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Abstract

On-site recovery and reuse allow saving dwindling water resources. However, for safe water reuse, it is essential to be able
to guarantee a given water quality at all times. This is especially challenging for on-site water resource recovery facilities
because sensors are unmaintained. Therefore, robust features for monitoring the treatment process are required. Here we
present a method, i.e. Dynamical Systems Analysis (DSA), to explore models for informative features and systematically
characterise these features. We exemplarily demonstrate the application of DSA to the Activated Sludge Model 1, and
explore a ramp feature in the dissolved oxygen signal used to detect full ammonium oxidation. Our findings show that the
ramp feature is immoral, which means multiple state variables cause the observation of this feature, potentially leading
to false positive detections. However, through DSA, we show that the prediction accuracy is increased when the feature
is selected based on a minimal value of the slope of the dissolved oxygen signal. The current analyses also provided
further features that could increase the accuracy of the detection, in particular the concentration of autotrophic bacteria.
We further highlight that the potential of DSA goes far beyond our results, including feature identification, calibration
procedure and experimental design. We additionally provide all code open access and with examples so that readers can
conduct their own analysis.
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Glossary

ADM Anaerobic Digestion Model. 3, 4, 10, 12
ASM Activated Sludge Model. 1, 3-12, 16, 24

BSM Benchmark Simulation Model. 4, 24
DSA Dynamical Systems Analysis. 1, 3-10, 25
ODE Ordinary Differential Equations. 3

ramp A time-based signal feature. It is defined as the signal’s non-saddle (non-zero first time derivative) inflection point
(zero second time derivative).. 1, 2, 512, 1618, 24, 25

SBR Sequencing Batch Reactor. 5, 10

1 Introduction

The impact of climate change on water cycles has a cascading effect on urban areas, agriculture, industry, and the natural
environment, necessitating adaptation. A flexible, circular on-site infrastructure (Larsen et al., 2016; Rabaey et al., 2020), is
a promising adaptation strategy. Furthermore, on-site plants may allow cost savings (Eggimann et al., 2018) and resource
recovery (van Loosdrecht and Brdjanovic, 2014).

Monitoring and control is one decisive challenge inherent to on-site water and wastewater infrastructure. This is on the
one hand attributable to the capital cost of sensors for target water quality variables creating the need for soft sensor (Haimi
et al., 2013) development. On the other hand, monitoring is hampered by required sensor maintenance (Schneider et al., 2020).
Most studies do not address the maintenance challenge even for on-site settings (e.g. Shyu et al., 2023). However, sensors
expose a variety of often non-linear wearing effects such as damage, fouling, or deterioration (e.g. Alferes et al., 2024; Cecconi
et al., 2020; Samuelsson et al., 2018; Ohmura et al., 2019) and sensor faults impact the treatment performance (Ivan and
Zaccaria, 2024). The wearing effects are especially challenging to data-driven approaches, despite high accuracy results (e.g. Li
et al., 2023), as they might be outside the training dataset. Consequently, sensors should either be installed in an environment
where nearly no maintenance is required, for example, a chlorination tank (Reynaert et al., 2023) or features (Schneider et al.,
2019) and control patterns (Thiirlimann et al., 2019) need to be by design robust to the specific sensor wearing effects.

Schneider et al. (2019) directly compared a soft sensor to predict complete ammonia oxidation using a ramp feature
(i.e. a non-saddle inflection point, see "Ramp" in fig. 6) in the dissolved oxygen signal based on data from maintained and
unmaintained sensors. The ammonium-depletion detection based on the ramp feature is quite robust to inaccuracies due
to wearing of the physical sensor. Nevertheless, three time-consuming sampling campaigns and extensive simulations with
existing mechanistic models revealed at least two alternative causes for the dissolved-oxygen ramp feature i.e. the aeration
pattern and alkalinity limitation. Additionally, a short solids retention time (Schneider et al., 2020) made the ramp disappear
for ammonium concentrations below an arbitrary threshold. Hence, designing robust soft sensors is constrained by our ability
to systematically explore the causes of the feature, e.g. due to the plethora of state combinations that can lead to it. Moreover,
the presence of alternative causes for the feature (see the supplementary information sec. C) poses a risk of erroneous soft
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sensor predictions, potentially affecting human and environmental health. To avoid these undesired effects, a systematic
identification of the alternative causes and the analysis of the plausibility of their occurrence is required.

For complex systems such as human brains, global weather, or biochemical wastewater treatment processes, understanding
the functional architecture to define effective, rigorous, principled, and general methods is important, yet remains a
challenge (Rosas et al., 2024). To find such a method, we systematically analyse sets of Ordinary Differential Equationss
(ODE) using an approach that we call DSA (see Strogatz, 2024, for a joyful introduction). The approach aims at understanding
a set of ODEs without integrating them, usually leading to efficient workflows and adding a novel perspective to problem-
solving. DSA encompasses techniques for characterising stability and bifurcations (cf. tipping points), and it allows screening
any dynamic model for a plethora of features and engineering features useful for monitoring and control. In other fields, such
as robotics, DSA is frequently employed (Akashi et al., 2024; Carbajal et al., 2022; Caluwaerts and Carbajal, 2015, e.g.) to
gain mathematical insights into the engineering problem to solve, which more often than not lead to novel solutions. In
climate science, DSA has been used to predict abrupt changes like tipping points (Bathiany et al., 2016). DSA also provides
an alternative perspective into model calibration (Haller, 2023, ch. 1), which focuses on validating structural features of the
model with experimental data, as opposed to the more conventional approach of matching time series.

In wastewater treatment, DSA remains an uncommon approach. When DSA is employed, it is frequently referred to with
ambiguous terms like "analysis", which hinders identifying relevant studies. We, therefore, believe that a review on DSA
applied in biochemical treatment and recovery processes of wastewater and similar streams is timely, especially to the popular
Activated Sludge Model (ASM) (Henze et al., 2000) and Anaerobic Digestion Model (ADM) (Batstone et al., 2002). Hence,
we provide a brief review in tab. 1.



Reference

Vanrolleghem (1994)

Grognard and Bernard (2006)

Shen et al. (2007)

Nelson and Sidhu (2009)

Volcke et al. (2010)

Benyahia et al. (2012)

Bornhoft et al. (2013)

Dionisi et al. (2016)

Wade and Wolkowicz (2021)

Neto et al. (2022)

Sampaio et al. (2022)

Model

ASM1 and solid flux

sedimentation model

Two-population model
for anaerobic process

Anaerobic digestion

ASM1

Two-step biological
conversion system

Two-step ADM

ADM1

Two-population model
in a batch process

Impulsive annamox

Benchmark Simulation Modell (BSM)

ASM1-based with
greenhouse-gas emissions,
two-step nitrification,
four-step denitrification
and 10-layer settling

DSA outcome

Degradation and settling should be
considered for control design

Stability analysis with
non-trivial solutions

Identified three stable points

under usual operation, and
a saddle-node bifurcation

Identified two branch
points

Steady state multiplicity
was identified

Bifurcation and stability
analysis

Bifurcation analysis

Stability analysis

Bifurcation analysis

Structural controllability
and observability

Structural analysis

Implication/application

Improved control design

How to avoid instability
e.g. acidification

Find stable operating
conditions

Determine optimal
residence time

Experimental design

Experimental design for
monitoring strategy for
soluble microbial products

Model selection: Impact
of model simplification

Accelerate calculations
to reach steady state

Predict wash-out of
nitrite-oxidising bacteria

Stability, controllability
and observability

Show if full-state controllable
and observable for greenhouse
gas emissions

Table 1: Literature review on DSA in anaerobic digestion and activated sludge modelling for wastewater treatment.
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These successful examples from the water sector indicate that DSA is valuable for analysis of steady-states and stability
analysis contributing to experimental design and identifying regions of optimal operation, control, or observability. However,
the use in other fields shows, that the potential of DSA is far from exhausted in the water sector. We assess that systematic
detection of information-rich system dynamics (i.e. features) merits further attention, with applications in for example
feature-based model calibration and feature engineering for soft-sensor development, the latter being the primary focus of the
current study.

The specific goals of this article are:

1. Study the causal relation, including immoralities, of the ramp feature.
2. Exemplify the usefulness of DSA for feature identification and design.
3. Discuss the level of automation of the developed method.

4. Discuss the potential of DSA as a standard procedure for soft-sensor design.

2 Results and Discussion

Herein, we use DSA to showcase how to analyse a biochemical model for features to be used in soft sensors. To model the
activated sludge process we used the mass balance-corrected version of ASM1 (Henze et al., 1987) by Hauduc et al. (2010).
We exemplify the use of DSA for feature engineering by systematically investigating factors affecting the ramp feature in the
dissolved oxygen signal in an Sequencing Batch Reactor (SBR) to predict the effluent ammonium concentration. The current
work complements previous data-driven, mechanistic, or hybrid feature-learning approaches (Schneider et al., 2022) on a
process familiar to the authors to introduce and discuss DSA as a potential standard procedure for soft-sensor development.

2.1 Model dependency graph

A worthwhile first step to get an overview before doing a DSA is a visual inspection of the dependencies. The dependency
graph implies causation from the relations between states defined in the analysed model. Figure 1 shows the dependence
graph of the 14 states of the mass-balance-corrected ASM1 Hauduc et al. (2010). The many circular dependencies reflect the
high complexity of the system. Furthermore, all processes follow the pattern state—rate—state, which hints at the specific
model structure presented in 2.3. By looking at the arrows and their direction, we can identify that five of these states do not
affect the dynamics of the other states, of which two are uncoupled (no children or parents in the graph, i.e. Xub in, Snb),
and three are measurements (no children, i.e. Xype, Snz, Salk). Therefore, the dynamics of ASM1 are determined by the
following nine states (in brackets is the notation by Henze et al. (1987)):

Sy, Soluble biodegradable organics (SS)

X Particulate and colloidal biodegradable organics (XS)

Xp Ordinary heterotrophic organisms (XBH)

X, Autotrophic nitrifying organisms (NH4+ to NO3-, XBA)

Soz2 Dissolved oxygen (SO)
Snxox Nitrate and nitrite (NO3 + NO2) (considered to be NO3 only for stoichiometry, SNO)
Snux Ammonia (NH4 + NH3) (SNH)

Spn Soluble biodegradable organic N (SND)
Xepn Particulate and colloidal biodegradable organic N (XND)

2.2 The dissolved oxygen ramp feature in detail

To illustrate the traditional way of finding inflection points (i.e. ramp features), we show in fig. 2 the time-series of the states
of ASM1 generated by one set of initial conditions. With Spo and Snxpuy in the top panel true and false positive ramp features
can be identified in this single batch run. The vertical lines represent time instances where the conditions of a ramp in the
oxygen signal (defined in egs. (9)-(10)) are satisfied.

The first ramp in the Sp9 signal is particularly interesting. If the soft sensor does not identify this ramp correctly to stop
the treatment process, the ammonium concentration starts rising. The relevant process is the ammonification during the
decay of heterotrophic bacteria in the absence of sufficient autotrophic bacteria. The second ramp is a false positive one.
The third ramp is what we generally would expect in a biochemical treatment process that recovers wastewater batch-wise.
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Figure 1: ASMI1 state dependency graph. The graph depicts the interactions between the states in the model. States (larger
nodes) affect rates (smaller nodes), which in turn affect the states through their time derivative. The arrows indicate which
states and rates affect each other. Pink nodes with no child are measurements which do not impact other states. Grey nodes
with neither parent nor child are uncoupled (i.e. the non-biodegradable organics, Sy, and particulate non-biodegradable
organics from the influent, Xy, in). The red nodes are the potential alternative causes for the ramp feature that would lead to
a false prediction of the target variable.
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Figure 2: The top panel shows the Sps and the Snpx signals. The ramp time instances are marked on all panels as vertical
lines and the time intervals on the x-axes are the same. The second ramp is a false positive for the effluent ammonium
concentration estimation, the third one is a true positive feature, and the first one is a true positive that is not caused by the
ammonium reaching a concentration below the threshold at the ramp-occurrence time, but the ammonium is already low
before. By looking at the other panels, potential causes for the ramp features can be visually detected. The plots are for one
single set of initial conditions. Each of these three ramp observations corresponds with one point on an inflection point curve.
The time series are displayed here to display the ramp features. However, these time series will not be simulated in the DSA

to obtain the inflection point curves. The units of all state variables are gm™3.
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Remarkable is also that the two true positive ramps have a much steeper slope than the false positive one. The first objective
of the present work is to use DSA to efficiently screen for potential causes of false positives in the ramp feature. In a further
objective, the potential of DSA to make the ramp feature more robust is explored.

Formally, ramps are zeros of the second time derivative in which the first derivative is positive (i.e. non-saddle inflection
point). The locus! of ramps can be described mathematically by:

ramps = {¢: &(t) > 0 A & = 0} (1)

where the signal is given by z(t) and the doted symbols represent time derivatives, and the wedge (A) is the logical conjunction
(and) symbol, meaning that both criteria need to be fulfilled simultaneously.

2.3 Identification of states leading to dissolved oxygen ramps

To identify the states that lead to a ramp feature in the dissolved oxygen signal (represented by the state Sos2 in the ASM
family), we need to compute the second time derivative of this state (i.e. Soz), see eq. (13). This derivative can be computed
directly from the model equations without simulating the full set of equations to generate a signal, a fact that makes DSA a
particularly powerful and computationally efficient method. This computation can be done for any model structure, but for
the ASM family the computations are simplified thanks to the structure of the model that can for example be identified from
fig. 1:

T =Mr(x)+z (2)
E=Mr+z=MJ, ¢+ 2 (3)

where we used boldface, e.g. x, for vectors, and capital typewriter font, e.g. M for matrices. In eq. (2), x is the vector of
states of the model. The states are then transformed via the mapping (), into a new vector, which herein we will call rates
vector. The matrix M, such as the stoichiometric matrix Gujer and Henze (1991), combines the rates to produce the time
derivatives of the states. The additional term (2z) in eq. (2) represents the actuation on the states of the system. More details
and explanations are given in sec. 4.3. Therefore, if the autonomous part of the model, M and r(x), are given in tabular form,
we can evaluate egs. (2) and (3) directly, which allows to analyse any features based on time derivatives of the model states in
this way.

Applying these formulae to ASM1 (given in supplementary information B.3), we obtain equations for the autonomous
part (the part without actuation z) of the first and second time derivative of the dissolved-oxygen state (So2). For the first
derivative we get:

SOQ - mSoz ga0O2 Ja02 (SNHX7 5027 Xa) + mSoz gho2 ghOQ(SNH)H SO27 Sba Xh) (4)
Ya + LCOD,NO3 Yh — 1
MSo62 gaoz = . MSo2 gnoz = (5)
Ya Th
SNHxS02
SNHx, S02, Xa) = X 6
ga02( NHx; P02 a) Hmax,a Xa (SNHX n K?NHX,a) (SOQ i K/OQ,a) ( )
SNHx 5025

S X,S ,S ,X ‘= Umax X
gnoa (St Soz, Sy Xn) = phmacch " (Snix + fxten) (Soz + Koz) (So + fib)

In the equations above we explicitly show the dependency of the rates (states in parentheses) that we extracted from the
model equations. We omit them in the formulae for the second derivative:
502 :SNHX (8SNnga02 MSos gaoe T 8SNnghO2 MSoz ghoz)
+S502 (8502 9202 MSo5 gaos T+ 05029002 M50, ghoz) (8)
+Sb85bgh02 MSos gnoo + XaaXagaOQ MSos gao2 + XhathhOQ MSo62 gho2

The conditions for the ramp (section 4.2), including non-autonomous injection of oxygen (e.g. aeration, inflow) zp2(t),
read:

Soz + 202 >0 9)

502 + 202 50 (9202 MS0s gavs T Jn02 MSos groz) + 202 =0 (10)

The first condition for a ramp, eq. (9), requires the sum of the two time derivatives in this equation to be positive. This
expresses the fact that the rate at which oxygen is transferred to the liquid phase (zp2) needs to be bigger than the oxygen

1set of all points that satisfies the specified conditions
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Figure 3: Causes of the Spy ramp feature. Obtained from the variables in eq. (8). Several V-structures are identified from
the causal relations.

uptake rate by the bacteria (502), as there cannot be more oxygen consumed than is present. Since the biological activity
of heterotrophic and autotrophic bacteria consumes dissolved oxygen, Soz is always non-positive. The signs of ms,, g.0,
and Mgy, g.0. are determined by the coefficients in eq. (5), and for plausible values of v, and ~;, (see tab. 4), these signs are
negative. Therefore, in ASM1 the dissolved oxygen ramp is a feature that can only be generated with a source of dissolved
oxygen (aeration) as otherwise eq. (9) cannot be fulfilled. This underlines the role of aeration for the detection and robustness
of the ramp feature, which in a different context, was observed in a real-world case in (Schneider et al., 2020).

Using DSA shows that the conditions (9) and (10) depend on other states besides Sxux and Sosg, i.e. Snox; SbN, Sb,
X, Xeb, Xn. So, even if we kept Syux constant at a value above the prediction threshold for a full ammonium depletion,
changes to these other states could generate a ramp that is not due to a Syux below this threshold. This can potentially lead
to false positive predictions with a ramp-based soft sensor.

2.4 Immorality of the dissolved oxygen ramp

From the nine states in the dependency graph (1), DSA shows that only eight are actual causes of a ramp, XN is not
a cause. These eight states form several V-structures within the causal diagram of the ramp feature in fig. 3; know as
immoralities (Pearl and Mackenzie, 2018). The states (parents) in a V-structure, will be associated (correlated) when data is
selected conditional on the presence of the feature (child). Similarly, a data~-driven machine learning approach trained on data
containing the ramp could be exploited for induced correlations to infer difficult-to-monitor states, for example, Sypx from
Soz2. However, since pure data-driven approaches are limited to exploiting correlations without guaranteeing causality; adding
causal relations, as we do here, can enhance the performance and information extracted from the method, e.g. to include root
cause analysis.

DSA allows the systematic evaluation of conditions that lead to a ramp in a search process by sampling the states
independently to determine the causes (parents) of the ramp feature, see fig. 3. This is illustrated in fig. 4a which shows all
ramps found on the (So2, Snux) plane for 10,000 uniformly distributed random values of all the other six states that can
cause ramps (see section B for explanations on how to read these curves). Each line is a 0-level set curve of eq. (10) that
satisfies eq. (9). In this figure, we can see that many of these ramps are below an arbitrary threshold of 1gm=2 Sxpxn. All
the ramps below the threshold would lead to the correct conclusion that the ammonium oxidation process is complete (true
positive), hence the feature is informative. However, many other ramps are clearly above the threshold, and would lead to an
erroneous conclusion (false positive).

Similarly, fig. 4b shows all ramps found on the (So2, X.) plane for the autotrophic bacteria that are responsible for the
removal of nitrogen compounds such as ammonium. We have sampled values of Sxux above the arbitrary threshold, between
1gm™3 to 200gm—3. For all other states, we used the same ranges as before. Hence, only false positives ramps are shown in
this plot. This allows us to evaluate causes of false positive results and identify measures to increase accuracy. The pattern
clearly shows that a minimum concentration of X, could drastically reduce the false positive results. This and similar patterns
could be further exploited for soft sensor design, which we explored next.

In summary, fig. 4a and fig. 4b illustrate how DSA can be used to systematically scan a feature space for the occurrence of
features and their causes. Analysing the equations allows us to identify causal relations, which is very different from checking
data for correlation. For an extended discussion of these results concerning experimental work in (Schneider et al., 2020,
2019) see sec. C.1.

2.5 Ramp points distribution

Figure 5 shows the distribution of states that cause a ramp feature (satisty eqs. (9)- (10)). Blue and orange dots indicate
effluent ammonium concentrations below and above an arbitrary threshold (T), respectively. Blue dots are thus true positives
for the ammonium soft sensor and orange dots represent false positives. The plot also shows the value of the dissolved oxygen
time derivative at these points. As we had previously observed in fig. 2, the true ramps are associated with higher derivatives
than the false ramps. The top right panel of fig. 5 (Sxux Vs 02) supports this observation, as almost no false ramps are found
above dissolved oxygen time derivatives of 400 gm~3 d~! Therefore, using time derivative information (slope in a time series
plot) together with the detection of ramps constitutes a more accurate feature.

This observation also provides a plausible explanation for the improvement in accuracy of an ammonium depletion classifier
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(a) Locus of all ramps in the (02, Y) plane for Snux. (b) Locus of false positive ramps in the (02, Y) plane for X,

Figure 4: Inflection point curves in the respective (02, Y) plane for two state variables. The Lines show the combinations of
02 and Y concentrations that lead to a ramp feature. The simulation was done for 10,000 different initial conditions for each
panel. The darker the area, the more overlapping inflection points are in the region. The ammonium concentrations for b)
were restricted so that the panel only shows false positive ramps.

when slope information was included because without it the feature was not informative (Schneider et al., 2019, 2020). ASM1
already captures this relation, despite missing processes and its relative simplicity when compared to other activated sludge
models. Being able to identify such a slope dependence shows that for the ramp-feature design ASM1 is structurally useful.
Hence, we demonstrate how DSA can be used for a structural verification of a model.

In the top right panel of fig. 5 we further see that if the false positives are eliminated by choosing a minimal slope and
rejecting all below the chosen slope (e.g. < 400gm~3d~1) a lot of false negatives would occur. The coloured shaded regions
for different levels of X, indicate that these levels could be used to lower the slope tolerance, and therefore, reduce the false
negatives. Hence, finding a feature to predict X, would further increase the accuracy of the ramp-based soft sensor.

Further patterns can be recognised in fig. 5, such as if Sy is above approximately 7gm ™ there are no correct predictions
possible anymore. It is reasonable to think that if the soluble biodegradable organic nitrogen is high, too much ammonium is
formed and its concentration cannot drop below threshold T. The experimental confirmation of this discovery is part of future
work. Furthermore, observing multiple additional patterns to the ones discussed in this article shows the large potential for
future studies, e.g. further improving the soft sensor with an X, estimation or to identify an early warning feature for loss of
nitrifying biomass.

Herein, we demonstrated how DSA can be used to improve the feature, e.g. by adding further constraints on a feature
such as with the slope of Spa. DSA could also be used to discover feature sets from signals of other sensors than dissolved
oxygen that further improve the accuracy and robustness of an ammonium-depletion soft sensor or soft sensors for different
quantities of interest.

We provide all the code under a GNU free public license in Carbajal and Schneider (2024), hence readers can adapt it to
their own analyses and for different models, as long as they have the structure described in eq. (3).

2.6 Limitations

There is one other known state variable that could cause a ramp: the alkalinity (Al-Ghusain et al., 1994), which has no
influence on other states in the definition of ASM1. No DSA performed on this model will inform us of the influence of
alkalinity. This is because DSA is applied to a given model, and its structure restricts the results that can be obtained. The
presented method for DSA can be applied to other models such as ASM3 which would allow us to assess the relationship
between alkalinity and the ramp feature. However, in the present work, it was decided to develop a proof of concept of the
method based on ASM1 as this is still the most commonly used model in the ASM family.

3 Conclusion
1. We used DSA to systematically evaluate all the mathematically possible solutions leading to a ramp feature in the

oxygen signal in ASM1. The dissolved oxygen ramp is clearly immoral, which means that not only a low (Sxpux), hence
a full ammonium oxidation, causes the ramp feature, but also eight alternative causes, i.e. So2, SNOx; SbN, Sbs Xa,
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Figure 5: ASMI1 ramp points distribution. Distribution of states fulfilling the ramp conditions (9) and (10). The points
are colored by whether the value of Snux is above or below an arbitrary threshold (T). The number of samples (N) in each
category is shown in the legend. The panels on the diagonal always show the density of points. The bottom row of the panels
shows the value of the dissolved oxygen time derivative (ramp’s slope), including the aeration i.e. So2 + z02. The top-right
panel shows the relation between the ramp’s slope and the ammonium concentration. The coloured regions on that panel
show the level of X,, illustrating a further correlation that can be exploited for increasing the accuracy of full ammonium
depletion detection.
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2. We could identify with DSA that the slope of the dissolved oxygen at the locus of the ramp is relevant and can increase
the accuracy of the ramp feature.

3. Many models (e.g. ASM family or ADM1) follow the same structure which means that the formulae presented here can
be applied "as-is" for a plethora of models in the water and resource recovery domain.

4. The same analysis could be done with extrema or other features based on time derivatives of the model’s signals and is
relevant for any under-actuated, heavily natural system because they share the underlying challenges of complex, only
partially observable systems.

4 Materials and methods

4.1 Dissolved oxygen feature

As introduced in section 1, a feature can be used to monitor a biochemical wastewater treatment process. From the two
measurement signals pH and dissolved oxygen from a previous study (Schneider et al., 2019), we here chose the latter, as Soo
is a state in the ASM1 while pH is not a state variable in any of the ASM models. This allowed us to start with a model with
a small number (eight) of equations to implement. The feature of the dissolved oxygen is a ramp (see fig. 6) that can be used
to predict the ammonium (Snux) effluent concentration. Olsson and Andrews (1978) describe the ramp feature for a plug
flow reactor, hence w.r.t. the location. Following the same principle in our study, we use an SBR, thus the ramp is w.r.t.
time, i.e. whenever an inflection point is observed during the aeration phase, we assume that the ammonium is fully oxidised
so the ammonium nitrogen is below or equal to an arbitrary threshold of 1gm™2 (Schneider et al., 2020). If there is no ramp
feature the effluent ammonium concentration is estimated to be above 1 gm™3. For this prediction to be accurate and robust
there should be no other state than an ammonium concentration below or equal to 1 gm™> leading to the ramp feature. First,
we obtain all the mathematically possible solutions for a ramp feature in ASM1 with DSA. See 4.2 for a detailed description
of how we obtained these solutions. Next, we further constrain these mathematically possible solutions to the physically
plausible ones by restricting them to only positive states. Restrictions were that concentrations cannot be negative and the
setting of a wide, yet feasible range for all state variables. See tabs. 5-7 in the supplementary information for ranges that are
reported in the literature, which we consulted to restrict the phase space of the state variables.
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Figure 6: Ilustration of two different features based on time derivatives of a signal. An extrema (valley) and a non-saddle
inflection point (ramp). The latter we use in this article. The figure is created with Carbajal and Schneider (2019).

4.2 Model signal features

We are concerned with computing signal features based on the signal’s derivatives w.r.t. time (time derivatives). Figure 6
shows two examples of such features: a valley that is a minimum extreme point and a ramp. Extrema are zeros of the signal’s
first time derivative, and ramps are zeros of the second time derivative in which the first derivative is positive (i.e. non-saddle
inflection point). The locus? of ramps can be described mathematically by (1).

Eq. (1) can be used with signals that are differentiable twice. Also, we exclude saddle-points by requiring that the first
time derivative is positive. The definition of ramp includes the concavity changing points of sigmoid functions like the
hyperbolic tangent (as shown in fig. 6) and points at which the signal looks locally like a straight line (i.e. proportional to
time), even if its concavity does not change sign.

Therefore, by obtaining an expression of the first and second time derivatives of the signal directly from the model, we can
compute the locus of all ramps without solving the full differential equations or modelling time series.

4.3 Model structure

We apply our approach to models with the following structure:

Mr(z)+ 2z (11)
h(x) (12)

where we used boldface, e.g. x, for vectors, and capital typewriter font, e.g. M for matrices. In eq. (11), x is the vector of
states of the model, which herein we take to be a real column matrix, i.e. & € RV*! (N is the number of states, e.g. N = 13
in the original ASM1, Henze et al. (1987)). The states are then transformed via the mapping r(x), into a new vector, which
herein we will call rates vector and, by slight abuse of notation, denote also . This transformation might not preserve the
dimension, so the resulting rates vector might have a different dimension r(x) € RF*! (R is the number of reaction rates, e.g.
R = 8 in the original ASM1,Henze et al. (1987)).

The matrix M combines the R rates to produce the N time derivatives of the states, . Hence we have M € RN*E_ The
additional term (z) in eq. (11) represents the actuation on the states of the system?.

Equation (12) (a.k.a. measurement model (Ljung, 1999, ch. 4.3)) represents a mapping that generates measurement
signals, y (modelling those that could be produced by a sensor), based on the model states (x).

2set of all points that satisfies the specified conditions
3The actuation might not be the inputs defined by a controller, a further input model (b) might be needed: z := b(u), where u are the controllable
inputs and z are the actuations
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Until here we have omitted the dependence of egs. (11)-(12) on parameters to keep the notation simple. All the model’s
components described till now can depend on parameters (free* and fundamental).

Many models for activated sludge and anaerobic digestion obey this structure, for example, all the ASM family (Henze
et al., 2000), and several anaerobic digestions models (Manchala et al., 2017) such as ADM1 (Batstone et al., 2002). As an
example, all model components described above correspond to ASM1 and can be found in B.3, including tabs. 4 with all
parameters and their description. This means that the analysis presented here can be applied to any model that follows the
form in egs. (11)-(12).

As the model evolves in time, eq. (11) provides the first time derivative of the signals. The second time derivative of all
states is obtained by direct application of the chain rule:

where J,. is the Jacobian of the rates w.r.t. the states, i.e.
Vir(z) Oz, 71 oo Ogpym
Jp = : = : : (14)
V.ire(z) Op, TR . OxyTR

The ramps of the i-th signal in these models is then given by

ramps == {t:M;. 7 +2;, >0 A M. J. &+ % =0} (15)

4.4 Ramp contingency

Here the typical and the physical minimum and maximum values are presented for all eight relevant states that can cause the
Sos ramp feature.

For all evaluations in this article, we used Python 3 (Van Rossum and Drake, 2009) and SymPy (Meurer et al., 2017) (any
other computer algebra system could be used), complemented with a minimal amount of manual analysis that will be further
automated in the future (Carbajal and Schneider, 2024).
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A Supplementary information
A.1 Time derivatives

B Ramp points curve

®

Figure 7: Construction and interpretation of ramp points curve. A: a trajectory of a dynamical system in RY. In the drawing,
the space is decomposed in two sub-spaces of dimension 2 (the planes are labelled with P in the diagram), and N — 2 (the
perpendicular direction to the planes, the orthogonal complement P+ of P). By fixing the values of all components of a
vector in P1 a plane is defined as shown. The trajectory crosses these planes as it evolves. B: Components of the trajectory
can be plotted as a function of time, as an example the states Spo and NH, from ASM1 are shown. The points in which a
ramp is realised are marked here and in the trajectory. The time of the ramps have their corresponding planes in panel A, t;
with P, etc. C: By merging all the planes and the points corresponding to a ramp in them, we obtain the locus of all ramps.
These loci might look like curves in the obtained plot. The curve collects points from different planes (different values of the
states in P1)

The locus of all ramps defines a hyper-surface of dimension RN 1. This surface cannot be visualized easily. Therefore we
choose a sub-space of dimension 2 that we call P (for plane) and we collect points fulfilling the ramp conditions in it.

In P we have two states of our choice, e.g. Sp2 and X,, and all other states are in the orthogonal complement of P, called
Pt In fig. 7 we depict P as a single direction, but the reader should understand that in fact, this sub-space is of dimension
N —2.

Figure 8: Multiple trajectories crossing the plane P, for fixed values of P. Some trajectories intersect the plane with a
ramp in the time signal of the selected component, e.g. So2, while others do not (pink trajectory). Only those with a ramp
contribute to the ramp locus (dashed lines on P).
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Figure 9: Values of the dissolved oxygen time derivatives of the selected samples from fig. 5

To put a ramp point in P, we must first define a value for all states in PL. These are the planes shown in panel A of
fig. 7. For any value we choose for these other states, and for any value of the states in P, we can always find a trajectory of
the dynamical system that goes through the point in the full space. Hence, the reader should imagine each of these planes
crossed by many trajectories as the ones shown here, each one intersecting the plane at a unique point. We then filter the
intersection points by selecting those that fulfil the ramp condition. Then we repeat this process for different values of the
states in P+ (different planes in the figure). We collect all these points in a single plane. These are the curves shown in fig. 4
in the body of the article.

The points shown in fig. 5 are obtained in a similar fashion. However, for these points, we do not fix any state. All
states (including Snux) are free, and to sample the hyper-surface defined by the ramp conditions (9) and (10), we solve an
optimisation problem, which can be stated as follows: generate distinct points in a level set defined by a function ¢ : R — R
(in our case n = 8):

Lei={r e R": ¢(x) =c} (16)
To warrant good behaviour of the set, we assume that the function has the following properties:
1. is continuous: implies closedness of the sets {x € R™ : ¢(z) < ¢} (sublevel set)
2. Vo(z) #0 Va € £, (non-degenerate level set, level sets don’t intersect)

3. is coercive: lim|,| o @(z) = 0o (compact sublevel sets). That is: ¢ is coercive <= Vc € R, {x € R" : ¢(x) < c} is
compact.

We can set the problem of sampling the ramp hyper-surface as a constrained optimization:

x = argmin f(z,0) (17)
zESCR"

$(x) =0 eq. (9) (18)

Y(z) >0 eq. (10) (19)

where S is chosen such that £.N S # (e.g. a hyperbox), and the cost function f(x): R™ — R is arbitrary. The quality of the
optimization results for our sampling can be verified by looking at the distributions shown in fig. 9. There the values of ¢(x)
are shown (second time derivative, which should be zero), together with the values of ¢(x) (first time derivative, must be
positive).

The cost function is exploited to achieve other objectives, like the spread of the points over the surface. For example:
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(a) Reconstruction for So2 = 2gm™°. (b) Reconstruction along the inflection point curve.

Figure 10: Reconstruction of the Sps and Snux curve from selected points, marked with an x, in the Sgo, X}, plane. In a)
only one value is on the inflection point curve, hence has a ramp, in b) all but the two in the bottom left and upper right
corner are combinations of states with ammonium above the threshold leading to ramps.

I
fa{zh<isn,mmn) = = Y Hrmin — Iz = zi])l|lz — z)? (20)
i=1
where {z;}1<i<s is a set of points in £, (e.g. the set of previous solutions to the problem). H(r) is the step function, with
value 1 when r > 0.
Numerical solutions using Sequential Quadratic Programming (SQP) showed an accumulation of solutions on the boundary
of the intersection £, N S, likely due to the Karush-Kuhn-Tucker conditions. Other constrained optimizers are to be tested,
but as a workaround, the cost function can be extended to

f@A{ziti<i<r, 08) = f(x, {zi}1<i<s) + spike(z, 0S) (21)

where spike is a function that increases rapidly as x approaches the boundary (95) of S. This workaround and a very tight
hyperbox provided the results reported.

B.1 Interpretability of the inflection point curve

Figure 10 is the result from an interactive plot where points in the (X}, So2) plane can be selected and the time-series are
reproduced from these points. The point on the blue line in the top figures are ramps, the points away from the curve or
instances where no ramp occurs. From these points then the dissolved oxygen signals are reconstructed. This illustrates the
simulation time that we save by computing the inflection point curve directly. Hence, we evaluated ramps for 100,000 initial
conditions in a few minutes on a normal laptop, which covers a large region of the state-space.
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This work

Other name

Description

Sh,
Snb
So2
ch
an,in
an,e
SNHx
SNOx
XebN

SbN

SB

Su
So2
XCg
XUlnt
XuE
SNHx
SNOx
SBN
Xouo
Xano

Sak
SN2

Soluble biodegradable organics (SS)

Soluble nondegradable organics (SI)

Dissolved oxygen (SO)

Particulate and colloidal biodegradable organics (XS)
Particulate nonbiodegradable organics from the influent (XI)
Particulate nonbiodegradable endogenous products (XP)
Ammonia (NH4 + NH3) (SNH)

Nitrate and nitrite (NO3 + NO2) (considered to be NO3 only for stoichiometry, SNO)
Particulate and colloidal biodegradable organic N (XND)
Soluble biodegradable organic N (SND)

Ordinary heterotrophic organisms(XBH)

Autotrophic nitrifying organisms (NH44 to NO3-, XBA)
Alkalinity (HCO3-, SALK)

Dissolved nitrogen (gas, N2), not in classic ASM1

Table 2: Naming of states in this work in relation to commonly used names, e.g. (Henze et al., 2000), which is provided in the
bracket in the description. The "other name" column is based on (Hauduc et al., 2010).

This work

Other name

Description

9gho2
GhAn
ga02
dn
da
aN
ho
hoN

gho2
9hAn
ga02
dn
da
amN
ho
hON

Aerobic growth of heterotrophs

Anoxic growth of heterotrophs

Aerobic growth of autotrophs

Decay of heterotrophs

Decay of autotrophs

Ammonification of soluble organic nitrogen
Hydrolysis of entrapped organics
Hydrolysis of entrapped organic nitrogen

Table 3: Naming of process rates and their description. The "other name" column is following (Hauduc et al., 2010).
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B.2 Symbols name
B.3 ASM1 model

NSy, gnoa

o= O O

0

MSo2 gno2

0

M Sxax gho2
0
0

alk ghO2

0

mg

MSy gnan

SO = OO

0

MSNOx ghan
M SNHx ghAn

0
0

MS,1x ghan

M SN2 gnan

Snb
Sh

ch
Xn
Xa
an,e
So2
SNOx
SNHx
SN
XebN
Salk

_— o0 oo oo

0

MSo3 gaoa
MSNOx gao2
M SnHx ga02

0
0

alk JaO2

0

mg

SN2

an,in

0
0
0

MXp dy
—1

mx

mx

20

0
nb,e dh
0
0
0
0
cbN dh
0
0

MX b e da
0
0
0
0
MXcpn da
0
0

_ O OO0 oo oo oo

|
—

0

MSak an

0

o = O

(el el e e e Mo Mo Mo o o)

—_

_ OO OO0 o OO

OO'
[

(23)



Schneider, Torfs, and Carbajal, 2024

mMSy, gnoz

MSy, gnan -

mch dn
mch da
MX.p o dn

MXpp e da

MSo2 gnoz +

MSo2 gaoz

M SNox ghAn -

MSNox gao2 -

M Snux ghoz

"M SNHx ghAn
M SnEx ga02

MXcpn dn
MXcpn da

M Sak ghoz

M Sak gnan

MSak gao2

M San an

M SN2 gnan *

7h

=1—(xnb,
=1 — (xnb,
= (Xnb,1
= (Xnb,1
_m—1
B Th
__ Ya T LCOD,NO3
B Ya

T — 1
YhiNO3,N2
1

Ya
‘= —INXb

‘= —INXb
1
= —INXb — —
Va
= INXb — !NXnb(Xnb,1
‘= INXb — !NXnb(Xnb,1

‘= —INXblcSNHx

‘= —INXblcSNHx T

tesnox (n — 1)

ThiNO3,N2

1
‘= LcSNHx (—LNXb -— |+
a
‘= LcSNHx
|

ThiNO3,N2

9ho2(SNHx, S02, Sb, Xn)

9a02(SNHx, S02, Xa)
dn(Xn)
d.(Xa)
an (Spn, Xn)
ho(Snoxs So2, Xeb, Xn)

L hoN (SNOx; S02, XebN; Xebs Xn)
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So02
Snux + ENtxh) (So2 + koz,n) (Sb + Kb)
SNOxTan,hKO2,h

gno2(Snux, So2, Sb, Xn) = SNHbeXh,umax,h(

gnAn (SNHx; SNOx, S02, Sb, Xh) = SNHxSbXh hmax,h (

SNHx 02X albmax,a

SnHx + KNHx,a) (S02 + K02.a)
dn(Xn) = Xnfh
da(Xa) = Xafa

an(SpN, Xn) = SpenXnAam

gaOZ(SNHxa 5023 Xa) = (

Snx + ENHxh) (So2 + Ko2,n) (Sb + Kb) (Snox + kNOx,h)

Xn ( SNOxThyd,an02,h So2 )
ho(SxOx, S02, Xets Xnn) = XA yd;anfi02, +
(Snox; Soz, Xeb, Xn) R Xnkxnyd \ (Snox + kxox,n) (Soz2 + ko2,n)  So2 + Ko2,h
Xn SNOxThyd,anK02,h So2
hon (Snox; S02, XebN, Xeb, Xn) = XcbNAnyd,b ( : :
( 2 ) Y Xeb + Xnkixnyd \ (SNox + BNoxh) (So2 + ko2n)  So2 + Kozn

Sb "= ghAnS, gnan T Jh02MS,, gios T fo
ch = damch d, + dhmxcb dn — ho
Xy, = —dn + ghan + gno2
Xa = —dy + ga02
SOQ = a02MS03 gaoz T 9h02M S0 groo
SNOx = ga02MSN0x gaoz T IhARTSy0x ghan
SNHx "= GN F §a02MSxsry gaoz T IhARTSxitx gnan T JhO2MSxri guos
SbN :

XepN = daMx o ndo T InMXn dn — PoN

—an + hox

an,e = daanb,e d, T dthub,e dn

Salc = ANMS, ), an T 9a02M S,k gz T IhAN S, gnan T Jh027MS, 1 gno2

SN2 = ghAnTM Sy, 9hAn

Snb =0
an,in =0
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This work Other name Value Units Description

My My 14.0 gmol ! atomic molar mass of nitrogen

COD¢ COD¢ 32.0 gmol ™ Theoretical COD of molar carbon

CODge CODrp, 24.0 gmol_1 Theoretical COD of molar iron

CODy CODy 8.0 gmol ! Theoretical COD of molar hydrogen

CODy CODyn —-24.0 gmol_1 Theoretical COD of molar nitrogen

CODg CODo -16.0 gmol ! Theoretical COD of molar oxygen

CODp CODp 40.0 gmol ! Theoretical COD of molar phosphorus

CODsg CODg 48.0 gmol ! Theoretical COD of molar sulphur

COD, CODy0s -8.0 gmol ! Theoretical COD of positive charge

COD_ CODyeq 8.0 gmol ! Theoretical COD of negative charge

Ba baNO 0.15 d-1! Decay rate for XANO (ba)

Bn boro 0.62 d-1! Decay rate for XOHO (by)

Tan,h NmOHOAX 0.8 — Reduction factor for anoxic growth of XOHO (7)
Thyd,an NghydAx 0.4 — Correction factor for hydrolysis under anoxic conditions ()
Ya Yano 0.24 gg™! Yield of XANO growth per SNO3 (Ya)

Y Youo 0.67 gg™! Yield for XOHO growth (Yy)

LCOD,N2 1CODN2 CODy /My gg™! Conversion factor for N2 in COD (icopnz)

LCODNO3  LCODNO3 (CODy +3CODg +COD_) /My gg* Conversion factor for NO3 in COD (icopno3)

INO3,N2 INO3N2 (=3CODp — COD_) /My gg™! Conversion factor for NO3 reduction to N2 (inosn2)
INXb INXBio 0.086 gg~! N content of biomass, meaning XOHO, XPAO, and XANO (ixgp)
INXnb INXUE 0.06 gg™! N content of products from biomass (ixg)

LeSNHx iChargesNHx  1/Mn molg—! Conversion factor for NHx in charge (ichargeSNHx)
LeSNOx iChargesNOx ~ —1/Mx molg—! Conversion factor for NO3 in charge (ichargesNOx)

Kb Kspono 20.0 gm™3 Half-saturation coefficient for SB (Kg)

KNHx,a KNHxANO 1.0 gm™3 Half-saturation coefficient for SNHx for XANO (Kng)
KNHx,h KNuxOHO 0.05 gm™3 Half-saturation coefficient for NH4 (not in classic ASM1)
KNOx,h KNoxoHO 0.5 gm™3 Half-saturation coefficient for SNOx XOHO (Kno)

KO2.a Ko2an0 0.4 gm™3 Half-saturation coefficient for SO2 for XANO (Kpa)
KO2,h Ko20n0 0.2 gm™3 Half-saturation coefficient for SO2 XOHO (Kon)

KXhyd KXCBhyd 0.03 gg~! Saturation coefficient for XB/XOHO (Kx)

Aam Qam 0.08 m3d~'g~! Rate constant for ammonification (k. )

Ahyd,b GXCBSBhyd 3.0 gg™! Maximum specific hydrolysis rate of particulate and soluble biodegradable organics (k)
Mmax,h MOHOMax 6.0 d-! Maximum growth rate of XOHO (up)

Hmax,a MANOMax 0.8 d—! Maximum growth rate of XANO (u4)

(Xnb,1 fXUBiolys 0.08 gg™! Fraction of XU generated in biomass decay (fp)

Table 4: Parameters
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State variable min  reference max reference

Sh 0.9 reactor 5 (Alex et al., 2008) 69 (Alex et al., 2008)

So2 2 (Schneider et al., 2019) 2.2 (Schneider et al., 2019)

X 49 reactor 5 (Alex et al., 2008) 82 reactor 1 (Alex et al., 2008)
SNHx 1.7 reactor 5 (Alex et al., 2008) 8 reactor 1 (Alex et al., 2008)
SNOx 6 reactor 1 (Alex et al., 2008) 10 reactor 5 (Alex et al., 2008)
XebN 0.01 reactor 1 (Alex et al., 2008) 3.5 reactor 5 (Alex et al., 2008)
SbN 0.7 reactor 5 (Alex et al., 2008) 2 reactor 1 (Alex et al., 2008)
Xy, 2304 reactor 5 (Alex et al., 2008) 2816 reactor 1 (Alex et al., 2008)
Xa 135  reactor 5 (Alex et al., 2008) 165  reactor 1 (Alex et al., 2008)

Table 5: Scenario 1 for range of concentrations in the reactor that the wastewater treatment process is designed for. Most
values are taken from the BSM1 (Alex et al., 2008). The dissolved oxygen Sop2 concentration is an exception as the model
is not for a sequencing batch reactor and we used the values that we observed in an sequencing batch reactor. With this
selection method X}, and X, have the same value which is not suitable for our approach. Hence we took for the maximum
+10% and for the minimum -10% from the value in the BSM1 which are 2560 respectively 150.

State variable min reference max reference

Sh 0 - 2560 (Racho and Pongampornnara, 2020)

So2 0 - 8 saturation concentration

Xeb 0.2  effluent (Alex et al., 2008) 91 mean of reactor 1 and underflow (Alex et al., 2008)
SNHx 0 - 400  assumption based on (Dockhorn et al., 2014)

SNOx 0 - 400 assumption based on (Dockhorn et al., 2014)

XN 0.01 effluent (Alex et al., 2008) 6.5 mean of reactor 1 and underflow (Alex et al., 2008)
SbN 0.7  reference 320  (How et al., 2020)

Xn 10 effluent (Alex et al., 2008) 3780 mean of reactor 1 and underflow (Alex et al., 2008)
Xa 0.6  effluent (Alex et al., 2008) 225  mean of reactor 1 and underflow (Alex et al., 2008)

Table 6: Scenario 2 for range of concentrations in the reactor which could happen in for example on-site wastewater treatment
facilities. The assumption based on Dockhorn et al. (2014) is made that all nitrogen produces per day is present as NHx
respectively NOx and that 60 liters of water are consumed per day.

State variable min reference max reference

Sh 0 - 8200 observed maximum(Lowe et al., 2009)

So2 0 - 8 saturation concentration

Xeb 0 - 100 underflow (Alex et al., 2008)

SNHx 0 - 300000 saturation concentration

SNOx 0 - 9000 fertiliser production (Dhamole et al., 2007)
XN 0 - 7 underflow (Alex et al., 2008)

SbN 0 - 320 (How et al., 2020)

Xn 0 - 5000 underflow (Alex et al., 2008)

Xa 0 - 300 underflow (Alex et al., 2008)

Table 7: Scenario 3 for range of concentrations in the reactor which are physically possible, though many probably unlikely to
happen.

C Causal diagram

Confounding situations are when one sees an association (correlation) but there is no causal relationship. A mediator M (X
-> M -> F) might be present or the situation is spurious (X <- F -> Y, which means that there is no causal relation that
leads to the correlation between the two elements X and Y. Another situation in causal diagrams is a collider (X -> F <-Y),
which is also called a V-structure or immorality and is the structure that we observed between the different states of the
ASM1 and the ramp feature. The V-structure means that not only the variable of interest X leads to feature F (Snux <
threshold), but also several other state variables such as Y.
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C.1 Ammonium depletion soft-sensor based on the dissolved oxygen ramp feature

In a previous study (Schneider et al., 2019), the soft sensor for a maintained dissolved oxygen sensor reached a 93% accuracy
with the ramp feature for a balanced dataset where half of the data had an ammonium concentration below or equal to a
threshold T and half the data was above. The arbitrary threshold was chosen as double the amount of the detection limit of
the ammonium measurements in the laboratory (i.e. 1gm™3). For the unmaintained sensor, it was 80%. A high prediction
accuracy could be achieved despite our study exposing alternative causes for the ramp.

In the previous study, we chose the most challenging real-world cases to which we were granted access. Additionally,
we used synthetic, modelled data to make the feature fail to validate the feature and still obtained a wide range with high
prediction accuracy (Schneider et al., 2020).

Nevertheless, despite the rigour that we used, the results of the DSA in this article clearly advise caution when barely
deciding on fit in data-matching if a prediction is good enough or not. Especially in the face of climate change or on-site
applications where conditions outside the training data set are likely to occur. This supports the statement by Zhong et al.
who show the power of data-driven tools, but also caution that they should not be overly trusted either. DSA hence should
indeed be applied much more frequently to decide if a feature is really robust or needs to be further refined or combined with
other features, as the ramp feature will have to be.
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