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Abstract

This paper explores the integration of uncertainty frameworks such as Fuzzy, Neutrosophic, and Plithogenic
sets into Large Language Models (LLMs) and Natural Language Processing (NLP). We propose novel models,
including Large Uncertain Language Models and Natural Uncertain Language Processing, to enhance linguistic
representations and processing capabilities. Furthermore, we extend the theoretical foundation of LLMs
and NLP by incorporating Hyperstructures and Superhyperstructures, enabling higher-order generalizations
and hierarchical modeling. These advancements provide new perspectives for addressing uncertainty and
complexity in language understanding and processing. While the paper focuses on theoretical generalizations,
practical validation through computational experiments remains an important direction for future work.
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1 Short Introduction

1.1 Large Language Models and Natural Language Processing

Artificial Intelligence (AI) [148, 194, 319], Natural Language Processing (NLP) [25, 50], Machine Learning
[316], Graph Neural Networks [13, 157, 304], and Data Analysis [28, 214] have become integral components
of modern life. While numerous concepts are being actively researched, this paper focuses on Large Language
Models (LLMs) and Natural Language Processing.

Large Language Models (LLMs) are advanced AI systems trained on extensive text datasets to understand,
generate, and process human language [23, 51, 133, 208, 314]. For instance, multimodal LLMs, capable
of processing not only text but also other modalities such as images and audio, have become increasingly
indispensable in practical applications [70, 220, 322, 330, 332, 343].

Furthermore, various specialized LLMs have been developed to meet specific objectives. These include:

• Instruction-Tuned LLMs: Models fine-tuned to effectively follow user instructions, improving interaction
and response generation [21, 69, 118, 122, 160].

• Domain-Specific LLMs: Models tailored for specialized fields such as finance, healthcare, or legal
applications [145, 174, 210].

• Lightweight LLMs: Optimized for resource-constrained environments, enabling deployment on mobile
devices and edge computing platforms [72, 140, 248].

• Conversational LLMs: Designed for generating natural and contextually appropriate dialogue, focusing
on improving coherence and interactivity in conversations [188, 243, 306, 349].

These variations of LLMs represent active areas of research, addressing diverse challenges and expanding their
applicability across a wide range of domains.

Natural Language Processing, on the other hand, involves the computational analysis, interpretation, and
generation of human language. It plays a crucial role in communication, decision-making, and knowledge
discovery [25, 50, 53, 175, 185, 187]. It is often studied alongside Large Language Models.
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• Multimodal Natural Language Processing: Expands NLP to process and integrate data from multiple
modalities, such as text, images, and audio [73, 168, 221].

• Context-Aware Natural Language Processing: Enhances traditional NLP by incorporating contextual
information to improve accuracy and relevance [134].

Furthermore, the concept of HyperLanguage extends traditional language structures [29, 30, 80]. HyperLan-
guage finds application in various domains, such as automata theory, where it enhances the representation and
processing of complex linguistic constructs [29, 99].

1.2 Uncertain Sets

Set theory, a foundational branch of mathematics, provides the framework for studying collections of objects,
known as ”sets” [66, 144, 303, 305]. Over time, the classical concept of sets has been extended to address the
complexities of real-world uncertainty. Prominent among these extensions are Fuzzy Sets [59, 292, 334, 336–
339,350], Vague Sets [5,43,48,128,346], Soft Sets [8,10,88,182,196,328], Hypersoft Sets [272,273], Rough
Sets [212–217,219], Hyperfuzzy Sets [87,106,154,286], and Neutrosophic Sets [35,74,203,257,258,282,308].

Each of these frameworks addresses unique aspects of uncertainty. For instance, Fuzzy Sets assign a membership
degree between 0 and 1 to each element, enabling the modeling of partial belonging [334]. In contrast,
Neutrosophic Sets extend this concept by introducing three degrees: truth, indeterminacy, and falsehood,
providing a comprehensive approach to handling ambiguity in complex systems [257, 258]. Among these,
Plithogenic Sets stand out as a versatile generalization that incorporates multiple levels of uncertainty and
contradiction. These sets have gained attention for their adaptability to complex systems [2,109,233,251,261,
262, 280, 283, 289].

Research on uncertain sets, including the aforementioned frameworks, has expanded significantly [99,155,257,
258,262]. These studies have led to advancements in uncertain graphs, such as Fuzzy Graphs and Neutrosophic
Graphs, which have been applied to a variety of problems [82, 86–88, 92, 96–98, 235].

Moreover, these concepts have seen practical applications in fields such as Neural Networks [9, 123, 166, 176,
180,229,293,294] and decision-making processes [4,6,46,113,151,223,224], showcasing their relevance and
versatility in addressing uncertainty across diverse domains.

1.3 Hyperstructure and Superhyperstructure

This subsection explains the concepts of Hyperstructure and Superhyperstructure. Hyperstructures and Super-
hyperstructures represent hierarchical structures. A Hyperstructure is a mathematical construct that extends
the concept of power sets to various mathematical frameworks. Building upon this foundation, a Superhyper-
structure incorporates the notion of 𝑛-th power sets, providing a hierarchical and iterative generalization of
hyperstructures. Superhyperstructures can be interpreted as repeated applications of hyperstructural principles,
enabling deeper levels of abstraction and complexity [278, 279].

For instance, in graph theory, a Hypergraph is a hyperstructure, while a Superhypergraph is a superhyperstruc-
ture, offering a higher level of abstraction and complexity. A Hypergraph is defined as a generalization of a
traditional graph (cf. [68]) where edges, called hyperedges, can connect more than two vertices [24,32,110–112].
Hyperstructures have been extensively studied in the field of AI, including concepts like Hypergraph Neural
Networks [49, 79, 101, 125, 132, 135, 296, 312]. In contrast, a SuperHyperGraph represents a more general-
ized class of graphs that incorporates superedges and supervertices. This extension builds upon fundamental
graph-theoretic concepts, including traditional graphs and hypergraphs, to achieve greater levels of abstraction
and flexibility (cf. [84, 84, 87, 90, 91, 93, 94, 105, 119, 120, 231, 263, 264, 267, 271, 276, 276, 278]). Similarly,
SuperHypergraph Neural Networks have also been actively explored in recent studies [85].

Beyond graph theory, superhyperstructures have been extensively studied across various mathematical disci-
plines, including:

• Topology [163]: The study of hypertopologies [67, 177, 179, 200] and superhypertopologies [274, 275,
284] has revealed novel insights into topological structures.
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• Functions: Hyperfunctions [103, 139, 197] and superhyperfunctions [270, 276] extend the functional
analysis framework.

• Soft Sets [182, 196]: Advances include hypersoft sets [1, 97, 124, 141, 225, 242, 245, 269] and superhy-
persoft sets [272, 285], broadening the scope of soft set theory.

• Fuzzy Sets [235, 334]: Hyperfuzzy sets [106, 154, 286] and superhyperfuzzy sets [87] provide a higher-
order generalization of classical fuzzy sets.

• Group Theory [170]: The extension of hypergroups [159] to superhypergroups [159] enriches algebraic
structures in group theory.

• Neutrosophic Sets [257]: Hyperneutrosophic sets [62,87] and superhyperneutrosophic sets [87] address
higher-order uncertainties.

• Algebra Theory [20,56,161]: Developments in hyperalgebras [57,137,227,290] and superhyperalgebras
[142, 143, 255, 265, 284] expand the understanding of algebraic systems.

• Automata Theory [31, 131]: The concepts of Hyperautomata [29, 241] and Superhyperautomata [99]
incorporate hyperstructures into the framework of automata theory, extending its theoretical boundaries.

• Ring Theory [288, 320]: Hyperring Theory [14, 58, 153, 164] and Superhyperring Theory [277] explore
hyperstructures within algebraic systems, enriching the study of commutative and non-commutative
rings.

• Rough Set Theory [214, 217, 218]: The notions of Hyperrough Sets [87, 253] and Superhyperrough
Sets [87] generalize classical rough set theory by leveraging hyperstructural principles.

Given this broad scope of applications, research into Hyperstructures and SuperHyperstructures is crucial for
advancing mathematical theory and its interdisciplinary applications.

1.4 Our Contribution in This Paper

This subsection provides a concise explanation of our contributions in this paper.

We theoretically propose models for Large Uncertain Language Models and Natural Uncertain Language
Processing by incorporating the concepts of Fuzzy, Neutrosophic, and Plithogenic frameworks into the domains
of Large Language Models and Natural Language Processing. Additionally, we introduce models that integrate
the concepts of Hyperstructure and Superhyperstructure into Large Language Models and Natural Language
Processing, expanding their theoretical foundation.

It is important to note that this discussion primarily focuses on theoretical generalizations. The practical
feasibility and robustness of these methods in real-world applications require further computational experiments
and validation.

1.5 The Structure of the Paper

The format of this paper is described below.
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2 Preliminaries and Definitions

In this section, we provide the necessary preliminaries and definitions. As it is not feasible to explain or define
every concept within this paper, readers are advised to refer to the respective notations and basic definitions in
the relevant literature as needed.

2.1 Basic Set Theory

This subsection introduces foundational concepts of set theory. For a detailed discussion, readers are encouraged
to consult standard references [126, 144, 150].

Definition 2.1 (Set). [144] A set is a well-defined collection of distinct objects, referred to as elements. For
any object 𝑥, it can be unambiguously determined whether 𝑥 belongs to the set. If 𝐴 is a set and 𝑥 is an
element of 𝐴, this relationship is expressed as 𝑥 ∈ 𝐴. Sets are often denoted using curly brackets. For example,
𝐴 = {1, 2, 3} represents a set containing the elements 1, 2, and 3.

Definition 2.2 (Subset). [144] Let 𝐴 and 𝐵 be sets. The set 𝐴 is said to be a subset of 𝐵, written 𝐴 ⊆ 𝐵, if
every element of 𝐴 is also an element of 𝐵. Formally:

𝐴 ⊆ 𝐵 ⇐⇒ ∀𝑥 (𝑥 ∈ 𝐴 =⇒ 𝑥 ∈ 𝐵).

If 𝐴 ⊆ 𝐵 and 𝐴 ≠ 𝐵, then 𝐴 is called a proper subset of 𝐵, denoted 𝐴 ⊂ 𝐵.

2.2 Uncertain Sets

In this subsection, we focus on Uncertain Sets, exploring concepts such as fuzzy sets, Neutrosophic sets, and
plithogenic sets.

Fuzzy sets offer a powerful framework for managing uncertainty by assigning degrees of membership to
elements [334, 340, 341]. Building upon this foundation, several extensions have been proposed, including
bipolar fuzzy sets [7,45,114], intuitionistic fuzzy sets [16–19], hesitant fuzzy sets [76,77,152,192,298,299,323],
picture fuzzy sets [54, 162, 252, 313], spherical fuzzy sets [15, 115, 116, 181, 189], pythagorean fuzzy sets
[102, 184, 240, 347], and vague sets [43, 48, 128].

Neutrosophic sets extend the concept of fuzzy sets by incorporating the notion of indeterminacy, enabling
representation of states that are neither entirely true nor entirely false. This framework has been extensively
explored in various fields [257–259]. Furthermore, related concepts include Bipolar Neutrosophic Sets [3, 64,
65, 195, 302], Complex Neutrosophic Sets [11, 12], Single-Valued Neutrosophic Sets [44, 146, 158, 244, 309],
Interval-Valued Neutrosophic Sets [329, 333, 344, 345], and Neutrosophic Offsets [83, 256, 260, 266, 268].

Plithogenic sets further enhance these frameworks by accommodating a greater degree of complexity and
multi-dimensional uncertainty. They provide a flexible and robust approach for modeling intricate scenarios,
making them a versatile tool for uncertainty management [98, 242, 262, 283].

The relevant definitions, theorems, and related concepts are presented below.
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Definition 2.3 (Fuzzy set). [334–336,339] A fuzzy set 𝜏 in a non-empty universe𝑌 is a mapping 𝜏 : 𝑌 → [0, 1].
A fuzzy relation on 𝑌 is a fuzzy subset 𝛿 in 𝑌 ×𝑌 . If 𝜏 is a fuzzy set in 𝑌 and 𝛿 is a fuzzy relation on 𝑌 , then 𝛿

is called a fuzzy relation on 𝜏 if

𝛿(𝑦, 𝑧) ≤ min{𝜏(𝑦), 𝜏(𝑧)} for all 𝑦, 𝑧 ∈ 𝑌 .

Example 2.4 (Fuzzy set). Consider a non-empty universe 𝑌 = {Cold, Moderate, Hot}, which represents
temperature levels. A fuzzy set 𝜏 maps each element in 𝑌 to a degree of membership in the interval [0, 1]. For
example:

𝜏(Cold) = 0.8, 𝜏(Moderate) = 0.5, 𝜏(Hot) = 0.2.

This means the degree of ”coldness” is 0.8, ”moderateness” is 0.5, and ”hotness” is 0.2 for the given context
(e.g., a day with a temperature of 15°C). This approach accommodates the vagueness of linguistic terms like
”cold” or ”hot.”

A fuzzy relation 𝛿 on 𝑌 could represent the perceived similarity between temperature levels:

𝛿(Cold,Moderate) = 0.6, 𝛿(Cold,Hot) = 0.2, 𝛿(Moderate,Hot) = 0.7.

The fuzzy relation satisfies:
𝛿(𝑦, 𝑧) ≤ min{𝜏(𝑦), 𝜏(𝑧)} for all 𝑦, 𝑧 ∈ 𝑌 .

Definition 2.5. [257] Let 𝑋 be a given set. A Neutrosophic Set 𝐴 on 𝑋 is characterized by three membership
functions:

𝑇𝐴 : 𝑋 → [0, 1], 𝐼𝐴 : 𝑋 → [0, 1], 𝐹𝐴 : 𝑋 → [0, 1],

where for each 𝑥 ∈ 𝑋 , the values 𝑇𝐴(𝑥), 𝐼𝐴(𝑥), and 𝐹𝐴(𝑥) represent the degree of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0 ≤ 𝑇𝐴(𝑥) + 𝐼𝐴(𝑥) + 𝐹𝐴(𝑥) ≤ 3.

Example 2.6. Let 𝑋 = {Product A, Product B, Product C}, representing products in an online store. A
Neutrosophic Set 𝐴 assigns to each product a degree of truth 𝑇𝐴(𝑥), indeterminacy 𝐼𝐴(𝑥), and falsity 𝐹𝐴(𝑥).
For example:

𝑇𝐴(Product A) = 0.7, 𝐼𝐴(Product A) = 0.2, 𝐹𝐴(Product A) = 0.1.

Here, 𝑇𝐴(Product A) = 0.7 indicates 70% positive reviews, 𝐼𝐴(Product A) = 0.2 reflects 20% uncertain or
mixed feedback, and 𝐹𝐴(Product A) = 0.1 signifies 10% negative reviews. These values satisfy:

0 ≤ 𝑇𝐴(𝑥) + 𝐼𝐴(𝑥) + 𝐹𝐴(𝑥) ≤ 3 for all 𝑥 ∈ 𝑋.

Proposition 2.7. (cf. [258, 281]) A Neutrosophic Set generalizes a Fuzzy Set.

Proof. This follows directly from the definition. □

Definition 2.8. [261, 262] Let 𝑆 be a universal set, and 𝑃 ⊆ 𝑆. A Plithogenic Set 𝑃𝑆 is defined as:

𝑃𝑆 = (𝑃, 𝑣, 𝑃𝑣, 𝑝𝑑𝑓 , 𝑝𝐶𝐹)

where:

• 𝑣 is an attribute.

• 𝑃𝑣 is the range of possible values for the attribute 𝑣.

• 𝑝𝑑𝑓 : 𝑃 × 𝑃𝑣 → [0, 1]𝑠 is the Degree of Appurtenance Function (DAF).

• 𝑝𝐶𝐹 : 𝑃𝑣 × 𝑃𝑣 → [0, 1]𝑡 is the Degree of Contradiction Function (DCF).

These functions satisfy the following axioms for all 𝑎, 𝑏 ∈ 𝑃𝑣:
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1. Reflexivity of Contradiction Function:
𝑝𝐶𝐹 (𝑎, 𝑎) = 0

2. Symmetry of Contradiction Function:

𝑝𝐶𝐹 (𝑎, 𝑏) = 𝑝𝐶𝐹 (𝑏, 𝑎)

Example 2.9. (cf. [83, 96]) The following examples of Plithogenic sets are provided.

• When 𝑠 = 𝑡 = 1, 𝑃𝑆 is called a Plithogenic Fuzzy Set.

• When 𝑠 = 2, 𝑡 = 1, 𝑃𝑆 is called a Plithogenic Intuitionistic Fuzzy Set.

• When 𝑠 = 3, 𝑡 = 1, 𝑃𝑆 is called a Plithogenic Neutrosophic Set.

• When 𝑠 = 4, 𝑡 = 1, 𝑃𝑆 is called a Plithogenic quadripartitioned Neutrosophic Set (cf. [138, 228, 249]).

• When 𝑠 = 5, 𝑡 = 1, 𝑃𝑆 is called a Plithogenic pentapartitioned Neutrosophic Set (cf. [26, 55, 183]).

• When 𝑠 = 6, 𝑡 = 1, 𝑃𝑆 is called a Plithogenic hexapartitioned Neutrosophic Set (cf. [211]).

• When 𝑠 = 7, 𝑡 = 1, 𝑃𝑆 is called a Plithogenic heptapartitioned Neutrosophic Set (cf. [34, 198]).

• When 𝑠 = 8, 𝑡 = 1, 𝑃𝑆 is called a Plithogenic octapartitioned Neutrosophic Set.

• When 𝑠 = 9, 𝑡 = 1, 𝑃𝑆 is called a Plithogenic nonapartitioned Neutrosophic Set.

Libraries and programming frameworks for Fuzzy Sets and Neutrosophic Sets are discussed in various studies.
For Fuzzy Sets, references such as [81, 149, 167, 169, 191, 250, 287, 351, 352] provide valuable insights. For
Neutrosophic Sets, relevant research can be found in [36, 205, 254], among others. While these references are
merely examples, they can be consulted as needed.

2.3 Hyperstructure and Superhyperstructure

This subsection provides an explanation of Hyperstructure and Superhyperstructure. A Hyperstructure refers
to a mathematical concept characterized by the structure of a power set. The term Superhyperstructure denotes
the structure defined by the 𝑛-th power set [278, 279]. These concepts enable the representation of various
hierarchical structures. The definition of the 𝑛-th power set is given below.

Definition 2.10 (Base Set). A base set is a foundational set 𝑆 from which more complex structures, such as
powersets or hyperstructures, are derived. Formally, a base set is defined as:

𝑆 = {𝑥 | 𝑥 is an element of the universe of discourse}.

All elements in derived structures, such as P(𝑆) or P𝑛 (𝑆), originate from the elements of the base set 𝑆.

Definition 2.11 (Powerset). [85, 234] The powerset of a set 𝑆, denoted P(𝑆), is the set of all subsets of 𝑆,
including the empty set and 𝑆 itself. Formally,

P(𝑆) = {𝐴 | 𝐴 ⊆ 𝑆}.

Definition 2.12 (𝑛-th powerset). (cf. [85, 255, 278]) The 𝑛-th powerset of 𝐻, denoted 𝑃𝑛 (𝐻), is defined
recursively as:

𝑃1 (𝐻) = 𝑃(𝐻), 𝑃𝑛+1 (𝐻) = 𝑃(𝑃𝑛 (𝐻)) for 𝑛 ≥ 1.

Similarly, the 𝑛-th non-empty powerset of 𝐻, denoted 𝑃∗
𝑛 (𝐻), is defined as:

𝑃∗
1 (𝐻) = 𝑃∗ (𝐻), 𝑃∗

𝑛+1 (𝐻) = 𝑃∗ (𝑃∗
𝑛 (𝐻)).

Proposition 2.13. An 𝑛-th powerset generalizes a power set.

Proof. This is evident. □
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If we were to mathematically define Hyperstructure and Superhyperstructure, the definitions would be as
follows.

Definition 2.14 (Hyperstructure). A Hyperstructure is a mathematical structure that incorporates elements
from the powerset of a base set. Formally, a hyperstructure H is defined as:

H = (P(𝑆), ◦),

where 𝑆 is a base set, P(𝑆) is its powerset, and ◦ is an operation defined on subsets of 𝑆.

Proposition 2.15. A Hyperstructure possesses the structure of a Power set.

Proof. This follows directly from the definition. □

Definition 2.16 (𝑛-Superhyperstructure). (cf. [255, 278]) An 𝑛-Superhyperstructure generalizes a hyperstruc-
ture by iteratively applying the powerset operation 𝑛-times. It is formally defined as:

SH𝑛 = (P𝑛 (𝑆), ◦),

where 𝑆 is the base set, P𝑛 (𝑆) is the 𝑛-th powerset of 𝑆, and ◦ is a general operation defined on P𝑛 (𝑆).

Proposition 2.17. A 𝑛-Superhyperstructure possesses the structure of a 𝑛-th powerset.

Proof. This follows directly from the definition. □

Proposition 2.18. An 𝑛-Superhyperstructure generalizes a Hyperstructure.

Proof. By definition, a Hyperstructure H = (P(𝑆), ◦) is based on the powerset P(𝑆) of a base set 𝑆, with an
operation ◦ defined on P(𝑆).

An 𝑛-Superhyperstructure SH𝑛 = (P𝑛 (𝑆), ◦) extends this concept by applying the powerset operation 𝑛-times,
where P𝑛 (𝑆) = P(P𝑛−1 (𝑆)), and P1 (𝑆) = P(𝑆).

For 𝑛 = 1, we have P1 (𝑆) = P(𝑆), and hence SH1 = (P(𝑆), ◦), which is equivalent to a Hyperstructure.
For 𝑛 > 1, the 𝑛-th powerset introduces additional levels of hierarchical structure beyond the base powerset,
thereby generalizing the original Hyperstructure.

Thus, an 𝑛-Superhyperstructure reduces to a Hyperstructure for 𝑛 = 1, and for 𝑛 > 1, it represents a broader
generalization. □

3 Theoretical Considerations of Uncertain Language

In this section, we explore concepts related to languages that incorporate uncertainty, such as Fuzzy Languages,
and discuss their theoretical underpinnings.

3.1 Uncertain Natural Language Processing (NLP)

We introduce and mathematically define several frameworks under the umbrella of Uncertain Natural Language
Processing (NLP), including:

• Natural Fuzzy Language Processing
A system that handles linguistic uncertainty using fuzzy languages, assigning degrees of membership to
words or phrases.

• Natural Neutrosophic Language Processing
A framework incorporating truth, indeterminacy, and falsity degrees for nuanced processing of ambiguous
linguistic data.
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• Natural Plithogenic Language Processing
A method combining plithogenic languages to manage linguistic data with multiple attributes and higher-
order uncertainty.

These frameworks aim to extend the theoretical foundation of NLP to accommodate uncertainty and vagueness
inherent in natural language. It is important to note that this discussion focuses on theoretical generalizations.
Practical feasibility and robustness of these methods for real-world applications require further computational
experiments and validation.

3.1.1 Classic Natural Language Processing (NLP)

Natural Language refers to human languages(cf. [202, 222, 317]) used for communication, encompassing
spoken, written, or signed forms, which evolve naturally over time. Natural Language Processing (NLP) involves
enabling computers to understand, interpret, and generate human language for purposes of communication and
analysis [25, 50]. NLP has been extensively studied in various contexts and applications [25, 33, 50, 52, 53, 75,
108, 175, 185, 187, 199, 321, 331].

The definitions and examples are provided below. Readers interested in learning more about Natural Language
Processing are encouraged to consult the relevant survey introductions as needed [71, 156, 186, 209, 318].

Definition 3.1 (Formal Language). [95,121,130,232,238] A formal language L is defined as a set of strings
(or sequences) formed from a finite alphabet Σ, subject to specific syntactic rules. Formally:

L ⊆ Σ∗,

where Σ∗ is the set of all finite strings over the alphabet Σ. The strings in L are called well-formed formulas
(WFFs).

A formal language L is typically accompanied by:

• A set of symbols (or alphabet) Σ, which may include logical connectives (e.g., ∧, ∨, ¬), quantifiers (e.g.,
∀, ∃), variables, and parentheses.

• A set of formation rules that determine which strings in Σ∗ are well-formed.

Example 3.2 (Formal Language). Consider the formal language L over the alphabet Σ = {𝑎, 𝑏}, defined as:

L = {𝑤 ∈ Σ∗ | 𝑤 contains an equal number of 𝑎’s and 𝑏’s}.

This language includes all strings formed from 𝑎 and 𝑏 such that the number of occurrences of 𝑎 in the string
equals the number of occurrences of 𝑏. Some examples of well-formed strings (words) in L are:

𝜀, 𝑎𝑏, 𝑏𝑎, 𝑎𝑎𝑏𝑏, 𝑎𝑏𝑎𝑏, 𝑏𝑏𝑎𝑎, . . .

where 𝜀 represents the empty string.

Formation Rules:

• The empty string 𝜀 is in L.

• If 𝑤 ∈ L, then 𝑎𝑤𝑏 ∈ L and 𝑏𝑤𝑎 ∈ L.

• No other strings are in L.

The language L is an example of a formal language that can be described by a context-free grammar. It ensures
that all strings adhere to the rule of equal numbers of 𝑎’s and 𝑏’s, representing a well-defined syntactic structure
over the alphabet Σ.
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Definition 3.3 (Word). (cf. [121, 232]) Let Σ be a finite set of symbols, referred to as an alphabet. A word
over Σ is defined as a finite sequence of symbols from Σ. Formally, a word 𝑤 is an element of Σ∗, where:

Σ∗ =
∞⋃
𝑛=0

Σ𝑛,

and Σ𝑛 denotes the set of all sequences of length 𝑛 formed from Σ, including the empty sequence 𝜀 when 𝑛 = 0.

For a word 𝑤 ∈ Σ∗, the length of 𝑤, denoted |𝑤 |, is the number of symbols in 𝑤. If 𝑤 = 𝜀, then |𝑤 | = 0. For
example:

• If Σ = {𝑎, 𝑏}, then 𝑤 = 𝑎𝑏𝑎 ∈ Σ∗ is a word of length |𝑤 | = 3.

• The empty word 𝜀 ∈ Σ∗ is the unique word with |𝑤 | = 0.

Definition 3.4 (Natural Language). (cf. [25, 50, 185]) A natural language is a system of communication
composed of words, phrases, and rules, developed naturally among humans for expressing thoughts, emotions,
and information. Unlike formal languages, natural languages are characterized by ambiguity, irregularity,
and context-dependence, and are primarily governed by implicit grammar rather than strict syntactic rules.
Examples include English, Japanese, and Arabic.

Definition 3.5 (Probability Model). (cf. [104, 236, 237]) A probability model is a tuple (Ω, F , 𝑃), where:

• Ω is the sample space,

• F is a 𝜎-algebra of subsets of Ω,

• 𝑃 : F → [0, 1] is a probability measure satisfying:

𝑃(Ω) = 1 and 𝑃

( ∞⋃
𝑖=1

𝐴𝑖

)
=

∞∑︁
𝑖=1

𝑃(𝐴𝑖),

for any countable collection of disjoint events {𝐴𝑖}∞𝑖=1 ⊆ F .

Definition 3.6 (Natural Language Processing (NLP) ). (cf. [25,50,185]) Let Σ be a finite alphabet representing
the vocabulary of a natural language, and let Σ∗ denote the set of all finite sequences (words) over Σ. A
language L is a subset L ⊆ Σ∗.

An NLP system is a tuple:
N = (Σ,L,P,M,T),

where:

1. Σ: A finite alphabet of symbols.

2. L ⊆ Σ∗: The language, defined by some grammar G.

3. P : L → [0, 1]: A probability model [237] assigning probabilities to each 𝑤 ∈ L:

P(𝑤) = 𝑃(𝑤 | 𝜃),

where 𝜃 represents model parameters.

4. M : L → O: A mapping function that transforms each 𝑤 ∈ L into a structured output 𝑜 ∈ O (e.g., a
parse tree, a translation).

5. T : L × L → R: A similarity measure between pairs of words or sentences.

Libraries and programming frameworks for natural language processing have been explored in various studies,
such as [22, 171, 193, 222, 307, 310, 325, 326]. Please refer to these works as needed.

9



3.1.2 Natural Fuzzy Language Processing

We explore Natural Fuzzy Language Processing, which combines the principles of Natural Language Processing
and Fuzzy Language [60, 61, 129, 246, 324]. Definitions, theorems, and related concepts are provided below.

Definition 3.7 (Fuzzy Language). [60, 61, 226] Let Σ be a finite alphabet, and let Σ∗ and Σ𝜔 denote the sets
of all finite and infinite words over Σ, respectively. A fuzzy language is defined as follows:

1. Fuzzy Set: A fuzzy set 𝐴 on a set 𝑋 is characterized by a membership function 𝑓𝐴 : 𝑋 → [0, 1], where
𝑓𝐴(𝑥) represents the degree of membership of 𝑥 ∈ 𝑋 in the set 𝐴.

2. Fuzzy Language over Finite Words: A fuzzy language over Σ∗ is defined as a mapping 𝑟 : Σ∗ → [0, 1],
where 𝑟 (𝑤) denotes the degree of membership of the word 𝑤 ∈ Σ∗ in the language.

3. Fuzzy Language over Infinite Words: Similarly, a fuzzy language over Σ𝜔 is a mapping 𝑟 : Σ𝜔 → [0, 1],
where 𝑟 (𝑤) represents the degree of membership of the infinite word 𝑤 ∈ Σ𝜔 .

4. Support of a Fuzzy Language: The support of a fuzzy language 𝑟 is the set of words with non-zero
membership:

supp(𝑟) = {𝑤 ∈ Σ∗ | 𝑟 (𝑤) > 0}.

This framework models uncertainty and partial belonging by assigning a degree of membership to each word
in the language.

Example 3.8 (Fuzzy Language Example 1: Room temperature comfort). Consider a linguistic context de-
scribing room temperature comfort. In everyday conversation, words like “warm,” “cool,” or “pleasant” do
not strictly classify temperature as entirely comfortable or uncomfortable. Instead, they express a degree of
comfort. For instance, let Σ = {”cold”, ”cool”, ”warm”, ”hot”} be a set of words used to describe temperature.
A fuzzy language 𝑟 : Σ → [0, 1] might assign:

𝑟 (”cool”) = 0.3, 𝑟 (”warm”) = 0.8,

indicating that “cool” has a low degree of membership to the ideal comfort zone (perhaps slightly chilly)
while “warm” strongly belongs to the comfort category. The exact membership degrees depend on context or
personal preference, reflecting how people naturally express nuances rather than absolute truths.

Another everyday example might involve affordability. Words like “cheap,” “affordable,” or “expensive” do not
neatly classify items into binary categories. Suppose Σ = {”cheap”, ”affordable”, ”costly”}. A fuzzy language
could assign:

𝑟 (”affordable”) = 0.6,

implying that “affordable” partially belongs to a “reasonably priced” category without asserting a strict bound-
ary.

Example 3.9 (Fuzzy Language Example 2: Climate Comfort). Let Σ = {”humid”, ”dry”} represent words
describing weather conditions. Define a fuzzy language 𝑟 : Σ → [0, 1] that measures how well these words fit
the notion of a “comfortable climate”:

𝑟 (”humid”) = 0.5, 𝑟 (”dry”) = 0.4.

In this scenario, “humid” is somewhat comfortable (though not ideal), while “dry” is slightly less comfortable,
reflecting subjective human perceptions rather than a binary classification.

Example 3.10 (Fuzzy Language Example 3: Food Quality). Consider Σ = {”ripe”, ”stale”} referring to food
freshness. Define a fuzzy language 𝑟 : Σ → [0, 1] representing how well each word matches “good to eat”:

𝑟 (”ripe”) = 0.9, 𝑟 (”stale”) = 0.2.

“Ripe” strongly belongs to the “edible and appealing” category, while “stale” barely meets that criterion,
illustrating a gradient of acceptability rather than a strict boundary.

Theorem 3.11. Every formal language L ⊆ Σ∗ can be represented as a fuzzy language.
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Proof. Let L ⊆ Σ∗ be a formal language. By definition, every string 𝑤 ∈ Σ∗ either belongs to L (𝑤 ∈ L) or
does not (𝑤 ∉ L).

To represent L as a fuzzy language, we define a fuzzy membership function 𝑟 : Σ∗ → [0, 1] as follows:

𝑟 (𝑤) =
{

1 if 𝑤 ∈ L,

0 if 𝑤 ∉ L.

In this case:

• 𝑟 (𝑤) assigns a membership degree of 1 to strings in L, indicating full membership.

• 𝑟 (𝑤) assigns a membership degree of 0 to strings not in L, indicating no membership.

Since a fuzzy language allows membership values in the interval [0, 1], this construction is valid. The fuzzy
language 𝑟 (𝑤) corresponds exactly to the formal language L.

Moreover, the support of the fuzzy language, defined as:

supp(𝑟) = {𝑤 ∈ Σ∗ | 𝑟 (𝑤) ≠ 0},

is equivalent to L, because 𝑟 (𝑤) = 1 for all 𝑤 ∈ L and 𝑟 (𝑤) = 0 for all 𝑤 ∉ L.

Thus, the fuzzy language 𝑟 (𝑤) faithfully represents the formal language L. □

Corollary 3.12. Fuzzy languages are a generalization of formal languages, as they can accommodate partial
membership values (0 < 𝑟 (𝑤) < 1) in addition to the binary membership of formal languages.

Proof. This is evident. □

Definition 3.13 (Natural Fuzzy Language). A Natural Fuzzy Language is a formal framework for representing
and processing natural language with inherent uncertainty using fuzzy sets. Formally, let Σ be a finite alphabet
representing the vocabulary. A Natural Fuzzy Language L𝐹 is defined as:

L𝐹 = (Σ,M𝐹 ,P𝐹 ,S𝐹),

where:

• Σ: A finite alphabet representing the set of words.

• M𝐹 : Σ∗ → [0, 1]: A fuzzy membership function assigning to each word 𝑤 ∈ Σ∗ a degree of
membership M𝐹 (𝑤). This value captures how strongly the word 𝑤 belongs to the language, modeling
linguistic vagueness (e.g., the word “warm” might have a membership degree M𝐹 (”warm”) = 0.8 in a
language describing comfortable temperatures).

• P𝐹 : Σ∗ ×Σ∗ → [0, 1]: A fuzzy relation measuring semantic proximity or contextual similarity between
two words 𝑢, 𝑣 ∈ Σ∗. For example, P𝐹 (”warm”, ”cozy”) = 0.7 may indicate that “warm” and “cozy”
are semantically related with a moderately high degree.

• S𝐹 : A set of syntactic or semantic rules represented as fuzzy constraints, guiding the construction and
interpretation of sentences. For instance, a fuzzy syntactic rule might state that certain phrases are
“somewhat acceptable” with a degree of 0.5, reflecting partial grammaticality or contextual fit.

Example 3.14 (Natural Fuzzy Language). Consider a vocabulary Σ = {”cold”, ”cool”, ”warm”, ”hot”} de-
scribing temperature-related terms. A Natural Fuzzy Language L𝐹 could assign:

M𝐹 (”cool”) = 0.3, M𝐹 (”warm”) = 0.8,

indicating that “cool” is only somewhat representative of comfortable temperatures, while “warm” strongly fits
the notion of comfort. Additionally,

P𝐹 (”warm”, ”hot”) = 0.6,
suggesting that “warm” and “hot” are moderately similar in meaning. Fuzzy syntactic rules might allow for
partially acceptable sentence formations, reflecting the inherent gradation in natural language structures.
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Example 3.15 (Natural Fuzzy Language in a Japanese Linguistic Context). Japanese is known as a language
with a high degree of ambiguity in meaning (cf. [190, 301]). Consider a Natural Fuzzy Language L𝐹 derived
from Japanese vocabulary describing nuances in weather conditions. Let:

Σ = {”samui (cold)”, ”suzushii (cool)”, ”atatakai (warm)”, ”atsui (hot)”}.

In everyday Japanese, these words convey nuanced perceptions of temperature, with interpretations often
dependent on personal feelings and context. Define a fuzzy membership function M𝐹 : Σ∗ → [0, 1]:

M𝐹 (”suzushii”) = 0.6, M𝐹 (”atatakai”) = 0.8.

Here, “suzushii (cool)” might represent a moderately pleasant coolness (0.6), neither too cold nor too warm.
“Atatakai (warm)” indicates a higher degree of comfort (0.8), suggesting a more clearly positive and comfortable
temperature. In contrast, “samui (cold)” might have a lower membership degree (e.g., 0.3) if we consider the
fuzzy language to represent “comfortable living conditions.”

A fuzzy relation P𝐹 : Σ∗ × Σ∗ → [0, 1] could capture semantic proximity:

P𝐹 (”atatakai”, ”atsui”) = 0.5.

Although “atsui (hot)” implies a higher temperature, it shares some semantic ground with “atatakai (warm)”
as both indicate warmth, albeit at different comfort levels.

Fuzzy syntactic rules could assign partial acceptability to certain phrases depending on context. For instance,
describing a day as “sukoshi atatakai (slightly warm)” might have a membership of 0.7 in a fuzzy grammar
representing “pleasant weather descriptions.”

Definition 3.16 (Natural Fuzzy Language Processing (NFLP)). Let Σ be a finite alphabet, and let L ⊆ Σ∗ be
a language defined by some grammar G. A fuzzy language 𝑟 : Σ∗ → [0, 1] assigns to each word 𝑤 ∈ Σ∗ a
degree of membership 𝑟 (𝑤) ∈ [0, 1].

A Natural Fuzzy Language Processing (NFLP) system is a tuple:

N𝐹 = (Σ,L𝐹 ,P𝐹 ,M𝐹 ,T 𝐹),

where:

1. Σ: A finite alphabet of symbols.

2. L𝐹 ⊆ Σ∗: A language over which a fuzzy membership function is defined.

3. P𝐹 : L𝐹 → [0, 1]: A fuzzy membership model assigning to each 𝑤 ∈ L𝐹 a value P𝐹 (𝑤) ∈ [0, 1].

4. M𝐹 : L𝐹 → O: A mapping function that transforms each 𝑤 ∈ L𝐹 into a structured output 𝑜 ∈ O.

5. T 𝐹 : L𝐹 × L𝐹 → R: A similarity measure for comparing pairs of words under fuzzy membership
considerations.

Theorem 3.17. Natural Fuzzy Language Processing (NFLP) generalizes Natural Language Processing (NLP).

Proof. Let N = (Σ,L,P,M,T) be an NLP system as defined above. In an NLP system, L ⊆ Σ∗ is a formal
language, and P(𝑤) assigns probabilities to words 𝑤 ∈ L.

For NFLP, let N𝐹 = (Σ,L𝐹 ,P𝐹 ,M𝐹 ,T 𝐹), where L𝐹 ⊆ Σ∗ and P𝐹 (𝑤) assigns a fuzzy membership degree
to words 𝑤 ∈ L𝐹 .

To show generalization:

• If P𝐹 (𝑤) ∈ {0, 1}, NFLP reduces to a deterministic NLP system where P(𝑤) = 1 for 𝑤 ∈ L and
P(𝑤) = 0 otherwise.
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• If P𝐹 (𝑤) takes values in [0, 1], NFLP allows partial membership for 𝑤, capturing uncertainty or
vagueness, which NLP cannot.

Since NLP is a special case of NFLP when P𝐹 (𝑤) ∈ {0, 1}, NFLP generalizes NLP. □

Theorem 3.18. Natural Fuzzy Language Processing (NFLP) possesses the structure of a fuzzy language.

Proof. By definition, NFLP operates over L𝐹 ⊆ Σ∗ with a fuzzy membership function P𝐹 : L𝐹 → [0, 1].
This aligns with the definition of a fuzzy language, where 𝑟 : Σ∗ → [0, 1] assigns membership degrees to
words.

In NFLP:

• Σ∗ is the set of all finite sequences over the alphabet Σ.

• P𝐹 is equivalent to the membership function 𝑟 in a fuzzy language, as it maps each word 𝑤 ∈ Σ∗ to
[0, 1].

• The support of P𝐹 , defined as supp(P𝐹) = {𝑤 ∈ Σ∗ | P𝐹 (𝑤) ≠ 0}, corresponds to the set of words
with non-zero membership.

Thus, NFLP inherits the structure of a fuzzy language. □

3.1.3 Natural Neutrosophic Language Processing

Natural Neutrosophic Language Processing is a concept that combines the principles of Neutrosophic Language
and Natural Language Processing. Definitions and related theorems are provided below.

Definition 3.19 (Neutrosophic Language). Let Σ be a finite alphabet. A Neutrosophic Language over Σ∗ is a
function:

𝑁 : Σ∗ → [0, 1]3,

where for each word 𝑤 ∈ Σ∗, 𝑁 (𝑤) = (𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)) with 𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤) ∈ [0, 1] and

0 ≤ 𝑇 (𝑤) + 𝐼 (𝑤) + 𝐹 (𝑤) ≤ 3.

Here:

• 𝑇 (𝑤) represents the truth-membership degree of 𝑤.

• 𝐼 (𝑤) represents the indeterminacy-membership degree of 𝑤.

• 𝐹 (𝑤) represents the falsity-membership degree of 𝑤.

A Neutrosophic Language generalizes the notion of membership beyond the single membership function of a
fuzzy language by explicitly incorporating degrees of truth, indeterminacy, and falsity.

Example 3.20 (Neutrosophic Language Example 1: the word “balanced”). In a neutrosophic language 𝑁 :
Σ∗ → [0, 1]3, each word is assigned three values (𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)) representing truth, indeterminacy, and
falsity. Consider using words to describe political opinions on a new policy. Let the word “balanced” describe
the policy’s approach. Different individuals may view this policy variably:

𝑁 (”balanced”) = (𝑇 (”balanced”), 𝐼 (”balanced”), 𝐹 (”balanced”)) = (0.5, 0.4, 0.1).

This could mean:
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• 𝑇 (”balanced”) = 0.5 : A moderate portion of people find this description appropriate.

• 𝐼 (”balanced”) = 0.4 : There is notable uncertainty or disagreement about whether “balanced” is the
right term.

• 𝐹 (”balanced”) = 0.1 : A small fraction strongly disagrees that the policy is balanced.

Similarly, consider a weather description like “fair.” Some days are clearly sunny or rainy, but “fair” might
carry uncertainty:

𝑁 (”fair”) = (0.7, 0.2, 0.1),

implying the weather is mostly agreeable (𝑇 = 0.7), somewhat uncertain or ill-defined (𝐼 = 0.2), and only
rarely considered an incorrect descriptor (𝐹 = 0.1).

These examples illustrate how fuzzy and neutrosophic languages model the gradations and uncertainties present
in everyday natural language usage.

Example 3.21 (Neutrosophic Language Example 2: Product Descriptions). Consider

Σ∗ = {”reliable”, ”controversial”}

describing products. Define a Neutrosophic Language 𝑁 : Σ∗ → [0, 1]3:

𝑁 (”reliable”) = (0.6, 0.3, 0.1), 𝑁 (”controversial”) = (0.3, 0.4, 0.3).

“Reliable” has a moderate truth value, some uncertainty, and a low falsity, reflecting mostly positive but not
unanimous opinions. “Controversial” has lower truth, higher uncertainty, and increased falsity, representing
mixed and polarized views.

Example 3.22 (Neutrosophic Language Example 3: Information Accuracy). LetΣ∗ = {”accurate”, ”misleading”}
represent terms describing information reliability. Define 𝑁 : Σ∗ → [0, 1]3:

𝑁 (”accurate”) = (0.8, 0.1, 0.1), 𝑁 (”misleading”) = (0.2, 0.5, 0.3).

“Accurate” predominantly conveys correctness with minimal uncertainty or falsity. “Misleading” shows con-
siderable uncertainty (0.5) and a non-negligible falsity score (0.3), indicating that not everyone views this word
as fitting the truth, and there is notable disagreement about its appropriateness.

Theorem 3.23 (Neutrosophic Language generalizes Fuzzy Language). Every fuzzy language is a special case
of a neutrosophic language.

Proof. A Fuzzy Language 𝐹 : Σ∗ → [0, 1] assigns to each word 𝑤 a single membership value 𝐹 (𝑤) ∈ [0, 1].

Consider a Neutrosophic Language 𝑁 : Σ∗ → [0, 1]3 with 𝑁 (𝑤) = (𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)). If we restrict
ourselves to the case where:

𝐼 (𝑤) = 0 and 𝐹 (𝑤) = 0,

then 𝑇 (𝑤) alone determines the membership, and we have:

𝑁 (𝑤) = (𝑇 (𝑤), 0, 0).

If we set 𝑇 (𝑤) = 𝐹 (𝑤) from the fuzzy language, the neutrosophic language reduces exactly to the given fuzzy
language. Hence, fuzzy languages are included as a special case of neutrosophic languages. □

Definition 3.24 (Natural Neutrosophic Language). A Natural Neutrosophic Language incorporates the notion
of indeterminacy into the modeling of natural language, extending beyond the single membership function of
a fuzzy language. Let Σ be a finite alphabet. A Natural Neutrosophic Language L𝑁 is defined as:

L𝑁 = (Σ,M𝑁 ,P𝑁 ,S𝑁 ),

where:

14



• Σ: A finite alphabet representing the set of words.

• M𝑁 : Σ∗ → [0, 1]3: A neutrosophic membership function assigning to each word 𝑤 ∈ Σ∗ a triplet
(𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)), where 𝑇 (𝑤) is the truth-membership degree, 𝐼 (𝑤) the indeterminacy-membership
degree, and 𝐹 (𝑤) the falsity-membership degree. These values satisfy:

0 ≤ 𝑇 (𝑤) + 𝐼 (𝑤) + 𝐹 (𝑤) ≤ 3.

This triple encodes more nuanced linguistic uncertainty. For example, a word might be considered partly
true, partly indeterminate, and partly false in a given linguistic context.

• P𝑁 : Σ∗ × Σ∗ → [0, 1]3: A neutrosophic relation that assigns to each pair (𝑢, 𝑣) a triplet representing
truth, indeterminacy, and falsity of their semantic similarity or contextual relation.

• S𝑁 : A set of syntactic or semantic rules represented as neutrosophic constraints. These rules can express
degrees of truth, uncertainty, and contradiction in sentence formation and interpretation.

Example 3.25 (Natural Neutrosophic Language). Consider a vocabulary Σ = {”balanced”, ”fair”, ”complex”}.
In a Natural Neutrosophic Language L𝑁 , we might have:

M𝑁 (”balanced”) = (𝑇 (”balanced”), 𝐼 (”balanced”), 𝐹 (”balanced”)) = (0.7, 0.2, 0.1),

indicating that “balanced” is considered 70% true, 20% indeterminate, and 10% false within a certain context
(e.g., describing a policy that is mostly fair but not universally agreed upon).

A neutrosophic relation could be defined as:

P𝑁 (”balanced”, ”complex”) = (0.5, 0.3, 0.2),

suggesting that “balanced” and “complex” have a moderate truth-related similarity (0.5), a noticeable inde-
terminacy (0.3), and a small element of falsity (0.2) in their relationship. Neutrosophic syntactic rules might
allow certain sentences to be formed that express ambiguous or partially contradictory meanings, reflecting the
nuanced and often uncertain nature of human language.

Example 3.26 (Natural Neutrosophic Language in a Japanese Linguistic Context). Consider a Natural Neu-
trosophic Language L𝑁 with a vocabulary

Σ = {”teinei (polite)” [291], ”bimyou (subtle or questionable)” [78, 107], ”tekitou (appropriate, sometimes careless)” [300]}

. These words represent various subjective qualities in communication or behavior.

Define a neutrosophic membership function M𝑁 : Σ∗ → [0, 1]3. For instance:

M𝑁 (”bimyou”) = (𝑇 (”bimyou”), 𝐼 (”bimyou”), 𝐹 (”bimyou”)) = (0.4, 0.4, 0.2).

The word “bimyou (subtle or questionable)” in Japanese often conveys subtlety, uncertainty, or something that
is “not clearly good or bad.” Here:

• 𝑇 (”bimyou”) = 0.4: There is some sense of truth or correctness in calling something “bimyou.”

• 𝐼 (”bimyou”) = 0.4: A high indeterminacy reflects the ambiguity and difficulty in categorizing “bimyou”
definitively.

• 𝐹 (”bimyou”) = 0.2: There is a small falsity component, recognizing that some may find “bimyou” to be
clearly one way or another.

In contrast, consider “teinei (polite).” We might have:

M𝑁 (”teinei”) = (0.7, 0.1, 0.2),

indicating a general consensus that “teinei” is positively true (0.7), with low uncertainty (0.1) and a small
degree of falsity (0.2), accounting for contexts where someone might consider an action “not truly polite.”
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A neutrosophic relation P𝑁 : Σ∗ × Σ∗ → [0, 1]3 could represent how words relate:

P𝑁 (”teinei”, ”tekitou”) = (0.3, 0.5, 0.2),
suggesting that “teinei (polite)” and “tekitou (appropriate but sometimes careless)” share some conceptual
ground (0.3 truth), a large area of uncertainty (0.5 indeterminacy), and a small falsity component (0.2).

Neutrosophic syntactic or semantic rules could allow sentences to reflect partial truth, uncertainty, and contra-
diction. For example, describing someone’s behavior as “teinei da ga bimyou (polite but questionable)” might
yield a neutrosophic membership indicating partial agreement, substantial uncertainty, and some degree of fal-
sity regarding the nature of the politeness. This highlights how the Japanese linguistic context can emphasize
nuanced, context-dependent meanings effectively captured by neutrosophic language modeling.
Definition 3.27 (Natural Neutrosophic Language Processing (NNLP)). A Natural Neutrosophic Language
Processing (NNLP) system is a tuple:

N𝑁 = (Σ,L𝑁 ,P𝑁 ,M𝑁 ,T 𝑁 ),
where:

1. Σ: A finite alphabet.

2. L𝑁 ⊆ Σ∗: A language with neutrosophic membership.

3. P𝑁 : L𝑁 → [0, 1]3: A neutrosophic membership function giving (𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)) for each 𝑤.

4. M𝑁 : L𝑁 → O: A mapping function from words to structured outputs.

5. T 𝑁 : L𝑁 × L𝑁 → R: A similarity measure under neutrosophic membership.
Theorem 3.28. Every Natural Fuzzy Language Processing system is a special case of a Natural Neutrosophic
Language Processing system.

Proof. A fuzzy membership assignsP𝐹 (𝑤) ∈ [0, 1]. A neutrosophic membership assigns (𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)) ∈
[0, 1]3.

By setting 𝐼 (𝑤) = 0 and 𝐹 (𝑤) = 0, we have:

P𝑁 (𝑤) = (𝑇 (𝑤), 0, 0).
If we identify 𝑇 (𝑤) = P𝐹 (𝑤), the neutrosophic model reduces to the fuzzy model. Thus, NNLP generalizes
NFLP. □

Theorem 3.29. Natural Neutrosophic Language Processing (NNLP) inherently possesses the structure of a
Neutrosophic Language.

Proof. By definition, an NNLP system N𝑁 = (Σ,L𝑁 ,P𝑁 ,M𝑁 ,T 𝑁 ) includes:

• A finite alphabet Σ.

• A language L𝑁 ⊆ Σ∗ with neutrosophic membership.

• A membership function P𝑁 : L𝑁 → [0, 1]3, assigning to each word 𝑤 ∈ L𝑁 a triplet P𝑁 (𝑤) =

(𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)), where:
0 ≤ 𝑇 (𝑤) + 𝐼 (𝑤) + 𝐹 (𝑤) ≤ 3.

This aligns exactly with the definition of a Neutrosophic Language, where 𝑇 (𝑤), 𝐼 (𝑤), and 𝐹 (𝑤)
represent the degrees of truth, indeterminacy, and falsity, respectively.

Moreover, the functions M𝑁 and T 𝑁 provide additional structure to NNLP, supporting tasks such as mapping
words to structured outputs and computing similarity under neutrosophic membership. While these components
extend NNLP’s applicability, they do not alter the foundational neutrosophic membership structure.

Thus, L𝑁 equipped with P𝑁 satisfies all the conditions of a Neutrosophic Language:

𝑁 (𝑤) = (𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)) for all 𝑤 ∈ L𝑁 .

Therefore, an NNLP system N𝑁 possesses the structure of a Neutrosophic Language. □
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3.1.4 Natural Plithogenic Language Processing

Natural Plithogenic Language Processing is a concept that combines the principles of Plithogenic Language and
Natural Language Processing. Relevant definitions and theorems are presented below. As briefly mentioned
in the introduction, the Plithogenic concept is particularly advantageous due to its flexibility in defining the
number of parameters related to uncertainty. This flexibility makes it a promising framework for various
applications, and the authors believe it will inspire extensive research in the future.

Definition 3.30 (Plithogenic Language). Consider a Plithogenic Set 𝑃𝑆 = (𝑃, 𝑣, 𝑃𝑣, 𝑝𝑑𝑓 , 𝑝𝐶𝐹) as defined
in [261, 262], where:

• 𝑃 is a subset of a universal set 𝑆.

• 𝑣 is an attribute.

• 𝑃𝑣 is the range of possible values for attribute 𝑣.

• 𝑝𝑑𝑓 : 𝑃 × 𝑃𝑣 → [0, 1]𝑠 is the Degree of Appurtenance Function (DAF).

• 𝑝𝐶𝐹 : 𝑃𝑣 ×𝑃𝑣 → [0, 1]𝑡 is the Degree of Contradiction Function (DCF), satisfying 𝑝𝐶𝐹 (𝑎, 𝑎) = 0 and
𝑝𝐶𝐹 (𝑎, 𝑏) = 𝑝𝐶𝐹 (𝑏, 𝑎) for all 𝑎, 𝑏 ∈ 𝑃𝑣.

A Plithogenic Language over Σ∗ (with parameters 𝑠, 𝑡) is a function:

𝑃𝐿 : Σ∗ → [0, 1]𝑠 ,

such that the membership vector assigned to each word 𝑤 ∈ Σ∗ is determined by the plithogenic structure
(via 𝑝𝑑𝑓 and influenced by 𝑝𝐶𝐹). The values of 𝑠 and 𝑡 define the dimensionality of the membership and
contradiction degrees.

Example 3.31 (Examples of Plithogenic Languages). (cf. [83, 96])

The following examples illustrate Plithogenic languages, categorized based on the parameters 𝑠 and 𝑡 of the
associated Plithogenic set:

• When 𝑠 = 𝑡 = 1, the language corresponds to a Plithogenic Fuzzy Language.

• When 𝑠 = 2, 𝑡 = 1, the language corresponds to a Plithogenic Intuitionistic Fuzzy Language.

• When 𝑠 = 3, 𝑡 = 1, the language corresponds to a Plithogenic Neutrosophic Language.

• When 𝑠 = 4, 𝑡 = 1, the language corresponds to a Plithogenic Quadripartitioned Neutrosophic Language
(cf. [138, 228, 249]).

• When 𝑠 = 5, 𝑡 = 1, the language corresponds to a Plithogenic Pentapartitioned Neutrosophic Language
(cf. [26, 55, 183]).

• When 𝑠 = 6, 𝑡 = 1, the language corresponds to a Plithogenic Hexapartitioned Neutrosophic Language
(cf. [211]).

• When 𝑠 = 7, 𝑡 = 1, the language corresponds to a Plithogenic Heptapartitioned Neutrosophic Language
(cf. [34, 198]).

• When 𝑠 = 8, 𝑡 = 1, the language corresponds to a Plithogenic Octapartitioned Neutrosophic Language.

• When 𝑠 = 9, 𝑡 = 1, the language corresponds to a Plithogenic Nonapartitioned Neutrosophic Language.

Theorem 3.32 (Plithogenic Language generalizes Neutrosophic and Fuzzy Languages). Consider a Plithogenic
Language 𝑃𝐿 : Σ∗ → [0, 1]𝑠 with a contradiction function 𝑝𝐶𝐹 : 𝑃𝑣 × 𝑃𝑣 → [0, 1]𝑡 .
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1. For 𝑠 = 3 and 𝑡 = 1, a plithogenic language can represent a neutrosophic language, as the triple
(𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)) of neutrosophic membership degrees fits into the plithogenic framework by inter-
preting the three-dimensional membership (and a single-dimension contradiction) appropriately.

2. For 𝑠 = 1 and 𝑡 = 1, a plithogenic language reduces to a fuzzy language scenario. In this case, we have
essentially one membership dimension and a single contradiction dimension that can be fixed, resulting
in a structure identical to a fuzzy language.

Proof. When 𝑠 = 3, 𝑡 = 1, choose the plithogenic structure so that the three-dimensional membership vector
[0, 1]3 corresponds to (𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)) of a neutrosophic language. The single contradiction dimension
𝑡 = 1 can represent additional uncertainty, but can also be fixed if needed. Thus, neutrosophic languages are
embedded within the plithogenic framework.

When 𝑠 = 1, 𝑡 = 1, the plithogenic language reduces to a single membership dimension and one contradiction
dimension. By setting the contradiction dimension appropriately and ignoring it or treating it as a constant,
we get a single membership value per word, which corresponds exactly to the definition of a fuzzy language.
Thus, fuzzy languages are obtained as a special case of plithogenic languages.

Hence, plithogenic languages generalize both neutrosophic languages (when 𝑠 = 3, 𝑡 = 1) and fuzzy languages
(when 𝑠 = 1, 𝑡 = 1). □

Definition 3.33 (Natural Plithogenic Language). A Natural Plithogenic Language integrates the principles
of plithogenic sets into the modeling of natural language, capturing complex, multi-attribute uncertainty and
contradictions within linguistic expressions. Formally, let Σ be a finite alphabet representing the vocabulary.
A Natural Plithogenic Language L𝑃𝐿 is defined as:

L𝑃𝐿 = (Σ,M𝑃𝐿 ,P𝑃𝐿 ,S𝑃𝐿 , 𝑝𝑑𝑓 , 𝑝𝐶𝐹),

where:

• Σ: A finite alphabet representing the set of words.

• 𝑝𝑑𝑓 : 𝑃×𝑃𝑣 → [0, 1]𝑠: The Degree of Appurtenance Function (DAF) from a Plithogenic Set, assigning
multi-dimensional membership degrees to elements (words) with respect to given attributes.

• 𝑝𝐶𝐹 : 𝑃𝑣 × 𝑃𝑣 → [0, 1]𝑡 : The Degree of Contradiction Function (DCF), quantifying contradictions
between possible attribute values. This allows the model to handle conflicting attributes inherent in
language interpretation.

• M𝑃𝐿 : Σ∗ → [0, 1]𝑠: A plithogenic membership function assigning an 𝑠-dimensional membership
vector to each word 𝑤 ∈ Σ∗. Each dimension represents a particular attribute of uncertainty, such as
truth, indeterminacy, falsity, or more complex measures.

• P𝑃𝐿 : Σ∗ × Σ∗ → [0, 1]𝑠: A plithogenic relation measuring semantic proximity or contextual similarity
between words. This relation can incorporate contradictions among attributes, reflecting the nuanced
relationships found in natural language.

• S𝑃𝐿: A set of syntactic or semantic rules formulated as plithogenic constraints. These rules manage how
words combine to form phrases and sentences, capturing complex patterns of agreement, contradiction,
and multi-faceted meaning.

By integrating plithogenic concepts, a Natural Plithogenic Language generalizes and extends frameworks such
as fuzzy or neutrosophic languages. It represents a comprehensive model that can handle multiple attributes
and their contradictions, providing a richer and more flexible representation of the inherent complexity and
ambiguity in natural human language.
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Example 3.34. Consider a vocabularyΣ = {”equitable”, ”ambiguous”, ”temporal”}. Suppose we are interested
in multiple attributes such as truthfulness, cultural specificity, temporal stability, and potential contradiction
among these attributes. The plithogenic membership function M𝑃𝐿 might assign to the word “ambiguous” a
vector:

M𝑃𝐿 (”ambiguous”) = (0.5, 0.4, 0.1),

where these three components could represent degrees of truth, uncertainty, and another attribute capturing
cultural dependency, respectively. The 𝑝𝑑𝑓 and 𝑝𝐶𝐹 functions would be defined to handle how attribute values
map onto membership degrees and contradictions. For instance, if two words share similar cultural attributes
but differ strongly in temporal stability, the plithogenic relation P𝑃𝐿 (”equitable”, ”temporal”) might yield a
vector indicating partial similarity in some attributes and high contradiction in others.

Thus, a Natural Plithogenic Language allows for a nuanced, multi-dimensional modeling of words and their
interactions, capturing the layered and often contradictory qualities of natural language usage.

Definition 3.35 (Natural Plithogenic Language Processing (NPLP)). A Natural Plithogenic Language Pro-
cessing (NPLP) system is a tuple:

N𝑃𝐿 = (Σ,L𝑃𝐿 ,P𝑃𝐿 ,M𝑃𝐿 ,T 𝑃𝐿),

where:

1. Σ: A finite alphabet.

2. L𝑃𝐿 ⊆ Σ∗: A language with plithogenic membership.

3. P𝑃𝐿 : L𝑃𝐿 → [0, 1]𝑠: A plithogenic membership function.

4. M𝑃𝐿 : L𝑃𝐿 → O: A mapping function from words to structured outputs.

5. T 𝑃𝐿 : L𝑃𝐿 × L𝑃𝐿 → R: A similarity measure under plithogenic membership.

Theorem 3.36 (NPLP generalizes NNLP and NFLP under specific parameters). The following properties hold
for Natural Plithogenic Language Processing.

1. For 𝑠 = 3 and 𝑡 = 1, a Natural Plithogenic Language Processing system reduces to a Natural Neutrosophic
Language Processing system.

2. For 𝑠 = 1 and 𝑡 = 1, a Natural Plithogenic Language Processing system reduces to a Natural Fuzzy
Language Processing system.

Proof. NPLP to NNLP (s=3, t=1): Choose 𝑠 = 3, giving a three-dimensional membership vector (𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)).
By suitably defining the plithogenic structure (e.g., selecting pdf and pCF functions), we obtain a triple analo-
gous to neutrosophic membership. With 𝑠 = 3, 𝑡 = 1, the NPLP framework mirrors NNLP exactly.

NPLP to NFLP (s=1, t=1): For 𝑠 = 1, we have a single membership dimension, akin to a fuzzy membership.
The additional 𝑡 = 1 contradiction dimension can be fixed or simplified, leaving a single scalar membership.
Thus, the NPLP model collapses to an NFLP model.

Hence, depending on the parameter choices (𝑠, 𝑡), NPLP generalizes both NNLP and NFLP. □

3.2 Large Uncertain Language Model

A Large Language Model (LLM) is an AI system trained on extensive text datasets to understand, generate, and
process human language [23, 51, 133, 208, 314]. This subsection discusses the concept of the Large Uncertain
Language Model.
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3.2.1 Classic Large Language Model

The definition of a Classic Large Language Model is provided below [23, 51, 133, 208, 314]. Readers seeking
more detailed information are encouraged to refer to introductory notes or surveys as needed [136, 147, 348].

Definition 3.37 (Classic Large Language Model). (cf. [23, 51, 133, 208, 314]) Let Σ be a finite alphabet
representing the vocabulary. Let Σ∗ denote the set of all finite sequences (strings) over Σ. A Large Language
Model (LLM) is a probabilistic model designed to predict the likelihood of sequences in Σ∗ and perform
linguistic tasks. Mathematically, an LLM is defined as:

MLLM = (Σ,P,T ,G,O),

where:

1. Vocabulary: Σ is the set of tokens (words, characters, or subwords).

2. Probability Distribution: P : Σ∗ → [0, 1] is the probability distribution over sequences, defined such
that for any 𝑤 ∈ Σ∗,

P(𝑤) =
|𝑤 |∏
𝑡=1

𝑃(𝑤𝑡 | 𝑤1, 𝑤2, . . . , 𝑤𝑡−1),

where 𝑤𝑡 is the 𝑡-th token of 𝑤, and 𝑃(𝑤𝑡 | 𝑤1, 𝑤2, . . . , 𝑤𝑡−1) is the conditional probability of 𝑤𝑡 given
its preceding tokens.

3. Training Process: T represents the training procedure, optimizing the parameters 𝜃 of the model to
minimize the negative log-likelihood:

L(𝜃) = − 1
𝑁

𝑁∑︁
𝑖=1

log P𝜃 (𝑤 (𝑖) ),

where {𝑤 (𝑖) }𝑁
𝑖=1 ⊂ Σ∗ is the training dataset.

4. Model Architecture: G defines the architecture (e.g., Transformer networks), which maps the input tokens
to embeddings and computes the conditional probabilities.

5. Output Space: O ⊆ Σ∗ is the output space of generated sequences, which can include completions,
translations, or answers to queries.

Libraries and open source tools for Classic Large Language Models have been studied in works such as
[27,47,100,117,165,173,178,204,207,247,295,297,311,315,327,342]. While not exhaustive, these references
may be useful as needed.

3.2.2 Large Fuzzy Language Model

A Large Fuzzy Language Model is a definition that integrates the concept of fuzzy language into LLMs. The
definitions of the Large Fuzzy Language Model are provided below. It is anticipated that practical research on
these models will advance in the future.

Definition 3.38 (Large Fuzzy Language Model (LFLM)). Let Σ be a finite alphabet, and Σ∗ the set of all finite
words over Σ. Consider a fuzzy language 𝑟 : Σ∗ → [0, 1], as defined previously. A Large Fuzzy Language
Model (LFLM) is defined as a tuple:

MLFLM = (Σ,P𝐹 ,T 𝐹 ,G𝐹 ,O𝐹),

where:
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1. Σ: A finite alphabet.

2. P𝐹 : Σ∗ → [0, 1] is a fuzzy membership function assigning to each word𝑤 ∈ Σ∗ a degree of membership
P𝐹 (𝑤) ∈ [0, 1].

3. T 𝐹 : A training procedure that adjusts parameters 𝜃 to fit observed (word, membership) pairs, aiming to
improve consistency with a given fuzzy linguistic environment.

4. G𝐹 : The model architecture (e.g., a neural network) capable of encoding and decoding fuzzy membership
contexts.

5. O𝐹 ⊆ Σ∗: The output space of generated sequences, where each candidate output 𝑤 is associated with a
fuzzy membership degree P𝐹 (𝑤).

Unlike a standard LLM that uses probabilities, an LFLM uses a fuzzy membership function to represent
how well a word fits certain linguistic criteria, without requiring a normalization constraint as in probability
distributions.

Theorem 3.39. The Large Fuzzy Language Model (LFLM) generalizes the Classic Large Language Model
(LLM).

Proof. A Classic Large Language Model MLLM = (Σ,P,T ,G,O) assigns a probability distribution P : Σ∗ →
[0, 1] to sequences. This probability distribution satisfies:∑︁

𝑤∈Σ∗
P(𝑤) = 1,

indicating normalization across all possible sequences.

In contrast, an LFLM MLFLM = (Σ,P𝐹 ,T 𝐹 ,G𝐹 ,O𝐹) assigns a fuzzy membership function P𝐹 : Σ∗ → [0, 1]
to sequences. The fuzzy membership function P𝐹 (𝑤) represents the degree to which the sequence 𝑤 belongs
to a specific linguistic context, without requiring normalization:∑︁

𝑤∈Σ∗
P𝐹 (𝑤) ≤ 1.

For any normalized probability distribution P(𝑤), we can define an equivalent fuzzy membership function
P𝐹 (𝑤) = P(𝑤), where P𝐹 satisfies the fuzzy membership property. Thus, every LLM can be seen as a special
case of an LFLM, where the fuzzy membership degrees are constrained by normalization. Hence, LFLM
generalizes LLM. □

Theorem 3.40. The Large Fuzzy Language Model (LFLM) possesses the structure of a Fuzzy Language.

Proof. By definition, a fuzzy language is a function 𝑟 : Σ∗ → [0, 1], where 𝑟 (𝑤) represents the degree of
membership of a word 𝑤 in the language. An LFLM defines a fuzzy membership function P𝐹 : Σ∗ → [0, 1],
where P𝐹 (𝑤) denotes how well the word 𝑤 fits certain linguistic criteria. This directly aligns with the definition
of a fuzzy language.

Additionally, the support of the fuzzy membership function P𝐹 is:

supp(P𝐹) = {𝑤 ∈ Σ∗ | P𝐹 (𝑤) > 0},

which corresponds to the well-formed sequences in the fuzzy linguistic context. Therefore, MLFLM inherently
satisfies the properties of a fuzzy language. □
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3.2.3 Large Neutrosophic Language Model

The Large Neutrosophic Language Model is a concept that integrates the principles of Large Language Models
and Neutrosophic Language. Definitions and relevant theorems are provided below.

Definition 3.41 (Large Neutrosophic Language Model (LNLM)). Let Σ be a finite alphabet, and consider a
Neutrosophic Language 𝑁 : Σ∗ → [0, 1]3, where for each 𝑤 ∈ Σ∗,

𝑁 (𝑤) = (𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)), 0 ≤ 𝑇 (𝑤) + 𝐼 (𝑤) + 𝐹 (𝑤) ≤ 3.

A Large Neutrosophic Language Model (LNLM) is defined as:

MLNLM = (Σ,P𝑁 ,T 𝑁 ,G𝑁 ,O𝑁 ),

where:

1. Σ: A finite alphabet.

2. P𝑁 : Σ∗ → [0, 1]3 is the neutrosophic membership function that assigns to each𝑤 a triple (𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)).

3. T 𝑁 : A training procedure to fit parameters 𝜃 to observed data with neutrosophic membership annotations.

4. G𝑁 : The model architecture that can handle the tripartite membership representation.

5. O𝑁 : The output space of generated sequences, each associated with a neutrosophic membership triple.

Theorem 3.42 (LNLM generalizes LFLM). Every Large Fuzzy Language Model is a special case of a Large
Neutrosophic Language Model.

Proof. A Large Fuzzy Language Model uses P𝐹 : Σ∗ → [0, 1]. Consider an LNLM with P𝑁 : Σ∗ → [0, 1]3.
If we restrict the neutrosophic membership to:

𝐼 (𝑤) = 0, 𝐹 (𝑤) = 0,

then:
P𝑁 (𝑤) = (𝑇 (𝑤), 0, 0).

Set 𝑇 (𝑤) = P𝐹 (𝑤) from the fuzzy model. Under this restriction, the LNLM reduces exactly to the LFLM.
Hence, the LNLM framework generalizes the LFLM. □

3.2.4 Large Plithogenic Language Model

The Large Plithogenic Language Model is a concept that combines the principles of Large Language Models
and Plithogenic Language. Relevant theorems and definitions are provided below.

Definition 3.43 (Large Plithogenic Language Model (LPLM)). Consider a Plithogenic Language 𝑃𝐿 : Σ∗ →
[0, 1]𝑠 defined with parameters 𝑠, 𝑡, as per the plithogenic set structure. A Large Plithogenic Language Model
(LPLM) is defined as:

MLPLM = (Σ,P𝑃𝐿 ,T 𝑃𝐿 ,G𝑃𝐿 ,O𝑃𝐿),

where:

1. Σ: A finite alphabet.

2. P𝑃𝐿 : Σ∗ → [0, 1]𝑠 assigns to each 𝑤 ∈ Σ∗ an 𝑠-dimensional membership vector derived from a
plithogenic structure, potentially influenced by a contradiction function 𝑝𝐶𝐹 : 𝑃𝑣 × 𝑃𝑣 → [0, 1]𝑡 .

3. T 𝑃𝐿: A training procedure to learn parameters 𝜃 for the plithogenic framework.
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4. G𝑃𝐿: The model architecture accommodating multi-dimensional membership and contradiction infor-
mation.

5. O𝑃𝐿: The output space of generated sequences, each associated with a multi-dimensional membership
vector.

Theorem 3.44 (LPLM generalizes LNLM and LFLM under specific parameters). 1. For 𝑠 = 3 and 𝑡 = 1,
a Large Plithogenic Language Model reduces to a Large Neutrosophic Language Model.

2. For 𝑠 = 1 and 𝑡 = 1, a Large Plithogenic Language Model reduces to a Large Fuzzy Language Model.

Proof. LPLM to LNLM (s=3, t=1): In the plithogenic setting, each word 𝑤 is assigned a membership vector
in [0, 1]𝑠 . For 𝑠 = 3, let (𝑇 (𝑤), 𝐼 (𝑤), 𝐹 (𝑤)) represent these three membership dimensions. By appropriately
defining the plithogenic framework (e.g., choosing pdf and pCF functions to mimic neutrosophic conditions), we
obtain the same triple structure as a neutrosophic language model. The extra contradiction function dimension
𝑡 = 1 can be fixed or integrated to match neutrosophic constraints. Thus, for 𝑠 = 3, 𝑡 = 1, the LPLM coincides
with the LNLM.

LPLM to LFLM (s=1, t=1): If we set 𝑠 = 1, the plithogenic model assigns a single membership value per word,
just like a fuzzy language. The additional 𝑡 = 1 contradiction dimension can be fixed or nullified, leaving a
single membership value per word. Hence, the LPLM matches the LFLM structure when 𝑠 = 1, 𝑡 = 1.

Thus, depending on parameter choices for 𝑠 and 𝑡, the LPLM framework can specialize to LNLM or LFLM,
demonstrating that LPLM generalizes both LNLM and LFLM. □

4 Theoretical Considerations of n-Superhyperlanguage

In this section, we explore the theoretical considerations of n-superhyperlanguage. It is important to note that
this discussion focuses on theoretical generalizations. Practical feasibility and robustness of these methods for
real-world applications require further computational experiments and validation.

4.1 𝑛-Superhyperword and 𝑛-Superhyperlanguage

In this subsection, we define the notions of a hyperlanguage and an 𝑛-superhyperlanguage. Intuitively, a
hyperlanguage [29, 30, 80] generalizes the concept of a language by allowing its elements to be sets of words
rather than individual words. We then extend this idea hierarchically to 𝑛-superhyperlanguages, which are
based on iterated power sets of the set of words(cf. [89, 99]).

Definition 4.1 (Hyperword and Hyperlanguage). [29, 30, 80, 89, 230] Let Σ be a finite alphabet, and let Σ∗

denote the set of all finite words over Σ.

1. A hyperword over Σ is a nonempty subset of Σ∗. In other words, a hyperword is an element of the power set
P(Σ∗).

2. A hyperlanguage over Σ is a set of hyperwords over Σ. Thus, a hyperlanguage 𝐻 is a subset of P(Σ∗).
Formally:

𝐻 ⊆ P(Σ∗).

A hyperlanguage can therefore be viewed as a set of sets of words over Σ.

Example 4.2 (Hyperword and Hyperlanguage). Consider a large collection of written documents describing
various topics—e.g., cooking recipes. Let Σ be an alphabet representing characters, and Σ∗ represent all
possible words that can appear in these recipes (e.g., “salt,” “tomato,” “roast,” “bake”).

A hyperword is a nonempty subset of Σ∗. For instance, consider the following subsets of words:

𝐻1 = {”tomato”, ”onion”, ”garlic”}, 𝐻2 = {”roast”, ”grill”, ”bake”}.
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Each 𝐻𝑖 is a hyperword representing a set of related culinary terms. For example, 𝐻1 might represent ingredients
commonly used together, and 𝐻2 might represent cooking methods.

A hyperlanguage is a set of hyperwords. Suppose we consider:

H = {𝐻1, 𝐻2, 𝐻3, . . . }

where each 𝐻𝑖 ⊆ Σ∗ is a set of words grouped by some semantic or thematic criterion. For instance:

𝐻3 = {”dessert”, ”pastry”, ”sorbet”}.

In this scenario, H could be seen as a collection of ingredient sets, method sets, and category sets, each
representing a cluster of related words (e.g., ingredients in 𝐻1, cooking techniques in 𝐻2, and dessert types in
𝐻3). Thus, a hyperlanguage H is essentially a set of sets of words.

Theorem 4.3. A hyperword generalizes the concept of a word, and a hyperlanguage generalizes the concept
of a language.

Proof. Let Σ be a finite alphabet, and let Σ∗ denote the set of all finite words over Σ.

A word 𝑤 ∈ Σ∗ is a single finite sequence of symbols from Σ. In contrast, a hyperword 𝑊 ⊆ Σ∗ is a nonempty
subset of Σ∗, allowing for collections of words instead of individual sequences.

For example:

• If Σ = {𝑎, 𝑏}, a word 𝑤 could be 𝑤 = 𝑎𝑏𝑎 ∈ Σ∗.

• A hyperword 𝑊 could be 𝑊 = {𝑎𝑏𝑎, 𝑎𝑏𝑏}, representing a set of words rather than a single sequence.

Clearly, every word 𝑤 ∈ Σ∗ can be viewed as a hyperword by identifying it with the singleton set {𝑤}. Thus,
the set of words Σ∗ is embedded in the power set P(Σ∗), and hyperwords generalize words by allowing subsets
of Σ∗ as elements.

A language 𝐿 ⊆ Σ∗ is a subset of words from Σ∗. A hyperlanguage 𝐻 ⊆ P(Σ∗) is a subset of hyperwords, i.e.,
a set of sets of words.

For example:

• If Σ = {𝑎, 𝑏}, a language 𝐿 could be 𝐿 = {𝑎𝑏𝑎, 𝑎𝑏𝑏}.

• A hyperlanguage 𝐻 could be 𝐻 = {{𝑎𝑏𝑎}, {𝑎𝑏𝑏, 𝑏𝑎𝑎}}, where each element of 𝐻 is a hyperword, i.e.,
a subset of Σ∗.

Every language 𝐿 ⊆ Σ∗ can be viewed as a hyperlanguage by identifying it with the set of singleton hyperwords
{{𝑤} | 𝑤 ∈ 𝐿}. Therefore, hyperlanguages generalize languages by allowing sets of hyperwords as elements.

□

Definition 4.4 (𝑛-Superhyperword and 𝑛-Superhyperlanguage). [89] We now generalize this construction to
multiple levels. Define the iterated power sets as follows:

P0 (Σ∗) := Σ∗, P𝑘+1 (Σ∗) := P(P𝑘 (Σ∗)), for all 𝑘 ≥ 0.

1. An 𝑛-superhyperword over Σ is an element of P𝑛 (Σ∗). In particular:

P1 (Σ∗) = P(Σ∗) consists of hyperwords,

P2 (Σ∗) = P(P(Σ∗)) consists of sets of hyperwords, and so forth.

2. An 𝑛-superhyperlanguage over Σ is a subset of P𝑛 (Σ∗). Formally:

𝐿 ⊆ P𝑛 (Σ∗).

Thus, an 𝑛-superhyperlanguage is a set of (𝑛−1)-superhyperwords, generalizing the concept of a hyperlanguage
to 𝑛-th level power sets of words.
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Example 4.5 (𝑛-Superhyperlanguage Example). Now consider we want to organize these categories into
higher-level groupings. For instance, an 𝑛-superhyperlanguage involves iterating the powerset construction
multiple times.

• At the first level (𝑛 = 1), we have hyperwords (sets of words).

• At the second level (𝑛 = 2), we have sets of hyperwords, i.e., a hyperlanguage.

• At the third level (𝑛 = 3), we consider sets of hyperlanguages, and so forth.

Let:
H1 = {𝐻1, 𝐻2, 𝐻3}, H2 = {𝐻4, 𝐻5, . . . }

where each H𝑖 is a hyperlanguage. Now, an 𝑛-superhyperlanguage with 𝑛 = 2 (often called a superhyperlan-
guage) could be something like:

L2 = {H1,H2} ⊆ P2 (Σ∗).

In a real-life context, think of this as a hierarchical classification scheme:

• Words represent individual items, such as ingredients, methods, or categories.

• Hyperwords represent thematic clusters of these items (e.g., groupings by similar meaning or usage).

• A hyperlanguage is a collection of such clusters, potentially representing the entire categorization of a
domain at one level (e.g., all ingredient sets or all technique sets).

• An 𝑛-superhyperlanguage constructs even higher strata of organization, enabling the management of
multiple domains and meta-level categories of these clusters.

This hierarchical approach, though conceptual, can reflect real-life complexities where we not only have sets
of items but also need to organize sets of these sets at multiple meta-levels.

Theorem 4.6. For any integer 𝑛 ≥ 1, an 𝑛-superhyperword generalizes the notion of a hyperword, and an
𝑛-superhyperlanguage generalizes the notion of a hyperlanguage.

Proof. Recall that a hyperword is defined as an element of P(Σ∗), and a hyperlanguage is defined as a subset
of P(Σ∗). By construction:

P1 (Σ∗) = P(Σ∗),
so a hyperword is a 1-superhyperword, and a hyperlanguage is a 1-superhyperlanguage.

For 𝑛 > 1, an 𝑛-superhyperword is an element of:

P𝑛 (Σ∗) = P(P𝑛−1 (Σ∗)).

When 𝑛 = 1, we have P1 (Σ∗) = P(Σ∗), which are exactly the hyperwords. Thus, any 𝑛-superhyperword for
𝑛 > 1 belongs to a higher-level power set and can be seen as a collection of (𝑛 − 1)-superhyperwords. Since
each (𝑛 − 1)-superhyperword can be traced down to lower levels of iteration until ultimately reaching P(Σ∗)
(the hyperwords), the 𝑛-superhyperword concept strictly extends that of a hyperword to more complex, iterated
structures.

Similarly, a hyperlanguage is a subset of P(Σ∗). By definition, an 𝑛-superhyperlanguage is a subset of P𝑛 (Σ∗):

𝐿 ⊆ P𝑛 (Σ∗).

For 𝑛 = 1, we obtain exactly the definition of a hyperlanguage. For 𝑛 > 1, an 𝑛-superhyperlanguage is
a collection of (𝑛 − 1)-superhyperwords, each of which is one level more complex than a hyperword. This
iterative construction therefore generalizes a hyperlanguage to higher levels, where instead of sets of hyperwords,
we consider sets of sets of (𝑛 − 1)-superhyperwords, and so forth.

In conclusion, the 𝑛-superhyperword and 𝑛-superhyperlanguage structures arise naturally by iterating the power
set operation multiple times. Since hyperwords and hyperlanguages correspond to the 𝑛 = 1 case, increasing 𝑛

yields increasingly higher-order generalizations of these concepts. □
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Theorem 4.7. Every hyperword and hyperlanguage can be represented by an appropriate hyperstructure.
More precisely:

1. Let Σ be a finite alphabet, and let Σ∗ be the set of all finite words over Σ. A hyperword is an element of
P(Σ∗), and a hyperlanguage is a subset of P(Σ∗). Both hyperwords and hyperlanguages can be modeled
using hyperstructures of suitable form.

2. Similarly, for any 𝑛 ≥ 1, every 𝑛-superhyperword (an element ofP𝑛 (Σ∗)) and every 𝑛-superhyperlanguage
(a subset of P𝑛 (Σ∗)) can be represented by an 𝑛-superhyperstructure.

Proof. Consider the base set 𝑆 = Σ∗. A hyperstructure is defined as:

H = (P(𝑆), ◦) = (P(Σ∗), ◦),

where ◦ is an operation defined on subsets of Σ∗.

By definition, a hyperword is an element of P(Σ∗). Thus, each hyperword 𝑊 ⊆ Σ∗ is simply an element of the
ground set P(Σ∗) of the hyperstructure H . In other words, hyperwords correspond directly to the elements of
P(𝑆) in the hyperstructure.

A hyperlanguage 𝐻 is a subset of P(Σ∗). Observe that 𝐻 ⊆ P(Σ∗) means 𝐻 ∈ P(P(Σ∗)), i.e., 𝐻 is an
element of the second power set of Σ∗. If we set 𝑆′ = P(Σ∗), then:

P(𝑆′) = P(P(Σ∗)) and 𝐻 ∈ P(𝑆′).

Thus, by considering a hyperstructure whose base set is 𝑆′ = P(Σ∗):

H ′ = (P(𝑆′), ◦) = (P(P(Σ∗)), ◦),

we find that any hyperlanguage 𝐻 is an element of the ground set of H ′. Hence, hyperlanguages can be
represented within a hyperstructure constructed at the second power set level.

In summary, hyperwords correspond to elements of a hyperstructure defined on Σ∗, and hyperlanguages
correspond to elements of a hyperstructure defined on P(Σ∗).

The notion of 𝑛-superhyperwords and 𝑛-superhyperlanguages generalizes this construction to higher levels of
iterated power sets. For 𝑛 ≥ 1, we define:

P0 (Σ∗) = Σ∗, P𝑘+1 (Σ∗) = P(P𝑘 (Σ∗)) for all 𝑘 ≥ 0.

An 𝑛-superhyperword is an element of P𝑛 (Σ∗), and an 𝑛-superhyperlanguage is a subset of P𝑛 (Σ∗).

Consider the 𝑛-superhyperstructure:
SH𝑛 = (P𝑛 (𝑆), ◦),

where 𝑆 = Σ∗ and P𝑛 (Σ∗) = P𝑛 (Σ∗).

By construction, P𝑛 (Σ∗) serves as the ground set of the 𝑛-superhyperstructure. Thus:

SH𝑛 = (P𝑛 (Σ∗), ◦).

Since an 𝑛-superhyperword is an element of P𝑛 (Σ∗), it directly corresponds to an element of the ground
set of SH𝑛. Likewise, an 𝑛-superhyperlanguage is a subset of P𝑛 (Σ∗), hence an element of P(P𝑛 (Σ∗)).
By replacing the base set 𝑆 with P𝑛 (Σ∗) and constructing a hyperstructure at the next level, we ensure that
𝑛-superhyperlanguages can also be represented by a suitable (𝑛 + 1)-level construction if needed.

Therefore, 𝑛-superhyperwords and 𝑛-superhyperlanguages naturally align with the concept of 𝑛-superhyperstructures,
generalizing the relationship established for hyperwords and hyperlanguages. □
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4.2 Natural HyperLanguage Processing and n-superhyperlanguage Processing

We now define Natural Hyperlanguage Processing, which extends NLP to operate on hyperlanguages rather
than languages.

Definition 4.8 (Natural Hyperlanguage Processing (NHP)). Let Σ be a finite alphabet, and let H ⊆ P(Σ∗) be
a hyperlanguage (a set of sets of words).

A Natural Hyperlanguage Processing system is a tuple:

N𝐻𝐿 = (Σ,H ,P𝐻𝐿 ,M𝐻𝐿 ,T 𝐻𝐿),

where:

1. Σ: A finite alphabet.

2. H ⊆ P(Σ∗): A hyperlanguage.

3. P𝐻𝐿 : H → [0, 1]: A probability model assigning probabilities to hyperwords 𝐻 ∈ H .

4. M𝐻𝐿 : H → O: A mapping function transforming each hyperword 𝐻 ∈ H into a structured output
𝑜 ∈ O.

5. T 𝐻𝐿 : H ×H → R: A similarity measure defined between pairs of hyperwords.

Theorem 4.9. Natural Hyperlanguage Processing (NHP) generalizes Natural Language Processing (NLP).

Proof. Consider an NHP system N𝐻𝐿 = (Σ,H ,P𝐻𝐿 ,M𝐻𝐿 ,T 𝐻𝐿) where H ⊆ P(Σ∗).

If we restrict H so that every hyperword is a singleton set, i.e., for every 𝐻 ∈ H , 𝐻 = {𝑤} for some 𝑤 ∈ Σ∗,
then there is a bijection between hyperwords in H and words in a language L ⊆ Σ∗.

Under this restriction:
H � L, with 𝐻 = {𝑤} ↔ 𝑤.

In this case, N𝐻𝐿 reduces to:
(Σ,L,P𝐻𝐿 ,M𝐻𝐿 ,T 𝐻𝐿),

which is structurally identical to the NLP definition (Σ,L,P,M,T).

Thus, NLP is a special case of NHP, proving that NHP generalizes NLP. □

We further generalize to 𝑛-superhyperlanguages.

Definition 4.10 (Natural 𝑛-Superhyperlanguage Processing (N𝑛SHP)). Let Σ be a finite alphabet, and let
H (𝑛) ⊆ P𝑛 (Σ∗) be an 𝑛-superhyperlanguage.

A Natural 𝑛-Superhyperlanguage Processing system is a tuple:

N (𝑛) = (Σ,H (𝑛) ,P (𝑛) ,M (𝑛) ,T (𝑛) ),

where:

1. Σ: A finite alphabet.

2. H (𝑛) ⊆ P𝑛 (Σ∗): An 𝑛-superhyperlanguage.

3. P (𝑛) : H (𝑛) → [0, 1]: A probability model assigning probabilities to 𝑛-superhyperwords.

4. M (𝑛) : H (𝑛) → O: A mapping function from 𝑛-superhyperwords to structured outputs.

27



5. T (𝑛) : H (𝑛) ×H (𝑛) → R: A similarity measure on 𝑛-superhyperwords.

Theorem 4.11. Natural 𝑛-Superhyperlanguage Processing (N𝑛SHP) generalizes both NLP and NHP.

Proof. By definition, an 𝑛-superhyperlanguage H (𝑛) ⊆ P𝑛 (Σ∗).

For 𝑛 = 1, we have H (1) ⊆ P(Σ∗), which is a hyperlanguage. Thus, an N1SHP system:

N (1) = (Σ,H (1) ,P (1) ,M (1) ,T (1) )

coincides with an NHP system:
N𝐻𝐿 = (Σ,H ,P𝐻𝐿 ,M𝐻𝐿 ,T 𝐻𝐿).

Hence, NHP is a special case of N𝑛SHP at 𝑛 = 1.

From Theorem 4.9, we know NHP generalizes NLP. Since N𝑛SHP generalizes NHP, it also generalizes NLP.
Concretely, by setting 𝑛 = 1 and then restricting hyperwords to singletons, we recover the NLP scenario.

Thus, N𝑛SHP includes both NHP and NLP as special cases, proving that N𝑛SHP generalizes both NLP and
NHP. □

Question 4.12. Is it possible to define a Natural Plithogenic 𝑛-Superhyperlanguage Processing? What potential
applications could it have?

Question 4.13. What are the properties of Fuzzy n-Superhyperlanguage, Neutrosophic n-Superhyperlanguage,
Fuzzy Hyperlanguage, Neutrosophic Hyperlanguage, and Plithogenic Hyperlanguage? Additionally, what are
their potential applications and operations?

4.3 Large Hyperlanguage Model and Large SuperhyperLanguage Model

We define the Large HyperLanguage Model and the Large SuperHyperLanguage Model as theoretical gen-
eralizations of the Large Language Model. These models are generalizations achieved by incorporating the
concepts of HyperLanguage and SuperHyperLanguage. Future studies are expected to explore computational
experiments, practical implementation methods, and diverse applications of these models.

Definition 4.14 (Large Hyperlanguage Model (LHLM)). Let Σ be a finite alphabet, and let H ⊆ P(Σ∗) be a
hyperlanguage. A Large Hyperlanguage Model (LHLM) is a probabilistic model that assigns probabilities to
hyperwords (elements of H ) and supports processing tasks analogous to those of an LLM, but at the hyperword
level. Formally, an LHLM is defined as:

MLHLM = (Σ,H ,P𝐻𝐿 ,T 𝐻𝐿 ,G𝐻𝐿 ,O𝐻𝐿),

where:

1. Σ: A finite alphabet of tokens.

2. H ⊆ P(Σ∗): A hyperlanguage, i.e., a set of hyperwords.

3. P𝐻𝐿 : H → [0, 1]: A probability distribution over hyperwords 𝐻 ∈ H . For any hyperword 𝐻 =

{𝑤1, 𝑤2, . . . , 𝑤𝑘}, we define:
P𝐻𝐿 (𝐻) = 𝑃𝜃 (𝐻),

where 𝑃𝜃 is parameterized by 𝜃 and may factorize over the words in 𝐻 or utilize more complex
dependencies.

4. T 𝐻𝐿: The training procedure, adjusting parameters 𝜃 to fit observed collections of hyperwords drawn
from H .

5. G𝐻𝐿: The model architecture (e.g., a hyperword-level Transformer) that processes sets of words simul-
taneously or in a structured manner.
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6. O𝐻𝐿: The output space, consisting of hyperwords or structured objects derived from hyperwords.

Theorem 4.15. A Large Hyperlanguage Model (LHLM) generalizes a Large Language Model (LLM).

Proof. A Large Language Model (LLM) MLLM = (Σ,P,T ,G,O) assigns probabilities to words (elements of
Σ∗).

Consider an LHLM MLHLM = (Σ,H ,P𝐻𝐿 ,T 𝐻𝐿 ,G𝐻𝐿 ,O𝐻𝐿) where H ⊆ P(Σ∗).

If we restrict every hyperword 𝐻 ∈ H to be a singleton set, i.e., 𝐻 = {𝑤} for some 𝑤 ∈ Σ∗, then there is a
one-to-one correspondence between hyperwords and individual words. Under this restriction:

H � L, with 𝐻 = {𝑤} ↔ 𝑤.

Thus, P𝐻𝐿 reduces to P, T 𝐻𝐿 reduces to T , G𝐻𝐿 reduces to G, and O𝐻𝐿 reduces to O, recovering the exact
structure of an LLM.

Hence, LLMs are a special case of LHLMs, proving that LHLM generalizes LLM. □

Definition 4.16 (Large 𝑛-Superhyperlanguage Model (L𝑛SHM)). Let Σ be a finite alphabet, and let H (𝑛) ⊆
P𝑛 (Σ∗) be an 𝑛-superhyperlanguage. A Large 𝑛-Superhyperlanguage Model (L𝑛SHM) is defined analogously,
but operates over 𝑛-superhyperwords. Formally:

M (𝑛)
SH = (Σ,H (𝑛) ,P (𝑛) ,T (𝑛) ,G (𝑛) ,O (𝑛) ),

where:

1. Σ: A finite alphabet.

2. H (𝑛) ⊆ P𝑛 (Σ∗): An 𝑛-superhyperlanguage.

3. P (𝑛) : H (𝑛) → [0, 1]: A probability distribution over 𝑛-superhyperwords.

4. T (𝑛) : The training process to learn parameters 𝜃 from data structured as 𝑛-superhyperwords.

5. G (𝑛) : The model architecture capable of processing 𝑛-superhyperwords.

6. O (𝑛) : The output space, potentially consisting of even higher-order structures derived from 𝑛-superhyperwords.

Theorem 4.17. A Large 𝑛-Superhyperlanguage Model (L𝑛SHM) generalizes both LHLM and LLM.

Proof. An L𝑛SHM operates over an 𝑛-superhyperlanguage H (𝑛) ⊆ P𝑛 (Σ∗).

1. From L𝑛SHM to LHLM: For 𝑛 = 1, an 𝑛-superhyperlanguage reduces to a hyperlanguage. Thus, setting
𝑛 = 1:

H (1) ⊆ P(Σ∗),

the L𝑛SHM becomes an LHLM. Hence, LHLMs are a special case of L𝑛SHMs.

2. From LHLM to LLM: From Theorem 4.15, we know that LHLM generalizes LLM. Since L𝑛SHM generalizes
LHLM, it follows by transitivity that L𝑛SHM also generalizes LLM.

Therefore, L𝑛SHM includes both LHLM and LLM as special cases. □

Question 4.18. Is it possible to perform model extensions using hypergeometric probability [172, 239]?

Question 4.19. Is it possible to define a Large Plithogenic 𝑛-Superhyperlanguage Model? What potential
applications could it have?

29



5 Future Direction: Hyperprobability and 𝑛-SuperHyperprobability

This section outlines the future directions of this research. Studies on probability spaces [37,63,127,201,206]
are closely related to the findings presented in this work. Here, we define the concepts of Hyperprobability [42]
and 𝑛-SuperHyperprobability. Future research is expected to investigate their potential applications to the
diverse language models and probabilistic frameworks discussed in this paper.

Notation 5.1. Let Ω be a finite sample space, and let P(Ω) denote the powerset of Ω, i.e., the set of all subsets
of Ω.

Definition 5.2 (Hyperprobability Space). (cf. [38–42]) A hyperprobability space is a triple (Ω,P(Ω), 𝑃𝐻 ),
where:

• Ω is the sample space.

• P(Ω) is the set of events (subsets of Ω).

• 𝑃𝐻 : P(Ω) → [0, 1] is a hyperprobability measure satisfying the following properties:

1. 𝑃𝐻 (∅) = 0 and 𝑃𝐻 (Ω) = 1,
2. For any disjoint 𝐴, 𝐵 ∈ P(Ω):

𝑃𝐻 (𝐴 ∪ 𝐵) = 𝑃𝐻 (𝐴) + 𝑃𝐻 (𝐵).

To generalize hyperprobability to higher orders, we recursively define the powerset operation and construct
higher-level probability spaces.

Definition 5.3 (𝑛-SuperHyperprobability Space). 1. Define the 𝑛-th powerset recursively:

P0 (Ω) := Ω, P𝑘+1 (Ω) := P(P𝑘 (Ω)) for all 𝑘 ≥ 0.

2. An 𝑛-superhyperprobability space is a triple (Ω,P𝑛 (Ω), 𝑃𝑆𝐻 ), where:

• Ω is the sample space.
• P𝑛 (Ω) is the set of 𝑛-th level events.
• 𝑃𝑆𝐻 : P𝑛 (Ω) → [0, 1] is the 𝑛-superhyperprobability measure satisfying:

(a) 𝑃𝑆𝐻 (∅) = 0 and 𝑃𝑆𝐻 (P𝑛 (Ω)) = 1,
(b) For any disjoint 𝐴, 𝐵 ∈ P𝑛 (Ω):

𝑃𝑆𝐻 (𝐴 ∪ 𝐵) = 𝑃𝑆𝐻 (𝐴) + 𝑃𝑆𝐻 (𝐵).

Remark 5.4. The definitions of Hyperprobability and 𝑛-SuperHyperprobability extend classical probability
theory by leveraging powerset structures. To ensure their mathematical validity:

• Consistency with Classical Probability: For 𝑛 = 0, 𝑃𝑆𝐻 reduces to a classical probability measure on Ω,
satisfying 𝑃𝑆𝐻 (∅) = 0, 𝑃𝑆𝐻 (Ω) = 1, and additivity.

• Iterative Construction: The recursive definition of P𝑛 (Ω) ensures that each level adheres to the axioms
of probability, extending the additivity property to higher-order sets.

• Higher-Order Events: The inclusion of 𝑛-th powerset structures allows the modeling of layered uncer-
tainties, providing a mathematically rigorous framework for higher-order probabilistic reasoning.

Thus, the definitions are consistent with the axioms of probability and are mathematically robust.

Example 5.5 (Probability Example 1: Hyperprobability for Weather Events). Let Ω = {Sunny,Rainy,Cloudy}
represent possible weather states.

• The powerset P(Ω) consists of all subsets of Ω, e.g., {∅, {Sunny}, {Rainy}, {Sunny, Rainy}, . . . }.
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• A hyperprobability measure 𝑃𝐻 might assign:

𝑃𝐻 ({Sunny}) = 0.5, 𝑃𝐻 ({Rainy}) = 0.3, 𝑃𝐻 ({Sunny, Rainy}) = 0.2.

• The additivity property ensures 𝑃𝐻 (∅) = 0 and 𝑃𝐻 (Ω) = 1.

Example 5.6 (Probability Example 2: 𝑛-SuperHyperprobability for Risk Assessment). Consider a financial
system where Ω = {Low Risk,Moderate Risk,High Risk}.

• At 𝑛 = 1, hyperprobabilities might assign likelihoods to events such as:

𝑃𝐻 ({Low Risk,Moderate Risk}) = 0.6, 𝑃𝐻 ({High Risk}) = 0.4.

• At 𝑛 = 2, the second powerset P2 (Ω) includes sets of hyperprobabilities, such as:

P2 (Ω) = {{{Low Risk}, {Moderate Risk}}, . . . }.

• An 𝑛 = 2 superhyperprobability measure 𝑃𝑆𝐻 might evaluate:

𝑃𝑆𝐻 ({{{Low Risk}, {Moderate Risk}}}) = 0.7.

Example 5.7 (Probability Example 3: Quantum State Representation). In quantum mechanics, let Ω =

{𝜓1, 𝜓2, 𝜓3} represent quantum states.

• At 𝑛 = 1, hyperprobabilities might describe probabilities of quantum state superpositions:

𝑃𝐻 ({𝜓1, 𝜓2}) = 0.8, 𝑃𝐻 ({𝜓3}) = 0.2.

• At 𝑛 = 2, 𝑃𝑆𝐻 can model probabilities over sets of such probabilities, capturing nested uncertainties in
quantum measurements.

Question 5.8. What definitions would emerge if this concept were applied to language models, natural language
processing, neural networks, and AI? Additionally, would any improvements be observed?
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Yura Burda, Nicholas Joseph, Greg Brockman, Alex Ray, Raul Puri, Gretchen Krueger, Michael Petrov,
Heidy Khlaaf, Girish Sastry, Pamela Mishkin, Brooke Chan, Scott Gray, Nick Ryder, Mikhail Pavlov,
Alethea Power, Lukasz Kaiser, Mohammad Bavarian, Clemens Winter, Philippe Tillet, Felipe Petroski
Such, David W. Cummings, Matthias Plappert, Fotios Chantzis, Elizabeth Barnes, Ariel Herbert-
Voss, William H. Guss, Alex Nichol, Igor Babuschkin, Suchir Balaji, Shantanu Jain, Andrew Carr,
Jan Leike, Joshua Achiam, Vedant Misra, Evan Morikawa, Alec Radford, Matthew M. Knight, Miles
Brundage, Mira Murati, Katie Mayer, Peter Welinder, Bob McGrew, Dario Amodei, Sam McCandlish,
Ilya Sutskever, and Wojciech Zaremba. Evaluating large language models trained on code. ArXiv,
abs/2107.03374, 2021.

[48] Shyi-Ming Chen. Measures of similarity between vague sets. Fuzzy sets and Systems, 74(2):217–223,
1995.

[49] Eli Chien, Chao Pan, Jianhao Peng, and Olgica Milenkovic. You are allset: A multiset function
framework for hypergraph neural networks. ArXiv, abs/2106.13264, 2021.

[50] KR1442 Chowdhary and KR Chowdhary. Natural language processing. Fundamentals of artificial
intelligence, pages 603–649, 2020.

[51] Aakanksha Chowdhery, Sharan Narang, Jacob Devlin, Maarten Bosma, Gaurav Mishra, Adam Roberts,
Paul Barham, Hyung Won Chung, Charles Sutton, Sebastian Gehrmann, et al. Palm: Scaling language
modeling with pathways. Journal of Machine Learning Research, 24(240):1–113, 2023.

[52] Ronan Collobert and Jason Weston. A unified architecture for natural language processing: Deep neural
networks with multitask learning. In Proceedings of the 25th international conference on Machine
learning, pages 160–167, 2008.
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