of the sub-beam deflections are expressed as:  

 

     
   

     
   

, 1 , 1

, ,

1

1

i i
xxx i xx ii

C

i i
xxx i xx ii

C

v x v x
L

v x v x
L

 

 
 (6) 

and four boundary conditions at the beam’s ends, 0x  and nx : 

 

 
 
   
   

 
 
 
 

 
   

 

(1) (1)

(1) (1)
, ,

( ) ( ) 2 ( ) ( )
, ,

( )( ) ( ) 2 ( )
,, ,

(1)

(1) (1) 2 (1)
, ,

( )

(

0 0 0 0

0 0 0 0
Fixed-Free ;    Fixed-Fixed

0 0
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0 0

0 0 0
Pinned-Pinned

0

x x

n n n n
xx C xxxx

nn n n
xxxx C xxxxx

xx C xxxx

n

n

v v

v v

v L L v L v L

v Lv L L v L

v

v L v

v L

  
 

  
 

   
    



 



   

 
 
 
   

(1)

(1)
,

( )

) ( ) 2 ( ) ( ) ( ) 2 ( )
, , , ,

0 0

0 0
;     Fixed-Pinned

0

0 0

x

n

n n n n n
xx C xxxx xx C xxxx

v

v

v L

v L L v L v L L v L

  
 

 
 

 
     

 (7) 

 

To facilitate the presentation of the numerical results, Eqs. (4)-(7) are normalized as:  
( ) 2 ( ) ( ) ( )

, , 0i i i i
xxxxxx xxxxv v C    , (8) 
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1
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1
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v x v x
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 

 





 



 







 


 


, (9) 

 

     
   

     
   

, 1 , 1

, ,

1

1
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xxx i xx ii
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



 

 
 (10) 

and, 
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 (11) 

The dimensionless parameters in Eqs. (8)-(11) are: 

 
( )( ) ( )

( ) ( ) ( )
(1) 4 (1);   ;   ;   

ii i
i i i CLx v Cx v C

L q CL C L
    , 

 

(12) 

3. Closed-Form Solutions Through the Transfer Matrix Method 
The closed-form solution of the governing equation (8) is given by: 

 
( ) ( )( ) ( ) 3 ( ) 2 ( ) ( ) ( ) ( ) 4 ( ) ( ) 4 ( ) 4

1 2 3 4 5 6  24
i ii i i i i i i x i i x iv A x A x A x A A e A e C x           (13) 

where ( )i
jA  for j = 1, …, 6 are the unknown constants related to the sub-beam i. The imposition of the 

two constitutive boundary conditions at the ends of the sub-beams, as given in Eq. (10), allows the 
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derivation of the constants ( )
5

i A  and ( )
6

i A . This leads to the simplification of the solution presented in Eq. 

(13) to the following form in terms of only four unknown constants ( )i
jA  for j = 1, …, 4: 

 

( )

( )

( )

( )
1

( ) ( ) 3 ( ) 2 ( ) ( ) ( ) 4
1 2 3 4

( ) ( ) ( ) 2 ( ) ( ) ( ) ( )
( ) 21 1 2
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i
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i i i i i i i
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i xi i i
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v A x A x A x A C x

C x C x A A x A e
e

C x C x A A x A e
e







  

  


  


     

   
 

   


 (14) 

The remaining 4 n  unknown constants ( )i
jA  for i = 1, …, n, and j = 1, …, 4 can be derived by imposing 

continuity conditions in Eq. (9) and boundary conditions in Eq. (11). In the next sections, the transfer 

matrix method is employed to derive closed-form solution of the displacement.  

 

3.1. Transfer Matrix Method 

The general idea of the transfer matrix method is shown in Fig. 3. The procedure consists of two steps. 

First, the four unknown constants of each sub-beam are derived in terms of the unknown constants of the 

first sub-beam using local and interfacial transfer matrices. This approach effectively simplifies the 

problem to finding only the four unknown constants of the first sub-beam. The second step involves 

defining these four unknown constants by imposing the appropriate boundary conditions. 

 

 
Fig. 3 A schematic description of the transfer matrix method. 

 

To establish a relation between the unknown constants of the generic sub-beam i and those of the first 

sub-beam, the vector T is introduced in the following way: 
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 

 
 

   

   
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2
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 
 
   
 
 
 
 

 (15) 

Using the closed-form solution in Eq. (14), the vector T is decomposed as: 

 

     
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 (16) 

where B is a 4 4  matrix given as: 
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C
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 
 
  

 (17) 

and vector P is: 

 

 
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The vector of unknowns of sub-beam i can be defined using Eq. (16): 
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     

( )
1

2 ( ) 1 ( ) ( )

3

4

i

i i i

A
A

B x T x P x
A
A



 
 
      
 
 

 (19) 

Note that ( ) 1i B  is the inverse of the matrix ( )i B  with ( )det 0i B    . The relationship presented above 

defines the unknown constants of the generic sub-beam i at any location within the interval 1i ix x x  

. In particular, if we assume 1ix x  , the vector of unknowns becomes: 

 

     

( )
1

2 ( ) 1 ( ) ( )
1 1 1

3

4

i

i i i
i i i

A
A

B x T x P x
A
A


  

 
 
      
 
 

 (20) 

The local transfer matrix of sub-beam i which relates  ( )i
iT x  and  ( )

1
i

iT x  , can be derived by 

substituting the unknown vector given in Eq. (20) into Eq. (16) and setting ix x : 

 

           ( ) ( ) ( ) 1 ( ) ( ) ( )
1 1 1

i i i i i i
i i i i i iT x B x B x T x P x P x

        (21) 

To further extend the relationship presented above, it is necessary to define the interfacial transfer matrix 

which relates  ( )
1

i
iT x   to  ( 1)

1
i

iT x
 . This is done by presenting the continuity conditions in Eq. (9) in 

terms of vector T defined in Eq. (15): 

 

   ( ) ( 1)
1 1

i i
i iT x T x
   (22) 

Substituting Eq. (22) into (21) gives: 

 

           ( ) ( ) ( ) 1 ( 1) ( ) ( )
1 1 1

i i i i i i
i i i i i iT x B x B x T x P x P x 

        (23) 

This relationship relates the vector T of sub-beam i evaluated at its right end to that of sub-beam i-1. 

Now, the relationship can be further expanded using the local and interfacial transfer matrices of sub-

beam i-1 to relate  ( )i
iT x  to  ( 2)

2
i

iT x
 . Following the same procedure,  ( )i

iT x  is related to  (1)
0T x  

as follows: 
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       

  

1
( ) ( ) ( ) 1 (1) (1)

1 0 0

( ) ( ) 1 ( 1) ( ) ( )
1 1 1

2

( ) ( )

( ) ( ) ( ) ( )  ( )

i k k
i k k

k i

ki
j j k k i

j j k k i
k j i

T x B x B x T x P x

B x B x P x P x P x






 
  

 

  


    
 



 
 (24) 

Note that 
1

1 1...k i i
k i

F F F F


 . Eq. (16) is used to express  ( )i
iT x  and (1)

0( )T x  in Eq. (24), in terms of  

the vector of the unknown constants. Therefore, the unknown constants of the sub-beam i are related to 

the unknown constants of the first sub-beam as given below: 

 

        

  

( ) (1)
1 1

1
2 2( ) 1 ( ) ( ) 1 (1)

1 0
3 3

4 4

( ) ( ) 1 ( 1) ( )
1 1 1

2
( ) ( ) ( ) ( )

i

i k k
i k k

k i

ki
j j k k

j j k k
k j i

A A
A A

B x B x B x B x
A A
A A

B x B x P x P x

 




 
  

 

   
          
   
   

    
 



 

 (25) 

for i = 2, …, n. The significance of Eq. (25) lies in its ability to simplify the problem of a nonuniform 

small-scale beam, containing any arbitrary number of sub-beams, to the task of determining just the four 

unknown constants of the first sub-beam. These constants can be defined by imposing the boundary 

conditions presented in Eq. (11). The conditions on the left side of the beam are directly formulated in 

terms of the unknown constants of the first sub-beam. Also, the conditions on the right side of the beam, 

which are initially defined in terms of the constants of sub-beam n, are reformulated in terms of the 

unknown constants of the first sub-beam using Eq. (25) by setting i = n. However, this method does not 

directly lead to the derivation of closed-form solutions. Instead, another approach based on the 

formulation in [50] is followed in the next section to derive a closed-form solution for the displacement. 

The notation in the following section is chosen to be similar to that in [50] to highlight the similarities 

and simplify following the formulation.  

 

3.2. Closed-Form Solutions 

The relations in Eqs. (24) and (16) are used to express the vector of unknowns of sub-beam i in terms of 
(1)

0( )T x : 
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       

  

( )
1

1
2 ( ) 1 ( ) ( ) 1 (1) (1)

1 0 0
3

4

( ) ( ) 1 ( 1) ( )
1 1 1

2

( ) ( )

( ) ( ) ( ) ( )

i

i k k
i k k

k i

ki
j j k k

j j k k
k j i

A
A

B x B x B x T x P x
A
A

B x B x P x P x

 




 
  

 

 
        
 
 

    
 



 

 (26) 

Now, the obtained expression for the unknowns of sub-beam i is substituted into Eq. (16) to define 

 ( )i T x : 

           

    

1
( ) ( ) ( ) 1 ( ) ( ) 1 (1) (1)

1 0 0

( ) ( ) 1 ( 1) ( ) ( )
1 1 1

2

( ) ( )

( ) ( ) ( ) ( )

i i i k k
i k k

k i

ki
j j k k i

j j k k
k j i

T x B x B x B x B x T x P x

B x B x P x P x P x

 




 
  

 


  


    
 



 
 (27) 

Note that the first element of vector T defined in Eq. (15) is the displacement. Therefore, to define the 

displacement explicitly, the vector (1)
0( )T x  in Eq. (27) should be derived in closed-form for different 

boundary conditions.  

 

Fixed-fixed boundary conditions 

Considering Eq. (15), the first and second elements of (1)
0( )T x  for a fixed-fixed boundary condition are 

equal to zero. The third and fourth elements of (1)
0( )T x  are derived using Eqs. (11), (15), and (24) 

evaluated for i = n: 
 

(1) (1)
1 0 2 0

( ) ( )
(1)  24  14

3 0 1 2( ) ( ) ( ) ( ) ( )
 24  13  14  23  24

( ) (1)
(1) 2  23 3 0

4 0 ( )
 24

( ) 0;         ( ) 0

( )

( )( )

n n

n n n n n

n

n

T x T x

T x

T xT x

 



 

  
        

 




 (28) 

where k  for k = 1, …, 4  are: 

4
( ) (1) ( ) ( )

 0
1

  ( ) ( )n n n
k kg g k k n

g

P x S P x


     (29) 
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and ( )
 k

i
g  and ( )i

kS  are defined by the recursive formulas: 

4
( ) ( ) ( 1) (1) (1)

   
1

4
( ) ( ) ( ) 1

1
1

4
( ) ( ) ( 1) ( ) ( 1) (1)

1 1
1

 for  = 2, ...,  ; =

( )  ( )

( ) ( )   for  = 2, ...,  ; =0 

i i i
kg km mg kg kg

m

i i i
km kt i tm i

t

i i i i i
k kq q q i q i i

q

U i n U

U B x B x

S U S P x P x k n S










 
 



   



    







 (30) 

where the elements of ( )i B  and ( )i P are given in Eqs. (17) and (18).  

Fixed-pinned boundary conditions 

In this case, the elements of the vector (1)
0( )T x  are: 

 
(1) (1)

1 0 2 0

( ) ( )
(1)  34  14

3 0 1 3( ) ( ) ( ) ( ) ( )
 34  13  14  33  34

( ) (1)
(1) 3  33 3 0

4 0 ( )
 34

( ) 0;         ( ) 0

( )

( )( )

n n

n n n n n

n

n

T x T x

T x

T xT x

 



 

  
        

 




 (31) 

Fixed-free boundary conditions 

In this case, the elements of the vector (1)
0( )T x  are: 

 
(1) (1)

1 0 2 0

( ) ( )
(1)  34  44

3 0 4 3( ) ( ) ( ) ( ) ( )
 34  43  44  33  34

( ) (1)
(1) 3  33 3 0

4 0 ( )
 34

( ) 0;         ( ) 0

( )

( )( )

n n

n n n n n

n

n

T x T x

T x

T xT x

 



 

  
        

 




 (32) 

Pinned-pinned boundary conditions 

In this case, the elements of the vector (1)
0( )T x  are: 
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(1) (1)
1 0 3 0

( ) ( )
(1)  34  14

2 0 1 3( ) ( ) ( ) ( ) ( )
 34  12  14  32  34

( ) (1)
(1) 3  32 2 0

4 0 ( )
 34

( ) 0;         ( ) 0

( )

( )( )

n n

n n n n n

n

n

T x T x

T x

T xT x

 



 

          
 




 (33) 

Having the closed-form solution of the vector (1)
0( )T x  for different boundary conditions given in Eqs. 

(28), (31), (32), and (33), the displacement of the generic sub-beam i is derived using the first element 

of the vector  ( )i T x  defined in Eq. (27): 

 

   
4 4 4

( ) ( ) ( ) ( ) (1) (1) ( ) ( )
1 1  0 0 1

1 1 1
( ) ( ) ( ) ( ) + ( )i i i i i i

r rl l l t t
l r t

v x P x N r T x P x N x S
  

  
       

    (34) 

with  
4

( ) ( ) ( ) 1

1

( ) ( )  ( )i i i
kr kj jr i

j

N r B x B x



 . (35) 

The explicit, closed-form relation provided in Eq. (34) is easily implemented in a computer code and is 

utilized in the next section to investigate the bending behavior of small-scale beams composed of 

multiple sub-beams. 
 

4. Numerical Examples and Discussion 
The matrix formulation presented in the previous section, particularly the solution given in Eq. (34), 

facilitates the study of bending behavior in small-scale beams composed of any arbitrary number of sub-

beams. Here, the solution is applied to study nonuniform beams with two to five sub-beams.  
 

4.1. Beams with Two Sub-beams 

Digrams in Fig. 4 refer to the deflection of a beam made of two sub-beams connected at 1x . The sub-

beams are made of different materials with compliances (1) (2)2 1C C  . Four different boundary 

conditions are considered and the results are presented for both local and nonlocal ( (1) (2)2 0.5   ) 

beams. The case with 1 0x   refers to a beam made of only the second sub-beam, while 1 1x   describes 

a beam made of entirely the first sub-beam.  

In local beams and for all the considered boundary conditions, the stiffness of the beam decreases by 

increasing 1x . The reason is that by increasing 1x  from 0 to 1, a larger portion of the beam is made of 
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the first sub-beam which is more compliant compared to the second sub-beam. However, this uniform 

dependency of the stiffness of the beam on 1x  does not persist when the nonlocality is considered. In this 

case, the behavior is more complicated. For instance, the nonlocal cantilever beam with 1 0.1x   is stiffer 

than the beam made of entirely the second sub-beam, i.e., when 1 0x  . This unique behavior, especially 

pronounced for nonlocal beams with more constrained boundary conditions, is attributed to the non-

standard constitutive boundary conditions in Eq. (10) and necessitates experimental investigation. 
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Fig. 4 Deflection of a miniaturized beam with two sub-beams ( (1) (2)2 1C C  ) under a uniform transverse load. 

Results are presented for local and nonlocal ( (1) (2)2 0.5   ) beams on varying the location of the cross-

section where the sub-beams are connected, 1x , for different boundary conditions.  

 

The immediate implication of the preceding observation is that dividing a homogeneous miniaturized 

beam into several sub-beams and subsequently reconnecting them alters the overall stiffness of the beam. 

This, in turn, offers the opportunity to purposefully design the cutting cross-sections to manipulate the 

flexural response of the miniaturized beam. This interesting observation is further investigated in Fig. 5. 

The figure presents the ratio between the deflection of (i) a miniaturized beam composed of two identical 

sub-beams ( (1) (2) 1C C   and (1) (2)    ) connected at 1x , and (ii) the same miniaturized beam 

composed of only one sub-beam under a uniform transverse load. Results are presented for different 

nonlocal parameters, fixed-free, and pinned-pinned boundary conditions on varying 1x . The ratio is 

given at the free end for the fixed-free beam and at the midspan for the pinned-pinned beam. For the 

large-scale beam with 0  , dividing it into two sub-beams and reconnecting them yields no difference 

in the deflection of the beam. This explains why the curves related to the local beam are always equal to 

one. However, for the small-scale beam with 0  , cutting it into two sub-beams and reassembling them 

increases the stiffness of the miniaturized beam. The impact of cutting and reconnecting the sub-beams 

on the stiffness of the resulting beam becomes more pronounced for higher values of nonlocal 

parameters. Interestingly, for any nonlocal parameter, there exists a specific cross-section where the 

effect of cutting and reconnecting the sub-beams is maximized. The optimal cross-section location for 

the pinned-pinned beam consistently lies at the mid-span, while it varies with the nonlocal parameter in 

the fixed-free beam. 
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Fig. 5 The ratio between the deflections of a miniaturized beam after, v , and before, singlev , cutting and 

connecting at 1x  under a uniform transverse load. Results are presented for different nonlocal parameters, fixed-

free, and pinned-pinned boundary conditions on varying 1x .  

 

The effect of the compliance of two sub-beams on the flexural response of miniaturized beams is studied 

in Fig. 6. Deflection profiles are presented by varying the compliance of the second sub-beam under 

different boundary conditions. The results refer to the case where the sub-beams are connected at the 

mid-span and have (1) 1C   and (1) (2)2 0.5   . For all the considered cases, increasing the compliance 

of the second sub-beam increases the compliance of the beam and its deflection. This behavior is similar 

to that of the large-scale local beams with two sub-beams. The effect of the second sub-beam's 

compliance on the deflection of the fixed-free beam is less pronounced than in beams with other 

boundary conditions, as it experiences lower stress levels being located closer to the free end. 
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Fig. 6 Deflection of a miniaturized beam with two sub-beams ( (1) 1C   and (1) (2)2 0.5   ) under a uniform 

transverse load. The sub-beams are connected at 1 0.5x   and the results are presented on varying (2)C  for 

different boundary conditions. 

 

4.2. Beams with Multiple Sub-beams 

The closed-form solution presented in Eq. (34) significantly simplifies the study of the flexural response 

of nonuniform miniaturized beams with numerous sub-beams. In this section, the relation is applied to 

investigate the deflection in miniaturized beams composed of three, four, and five sub-beams. 

Deflections of a beam with three sub-beams having (1) (2) (3)2 2 1C C C    and (1) (2) (3) 0.25      

under a uniform transverse load are illustrated in Fig. 7. The results are presented for various boundary 

conditions, varying the location of cross-sections where the sub-beams are connected, i.e., 1x  and 2x . 

Deflections at the free end are shown for the cantilever beam, and at the mid-span for the other beams. 

For a local nonuniform beam, at a fixed value of 1x , the deflection increases with an increase in 2x  

(results not shown). This is because an increase in 2x  elongates the second sub-beam, made of the most 

compliant material, and shortens the last sub-beam, made of the stiffest material. However, the behavior 

of the nonlocal nonuniform beam is much more intricate. For instance, in the case where the nonlocal 

nonuniform beam is fixed at both ends, an increase in 2x  for a constant value of 1x  results in an undulating 

curve. 
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Fig. 7 Deflections of a beam with three sub-beams having (1) (2) (3)2 2 1C C C    and (1) (2) (3) 0.25      

under a uniform transverse load. The results are presented for different boundary conditions on varying the 

location of cross-sections where the sub-beams are connected, i.e., 1x  and 2x . The deflections are presented at 

the free end of the cantilever beam and the mid-span of the other beams.  

 

Deflections of a beam with four sub-beams having (1) (2) (3) (4)2 3 4 1C C C C     and (2) (3) 0.25    

under a uniform transverse load are depicted in Fig. 8. The sub-beams are connected at fixed locations 

1 0.25x  , 2 0.5x  , and 3 0.75x  . The results are presented for different boundary conditions by varying 

the nonlocal parameters of the first and the fourth sub-beams, i.e., 1  and 4 . Deflections are shown at 

the free end for the cantilever beam and at the mid-span for the other beams. In all cases, the deflection 

of the beam decreases for higher values of the nonlocal parameters. The effects of the nonlocal 

parameters of the first and fourth sub-beams on the deflection are highly dependent on the boundary 

conditions. 

For the cantilever configuration, the impact of the nonlocal parameter of the first sub-beam on the 

deflection is significantly more pronounced than that of the fourth sub-beam. This is because in a 

cantilever configuration, the stresses generated in the first sub-beam, closer to the fixed end, are much 



20 

greater than those generated in the fourth sub-beam, closer to the free end. Based on the same reasoning, 

the effect of the nonlocal parameter of the fourth sub-beam on the deflection becomes stronger when the 

right end of the beam is pinned or fixed, i.e., when the boundary condition is fixed-pinned or fixed-fixed. 

On the other hand, the effect of the nonlocal parameters on the deflection is also influenced by the 

compliance of the sub-beams. For instance, in a pinned-pinned configuration, the impact of the nonlocal 

parameter of the fourth sub-beam, which has the highest compliance, on the deflection is more 

pronounced than the effect of the first sub-beam, which is the stiffest sub-beam. 

 

 

Fig. 8 Deflections of a beam with four sub-beams having (1) (2) (3) (4)2 3 4 1C C C C     and 

(2) (3) 0.25    under a uniform transverse load. The sub-beams are connected to each other at locations 

1 0.25x  , 2 0.5x  , and 3 0.75x  . The results are presented for different boundary conditions on varying the 

nonlocal parameters of the first and the fourth sub-beams, i.e., 1  and 4 . The deflections are presented at the 

free end of the cantilever beam and the mid-span of the other beams.  

 

Deflections of a beam with five sub-beams having (1) (2) (3) (4) (5)4 5 3 2 1C C C C C      and 

(1) (2) (4) (5) 0.25        under a uniform transverse load are illustrated in Fig. 9. The sub-beams are 
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connected to each other at locations 1 0.2x  , 3 0.6x  , and 4 0.8x  . The results are presented for 

different boundary conditions, varying 2x  and 3 . Deflections are shown at the free end for the cantilever 

beam and at the mid-span for the other beams. Increasing 2x  elongates the second sub-beam and shortens 

the third sub-beam. In a local nonuniform beam, it is expected that increasing 2x  reduces the deflection 

since the second sub-beam is stiffer than the third one. However, data presented in Fig. 9 show that for 

the nonlocal nonuniform beam, increasing 2x  may also increase the deflection. 

On the other hand, increasing the nonlocal parameter of the third sub-beam consistently reduces the 

deflection. This is because the stress-driven nonlocal formulation always predicts a stiffening behavior 

when the nonlocal parameter increases. However, the effect of the nonlocal parameter of the third sub-

beam is influenced by the location where the second and third sub-beams are joined. This underscores 

the inherent flexibility in the design of a nonuniform miniaturized beam to tailor its deflection curve. 
 

 

Fig. 9 Deflections of a beam with five sub-beams having (1) (2) (3) (4) (5)4 5 3 2 1C C C C C      and 

(1) (2) (4) (5) 0.25        under a uniform transverse load. The sub-beams are connected to each other at 

locations 1 0.2x  , 3 0.6x  , and 4 0.8x  . The results are presented for different boundary conditions on 
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varying 2x  and 3 . The deflections are presented at  the free end of the cantilever beam and the mid-span of the 

other beams.  

5. Conclusions 
A stress-driven nonlocal model has been formulated based on the variational approach and the transfer 

matrix method to investigate the flexural response of nonuniform miniaturized beams made of different 

sub-beams with different material and geometrical properties. The model expresses the curvature at any 

position within a sub-beam through an integral convolution involving the bending moments exclusively 

across that sub-beam and a kernel function. The validity of the model relies on the assumption of 

independent nonlocalities among sub-beams. Solving the equilibrium equations governing the bending 

deflection of individual sub-beams under uniform loading, we obtained explicit closed-form solutions in 

terms of some unknown constants. Utilizing the transfer matrix method, we defined these constants, 

presenting explicit solutions for the deflections of nonuniform beams with any arbitrary number of sub-

beams. Applying these closed-form solutions, we explored nonuniform miniaturized beams featuring 

two to five sub-beams. The results emphasize the intricate flexural response of nonlocal nonuniform 

beams, revealing their complexity in contrast to the more predictable behavior observed in the bending 

of local nonuniform beams. Specifically, in local nonuniform beams, increasing the length of a stiff sub-

beam increases the overall system stiffness. However, in nonlocal nonuniform beams, this behavior is 

unpredictable, and in some instances,  elongating the stiff sub-beam may lead to a more compliant overall 

response. The phenomenon is influenced by the type of boundary conditions. The implication of this 

observation, which may be of importance in the Engineering Science community,  is that dividing a 

uniform miniaturized beam into multiple sub-beams and then reconnecting them alters the overall 

stiffness of the beam. Upon experimental validation, the presented results open the possibility of 

intentionally designing cutting cross-sections to engineer the flexural response of the miniaturized beam. 
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