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Abstract

Existing experimental heat transfer coe�cient measurement techniques rely on the amplitude of the wall temperature, making
the coe�cients sensitive to noise and limited in spatial resolution. This paper presents a novel measurement technique that uses the
phase-shift between wall and fluid temperatures to measure convective heat transfer coe�cients. Here the phase-based method is
derived theoretically, analysed numerically and validated experimentally with comparison to an existing transient technique. It is
shown that using phase-shift rather than amplitude reduces a heat transfer coe�cient measurement’s sensitivity to noise by a factor
of 10-50, reducing the power requirements for an experiment and enabling high spatial resolution measurements.
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Nomenclature

Roman Symbols
Bi Biot number
Fo Fourier number
H Step height
L Characteristic length
M Mach number
Nu Nusselt number
Re Reynolds number
T Temperature
e Thermal e↵usivity
f Frequency
h Heat transfer coe�cient
j Imaginary unit
q̇ Heat flux
s Laplace parameter
t Time
x Stream-wise coordinate
y Wall-normal coordinate
Greek Symbols
⇥ Temperature di↵erence parameter
↵ Thermal di↵usivity
� Error term
� Thermal conductivity
� Phase
! Angular frequency
Subscripts
1 Free stream value
N N th harmonic value
aw Adiabatic wall value
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i Initial value
lim Limiting value
n Noise value
w Wall value
Other Symbols
b Laplace transformed variable
Abbreviations
CW Cold-Wire
IR InfraRed
SNR Signal-to-Noise Ratio
TC ThermoCouple

1. Introduction

When designing thermally-limited components local quan-
tities must be captured to identify hot spots that constrain com-
ponent life. While computational methods for calculating heat
loads have advanced, there remains a need for experimental
methods to capture physics that simulations cannot. This paper
focuses on measuring heat transfer coe�cients in flows with
forced convection. We define a locally invariant heat transfer
coe�cient h, relative to the heat flux through the wall q̇, as

q̇ = ��
@T (y)
@y

�����
y=0
= h(Taw � Tw) (1)

where the solid has thermal conductivity � and a temperature
profile T relative to the coordinate y, which is normal and into
the wall. The wall has temperature Tw, such that T (0) = Tw, and
Taw is the temperature of the wall if there were no heat transfer.
Taw is determined by the total temperature, Mach number and
recovery factor of the flow. Mo↵at [1] explains that using Taw
as the reference temperature makes h largely independent of the
wall temperature, resulting in a purely aerodynamic parameter.
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For cases with strong coupling between the fluid and wall tem-
peratures other formulations for heat transfer exist, such as the
spectral heat transfer coe�cient proposed by He [2] and the dis-
crete Green’s function method proposed by Hacker and Eaton
[3]. These formulations are not widely used and so are not ad-
dressed in this paper.

Experimental measurement methods based on transient tem-
perature changes usually measure the amplitude response of Tw
to calculate h from a fit to the governing equations. A major
source of error in this method is noise in the wall tempera-
ture measurement. With fixed instrumentation noise this er-
ror is minimised by maximising the temperature di↵erence to
be measured (the signal), thereby increasing the signal-to-noise
ratio (SNR). In rigs with high mass flows, such as a turbine, the
heating or cooling power required to generate a usable temper-
ature di↵erence quickly becomes impractical.

This paper presents a novel method of measuring local heat
transfer coe�cients by measuring the phase-shift between Taw
and Tw when Taw is varied periodically. It is demonstrated that
measuring phase-shift rather than amplitude reduces the sen-
sitivity to noise by a factor between 10 and 50. This enables
a corresponding decrease in the power input to an experiment,
allowing for practical testing of real components.

The paper is split into five parts:

• Current practice in measuring local heat transfer coe�-
cients and past work on phase-based methods is reviewed.

• Theory for the new phase-based method is developed.

• Numerical experiments are carried out to analyse the phase-
based method and compare it to existing practice.

• Details of the method for experimental validation of the
phase-based method are given.

• Results from validation experiments are presented and
discussed with comparison to an existing method.

2. Literature review

This section reviews current practice on measuring local
convective heat transfer coe�cients. Thorough reviews of heat
transfer measurement methods and instrumentation can be found
in Refs. [4–6].

2.1. Current practice in heat transfer coe�cient measurement
Here the literature is reviewed on common experimental

methods for measuring heat transfer coe�cients on semi-infinite
walls. Two classes of experiment are discussed: steady state
and transient.

Figure 1 illustrates how heat transfer coe�cients are mea-
sured in current practice by generating a heat flux and measur-
ing temperature response of the wall. Equation 1 shows that
measurements of heat flux at multiple di↵erent wall tempera-
tures allow a heat transfer coe�cient to be calculated from the
gradient of a linear regression line on the data. Wall temper-
ature data can also be used in a regression to fit to governing

equations other than Eq. 1. In an experiment some data will fall
outside of the assumptions of the measurement. The range of
wall temperatures for which assumptions hold and a fit can be
achieved is referred to as the regression extent.
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Figure 1 Illustration of a traditional heat transfer measurement using heat flux.

Steady state methods are performed in fixed aerothermal
conditions. A constant heat flux is applied to a test piece and
wall temperature measurements from tests with di↵erent heat
flux values are used to calculate heat transfer coe�cients. Laveau
et al. [7] measured heat transfer coe�cients on the end wall
of a cascade with an isothermal copper back plate covered in
a kapton insulator. Wall temperatures were measured with an
infrared (IR) camera and heat flux was calculated by applying
Fourier’s law of conduction. Laveau et al. [7] estimated un-
certainties in heat transfer coe�cient of 13 %, with the main
source of uncertainty being the conductivity of the insulating
layer. Problems were also found with trapped air pockets in
the insulator, showing the di�culties in applying this method
to complex geometries. Another method uses a thin-foil heater
attached to a wall to generate a constant heat flux. O’Dowd
et al. [8] applied this method on a transonic turbine blade tip.
They found significant deviations between this method and oth-
ers tested, which they attributed to non-uniform conduction into
the blade tip resulting in an unknown thermal boundary condi-
tion. This demonstrated the common problem with steady state
methods, which is that generating a known constant heat flux is
di�cult and measurements are often ill-conditioned.

Transient methods use measurements of the unsteady re-
sponse of a wall to calculate heat transfer quantities. They
are particularly well suited to short-duration facilities but have
found wide ranging uses and are the main point of comparison
to the new phase-based method presented in this paper. The
most common technique applies a step change in flow temper-
ature and measures the response of the wall temperature. Heat
transfer coe�cients are found by applying the governing equa-
tions of unsteady heat transfer. Early works fitted temperature
measurements to the analytic solution for an ideal step change
in flow temperature, however Schultz and Jones [9] explained
that this leads to large errors as a true step change, as assumed
by the theory, is unachievable in practice. An imperfect, non-
instantaneous step can be approximated as a polynomial or as a
superposition of many smaller steps, ramps or exponential func-
tions [10]. Use of superposition with steps [11] and exponen-
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tials [12] is common when using thermochromic liquid crystals
to detect discrete temperature intervals. Measurements of the
time at which a temperature is reached, along with measure-
ments of the flow temperature, are fit to analytic expressions
for a semi-infinite surface through a regression procedure.

Another transient method reconstructs the heat flux into the
wall. This can be done using a finite di↵erence solution with
measured wall temperatures applied as a boundary condition
[13], however a more e�cient method uses the impulse re-
sponse technique developed by Oldfield [14]. This method gen-
erates a filter from the analytic impulse response of a 1D semi-
infinite wall. Heat flux is calculated by applying the filter to
the measured temperature response. O’Dowd et al. [8] showed
that the impulse response method reduces processing time by a
factor of 60 compared to a finite di↵erence approach. Heat flux
reconstructed from a transient measurement is used in a linear
regression against wall temperature to calculate heat transfer
coe�cients. Playford [4] analysed uncertainty in transient mea-
surements and identified three major sources: noise, modelling
assumptions and the fit to analytic models due to the extent of
the regression.

The e↵ect of noise is to increase uncertainty in a regression
as the minimised error remains high. For fixed instrumentation
noise the impact on the wall temperature measurement is min-
imised by maximising the temperature di↵erence being mea-
sured. The e↵ect of noise on a regression can also be reduced
by increasing the sample rate of the measurement, minimising
uncertainty by statistical e↵ects, however there are diminishing
returns at high sample rates.

Uncertainty due to modelling assumptions arises as mea-
surement methods assume the wall is 1D and semi-infinite such
that the temperature response at any point is not a↵ected by any

temperature gradient on the measured surface or the other side
(the “back-side”) of the wall. The validity of these assumptions
is determined by the Fourier number, Fo, given by

Fo =
↵t
L2 (2)

where ↵ is the thermal di↵usivity of the solid, t is the measure-
ment time and L is the depth of the solid. Di↵erent interpre-
tations of L are visualised in Fig. 2. Semi-infinite behaviour is
limited by the depth into the wall at which the back-side bound-
ary condition has an e↵ect. An adiabatic boundary condition
can arise when flows with similar heat transfer coe�cients and
adiabatic wall temperatures exist on either side of a solid, such
as near the trailing edge of an aerofoil. In this case the midplane
of the solid is approximately adiabatic and L is the depth to this
midplane. Alternatively, if the flow on one side of a solid has
a heat transfer coe�cient much higher than on the other side,
such as in an internal cooling channel, the wall where the heat
transfer coe�cient is high is approximately isothermal and L is
the thickness of the wall. 1D behaviour is limited by the length
scales over which lateral (2D or 3D) heat flux occurs. Lateral
heat flux can arise due to a gradient in heat transfer coe�cient
on a flat surface, or due to a geometric feature in the surface.
The length scale of lateral heat flux that limits 1D behaviour,
and therefore the spatial resolution of the measurement, scales
with the length scale of normal heat flux that limits semi-infinite
behaviour, so the two can be considered analogous.

During a transient experiment the 1D, semi-infinite assump-
tion gets progressively less accurate. There exists a Fourier
number, Folim, at which the errors in calculated heat trans-
fer coe�cients due to the breakdown of these assumptions be-
comes unacceptable. Schultz and Jones [9] suggested a value
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Figure 2 Non-ideal boundary conditions for 1D, semi-infinite modelling.
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of Folim = 0.1, a value also used by Thirumalai and Ekkad
[15], while more conservative values of 0.075 and 0.0625 were
suggested by Iliopoulou et al. [13] and Luque et al. [16] re-
spectively. Playford [4] suggested a value of Folim = 0.25 but
noted that the optimal Folim that minimises uncertainty depends
on the experimental Biot number, the back-side thermal bound-
ary condition and the presence of corners and surface curvature,
which were shown by Wagner et al. [17] to reduce Folim. Ana-
lytical corrections for corners have been suggested [18], as have
3D reconstruction methods that apply measured temperatures
to a numerical model [19]. Analytical methods remain limited
by their assumptions while numerical reconstruction requires
complete knowledge of the boundary conditions.

Uncertainty in calculating heat transfer coe�cients by re-
gression with analytic models is minimised by maximising the
regression extent. Ideally the regression is performed using data
from the moment the temperature step is applied to the time
when the wall has reach equilibrium, however in reality this is
not possible. A true step change to the flow temperature is un-
achievable due to the thermal mass of the experiment. Thermal
mass is quantified with a time constant, the time taken for the
flow temperature to rise by approximately 63 % of the final tem-
perature change. Playford [4] suggested that when applying a
linear regression with heat flux, any temperature samples from
times within 5.5 time constants of the step should be removed
from the regression. The floating regression method of Collins
et al. [20] can correct for a time-varying temperature and allow
more samples to be used, however there are always a number
of samples that must be discarded. The end of the regression
is set by Folim. If ↵/L2, a property of the test piece, is small
then a long time period can be used and the wall can achieve
most of the maximum temperature change. Rotating rigs, such
as a turbine, are limited in size and material choice by stress,
power and aerodynamic similarity requirements. In these cases
↵/L2 may be large and Folim is reached before the wall has
achieved more than a small amount of the maximum temper-
ature change. The regression extent, and thus the uncertainty
in heat transfer coe�cient measurement, is limited by both the
thermal time constant of the experiment and the time in which
the semi-infinite assumption holds.

Current practice in measuring heat transfer coe�cients ex-
periences uncertainty because of noise in measurements and
limits on the temperature change achievable between the time
constant of heating and the Fourier number limit on measure-
ment assumptions. For a given material and heat transfer coef-
ficient, shorter length scales reach the limiting Fourier number
first, limiting the regression extent and increasing the e↵ect of
noise on the calculated heat transfer coe�cient. A larger input
temperature change, and therefore more heating power, is then
needed to reduce uncertainty. There is a need for a measure-
ment method less sensitive to noise, meaning it doesn’t require
impractically large temperature changes.

2.2. Phase-based measurements
Several methods have been developed that use phase to mea-

sure heat transfer quantities in di↵erent flows and geometries.
These methods are summarised here.

Phase shift

Taw

Time

Te
m

pe
ra

tu
re

Tw, high h

Attenuation

Tw, low h

Figure 3 Illustration of the concept of phase-based heat transfer measurement.

The concept of using an oscillating fluid temperature to mea-
sure heat transfer coe�cient is visualised in Fig. 3. Conduction
and thermal inertia result in the wall temperature lagging behind
the fluid temperature, measured as a phase-shift. The same ef-
fects also attenuate the amplitude of fluid temperature variation.
The amount of phase-shift and attenuation depends on the heat
transfer coe�cient. As heat transfer coe�cient increases there
is less attenuation and phase-shift as the wall temperature reacts
faster. This is the basis of the measurements discussed here.

Phase-shift and attenuation is a↵ected by the material prop-
erties of the wall. Testing for these properties is a common
use of phase-based measurements. One early example is from
Ångström [21], who measured the thermal conductivity of metal
bars by periodically heating them with steam. In modern use the
technique is called lock-in thermography, where phase images
of parts from periodic heating reveals sub-surface defects [22].

Significant work on phase-based methods has been done on
thin-walled components that are not semi-infinite. Measuring
the response of a wall to periodic heating allows heat trans-
fer coe�cients on the opposite side to be calculated. Roet-
zel et al. [23] demonstrated a method where points on the
outer surface of an agitated vessel were pulsed with a laser and
the temperature response measured with an IR camera, giving
point measurements of internal heat transfer coe�cients. Wan-
delt and Roetzel [24] and Freund [25] extended this by using
laser sheets, allowing for full-field measurements of the surface.
Röger [26] used an array of heat lamps on the outer surface of a
dome with internal impinging jets, showing that a phase-based
method has significant advantages over conventional measure-
ments on curved surfaces.

When measuring heat transfer coe�cients in a periodically
heated pipe flow Roetzel [27] noted that, for a measurement sig-
nal that is proportional to temperature, no calibration is needed
to calculate phase-shift. This removes a significant source of
measurement uncertainty. Baughn et al. [28] and Leblay et al.
[29] both used the attenuation of temperature amplitude, rather
than phase-shift, to measure heat transfer coe�cients. Baughn
et al. [28] found that their results were a↵ected by measure-
ment noise, and other authors advise against using attenuation
[23–25] for this reason. Attenuation can be used as a secondary
measurement along with phase-shift. Roetzel et al. [30] used
attenuation and phase-shift to calculate both heat transfer coef-
ficient and a material property with one measurement.

In summary, past work on phase-based methods shows its
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potential as a measurement technique, with benefits in low sen-
sitivity to noise and calibration. Most work has been done us-
ing radiative heating of non-semi-infinite parts. The next sec-
tion develops the theory for phase-based measurements on 1D
semi-infinite walls with periodically varying fluid temperature.

3. Phase-based measurement theory

In this section a derivation of the key results for a phase-
based measurement is given. As with transient methods dis-
cussed in Section 2.1 this phase-based method assumes as semi-
infinite wall is semi-infinite with 1D conduction. There are no
additional assumptions, suggesting an equivalence between this
new method and traditional transient methods. The flow has
some adiabatic wall temperature Taw(t) that varies in time t,
with a constant heat transfer coe�cient at the wall h. The wall
takes a temperature Tw(t) and the solid, with uniform thermal
di↵usivity ↵ and thermal conductivity �, has a temperature dis-
tribution T (y, t). The heat equation governs conduction in the
solid

@T (y, t)
@t

= ↵
@2T (y, t)
@y2 (3)

subject to a convective boundary condition at the wall

��
@T (y, t)
@y

�����
y=0
= h(Taw(t) � Tw(t)) (4)

A semi-infinite boundary condition and uniform initial temper-
ature Ti gives

T (1, t) = Ti (5a) T (y, 0) = Ti (5b)

A temperature di↵erence relative to Ti is defined as

⇥aw(t) = Taw(t) � Ti (6a) ⇥w(t) = Tw(t) � Ti (6b)

Applying a Laplace transform and solving the resulting or-
dinary di↵erential equation (see Appendix A) gives a transfer
function between the wall and adiabatic wall temperatures

b⇥aw

b⇥w
= 1 +

e
p

s
h

(7)

where e = �/
p
↵ is the thermal e↵usivity of the solid. In a

phase-based measurement the adiabatic wall temperature is var-
ied periodically. For a single angular frequency !, the wall and
adiabatic wall temperatures are sinusoids with amplitudes �Taw
and �Tw and phases �aw and �w, respectively. The steady state
response of the wall is found by setting s = j! in Eq. 7, where
j is the imaginary unit. Taking the argument of the result gives
a phase-shift � = �aw � �w between the wall and adiabatic wall
temperatures.

� = arg
0
BBBB@
b⇥aw

b⇥w

1
CCCCA = arg

 
1 +

e
p

j!
h

!
= tan�1

0
BBBBB@

e
h

p
!
2

1 + e
h

p
!
2

1
CCCCCA (8)

Rearranging for the heat transfer coe�cient gives

h = e
r
!

2
(cot � � 1) = e

p
⇡ f (cot � � 1) (9)

where f is the frequency such that 1/(2 f ) is the half-period of
oscillation. This expression turns a measurement of the phase-
shift between fluid and wall temperatures into a measurement of
the heat transfer coe�cient. Equation 9 is non-dimensionalised
by defining a Biot number Bi = hL/� and Fourier number Fo =
↵/(2 f L2)

Bi =
r
⇡

2Fo
(cot � � 1) (10)

The amplitude attenuation of the adiabatic wall temperature
by the wall is found from the magnitude of Eq. 7 with s = j!.
The non-dimensional result is

�����
�Tw

�Taw

����� =
2
666641 +

p
2⇡

Bi
p

Fo
+
⇡

Bi2Fo

3
77775
�

1
2

(11)

Curves of Eq. 10 and Eq. 11 are shown in Fig. 4. Phase-
shift and amplitude are plotted against Bi

p
Fo, a dimensionless

group given by

Bi
p

Fo =
h

e
p

2 f
(12)

which is independent of length scale and is characteristic of
convective heat transfer to a semi-infinite solid. The e↵ects of
heat transfer coe�cient and frequency are seen in the phase and
amplitude plots. As the heat transfer coe�cient decreases, or
the frequency increases, the phase-shift from the surface in-
creases, up to the limit of 45�. The amount of attenuation
increases as the heat transfer coe�cient decreases or the fre-
quency increases. The amount of attenuation sets the SNR of
the wall temperature measurement, so the choice of frequency
is limited by instrumentation sensitivity.
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Figure 4 Variation in amplitude attenuation (left axis) and phase-shift (right
axis) with Bi

p
Fo for a 1D semi-infinite convective wall.

In a transient measurement, where the amplitude of the sur-
face temperature is needed, noise directly changes the measured
value, inducing error in a regression for heat transfer coe�cient.
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The e↵ect of noise on a phase measurement is less obvious. In
Appendix B it is shown that, for a noisy signal of a single fre-
quency with true amplitude �Tw, noise amplitude �Tn and a
uniformly distributed phase noise, the mean error in the mea-
sured phase due to noise is

��mean =
�Tn

�Tw

2
⇡
⇡
�Tn

�Tw
⇥ 36.5� (13)

The sensitivity of a measurement of heat transfer coe�cient
to phase error is found by di↵erentiating Eq. 9 to get

�h
h
=

��

sin2 � � cos � sin �
(14)

Equation 14 is plotted in Fig. 5. For phase-shifts between 10�
and 35� the relative error in heat transfer coe�cient per de-
gree of phase error is approximately 10 %, while outside that
range the error is unbounded. This is because for phase-shifts
< 10� the phase error is a large fraction of the overall phase-
shift, while at phase-shifts > 35� the heat transfer coe�cient
is low, so any error in it is relatively large. For phase-shifts
between 10� and 35� the ratio of noise amplitude to wall tem-
perature amplitude should be less than 0.025 for uncertainty be-
low 10 %. Comparing Fig. 5 to Fig. 4 shows that experiments
should be designed to have Bi

p
Fo around 1-5 to maximise wall

temperature amplitude while keeping phase-shift above 10�.
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Figure 5 Relative error in heat transfer coe�cient per degree of phase error
across the range of possible phase-shifts.

Following the method in Appendix A gives transfer func-
tions between the wall and adiabatic wall temperatures for non-
semi-infinite walls. For either isothermal or adiabatic boundary
conditions on the back-side these transfer functions are

b⇥aw

b⇥w
=

8>>>>>>>>><
>>>>>>>>>:

1 + e
p

s
h

 
1+exp

⇣
�2
p

s
↵ L

⌘

1�exp
⇣
�2
p

s
↵ L

⌘

!
Isothermal

1 + e
p

s
h

 
1�exp

⇣
�2
p

s
↵ L

⌘

1+exp
⇣
�2
p

s
↵ L

⌘

!
Adiabatic

(15)

Setting the Laplace parameter s = j! shows that the new
terms in the exponential functions scale like

L

r
j!
↵
⇠

1
p

Fo
(16)

These non-semi-infinite transfer functions tend to the semi-
infinite transfer function in Eq. 7 in the limit of low Fourier
number. This applies to both transient and oscillating temper-
ature inputs, but demonstrates that with a phase-based method
higher frequencies can be used to stay within semi-infinite Fourier
number limits, within the limitations of SNR shown in Fig. 4.

Theory presented here shows why phase-shift can be used
to measure heat transfer coe�cients. The next section analyses
the method numerically in comparison to a transient method.

4. Numerical analysis

This section presents a series of numerical experiments that
develop signal processing procedures and analyse the phase-
based method. Equivalent experiments are performed using a
transient method and results are compared to demonstrate the
benefits of the new method.

4.1. Numerical method and signal processing
Numerical experiments have been performed in MATLAB

by generating wall temperature signals directly from transfer
functions. To capture the e↵ects of Fourier number on non-
semi-infinite behaviour, the transfer functions in Eq. 15 were
used, with an isothermal boundary condition applied unless stated
otherwise. In phase-based measurements signals are generated
from a Fourier series with the phase and magnitude of each har-
monic found by setting s = j!. Transient measurement signals
are generated by inverting the transfer functions using the con-
centrated matrix exponential method of Horváth et al. [31]. In
a real experiment where the flow is only heated it is not possi-
ble to generate a zero-mean oscillation for a phase-based mea-
surement, so there is a transient component to the signal not
captured by a Fourier series. To compensate for this, signals
in phase-based experiments have a transient component added,
reflecting a step input with half the amplitude of the oscillation.

Input adiabatic wall temperatures are square waves for phase-
based measurements and steps for transient. Square waves are
convenient to generate experimentally, only requiring a heat
source to be switched on and o↵ with consistent timing, and
have the benefit over a sinusoid of an infinite number of har-
monics that can each be measured to provide redundant calcu-
lations of heat transfer coe�cient at a range of Fourier numbers.
The amplitude of higher harmonics drops o↵ with 1/N, so there
is a limit to how many can be measured. For numerical experi-
ments 25 square wave periods are generated, which is found to
be su�cient for the idealised signals considered here.

In real experiments perfect square waves and steps are un-
achievable due to the thermal mass of the flow and heater. Real-
istic input adiabatic wall temperatures (i.e. flow temperatures)
are generated by applying a first order time constant to the trans-
fer functions. In a phase-based experiment the time constant
acts to attenuate the amplitude of the temperature input, partic-
ularly for higher frequencies, placing a further limit on the use

6



of high harmonics in practice. An example simulated square
wave is shown in Fig. 6, demonstrating the rounding of the cor-
ner in the temperature rise due to the time constant.
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Figure 6 Example noise-less adiabatic and measured wall temperature signals
for a phase-based measurement.

Generated temperature signals are processed with the same
procedure as in a real experiment. For phase-based measure-
ments the signal is high-pass filtered to remove the transient
component of the signal without a↵ecting the frequencies of in-
terest. A 4th order Butterworth filter with a cuto↵ frequency at
half the first harmonic is applied using the MATLAB function
filtfilt for zero phase distortion. The signal is windowed
with a Hann function to mitigate spectral leakage associated
with a finite length signal with a possibly non-integer number
of periods. A fast Fourier transform is applied to generate an
amplitude spectrum from which the exact frequency of the har-
monic of interest is found with a peak finding algorithm. While
not necessary in controlled numerical experiments, this proce-
dure is useful in real experiments to ensure the flow temperature
has been oscillated at the expected frequency. The phase of the
frequency of interest is found using a Goertzel discrete Fourier
transform [32] at the relevant frequency index of the signal and
taking the argument of the resulting complex number. The Go-
ertzel algorithm is used for its e�ciency at calculating discrete
Fourier transforms for a small number of frequencies compared
to a standard fast Fourier transform. In real experiments where
a large number of signals may be analysed, such as from each
pixel of an IR camera, this e�ciency saves significant compu-
tational cost. Frequencies can be checked from the amplitude
spectra of a single sample while the Goertzel algorithm is ap-
plied to all signals. This process of filtering, windowing and
calculation of phase from the Goertzel discrete Fourier trans-
form is applied to both the adiabatic and measured wall tem-
perature signals. A heat transfer coe�cient is then found by
taking the phase-shift and applying Eq. 9 with the known fre-
quency and material property.

For transient measurements the method of reconstructing
heat flux and applying a linear regression is used with the signal
processing method laid out by Playford [4]. Heat flux is cal-
culated from the wall temperature using the impulse response

method of Oldfield [14]. Heat transfer coe�cients are then
found using the floating regression method of Collins et al. [20]
with a least squares method. The floating regression allows
less data to be removed from the regression than the 5.5 time
constant limit suggested by Playford [4]. It is found that for a
noiseless signal a limit of 4 time constants can be used without
increase in error. An example is shown in Fig. 7. Tempera-
ture data in Fig. 7a is processed to produce the heat flux data
in Fig. 7b. The raw data shown in blue in Fig. 7b is without
the floating regression method applied and shows a set of non-
collinear points to the left of the figure where the adiabatic wall
temperature has not reached a steady state and heat flux rises.
The floating regression data shown in red uses measurements
of the adiabatic wall temperature rise to normalise the mea-
sured wall temperature. This extends the linear region where
a regression can be performed, shown in yellow, the gradient
of which determines the heat transfer coe�cient. The linear re-
gion is terminated when non-semi-infinite e↵ects become sig-
nificant due to the boundary conditions illustrated in Fig. 2. If
the back-side boundary condition is isothermal the wall temper-
ature levels o↵. Continuing the regression with this data results
in an overestimate of the heat transfer coe�cient. If the bound-
ary condition is adiabatic the temperature rise until it reaches
the adiabatic wall temperature. Using this data results in an un-
derestimate of the heat transfer coe�cient. If the wall remains
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semi-infinite then the data would continue to follow the black
regression line, allowing for more data to be used in a low un-
certainty regression.

Data for all signals is sampled uniformly in time. Errors in
both transient and phase-based methods are a weak function of
sample rate. In phase-based measurements the sampling rate
must at minimum be greater than the Nyquist limit to resolve
the frequency of interest. In all numerical experiments the sam-
pling rate is at least 10 times greater than the point at which
errors become significant for either method, typically 25 times
or more than the forcing frequency for a phase-based measure-
ment and high enough to give hundreds of points in a regression
for transient measurements.

Artificial noise is drawn from a standard normal distribu-
tion. Di↵erent noise samples are added to adiabatic and mea-
sured wall temperatures before processing. Noise is scaled to
the desired SNR, defined as the amplitude of the input adiabatic
wall temperature to standard deviation of the noise.

4.2. Fourier number limits
Numerical experiments are performed over a range of Fourier

and Biot numbers to assess the semi-infinite Fourier number
limit for both phase-based and transient methods. To isolate
non-semi-infinite e↵ects the time constant is set to zero and
SNR to infinity. Results are shown in Fig. 8. For both measure-
ment methods errors grow fastest at low Biot numbers where
conduction in the solid dominates over convective heat transfer.
Errors with isothermal or adiabatic back-side boundary condi-
tions are close to symmetric, as expected from the symmetry
seen in Fig. 7b and Eq. 15. For phase-based measurements er-
ror in heat transfer coe�cient swings from positive to negative
as Fourier number increases, reflecting the behaviour of the ar-
gument of the transfer functions in Eq. 15. At the lowest Biot
number of 0.1 error is greater than 5 % at a Fourier number of
0.1, while for larger Biot numbers error remains below 5 % un-
til a Fourier number above 0.2. In transient measurements error
grows monotonically as the regression can only go one way. For
a Biot number of 0.1 error is below 5 % up to a Fourier number
of 0.15, while for larger Biot numbers error is below 5 % up to
Fourier numbers of 0.2-0.3.

In a real experiment Biot number may vary significantly, so
the Fourier number limit is a compromise to minimise overall
uncertainty. Indicated in Fig. 8 are values of Folim = 0.1 and
Folim = 0.2 chosen for phase-based measurements and tran-
sient measurements, respectively. These values maximise Folim
while keeping the error at a Biot number of 0.1 below 5 %. The
phase-based method is at a disadvantage as for the same exper-
iment the lower Folim reduces the wall temperature change that
occurs while remaining semi-infinite. Depending on the heat
transfer coe�cient and material properties, halving Folim from
0.2 to 0.1 reduces the wall temperature change by 2-30 %.

4.3. E↵ect of noise
To demonstrate how noise a↵ects measurements a set of ex-

amples are shown. Figure 9 shows regressions from two tran-
sient numerical experiments with Bi

p
Folim = 2 and SNRs of
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Figure 8 Error in calculated heat transfer coe�cient with varying Fourier num-
ber for phase-based and transient measurement methods. The back-side bound-
ary condition is isothermal for solid lines and adiabatic for dashed lines.

1000 and 100. For an SNR of 1000 noise has a negligible e↵ect
on the regression, inducing an error in calculated heat trans-
fer coe�cient of 0.3 %. For an SNR of 100 the amplitude of the
noise is large compared to wall temperature change, resulting in
a regression error of 15.3 %. This example shows why transient
experiments that measure temperature amplitude are sensitive
to noise and need large temperature inputs for robust results.

Figure 10 shows amplitude spectra for measured wall tem-
perature signals from phase-based numerical experiments per-
formed with Bi

p
Folim = 1.4, reflecting the lower Folim for

phase-based experiments, and SNRs of 1000, 100 and 10. Noise
is broadband and so even for an SNR of 10 the first harmonic in
the wall temperature is 1000 times greater than the noise level.
This ratio is 25 times greater than the limit for 10 % error given
in Section 3. As a result, heat transfer coe�cients measured
with the phase-shift of the first harmonic have errors of 1.5 %,
0.3 % and 0.2 % respectively for SNRs of 10, 100 and 1000. An
SNR of 1 is needed to produce error in the first harmonic above
10 %. Compared to a transient measurement, where an SNR of
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Figure 10 Amplitude spectra for measured wall temperature signals at
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Folim = 1.4 with three noise levels. For SNR = 10, 100 and 1000,
|�h/h| = 1.5 %, 0.3 % and 0.2 % respectively for the first harmonic.

100 produces error greater than 15 %, this shows that measur-
ing phase, rather than amplitude, reduces sensitivity to noise by
more than an order of magnitude.

Figure 10 shows the drop o↵ in amplitude of higher har-
monics, with the ninth harmonic in the wall temperature having
an amplitude of 2.5 % of the first harmonic in the adiabatic wall
temperature. This is due to a combination of the underlying
Fourier series, the filtering e↵ect of the time constant applied to
the input adiabatic wall temperature and filtering by the semi-
infinite surface. The attenuation of higher harmonics increases
the uncertainty of heat transfer coe�cient measurements made
using them. For an SNR of 1000 all five harmonics plotted
have error below 0.5 %, but for an SNR of 100 error is greater
than 2 % for the third harmonic while for an SNR of 10 error
is greater than 5 % for the third harmonic and 20 % for the fifth
harmonic. This demonstrates that using higher harmonics, and
higher frequencies in general, increases uncertainty in a phase-
based measurement.

4.4. Monte Carlo analysis
Random noise produces non-deterministic errors that vary

across the input space. To characterise average behaviour a sta-
tistical Monte Carlo method is used following the approach of
Playford [4]. Numerical experiments are repeated a large num-
ber of times until statistical properties have converged, typically
within 500 samples. The Monte Carlo analysis is performed
by sweeping over SNR and Bi

p
Folim to generate a 2D map.

Folim is fixed for each measurement method, so sweeping over
Bi
p

Folim is equivalent to sweeping over the Biot number alone.
The value of Bi

p
Folim is varied by holding heat transfer coe�-

cient and thermal e↵usivity constant while changing the length
scale L. With the length scale the time to end the regression in
transient measurements and frequency in phase-based measure-
ments is found. For each value of Bi

p
Folim the thermal time

constant applied to the input adiabatic wall temperature is set
so that the value of Bi

p
Fo relative to the time constant is 0.05.

Figure 11 shows results from Monte Carlo simulations with
SNR varying from 0 to 1000. Contours of error in heat trans-
fer coe�cient are shown against Biot number, which is plot-
ted rather than Bi

p
Folim to allow for fair comparison between

phase-based and transient methods. Results show that error in-
creases at low Biot numbers for both methods, with Biot num-
bers less than 1 having error greater than 20 %. Above a Biot
number of 2 the error is a weak function of Biot number. As
seen in Fig. 9 a low SNR makes an accurate linear regression
impossible. In transient measurements error grows quickly be-
low an SNR of 400, with an SNR of 150 or less producing error
greater than 10 %. In phase-based measurements error is less
than 1 % for all values of SNR greater than 10 at a Biot number
greater than 4, and error only grows above 10 % for SNR less
than 3 or Biot numbers below 1. These results demonstrate the
robustness of the phase-based method to noise.

With the results in Fig. 11 an experimentalist can determine
the requirements for a successful heat transfer test. For a given
flow and geometry, which sets the heat transfer coe�cient and
length scale, they should choose a material with minimum ther-
mal e↵usivity and di↵usivity to maximise Bi

p
Folim. For their

chosen instrumentation, they can determine the temperature in-
put needed for the SNR that gives acceptable error.

4.5. Summary
Numerical experiments in this section validate the theory of

the new phase-based method and demonstrate its advantages.
A semi-infinite Fourier number limit has been established and
the e↵ects of noise on phase-based and transient measurements
have been discussed. A Monte Carlo analysis demonstrates the
robustness of the new phase-based method to noise, allowing
for the use of SNRs, and therefore experimental heat inputs,
10-100 times lower than required by a transient method. The
results in this section are carried into the experimental methods
described in the next section to validate the use of phase-based
measurements on real test cases.
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Figure 11 Relative error in calculated heat transfer coe�cient as a function of
Bi
p

Folim and SNR.

5. Experimental method

Experimental validation is required to show that the new
phase-based method can be applied in practice. In this section
the experimental method of phase-based measurements is de-
scribed along with the methods used to validate and compare
with the existing transient method.

5.1. Rig
A cross-section of the experimental rig is shown in Fig. 12.

The wind tunnel is a draw-down configuration with atmospheric
inlet and a water ring vacuum pump at the outlet. The inlet
Mach number to the 45 mm ⇥ 45 mm working section is M1 =
0.58. The rig was designed for low uncertainty transient mea-
surements by Hulhoven et al. [33] following the recommenda-
tions of Playford [4]. This allows for reference transient mea-
surements to validate phase-based measurements. Two stain-
less steel heater meshes, designed following Ireland et al. [34],

supply up to 15 kW of heat each to the inlet flow, together pro-
ducing a temperature change up to 75 K. An 8.5:1 contraction
leads to a turbulence grid generating a turbulence intensity of
4.8 %. The contraction and turbulence grid collar are designed
for minimum volume and are manufactured from glass-filled
polyamide, which is stable at high temperatures while minimis-
ing the thermal mass upstream of the working section. This
minimises the thermal time constant of the temperature rise,
measured to be 0.2 s. The working section side walls are sloped
at 0.25� to compensate for boundary layer growth, generating a
flow with less than 1 % acceleration from working section inlet
to exit. One wall of the working section is a plate with test ge-
ometry machined on its surface. Bleed flow is extracted from
the working section inlet, removing the inlet boundary layer
and placing the stagnation point on the nose of the 7:1 ellipse
that forms the leading edge of the plate. This results in a fresh
boundary layer on the plate without a separation bubble. A
pressure margin for bleed flow is provided by a throat down-
stream of the working section and bleed is controlled by ball
valves. Previous results from the rig for heat transfer measure-
ments and flow visualisation are shown by Hulhoven et al. [33]
and Davis and Atkins [35].

Four plate geometries are tested. A flat plate provides a val-
idation test to be compared with correlations and demonstrate
the accuracy of heat transfer coe�cient measurements. Three
plates with forward and backward-facing steps and a vortex
generator array are used as test cases that generate flow fea-
tures of interest. Each plate is 235 mm long and 10 mm thick.
The forward and backward-facing step plates have steps with
height H = 1.79 mm, giving step Reynolds numbers ReH =
1.7 ⇥ 104 at a stream-wise Reynolds number Rex = 1 ⇥ 106.
The vortex generator array plate has four evenly spaced vor-
tex generators down the middle and two sets of half vortex
generators at each side. The full vortex generator is 3.48 mm
tall, 8.7 mm wide and 8.7 mm long. On each plate a mini-
mally invasive boundary layer trip consisting of distributed sil-
ica beads, chosen following the method of Castillo Pardo et al.
[36], is placed immediately downstream of the leading edge
ellipse, 35 mm from the stagnation point at Rex = 0.3 ⇥ 106.
This ensures a turbulent boundary layer is measured. Plates are
machined from polycarbonate with measured thermal e↵usiv-
ity e = 544 J s�0.5 m�2 K�1

± 2 % and thermal di↵usivity ↵ =
1.36 ⇥ 10�7 m2 s�1

± 4 % at 296.15 K. Both of these properties
are functions of temperature, with e measured to change by ap-
proximately 1.37 J s�0.5 m�2 K�1 per Kelvin. This is a 1 % vari-
ation for temperature changes used in the phase-based method,
but a greater than 10 % variation for temperature changes used
in transient measurements. Theory does not account for vari-
able material properties, so the small changes in the phase-
based method minimise uncertainty due to material properties.

5.2. Instrumentation
A FLIR SC7300 IR camera measured full field wall temper-

atures on the test plates. The SC7300 is a cryogenically cooled
camera with a resolution of 320⇥256 pixels, a spectral range of
7.7 µm-9.3 µm and a noise-equivalent temperature di↵erence of
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Figure 12 Cross section view of the experimental rig.

14 mK at an integration time of 320 µs. Videos of the wall tem-
perature development are captured at 200 Hz. A multispectral
grade zinc sulphide window in the wall opposite the test plate
provides optical access to the working section. Two window
positions are used to measure the full length of the flat plate
downstream of the trip in separate tests. The camera and win-
dow are calibrated using a virtual black body. Each test plate
and the walls of the test section are painted with matt black
paint to give a surface emissivity of 0.94. The temperature of
the window and aluminium test section walls are measured dur-
ing experiments with type K thermocouples. This data is used
to compensate for the radiosity of the walls and window when
applying the camera calibration.

Flow temperature is measured with a 0.8 mm type K ther-
mocouple (TC), a 0.08 mm type K TC and a 0.005 mm plated
tungsten cold-wire (CW) thermometer. The cold-wire is a Dan-
tec Dynamics 55P11 single-sensor miniature wire probe run as
a resistance thermometer using the bridge circuit of Cho and
Kim [37] with a low noise constant voltage supply and ampli-
fier. Temperature accuracy, required to calculate gas proper-
ties, is achieved with the 0.8 mm and 0.08 mm TCs sampled at
100 Hz with a National Instruments 9214 module. To calculate
heat transfer coe�cients, a phase-shift � = �aw � �w is needed.
�w is found from IR camera recordings, but the phase of the
heat input to the flow is unknown due to the thermal time con-
stant, so �aw must be measured. A cold-wire is needed as the
thermal mass of a temperature probe adds a phase-shift to the
measurement. This phase-shift is estimated using the method of
Dénos and Sieverding [38]. The Biot number relative to each
probe is much less than one, so a lumped mass model is used
with heat transfer coe�cients estimated with correlations from
Whitaker [39] to calculate a thermal time constant. Phase-shift
is calculated by applying the time constant as a first-order filter.
This model only accounts for the thermal mass of the thermo-
couple bead or tungsten wire and assumes that the lead wires
or prongs can be neglected. Figure 13 shows results from the
model, with the three probes compared at three Reynolds num-
bers relative to the diameter of the cold-wire. For experiments
in this work ReCW ⇡ 10. Phase-shift from the cold-wire is negli-
gible at all three Reynolds numbers up to a frequency of 0.1 Hz,
only reaching the level to produce a 5 % error above 1 Hz. A
Dantec 55P11 probe used as a hot-wire in constant temperature
anemometry has a bandwidth around 100 kHz, however the lack

of a temperature control amplifier reduces the bandwidth when
used as a cold-wire [40]. At 0.1 Hz and ReCW = 10 a 0.08 mm
TC adds a phase-shift of 0.8�, resulting in an error in heat trans-
fer coe�cient close to 10 %. The phase-shift of the 0.8 mm TC
is unacceptably high for all frequencies of interest.
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Figure 13 Instrumentation-induced phase-shift in flow temperature measure-
ment at three Reynolds numbers relative to the diameter of the cold-wire probe.

To measure � = �aw � �w the fluid and wall temperature
measurements must be aligned in time to within 0.1 % of the
oscillation period. This is achieved by sampling the cold-wire
bridge voltage at 50 kHz and simultaneously triggering the IR
camera from the same National Instruments USB-4431 module.

Figure 12 shows temperature probe locations. It is impor-
tant that the probe used to measure �aw is positioned close to
the measured surface in the stream-wise direction and away
from any boundary layers or mixing that may add an additional
phase-shift to the flow temperature. Static pressure is measured
along the side wall and a pitot tube measures stagnation pres-
sure, allowing for calculation of Mach and Reynolds numbers.

5.3. Data collection and processing
Unless otherwise stated, phase-based measurements used

square wave inputs with a 5 s period and a 5 K amplitude, re-
quiring a power input of 2 kW. Measurements were taken for
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100 periods. A 5 s period gives values of Bi
p

Fo around 2 for
the expected heat transfer coe�cients, which Fig. 4 and Fig. 5
show maximises the amplitude of the wall response while min-
imising error. A 5 s period gives a first harmonic Fourier num-
ber, Fo1, of 0.0034 relative to the plate thickness and 0.11 rel-
ative to the step height, within the limits established in Sec-
tion 4.2 for the expected Biot numbers.

Noise in experiments is uncontrollable and di↵ers between
the flow and wall temperature measurements. An SNR compa-
rable to the numerical experiments is calculated to be O(10) per
Kelvin of temperature rise, giving phase-based measurements
an SNR around 50. During a phase-based measurement Mach
and Reynolds numbers in the working section vary by 0.1 % and
1 % respectively. Unsteadiness in the flow from heat input and
due to physical processes such as vortex shedding is a source of
noise, motivating the use of a low heat input.

A sample of data from a phase-based measurement is shown
in Fig. 14. A trace of free stream temperature ⇥1 is that is what
is measured by the cold-wire. Adiabatic wall temperature re-
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(b) Amplitude spectra for the four signals in (a).

Figure 14 Sample temperature signals and spectra showing free stream and wall
temperatures from three pixels with di↵erent heat transfer coe�cients.

quires a recovery factor to be calculated, however it follows
the free stream temperature instantaneously so there is no loss
in accuracy from measuring the free stream temperature alone.
Wall temperature traces are shown for three locations with dif-
ferent measured values of Bi

p
Fo. As expected from theory the

amplitude of the wall response increases with Bi
p

Fo and the
shape changes as the phases of each harmonic shift. The am-
plitude response is also shown in the spectra in Fig. 14b, where
it can be seen that the amplitude of higher harmonics drops o↵
faster for the lower values of Bi

p
Fo.

Transient measurements used a reverse step input to match
the Mach and Reynolds number of phase-based measurements.
The flow is held at a high temperature until the rig is thermally
soaked, at which time heating is lowered to the average tem-
perature of the phase-based input. A 50 K temperature change
is used, requiring a power input of 20 kW and giving an SNR
of around 500. Data is collected for 45 s, corresponding to a
Fourier number of 0.06 relative to the plate thickness and 1.91
relative to the step height. For the steps and vortex generators
this is beyond the transient Fourier number limit, so data is re-
moved from regressions, while for flat plate results where the
limiting length scale is the thickness of the plate the whole data
set can be used. Example data is shown in Fig. 15, where wall
temperature traces are shown for the same three locations as
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Figure 15 Sample temperature signals and calculated heat flux from three pixels
with di↵erent heat transfer coe�cients in a transient experiment.
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data in Fig. 14 along with calculated heat flux data for use in
regressions. The di↵erence in noise level between transient and
phase-based data can be seen, as can the di↵erent gradients in
heat flux resulting from di↵erent heat transfer coe�cients.

Data is processed in MATLAB using procedures outlined in
Section 4.1. Full-frame IR videos produce 81 920 pixel signals.
Optimisations such as windowing videos to a region of interest,
parallel processing of pixel data and e�cient memory alloca-
tion allows a full-field transient measurement to be processed
in 30 s while phase-based processing takes 130 s using a mod-
ern 8 core CPU and 96GB of RAM. An average measured wall
temperature is used to estimate the thermal properties of the
polycarbonate and heat transfer coe�cients are averaged over
the central third of each plate to avoid corner flows.

6. Results

This section presents heat transfer coe�cient results on the
four plate geometries described in the previous section. Phase-
based and transient measurements are compared to validate the
new phase-based method.

6.1. Flat plate
Figure 16 shows flat plate results given as Nusselt number

based on the length of the plate, NuL. Two Reynolds num-
ber ranges, labelled window 1 and window 2, indicate where
measurements are collected for the two IR window positions
required to view the full plate. Also plotted are correlations
for laminar and turbulent boundary layers from Lienhard [41].
Two dashed lines show a range of ±15 %, which Lienhard [41]
shows encloses 99.4 % of literature flat plate heat transfer data.
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Figure 16 Flat plate Nusselt numbers measured with phase-based and transient
methods. Data is compared to the correlation of Lienhard [41].

Results in Fig. 16 demonstrate that both phase-based and
transient methods give accurate measurements. Phase-based
and transient results from the same IR window position agree
with a maximum di↵erence of 2 %. The maximum run-to-run
variation in the overlap region between the two window is 3 %.
The maximum deviations from the correlation is 6 %, well within

the 15 % variation seen by Lienhard [41]. The maximum devi-
ation occurs at the furthest upstream point measured where the
turbulent boundary layer is still developing after the trip.

6.2. Forward and backward-facing steps
Figure 17 shows backward and forward-facing step results

given as Nusselt number based on the step height, NuH . Phase-
based and transient methods agree away from the steps and cap-
ture the fall and rise in heat transfer as flow separates and reat-
taches over the steps. Peak transfer at reattachment is of partic-
ular interest as it leads to component failure [33]. Phase-based
and transient results for peak NuH match within 3.3 % on the
backward-facing step and 3.1 % on the forward-facing step.

-20 -10 0 10 20 30 40
0

10

20

30

40

Phase-based
Transient

x/H [-]

N
u H

  [
-]

(a) Backward-facing step.

-20 -10 0 10 20 30 40
0

10

20

30

40

Phase-based
Transient

x/H [-]

N
u H

  [
-]

(b) Forward-facing step.

Figure 17 Nusselt numbers over backward and forward-facing steps measured
with phase-based and transient methods.

To demonstrate the robustness to noise of the phase-based
method measurements are taken on the forward-facing step with
SNRs from 10-500, requiring heating power inputs from 0.4 kW-
20 kW. Results are shown in Fig. 18. Phase-based results show
maximum variation in peak NuH of 8 % between SNRs of 10
and 250. A variation of 6 % is expected between the highest
and lowest SNRs due to Reynolds number variation between
runs at di↵erent mean temperatures, leaving a 2 % variation due
to measurement precision. The transient method measures the
same peak NuH for SNRs of 250 and 500, however results from
an SNR of 125 show deviations greater than 25 %, while results
for SNRs of 50 and 25 are quite wrong, up to 100 % o↵.
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(a) Phase-based measurement.
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(b) Transient measurement.

Figure 18 Comparison of Nusselt number measurements over a forward-facing
step with di↵erent SNRs for phase-based and transient measurements.

6.3. Vortex generator array
Figure 19 shows full-field results from the vortex generator

array, given as Nusselt number based on the vortex generator
height. The flow is symmetric down the centre line, so results
are compared by mirroring the top half of the transient field.

Both methods showing the same level of heat transfer en-
hancement apart from at the tip of the vortex generators. The
highest heat transfer coe�cients are measured at the tips, with
the transient measurement showing the region of high heat trans-
fer extending down the vortex generators. The conduction length

scale approaches zero at the tips where the three faces inter-
sect, shortening the time during which the Fourier number is
within semi-infinite limits. High heat transfer around the lead-
ing edge stagnation point means the back-side boundary con-
dition is close to isothermal at the tip, so with any non-semi-
infinite behaviour both methods would over-estimate heat trans-
fer coe�cient in this region.

In a phase-based measurement higher frequency harmon-
ics with lower Fourier numbers can be used to measure regions
where the first harmonic is beyond the semi-infinite limits. The
drawback is that higher harmonics have lower amplitude and
lower values of Bi

p
Fo, so uncertainty in resulting measure-

ments of phase increases. To counteract this measurements
from the first harmonic are used as a reference for higher har-
monics. The phase of higher harmonics is adjusted to match
heat transfer coe�cient measurements with the first harmonic
in regions where semi-infinite behaviour is maintained, such as
the flat plate upstream the vortex generators. Regions where
the first harmonic cannot be properly modelled as semi-infinite
can then be interrogated. Figure 20 shows measurements of the
second vortex generator using the fifth and ninth harmonics of
the same measurement shown in Fig. 19. These measurements
show that NuH at the tip is lower than measurements in Fig. 19
suggest. This is expected as flow separates over the sharp cor-
ner. Symmetric vortices are visible on the face of the vortex
generator. These can be seen in Fig. 19 but at the Fourier num-
bers used lateral conduction blurs the measurement. With the
higher harmonic frequencies the low heat transfer coe�cients,
and therefore low values of Bi

p
Fo, away from the vortex gen-

erators result in noisy measurements, particularly for the ninth
harmonic, as expected.

6.4. Uncertainty analysis for cases with steps
Uncertainties for experimental results are given in Table 1

with maximum and mean values representative of measurements
over the forward and backward-facing steps. Uncertainties are
estimated using partial derivatives and the Monte Carlo analy-
sis presented in Section 4.4. Contributions from the inputs to
each method are given.

In transient measurements the dominant source of mean un-
certainty is from the thermal properties of the material. The
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Figure 19 Nusselt number fields for the vortex generator array measured with phase-based and transient methods.
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Figure 20 Nusselt number fields for the second vortex generator with the fifth
and ninth harmonics of a phase-based measurement.

Transient Phase-based
Max. Mean Max. Mean

e 12.6 7.4 3.2 2.6 %
⇥w/�Taw 13.9 2.8 - - %
�aw � �w - - 11.2 5.7 %
f - - 0.1 0.1 %
Overall 28.2 10.4 14.9 8.6 %

Table 1 Uncertainty estimates for heat transfer coe�cient measurements over
forward and backward facing steps with contributions from each parameter.

polycarbonate was measured to an uncertainty of ±2 % but the
variation of thermal e↵usivity with temperature and large tem-
perature changes in transient measurements increase uncertainty.
Maximum uncertainty in transient measurements is in the mini-
mum heat transfer coe�cient, resulting in low values of Bi

p
Fo

which make the measurement of ⇥w/�Taw sensitive to noise.
In phase-based measurements phase-shift is the dominant

source of uncertainty. Uncertainty in phase-shift arises due to
noise and the finite o↵set in time between free-stream and wall
temperature measurements. Maximum uncertainty in phase-
shift due to noise arises where Bi

p
Fo is low, while the mean

uncertainty is from the time o↵set. Temperature changes in
phase-based measurements are 10 % of those used in transient
measurements, so uncertainty in thermal e↵usivity is 25-30 %
of that in transient measurements. The uncertainty contribution
from the forcing frequency, is due to the finite resolution of the
discrete Fourier transform. Overall, mean and maximum un-
certainty in heat transfer coe�cient is approximately 20 % and
50 % lower, respectively, than transient measurements.

7. Conclusions

This paper described a novel method for measuring heat
transfer coe�cients using the phase-shift between oscillating
fluid and wall temperatures. A Laplace domain analysis of
the unsteady heat equation with convective and semi-infinite
boundary conditions produces a transfer function between fluid
and wall temperatures. The steady-state frequency response
shows that a measurement of phase-shift between fluid and wall
temperatures is a measurement of heat transfer coe�cient.

Previous work shows that transient methods require large
temperature inputs due to sensitivity of measurements to noise.
Minimising this sensitivity is limited by the need to use low
enough Fourier numbers for conduction to remain semi-infinite.

Numerical experiments have established semi-infinite Fourier
number limits for phase-based and a Monte Carlo analysis has
shown that phase-based measurements are 10-50 times less sen-
sitive to noise compared to transient measurements as the am-
plitude of broadband noise is orders of magnitude below the
measured signal.

Experimental validation has demonstrated how the phase-
based method can be applied in practice. Phase-based experi-
ments require time-resolved measurements of fluid temperature
for accurate phase-shift calculation. This is achieved with a
cold-wire thermometer, while wall temperatures are measured
with a high-speed infrared camera. Measurements on a flat
plate, forward and backward-facing steps and a vortex genera-
tor array validate the accuracy of the phase-based method com-
pared to correlations and an existing transient method. Phase-
based measurements are achieved with signal-to-noise ratios,
and therefore heating power inputs, 10-50 times lower than
transient measurements. On geometries constrained by Fourier
number limits, higher harmonics in a phase-based measurement
can be used to probe areas where length scales are smallest.
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Appendix A. Transfer functions for a 1D surface

Picking up from Eq. 6 with ⇥(y, t) = T (y, t) � Ti, the gov-
erning equations become

@⇥(y, t)
@t

= ↵
@2⇥(y, t)
@y2 (A.1)

��
@⇥(y, t)
@y

�����
y=0
= h(⇥aw(t) � ⇥w(t)) (A.2)

Taking a Laplace transform of Eq. A.1

sb⇥(y, s) = ↵
@2b⇥(y, s)
@y2 (A.3)

where the initial condition⇥(y, 0) = 0 from Eq. 5b. The general
solution to Eq. A.3 is

b⇥(y, s) = A exp
 
�

r
s
↵

y
!
+ B exp

 r
s
↵

y
!

(A.4)

Where A and B are constants. Setting y = 0, it follows that

b⇥w(s) = A + B (A.5)

Taking a Laplace transform of Eq. A.2 and the derivative of
Eq. A.4 gives

��
@b⇥(y, s)
@y

�����
y=0
= h(b⇥aw(s) � b⇥w(s)) (A.6a)

= ��

r
s
↵

(B � A) (A.6b)

First applying the semi-infinite boundary condition from
Eq. 5a, b⇥(y, s) must be bounded in y, so B = 0 and A = b⇥w(s).

b⇥(y, s) = b⇥w(s) exp
 
�

r
s
↵

y
!

(A.7)

Substituting this result into Eq. A.6

b⇥w(s)�
r

s
↵
= h(b⇥aw(s) � b⇥w(s)) (A.8)

Setting e = �/
p
↵ and rearranging for transfer function between

b⇥w and b⇥aw gives the result in Eq. 7.

b⇥aw

b⇥w
= 1 +

e
p

s
h

(A.9)

A non-semi-infinite boundary condition can be applied by
considering the e↵ect of a boundary condition at a depth L into
the wall. The extremes of this are isothermal and an adiabatic
conditions, given by Eq. A.10a and Eq. A.10b respectively

⇥(L, t) = ⇥L = 0 (A.10a) d⇥(y, t)
dy

�����
y=L
= 0 (A.10b)

These boundary conditions take the same form when evalu-
ated in the Laplace domain for b⇥(y, s). Evaluating Eq. A.4 and
its derivative at y = L produces

b⇥L(s) = A exp
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(A.11b)

For the isothermal condition Eq. A.11a is set to zero. Sub-
stitution into Eqs. A.5 and A.6 gives the transfer function
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For the adiabatic condition Eq. A.11b is instead set to zero
and the transfer function is
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Appendix B. Phase error due to noise

It is assumed that noise can be approximated as a Fourier
series where at any frequency the noise has amplitude �Tn and
phase �n. �Tn is a function of frequency. White noise has a con-
stant �Tn, but any amplitude distribution is possible and may be
set by unsteadiness in the flow or otherwise. �n is random with
uniform distribution in the range [0�, 360�). Expressing the pe-
riodically varying wall temperature in exponential form with
noise at the same frequency gives

⇥w = �Twe j(!t+�w) + �Tne j(!t+�n) (B.1)

∆Tw

Real

Im
ag

in
ar

y

φw + jωt

∆Tn

φn - φw

δφ

Θw

Figure B.21 Illustration of the e↵ect of noise on a phase measurement at one
frequency.

Equation B.1 is illustrated in an Argand diagram in Fig. B.21.
The blue line ⇥w is the measured wall temperature signal, a
combination of the true temperature in red and the noise in yel-
low. �� is the error added to �w. �� depends on the phase
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di↵erence between the noise and wall temperature �n � �w and
the ratio of amplitudes �Tw/�Tn. Applying the law of sines to
the triangle in Fig. B.21 and rearranging gives

cot �� = csc(�n � �w)
 
�Tw

�Tn
+ cos(�n � �w)

!
(B.2)

Normalised curves of Eq. B.2 are plotted in Fig. B.22. The
magnitude of �� is symmetric about 180�, so only the range
[0�, 180�) is shown. The curves converge as�Tw/�Tn increases,
approaching the function

�� = arctan
 
sin(�n � �w)

�Tn

�Tw

!
(B.3)

The limiting maximum phase error occurs when �n � �w =
90� and is given by

��max = arctan
 
�Tn

�Tw

!
(B.4a)

⇡
�Tn

�Tw
⇡
�Tn

�Tw
⇥ 57.3� (B.4b)

If �n is uniformly distributed between 0� and 180� then the
limiting mean of the phase error is

��mean =
1
⇡

Z ⇡

0
��d(�n � �w) (B.5a)

=
�Tn

�Tw

2
⇡
⇡
�Tn
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Figure B.22 Variation in phase error due to noise for di↵erent noise amplitudes
and phase di↵erences.
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