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• Computational Sciences: Graphs are essential in designing circuits and optimizing computational work-
flows, as highlighted in recent studies on graph-based optimization techniques [40, 41, 405].

• Chemistry and Biology: Chemical graph theory models molecular structures and interactions [42, 380],
while bioinformatics leverages graphs to study protein structures and gene interactions [6, 373, 377].

• Project Management: Graphs are utilized to analyze workflows and dependencies, facilitating efficient
resource allocation and scheduling in project management frameworks [202, 296, 368].

• Probabilistic Modeling: Bayesian networks employ graph structures to represent conditional dependen-
cies among random variables [277, 418].

• Graph Databases: Modern data storage and retrieval systems increasingly rely on graph databases for
their ability to model complex relationships effectively [21, 22, 31, 141, 166, 261, 304].
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Abstract: Hypergraphs extend traditional graphs by allowing edges to connect multiple nodes, while su-
perhypergraphs further generalize this concept to represent even more complex relationships. Neural networks, 
inspired by biological systems, are widely used for tasks such as pattern recognition, data classification, and 
prediction.

Graph Neural Networks (GNNs), a well-established framework, have recently been extended to Hyper-
graph Neural Networks (HGNNs), with their properties and applications being actively studied. The Plithogenic 
Graph framework enhances graph representations by integrating multi-valued attributes, as well as membership 
and contradiction functions, enabling the detailed modeling of complex relationships.

In the context of handling uncertainty, concepts such as Fuzzy Graphs and Neutrosophic Graphs have 
gained prominence. It is well established that Plithogenic Graphs serve as a generalization of both Fuzzy Graphs 
and Neutrosophic Graphs. Furthermore, the Fuzzy Graph Neural Network has been proposed and is an active 
area of research.

This paper establishes the theoretical foundation for the development of SuperHyperGraph Neural Net-
works (SHGNNs) and Plithogenic Graph Neural Networks, expanding the applicability of neural networks to 
these advanced graph structures. While mathematical generalizations and proofs are presented, future computa-
tional experiments are anticipated.

Keywords: hypergraph, superhypergraph, Neural Network, Neutrosophic Graph, Fuzzy Graph
MSC2010 (Mathematics Subject Classification 2010): 05C65 - Hypergraphs, 05C82 - Graph theory with 

applications, 03E72 - Fuzzy set theory

1 Introduction
1.1 Hypergraphs and Superhypergraphs

Graph theory, a pivotal area of mathematics, focuses on understanding networks composed of vertices 
(nodes) and edges (connections)[100, 102]. These mathematical structures effectively model relationships, de-
pendencies, and transitions among elements, making them versatile tools across various domains [45,58,95,156].

The foundational significance of graph theory has spurred its development and application in numerous 
disciplines, including:



A hypergraph is a generalization of a conventional graph, extending and abstracting concepts from graph
theory [51, 60, 152, 153, 164]. Hypergraphs have wide-ranging applications across fields such as machine learn-
ing, biology, social sciences, and graph database analysis, among others (e.g., [69, 85, 139, 187, 232, 403, 427,
443]). From a set-theoretic perspective, a hypergraph can, without risk of misunderstanding, be viewed as the
powerset of its vertex set.

The concept of SuperHyperGraph has recently emerged as a more general extension of hypergraphs,
generating substantial research interest similar to that seen in the study of hypergraphs[126,130,340]. Numerous
investigations have been carried out in this field [122, 126, 128, 130, 170, 171, 340, 341, 343, 346, 351].

A Superhypergraph is a type of Superhyperstructure. It can be regarded as an extension of the concept
of an n-th-Power Set[331] applied to graphs. The definitions of Superhyperstructure and n-th Power Set are
provided below.

Definition 1.1 (𝑛-th powerset). (cf.[331, 352]) The 𝑛-th powerset of 𝐻, denoted 𝑃𝑛 (𝐻), is defined recursively
as:

𝑃1 (𝐻) = 𝑃(𝐻), 𝑃𝑛+1 (𝐻) = 𝑃(𝑃𝑛 (𝐻)) for 𝑛 ≥ 1.

Similarly, the 𝑛-th non-empty powerset of 𝐻, denoted 𝑃∗𝑛 (𝐻), is defined as:

𝑃∗1 (𝐻) = 𝑃
∗ (𝐻), 𝑃∗

𝑛+1 (𝐻) = 𝑃
∗ (𝑃∗𝑛 (𝐻)).

Definition 1.2. (cf.[331, 352]) A SuperHyperStructure is a mathematical structure defined as a pair:

S = (𝑃∗𝑛 (𝐻),O),

where:

1. 𝑃∗𝑛 (𝐻) is the 𝑛-th non-empty powerset of 𝐻, which excludes the empty set.

2. O is a set of operations or relations, called SuperHyperOperators, defined on 𝑃∗𝑛 (𝐻).

Example 1.3 (Example of SuperHyperOperators). (cf.[331, 352]) A binary SuperHyperOperator ◦ can be de-
fined as:

◦ : 𝑃∗𝑛 (𝐻) × 𝑃∗𝑛 (𝐻) → 𝑃∗𝑛 (𝐻).
For example, given two elements 𝐴, 𝐵 ∈ 𝑃∗𝑛 (𝐻), their operation under ◦ might be defined as:

𝐴 ◦ 𝐵 = {𝐶 | 𝐶 = 𝑓 (𝐴, 𝐵) for some function 𝑓 }.

Other examples of Superhyperstructures include Superhyperalgebras[197, 198, 212, 213, 221, 299, 300,
331, 342], Superhypertopology[348, 349, 358, 407, 422], Superhyperfunctions[345, 350], and Superhypersoft
sets[126, 127, 265, 347, 360], all of which are well-known in this field. Therefore, research on hypergraphs
and superhypergraphs is significant from both mathematical and practical perspectives.

For reference, the relationships between Superhypergraphs are illustrated in Figure 1.

1.2 Graph Neural Networks
This subsection provides an overview of Graph Neural Networks. In recent years, fields such as machine

learning (cf. [28, 186, 273, 304, 405, 419]), artificial intelligence (cf. [5, 34, 321, 374]), and big data (cf. [49, 79,
200,257]) have gained significant prominence. This paper focuses on neural networks, which play a pivotal role
in these domains.

A neural network is a computational model inspired by biological neural systems, designed for tasks
such as pattern recognition, data classification, and prediction [20,25,46,223,393,411,412]. Building upon this
foundation, a Graph Neural Network (GNN) extends neural networks to graph structures, enabling the modeling
of relationships between nodes, edges, and their associated features [94, 205, 269, 297, 316, 324, 386, 404, 429,
440, 447].

Building on this concept, Hypergraph Neural Networks (HGNNs) extend traditional Graph Neural Net-
works (GNNs) by leveraging hyperedges to capture higher-order relationships that involve multiple nodes simul-
taneously [70, 115, 181, 183, 204, 369, 401]. Related concepts include Hypernetworks, which have been studied
extensively in works such as [76, 167, 225, 363, 388]. Additionally, networks built on directed graphs, such as
Directed Graph Neural Networks [177–179,325,450], and those based on mixed graph structures, such as Mixed
Graph Neural Networks [163], are also well-known.

Given the wide range of applications studied in these areas, research into Graph Neural Networks is of
critical importance.
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Fig. 1. Some Superhypergraphs Hierarchy.

1.3 Uncertain graphs
The concept of fuzzy sets was introduced in 1965 [430]. Fuzzy sets provide a framework for addressing

uncertainty in the real world and have been applied in various fields, including graph theory, algebra, topology,
and logic. Furthermore, extensions of fuzzy sets, such as neutrosophic sets [332, 334], have been developed to
handle even more complex forms of uncertainty.

These concepts for handling uncertainty are highly compatible with real-world applications[47,208,235,
263, 270, 278, 322]. For instance, neutrosophic sets extend fuzzy sets by introducing three membership degrees:
truth, indeterminacy, and falsity, making them particularly valuable in scenarios with incomplete or conflicting
information. Applications include:

• Healthcare Decision-Making: Neutrosophic sets assist in evaluating treatment options by balancing effec-
tiveness (truth), uncertainty (indeterminacy), and risk (falsity) when data is incomplete or contradictory
[29, 196].

• Social Network Analysis: They model relationships between users, such as trust, suspicion, and disagree-
ment, in social networks [108, 253, 309, 382].

• Fault Diagnosis in Engineering: Neutrosophic sets identify faults in mechanical systems by accounting
for uncertain and conflicting diagnostic evidence (cf.[155, 226, 326]).

• Market Analysis: Businesses use them to analyze customer preferences, integrating positive feedback
(truth), ambiguous responses (indeterminacy), and negative feedback (falsity) [43, 264, 312].

This paper examines various models of uncertain graphs, including Fuzzy, Intuitionistic Fuzzy, Neu-
trosophic, and Plithogenic Graphs. These models extend classical graph theory by incorporating degrees of
uncertainty, enabling a more nuanced analysis of ambiguous and complex relationships [120,121,123–127,129,
131, 132].

Examples of uncertain graph models include the following:

• Fuzzy Graph: A Fuzzy Graph utilizes membership functions to represent uncertainty in vertices and
edges, enabling more flexible modeling of relationships [8, 10, 12, 274, 306].

• Neutrosophic Graph: A Neutrosophic Graph extends Fuzzy Graphs by incorporating truth, indeterminacy,
and falsity degrees for vertices and edges, offering a richer data representation [26, 63, 192, 272, 371, 372,
420]. It is well known that Neutrosophic Graphs can generalize Fuzzy Graphs.
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• Plithogenic Graph: The Plithogenic Graph framework models graphs with multi-valued attributes using
membership and contradiction functions, providing a detailed representation of complex relationships
[121, 338, 357]. It is widely recognized that Plithogenic Graphs can generalize Neutrosophic Graphs.

These concepts, including set-based approaches, are applied in decision-making [18] as well as in neural
networks [24, 112, 113, 416, 442] and machine learning[96, 142, 238, 246]. This highlights the importance of
studying concepts related to uncertain graphs.

For reference, the relationships between Uncertain graphs are illustrated in Figure 2 (cf. [126]). Since
Figure 2 is a highly simplified diagram, readers are encouraged to refer to the literature, such as [126], for further
details if necessary.

Fig. 2. Some Uncertain graphs Hierarchy(cf.[126]).

1.4 Our Contribution
This subsection highlights the key contributions of our work. While Graph Neural Networks (GNNs)

for hypergraphs have been extensively studied, no previous research has explored the development of GNNs
tailored to SuperHyperGraphs.

In this paper, we introduce the SuperHyperGraph Neural Network (SHGNN), a mathematical extension
of Hypergraph Neural Networks that leverages the unique structural properties of SuperHyperGraphs. Addition-
ally, we examine uncertain graph neural models, such as Neutrosophic Graph Neural Networks and Plithogenic
Graph Neural Networks, which address similar challenges. Importantly, we demonstrate that both Neutrosophic
and Plithogenic Graph Neural Networks serve as mathematical generalizations of Fuzzy Graph Neural Networks.

This work is theoretical in nature, focusing on establishing the mathematical framework for SHGNNs
and PGNNs. It does not include computational experiments or practical implementations. Therefore, we hope
that computational experiments will be conducted in the future by experts and readers alike. For precise defini-
tions and detailed notations, readers are encouraged to consult the relevant literature, such as [115].

In this paper, we conduct a theoretical examination of the relationships between Graph Neural Networks,
as illustrated in Figure 3. This diagram illustrates that the concept at the arrow’s origin is included in (and
generalized by) the concept at the arrow’s destination.

Although not directly related to the Graph Neural Networks discussed earlier, this paper also explores
several extended concepts in hypergraph theory, including Multilevel k-way Hypergraph Partitioning, Superhy-
pergraph Random Walk, and the Superhypergraph Turán Problem. As these investigations are limited to theo-
retical considerations, it is hoped that computational experiments and practical validations will be conducted in
the future as needed.

2 Preliminaries and Definitions
In this section, we provide a brief overview of the definitions and notations used throughout this paper.

While we aim to make the content accessible to readers from various backgrounds, it is not possible to cover
all relevant details comprehensively. Readers are encouraged to consult the referenced literature for additional
information as needed.
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Fig. 3. Hierarchy of Some Neural Networks. This diagram illustrates that the concept at the arrow’s origin is included in (and
generalized by) the concept at the arrow’s destination.

2.1 Basic Graph Concepts
This subsection outlines foundational graph concepts. For a comprehensive understanding of graph

theory and notations, refer to [100–102, 158, 406]. Additionally, when discussing graph theory, basic set theory
concepts are often used. Readers are encouraged to consult references such as [117, 182, 201, 389] as needed.

Definition 2.1 (Graph). [102] A graph 𝐺 is a mathematical structure defined as an ordered pair 𝐺 = (𝑉, 𝐸),
where:

• 𝑉 (𝐺): the set of vertices (or nodes),

• 𝐸 (𝐺): the set of edges, which represent connections between pairs of vertices.

Definition 2.2 (Degree). [102] Let 𝐺 = (𝑉, 𝐸) be a graph. The degree of a vertex 𝑣 ∈ 𝑉 , denoted deg(𝑣), is the
number of edges incident to 𝑣. For undirected graphs:

deg(𝑣) = |{𝑒 ∈ 𝐸 | 𝑣 ∈ 𝑒}|.

In directed graphs:

• The in-degree deg− (𝑣) is the number of edges directed into 𝑣.

• The out-degree deg+ (𝑣) is the number of edges directed out of 𝑣.

Definition 2.3 (Subgraph). [102] A subgraph 𝐺′ of a graph 𝐺 = (𝑉, 𝐸) is a graph 𝐺′ = (𝑉 ′, 𝐸 ′) such that:

• 𝑉 ′ ⊆ 𝑉 ,

• 𝐸 ′ ⊆ 𝐸 ∩ {{𝑢, 𝑣} | 𝑢, 𝑣 ∈ 𝑉 ′}.

Definition 2.4 (Self-loop in an Undirected Graph). In an undirected graph 𝐺 = (𝑉, 𝐸), a self-loop is an edge
that connects a vertex to itself. Formally, an edge 𝑒 ∈ 𝐸 is a self-loop if 𝑒 = {𝑣, 𝑣} for some 𝑣 ∈ 𝑉 .

Definition 2.5 (Real numbers). (cf.[107, 303, 367]) The set of real numbers, denoted by R, is defined as the
unique complete ordered field. It satisfies the following:

• Field Axioms: R forms a field under addition and multiplication.

• Order Axioms: R is totally ordered and compatible with field operations.

• Completeness Axiom: Every non-empty subset of R that is bounded above has a least upper bound (supre-
mum).

Definition 2.6 (Undirected Weighted Graph). (cf.[66,87,259]) An undirected weighted graph 𝐺 = (𝑉, 𝐸, 𝑤) is
a graph where:
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• 𝑉 is the set of vertices.

• 𝐸 ⊆ {{𝑢, 𝑣} | 𝑢, 𝑣 ∈ 𝑉, 𝑢 ≠ 𝑣} is the set of undirected edges.

• 𝑤 : 𝐸 → R+ is a weight function that assigns a non-negative weight to each edge 𝑒 ∈ 𝐸 .

Each edge {𝑢, 𝑣} ∈ 𝐸 represents a bidirectional connection between 𝑢 and 𝑣, and the weight 𝑤({𝑢, 𝑣}) indicates
the strength, cost, or capacity of the connection.

2.2 Basic Definitions of Algorithm Complexity
This subsection introduces fundamental definitions for analyzing the algorithms described in later sec-

tions.

Definition 2.7 (Algorithms). [320] Algorithms are step-by-step, well-defined procedures or rules for solving a
problem or performing a task, often implemented in computing.

Definition 2.8 (Time Complexity). (cf.[283, 320]) The time complexity of an algorithm is the total amount of
computational time required to execute it, expressed as a function of the input size. Let 𝑇 (𝑛, 𝑚) denote the time
complexity for inputs of size 𝑛 and 𝑚. The total time complexity is defined as:

𝑇 (𝑛, 𝑚) = max{𝑇step1 (𝑛, 𝑚), 𝑇step2 (𝑛, 𝑚), . . . , 𝑇stepk (𝑛, 𝑚)},

where 𝑇stepi (𝑛, 𝑚) represents the time complexity of the 𝑖-th step of the algorithm.

Definition 2.9 (Space Complexity). (cf.[283, 320]) The space complexity of an algorithm is the total amount of
memory it requires, expressed as a function of the input size. This includes:

• Input space: memory required for storing the input data,

• Auxiliary space: additional memory for temporary variables and data structures used during computation.

Formally, the space complexity 𝑆(𝑛, 𝑚) is:

𝑆(𝑛, 𝑚) = 𝑆input (𝑛, 𝑚) + 𝑆auxiliary (𝑛, 𝑚).

Definition 2.10 (Big-O Notation). (cf.[283, 320]) Big-O notation provides an asymptotic upper bound on the
growth rate of a function. Let 𝑓 (𝑛) and 𝑔(𝑛) be functions that map non-negative integers to non-negative real
numbers. We write:

𝑓 (𝑛) ∈ 𝑂 (𝑔(𝑛))
if there exist positive constants 𝑐 > 0 and 𝑛0 ≥ 0 such that:

𝑓 (𝑛) ≤ 𝑐 · 𝑔(𝑛), ∀𝑛 ≥ 𝑛0.

Readers may refer to the Lecture Notes or the Introduction for additional details as needed (cf.[1,33,86,
110, 173, 283, 320]).

2.3 Basic Graph Neural Network Concepts
Here are several definitions of Graph Neural Networks (GNNs). Readers may refer to the lecture notes

or the introduction for further details(cf.[3, 94, 111, 205, 269, 297, 316, 324, 415, 440]).

Definition 2.11. (cf.[32,135,260]) A matrix is a rectangular array of numbers, symbols, or expressions, arranged
in rows and columns. Formally, an 𝑚 × 𝑛 matrix 𝐴 is defined as:

𝐴 =


𝑎11 𝑎12 · · · 𝑎1𝑛
𝑎21 𝑎22 · · · 𝑎2𝑛
.
.
.

.

.

.
. . .

.

.

.

𝑎𝑚1 𝑎𝑚2 · · · 𝑎𝑚𝑛

 ,
where:

• 𝑚 is the number of rows,

• 𝑛 is the number of columns,

• 𝑎𝑖 𝑗 represents the element in the 𝑖-th row and 𝑗-th column.
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Definition 2.12 (Adjacency Matrix). (cf.[245, 414, 451]) The adjacency matrix of a graph 𝐺 = (𝑉, 𝐸) with
vertex set 𝑉 = {𝑣1, 𝑣2, . . . , 𝑣𝑛} and edge set 𝐸 is an 𝑛 × 𝑛 matrix 𝐴 = [𝑎𝑖 𝑗 ], defined as:

𝑎𝑖 𝑗 =

{
1 if (𝑣𝑖 , 𝑣 𝑗 ) ∈ 𝐸,
0 otherwise.

Definition 2.13 (Weight matrix). (cf.[276, 370]) A weight matrix is a matrix used in mathematical and compu-
tational models, particularly in neural networks, to represent the connection strengths between elements, such
as nodes in a graph or neurons in a layer.

Let X ∈ R𝑛×𝑑 be the input data matrix, where:

• 𝑛 is the number of data points (rows),

• 𝑑 is the number of features (columns).

The weight matrix W ∈ R𝑑×𝑝 maps the input space to an output space, where:

• 𝑑 is the dimension of the input features,

• 𝑝 is the dimension of the output space.

The transformation is expressed as:
Z = XW,

where Z ∈ R𝑛×𝑝 is the resulting matrix in the output space.
In the context of neural networks or graph models, the entries 𝑤𝑖 𝑗 in W represent the weight or strength

of influence between the 𝑖-th input feature and the 𝑗-th output feature.

Definition 2.14 (Feature Vector). (cf.[50,233,387]) Let O be an object or observation, and let 𝐹 = { 𝑓1, 𝑓2, . . . , 𝑓𝑛}
be a set of features, where 𝑓𝑖 : O → R is a function mapping O to the real numbers R. A feature vector of O is
defined as:

x = [ 𝑓1 (O), 𝑓2 (O), . . . , 𝑓𝑛 (O)]⊤ ∈ R𝑛,
where 𝑛 is the number of features, and x is an element of the 𝑛-dimensional real vector space R𝑛.

Definition 2.15 (Dataset). (cf.[378]) A dataset is a finite set of data points. Formally, it is defined as:

𝐷 = {x𝑖 | x𝑖 ∈ X, 𝑖 = 1, 2, . . . , 𝑛},

where x𝑖 is the 𝑖-th data point in the input space X, and 𝑛 is the total number of data points.

Definition 2.16 (Normalization). (cf.[36, 72, 109, 262, 384]) Normalization is a process of scaling a set of val-
ues to fit within a specific range, typically [0, 1] or [−1, 1]. Given a dataset {𝑥1, 𝑥2, . . . , 𝑥𝑛}, normalization
transforms each value 𝑥𝑖 into a normalized value 𝑥′

𝑖
using the formula:

𝑥′𝑖 =
𝑥𝑖 −min(𝑥)

max(𝑥) −min(𝑥) ,

where:

• min(𝑥) = min{𝑥1, 𝑥2, . . . , 𝑥𝑛} is the minimum value in the dataset,

• max(𝑥) = max{𝑥1, 𝑥2, . . . , 𝑥𝑛} is the maximum value in the dataset.

If the range is [−1, 1], the transformation is adjusted as:

𝑥′𝑖 = 2 · 𝑥𝑖 −min(𝑥)
max(𝑥) −min(𝑥) − 1.

Definition 2.17 (Graph Neural Network (GNN)). (cf.[449, 453]) Let 𝐺 = (𝑉, 𝐸) be a graph, where 𝑉 =

{𝑣1, 𝑣2, . . . , 𝑣𝑛} is the set of vertices and 𝐸 ⊆ 𝑉 × 𝑉 is the set of edges. Each vertex 𝑣𝑖 ∈ 𝑉 is associated
with a feature vector x𝑖 ∈ R𝑑 , and each edge (𝑣𝑖 , 𝑣 𝑗 ) ∈ 𝐸 may optionally have a feature e𝑖 𝑗 ∈ R𝑘 .

A Graph Neural Network (GNN) computes node representations h(𝑡 )
𝑖
∈ R𝑑 at each layer 𝑡, using the

graph structure and associated features.
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Definition 2.18 (Key Components of Graph Neural Network). (cf.[449,453]) Several key components of Graph
Neural Networks are outlined below.

1. Node Initialization: At the initial layer (𝑡 = 0), the node representations are initialized as:

h(0)
𝑖

= x𝑖 , ∀𝑣𝑖 ∈ 𝑉.

2. Message Passing(cf.[48, 228]): At each layer 𝑡, messages are exchanged between connected nodes.
The messages received by a node 𝑣𝑖 from its neighbors are computed as:

m(𝑡+1)
𝑖

=
∑︁

𝑣 𝑗 ∈N(𝑖)
𝜙𝑚 (h(𝑡 )𝑖 , h(𝑡 )

𝑗
, e𝑖 𝑗 ),

where:

• N(𝑖) is the set of neighbors of 𝑣𝑖 ,

• 𝜙𝑚 : R𝑑 × R𝑑 × R𝑘 → R𝑑 is the message function.

3. Node Update: (cf.[206]) The representation of each node is updated using the received messages:

h(𝑡+1)
𝑖

= 𝜙𝑢 (h(𝑡 )𝑖 ,m(𝑡+1)
𝑖
),

where 𝜙𝑢 : R𝑑 × R𝑑 → R𝑑 is the update function.
4. Readout Function: For graph-level tasks, a global representation z𝐺 is computed by aggregating node

representations:
z𝐺 = 𝜙𝑟

(
{h(𝑇 )
𝑖
| 𝑣𝑖 ∈ 𝑉}

)
,

where 𝜙𝑟 is the readout function (e.g., summation, averaging, or max-pooling).

Example 2.19 (Readout Function Examples). (cf.[23,55,428]) A readout function 𝜙𝑟 computes a global repre-
sentation of a graph by aggregating node representations. Below are some commonly used examples:

Mean Readout Function: (cf.[307, 448]) The mean readout function computes the average of all node repre-
sentations:

𝜙𝑟

(
{h(𝑇 )
𝑖
| 𝑣𝑖 ∈ 𝑉}

)
=

1
|𝑉 |

∑︁
𝑣𝑖∈𝑉

h(𝑇 )
𝑖

,

where h(𝑇 )
𝑖

is the final representation of node 𝑣𝑖 at the last layer 𝑇 .

Max-Pooling Readout Function: (cf.[27, 301, 452]) The max-pooling readout function selects the maximum
value for each feature across all node representations:

𝜙𝑟

(
{h(𝑇 )
𝑖
| 𝑣𝑖 ∈ 𝑉}

)
= max
𝑣𝑖∈𝑉

h(𝑇 )
𝑖

,

where the max operator is applied element-wise to the feature vectors.

Sum Readout Function: (cf.[89,308]) The sum readout function aggregates all node representations by sum-
mation:

𝜙𝑟

(
{h(𝑇 )
𝑖
| 𝑣𝑖 ∈ 𝑉}

)
=

∑︁
𝑣𝑖∈𝑉

h(𝑇 )
𝑖

.

This function is particularly useful when the graph size varies, as it preserves the total magnitude of features.

Definition 2.20 (General Framework). (cf.[449, 453]) The node update rule for all nodes at layer 𝑡 can be
expressed in matrix form:

H(𝑡+1) = 𝜙𝑢
(
H(𝑡 ) ,A,W(𝑡 )

)
,

where:

• H(𝑡 ) ∈ R𝑛×𝑑 is the matrix of node representations,
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• A ∈ R𝑛×𝑛 is the adjacency matrix,

• W(𝑡 ) are learnable weight matrices.

Definition 2.21 (Graph Convolutional Network). (cf.[54,80,446,449,453]) For a Graph Convolutional Network
(GCN), the propagation rule is:

H(𝑡+1) = 𝜎
(
ÂH(𝑡 )W(𝑡 )

)
,

where:

• Â = D̃−1/2ÃD̃−1/2 is the normalized adjacency matrix,

• Ã = A + I is the adjacency matrix with self-loops,

• D̃ is the diagonal degree matrix of Ã,

• 𝜎 is an activation function (e.g., ReLU).

To understand Graph Convolutional Networks intuitively, consider the following example.

Example 2.22 (Graph Convolutional Network). Imagine a social network(cf.[319]) where each person (node)
has an attribute such as their interest in a specific topic (e.g., sports, music, or technology). Edges between nodes
represent relationships or friendships between people. Each person also has initial attributes (node features),
such as a score representing their interest in these topics.

The goal of the GCN is to predict a person’s overall interest profile by combining their own features with
information from their friends (neighboring nodes).

At each layer of the GCN:

1. The node collects information from its neighbors. For example, a sports enthusiast might update their
profile based on their friends who are also interested in sports.

2. This information is aggregated using the normalized adjacency matrix Â, ensuring that contributions from
neighbors are weighted appropriately.

3. The aggregated information is then transformed using a learnable weight matrix W(𝑡 ) , and a non-linear
activation function 𝜎 is applied to introduce complexity to the model.

By stacking multiple layers of this process, each node gains a more comprehensive understanding of
its broader neighborhood in the graph. For instance, after two layers, a person’s profile reflects not only their
immediate friends’ interests but also those of their friends’ friends.

This process allows GCNs to effectively learn and propagate information over the graph structure, mak-
ing them powerful tools for tasks like node classification, graph classification, and link prediction.

2.4 Hypergraph Concepts
A hypergraph extends the concept of a traditional graph by allowing edges, called hyperedges, to connect

any number of vertices, rather than being restricted to pairs[51,140,152–154]. This flexibility makes hypergraphs
highly effective for modeling complex relationships in various domains, such as computer science and biology
[114, 148, 195, 294]. The formal definitions are provided below.

Definition 2.23 (Hypergraph). [51, 60] A hypergraph is a pair 𝐻 = (𝑉 (𝐻), 𝐸 (𝐻)), where:

• 𝑉 (𝐻) is a nonempty set of vertices.

• 𝐸 (𝐻) is a set of subsets of 𝑉 (𝐻), called hyperedges. Each hyperedge 𝑒 ∈ 𝐸 (𝐻) can contain one or more
vertices.

In this paper, we restrict our discussion to finite hypergraphs.

Example 2.24 (Hypergraph). Let 𝐻 = (𝑉 (𝐻), 𝐸 (𝐻)) be a hypergraph with:

𝑉 (𝐻) = {𝑣1, 𝑣2, 𝑣3, 𝑣4}, 𝐸 (𝐻) = {{𝑣1, 𝑣2}, {𝑣2, 𝑣3, 𝑣4}, {𝑣1}}.

Here:

• 𝑉 (𝐻) is the set of vertices: 𝑣1, 𝑣2, 𝑣3, 𝑣4.
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• 𝐸 (𝐻) is the set of hyperedges: {𝑣1, 𝑣2}, {𝑣2, 𝑣3, 𝑣4}, and {𝑣1}.

Proposition 2.25. A hypergraph is a generalized concept of a graph.

Proof. This is evident. □

Definition 2.26 (subhypergraph). [60] For a hypergraph 𝐻 = (𝑉 (𝐻), 𝐸 (𝐻)) and a subset 𝑋 ⊆ 𝑉 (𝐻), the
subhypergraph induced by 𝑋 is defined as:

𝐻 [𝑋] =
(
𝑋, {𝑒 ∩ 𝑋 | 𝑒 ∈ 𝐸 (𝐻)}

)
.

Additionally, the hypergraph obtained by removing the vertices in 𝑋 is denoted as:

𝐻 \ 𝑋 := 𝐻 [𝑉 (𝐻) \ 𝑋] .

For further details on hypergraph notation and foundational concepts, refer to [60, 90].

2.5 SuperHyperGraph
A SuperHyperGraph is an advanced structure extending hypergraphs by allowing vertices and edges to

be sets. The definition is provided below [340, 341].

Definition 2.27 (SuperHyperGraph [126,340,341]). Let 𝑉0 be a finite set of base vertices. A SuperHyperGraph
is an ordered pair 𝐻 = (𝑉, 𝐸), where:

• 𝑉 ⊆ 𝑃(𝑉0) is a finite set of supervertices, each being a subset of 𝑉0. That is, each supervertex 𝑣 ∈ 𝑉
satisfies 𝑣 ⊆ 𝑉0.

• 𝐸 ⊆ 𝑃(𝑉) is the set of superedges, where each superedge 𝑒 ∈ 𝐸 is a subset of 𝑉 , connecting multiple
supervertices.

Example 2.28 (SuperHyperGraph). Let 𝑉0 = {𝑥1, 𝑥2, 𝑥3} be the base vertex set. Define the supervertices as:

𝑉 = {{𝑥1, 𝑥2}, {𝑥3}, {𝑥1}}.

Let the superedges be:
𝐸 = {{{𝑥1, 𝑥2}, {𝑥3}}, {{𝑥1}, {𝑥3}}}.

Here:

• 𝑉 contains subsets of 𝑉0: {𝑥1, 𝑥2}, {𝑥3}, {𝑥1}.

• 𝐸 contains relationships among these supervertices: {{𝑥1, 𝑥2}, {𝑥3}} and {{𝑥1}, {𝑥3}}.

This SuperHypergraph extends the concept of a hypergraph by allowing supervertices (subsets of the
base vertex set) to participate in superedges.

Proposition 2.29. A superhypergraph is a generalized concept of a hypergraph.

Proof. This is evident. □

Proposition 2.30. A superhypergraph is a generalized concept of a graph.

Proof. This is evident. □

When expressed concretely, including hypergraphs, a superhypergraph can be represented as follows. In
this way, hypergraphs can be described and generalized using superhypergraphs.

Definition 2.31 (Expanded Hypergraph of a SuperHyperGraph). Given a SuperHyperGraph 𝐻 = (𝑉, 𝐸), the
Expanded Hypergraph 𝐻′ = (𝑉0, 𝐸

′) is defined as follows:

• The vertex set is 𝑉0, the set of base vertices.

10



• For each superedge 𝑒 ∈ 𝐸 , define the corresponding hyperedge 𝑒′ ∈ 𝐸 ′ by

𝑒′ =
⋃
𝑣∈𝑒

𝑣,

where 𝑣 ∈ 𝑉 are supervertices in 𝑒. Then

𝐸 ′ = {𝑒′ | 𝑒 ∈ 𝐸}.

Example 2.32 (Expanded Hypergraph). Consider the SuperHyperGraph 𝐻 = (𝑉, 𝐸) defined as follows:

• The base vertex set is 𝑉0 = {𝑥1, 𝑥2, 𝑥3}.

• The supervertices are:
𝑉 = {{𝑥1, 𝑥2}, {𝑥3}, {𝑥1}}.

• The superedges are:
𝐸 = {{{𝑥1, 𝑥2}, {𝑥3}}, {{𝑥1}, {𝑥3}}}.

The Expanded Hypergraph 𝐻′ = (𝑉0, 𝐸
′) is constructed as follows:

• The vertex set remains 𝑉0 = {𝑥1, 𝑥2, 𝑥3}, which is the base vertex set.

• For each superedge 𝑒 ∈ 𝐸 , the corresponding hyperedge 𝑒′ is obtained by taking the union of all super-
vertices 𝑣 in 𝑒:

𝑒′ =
⋃
𝑣∈𝑒

𝑣.

• The expanded edge set 𝐸 ′ is:

𝑒′1 =
⋃

𝑣∈{{𝑥1 ,𝑥2 },{𝑥3 }}
𝑣 = {𝑥1, 𝑥2} ∪ {𝑥3} = {𝑥1, 𝑥2, 𝑥3},

𝑒′2 =
⋃

𝑣∈{{𝑥1 },{𝑥3 }}
𝑣 = {𝑥1} ∪ {𝑥3} = {𝑥1, 𝑥3}.

Thus, the expanded edge set is:
𝐸 ′ = {{𝑥1, 𝑥2, 𝑥3}, {𝑥1, 𝑥3}}.

To summarize:

• The Expanded Hypergraph 𝐻′ has the vertex set:

𝑉0 = {𝑥1, 𝑥2, 𝑥3}.

• The edge set is:
𝐸 ′ = {{𝑥1, 𝑥2, 𝑥3}, {𝑥1, 𝑥3}}.

This construction illustrates how the supervertices and superedges in a SuperHyperGraph are transformed into
vertices and edges in the corresponding Expanded Hypergraph.

Theorem 2.33. The Expanded Hypergraph of a SuperHyperGraph generalizes a Hypergraph.

Proof. Let 𝐻 = (𝑉, 𝐸) be a SuperHyperGraph with 𝑉 as the set of supervertices, where each supervertex 𝑣 ∈ 𝑉
is a subset of a base vertex set 𝑉0. Let 𝐻′ = (𝑉0, 𝐸

′) be the Expanded Hypergraph derived from 𝐻, where:

𝐸 ′ = {𝑒′ | 𝑒′ =
⋃
𝑣∈𝑒

𝑣, 𝑒 ∈ 𝐸}.

To prove that the Expanded Hypergraph 𝐻′ generalizes a Hypergraph, consider the following cases:
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Case 1: SuperHyperGraph reduces to a Hypergraph. If each supervertex 𝑣 ∈ 𝑉 corresponds to exactly one
base vertex in 𝑉0, then 𝑉 = 𝑉0. In this case, each superedge 𝑒 ∈ 𝐸 is a subset of 𝑉0, and the expansion rule:

𝑒′ =
⋃
𝑣∈𝑒

𝑣

yields 𝑒′ = 𝑒. Therefore, 𝐻′ = (𝑉0, 𝐸
′) is identical to the original Hypergraph 𝐻, showing that the Expanded

Hypergraph is equivalent to a Hypergraph when 𝐻 is already a Hypergraph.

Case 2: General SuperHyperGraph. When 𝐻 is a general SuperHyperGraph, each supervertex 𝑣 ∈ 𝑉 may
represent a subset of𝑉0. The expansion process aggregates all base vertices in𝑉0 that are part of the supervertices
in each superedge 𝑒 ∈ 𝐸 . This allows 𝐻′ = (𝑉0, 𝐸

′) to represent relationships among base vertices in 𝑉0 in a
way that subsumes the structure of a Hypergraph.

The Expanded Hypergraph 𝐻′ retains the flexibility to represent any Hypergraph by treating each vertex
𝑣 ∈ 𝑉 as a single base vertex in 𝑉0. Simultaneously, it extends the concept of a Hypergraph by allowing vertices
in 𝐸 to represent subsets of base vertices, enabling more complex relational structures.

Since the Expanded Hypergraph 𝐻′ encompasses both the structure of Hypergraphs and the extended
relational complexity of SuperHyperGraphs, we conclude that the Expanded Hypergraph of a SuperHyperGraph
generalizes a Hypergraph. □

2.6 HGNN:Hypergraph Neural Network
The Hypergraph Neural Network is a concept designed to utilize the general Graph Neural Network at a

higher level, and it has been studied extensively across numerous frameworks and concepts[115, 229, 231, 236,
239, 239, 244, 410, 425, 426]. The definitions are provided below.

Definition 2.34 (Hypergraph Neural Network). [115] Let 𝐺 = (𝑉, 𝐸,𝑊) be a hypergraph, where:

• 𝑉 = {𝑣1, 𝑣2, . . . , 𝑣𝑛} is the set of vertices.

• 𝐸 = {𝑒1, 𝑒2, . . . , 𝑒𝑚} is the set of hyperedges, where each hyperedge 𝑒𝑖 ⊆ 𝑉 connects a subset of vertices.

• 𝑊 = diag(𝑤1, 𝑤2, . . . , 𝑤𝑚) is a diagonal matrix of hyperedge weights, where 𝑤𝑖 > 0 represents the
weight of hyperedge 𝑒𝑖 .

The Hypergraph Neural Network (HGNN) is a neural network framework designed for representation
learning on hypergraphs. It utilizes the hypergraph structure to aggregate features from vertices and their con-
nections through hyperedges. The key components of HGNN are defined as follows:

Incidence Matrix The incidence matrix 𝐻 ∈ R𝑛×𝑚 of the hypergraph 𝐺 is defined as:

𝐻𝑖 𝑗 =

{
1, if vertex 𝑣𝑖 ∈ 𝑒 𝑗 ,
0, otherwise.

Vertex and Hyperedge Degrees The degree of a vertex 𝑣𝑖 ∈ 𝑉 is defined as:

𝑑 (𝑣𝑖) =
∑︁
𝑒 𝑗 ∈𝐸

𝐻𝑖 𝑗 𝑤 𝑗 .

The degree of a hyperedge 𝑒 𝑗 ∈ 𝐸 is defined as:

𝛿(𝑒 𝑗 ) =
∑︁
𝑣𝑖∈𝑉

𝐻𝑖 𝑗 .

Let 𝐷𝑉 ∈ R𝑛×𝑛 and 𝐷𝐸 ∈ R𝑚×𝑚 be the diagonal matrices of vertex degrees and hyperedge degrees,
respectively, where:

(𝐷𝑉 )𝑖𝑖 = 𝑑 (𝑣𝑖), (𝐷𝐸 ) 𝑗 𝑗 = 𝛿(𝑒 𝑗 ).

Hypergraph Laplacian (cf.[75, 137]) The hypergraph Laplacian Δ is defined as:

Δ = 𝐼 − 𝐷−1/2
𝑉

𝐻𝑊𝐷−1
𝐸 𝐻⊤𝐷−1/2

𝑉
,

where 𝐼 is the identity matrix.
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Spectral Convolution on Hypergraph (cf.[38, 251]) The convolution operation in HGNN is performed in
the spectral domain using the hypergraph Laplacian. Given a feature matrix 𝑋 ∈ R𝑛×𝑑 , where each row 𝑥𝑖
represents the feature vector of vertex 𝑣𝑖 , the output feature matrix 𝑌 ∈ R𝑛×𝑐 is computed as:

𝑌 = 𝜎

(
𝐷
−1/2
𝑉

𝐻𝑊𝐷−1
𝐸 𝐻⊤𝐷−1/2

𝑉
𝑋Θ

)
,

where:

• 𝜎 is a nonlinear activation function (e.g., ReLU).

• Θ ∈ R𝑑×𝑐 is the learnable weight matrix.

Node Classification Task For a node classification task, let 𝑋 (0) be the input feature matrix. A multi-layer
HGNN can be defined recursively as:

𝑋 (𝑙+1) = 𝜎
(
𝐷
−1/2
𝑉

𝐻𝑊𝐷−1
𝐸 𝐻⊤𝐷−1/2

𝑉
𝑋 (𝑙)Θ(𝑙)

)
,

where 𝑙 denotes the layer index, Θ(𝑙) is the learnable weight matrix for layer 𝑙, and 𝑋 (𝑙+1) is the feature matrix
output at layer 𝑙 + 1.

Output Layer In the final layer, the softmax function is applied to the output features to produce class proba-
bilities for each node:

𝑌 = softmax(𝑋 (𝐿) ),
where 𝐿 is the total number of layers and 𝑌 ∈ R𝑛×𝑐 contains the predicted probabilities for 𝑐 classes.

Proposition 2.35. A Hypergraph Neural Network can generalize a Classical Graph Neural Network.

Proof. This is evident from the definitions. □

2.7 Uncertain Graph
The concept of the Fuzzy Set, introduced approximately half a century ago, has spurred the development

of various graph theories aimed at modeling uncertainty[430]. In this section, we outline definitions for several
frameworks, including Fuzzy Graphs, Intuitionistic Fuzzy Graphs, Neutrosophic Graphs, and Single-Valued
Pentapartitioned Neutrosophic Graphs.

A Fuzzy Graph is frequently analyzed in the context of a Crisp Graph [121]. To provide a foundation,
we begin by presenting the definition of a Crisp Graph [121].

Definition 2.36 (Crisp Graph). (cf.[121]) A Crisp Graph 𝐺 = (𝑉, 𝐸) is defined as follows:

1. 𝑉 : A non-empty finite set of vertices (or nodes).

2. 𝐸 ⊆ {{𝑢, 𝑣} | 𝑢, 𝑣 ∈ 𝑉 and 𝑢 ≠ 𝑣}: A set of unordered pairs of vertices, called edges. Each edge is
associated with exactly two vertices, referred to as its endpoints. An edge is said to connect its endpoints.

Special Cases

• A graph 𝐺 with 𝐸 = ∅ is called an edgeless graph.

Next, we introduce the concepts of Fuzzy Graph, Intuitionistic Fuzzy Graph, Neutrosophic Graph, Hes-
itant Fuzzy Graph, Quadripartitioned Neutrosophic Graph (QNG), and Single-Valued Pentapartitioned Neutro-
sophic Graph. Readers are encouraged to refer to survey papers (e.g., [121, 123]) for more detailed information
if needed.

Definition 2.37 (Unified Framework for Uncertain Graphs). (cf. [123]) Let 𝐺 = (𝑉, 𝐸) be a classical graph,
where 𝑉 is the set of vertices and 𝐸 is the set of edges. Depending on the type of graph, each vertex 𝑣 ∈ 𝑉 and
edge 𝑒 ∈ 𝐸 is associated with membership values to represent various degrees of truth, indeterminacy, falsity,
and other measures of uncertainty.

1. Fuzzy Graph (cf. [53, 136, 144, 267, 279, 306, 404])

• Each vertex 𝑣 ∈ 𝑉 is assigned a membership degree 𝜎(𝑣) ∈ [0, 1].
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• Each edge 𝑒 = (𝑢, 𝑣) ∈ 𝐸 is assigned a membership degree 𝜇(𝑢, 𝑣) ∈ [0, 1].

2. Intuitionistic Fuzzy Graph (IFG) (cf. [9, 199, 383, 445])

• Each vertex 𝑣 ∈ 𝑉 has two values: 𝜇𝐴(𝑣) ∈ [0, 1] (degree of membership) and 𝜈𝐴(𝑣) ∈ [0, 1]
(degree of non-membership), satisfying 𝜇𝐴(𝑣) + 𝜈𝐴(𝑣) ≤ 1.

• Each edge 𝑒 = (𝑢, 𝑣) ∈ 𝐸 has two values: 𝜇𝐵 (𝑢, 𝑣) ∈ [0, 1] and 𝜈𝐵 (𝑢, 𝑣) ∈ [0, 1], with 𝜇𝐵 (𝑢, 𝑣) +
𝜈𝐵 (𝑢, 𝑣) ≤ 1.

3. Neutrosophic Graph (cf. [17, 65, 161, 188, 209, 341, 354])

• Each vertex 𝑣 ∈ 𝑉 is associated with a triplet

𝜎(𝑣) = (𝜎𝑇 (𝑣), 𝜎𝐼 (𝑣), 𝜎𝐹 (𝑣))

, where
𝜎𝑇 (𝑣), 𝜎𝐼 (𝑣), 𝜎𝐹 (𝑣) ∈ [0, 1]

and 𝜎𝑇 (𝑣) + 𝜎𝐼 (𝑣) + 𝜎𝐹 (𝑣) ≤ 3.
• Each edge 𝑒 = (𝑢, 𝑣) ∈ 𝐸 is associated with a triplet 𝜇(𝑒) = (𝜇𝑇 (𝑒), 𝜇𝐼 (𝑒), 𝜇𝐹 (𝑒)).

4. Hesitant Fuzzy Graph (cf. [39, 146, 281, 286, 417])

• Each vertex 𝑣 ∈ 𝑉 is assigned a hesitant fuzzy set 𝜎(𝑣) ⊆ [0, 1].
• Each edge 𝑒 = (𝑢, 𝑣) ∈ 𝐸 is assigned a hesitant fuzzy set 𝜇(𝑒) ⊆ [0, 1].

5. Quadripartitioned Neutrosophic Graph (QNG) (cf. [190, 191, 193, 313, 327])

• Each vertex 𝑣 ∈ 𝑉 is associated with a quadripartitioned neutrosophic membership

𝜎(𝑣) = (𝜎1 (𝑣), 𝜎2 (𝑣), 𝜎3 (𝑣), 𝜎4 (𝑣))

, where
𝜎1 (𝑣), 𝜎2 (𝑣), 𝜎3 (𝑣), 𝜎4 (𝑣) ∈ [0, 1]

and
𝜎1 (𝑣) + 𝜎2 (𝑣) + 𝜎3 (𝑣) + 𝜎4 (𝑣) ≤ 4

.
• Each edge 𝑒 = (𝑢, 𝑣) ∈ 𝐸 is associated with a quadripartitioned membership

𝜎(𝑒) = (𝜎1 (𝑒), 𝜎2 (𝑒), 𝜎3 (𝑒), 𝜎4 (𝑒))

, satisfying:
𝜎1 (𝑒) ≤ min{𝜎1 (𝑢), 𝜎1 (𝑣)},
𝜎2 (𝑒) ≤ min{𝜎2 (𝑢), 𝜎2 (𝑣)},
𝜎3 (𝑒) ≤ max{𝜎3 (𝑢), 𝜎3 (𝑣)},
𝜎4 (𝑒) ≤ max{𝜎4 (𝑢), 𝜎4 (𝑣)}.

6. Single-Valued Pentapartitioned Neutrosophic Graph (cf. [91, 189, 191, 298])

• Each vertex 𝑣 ∈ 𝑉 is assigned a quintuple

𝜎(𝑣) = (𝜎1 (𝑣), 𝜎2 (𝑣), 𝜎3 (𝑣), 𝜎4 (𝑣), 𝜎5 (𝑣))

, where
𝜎1 (𝑣), 𝜎2 (𝑣), 𝜎3 (𝑣), 𝜎4 (𝑣), 𝜎5 (𝑣) ∈ [0, 1]

and
𝜎1 (𝑣) + 𝜎2 (𝑣) + 𝜎3 (𝑣) + 𝜎4 (𝑣) + 𝜎5 (𝑣) ≤ 5

.
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• Each edge 𝑒 = (𝑢, 𝑣) ∈ 𝐸 is assigned a quintuple

𝜎(𝑒) = (𝜎1 (𝑒), 𝜎2 (𝑒), 𝜎3 (𝑒), 𝜎4 (𝑒), 𝜎5 (𝑒))

, satisfying:
𝜎1 (𝑒) ≤ min{𝜎1 (𝑢), 𝜎1 (𝑣)},
𝜎2 (𝑒) ≤ min{𝜎2 (𝑢), 𝜎2 (𝑣)},
𝜎3 (𝑒) ≥ max{𝜎3 (𝑢), 𝜎3 (𝑣)},
𝜎4 (𝑒) ≥ max{𝜎4 (𝑢), 𝜎4 (𝑣)},
𝜎5 (𝑒) ≥ max{𝜎5 (𝑢), 𝜎5 (𝑣)}.

We provide examples of Fuzzy Graphs and Neutrosophic Graphs applied to real-world scenarios. These
examples demonstrate how Uncertain Graphs are well-known for their ability to model various phenomena in
the real world[7, 18, 64, 160, 192, 329].

Example 2.38 (Fuzzy Graph: Social Network with Varying Friendship Strengths). Consider a social network
where individuals are connected based on their friendships, with varying strengths (cf.[248,252,310,402]). This
can be modeled using a fuzzy graph, where vertices represent individuals, and edges represent friendships with
varying degrees of strength.

Definition: Let 𝐺 = (𝑉, 𝐸) be a fuzzy graph where:

• 𝑉 = {Alice,Bob,Carol,Dave} is the set of individuals.

• 𝐸 ⊆ 𝑉 ×𝑉 represents the friendships between individuals.

Membership Functions:

• Vertex Membership Degrees (𝜎(𝑣)): The membership degree of each vertex represents the individual’s
level of activity or influence in the social network:

𝜎(Alice) = 0.9 (Highly active user),
𝜎(Bob) = 0.7 (Active user),
𝜎(Carol) = 0.5 (Moderately active user),
𝜎(Dave) = 0.3 (Less active user).

• Edge Membership Degrees (𝜇(𝑢, 𝑣)): The membership degree of each edge represents the strength of the
friendship:

𝜇(Alice,Bob) = 0.8 (Strong friendship),
𝜇(Bob,Carol) = 0.6 (Moderate friendship),
𝜇(Carol,Dave) = 0.4 (Weak friendship),
𝜇(Alice,Dave) = 0.2 (Very weak friendship).

Alice is highly active in the network, engaging frequently, while Dave is the least active. Alice and Bob
share a strong friendship, while Carol and Dave have a weak connection.

This fuzzy graph allows for a nuanced analysis of social networks by modeling the varying strengths of
relationships and activity levels, aiding in tasks like community detection or recommendation systems (cf.[71,
93, 409, 413]).

Example 2.39 (Neutrosophic Graph: Disease Transmission Network with Uncertainty). In epidemiology, un-
derstanding the spread of disease through a population is crucial. A neutrosophic graph can model the uncer-
tainty in infection statuses and transmission probabilities (cf.[4, 270, 328]).

Definition: Let 𝐺 = (𝑉, 𝐸) be a neutrosophic graph where:

• 𝑉 = {Patient1, Patient2, Patient3, Patient4} represents individuals.

• 𝐸 ⊆ 𝑉 ×𝑉 represents potential transmission paths.
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Membership Functions:

• Vertex Membership Triplets (𝜎(𝑣) = (𝜎𝑇 (𝑣), 𝜎𝐼 (𝑣), 𝜎𝐹 (𝑣))): Each vertex is assigned degrees of truth
(𝜎𝑇 ), indeterminacy (𝜎𝐼 ), and falsity (𝜎𝐹 ):

𝜎(Patient1) = (0.9, 0.1, 0.0) (Highly likely infected),
𝜎(Patient2) = (0.5, 0.4, 0.1) (Uncertain status),
𝜎(Patient3) = (0.2, 0.3, 0.5) (Possibly not infected),
𝜎(Patient4) = (0.0, 0.1, 0.9) (Highly likely not infected).

• Edge Membership Triplets (𝜇(𝑒) = (𝜇𝑇 (𝑒), 𝜇𝐼 (𝑒), 𝜇𝐹 (𝑒))): Each edge is assigned degrees of truth,
indeterminacy, and falsity:

𝜇(Patient1, Patient2) = (0.8, 0.1, 0.1) (High likelihood of transmission),
𝜇(Patient2, Patient3) = (0.4, 0.4, 0.2) (Uncertain transmission),
𝜇(Patient3, Patient4) = (0.1, 0.2, 0.7) (Low likelihood of transmission),
𝜇(Patient1, Patient4) = (0.2, 0.3, 0.5) (Possible but unlikely transmission).

Patient1 is highly likely infected and may transmit the disease to Patient2. The transmission between
Patient2 and Patient3 is uncertain. Patient4 is highly unlikely to be infected, with low chances of transmission
from others.

Neutrosophic graphs can aid in modeling uncertain infection and transmission dynamics, supporting
efforts in contact tracing, resource allocation, and risk assessment.

Proposition 2.40. Neutrosophic graphs can generalize Fuzzy Graphs.

Proof. This follows directly (cf.[355]). □

A Plithogenic Graph is a generalized graph based on the concept of a Plithogenic Set. This graph is
known for its ability to generalize structures such as Fuzzy Graphs and Neutrosophic Graphs described earlier.
The definition is provided below [338].

Definition 2.41. [145, 338, 339, 357, 364] Let 𝐺 = (𝑉, 𝐸) be a crisp graph where 𝑉 is the set of vertices and
𝐸 ⊆ 𝑉 ×𝑉 is the set of edges. A Plithogenic Graph 𝑃𝐺 is defined as:

𝑃𝐺 = (𝑃𝑀, 𝑃𝑁)
where:

1. Plithogenic Vertex Set 𝑃𝑀 = (𝑀, 𝑙, 𝑀𝑙, 𝑎𝑑𝑓 , 𝑎𝐶 𝑓 ):

• 𝑀 ⊆ 𝑉 is the set of vertices.
• 𝑙 is an attribute associated with the vertices.
• 𝑀𝑙 is the range of possible attribute values.
• 𝑎𝑑𝑓 : 𝑀 × 𝑀𝑙 → [0, 1]𝑠 is the Degree of Appurtenance Function (DAF) for vertices.
• 𝑎𝐶 𝑓 : 𝑀𝑙 × 𝑀𝑙 → [0, 1]𝑡 is the Degree of Contradiction Function (DCF) for vertices.

2. Plithogenic Edge Set 𝑃𝑁 = (𝑁, 𝑚, 𝑁𝑚, 𝑏𝑑𝑓 , 𝑏𝐶 𝑓 ):

• 𝑁 ⊆ 𝐸 is the set of edges.
• 𝑚 is an attribute associated with the edges.
• 𝑁𝑚 is the range of possible attribute values.
• 𝑏𝑑𝑓 : 𝑁 × 𝑁𝑚 → [0, 1]𝑠 is the Degree of Appurtenance Function (DAF) for edges.
• 𝑏𝐶 𝑓 : 𝑁𝑚 × 𝑁𝑚 → [0, 1]𝑡 is the Degree of Contradiction Function (DCF) for edges.

The Plithogenic Graph 𝑃𝐺 must satisfy the following conditions:
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1. Edge Appurtenance Constraint: For all (𝑥, 𝑎), (𝑦, 𝑏) ∈ 𝑀 × 𝑀𝑙:

𝑏𝑑𝑓 ((𝑥𝑦), (𝑎, 𝑏)) ≤ min{𝑎𝑑𝑓 (𝑥, 𝑎), 𝑎𝑑𝑓 (𝑦, 𝑏)}

where 𝑥𝑦 ∈ 𝑁 is an edge between vertices 𝑥 and 𝑦, and (𝑎, 𝑏) ∈ 𝑁𝑚 × 𝑁𝑚 are the corresponding attribute
values.

2. Contradiction Function Constraint: For all (𝑎, 𝑏), (𝑐, 𝑑) ∈ 𝑁𝑚 × 𝑁𝑚:

𝑏𝐶 𝑓 ((𝑎, 𝑏), (𝑐, 𝑑)) ≤ min{𝑎𝐶 𝑓 (𝑎, 𝑐), 𝑎𝐶 𝑓 (𝑏, 𝑑)}

3. Reflexivity and Symmetry of Contradiction Functions:

𝑎𝐶 𝑓 (𝑎, 𝑎) = 0, ∀𝑎 ∈ 𝑀𝑙
𝑎𝐶 𝑓 (𝑎, 𝑏) = 𝑎𝐶 𝑓 (𝑏, 𝑎), ∀𝑎, 𝑏 ∈ 𝑀𝑙
𝑏𝐶 𝑓 (𝑎, 𝑎) = 0, ∀𝑎 ∈ 𝑁𝑚
𝑏𝐶 𝑓 (𝑎, 𝑏) = 𝑏𝐶 𝑓 (𝑏, 𝑎), ∀𝑎, 𝑏 ∈ 𝑁𝑚

Example 2.42. (cf.[121]) The following examples of Plithogenic Graphs are provided.

• When 𝑠 = 𝑡 = 1, 𝑃𝐺 is called a Plithogenic Fuzzy Graphs.

• When 𝑠 = 2, 𝑡 = 1, 𝑃𝐺 is called a Plithogenic Intuitionistic Fuzzy Graphs.

• When 𝑠 = 3, 𝑡 = 1, 𝑃𝐺 is called a Plithogenic Neutrosophic Graphs.

• When 𝑠 = 4, 𝑡 = 1, 𝑃𝐺 is called a Plithogenic quadripartitioned Neutrosophic Graphs (cf.[193,302,327]).

• When 𝑠 = 5, 𝑡 = 1, 𝑃𝐺 is called a Plithogenic pentapartitioned Neutrosophic Graphs (cf.[56, 92, 256]).

• When 𝑠 = 6, 𝑡 = 1, 𝑃𝐺 is called a Plithogenic hexapartitioned Neutrosophic Graphs (cf.[287]).

• When 𝑠 = 7, 𝑡 = 1, 𝑃𝐺 is called a Plithogenic heptapartitioned Neutrosophic Graphs (cf.[62, 271]).

• When 𝑠 = 8, 𝑡 = 1, 𝑃𝐺 is called a Plithogenic octapartitioned Neutrosophic Graphs.

• When 𝑠 = 9, 𝑡 = 1, 𝑃𝐺 is called a Plithogenic nonapartitioned Neutrosophic Graphs.

2.8 Fuzzy Graph Neural Network (F-GNN)
In this subsection, we introduce the concept of the Fuzzy Graph Neural Network (F-GNN). A Fuzzy

Graph Neural Network (F-GNN) is a graph inference model that combines the principles of fuzzy logic and
graph neural networks (GNNs). It is specifically designed to address fuzzy and uncertain data within graph-
structured information (cf.[78, 116, 162, 224, 295, 392, 439, 442]). Below, we present the formal definition of
F-GNN.

Definition 2.43. [104] An F-GNN is defined as a quintuple:

F-GNN = (𝐺, F𝑉 , F𝐸 ,R,D) ,

where:

• 𝐺 = (𝑉, 𝐸) is a graph where 𝑉 represents the set of vertices and 𝐸 represents the set of edges.

• F𝑉 and F𝐸 are the fuzzification functions for vertices and edges, respectively. These functions map vertex
and edge attributes to fuzzy membership values:

F𝑉 : X𝑉 → [0, 1]𝑀 , F𝐸 : X𝐸 → [0, 1]𝑀 ,

where 𝑀 is the number of fuzzy subsets, and X𝑉 and X𝐸 denote the attribute spaces for vertices and
edges.
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• R represents the rule layer, which encodes fuzzy rules of the form:

IF
𝑁∧
𝑖=1

vertex 𝑣𝑖 satisfies F𝑉 (𝑣𝑖) THEN D(𝑣𝑖) outputs the prediction,

where D is the defuzzification layer.

• D is the defuzzification function, which aggregates the outputs of the rule layer to produce a crisp output
for each vertex or edge.

Definition 2.44. [104] Given an input graph 𝐺 = (𝑉, 𝐸) with vertex features 𝑋𝑉 and edge features 𝑋𝐸 , F-GNN
operates as follows:

1. Fuzzification Layer: Each vertex 𝑣 ∈ 𝑉 and edge 𝑒 ∈ 𝐸 is fuzzified using membership functions:

F𝑉 (𝑣) = [𝜇1 (𝑣), 𝜇2 (𝑣), . . . , 𝜇𝑀 (𝑣)] , F𝐸 (𝑒) = [𝜇1 (𝑒), 𝜇2 (𝑒), . . . , 𝜇𝑀 (𝑒)] .

2. Rule Layer: A set of fuzzy rules is defined to aggregate neighborhood information. For example:

IF 𝑣 ∈ 𝐴𝑚 AND 𝑢 ∈ 𝐴𝑛 THEN 𝑦𝑘 = 𝑓𝑘 (𝑥𝑣 , 𝑥𝑢),

where 𝐴𝑚, 𝐴𝑛 are fuzzy subsets, 𝑥𝑣 , 𝑥𝑢 are vertex features, and 𝑓𝑘 is a trainable function.

3. Normalization Layer: The firing strength of each rule is normalized:

𝑟𝑘 =
𝑟𝑘∑𝐾
𝑗=1 𝑟 𝑗

,

where 𝑟𝑘 is the firing strength of the 𝑘-th rule.

4. Defuzzification Layer: The normalized rule outputs are aggregated to produce crisp predictions:

𝑦 =

𝐾∑︁
𝑘=1

𝑟𝑘 · 𝑓𝑘 (𝑥).

Definition 2.45. [104] For a multi-layer F-GNN, the 𝑙-th layer is defined as:

𝐻 (𝑙) = 𝜎
(
𝑓𝜃

(
𝐻 (𝑙−1) , 𝐴

)
+ 𝐻 (𝑙−1)

)
,

where:

• 𝐻 (𝑙) is the output of the 𝑙-th layer.

• 𝜎 is a non-linear activation function (e.g., ReLU).

• 𝐴 is the adjacency matrix of the graph.

• 𝑓𝜃 is a trainable function.

The final output of the F-GNN is:

𝑌 = Softmax
(
𝐻 (𝐿)

)
,

where 𝐿 is the number of layers in the F-GNN.

Theorem 2.46. A Fuzzy Graph Neural Network (F-GNN) generalizes a Graph Neural Network (GNN).

Proof. To prove this, we show that the definition of an F-GNN encompasses the definition of a GNN as a special
case.

18



1. Graph Structure: Both GNNs and F-GNNs operate on a graph 𝐺 = (𝑉, 𝐸), where 𝑉 is the set of vertices,
and 𝐸 ⊆ 𝑉 × 𝑉 is the set of edges. While GNNs use crisp edge connections, F-GNNs extend this by assigning
fuzzy membership values to vertices and edges through the fuzzification functions F𝑉 and F𝐸 :

F𝑉 : X𝑉 → [0, 1]𝑀 , F𝐸 : X𝐸 → [0, 1]𝑀 .

When 𝑀 = 1 and membership values are restricted to binary {0, 1}, the F-GNN reduces to a standard GNN,
where F𝑉 and F𝐸 represent crisp vertices and edges.

2. Message Passing: In a GNN, messages between nodes are exchanged using functions 𝜙𝑚 and aggregated
at each node 𝑣𝑖 as:

m(𝑡+1)
𝑖

=
∑︁

𝑣 𝑗 ∈N(𝑖)
𝜙𝑚 (h(𝑡 )𝑖 , h(𝑡 )

𝑗
, e𝑖 𝑗 ),

where N(𝑖) is the set of neighbors of 𝑣𝑖 .
In an F-GNN, the message passing incorporates fuzzy membership values through the rule layer R,

which defines fuzzy rules such as:

IF 𝑣𝑖 ∈ 𝐴𝑚 AND 𝑣 𝑗 ∈ 𝐴𝑛 THEN 𝑓𝑘 (h𝑖 , h 𝑗 , e𝑖 𝑗 ),

where 𝐴𝑚 and 𝐴𝑛 are fuzzy subsets, and 𝑓𝑘 is a trainable function. If fuzzy subsets 𝐴𝑚 and 𝐴𝑛 are crisp (e.g.,
𝐴𝑚 = 𝐴𝑛 = {1}), the F-GNN reduces to the standard message passing mechanism of a GNN.

3. Node Updates: In a GNN, node updates are defined as:

h(𝑡+1)
𝑖

= 𝜙𝑢 (h(𝑡 )𝑖 ,m(𝑡+1)
𝑖
),

where 𝜙𝑢 is a node update function.
In an F-GNN, node updates are governed by fuzzy rules and defuzzification, aggregating over normalized

firing strengths:

𝑦 =

𝐾∑︁
𝑘=1

𝑟𝑘 · 𝑓𝑘 (h𝑖),

where 𝑟𝑘 is the normalized firing strength of the 𝑘-th fuzzy rule. If there is only one rule (𝐾 = 1) and no
fuzzification is applied, the F-GNN node update simplifies to the standard GNN node update.

4. Generalization: The fuzzification and defuzzification layers in an F-GNN extend the crisp operations of a
GNN by introducing degrees of membership, enabling the model to handle uncertainty and imprecision. When
these additional features are disabled (e.g., by setting 𝑀 = 1 and 𝐾 = 1), the F-GNN reduces exactly to a GNN.

Since every operation in a GNN is a special case of the corresponding operation in an F-GNN, we
conclude that the F-GNN generalizes the GNN. □

3 Result: SuperHypergraph Neural Network
In this section, we explore the SuperHyperGraph Neural Network.

3.1 SuperHypergraph Neural Network
In this subsection, we explore the definition and theoretical framework of the SuperHypergraph Neural

Network. This concept is a mathematical extension of the Hypergraph Neural Network. It is important to note
that this study is purely theoretical, with no practical implementation or testing conducted on actual systems.

Definition 3.1 (SuperHypergraph Neural Network). Let 𝐻 = (𝑉, 𝐸) be a SuperHyperGraph with base vertices
𝑉0, and let 𝐻′ = (𝑉0, 𝐸

′) be its Expanded Hypergraph. Let 𝑋 ∈ R |𝑉0 |×𝑑 be the feature matrix for the base
vertices. Define:

• The incidence matrix 𝐻′ ∈ R |𝑉0 |× |𝐸′ | with entries

𝐻′𝑖 𝑗 =

{
1, if 𝑣𝑖 ∈ 𝑒′𝑗 ,
0, otherwise.
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• The diagonal vertex degree matrix 𝐷𝑉 ∈ R |𝑉0 |× |𝑉0 | with entries

(𝐷𝑉 )𝑖𝑖 = 𝑑𝑉 (𝑣𝑖) =
|𝐸′ |∑︁
𝑗=1

𝐻′𝑖 𝑗 𝑤(𝑒
′
𝑗 ),

where 𝑤(𝑒′
𝑗
) is the weight of hyperedge 𝑒′

𝑗
.

• The diagonal hyperedge degree matrix 𝐷𝐸 ∈ R |𝐸
′ |× |𝐸′ | with entries

(𝐷𝐸 ) 𝑗 𝑗 = 𝑑𝐸 (𝑒′𝑗 ) =
|𝑉0 |∑︁
𝑖=1

𝐻′𝑖 𝑗 .

The convolution operation in the SHGNN is defined as

𝑌 = 𝜎

(
𝐷
−1/2
𝑉

𝐻′𝑊𝐷−1
𝐸 𝐻′⊤𝐷−1/2

𝑉
𝑋Θ

)
,

where:

• 𝑌 ∈ R |𝑉0 |×𝑐 is the output feature matrix.

• 𝑊 ∈ R |𝐸′ |× |𝐸′ | is the diagonal matrix of hyperedge weights.

• Θ ∈ R𝑑×𝑐 is the learnable weight matrix.

• 𝜎 is an activation function (e.g., ReLU[44, 234]).

Theorem 3.2. A SuperHypergraph Neural Network (SHGNN) inherently possesses the structure of a SuperHy-
perGraph 𝐻 = (𝑉, 𝐸), where:

1. The vertex set 𝑉 corresponds to the subsets of the base vertices 𝑉0 used in the SHGNN.

2. The edge set 𝐸 corresponds to the relationships (superedges) among the supervertices, as encoded in the
hyperedge-weighted incidence matrix 𝐻′.

Proof. By definition, the SuperHyperGraph vertex set𝑉 ⊆ 𝑃(𝑉0) consists of subsets of the base vertex set𝑉0. In
the SHGNN, the input feature matrix 𝑋 ∈ R |𝑉0 |×𝑑 defines the features associated with each base vertex 𝑣𝑖 ∈ 𝑉0.
These features are subsequently aggregated and processed in layers, preserving the subset structure of 𝑉 .

The edge set 𝐸 in a SuperHyperGraph is defined as 𝐸 ⊆ 𝑃(𝑉), connecting multiple supervertices. In the
SHGNN, the relationships between subsets (supervertices) are captured by the hyperedges 𝑒 ∈ 𝐸 , represented
in the weighted incidence matrix 𝐻′. The matrix 𝐻′ explicitly encodes whether a base vertex 𝑣𝑖 ∈ 𝑉0 belongs
to a hyperedge 𝑒′

𝑗
∈ 𝐸 ′, thereby maintaining the SuperHyperGraph’s structure.

The convolution operation in the SHGNN, defined as:

𝑌 = 𝜎

(
𝐷
−1/2
𝑉

𝐻′𝑊𝐷−1
𝐸 𝐻′⊤𝐷−1/2

𝑉
𝑋Θ

)
,

propagates and updates features across the graph while preserving the structural relationships encoded in 𝐻.
This operation respects the adjacency relationships among subsets of 𝑉0 as defined by the superedges.

The SHGNN’s architecture, including its vertex and edge representations and layer-wise operations,
directly corresponds to the mathematical structure of a SuperHyperGraph 𝐻 = (𝑉, 𝐸). Therefore, the SHGNN
inherently possesses the structure of a SuperHyperGraph. □

Theorem 3.3. The Hypergraph Neural Network (HGNN) is a special case of the SuperHypergraph Neural
Network (SHGNN). Specifically, when all supervertices are singleton subsets of 𝑉0, and all superedges connect
these singleton supervertices, the SHGNN reduces to the HGNN.
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Proof. Assume that all supervertices are singletons, i.e.,

𝑉 = {{𝑣𝑖} | 𝑣𝑖 ∈ 𝑉0} .

Then, each superedge 𝑒 ∈ 𝐸 connects supervertices that correspond directly to base vertices in 𝑉0.
For each superedge 𝑒 ∈ 𝐸 , the corresponding hyperedge in the Expanded Hypergraph is

𝑒′ =
⋃
𝑣∈𝑒

𝑣 =
⋃
𝑣∈𝑒
{𝑣𝑖} = {𝑣𝑖 | 𝑣 = {𝑣𝑖} ∈ 𝑒}.

Thus, the Expanded Hypergraph 𝐻′ = (𝑉0, 𝐸
′) is identical to the original hypergraph defined over 𝑉0 with

hyperedges 𝐸 ′.
The convolution operation in SHGNN becomes

𝑌 = 𝜎

(
𝐷
−1/2
𝑉

𝐻𝑊𝐷−1
𝐸 𝐻⊤𝐷−1/2

𝑉
𝑋Θ

)
,

which is exactly the convolution operation used in the Hypergraph Neural Network (HGNN) .
Therefore, the SHGNN reduces to the HGNN in this case, demonstrating that SHGNN generalizes

HGNN. □

Corollary 3.4. The Graph Convolutional Network (GCN) is a special case of the SHGNN when all hyperedges
connect exactly two vertices.

Proof. When all hyperedges 𝑒′
𝑗

in the Expanded Hypergraph 𝐻′ satisfy |𝑒′
𝑗
| = 2, the hypergraph Laplacian

simplifies to the graph Laplacian. Consequently, the SHGNN convolution operation reduces to the GCN opera-
tion. □

3.2 Algorithm for SuperHypergraph Neural Network (SHGNN)
We present a detailed algorithm for implementing the SuperHypergraph Neural Network (SHGNN),

along with an analysis of its time and space complexity. The algorithm is described below.
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Algorithm 1: SuperHypergraph Neural Network Convolution
Input:

• SuperHyperGraph 𝐻 = (𝑉, 𝐸) with base vertices 𝑉0 (where |𝑉0 | = 𝑛);

• Feature matrix 𝑋 ∈ R𝑛×𝑑 ;

• Hyperedge weights 𝑤(𝑒′
𝑗
) for each hyperedge 𝑒′

𝑗
∈ 𝐸 ′;

• Weight matrix Θ ∈ R𝑑×𝑐;

• Activation function 𝜎.

Output: Output feature matrix 𝑌 ∈ R𝑛×𝑐

1 1. Expand SuperHyperGraph to obtain Expanded Hypergraph 𝐻′ = (𝑉0, 𝐸
′);

2 foreach superedge 𝑒 ∈ 𝐸 do
3 𝑒′ ← ⋃

𝑣∈𝑒 𝑣 ; // Expand to base vertices
4 Add 𝑒′ to 𝐸 ′;
5 end

6 2. Construct incidence matrix 𝐻′ ∈ R𝑛×𝑚, where 𝑚 = |𝐸 ′ |;
7 Initialize 𝐻′ as a sparse zero matrix;
8 for 𝑗 ← 1 to 𝑚 do
9 foreach vertex 𝑣𝑖 ∈ 𝑒′𝑗 do

10 𝐻′
𝑖 𝑗
← 1;

11 end
12 end
13 3. Compute vertex degrees 𝐷𝑉 ;
14 for 𝑖 ← 1 to 𝑛 do
15 𝑑𝑉 (𝑣𝑖) ←

∑𝑚
𝑗=1 𝐻

′
𝑖 𝑗
· 𝑤(𝑒′

𝑗
);

16 (𝐷𝑉 )𝑖𝑖 ← 𝑑𝑉 (𝑣𝑖);
17 end
18 4. Compute hyperedge degrees 𝐷𝐸 ;
19 for 𝑗 ← 1 to 𝑚 do
20 𝑑𝐸 (𝑒′𝑗 ) ←

∑𝑛
𝑖=1 𝐻

′
𝑖 𝑗

;
21 (𝐷𝐸 ) 𝑗 𝑗 ← 𝑑𝐸 (𝑒′𝑗 );
22 end

23 5. Normalize incidence matrix 𝐻̃;

24 Compute 𝐷−1/2
𝑉

and 𝐷−1
𝐸

(diagonal matrices);
25 foreach non-zero element 𝐻′

𝑖 𝑗
do

26 𝐻̃𝑖 𝑗 ← (𝐷−1/2
𝑉
)𝑖𝑖 · 𝐻′𝑖 𝑗 · 𝑤(𝑒

′
𝑗
) · (𝐷−1

𝐸
) 𝑗 𝑗 ;

27 end
28 6. Compute intermediate matrix 𝑀;

29 Compute 𝑆 ← 𝐻′⊤𝐷−1/2
𝑉

𝑋 ; // Sparse matrix multiplication

30 Compute 𝑀 ← 𝐻̃ · 𝑆 ; // Sparse matrix multiplication

31 7. Compute output features 𝑌 ;
32 𝑌 ← 𝜎(𝑀 · Θ);
33 return 𝑌 ;

Theorem 3.5. Given a SuperHyperGraph 𝐻 = (𝑉, 𝐸), base vertices 𝑉0, feature matrix 𝑋 , weight matrix Θ, and
activation function 𝜎, the algorithm computes the output feature matrix 𝑌 according to the SHGNN convolution
operation:

𝑌 = 𝜎

(
𝐷
−1/2
𝑉

𝐻′𝑊𝐷−1
𝐸 𝐻′⊤𝐷−1/2

𝑉
𝑋Θ

)
,
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where 𝐻′ is the incidence matrix of the Expanded Hypergraph 𝐻′ = (𝑉0, 𝐸
′), 𝐷𝑉 and 𝐷𝐸 are the vertex and

hyperedge degree matrices, and𝑊 is the diagonal matrix of hyperedge weights.

Proof. The algorithm follows the steps required to compute the SHGNN convolution operation:

1. Expansion to 𝐻′: The algorithm correctly expands each superedge 𝑒 ∈ 𝐸 into a hyperedge 𝑒′ ∈ 𝐸 ′ by
taking the union of all base vertices in the supervertices of 𝑒. This ensures that 𝐻′ accurately represents
the Expanded Hypergraph.

2. Construction of 𝐻′: By iterating over each hyperedge 𝑒′
𝑗

and setting 𝐻′
𝑖 𝑗

= 1 for all 𝑣𝑖 ∈ 𝑒′𝑗 , the incidence
matrix 𝐻′ is correctly constructed.

3. Degree Matrices 𝐷𝑉 and 𝐷𝐸 : The degrees are computed as per their definitions:

𝑑𝑉 (𝑣𝑖) =
𝑚∑︁
𝑗=1

𝐻′𝑖 𝑗 · 𝑤(𝑒
′
𝑗 ), 𝑑𝐸 (𝑒′𝑗 ) =

𝑛∑︁
𝑖=1

𝐻′𝑖 𝑗 .

The diagonal matrices 𝐷𝑉 and 𝐷𝐸 are correctly populated with these degrees.

4. Normalization and Computation of 𝐻̃: The normalized incidence matrix 𝐻̃ is computed using the degrees
and weights, matching the formula:

𝐻̃𝑖 𝑗 = (𝐷−1/2
𝑉
)𝑖𝑖 · 𝐻′𝑖 𝑗 · 𝑤(𝑒

′
𝑗 ) · (𝐷

−1
𝐸 ) 𝑗 𝑗 .

5. Convolution Operation: The algorithm computes:

𝑌 = 𝜎

(
𝐻̃ · 𝐻′⊤𝐷−1/2

𝑉
𝑋Θ

)
,

which simplifies to:
𝑌 = 𝜎

(
𝐷
−1/2
𝑉

𝐻′𝑊𝐷−1
𝐸 𝐻′⊤𝐷−1/2

𝑉
𝑋Θ

)
,

as per the SHGNN convolution definition.

6. Activation Function: The application of 𝜎 ensures the non-linear transformation is applied to the output.

Thus, each step of the algorithm correctly implements the corresponding mathematical operation in the
SHGNN convolution, ensuring correctness. □

Theorem 3.6. Let 𝑛 = |𝑉0 | be the number of base vertices, 𝑚 = |𝐸 ′ | be the number of hyperedges in the
Expanded Hypergraph, 𝑑 be the input feature dimension, 𝑐 be the output feature dimension, and nnz(𝐻′) be the
number of non-zero entries in the incidence matrix 𝐻′. The time complexity of the algorithm is:

𝑂
(
|𝐸 | · 𝑘 · 𝑠 + nnz(𝐻′) · (𝑑 + 1) + 𝑛 · 𝑑 · 𝑐

)
,

where 𝑘 is the average number of supervertices per superedge, and 𝑠 is the average size of a supervertex.

Proof. We analyze the time complexity of each step in the algorithm:

1. Expansion to 𝐻′:

• For each superedge 𝑒 ∈ 𝐸 , the expansion 𝑒′ =
⋃
𝑣∈𝑒 𝑣 involves 𝑂 (𝑘𝑠) operations, where 𝑘 is the

average number of supervertices in 𝑒, and 𝑠 is the average size of a supervertex.
• Total time for this step: 𝑂 ( |𝐸 | · 𝑘 · 𝑠).

2. Construction of 𝐻′:

• For each hyperedge 𝑒′
𝑗
, we iterate over its vertices 𝑣𝑖 ∈ 𝑒′𝑗 and set 𝐻′

𝑖 𝑗
= 1.

• Time complexity: 𝑂 (nnz(𝐻′)).

3. Compute 𝐷𝑉 :

• For each vertex 𝑣𝑖 , sum over hyperedges where 𝐻′
𝑖 𝑗

= 1.
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• Time complexity: 𝑂 (nnz(𝐻′)).

4. Compute 𝐷𝐸 :

• For each hyperedge 𝑒′
𝑗
, sum over vertices where 𝐻′

𝑖 𝑗
= 1.

• Time complexity: 𝑂 (nnz(𝐻′)).

5. Normalize 𝐻̃:

• Multiplying diagonal matrices and updating non-zero entries.
• Time complexity: 𝑂 (nnz(𝐻′)).

6. Compute 𝑆 = 𝐻′⊤𝐷−1/2
𝑉

𝑋:

• Sparse matrix-vector multiplication.
• Time complexity: 𝑂 (nnz(𝐻′) · 𝑑).

7. Compute 𝑀 = 𝐻̃ · 𝑆:

• Sparse matrix-vector multiplication.
• Time complexity: 𝑂 (nnz(𝐻′) · 𝑑).

8. Compute 𝑌 = 𝜎(𝑀 · Θ):

• Dense matrix multiplication: 𝑂 (𝑛 · 𝑑 · 𝑐).
• Activation function application: 𝑂 (𝑛 · 𝑐).

Adding up the time complexities:

𝑂
(
|𝐸 | · 𝑘 · 𝑠 + nnz(𝐻′) · (1 + 𝑑) + 𝑛 · 𝑑 · 𝑐

)
.

Thus, the time complexity of the algorithm is as stated. □

Theorem 3.7. The space complexity of the algorithm is:

𝑂
(
nnz(𝐻′) + 𝑛 · (𝑑 + 𝑐) + 𝑚 · 𝑑 + 𝑑 · 𝑐

)
,

where 𝑛, 𝑚, 𝑑, 𝑐, and nnz(𝐻′) are as previously defined.

Proof. We account for the space used by the algorithm:

1. Incidence Matrix 𝐻′:

• Stored in sparse format.
• Space complexity: 𝑂 (nnz(𝐻′)).

2. Degree Matrices 𝐷𝑉 and 𝐷𝐸 :

• Diagonal matrices.
• Space complexity: 𝑂 (𝑛 + 𝑚).

3. Feature Matrix 𝑋:

• Space complexity: 𝑂 (𝑛 · 𝑑).

4. Weight Matrix Θ:

• Space complexity: 𝑂 (𝑑 · 𝑐).

5. Intermediate Matrices 𝑆 and 𝑀:

• 𝑆 ∈ R𝑚×𝑑 : 𝑂 (𝑚 · 𝑑).
• 𝑀 ∈ R𝑛×𝑑 : 𝑂 (𝑛 · 𝑑).

6. Output Matrix 𝑌 :
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• Space complexity: 𝑂 (𝑛 · 𝑐).

Adding up the space complexities:

𝑂
(
nnz(𝐻′) + 𝑛 + 𝑚 + 𝑛 · 𝑑 + 𝑚 · 𝑑 + 𝑛 · 𝑐 + 𝑑 · 𝑐

)
.

Simplifying, and noting that 𝑛 + 𝑚 is dominated by 𝑛 · 𝑑 and 𝑚 · 𝑑, we have:

𝑂
(
nnz(𝐻′) + 𝑛 · (𝑑 + 𝑐) + 𝑚 · 𝑑 + 𝑑 · 𝑐

)
.

Thus, the space complexity is as stated. □

Theorem 3.8. If the Expanded Hypergraph 𝐻′ is sparse, i.e., nnz(𝐻′) = 𝑂 (𝑛), then the algorithm operates in
linear time and space with respect to the number of vertices 𝑛.

Proof. When 𝐻′ is sparse, nnz(𝐻′) = 𝑂 (𝑛). Substituting this into the time and space complexities:

Time Complexity:
𝑂 ( |𝐸 | · 𝑘 · 𝑠 + 𝑛 · (𝑑 + 1) + 𝑛 · 𝑑 · 𝑐) .

If |𝐸 | · 𝑘 · 𝑠 = 𝑂 (𝑛) (which holds if the average superedge and supervertex sizes are bounded), the total time
complexity becomes 𝑂 (𝑛 · 𝑑 · 𝑐).

Space Complexity:
𝑂 (𝑛 + 𝑛 · (𝑑 + 𝑐) + 𝑛 · 𝑑 + 𝑑 · 𝑐) = 𝑂 (𝑛 · (𝑑 + 𝑐) + 𝑑 · 𝑐) .

Thus, both time and space complexities are linear in 𝑛 when 𝐻′ is sparse and superedge/supervertex
sizes are bounded. □

3.3 𝑛-SuperHyperGraph Neural Network
A SuperHyperGraph can be generalized to an 𝑛-SuperHyperGraph. This is defined based on the concept

of the 𝑛-th powerset. The formal definition is provided below.

Definition 3.9 (Power Set). (cf.[97]) Let 𝑆 be a set. The power set of 𝑆, denoted by P(𝑆), is defined as the set
of all subsets of 𝑆, including the empty set and 𝑆 itself. Formally, we write:

P(𝑆) = {𝑇 | 𝑇 ⊆ 𝑆}.

The power set P(𝑆) contains 2 |𝑆 | elements, where |𝑆 | represents the cardinality of 𝑆. This is because each
element of 𝑆 can either be included in or excluded from each subset.

Definition 3.10 (𝑛-th PowerSet (Recall)). (cf.[340, 352]) Let 𝐻 be a set representing a system or structure,
such as a set of items, a company, an institution, a country, or a region. The 𝑛-th PowerSet, denoted as P∗𝑛 (𝐻),
describes a hierarchical organization of 𝐻 into subsystems, sub-subsystems, and so forth. It is defined recursively
as follows:

1. Base Case:
P∗0 (𝐻) := 𝐻.

2. First-Level PowerSet:
P∗1 (𝐻) = P(𝐻),

where P(𝐻) is the power set of 𝐻.

3. Higher Levels: For 𝑛 ≥ 2, the 𝑛-th PowerSet is defined recursively as:

P∗𝑛 (𝐻) = P(P∗𝑛−1 (𝐻)).

Thus, P∗𝑛 (𝐻) represents a nested hierarchy, where the power set operation P is applied 𝑛 times. Formally:

P∗𝑛 (𝐻) = P(P(· · · P(𝐻) · · · )),

where the power set operation P is repeated 𝑛 times.
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Example 3.11 (𝑛-th PowerSet of a Simple Set). Let 𝐻 = {𝑎, 𝑏} be a set. The computation of P∗𝑛 (𝐻) for different
𝑛 is as follows:

1. Base Case (𝑛 = 0):
P∗0 (𝐻) = 𝐻 = {𝑎, 𝑏}.

2. First-Level PowerSet (𝑛 = 1):

P∗1 (𝐻) = P(𝐻) = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}.

3. Second-Level PowerSet (𝑛 = 2):

P∗2 (𝐻) = P(P(𝐻)) = P ({∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}) .

The elements of P∗2 (𝐻) are all subsets of P(𝐻), such as:

P∗2 (𝐻) = {∅, {∅}, {{𝑎}}, {{𝑏}}, {{𝑎, 𝑏}}, {∅, {𝑎}}, . . . , {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}}.

4. Third-Level PowerSet (𝑛 = 3):
P∗3 (𝐻) = P(P

∗
2 (𝐻)).

The elements of P∗3 (𝐻) are all subsets of P∗2 (𝐻), forming a higher-order hierarchy.

This process illustrates how the 𝑛-th PowerSet recursively expands the original set 𝐻 into increasingly
complex hierarchical structures.

Theorem 3.12. The 𝑛-th power set generalizes the power set.

Proof. This is evident. □

Definition 3.13 (𝑛-SuperHyperGraph). (cf.[340]) Let 𝑉0 be a finite set of base vertices. Define the 𝑛-th iterated
power set of 𝑉0 recursively as:

P0 (𝑉0) = 𝑉0, P𝑘+1 (𝑉0) = P
(
P𝑘 (𝑉0)

)
,

where P(𝐴) denotes the power set of set 𝐴.
An 𝑛-SuperHyperGraph is an ordered pair 𝐻 = (𝑉, 𝐸), where:

• 𝑉 ⊆ P𝑛 (𝑉0) is the set of supervertices, which are elements of the 𝑛-th power set of 𝑉0.

• 𝐸 ⊆ P𝑛 (𝑉0) is the set of superedges, also elements of P𝑛 (𝑉0).

Each supervertex 𝑣 ∈ 𝑉 can be:

• A single vertex (𝑣 ∈ 𝑉0),

• A subset of 𝑉0 (𝑣 ⊆ 𝑉0),

• A subset of subsets of 𝑉0, up to 𝑛 levels (𝑣 ∈ P𝑛 (𝑉0)),

• An indeterminate or fuzzy set(cf.[430]),

• The null set (𝑣 = ∅).

Each superedge 𝑒 ∈ 𝐸 connects supervertices, potentially at different hierarchical levels up to 𝑛.

Theorem 3.14. [126] An 𝑛-SuperHyperGraph can generalize a superhypergraph.

Proof. This follows directly from the definition. Refer to [126] as needed for further details. □

Corollary 3.15. An 𝑛-SuperHyperGraph generalizes both hypergraphs and classical graphs.

Proof. The result follows directly. □

Theorem 3.16. [126] An 𝑛-SuperHyperGraph has a structure based on the 𝑛-th PowerSet.
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Proof. This follows directly from the definition. Refer to [126] as needed for further details. □

Definition 3.17 (Expanded Hypergraph for 𝑛-SuperHyperGraph). Given an 𝑛-SuperHyperGraph 𝐻 = (𝑉, 𝐸),
the Expanded Hypergraph 𝐻′ = (𝑉0, 𝐸

′) is defined as follows:

• The vertex set is 𝑉0, the base vertices.

• For each superedge 𝑒 ∈ 𝐸 , the corresponding hyperedge 𝑒′ ∈ 𝐸 ′ is defined by recursively expanding all
elements to base vertices:

𝑒′ = Expand(𝑒) =
⋃
𝑣∈𝑒

Expand(𝑣),

where the expansion function Expand is defined recursively:

Expand(𝑣) =
{
{𝑣}, if 𝑣 ∈ 𝑉0,⋃
𝑢∈𝑣 Expand(𝑢), if 𝑣 ⊆ P𝑘 (𝑉0), 𝑘 ≤ 𝑛.

Theorem 3.18. The Expanded Hypergraph for an 𝑛-SuperHyperGraph generalizes the Expanded Hypergraph
of a SuperHyperGraph.

Proof. Let 𝐻 = (𝑉, 𝐸) be an 𝑛-SuperHyperGraph and 𝐻′ = (𝑉0, 𝐸
′) its Expanded Hypergraph, where 𝑉0

represents the base vertices. By definition, for each superedge 𝑒 ∈ 𝐸 , the corresponding hyperedge 𝑒′ ∈ 𝐸 ′ is
obtained through recursive expansion of all elements in 𝑒 to base vertices using the function Expand.

If 𝐻 is a SuperHyperGraph (i.e., 𝑛 = 1), each supervertex 𝑣 ∈ 𝑒 is either a base vertex or a subset of base
vertices. Thus, the expansion process simplifies to:

𝑒′ =
⋃
𝑣∈𝑒

𝑣,

which matches the definition of the Expanded Hypergraph for a SuperHyperGraph.
For 𝑛 > 1, the recursive nature of Expand allows the expansion of 𝑛-nested supervertices into base

vertices. This generalization accommodates the additional levels of nesting present in 𝑛-SuperHyperGraphs,
ensuring the resulting hyperedges 𝑒′ in 𝐻′ are consistent with the definition of an Expanded Hypergraph.

Hence, the definition of the Expanded Hypergraph for 𝑛-SuperHyperGraphs subsumes that for Super-
HyperGraphs, making it a generalization. □

We consider the following network.

Definition 3.19 (Network for 𝑛-SuperHyperGraph). Let 𝑋 ∈ R |𝑉0 |×𝑑 be the feature matrix for base vertices 𝑉0,
where 𝑥𝑖 ∈ R𝑑 is the feature vector of vertex 𝑣𝑖 ∈ 𝑉0.

Define the incidence matrix 𝐻′ ∈ R |𝑉0 |× |𝐸′ | of the Expanded Hypergraph 𝐻′ by:

𝐻′𝑖 𝑗 =

{
1, if 𝑣𝑖 ∈ 𝑒′𝑗 ,
0, otherwise.

Define the diagonal vertex degree matrix 𝐷𝑉 ∈ R |𝑉0 |× |𝑉0 | and hyperedge degree matrix 𝐷𝐸 ∈ R |𝐸
′ |× |𝐸′ |

by:

(𝐷𝑉 )𝑖𝑖 = 𝑑𝑉 (𝑣𝑖) =
|𝐸′ |∑︁
𝑗=1

𝐻′𝑖 𝑗𝑤(𝑒
′
𝑗 ),

(𝐷𝐸 ) 𝑗 𝑗 = 𝑑𝐸 (𝑒′𝑗 ) =
|𝑉0 |∑︁
𝑖=1

𝐻′𝑖 𝑗 .

Here, 𝑤(𝑒′
𝑗
) is the weight assigned to hyperedge 𝑒′

𝑗
.

The convolution operation in the 𝑛-SHGNN is defined as:

𝑌 = 𝜎

(
𝐷
−1/2
𝑉

𝐻′𝑊𝐷−1
𝐸 𝐻′⊤𝐷−1/2

𝑉
𝑋Θ

)
,

where:
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• 𝑌 ∈ R |𝑉0 |×𝑐 is the output feature matrix.

• 𝑊 ∈ R |𝐸′ |× |𝐸′ | is the diagonal matrix of hyperedge weights.

• Θ ∈ R𝑑×𝑐 is the learnable weight matrix.

• 𝜎 is an activation function (e.g., ReLU[175]).

Theorem 3.20. The SuperHyperGraph Neural Network (SHGNN) is a special case of the 𝑛-SHGNN when 𝑛 = 1.

Proof. When 𝑛 = 1, the 𝑛-SuperHyperGraph reduces to a standard SuperHyperGraph:

𝑉 ⊆ P(𝑉0), 𝐸 ⊆ P(𝑉).

The expansion operation simplifies to:

Expand(𝑣) =
{
{𝑣}, if 𝑣 ∈ 𝑉0,
𝑣, if 𝑣 ⊆ 𝑉0.

Thus, the definitions and algorithms of 𝑛-SHGNN coincide with those of SHGNN. Therefore, SHGNN is a
special case of 𝑛-SHGNN when 𝑛 = 1. □

As algorithms for n-SuperHyperGraphs, the following two algorithms are considered.

Algorithm 2: Expanded Hypergraph Construction
Input: An 𝑛-SuperHyperGraph 𝐻 = (𝑉, 𝐸)
Output: Expanded Hypergraph 𝐻′ = (𝑉0, 𝐸

′)
1 Initialize 𝐸 ′ = ∅;
2 foreach superedge 𝑒 ∈ 𝐸 do
3 𝑒′ ← Expand(𝑒);
4 Add 𝑒′ to 𝐸 ′;
5 end
6 return 𝐻′ = (𝑉0, 𝐸

′);

Algorithm 3: 𝑛-SHGNN Convolution Operation
Input:

• Feature matrix 𝑋 ∈ R |𝑉0 |×𝑑 .

• Expanded Hypergraph 𝐻′ = (𝑉0, 𝐸
′).

• Hyperedge weight matrix𝑊 .

• Learnable weight matrix Θ.

• Activation function 𝜎.

Output: Output feature matrix 𝑌 ∈ R |𝑉0 |×𝑐

1 Compute incidence matrix 𝐻′;
2 Compute degree matrices 𝐷𝑉 and 𝐷𝐸 ;

3 Normalize matrices: 𝐻̂ = 𝐷
−1/2
𝑉

𝐻′𝑊𝐷−1
𝐸

;

4 Compute 𝑌 = 𝜎

(
𝐻̂𝐻′⊤𝐷−1/2

𝑉
𝑋Θ

)
;

5 return 𝑌 ;

Theorem 3.21. The 𝑛-SHGNN convolution algorithm correctly computes the output feature matrix 𝑌 as per the
convolution operation defined for 𝑛-SuperHyperGraphs.

Proof. The algorithm follows the steps of the convolution operation:

1. Constructs the Expanded Hypergraph 𝐻′ by expanding superedges 𝑒 to base vertices 𝑉0.

2. Computes the incidence matrix 𝐻′ accurately.
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3. Calculates degree matrices 𝐷𝑉 and 𝐷𝐸 according to their definitions.

4. Performs normalization and computes 𝐻̂.

5. Computes the convolution 𝑌 = 𝜎

(
𝐻̂𝐻′⊤𝐷−1/2

𝑉
𝑋Θ

)
.

Each step adheres to the mathematical definitions, ensuring correctness. □

Theorem 3.22. Let 𝑁 = |𝑉0 |, 𝑀 = |𝐸 |, 𝑑 be the feature dimension, 𝑐 be the output dimension, and 𝑘 be
the maximum size of expanded hyperedges. The time complexity of the 𝑛-SHGNN convolution algorithm is
𝑂 (𝑀𝑘𝑛 + 𝑁𝑑𝑐).

Proof. We examine the complexity of each step in the algorithm.

• Expanded Hypergraph Construction:

– For each superedge 𝑒, Expand(𝑒) may involve up to 𝑘𝑛 operations.
– Total time: 𝑂 (𝑀𝑘𝑛).

• Incidence Matrix Computation:

– Time proportional to the number of non-zero entries: 𝑂 (𝑁𝑘𝑛).

• Degree Matrices and Normalization:

– Time: 𝑂 (𝑁 + |𝐸 ′ |).

• Convolution Computation:

– Matrix multiplications involving sparse matrices.
– Time: 𝑂 (𝑁𝑑𝑐).

Total time complexity is dominated by 𝑂 (𝑀𝑘𝑛 + 𝑁𝑑𝑐). □

Theorem 3.23. The space complexity of the 𝑛-SHGNN convolution algorithm is 𝑂 (𝑁𝑘𝑛 + 𝑁𝑑 + 𝑁𝑐).

Proof. We examine the complexity of each step in the algorithm.

• Incidence Matrix 𝐻′:

– Space: 𝑂 (𝑁𝑘𝑛).

• Degree Matrices:

– Space: 𝑂 (𝑁 + |𝐸 ′ |).

• Feature Matrices:

– Input 𝑋: 𝑂 (𝑁𝑑).
– Output 𝑌 : 𝑂 (𝑁𝑐).

Total space complexity is 𝑂 (𝑁𝑘𝑛 + 𝑁𝑑 + 𝑁𝑐). □
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3.4 Dynamic Superhypergraph Neural Network
In this subsection, we define the Dynamic Superhypergraph Neural Network, building upon the concept

of the Dynamic Hypergraph Neural Network [204]. A Dynamic Hypergraph Neural Network models evolving
relationships within hypergraphs, learning from time-varying node and hyperedge interactions to facilitate dy-
namic data analysis (cf. [172, 210, 240, 395, 400, 454]). The Dynamic Hypergraph Neural Network can also be
viewed as an extension of dynamic graph neural networks[118,159,237,361] to the domain of hypergraphs. The
definitions and theorems of related concepts are provided below.

Definition 3.24 (Dynamic Hypergraph). [204] A Dynamic Hypergraph at layer 𝑙 is represented as 𝐻𝑙 = (𝑉, 𝐸𝑙),
where:

• 𝑉 is the set of vertices corresponding to data samples.

• 𝐸𝑙 is the set of hyperedges at layer 𝑙, dynamically constructed based on the feature embeddings 𝑋𝑙 of the
vertices at layer 𝑙.

Hyperedges in 𝐸𝑙 are constructed using clustering or nearest-neighbor methods to capture local and global
relationships among vertices.

Definition 3.25 (Dynamic Hypergraph Neural Network (DHGNN)). [204] A Dynamic Hypergraph Neural Net-
work (DHGNN) is a neural network architecture where each layer 𝑙 consists of:

• Dynamic Hypergraph Construction (DHG): Updates the hypergraph 𝐻𝑙 = (𝑉, 𝐸𝑙) based on the feature
embeddings 𝑋𝑙 from the previous layer.

• Hypergraph Convolution (HGC): Performs feature aggregation from vertices to hyperedges and vice versa
to produce updated embeddings 𝑋𝑙+1.

The output of the 𝑙-th layer is:
𝑋𝑙+1 = 𝜎 (𝑊𝑙𝑋𝑙 + HGC(𝐻𝑙 , 𝑋𝑙)) ,

where𝑊𝑙 is a learnable weight matrix and 𝜎 is an activation function.

Definition 3.26. A Dynamic SuperHypergraph is a sequence of 𝑛-SuperHyperGraphs {𝐻 (𝑙) = (𝑉 (𝑙) , 𝐸 (𝑙) )}𝐿
𝑙=0,

where each layer 𝑙 represents a SuperHyperGraph at a specific time or iteration, and:

• 𝑉 (𝑙) ⊆ P𝑛 (𝑉0) is the set of supervertices at layer 𝑙, where 𝑉0 is the base set of vertices, and P𝑛 (𝑉0) is
the 𝑛-th iterated power set of 𝑉0.

• 𝐸 (𝑙) ⊆ P𝑛 (𝑉0) is the set of superedges at layer 𝑙.

The evolution of the SuperHyperGraph from layer 𝑙 to 𝑙 + 1 may depend on the features or embeddings
of the supervertices at layer 𝑙.

Theorem 3.27. A Dynamic SuperHypergraph {𝐻 (𝑙) = (𝑉 (𝑙) , 𝐸 (𝑙) )}𝐿
𝑙=0 generalizes the concept of a SuperHy-

perGraph 𝐻 = (𝑉, 𝐸), as:

1. Each static layer 𝐻 (𝑙) is a valid SuperHyperGraph.

2. The sequence of layers allows for dynamic evolution, which extends the static structure of a single Super-
HyperGraph to include temporal or iterative dynamics.

Proof. We prove this theorem in two steps:
1. Static Layer Correspondence: By definition, each layer 𝐻 (𝑙) = (𝑉 (𝑙) , 𝐸 (𝑙) ) satisfies the properties of

a SuperHyperGraph:

• 𝑉 (𝑙) ⊆ P𝑛 (𝑉0), ensuring that the vertices are subsets of the 𝑛-th iterated power set of the base vertex set
𝑉0.

• 𝐸 (𝑙) ⊆ P𝑛 (𝑉0), ensuring that the edges connect subsets of 𝑉 (𝑙) .
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Thus, each individual 𝐻 (𝑙) is a valid SuperHyperGraph.
2. Dynamic Evolution: In a Dynamic SuperHypergraph, the evolution from layer 𝑙 to 𝑙 + 1 is governed

by transformations applied to the supervertices or superedges. These transformations can be defined using
feature propagation, embedding updates, or external conditions. This dynamic evolution introduces a temporal or
iterative dimension to the SuperHyperGraph structure, which cannot be captured by a static SuperHyperGraph.

A SuperHyperGraph 𝐻 = (𝑉, 𝐸) can be viewed as a special case of a Dynamic SuperHypergraph where
all layers 𝐻 (𝑙) are identical for 𝑙 = 0, . . . , 𝐿, and no evolution occurs between layers.

The Dynamic SuperHypergraph {𝐻 (𝑙) } generalizes the static SuperHyperGraph 𝐻 by adding a layer-
wise temporal or iterative structure. □

Theorem 3.28. A Dynamic SuperHypergraph generalizes a Dynamic Hypergraph.

Proof. A Dynamic Hypergraph is a special case of a Dynamic SuperHypergraph when 𝑛 = 0 or when the
supervertices are simply the base vertices 𝑉0.

In a Dynamic Hypergraph, at each layer 𝑙, we have a hypergraph 𝐻 (𝑙) = (𝑉, 𝐸 (𝑙) ), where 𝑉 is a fixed
set of vertices, and 𝐸 (𝑙) is the set of hyperedges at layer 𝑙.

In a Dynamic SuperHypergraph, when we set 𝑛 = 0 and 𝑉 (𝑙) = 𝑉0 for all 𝑙, the supervertices reduce to
the base vertices, and the structure becomes a sequence of hypergraphs {𝐻 (𝑙) = (𝑉0, 𝐸

(𝑙) )}, which is exactly a
Dynamic Hypergraph.

Therefore, Dynamic SuperHypergraphs generalize Dynamic Hypergraphs. □

Definition 3.29 (Dynamic SuperHypergraph Neural Network (DSHGNN)). A Dynamic SuperHypergraph Neu-
ral Network (DSHGNN) is a neural network where at each layer 𝑙, a new SuperHyperGraph 𝐻 (𝑙) = (𝑉 (𝑙) , 𝐸 (𝑙) )
is constructed based on the feature embeddings 𝑋 (𝑙) at that layer. The DSHGNN performs convolution opera-
tions on these dynamically constructed superhypergraphs.

Specifically, the output of layer 𝑙 is given by:

𝑋 (𝑙+1) = 𝜎
(
𝐷
(𝑙) −1/2
𝑉

𝐻′(𝑙)𝑊 (𝑙)𝐷 (𝑙) −1
𝐸

𝐻′ (𝑙) ⊤𝐷 (𝑙) −1/2
𝑉

𝑋 (𝑙)Θ(𝑙)
)
,

where:

• 𝐻 (𝑙) = (𝑉 (𝑙) , 𝐸 (𝑙) ) is the SuperHyperGraph at layer 𝑙.

• 𝐻′(𝑙) is the incidence matrix of the Expanded Hypergraph 𝐻′(𝑙) = (𝑉0, 𝐸
′(𝑙) ).

• 𝐷
(𝑙)
𝑉

and 𝐷 (𝑙)
𝐸

are the degree matrices at layer 𝑙.

• 𝑊 (𝑙) is the diagonal hyperedge weight matrix at layer 𝑙.

• Θ(𝑙) is the learnable weight matrix at layer 𝑙.

• 𝜎 is an activation function.

Theorem 3.30. A Dynamic SuperHypergraph Neural Network has the structure of a Dynamic SuperHyper-
graph.

Proof. In a Dynamic SuperHypergraph Neural Network, at each layer 𝑙, a new SuperHyperGraph 𝐻 (𝑙) =

(𝑉 (𝑙) , 𝐸 (𝑙) ) is constructed based on the embeddings 𝑋 (𝑙) . The network updates the embeddings 𝑋 (𝑙) by per-
forming operations that involve the structure of 𝐻 (𝑙) .

Since the sequence of superhypergraphs {𝐻 (𝑙) } evolves over the layers of the network, and each 𝐻 (𝑙) is
a SuperHyperGraph, the network inherently operates on a Dynamic SuperHypergraph.

Therefore, the Dynamic SuperHypergraph Neural Network has the structure of a Dynamic SuperHyper-
graph. □

We present the algorithm for dynamically constructing the superhypergraph at each layer based on the
current feature embeddings.
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Algorithm 4: Dynamic SuperHypergraph Construction (DSHC) at Layer 𝑙
Input:

• Current feature embeddings 𝑋 (𝑙) ∈ R |𝑉0 |×𝑑 .

• Parameters: number of supervertices 𝑠, supervertex size 𝑘 , number of superedges 𝑡, superedge size 𝑚.

Output: Dynamic SuperHyperGraph 𝐻 (𝑙) = (𝑉 (𝑙) , 𝐸 (𝑙) ).
1 1. Construct Supervertices;
2 Perform clustering (e.g., 𝑘-means) on 𝑋 (𝑙) to obtain 𝑠 clusters;
3 For each cluster 𝑐𝑖 , form a supervertex 𝑣𝑖 = {𝑣 𝑗 ∈ 𝑉0 | 𝑣 𝑗 belongs to 𝑐𝑖};
4 Set 𝑉 (𝑙) = {𝑣1, 𝑣2, . . . , 𝑣𝑠};
5 2. Construct Superedges;
6 Perform higher-level clustering or grouping on supervertices to form 𝑡 superedges;
7 For each group 𝑔𝑖 , form a superedge 𝑒𝑖 = {𝑣 𝑗 ∈ 𝑉 (𝑙) | 𝑣 𝑗 belongs to 𝑔𝑖};
8 Set 𝐸 (𝑙) = {𝑒1, 𝑒2, . . . , 𝑒𝑡 };

9 return 𝐻 (𝑙) = (𝑉 (𝑙) , 𝐸 (𝑙) );

Theorem 3.31. The DSHGNN algorithm computes the feature embeddings 𝑋 (𝑙+1) at each layer 𝑙 correctly
according to the convolution operation defined for the dynamically constructed superhypergraph 𝐻 (𝑙) .

Proof. The DSHGNN algorithm follows these steps:

1. Dynamic SuperHypergraph Construction: The algorithm constructs 𝐻 (𝑙) based on 𝑋 (𝑙) , ensuring that the
supervertices 𝑉 (𝑙) and superedges 𝐸 (𝑙) capture the relationships inherent in the current feature embed-
dings.

2. Expanded Hypergraph Construction: The Expanded Hypergraph 𝐻′(𝑙) accurately reflects the connections
between base vertices 𝑉0 through the supervertices and superedges in 𝐻 (𝑙) .

3. Incidence Matrix and Degree Matrices: The incidence matrix 𝐻′(𝑙) and the degree matrices 𝐷 (𝑙)
𝑉

and

𝐷
(𝑙)
𝐸

are computed correctly as per the definitions.

4. Convolution Operation: The convolution operation is performed exactly as defined, applying the appro-
priate normalization and combining the feature embeddings with the learnable parameters Θ(𝑙) .

5. Activation Function: The non-linear activation 𝜎 is applied to introduce non-linearity.

Thus, the algorithm correctly implements the DSHGNN convolution operation, ensuring that 𝑋 (𝑙+1) is
computed accurately at each layer. □

Theorem 3.32. Let 𝑛 = |𝑉0 | be the number of base vertices, 𝑠 be the number of supervertices, 𝑡 be the number
of superedges, 𝑑 be the feature dimension, and 𝑐 be the output dimension. The time complexity of the DSHGNN
algorithm at each layer is:

𝑂 (𝑛𝑑𝑘 + 𝑠𝑑𝑘 + 𝑡𝑠𝑘 + 𝑛𝑐) ,
where 𝑘 is the average size of supervertices and superedges.

Proof. We analyze the time complexity step by step.

Dynamic SuperHypergraph Construction

• Clustering to form supervertices: 𝑂 (𝑛𝑑) (e.g., 𝑘-means clustering).

• Forming superedges from supervertices: 𝑂 (𝑠𝑑) (clustering supervertices).
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Expanded Hypergraph Construction

• For each superedge 𝑒, forming 𝑒′ =
⋃
𝑣∈𝑒 𝑣: 𝑂 (𝑘2) per superedge, assuming 𝑘 is the average size of 𝑣

and 𝑒.

• Total time: 𝑂 (𝑡𝑠𝑘).

Convolution Operation

• Multiplications involving sparse matrices 𝐻′(𝑙) : 𝑂 (nnz(𝐻′(𝑙) )𝑑).

• Since nnz(𝐻′(𝑙) ) ≈ 𝑛𝑘 , total time: 𝑂 (𝑛𝑑𝑘).

Total Time Complexity Combining the above:

𝑂 (𝑛𝑑 + 𝑠𝑑 + 𝑡𝑠𝑘 + 𝑛𝑑𝑘 + 𝑛𝑐) = 𝑂 (𝑛𝑑𝑘 + 𝑠𝑑𝑘 + 𝑡𝑠𝑘 + 𝑛𝑐) .

Assuming 𝑠, 𝑡, and 𝑘 are much smaller than 𝑛, the dominant term is 𝑂 (𝑛𝑑𝑘). □

Theorem 3.33. The space complexity of the DSHGNN algorithm at each layer is:

𝑂

(
𝑛𝑑 + 𝑠𝑑 + nnz(𝐻′(𝑙) ) + 𝑑𝑐

)
,

where nnz(𝐻′(𝑙) ) is the number of non-zero entries in the incidence matrix 𝐻′(𝑙) .

Proof. We account for the space used:

• Feature embeddings 𝑋 (𝑙) and 𝑋 (𝑙+1) : 𝑂 (𝑛𝑑).

• Supervertices and their embeddings: 𝑂 (𝑠𝑑).

• Incidence matrix 𝐻′(𝑙) : 𝑂 (nnz(𝐻′(𝑙) )).

• Weight matrices Θ(𝑙) : 𝑂 (𝑑𝑐).

Total space complexity:
𝑂

(
𝑛𝑑 + 𝑠𝑑 + nnz(𝐻′(𝑙) ) + 𝑑𝑐

)
.

□

Theorem 3.34. The Dynamic Hypergraph Neural Network (DHGNN) is a special case of the Dynamic Super-
Hypergraph Neural Network (DSHGNN). Specifically, when all supervertices in DSHGNN are singleton subsets
of 𝑉0 (i.e., ∀𝑣 ∈ 𝑉 (𝑙) , 𝑣 = {𝑣𝑖} for some 𝑣𝑖 ∈ 𝑉0), the DSHGNN reduces to the DHGNN.

Proof. When all supervertices are singletons:

𝑉 (𝑙) = {{𝑣1}, {𝑣2}, . . . , {𝑣𝑛}}.

Each supervertex corresponds directly to a base vertex in 𝑉0. The superedges 𝐸 (𝑙) then connect these
singleton supervertices, effectively becoming hyperedges over 𝑉0.

The Expanded Hypergraph 𝐻′(𝑙) has hyperedges 𝑒′ formed as:

𝑒′ =
⋃
𝑣∈𝑒

𝑣 =
⋃
𝑣∈𝑒
{𝑣𝑖} = {𝑣𝑖 | 𝑣𝑖 ∈ 𝑒}.

Thus, the Expanded Hypergraph 𝐻′(𝑙) is identical to the hypergraph used in DHGNN at layer 𝑙.
The convolution operation in DSHGNN becomes:

𝑋 (𝑙+1) = 𝜎
(
𝐷
(𝑙) −1/2
𝑉

𝐻′(𝑙)𝑊 (𝑙)𝐷 (𝑙) −1
𝐸

𝐻′ (𝑙) ⊤𝐷 (𝑙) −1/2
𝑉

𝑋 (𝑙)Θ(𝑙)
)
,

which matches the convolution operation in DHGNN.
Therefore, DSHGNN reduces to DHGNN when supervertices are singletons, proving that DSHGNN

generalizes DHGNN. □
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3.5 Multi-Graph Neural Networks and Their Generalization
Multi-Graph Neural Networks have been proposed in recent years[421]. However, we demonstrate that

they can be mathematically generalized within the framework of n-SuperHyperGraph Neural Networks. Below,
we present the relevant definitions and theorems, including related concepts.

Definition 3.35. (cf.[57]) A multi-graph is a generalization of a graph that allows multiple edges, also called
parallel edges, between the same pair of vertices. Formally, a multi-graph 𝐺 is defined as:

𝐺 = (𝑉, 𝐸, 𝜑),
where:

• 𝑉 is a finite set of vertices (nodes).

• 𝐸 is a finite set of edges.

• 𝜑 : 𝐸 → {{𝑢, 𝑣} | 𝑢, 𝑣 ∈ 𝑉} is a mapping that associates each edge 𝑒 ∈ 𝐸 with an unordered pair of
vertices 𝑢, 𝑣 ∈ 𝑉 . For directed multi-graphs, 𝜑(𝑒) maps to ordered pairs (𝑢, 𝑣).

Properties

• Parallel Edges: Unlike a simple graph, a multi-graph allows multiple edges between the same pair of
vertices.

• Loops: Depending on the context, a multi-graph may also allow edges that connect a vertex to itself,
called loops.

• Representation: Each edge 𝑒 is distinguished by its unique identity in 𝐸 , even if it connects the same
vertices as another edge.

Theorem 3.36. An 𝑛-SuperHyperGraph generalizes a multi-graph.

Proof. To show that an 𝑛-SuperHyperGraph can generalize a multi-graph, we construct a mapping from a multi-
graph 𝐺 = (𝑉, 𝐸, 𝜑) to an 𝑛-SuperHyperGraph 𝐻 = (𝑉 ′, 𝐸 ′) and demonstrate that the operations and represen-
tations in 𝐺 can be captured within 𝐻.

In the multi-graph 𝐺, the vertex set is 𝑉 . In the 𝑛-SuperHyperGraph 𝐻, let the base vertex set 𝑉0
correspond directly to 𝑉 . Thus, each vertex 𝑣 ∈ 𝑉 in 𝐺 is represented as a supervertex 𝑣 ∈ 𝑉0 ⊆ P𝑛 (𝑉0) in 𝐻.

Each edge 𝑒 ∈ 𝐸 in the multi-graph 𝐺 is mapped to a superedge 𝑒′ ∈ 𝐸 ′ in 𝐻. Specifically:

𝑒′ = {𝑢, 𝑣}, where 𝜑(𝑒) = {𝑢, 𝑣}, and 𝑢, 𝑣 ∈ 𝑉0.

For parallel edges, each edge 𝑒 in 𝐺 is assigned a unique identity and mapped to a distinct superedge in 𝐸 ′.
Thus, 𝐸 ′ may contain multiple superedges connecting the same pair of vertices, replicating the parallel edge
property of a multi-graph.

If 𝐺 allows loops (edges connecting a vertex to itself), such edges 𝑒 ∈ 𝐸 can be mapped to superedges
𝑒′ = {𝑣, 𝑣} in 𝐻. This is valid in the 𝑛-SuperHyperGraph framework since 𝑣 ∈ 𝑉0.

For 𝑛 > 1, the 𝑛-SuperHyperGraph structure provides additional hierarchical levels that are not utilized
in the basic mapping of a multi-graph. Thus, a multi-graph is a special case of an 𝑛-SuperHyperGraph where
𝑛 ≥ 1 and all supervertices and superedges reside at the base level (P0 (𝑉0) = 𝑉0).

The construction above demonstrates that the vertex and edge structures of any multi-graph 𝐺 can be
faithfully represented within an 𝑛-SuperHyperGraph 𝐻. Additionally, the 𝑛-SuperHyperGraph framework sup-
ports the generalization to hierarchical and nested structures beyond what is possible in a multi-graph. Therefore,
𝑛-SuperHyperGraphs generalize multi-graphs. □

Definition 3.37. [421] A Multi-Graph Neural Network (MGNN) is an extension of Graph Neural Networks
(GNNs) designed to operate on multi-graphs. In a multi-graph, multiple edges (possibly of different types) are
allowed between the same pair of nodes. This structure enables the modeling of complex relationships in data
where interactions can occur through various channels or modalities.

Formally, let 𝐺 = (𝑉, 𝐸, 𝑇) be a multi-graph, where:

• 𝑉 is the set of nodes.

• 𝐸 ⊆ 𝑉 ×𝑉 × 𝑇 is the set of edges.
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• 𝑇 is the set of edge types.

Each edge 𝑒 = (𝑢, 𝑣, 𝑡) ∈ 𝐸 represents an interaction of type 𝑡 ∈ 𝑇 between nodes 𝑢 and 𝑣.
In an MGNN, the message passing and aggregation functions are adapted to handle multiple edge types.

The node representation update typically involves aggregating messages over all edge types:

h(𝑡+1)𝑣 = 𝜙
©­­«h
(𝑡 )
𝑣 ,

⊕
𝑡 ′∈𝑇

⊕
𝑢∈N𝑡′

𝑣

𝜓𝑡
′ (

h(𝑡 )𝑢 , h(𝑡 )𝑣 , e𝑡
′
𝑢𝑣

)ª®®¬ ,
where:

• h(𝑡 )𝑣 is the representation of node 𝑣 at layer 𝑡.

• N 𝑡 ′𝑣 is the set of neighbors of node 𝑣 connected via edges of type 𝑡′.

• 𝜓𝑡
′

is the message function for edge type 𝑡′.

• 𝜙 is the node update function.

•
⊕

denotes an aggregation operator (e.g., sum, mean, max).

• e𝑡 ′𝑢𝑣 is the feature of edge (𝑢, 𝑣, 𝑡′).
Theorem 3.38. An 𝑛-SuperHyperGraph Neural Network (n-SHGNN) can generalize a Multi-Graph Neural
Network (MGNN).

Proof. To prove this theorem, we need to demonstrate that any MGNN can be represented as a special case of
an n-SHGNN for some appropriate 𝑛.

Mapping the Multi-Graph to an 𝑛-SuperHyperGraph Let 𝐺 = (𝑉, 𝐸, 𝑇) be a multi-graph, where multiple
edges of different types can exist between the same pair of nodes. We aim to construct an 𝑛-SuperHyperGraph
𝐻 = (𝑉 ′, 𝐸 ′) such that the MGNN operations on 𝐺 can be emulated by an n-SHGNN operating on 𝐻.

Construction of the 𝑛-SuperHyperGraph

• Base Vertices: Let 𝑉0 = 𝑉 , the original set of nodes in the multi-graph.

• Supervertices: For each edge type 𝑡 ∈ 𝑇 , define a supervertex 𝑣𝑡 at the first level of the power set (𝑛 = 1):

𝑣𝑡 = {𝑣 ∈ 𝑉0 | 𝑣 participates in at least one edge of type 𝑡}.

• Superedges: For each edge 𝑒 = (𝑢, 𝑣, 𝑡) ∈ 𝐸 , define a superedge 𝑒′ connecting the corresponding nodes
and the supervertex 𝑣𝑡 :

𝑒′ = {𝑢, 𝑣, 𝑣𝑡 }.

By constructing supervertices corresponding to each edge type and connecting them via superedges
to the nodes involved in edges of that type, we encapsulate the multi-graph’s multiple edge types within the
𝑛-SuperHyperGraph structure.

In the n-SHGNN, message passing can proceed as follows:

• Nodes exchange messages via superedges, which now represent the multi-graph’s edges along with their
types.

• The supervertex 𝑣𝑡 serves as a mediator that allows nodes connected by edges of type 𝑡 to share informa-
tion specific to that edge type.

The MGNN’s handling of multiple edge types through type-specific message functions 𝜓𝑡 can be repli-
cated in the n-SHGNN by defining superedges and supervertices that correspond to these types. The hierarchi-
cal structure of the 𝑛-SuperHyperGraph allows for the encapsulation of edge type information within the graph
topology.

For more complex multi-graphs or for edge types that have hierarchical relationships, a higher 𝑛 can be
chosen to capture the necessary levels of nesting. However, for standard MGNNs, setting 𝑛 = 1 suffices.

Since we can construct an 𝑛-SuperHyperGraph 𝐻 such that the MGNN operations on 𝐺 are equivalent
to n-SHGNN operations on 𝐻, it follows that an n-SHGNN can generalize an MGNN. □
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3.6 Revisiting Definitions for SHGNN
In this subsection, we revisit several definitions relevant to the SuperHyperGraph Neural Network (SHGNN).

Specifically, we briefly examine concepts such as the SuperHyperGraph Laplacian, SuperHyperGraph Convolu-
tion, SuperHyperGraph Clustering, and SuperHyperGraph Degree Centrality.

3.6.1 SuperHyperGraph Laplacian
The SuperHyperGraph Laplacian can be specifically defined as follows. We prove that it generalizes the

HyperGraph Laplacian. For clarity, the Graph Laplacian is a matrix representing a graph’s structure, used to
analyze connectivity and spectral properties (cf.[282, 438]).

Definition 3.39 (HyperGraph Laplacian). (cf.[75, 137]) Define the incidence matrix 𝐻 ∈ R𝑛×𝑚 of the hyper-
graphH by:

𝐻𝑖 𝑗 =

{
1, if 𝑣𝑖 ∈ 𝑒 𝑗 ,
0, otherwise.

Define the diagonal vertex degree matrix 𝐷𝑣 ∈ R𝑛×𝑛 with entries:

(𝐷𝑣)𝑖𝑖 = 𝑑𝑣 (𝑣𝑖) =
𝑚∑︁
𝑗=1

𝐻𝑖 𝑗𝑤(𝑒 𝑗 ),

where 𝑤(𝑒 𝑗 ) is the weight assigned to hyperedge 𝑒 𝑗 .
Define the diagonal hyperedge degree matrix 𝐷𝑒 ∈ R𝑚×𝑚 with entries:

(𝐷𝑒) 𝑗 𝑗 = 𝑑𝑒 (𝑒 𝑗 ) =
𝑛∑︁
𝑖=1

𝐻𝑖 𝑗 .

The hypergraph Laplacian 𝐿 ∈ R𝑛×𝑛 is defined as:

𝐿 = 𝐼 − 𝐷−1/2
𝑣 𝐻𝑊𝐷−1

𝑒 𝐻⊤𝐷−1/2
𝑣 ,

where𝑊 ∈ R𝑚×𝑚 is the diagonal matrix of hyperedge weights 𝑤(𝑒 𝑗 ), and 𝐼 is the identity matrix.

Definition 3.40 (SuperHyperGraph Laplacian). To define the Laplacian for a SuperHyperGraph, we construct
the Expanded Hypergraph 𝐻′ = (𝑉0, 𝐸

′):

• The vertex set is 𝑉0.

• For each superedge 𝑒 ∈ 𝐸 , the corresponding hyperedge 𝑒′ ∈ 𝐸 ′ is:

𝑒′ =
⋃
𝑣∈𝑒

𝑣.

Define the incidence matrix 𝐻′ ∈ R |𝑉0 |× |𝐸′ | :

𝐻′𝑖 𝑗 =

{
1, if 𝑣𝑖 ∈ 𝑒′𝑗 ,
0, otherwise.

Define the diagonal vertex degree matrix 𝐷𝑉 ∈ R |𝑉0 |× |𝑉0 | :

(𝐷𝑉 )𝑖𝑖 = 𝑑𝑉 (𝑣𝑖) =
|𝐸′ |∑︁
𝑗=1

𝐻′𝑖 𝑗𝑤(𝑒
′
𝑗 ).

Define the diagonal hyperedge degree matrix 𝐷𝐸 ∈ R |𝐸
′ |× |𝐸′ | :

(𝐷𝐸 ) 𝑗 𝑗 = 𝑑𝐸 (𝑒′𝑗 ) =
|𝑉0 |∑︁
𝑖=1

𝐻′𝑖 𝑗 .

The SuperHyperGraph Laplacian 𝐿 ∈ R |𝑉0 |× |𝑉0 | is defined as:

𝐿 = 𝐼 − 𝐷−1/2
𝑉

𝐻′𝑊𝐷−1
𝐸 𝐻′⊤𝐷−1/2

𝑉
,

where𝑊 is the diagonal matrix of hyperedge weights 𝑤(𝑒′
𝑗
).
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Theorem 3.41. The SuperHyperGraph Laplacian 𝐿 generalizes the hypergraph Laplacian. Specifically, when
all supervertices are singleton sets (i.e., 𝑉 = 𝑉0), the SuperHyperGraph Laplacian reduces to the hypergraph
Laplacian.

Proof. When 𝑉 = 𝑉0, each supervertex 𝑣 ∈ 𝑉 is a singleton set {𝑣}. Consequently, each superedge 𝑒 ⊆ 𝑉
corresponds directly to a hyperedge in the hypergraphH = (𝑉, 𝐸).

In the Expanded Hypergraph 𝐻′, each hyperedge 𝑒′ is:

𝑒′ =
⋃
𝑣∈𝑒

𝑣 =
⋃
𝑣∈𝑒
{𝑣} = 𝑒.

Thus, 𝐻′ coincides with the incidence matrix 𝐻 of the hypergraph. The degree matrices 𝐷𝑉 and 𝐷𝐸
become 𝐷𝑣 and 𝐷𝑒 of the hypergraph.

Therefore, the SuperHyperGraph Laplacian 𝐿 reduces to:

𝐿 = 𝐼 − 𝐷−1/2
𝑣 𝐻𝑊𝐷−1

𝑒 𝐻⊤𝐷−1/2
𝑣 ,

which is the hypergraph Laplacian. Hence, the SuperHyperGraph Laplacian generalizes the hypergraph
Laplacian. □

3.6.2 SuperHyperGraph Convolution
Define SuperHyperGraph Convolution and examine its relationship with HyperGraph Convolution. For

clarity, Graph Convolution is an operation aggregating node features and their neighbors’ information, capturing
graph structure for learning (cf.[390, 444, 455]).

Definition 3.42 (HyperGraph Convolution). (cf.[38, 251]) In Hypergraph Neural Networks, the convolution
operation aggregates information from hyperedges to vertices.

Given:

• Feature matrix 𝑋 ∈ R𝑛×𝑑 , where 𝑥𝑖 is the feature vector of vertex 𝑣𝑖 .

• Learnable weight matrix Θ ∈ R𝑑×𝑐 .

The hypergraph convolution is defined as:

𝑌 = 𝜎

(
𝐷
−1/2
𝑣 𝐻𝑊𝐷−1

𝑒 𝐻⊤𝐷−1/2
𝑣 𝑋Θ

)
,

where 𝜎 is an activation function (e.g., ReLU).

Definition 3.43. Let 𝑋 ∈ R |𝑉0 |×𝑑 be the feature matrix for the base vertices 𝑉0, where each row 𝑥𝑖 corresponds
to the feature vector of vertex 𝑣𝑖 ∈ 𝑉0. The convolution operation is defined as:

𝑌 = 𝜎

(
𝐷
−1/2
𝑉

𝐻′𝑊𝐷−1
𝐸 𝐻′⊤𝐷−1/2

𝑉
𝑋Θ

)
,

where:

• 𝜎 is an activation function (e.g., ReLU).

• Θ ∈ R𝑑×𝑐 is a learnable weight matrix.

• Other matrices are as previously defined.

Theorem 3.44. The SuperHyperGraph convolution operation generalizes the hypergraph convolution. When
𝑉 = 𝑉0, the SuperHyperGraph convolution reduces to the hypergraph convolution.

Proof. With 𝑉 = 𝑉0 and 𝐻′ = 𝐻, the convolution formula becomes:

𝑌 = 𝜎

(
𝐷
−1/2
𝑣 𝐻𝑊𝐷−1

𝑒 𝐻⊤𝐷−1/2
𝑣 𝑋Θ

)
,

which is the hypergraph convolution formula. Thus, the SuperHyperGraph convolution generalizes the
hypergraph convolution. □
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3.6.3 SuperHyperGraph Clustering
Define SuperHyperGraph Clustering and examine its relationship with HyperGraph Clustering[67, 138,

227, 230]. Note that graph clustering partitions a graph into groups of nodes (clusters) such that nodes within
the same cluster are highly connected [381, 391, 424].

Definition 3.45 (Graph Clustering). (cf.[243, 280]) Let 𝐺 = (𝑉, 𝐸, 𝑤) be a weighted graph, where:

• 𝑉 is the set of vertices,

• 𝐸 ⊆ 𝑉 ×𝑉 is the set of edges,

• 𝑤 : 𝐸 → R+ assigns a positive weight to each edge.

A clustering of the graph 𝐺 is a partition of the vertex set 𝑉 into 𝑘 disjoint subsets:

𝐶 = {𝐶1, 𝐶2, . . . , 𝐶𝑘},

such that:

1.
⋃𝑘
𝑖=1 𝐶𝑖 = 𝑉 ,

2. 𝐶𝑖 ∩ 𝐶 𝑗 = ∅ for 𝑖 ≠ 𝑗 .

Each subset 𝐶𝑖 is called a cluster. The quality of the clustering is often measured by evaluating the edge weights
within clusters (intra-cluster similarity) and between clusters (inter-cluster dissimilarity).

Example 3.46 (Clustering a Simple Graph). Consider the graph 𝐺 = (𝑉, 𝐸, 𝑤) with:

𝑉 = {𝐴, 𝐵, 𝐶, 𝐷, 𝐸}, 𝐸 = {(𝐴, 𝐵), (𝐴,𝐶), (𝐵,𝐶), (𝐵, 𝐷), (𝐶, 𝐸)},

and edge weights:

𝑤(𝐴, 𝐵) = 1, 𝑤(𝐴,𝐶) = 2, 𝑤(𝐵,𝐶) = 2, 𝑤(𝐵, 𝐷) = 1, 𝑤(𝐶, 𝐸) = 3.

A possible clustering is:
𝐶1 = {𝐴, 𝐵, 𝐶}, 𝐶2 = {𝐷, 𝐸}.

Evaluation:

• Intra-cluster weight (within 𝐶1):

𝑤(𝐴, 𝐵) + 𝑤(𝐴,𝐶) + 𝑤(𝐵,𝐶) = 1 + 2 + 2 = 5.

• Inter-cluster weight (between 𝐶1 and 𝐶2):

𝑤(𝐵, 𝐷) + 𝑤(𝐶, 𝐸) = 1 + 3 = 4.

This clustering balances high intra-cluster similarity and low inter-cluster dissimilarity, making it a good
partition.

Definition 3.47 (HyperGraph Clustering). (cf.[67, 138, 227, 230]) In hypergraph clustering, the goal is to parti-
tion the vertex setV into 𝑘 clusters {𝐶1, 𝐶2, . . . , 𝐶𝑘} that minimize the normalized cut:

NCut(C) =
𝑘∑︁
𝑖=1

cut(𝐶𝑖 , 𝐶𝑖)
vol(𝐶𝑖)

,

where:

• cut(𝐶𝑖 , 𝐶𝑖) =
∑
𝑒∈E 𝑤(𝑒)

|𝑒∩𝐶𝑖 | · |𝑒∩𝐶𝑖 |
|𝑒 | .

• vol(𝐶𝑖) =
∑
𝑣 𝑗 ∈𝐶𝑖

𝑑𝑣 (𝑣 𝑗 ).
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Definition 3.48 (SuperHyperGraph clustering). A clustering of a SuperHyperGraph 𝐻 = (𝑉, 𝐸) is a partition
C = {𝐶1, 𝐶2, . . . , 𝐶𝑘} of the base vertex set 𝑉0, where each cluster 𝐶𝑖 ⊆ 𝑉0.

The normalized cut criterion for clustering in a SuperHyperGraph is defined using the Laplacian 𝐿 of
the Expanded Hypergraph 𝐻′. The objective is to minimize:

NCut(C) =
𝑘∑︁
𝑖=1

vol(𝐶𝑖 , 𝐶𝑖)
vol(𝐶𝑖)

,

where:

• vol(𝐶𝑖) =
∑
𝑣 𝑗 ∈𝐶𝑖

𝑑𝑉 (𝑣 𝑗 ),

• vol(𝐶𝑖 , 𝐶𝑖) =
∑
𝑣 𝑗 ∈𝐶𝑖 ,𝑣𝑘 ∈𝐶𝑖

𝐿 𝑗𝑘 ,

• 𝐶𝑖 = 𝑉0 \ 𝐶𝑖 .

Theorem 3.49. The clustering methods for SuperHyperGraphs generalize those for hypergraphs. In particular,
spectral clustering using the SuperHyperGraph Laplacian reduces to hypergraph spectral clustering when 𝑉 =

𝑉0.

Proof. In hypergraph spectral clustering, the Laplacian of the hypergraph is used to compute eigenvectors cor-
responding to the smallest non-zero eigenvalues, which are then used to partition the vertex set 𝑉0.

For the SuperHyperGraph, when𝑉 = 𝑉0, the Laplacian 𝐿 becomes the hypergraph Laplacian. Therefore,
spectral clustering on the SuperHyperGraph reduces to spectral clustering on the hypergraph.

Hence, clustering methods in SuperHyperGraphs generalize those in hypergraphs. □

3.6.4 Degree Centrality in Superhypergraph
We discuss the concept of degree centrality in a superhypergraph. Degree centrality measures the im-

portance of a node in a graph by counting the number of direct connections (edges) it has (cf.[37, 441]).

Definition 3.50 (degree centrality in hypergraph). [211, 220, 397] In hypergraphs, the degree centrality of a
vertex 𝑣𝑖 is:

𝐶 (𝑣𝑖) = 𝑑𝑣 (𝑣𝑖) =
𝑚∑︁
𝑗=1

𝐻𝑖 𝑗𝑤(𝑒 𝑗 ).

Definition 3.51 (degree centrality in superhypergraph). The degree centrality of a base vertex 𝑣𝑖 ∈ 𝑉0 in super-
hypergraph is defined as:

𝐶 (𝑣𝑖) = 𝑑𝑉 (𝑣𝑖) =
|𝐸′ |∑︁
𝑗=1

𝐻′𝑖 𝑗 𝑤(𝑒
′
𝑗 ).

Theorem 3.52. The degree centrality defined for SuperHyperGraphs generalizes the degree centrality in hyper-
graphs. Specifically, when 𝑉 = 𝑉0, the centrality measure reduces to the hypergraph degree centrality.

Proof. When 𝑉 = 𝑉0, the degree centrality formula becomes:

𝐶 (𝑣𝑖) =
|𝐸 |∑︁
𝑗=1

𝐻𝑖 𝑗 𝑤(𝑒 𝑗 ),

which is the standard degree centrality in hypergraphs.
Therefore, the SuperHyperGraph centrality measure generalizes the hypergraph centrality measure. □
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3.6.5 𝑛-SuperHyperGraph Attention
We provide precise mathematical definitions of Hypergraph Attention and extend it to 𝑛-SuperHyperGraphs,

defining the 𝑛-SuperHyperGraph Attention mechanism. Note that graph Attention leverages attention mecha-
nisms to dynamically weigh neighbor nodes, enhancing message-passing efficiency and representation learning
in graph neural networks (cf.[61, 68, 318, 385, 398, 399]).

Definition 3.53 (Hypergraph Attention). [38,77,103,222,247,315,394] In Hypergraph Attention, we introduce
learnable attention coefficients to the incidence matrix to capture the importance of connections between vertices
and hyperedges.

For each vertex 𝑣𝑖 and hyperedge 𝑒 𝑗 , we compute an attention coefficient 𝛼𝑖 𝑗 defined as:

𝛼𝑖 𝑗 =
exp

(
𝜎
(
𝑎⊤ [𝑥𝑖 ∥ 𝑢 𝑗 ]

) )∑
𝑘∈E𝑖 exp (𝜎 (𝑎⊤ [𝑥𝑖 ∥ 𝑢𝑘]))

,

where:

• 𝜎 is a nonlinear activation function (e.g., LeakyReLU).

• 𝑎 ∈ R2𝑑′ is a learnable weight vector.

• ∥ denotes vector concatenation.

• 𝑥′
𝑖
= 𝑥𝑖Θ and 𝑢′

𝑗
= 𝑢 𝑗Θ, where Θ ∈ R𝑑×𝑑′ is a shared weight matrix.

• 𝑢 𝑗 is the feature representation of hyperedge 𝑒 𝑗 , typically defined as:

𝑢 𝑗 =
1
|𝑒 𝑗 |

∑︁
𝑣𝑘 ∈𝑒 𝑗

𝑥𝑘 .

• E𝑖 = {𝑒 𝑗 ∈ E | 𝐻𝑖 𝑗 = 1} is the set of hyperedges incident to vertex 𝑣𝑖 .

The attention-based incidence matrix 𝐻̃ has entries 𝐻̃𝑖 𝑗 = 𝛼𝑖 𝑗 .
The hypergraph attention convolution operation is then defined as:

𝑋′ = 𝜎
(
𝐷−1
𝑣 𝐻̃𝑊𝐷−1

𝑒 𝐻̃⊤𝑋
)
.

Definition 3.54 (𝑛-SuperHyperGraph Attention). In 𝑛-SuperHyperGraph Attention, we introduce attention co-
efficients between supervertices and superedges.

For each base vertex 𝑣𝑖 ∈ 𝑉0 and superedge 𝑒′
𝑗
∈ E′(𝑛) , we compute an attention coefficient 𝛼𝑖 𝑗 as:

𝛼𝑖 𝑗 =
exp

(
𝜎
(
𝑎⊤ [𝑥𝑖 ∥ 𝑢 𝑗 ]

) )∑
𝑘∈E𝑖 exp (𝜎 (𝑎⊤ [𝑥𝑖 ∥ 𝑢𝑘]))

,

where:

• 𝑥𝑖 is the feature vector of base vertex 𝑣𝑖 .

• 𝑢 𝑗 is the feature representation of superedge 𝑒′
𝑗
, defined as an aggregation of features of the elements

(which can be supervertices or sets thereof) in 𝑒′
𝑗
.

• E𝑖 is the set of superedges incident to base vertex 𝑣𝑖 .

The attention-based incidence matrix 𝐻̃ (𝑛) has entries 𝐻̃ (𝑛)
𝑖 𝑗

= 𝛼𝑖 𝑗 .
The 𝑛-SuperHyperGraph attention convolution operation is defined as:

𝑋′ = 𝜎
(
𝐷−1
𝑣 𝐻̃ (𝑛)𝑊𝐷−1

𝑒 𝐻̃ (𝑛)⊤𝑋
)
.

Theorem 3.55. The 𝑛-SuperHyperGraph Attention mechanism generalizes the Hypergraph Attention mecha-
nism. Specifically, when 𝑛 = 1, the 𝑛-SuperHyperGraph Attention reduces to the standard Hypergraph Attention.
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Proof. Consider the case when 𝑛 = 1. Then:

P1 (𝑉0) = P(𝑉0),

so the superverticesV (1) ⊆ P(𝑉0).
However, to align with the standard hypergraph setting, we considerV (1) = 𝑉0, and E (1) = {𝑒 𝑗 ⊆ 𝑉0 |

𝑒 𝑗 ≠ ∅}, which is exactly the set of hyperedges in a standard hypergraph.
In the attention mechanism, the attention coefficients 𝛼𝑖 𝑗 are computed between vertices 𝑣𝑖 ∈ 𝑉0 and

hyperedges 𝑒 𝑗 ⊆ 𝑉0.
Thus, when 𝑛 = 1, the 𝑛-SuperHyperGraph Attention reduces to the standard Hypergraph Attention

mechanism.
Therefore, the 𝑛-SuperHyperGraph Attention generalizes the Hypergraph Attention. □

4 Result: Uncertain Graph Neural Networks
In this section, we explore uncertain graph networks, including Fuzzy Graph Neural Networks, Neutro-

sophic Graph Neural Networks, and Plithogenic Graph Neural Networks.

4.1 Neutrosophic Graph Neural Network (N-GNN)
In this subsection, we define the concept of the Neutrosophic Graph Neural Network (N-GNN) and

demonstrate how it generalizes the Fuzzy Graph Neural Network (F-GNN). This framework extends the Fuzzy
Graph Neural Network by incorporating the structure of Neutrosophic Graphs. The following sections provide
the formal definitions and related theorems.

Definition 4.1 (Neutrosophic Graph Neural Network (N-GNN)). A Neutrosophic Graph Neural Network (N-
GNN) is a graph inference model that integrates neutrosophic logic into the framework of graph neural networks
to handle uncertain, indeterminate, and inconsistent data in graph-structured information. Formally, an N-GNN
is defined as a quintuple:

N-GNN = (𝐺,N𝑉 ,N𝐸 ,R𝑁 ,D𝑁 ) ,
where:

• 𝐺 = (𝑉, 𝐸) is a graph with vertex set 𝑉 and edge set 𝐸 .

• N𝑉 and N𝐸 are the neutrosophic fuzzification functions for vertices and edges, respectively. These func-
tions map vertex and edge attributes to neutrosophic membership triplets:

N𝑉 : X𝑉 → [0, 1]3, N𝐸 : X𝐸 → [0, 1]3,

where each output is a triplet (𝜇𝑇 , 𝜇𝐼 , 𝜇𝐹 ) representing the degrees of truth-membership, indeterminacy-
membership, and falsity-membership.

• R𝑁 represents the rule layer, which encodes neutrosophic rules to aggregate neutrosophic information
from neighboring nodes and edges.

• D𝑁 is the neutrosophic defuzzification function, which aggregates the outputs of the rule layer to produce
crisp outputs for each vertex or edge.

Definition 4.2 (Operations in N-GNN). Given an input graph 𝐺 = (𝑉, 𝐸) with vertex features 𝑋𝑉 and edge
features 𝑋𝐸 , the N-GNN operates as follows:

1. Neutrosophic Fuzzification Layer: Each vertex 𝑣 ∈ 𝑉 and edge 𝑒 ∈ 𝐸 is fuzzified into neutrosophic
membership triplets using membership functions:

N𝑉 (𝑣) = (𝜇𝑇 (𝑣), 𝜇𝐼 (𝑣), 𝜇𝐹 (𝑣)) , N𝐸 (𝑒) = (𝜇𝑇 (𝑒), 𝜇𝐼 (𝑒), 𝜇𝐹 (𝑒)) .

2. Rule Layer: A set of neutrosophic rules is defined to aggregate neutrosophic information. For example:

IF 𝑣 has (𝜇𝑣𝑇 , 𝜇
𝑣
𝐼 , 𝜇

𝑣
𝐹 ) AND 𝑢 has (𝜇𝑢𝑇 , 𝜇

𝑢
𝐼 , 𝜇

𝑢
𝐹 ) THEN 𝑦𝑘 = 𝑓𝑘 (N𝑉 (𝑣),N𝑉 (𝑢)) ,

where 𝑓𝑘 is a trainable function that operates on neutrosophic membership values.
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3. Normalization Layer: The firing strength 𝑟𝑘 of each rule is calculated and normalized:

𝑟𝑘 = Comb (N𝑉 (𝑣),N𝑉 (𝑢)) , 𝑟𝑘 =
𝑟𝑘∑𝐾
𝑗=1 𝑟 𝑗

,

where Comb is a combination function suitable for neutrosophic logic.

4. Defuzzification Layer: The normalized rule outputs are aggregated to produce crisp predictions:

𝑦 =

𝐾∑︁
𝑘=1

𝑟𝑘 · 𝑓𝑘 (𝑥𝑣 , 𝑥𝑢) .

Definition 4.3 (Stacked N-GNN Architecture). For a multi-layer N-GNN, the 𝑙-th layer is defined as:

𝐻 (𝑙) = 𝜎
(
𝑓
(𝑙)
𝜃

(
𝐻 (𝑙−1) , 𝐴

)
+ 𝐻 (𝑙−1)

)
,

where:

• 𝐻 (𝑙) is the output of the 𝑙-th layer.

• 𝜎 is a non-linear activation function (e.g., ReLU).

• 𝐴 is the adjacency matrix of the graph.

• 𝑓
(𝑙)
𝜃

is a trainable function incorporating neutrosophic operations.

The final output of the N-GNN is:

𝑌 = Softmax
(
𝐻 (𝐿)

)
,

where 𝐿 is the number of layers in the N-GNN.

Theorem 4.4. The Neutrosophic Graph Neural Network (N-GNN) generalizes the Fuzzy Graph Neural Network
(F-GNN).

Proof. In an N-GNN, each vertex and edge is associated with a neutrosophic membership triplet (𝜇𝑇 , 𝜇𝐼 , 𝜇𝐹 ).
Consider the special case where the indeterminacy and falsity components are zero for all vertices and edges,
i.e., 𝜇𝐼 (𝑣) = 0 and 𝜇𝐹 (𝑣) = 0 for all 𝑣 ∈ 𝑉 , and similarly for edges. Then, the neutrosophic membership reduces
to the fuzzy membership:

𝜇𝑇 (𝑣) = 𝜎(𝑣), ∀𝑣 ∈ 𝑉,
where 𝜎(𝑣) is the fuzzy membership degree in F-GNN. Under these conditions, the N-GNN operations reduce
to those of the F-GNN. Therefore, the N-GNN generalizes the F-GNN. □

Theorem 4.5. A Neutrosophic Graph Neural Network (N-GNN), as defined, has the structural properties of a
Neutrosophic Graph.

Proof. To prove this, we verify that the structure of the N-GNN satisfies the defining properties of a Neutro-
sophic Graph.

1. Vertices and Edges in Neutrosophic Graphs: In a Neutrosophic Graph 𝐺 = (𝑉, 𝐸), each vertex 𝑣 ∈ 𝑉
is associated with a triplet 𝜎(𝑣) = (𝜎𝑇 (𝑣), 𝜎𝐼 (𝑣), 𝜎𝐹 (𝑣)) where 𝜎𝑇 (𝑣), 𝜎𝐼 (𝑣), 𝜎𝐹 (𝑣) ∈ [0, 1] and 𝜎𝑇 (𝑣) +
𝜎𝐼 (𝑣) + 𝜎𝐹 (𝑣) ≤ 3. Similarly, each edge 𝑒 ∈ 𝐸 is associated with a triplet 𝜇(𝑒) = (𝜇𝑇 (𝑒), 𝜇𝐼 (𝑒), 𝜇𝐹 (𝑒))
satisfying the same constraints.

In the N-GNN, the neutrosophic fuzzification layer assigns triplets to vertices and edges:

N𝑉 (𝑣) = (𝜇𝑇 (𝑣), 𝜇𝐼 (𝑣), 𝜇𝐹 (𝑣)), N𝐸 (𝑒) = (𝜇𝑇 (𝑒), 𝜇𝐼 (𝑒), 𝜇𝐹 (𝑒)),

where 𝜇𝑇 , 𝜇𝐼 , 𝜇𝐹 ∈ [0, 1] and the sum constraint is explicitly ensured during the mapping process. Thus, the
first property of a Neutrosophic Graph is satisfied.
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2. Neutrosophic Membership Consistency: In a Neutrosophic Graph, the membership of an edge depends
on the membership of its incident vertices. For instance:

𝜇𝑇 (𝑒) ≤ min{𝜎𝑇 (𝑢), 𝜎𝑇 (𝑣)}, 𝜇𝐼 (𝑒) ≤ max{𝜎𝐼 (𝑢), 𝜎𝐼 (𝑣)}, 𝜇𝐹 (𝑒) ≥ max{𝜎𝐹 (𝑢), 𝜎𝐹 (𝑣)},

for an edge 𝑒 = (𝑢, 𝑣).
In the N-GNN, during the aggregation step in the rule layer, the neutrosophic membership values for

edges are derived from the memberships of adjacent vertices according to neutrosophic logical rules. This
ensures that edge memberships are consistent with vertex memberships, satisfying the second property.

3. Propagation of Neutrosophic Membership: A Neutrosophic Graph allows the propagation of neutro-
sophic properties through its structure. In the N-GNN, the rule and aggregation layers propagate vertex and
edge memberships throughout the network while preserving the neutrosophic constraints.

Let R𝑁 represent the rule layer andA𝑁 represent the aggregation mechanism. For a vertex 𝑣, the output
neutrosophic triplet at layer 𝑙 is computed as:

𝜎 (𝑙) (𝑣) = A𝑁
(
{R𝑁 (𝜎 (𝑙−1) (𝑢), 𝜇 (𝑙−1) (𝑒)) | 𝑢 ∈ neighbors(𝑣)}

)
,

where 𝜎 (𝑙−1) (𝑢) and 𝜇 (𝑙−1) (𝑒) represent the triplets from the previous layer. This propagation mechanism
ensures that the neutrosophic graph structure is preserved across layers.

4. Defuzzification to Classical Graph Outputs: The defuzzification layer in the N-GNN converts neutro-
sophic triplets into crisp outputs while maintaining consistency with the original neutrosophic structure. This
aligns with the final output of a Neutrosophic Graph.

Each layer of the N-GNN maintains the structure and properties of a Neutrosophic Graph. Therefore, a
Neutrosophic Graph Neural Network inherently possesses the structure of a Neutrosophic Graph, as required.

□

4.2 Plithogenic Graph Neural Network (P-GNN)
Next, we define the Plithogenic Graph Neural Network (P-GNN) and show how it generalizes both

N-GNN and F-GNN.

Definition 4.6 (Plithogenic Graph Neural Network (P-GNN)). A Plithogenic Graph Neural Network (P-GNN) is
a graph inference model that integrates plithogenic logic into the framework of graph neural networks to handle
data with degrees of appurtenance and contradiction in graph-structured information. Formally, a P-GNN is
defined as:

P-GNN = (𝐺,P𝑉 ,P𝐸 ,R𝑃 ,D𝑃) ,
where:

• 𝐺 = (𝑉, 𝐸) is a graph with vertex set 𝑉 and edge set 𝐸 .

• P𝑉 and P𝐸 are the plithogenic fuzzification functions for vertices and edges, respectively. These func-
tions map vertex and edge attributes to plithogenic membership values, which include degrees of appur-
tenance and contradiction.

• R𝑃 represents the rule layer, which encodes plithogenic rules to aggregate plithogenic information from
neighboring nodes and edges.

• D𝑃 is the plithogenic defuzzification function, which aggregates the outputs of the rule layer to produce
crisp outputs for each vertex or edge.

Definition 4.7 (Operations in P-GNN). Given an input graph 𝐺 = (𝑉, 𝐸) with vertex features 𝑋𝑉 and edge
features 𝑋𝐸 , the P-GNN operates as follows:

1. Plithogenic Fuzzification Layer: Each vertex 𝑣 ∈ 𝑉 and edge 𝑒 ∈ 𝐸 is fuzzified into plithogenic member-
ship values using degrees of appurtenance and contradiction.

2. Rule Layer: A set of plithogenic rules is defined to aggregate plithogenic information. For example:

IF 𝑣 has DAF 𝛼𝑣 AND 𝑢 has DAF 𝛼𝑢 AND DCF 𝛿𝑣𝑢 THEN 𝑦𝑘 = 𝑓𝑘 (P𝑉 (𝑣),P𝑉 (𝑢)) ,

where 𝑓𝑘 is a trainable function that operates on plithogenic membership values.
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3. Normalization Layer: The firing strength 𝑟𝑘 of each rule is calculated and normalized, taking into account
degrees of contradiction.

4. Defuzzification Layer: The normalized rule outputs are aggregated to produce crisp predictions.

Definition 4.8. For a multi-layer P-GNN, the 𝑙-th layer is defined similarly, incorporating plithogenic operations
in 𝑓

(𝑙)
𝜃

.

Theorem 4.9. The Plithogenic Graph Neural Network (P-GNN) generalizes both the Neutrosophic Graph Neu-
ral Network (N-GNN) and the Fuzzy Graph Neural Network (F-GNN).

Proof. In a P-GNN, each vertex and edge is associated with degrees of appurtenance and contradiction. Consider
the special case where the degrees of contradiction are zero for all vertices and edges, and the plithogenic
membership reduces to neutrosophic membership with degrees of truth, indeterminacy, and falsity. Under this
condition, the P-GNN reduces to an N-GNN.

Further, if we also set the indeterminacy and falsity components to zero, the neutrosophic membership
reduces to fuzzy membership, and the P-GNN reduces to an F-GNN.

Therefore, the P-GNN generalizes both the N-GNN and the F-GNN. □

Corollary 4.10. The Plithogenic Graph Neural Network can generalize the Hesitant Fuzzy Graph Neural Net-
work [162].

Proof. A Hesitant Fuzzy Set [375, 376] can be generalized by a Plithogenic Set. Similarly, a Hesitant Fuzzy
Graph can be generalized by a Plithogenic Graph. Therefore, following the same reasoning as for Neutrosophic
Graphs, the Plithogenic Graph Neural Network generalizes the Hesitant Fuzzy Graph Neural Network. □

Theorem 4.11. A Plithogenic Graph Neural Network (P-GNN), as defined, possesses the structural properties
of a Plithogenic Graph.

Proof. In a Plithogenic Graph 𝑃𝐺 = (𝑃𝑀, 𝑃𝑁), each vertex 𝑣 ∈ 𝑀 is associated with:

• An attribute 𝑙 and a set of possible values 𝑀𝑙.

• A Degree of Appurtenance Function (DAF) 𝑎𝑑𝑓 : 𝑀 × 𝑀𝑙 → [0, 1]𝑠 .

• A Degree of Contradiction Function (DCF) 𝑎𝐶 𝑓 : 𝑀𝑙 × 𝑀𝑙 → [0, 1]𝑡 .

Similarly, each edge 𝑒 ∈ 𝑁 is associated with:

• An attribute 𝑚 and a set of possible values 𝑁𝑚.

• A DAF 𝑏𝑑𝑓 : 𝑁 × 𝑁𝑚 → [0, 1]𝑠 .

• A DCF 𝑏𝐶 𝑓 : 𝑁𝑚 × 𝑁𝑚 → [0, 1]𝑡 .

The plithogenic fuzzification functions P𝑉 and P𝐸 in the P-GNN assign these plithogenic memberships, satis-
fying the structural requirements.

In a Plithogenic Graph, for all (𝑥, 𝑎), (𝑦, 𝑏) ∈ 𝑀 × 𝑀𝑙,

𝑏𝑑𝑓 ((𝑥𝑦), (𝑎, 𝑏)) ≤ min{𝑎𝑑𝑓 (𝑥, 𝑎), 𝑎𝑑𝑓 (𝑦, 𝑏)}.

In the rule layer R𝑃 of the P-GNN, edge DAFs are computed based on vertex DAFs using logical rules, ensuring
this constraint.

Plithogenic graphs impose reflexivity and symmetry constraints:

𝑎𝐶 𝑓 (𝑎, 𝑎) = 0, ∀𝑎 ∈ 𝑀𝑙,
𝑎𝐶 𝑓 (𝑎, 𝑏) = 𝑎𝐶 𝑓 (𝑏, 𝑎), ∀𝑎, 𝑏 ∈ 𝑀𝑙,
𝑏𝐶 𝑓 (𝑚, 𝑚) = 0, ∀𝑚 ∈ 𝑁𝑚,
𝑏𝐶 𝑓 (𝑚, 𝑛) = 𝑏𝐶 𝑓 (𝑛, 𝑚), ∀𝑚, 𝑛 ∈ 𝑁𝑚.

The P-GNN enforces these constraints through its contradiction functions 𝑎𝐶 𝑓 and 𝑏𝐶 𝑓 , ensuring compliance.
The P-GNN propagates plithogenic properties through the rule layer R𝑃 and defuzzification layer D𝑃 ,

maintaining structural consistency.
The P-GNN satisfies all the defining properties of a Plithogenic Graph, thus proving the theorem. □
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Theorem 4.12. In a P-GNN, the degrees of appurtenance and contradiction are preserved during the aggrega-
tion process across the network layers.

Proof. The plithogenic aggregation functions in the P-GNN operate as follows:

1. At layer 𝑙, the updated DAF for vertex 𝑣 is computed as:

𝑎𝑑𝑓 (𝑙) (𝑣, 𝑙𝑣) = A𝑃
(
{𝑎𝑑𝑓 (𝑙−1) (𝑢, 𝑙𝑢) | 𝑢 ∈ neighbors(𝑣)}, {𝑏𝑑𝑓 (𝑙−1) (𝑒, 𝑚𝑒) | 𝑒 = (𝑣, 𝑢)}

)
,

where A𝑃 is the plithogenic aggregation function.

2. The updated DCFs are computed analogously, ensuring contradiction information is preserved.

As A𝑃 is closed under plithogenic operations, the degrees of appurtenance and contradiction remain valid.
Hence, the theorem is proven. □

Theorem 4.13. The P-GNN can model higher levels of uncertainty and contradiction compared to traditional
Graph Neural Networks (GNNs).

Proof. The P-GNN incorporates degrees of contradiction through the DCF, which traditional GNNs do not
explicitly model. Plithogenic logic extends beyond fuzzy and neutrosophic logic by introducing contradiction
degrees, enabling superior expressiveness.

Thus, the P-GNN’s ability to handle contradiction degrees allows it to model complex data with inherent
uncertainty and contradictions, thus proving the theorem. □

Theorem 4.14. Under certain conditions, the P-GNN converges to a stable solution that reflects the underlying
plithogenic graph structure.

Proof. The iterative updates in the P-GNN maintain the plithogenic constraints, ensuring boundedness and
stability. The use of contraction mappings in the aggregation functions ensures convergence to a fixed point
under suitable conditions. Thus, the P-GNN converges to a stable state that preserves the plithogenic properties,
confirming the theorem. □

The algorithm for the Plithogenic Graph Neural Network is described below. We also analyze its validity,
time complexity, and other relevant aspects.
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Algorithm 5: Plithogenic Graph Neural Network (P-GNN)
Input: Graph 𝐺 = (𝑉, 𝐸); Vertex features 𝑋𝑉 ; Edge features 𝑋𝐸 ; Number of layers 𝐿
Output: Predictions 𝑌

1 foreach vertex 𝑣 ∈ 𝑉 do
2 Compute degrees of appurtenance and contradiction for 𝑣:
3 𝛼𝑣 ← DAF(𝑣)
4 𝛿𝑣 ← DCF(𝑣)
5 end
6 foreach edge 𝑒 = (𝑢, 𝑣) ∈ 𝐸 do
7 Compute degrees of appurtenance and contradiction for 𝑒:
8 𝛼𝑒 ← DAF(𝑒)
9 𝛿𝑒 ← DCF(𝑒)

10 end
11 Initialize vertex representations:

12 𝐻
(0)
𝑣 ← 𝑋𝑉 (𝑣), ∀𝑣 ∈ 𝑉

13 for 𝑙 ← 1 to 𝐿 do
14 foreach vertex 𝑣 ∈ 𝑉 do
15 Aggregate messages from neighbors:

16 𝑚
(𝑙)
𝑣 ←

∑︁
𝑢∈N(𝑣)

𝛾𝑢𝑣 · 𝐻 (𝑙−1)
𝑢

17 Update vertex representation:

18 𝐻
(𝑙)
𝑣 ← 𝜎

(
𝑓
(𝑙)
𝜃

(
𝐻
(𝑙−1)
𝑣 , 𝑚

(𝑙)
𝑣

))
19 end
20 end
21 Compute final predictions:

22 𝑌𝑣 ← Softmax
(
𝐻
(𝐿)
𝑣

)
, ∀𝑣 ∈ 𝑉

Remark 4.15 (Algorithm Explanation). A brief description of the algorithm is provided below.

• Input: The algorithm takes as input a graph 𝐺 = (𝑉, 𝐸), vertex features 𝑋𝑉 , edge features 𝑋𝐸 , and the
number of layers 𝐿.

• Degrees of Appurtenance and Contradiction: For each vertex and edge, compute the Degree of Appurte-
nance Function (DAF) and Degree of Contradiction Function (DCF) as defined in the plithogenic frame-
work.

• Message Passing: For each vertex 𝑣, aggregate messages from its neighbors N(𝑣), weighted by a coeffi-
cient 𝛾𝑢𝑣 that incorporates the degrees of appurtenance and contradiction:

𝛾𝑢𝑣 = Comb (𝛼𝑢, 𝛿𝑢𝑣) ,

where Comb(·) is a combination function suitable for plithogenic logic.

• Update Rule: Update the vertex representations using a trainable function 𝑓 (𝑙)
𝜃

and an activation function
𝜎 (e.g., ReLU).

• Output: After 𝐿 layers, compute the final predictions using the Softmax function.

Theorem 4.16 (Algorithm Validity). The P-GNN algorithm correctly computes the predictions 𝑌 according to
the plithogenic logic framework.

Proof. The P-GNN algorithm integrates plithogenic logic into the message-passing framework of graph neural
networks. By computing the degrees of appurtenance (𝛼𝑣 , 𝛼𝑒) and contradiction (𝛿𝑣 , 𝛿𝑒) for each vertex and
edge, the algorithm captures the plithogenic properties of the graph.

During message passing, the aggregation coefficient 𝛾𝑢𝑣 combines the appurtenance and contradiction
degrees using a suitable combination function. This ensures that messages are weighted appropriately based on
the plithogenic relationships between vertices.
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The update rule incorporates the aggregated messages and the previous vertex representation, allowing
the model to learn complex patterns in the data. The use of activation functions and trainable parameters ensures
that the model can approximate any continuous function, according to the universal approximation theorem.

Therefore, the algorithm correctly implements the plithogenic logic within the graph neural network
framework, leading to accurate predictions 𝑌 . □

Theorem 4.17 (Time Complexity). The time complexity of the P-GNN algorithm is O(𝐿 · ( |𝑉 |𝑑 + |𝐸 |𝑑)), where
|𝑉 | is the number of vertices, |𝐸 | is the number of edges, and 𝑑 is the dimensionality of the feature vectors.

Proof. The time complexity analysis is as follows:

• Degrees Computation:

– For vertices: Computing 𝛼𝑣 and 𝛿𝑣 for all 𝑣 ∈ 𝑉 takes O(|𝑉 |) time.
– For edges: Computing 𝛼𝑒 and 𝛿𝑒 for all 𝑒 ∈ 𝐸 takes O(|𝐸 |) time.

• Initialization: Initializing 𝐻 (0)𝑣 for all 𝑣 ∈ 𝑉 takes O(|𝑉 |𝑑) time.

• Message Passing and Update (per layer):

– Aggregation: For each vertex 𝑣 ∈ 𝑉 , aggregating messages from neighbors involves:

𝑚
(𝑙)
𝑣 =

∑︁
𝑢∈N(𝑣)

𝛾𝑢𝑣 · 𝐻 (𝑙−1)
𝑢

Assuming the average degree is 𝑘̄ , this takes O( 𝑘̄𝑑) time per vertex, totaling O(|𝑉 | 𝑘̄𝑑) per layer.

– Update: Updating 𝐻 (𝑙)𝑣 for all 𝑣 ∈ 𝑉 takes O(|𝑉 |𝑑) time per layer.

• Total per Layer: O(|𝑉 | 𝑘̄𝑑) (since 𝑘̄ is constant for sparse graphs, this simplifies to O(|𝑉 |𝑑)).

• Total for 𝐿 Layers: O(𝐿 · |𝑉 |𝑑)

• Overall Time Complexity: Including the degrees computation and message passing over 𝐿 layers:

O(|𝑉 | + |𝐸 | + 𝐿 · |𝑉 |𝑑) = O(𝐿 · |𝑉 |𝑑 + |𝐸 |)

For graphs where |𝐸 | is O(|𝑉 |) (sparse graphs), the complexity simplifies to O(𝐿 · |𝑉 |𝑑).

□

Theorem 4.18 (Space Complexity). The space complexity of the P-GNN algorithm is O(|𝑉 |𝑑 + |𝐸 |).

Proof. The space complexity analysis is as follows:

• Vertex Representations: Storing 𝐻
(𝑙)
𝑣 for all 𝑣 ∈ 𝑉 and all 𝑙 = 0, . . . , 𝐿 requires O(𝐿 · |𝑉 |𝑑) space.

However, if we overwrite 𝐻 (𝑙−1)
𝑣 with 𝐻 (𝑙)𝑣 at each layer (i.e., do not store all previous layers), the space

required reduces to O(|𝑉 |𝑑).

• Degrees of Appurtenance and Contradiction: Storing 𝛼𝑣 , 𝛿𝑣 for all 𝑣 ∈ 𝑉 requires O(|𝑉 |) space. Simi-
larly, storing 𝛼𝑒, 𝛿𝑒 for all 𝑒 ∈ 𝐸 requires O(|𝐸 |) space.

• Aggregation Messages: Storing 𝑚 (𝑙)𝑣 for all 𝑣 ∈ 𝑉 requires O(|𝑉 |𝑑) space.

• Total Space Complexity: Combining the above, the total space complexity is:

O(|𝑉 |𝑑 + |𝐸 | + |𝑉 |) = O(|𝑉 |𝑑 + |𝐸 |)

Since |𝑉 |𝑑 generally dominates |𝑉 |, and for sparse graphs |𝐸 | is O(|𝑉 |), the overall space complexity
remains O(|𝑉 |𝑑).

□
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4.3 Fuzzy Hypergraph Neural Network
The concept of a Fuzzy Hypergraph Neural Network integrates the principles of Hypergraph Neural

Networks and Fuzzy Neural Networks. It can also be understood as a neural network representation of a Fuzzy
Hypergraph. Similar to Fuzzy Graphs, extensive research has been conducted on Fuzzy Hypergraphs [11,16,52,
59, 98, 99, 284, 285, 396]. The relevant definitions and theorems are presented below.

Definition 4.19 (Fuzzy Hypergraph). [311] Let 𝑋 be a finite set of vertices, and let 𝐸 be a finite family of non-
trivial fuzzy subsets of 𝑋 , where each fuzzy set 𝐴 ∈ 𝐸 is defined by a membership function 𝜇𝐴 : 𝑋 → [0, 1]. A
pair 𝐻 = (𝑋, 𝐸) is called a Fuzzy Hypergraph if the following conditions are satisfied:

• 𝑋 =
⋃{supp(𝐴) | 𝐴 ∈ 𝐸}, where the support of a fuzzy set 𝐴 is defined as supp(𝐴) = {𝑥 ∈ 𝑋 | 𝜇𝐴(𝑥) >

0}.

• 𝐸 is the fuzzy edge set, consisting of fuzzy subsets of 𝑋 .

The height of a fuzzy hypergraph 𝐻, denoted ℎ(𝐻), is defined as:

ℎ(𝐻) = max{max
𝑥∈𝑋

𝜇𝐴(𝑥) | 𝐴 ∈ 𝐸}.

A Fuzzy Hypergraph 𝐻 = (𝑋, 𝐸) is:

• Simple if 𝐸 contains no repeated fuzzy edges and, for any 𝐴, 𝐵 ∈ 𝐸 with 𝐴 ⊆ 𝐵, it follows that 𝐴 = 𝐵.

• Support Simple if 𝐴, 𝐵 ∈ 𝐸 , 𝐴 ⊆ 𝐵, and supp(𝐴) = supp(𝐵), then 𝐴 = 𝐵.

Definition 4.20 (Crisp Level Hypergraph of a Fuzzy Hypergraph). Let 𝐻 = (𝑋, 𝐸) be a Fuzzy Hypergraph. For
a threshold 𝑐 ∈ (0, 1], the 𝑐-cut (or 𝑐-level) of a fuzzy edge 𝐴 ∈ 𝐸 is defined as:

𝐴𝑐 = {𝑥 ∈ 𝑋 | 𝜇𝐴(𝑥) ≥ 𝑐}.

The 𝑐-level hypergraph 𝐻𝑐 = (𝑋𝑐 , 𝐸𝑐) of 𝐻 is defined as:

𝑋𝑐 =
⋃
{𝐴𝑐 | 𝐴 ∈ 𝐸}, 𝐸𝑐 = {𝐴𝑐 | 𝐴 ∈ 𝐸}.

Theorem 4.21. (cf.[15, 268]) A Fuzzy Hypergraph generalizes both Fuzzy Graphs and (crisp) Hypergraphs.

Proof. A Fuzzy Graph 𝐺 = (𝑋, 𝐸, 𝜇𝑉 , 𝜇𝐸 ) is a special case of a Fuzzy Hypergraph 𝐻 = (𝑋, 𝐸), where:

• The vertex membership function 𝜇𝑉 : 𝑋 → [0, 1] in 𝐺 corresponds to the vertex set 𝑋 in 𝐻.

• Each edge membership function 𝜇𝐸 : 𝑋 × 𝑋 → [0, 1] in 𝐺 can be represented as a fuzzy subset 𝐴 ∈ 𝐸 in
𝐻, where 𝐴 ⊆ 𝑋 and 𝜇𝐴(𝑥) = max{𝜇𝐸 (𝑥, 𝑦) | 𝑦 ∈ 𝑋}.

Thus, a Fuzzy Graph is a Fuzzy Hypergraph where each edge connects at most two vertices.
A Hypergraph 𝐻∗ = (𝑋, 𝐸) is a special case of a Fuzzy Hypergraph 𝐻 = (𝑋, 𝐸), where:

• Each edge 𝐴 ∈ 𝐸 in 𝐻∗ is a crisp subset of 𝑋 , corresponding to a fuzzy edge in 𝐻 with 𝜇𝐴(𝑥) ∈ {0, 1}
for all 𝑥 ∈ 𝑋 .

• The membership function of each fuzzy edge 𝐴 in 𝐻 reduces to an indicator function, 𝜇𝐴(𝑥) = 1 if 𝑥 ∈ 𝐴,
and 𝜇𝐴(𝑥) = 0 otherwise.

Hence, a Hypergraph is a Fuzzy Hypergraph where all edges are crisp subsets. □

Definition 4.22 (Fuzzy incidence matrix). The fuzzy incidence matrix 𝐻 𝑓 ∈ R𝑛×𝑚 of the fuzzy hypergraph 𝐻
is defined by:

(𝐻 𝑓 )𝑖 𝑗 = 𝜇𝐴 𝑗
(𝑥𝑖),

where 𝑥𝑖 ∈ 𝑋 and 𝐴 𝑗 ∈ 𝐸 .
The fuzzy degree of a vertex 𝑥𝑖 ∈ 𝑋 is defined as:

𝑑 (𝑥𝑖) =
𝑚∑︁
𝑗=1
(𝐻 𝑓 )𝑖 𝑗𝑤 𝑗 ,

where 𝑤 𝑗 is the weight of fuzzy hyperedge 𝐴 𝑗 .
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The fuzzy degree of a hyperedge 𝐴 𝑗 ∈ 𝐸 is defined as:

𝛿(𝐴 𝑗 ) =
𝑛∑︁
𝑖=1
(𝐻 𝑓 )𝑖 𝑗 .

Let 𝐷𝑉 ∈ R𝑛×𝑛 and 𝐷𝐸 ∈ R𝑚×𝑚 be the diagonal matrices of fuzzy vertex degrees and fuzzy hyperedge
degrees, respectively:

(𝐷𝑉 )𝑖𝑖 = 𝑑 (𝑥𝑖), (𝐷𝐸 ) 𝑗 𝑗 = 𝛿(𝐴 𝑗 ).

Theorem 4.23. The fuzzy incidence matrix 𝐻 𝑓 can represent both a Fuzzy Hypergraph and a Hypergraph as
special cases.

Proof. Let 𝐻 = (𝑋, 𝐸) be a Fuzzy Hypergraph, where 𝑋 = {𝑥1, 𝑥2, . . . , 𝑥𝑛} is the set of vertices and 𝐸 =

{𝐴1, 𝐴2, . . . , 𝐴𝑚} is the fuzzy edge set. Each fuzzy edge 𝐴 𝑗 is defined by a membership function 𝜇𝐴 𝑗
: 𝑋 →

[0, 1]. The fuzzy incidence matrix 𝐻 𝑓 ∈ R𝑛×𝑚 is defined as:

(𝐻 𝑓 )𝑖 𝑗 = 𝜇𝐴 𝑗
(𝑥𝑖),

where 𝜇𝐴 𝑗
(𝑥𝑖) ∈ [0, 1] represents the degree of membership of vertex 𝑥𝑖 in the fuzzy edge 𝐴 𝑗 .

The rows of 𝐻 𝑓 correspond to the vertices 𝑥𝑖 ∈ 𝑋 , and the columns correspond to the fuzzy edges
𝐴 𝑗 ∈ 𝐸 . The support of each fuzzy edge 𝐴 𝑗 can be recovered as:

supp(𝐴 𝑗 ) = {𝑥𝑖 ∈ 𝑋 | (𝐻 𝑓 )𝑖 𝑗 > 0}.

The vertex degrees 𝑑 (𝑥𝑖) and hyperedge degrees 𝛿(𝐴 𝑗 ) are defined in terms of 𝐻 𝑓 , as shown in the definition of
the fuzzy incidence matrix. Thus, 𝐻 𝑓 fully encodes the structure of the Fuzzy Hypergraph.

A Hypergraph H = (𝑋, 𝐸) is a special case of a Fuzzy Hypergraph where all membership values are
binary, i.e., 𝜇𝐴 𝑗

(𝑥𝑖) ∈ {0, 1}. In this case, the incidence matrix 𝐻 𝑓 reduces to the classical incidence matrix 𝐻,
where:

(𝐻)𝑖 𝑗 =
{
1, if 𝑥𝑖 ∈ 𝐴 𝑗 ,
0, otherwise.

For binary 𝜇𝐴 𝑗
(𝑥𝑖), the support of each edge 𝐴 𝑗 is:

supp(𝐴 𝑗 ) = {𝑥𝑖 ∈ 𝑋 | 𝜇𝐴 𝑗
(𝑥𝑖) = 1},

which matches the standard definition of a hyperedge in a Hypergraph. The vertex and hyperedge degree defini-
tions also simplify to their classical counterparts:

𝑑 (𝑥𝑖) =
𝑚∑︁
𝑗=1
(𝐻)𝑖 𝑗 , 𝛿(𝐴 𝑗 ) =

𝑛∑︁
𝑖=1
(𝐻)𝑖 𝑗 .

The fuzzy incidence matrix 𝐻 𝑓 generalizes the classical incidence matrix 𝐻, allowing it to represent
both Fuzzy Hypergraphs and Hypergraphs. By setting 𝜇𝐴 𝑗

(𝑥𝑖) ∈ [0, 1], it represents a Fuzzy Hypergraph, and
by restricting 𝜇𝐴 𝑗

(𝑥𝑖) to binary values, it represents a Hypergraph. □

Definition 4.24 (Fuzzy Hypergraph Laplacian). The fuzzy hypergraph Laplacian Δ 𝑓 is defined as:

Δ 𝑓 = 𝐼 − 𝐷−1/2
𝑉

𝐻 𝑓𝑊𝐷
−1
𝐸 𝐻⊤

𝑓
𝐷
−1/2
𝑉

,

where 𝑊 = diag(𝑤1, 𝑤2, . . . , 𝑤𝑚) is the diagonal matrix of fuzzy hyperedge weights, and 𝐼 is the identity
matrix.

Theorem 4.25. The Fuzzy Hypergraph Laplacian Δ 𝑓 generalizes the Hypergraph Laplacian 𝐿.
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Proof. 1. Generalization Setup:
The fuzzy hypergraph Laplacian Δ 𝑓 is defined as:

Δ 𝑓 = 𝐼 − 𝐷−1/2
𝑉

𝐻 𝑓𝑊𝐷
−1
𝐸 𝐻⊤

𝑓
𝐷
−1/2
𝑉

,

where 𝐻 𝑓 is the fuzzy incidence matrix, and 𝑊 is the diagonal matrix of fuzzy hyperedge weights. The hyper-
graph Laplacian 𝐿 is a special case of this construction, defined as:

𝐿 = 𝐼 − 𝐷−1/2
𝑣 𝐻𝑊𝐷−1

𝑒 𝐻⊤𝐷−1/2
𝑣 .

2. Connection Between 𝐻 and 𝐻 𝑓 :
The classical incidence matrix 𝐻 is binary, with entries:

𝐻𝑖 𝑗 =

{
1, if 𝑣𝑖 ∈ 𝑒 𝑗 ,
0, otherwise.

In contrast, the fuzzy incidence matrix 𝐻 𝑓 allows entries 𝐻 𝑓

𝑖 𝑗
∈ [0, 1], representing the degree of membership

of vertex 𝑣𝑖 in hyperedge 𝑒 𝑗 . When 𝐻 𝑓 is restricted to binary values, it coincides with 𝐻.

3. Generalization of Matrices:

• Vertex Degree Matrix: In the classical case, the diagonal vertex degree matrix 𝐷𝑣 has entries:

(𝐷𝑣)𝑖𝑖 =
𝑚∑︁
𝑗=1

𝐻𝑖 𝑗𝑤(𝑒 𝑗 ).

In the fuzzy case, this generalizes to:

(𝐷𝑉 )𝑖𝑖 =
𝑚∑︁
𝑗=1

𝐻
𝑓

𝑖 𝑗
𝑤(𝑒 𝑗 ),

allowing 𝐻 𝑓

𝑖 𝑗
to take non-binary values.

• Hyperedge Degree Matrix: Similarly, the hyperedge degree matrix 𝐷𝑒 generalizes to:

(𝐷𝐸 ) 𝑗 𝑗 =
𝑛∑︁
𝑖=1

𝐻
𝑓

𝑖 𝑗
.

4. Substitution in Δ 𝑓 :
Substituting the generalized 𝐻 𝑓 , 𝐷𝑉 , and 𝐷𝐸 into Δ 𝑓 , we recover the classical Laplacian 𝐿 when 𝐻 𝑓 is binary.
This shows that 𝐿 is a special case of Δ 𝑓 .

Since Δ 𝑓 reduces to 𝐿 under binary constraints on 𝐻 𝑓 and the associated matrices, Δ 𝑓 is a generalization
of 𝐿.

Thus, the Fuzzy Hypergraph Laplacian generalizes the Hypergraph Laplacian by extending the binary
incidence matrix to a fuzzy membership matrix, enabling the representation of partial or uncertain membership
relationships. □

Definition 4.26 (Fuzzy Hypergraph Neural Network). An Fuzzy Hypergraph Neural Network (F-HGNN) is a
neural network designed to operate on fuzzy hypergraphs. Given a fuzzy hypergraph 𝐻 = (𝑋, 𝐸) with fuzzy
incidence matrix 𝐻 𝑓 , vertex feature matrix 𝑋 ∈ R𝑛×𝑑 , and fuzzy hyperedge weight matrix 𝑊 , the F-HGNN
performs convolution operations defined as:

𝑌 = 𝜎

(
𝐷
−1/2
𝑉

𝐻 𝑓𝑊𝐷
−1
𝐸 𝐻⊤

𝑓
𝐷
−1/2
𝑉

𝑋Θ

)
,

where:
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• 𝜎 is an activation function (e.g., ReLU).

• Θ ∈ R𝑑×𝑐 is the learnable weight matrix.

• 𝑌 ∈ R𝑛×𝑐 is the output feature matrix.

Definition 4.27 (Multi-Layer F-HGNN). For a multi-layer F-HGNN, the 𝑙-th layer’s output is computed as:

𝑋 (𝑙+1) = 𝜎
(
𝐷
−1/2
𝑉

𝐻 𝑓𝑊𝐷
−1
𝐸 𝐻⊤

𝑓
𝐷
−1/2
𝑉

𝑋 (𝑙)Θ(𝑙)
)
,

where 𝑋 (0) is the input feature matrix, and Θ(𝑙) is the learnable weight matrix at layer 𝑙.

Theorem 4.28. The Fuzzy Hypergraph Neural Network (F-HGNN) generalizes both the Hypergraph Neural
Network (HGNN) and the Fuzzy Graph Neural Network (F-GNN).

Proof. We will prove that:

1. When the fuzzy hypergraph reduces to a crisp hypergraph (i.e., membership functions 𝜇𝐴(𝑥) ∈ {0, 1}),
the F-HGNN reduces to the HGNN.

2. When the hyperedges are fuzzy edges connecting at most two vertices, the F-HGNN reduces to the F-
GNN.

Case 1: F-HGNN Reduces to HGNN
Assume that the fuzzy hypergraph 𝐻 = (𝑋, 𝐸) is crisp; that is, for all 𝐴 ∈ 𝐸 and 𝑥 ∈ 𝑋 , the membership

functions 𝜇𝐴(𝑥) ∈ {0, 1}.
In this case, the fuzzy incidence matrix 𝐻 𝑓 becomes the standard incidence matrix 𝐻 of a hypergraph,

where:

(𝐻 𝑓 )𝑖 𝑗 = 𝜇𝐴 𝑗
(𝑥𝑖) =

{
1, if 𝑥𝑖 ∈ 𝐴 𝑗 ,
0, otherwise.

Similarly, the fuzzy vertex degrees 𝑑 (𝑥𝑖) and hyperedge degrees 𝛿(𝐴 𝑗 ) become the standard degrees in
a hypergraph.

Therefore, the F-HGNN convolution operation simplifies to:

𝑌 = 𝜎

(
𝐷
−1/2
𝑉

𝐻𝑊𝐷−1
𝐸 𝐻⊤𝐷−1/2

𝑉
𝑋Θ

)
,

which is exactly the convolution operation in the Hypergraph Neural Network (HGNN).
Case 2: F-HGNN Reduces to F-GNN
Assume that each fuzzy hyperedge 𝐴 𝑗 ∈ 𝐸 connects at most two vertices. This means that the supports

of 𝐴 𝑗 are such that | supp(𝐴 𝑗 ) | ≤ 2.
In this case, the fuzzy hypergraph reduces to a fuzzy graph, where edges are fuzzy and connect two

vertices. The fuzzy incidence matrix 𝐻 𝑓 becomes analogous to the adjacency representation in a fuzzy graph.
The convolution operation in F-HGNN becomes similar to that in Fuzzy Graph Neural Networks, where

messages are passed between connected vertices, weighted by the fuzzy membership degrees.
Therefore, the F-HGNN generalizes the F-GNN in this case.
Since F-HGNN reduces to HGNN when the fuzzy hypergraph is crisp, and reduces to F-GNN when

hyperedges connect at most two vertices, we conclude that F-HGNN generalizes both HGNN and F-GNN. □

Theorem 4.29. A Fuzzy Hypergraph Neural Network (F-HGNN) retains the structure of a Fuzzy Hypergraph.

Proof. The Fuzzy Hypergraph Neural Network (F-HGNN) operates on the fuzzy incidence matrix 𝐻 𝑓 of a Fuzzy
Hypergraph 𝐻 = (𝑋, 𝐸). All transformations, including convolution operations, rely on 𝐻 𝑓 , which encodes the
fuzzy edge membership functions 𝜇𝐴(𝑥) of 𝐴 ∈ 𝐸 .

Since the operations preserve the relationships defined by 𝐻 𝑓 , the structure of the Fuzzy Hypergraph 𝐻
is inherently retained throughout the F-HGNN’s computations. □

Question 4.30. Is it possible to extend the concept by utilizing Neutrosophic Hypergraphs [13,14,19,248,249,
255] and Plithogenic Hypergraphs [258]?
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5 Other SuperHyperGraph Concepts
In this section, we explore concepts related to SuperHyperGraphs that are not directly connected to the

topics discussed above.

5.1 Multilevel k-way Hypergraph Partitioning
Multilevel graph partitioning is an approach to divide a graph into smaller parts by iteratively coarsening,

partitioning, and refining it for optimization [81, 147, 216, 217]. In Hypergraph Theory, concepts such as Mul-
tilevel Hypergraph Partitioning [214,215] and Multilevel k-way Hypergraph Partitioning[35,218,305,317,379]
are frequently studied. These concepts are well-known for their applications in fields like VLSI design. This
section considers the definition of Multilevel k-way n-SuperHyperGraph Partitioning.

Definition 5.1 (Multilevel 𝑘-way Hypergraph Partitioning). [218] Given a hypergraph 𝐻 = (𝑉, 𝐸), where 𝑉
is the set of vertices and 𝐸 is the set of hyperedges, and a positive integer 𝑘 , the goal of multilevel 𝑘-way
hypergraph partitioning is to partition the vertex set 𝑉 into 𝑘 disjoint subsets {𝑉1, 𝑉2, . . . , 𝑉𝑘}, such that:

1. The size of each subset satisfies the balancing constraint:

|𝑉 |
𝑘 · 𝑐 ≤ |𝑉𝑖 | ≤ 𝑐 ·

|𝑉 |
𝑘
, ∀𝑖 ∈ {1, 2, . . . , 𝑘},

where 𝑐 ≥ 1 is the imbalance tolerance factor.

2. An objective function 𝑓 defined over the hyperedges 𝐸 is optimized. Common objectives include:

• Minimizing the hyperedge cut:

𝑓cut =
∑︁
𝑒∈𝐸
(spanned partitions(𝑒) − 1) ,

where spanned partitions(𝑒) is the number of subsets 𝑉𝑖 spanned by the hyperedge 𝑒.
• Minimizing the sum of external degrees (SOED):

𝑓SOED =
∑︁
𝑒∈𝐸

external degree(𝑒),

where external degree(𝑒) is the number of subsets 𝑉𝑖 that the hyperedge 𝑒 spans.

The multilevel 𝑘-way partitioning algorithm consists of three phases:

• Coarsening Phase: The hypergraph 𝐻 is iteratively coarsened into a series of smaller hypergraphs

𝐻1, 𝐻2, . . . , 𝐻ℓ

by merging vertices to reduce complexity.

• Initial Partitioning Phase: The smallest hypergraph 𝐻ℓ is directly partitioned into 𝑘 subsets using an
efficient partitioning algorithm.

• Uncoarsening Phase: The partitioning is progressively refined as it is projected back to the original
hypergraph 𝐻, using refinement algorithms such as FM or greedy approaches to optimize the objective
function while maintaining the balancing constraint.

Definition 5.2 (Multilevel 𝑘-way 𝑛-SuperHyperGraph Partitioning). Given an 𝑛-SuperHyperGraph 𝐻 = (𝑉, 𝐸),
where𝑉 is the set of supervertices and 𝐸 is the set of superedges, and a positive integer 𝑘 , the goal of multilevel 𝑘-
way 𝑛-SuperHyperGraph Partitioning is to partition the supervertex set𝑉 into 𝑘 disjoint subsets {𝑉1, 𝑉2, . . . , 𝑉𝑘},
such that:

1. The size of each subset satisfies the balancing constraint:

|𝑉 |
𝑘 · 𝑐 ≤ |𝑉𝑖 | ≤ 𝑐 ·

|𝑉 |
𝑘
, ∀𝑖 ∈ {1, 2, . . . , 𝑘},

where 𝑐 ≥ 1 is the imbalance tolerance factor.

2. An objective function 𝑓 defined over the superedges 𝐸 is optimized. Common objectives include:
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• Minimizing the superedge cut:

𝑓cut =
∑︁
𝑒∈𝐸
(spanned partitions(𝑒) − 1) ,

where spanned partitions(𝑒) is the number of subsets 𝑉𝑖 spanned by the superedge 𝑒.
• Minimizing the sum of external degrees (SOED):

𝑓SOED =
∑︁
𝑒∈𝐸

external degree(𝑒),

where external degree(𝑒) is the number of subsets 𝑉𝑖 that the superedge 𝑒 spans.

The multilevel 𝑘-way partitioning algorithm consists of three phases:

• Coarsening Phase: The 𝑛-SuperHyperGraph𝐻 is iteratively coarsened into a series of smaller 𝑛-SuperHyperGraphs

𝐻1, 𝐻2, . . . , 𝐻ℓ

by merging supervertices to reduce complexity.

• Initial Partitioning Phase: The smallest 𝑛-SuperHyperGraph 𝐻ℓ is directly partitioned into 𝑘 subsets
using an efficient partitioning algorithm.

• Uncoarsening Phase: The partitioning is progressively refined as it is projected back to the original 𝑛-
SuperHyperGraph 𝐻, using refinement algorithms to optimize the objective function while maintaining
the balancing constraint.

Theorem 5.3. The Multilevel 𝑘-way 𝑛-SuperHyperGraph Partitioning generalizes the Multilevel 𝑘-way Hyper-
graph Partitioning. Specifically, when 𝑛 = 1, the Multilevel 𝑘-way 𝑛-SuperHyperGraph Partitioning reduces to
the standard Multilevel 𝑘-way Hypergraph Partitioning.

Proof. To prove that the Multilevel 𝑘-way 𝑛-SuperHyperGraph Partitioning generalizes the Multilevel 𝑘-way
Hypergraph Partitioning, we need to show that when 𝑛 = 1, the definitions coincide.

1. At 𝑛 = 1, the 𝑛-SuperHyperGraph reduces to a Hypergraph:

• The 1-th iterated power set of 𝑉0 is P1 (𝑉0) = P(𝑉0), the power set of 𝑉0.

• However, in standard hypergraphs, the vertex set is 𝑉 = 𝑉0, not 𝑉 ⊆ P(𝑉0). To align the definitions, we
consider only the elements of P1 (𝑉0) that are singletons. That is, 𝑉 = 𝑉0 ⊆ P(𝑉0).

• The hyperedges 𝐸 ⊆ P(𝑉0), which matches the definition of hyperedges in a standard hypergraph.

2. Partitioning Definitions Align:

• The partitioning of supervertices 𝑉 into 𝑘 subsets {𝑉1, 𝑉2, . . . , 𝑉𝑘} in the 𝑛-SuperHyperGraph becomes
the partitioning of vertices 𝑉0 when 𝑛 = 1.

• The balancing constraints and objective functions remain the same, as they are defined over 𝑉 and 𝐸 ,
which now correspond to 𝑉0 and 𝐸 of the hypergraph.

3. Algorithm Phases Correspond:

• Coarsening Phase: Merging supervertices in the 𝑛-SuperHyperGraph corresponds to merging vertices in
the hypergraph.

• Initial Partitioning Phase: Partitioning the smallest 𝑛-SuperHyperGraph aligns with partitioning the
coarsest hypergraph.

• Uncoarsening Phase: Refinement steps are analogous in both cases.

Therefore, when 𝑛 = 1, the Multilevel 𝑘-way 𝑛-SuperHyperGraph Partitioning reduces to the Multilevel
𝑘-way Hypergraph Partitioning, proving that the former generalizes the latter. □
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5.2 Superhypergraph Random Walk
A Graph Random Walk is a discrete-time Markov chain where transitions between vertices follow edge-

based probabilities, modeling stochastic processes on graphs [83, 408]. These concepts have been extended to
hypergraphs, leading to the development of Hypergraph Random Walks[74,82,105,174,275]. In this subsection,
we extend Hypergraph Random Walks to the domain of Superhypergraphs. The related definitions and theorems
are provided below.

Definition 5.4 (Markov Chain). (cf.[30, 84, 157]) A Markov Chain is a mathematical framework used to model
stochastic processes where the future state depends solely on the current state and not on how it was reached.
Formally:

• State Space: The set of possible states is denoted by 𝑆 = {𝑠1, 𝑠2, . . . }, which may be finite or countable.

• Transition Rule: The process satisfies the property:

𝑃(𝑋𝑡+1 = 𝑠 𝑗 | 𝑋𝑡 = 𝑠𝑖 , 𝑋𝑡−1, . . . , 𝑋0) = 𝑃(𝑋𝑡+1 = 𝑠 𝑗 | 𝑋𝑡 = 𝑠𝑖).

• Transition Matrix: Probabilities of moving between states are organized in a matrix 𝑃 = [𝑝𝑖 𝑗 ], with:

𝑝𝑖 𝑗 = 𝑃(𝑋𝑡+1 = 𝑠 𝑗 | 𝑋𝑡 = 𝑠𝑖), and
∑︁
𝑗∈𝑆

𝑝𝑖 𝑗 = 1 ∀𝑖.

• Initial State Distribution: The process begins with probabilities 𝜋0 (𝑖) = 𝑃(𝑋0 = 𝑠𝑖).

Example 5.5 (Weather System (Markov Chain)). A simplified weather model predicts sunny (𝑆) or rainy (𝑅)
conditions based on current weather:

𝑃 =

[
0.9 0.1
0.5 0.5

]
.

If today is sunny, there is a 90% chance of sunshine tomorrow.

Definition 5.6 (Discrete-time Markov Chain). (cf.[88, 330, 423]) A Discrete-time Markov Chain (DTMC) is a
stochastic process {𝑋𝑡 }∞𝑡=0 defined on a discrete state space 𝑆 = {𝑠1, 𝑠2, . . . }, satisfying the Markov property,
which states that the probability of transitioning to the next state depends only on the current state and not on
the sequence of previous states. Formally:

𝑃(𝑋𝑡+1 = 𝑠 𝑗 | 𝑋𝑡 = 𝑠𝑖 , 𝑋𝑡−1 = 𝑠𝑘 , . . . , 𝑋0 = 𝑠𝑚) = 𝑃(𝑋𝑡+1 = 𝑠 𝑗 | 𝑋𝑡 = 𝑠𝑖),
for all 𝑡 ≥ 0, 𝑠𝑖 , 𝑠 𝑗 ∈ 𝑆, and any sequence of states 𝑠𝑚, . . . , 𝑠𝑘 , 𝑠𝑖 .
The dynamics of a DTMC are governed by a transition probability matrix 𝑃 = [𝑝𝑖 𝑗 ], where

𝑝𝑖 𝑗 = 𝑃(𝑋𝑡+1 = 𝑠 𝑗 | 𝑋𝑡 = 𝑠𝑖),
and ∑︁

𝑗∈𝑆
𝑝𝑖 𝑗 = 1 for all 𝑖 ∈ 𝑆.

The initial distribution over the states is specified by a vector 𝜋0, where 𝜋0 (𝑖) = 𝑃(𝑋0 = 𝑠𝑖).

Definition 5.7 (Hypergraph Random Walk). [73, 174] A Hypergraph Random Walk is a discrete-time Markov
process defined over the vertices of a hypergraph 𝐻 = (𝑉, 𝐸), with transition probabilities determined as follows:

1. Hyperedge Selection: Starting from the current vertex 𝑣𝑡 ∈ 𝑉 at time 𝑡, a hyperedge 𝑒 ∈ 𝐸 containing 𝑣𝑡
is selected with probability proportional to its weight 𝜔(𝑒) > 0. Formally, the selection probability is:

𝑃(𝑒 | 𝑣𝑡 ) =
𝜔(𝑒)∑

𝑒′∋𝑣𝑡 𝜔(𝑒′)
.

2. Vertex Selection within the Hyperedge: From the selected hyperedge 𝑒, a vertex 𝑣𝑡+1 ∈ 𝑒 is chosen. This
selection can follow either:
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a) Uniform Selection: Choose 𝑣𝑡+1 uniformly at random from 𝑒, such that:

𝑃(𝑣𝑡+1 | 𝑒) =
1
|𝑒 | .

b) Weighted Selection: Choose 𝑣𝑡+1 based on a vertex-specific weight 𝛾𝑒 (𝑣) > 0 within 𝑒, such that:

𝑃(𝑣𝑡+1 | 𝑒) =
𝛾𝑒 (𝑣𝑡+1)∑
𝑣∈𝑒 𝛾𝑒 (𝑣)

.

The full transition probability from 𝑣𝑡 to 𝑣𝑡+1 is then given by:

𝑃(𝑣𝑡+1 | 𝑣𝑡 ) =
∑︁

𝑒∋𝑣𝑡 ,𝑣𝑡+1
𝑃(𝑒 | 𝑣𝑡 ) · 𝑃(𝑣𝑡+1 | 𝑒).

This formulation generalizes random walks on graphs by accounting for hyperedges that can connect
more than two vertices.

Definition 5.8 (𝑛-SuperHyperGraph Random Walk). Let 𝐻 = (𝑉, 𝐸) be an 𝑛-SuperHyperGraph, where 𝑉 ⊆
P𝑛 (𝑉0) is the set of supervertices, and 𝐸 ⊆ P𝑛 (𝑉0) is the set of superedges. Here, P𝑛 (𝑉0) denotes the 𝑛-th
iterated power set of the base set 𝑉0.

A 𝑛-SuperHyperGraph Random Walk is a discrete-time stochastic process {𝑋𝑡 }∞𝑡=0 defined on the super-
vertices 𝑉 , with transitions determined as follows:

1. Superedge Selection: Starting from the current supervertex 𝑣𝑡 ∈ 𝑉 at time 𝑡, select a superedge 𝑒 ∈ 𝐸
containing 𝑣𝑡 , with probability proportional to its weight 𝜔(𝑒) > 0:

𝑃(𝑒 | 𝑣𝑡 ) =
𝜔(𝑒)∑

𝑒′∋𝑣𝑡 𝜔(𝑒′)
.

2. Supervertex Selection within the Superedge: From the selected superedge 𝑒, select a supervertex 𝑣𝑡+1 ∈ 𝑒
according to a probability distribution, which can be:

a) Uniform Selection: Choose 𝑣𝑡+1 uniformly at random from 𝑒:

𝑃(𝑣𝑡+1 | 𝑒) =
1
|𝑒 | .

b) Weighted Selection: Choose 𝑣𝑡+1 based on weights 𝛾𝑒 (𝑣) > 0:

𝑃(𝑣𝑡+1 | 𝑒) =
𝛾𝑒 (𝑣𝑡+1)∑
𝑣∈𝑒 𝛾𝑒 (𝑣)

.

The full transition probability from 𝑣𝑡 to 𝑣𝑡+1 is then:

𝑃(𝑣𝑡+1 | 𝑣𝑡 ) =
∑︁

𝑒∋𝑣𝑡 ,𝑣𝑡+1
𝑃(𝑒 | 𝑣𝑡 ) · 𝑃(𝑣𝑡+1 | 𝑒).

Theorem 5.9. The 𝑛-SuperHyperGraph Random Walk has the structure of an 𝑛-SuperHyperGraph.

Proof. Since the random walk is defined over supervertices 𝑉 ⊆ P𝑛 (𝑉0) and utilizes superedges 𝐸 ⊆ P𝑛 (𝑉0)
for transitions, it inherently possesses the structure of an 𝑛-SuperHyperGraph. □

Corollary 5.10. The 𝑛-SuperHyperGraph Random Walk possesses the structure of a superhypergraph, hyper-
graph, and graph.

Proof. This follows directly from the above theorem. □

Theorem 5.11. The 𝑛-SuperHyperGraph Random Walk is a Discrete-time Markov Chain.
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Proof. The process {𝑋𝑡 } satisfies the Markov property because the probability of transitioning to 𝑣𝑡+1 depends
only on the current supervertex 𝑣𝑡 and not on any previous supervertices 𝑣𝑡−1, 𝑣𝑡−2, . . .. The transition probabil-
ities 𝑃(𝑣𝑡+1 | 𝑣𝑡 ) are well-defined, and the process evolves in discrete time steps. Therefore, it is a Discrete-time
Markov Chain. □

Theorem 5.12. The 𝑛-SuperHyperGraph Random Walk generalizes the Hypergraph Random Walk.

Proof. When 𝑛 = 1, the 𝑛-SuperHyperGraph reduces to a standard hypergraph, and the 𝑛-SuperHyperGraph
Random Walk becomes equivalent to the Hypergraph Random Walk. Therefore, the 𝑛-SuperHyperGraph Ran-
dom Walk is a generalization of the Hypergraph Random Walk. □

Question 5.13. The concept of HyperRandom [149–151], which extends the idea of randomness, is well-known.
Can this be used to further extend the concept of Random Walk?

5.3 Superhypergraph Turán Problem
The Hypergraph Turán Problem [165, 219, 241] aims to determine the maximum number of edges in a

uniform hypergraph (cf.[184, 185, 203]) on 𝑛 vertices while avoiding a specific forbidden subhypergraph. This
concept is extended to superhypergraphs, and their characteristics are briefly examined. The relevant definitions
and theorems are presented below.

Definition 5.14 (Forbidden Graph). (cf.[106]) A forbidden graph 𝐹 is a graph that is not allowed as a subgraph
in a larger graph 𝐺. If 𝐺 contains 𝐹 as a subgraph, 𝐺 violates the specified constraints, often used in Turán-type
problems or graph property investigations.

Definition 5.15 (Hypergraph Turán Problem). [219] Let 𝐺 = (𝑉, 𝐸) be an 𝑟-uniform hypergraph, where 𝑉 is
the set of vertices and 𝐸 is the set of edges, with each edge being a subset of 𝑉 containing exactly 𝑟 vertices.

Let 𝐹 be any 𝑟-uniform hypergraph. A hypergraph 𝐺 is said to be 𝐹-free if 𝐺 does not contain 𝐹 as a
subhypergraph.

The Hypergraph Turán Number ex𝑟 (𝑛, 𝐹) is defined as the maximum number of edges in an 𝐹-free
𝑟-uniform hypergraph on 𝑛 vertices:

ex𝑟 (𝑛, 𝐹) = max{|𝐸 (𝐺) | : 𝐺 is an 𝐹-free 𝑟-uniform hypergraph with |𝑉 (𝐺) | = 𝑛}.

Furthermore, the Turán Density 𝜋(𝐹) of 𝐹 is given by:

𝜋(𝐹) = lim
𝑛→∞

ex𝑟 (𝑛, 𝐹)(𝑛
𝑟

) ,

where
(𝑛
𝑟

)
denotes the number of all possible 𝑟-element subsets of 𝑛 vertices.

Definition 5.16 (𝑟-Uniform 𝑛-SuperHyperGraph). An 𝑛-SuperHyperGraph 𝐻 = (𝑉, 𝐸) is called 𝑟-uniform if
every superedge 𝑒 ∈ 𝐸 contains exactly 𝑟 supervertices, i.e., 𝑒 ⊆ 𝑉 and |𝑒 | = 𝑟.

Definition 5.17 (𝑛-SuperHyperGraph Turán Problem). Let 𝐹 be an 𝑟-uniform 𝑛-SuperHyperGraph.
An 𝑟-uniform 𝑛-SuperHyperGraph𝐺 = (𝑉, 𝐸) is said to be 𝐹-free if𝐺 does not contain 𝐹 as a subgraph.
The 𝑛-SuperHyperGraph Turán Number ex𝑛𝑟 (𝑁, 𝐹) is defined as the maximum number of edges in an

𝐹-free 𝑟-uniform 𝑛-SuperHyperGraph 𝐺 with |𝑉 (𝐺) | = 𝑁:

ex𝑛𝑟 (𝑁, 𝐹) = max {|𝐸 (𝐺) | : 𝐺 is an 𝐹-free 𝑟-uniform 𝑛-SuperHyperGraph with |𝑉 (𝐺) | = 𝑁} .

Furthermore, the 𝑛-SuperHyperGraph Turán Density 𝜋𝑛 (𝐹) is defined as:

𝜋𝑛 (𝐹) = lim
𝑁→∞

ex𝑛𝑟 (𝑁, 𝐹)(𝑁
𝑟

) ,

where
(𝑁
𝑟

)
denotes the number of all possible 𝑟-element subsets of 𝑁 supervertices.

Theorem 5.18. An 𝑟-uniform hypergraph is a special case of an 𝑟-uniform 𝑛-SuperHyperGraph when 𝑛 = 0.

Proof. When 𝑛 = 0, we have P0 (𝑉0) = 𝑉0. Thus, the supervertices 𝑉 are exactly the base vertices 𝑉0. The
superedges 𝐸 are subsets of 𝑉 containing exactly 𝑟 supervertices. Therefore, an 𝑟-uniform 0-SuperHyperGraph
𝐻 = (𝑉, 𝐸) is identical to an 𝑟-uniform hypergraph on the vertex set 𝑉0. □
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Theorem 5.19. Every 𝑟-uniform hypergraph can be represented as an 𝑟-uniform 𝑛-SuperHyperGraph for any
𝑛 ≥ 0.

Proof. Given an 𝑟-uniform hypergraph 𝐻 = (𝑉0, 𝐸), we can construct an 𝑟-uniform 𝑛-SuperHyperGraph 𝐻′ =
(𝑉, 𝐸 ′) by setting 𝑉 = 𝑉0 ⊆ P𝑛 (𝑉0) and 𝐸 ′ = 𝐸 . Since the supervertices 𝑉 are the original vertices 𝑉0, and the
superedges 𝐸 ′ are the same as 𝐸 , 𝐻′ is an 𝑟-uniform 𝑛-SuperHyperGraph equivalent to 𝐻. □

Theorem 5.20. The 𝑛-SuperHyperGraph Turán Problem generalizes the Hypergraph Turán Problem.

Proof. When 𝑛 = 0, the 𝑛-SuperHyperGraph Turán Problem reduces to the classical Hypergraph Turán Problem
because the supervertices are the original vertices 𝑉0, and the superedges are subsets of 𝑉0 of size 𝑟 . There-
fore, the 𝑛-SuperHyperGraph Turán Problem includes the Hypergraph Turán Problem as a special case, thus
generalizing it. □

Theorem 5.21. For any 𝑟-uniform hypergraph 𝐹, the Hypergraph Turán Number ex𝑟 (𝑁, 𝐹) is less than or
equal to the 𝑛-SuperHyperGraph Turán Number ex𝑛𝑟 (𝑁, 𝐹′), where 𝐹′ is the corresponding 𝑟-uniform 𝑛-
SuperHyperGraph constructed from 𝐹.

Proof. Since every 𝑟-uniform hypergraph 𝐺 can be viewed as an 𝑟-uniform 𝑛-SuperHyperGraph 𝐺′ by treating
vertices as supervertices (as per the previous theorem), any 𝐹-free 𝑟-uniform hypergraph 𝐺 corresponds to an
𝐹′-free 𝑟-uniform 𝑛-SuperHyperGraph 𝐺′. However, the set of 𝑟-uniform 𝑛-SuperHyperGraphs includes more
general structures due to the hierarchical nature of supervertices. Therefore, there may exist 𝐹′-free 𝑟-uniform
𝑛-SuperHyperGraphs with more edges than any 𝐹-free 𝑟-uniform hypergraph. Thus,

ex𝑟 (𝑁, 𝐹) ≤ ex𝑛𝑟 (𝑁, 𝐹′).

□

Corollary 5.22. The Turán Density of an 𝑟-uniform hypergraph 𝐹 satisfies:

𝜋(𝐹) ≤ 𝜋𝑛 (𝐹′),

where 𝐹′ is the corresponding 𝑟-uniform 𝑛-SuperHyperGraph constructed from 𝐹.

Proof. This follows directly from the previous theorem and the definitions of Turán Densities:

𝜋(𝐹) = lim
𝑁→∞

ex𝑟 (𝑁, 𝐹)(𝑁
𝑟

) ≤ lim
𝑁→∞

ex𝑛𝑟 (𝑁, 𝐹′)(𝑁
𝑟

) = 𝜋𝑛 (𝐹′).

□

Theorem 5.23. An 𝑛-SuperHyperGraph Turán Number can be strictly greater than the corresponding Hyper-
graph Turán Number.

Proof. Due to the additional complexity and hierarchical structure of supervertices in an 𝑛-SuperHyperGraph,
there are more possibilities for constructing 𝐹-free 𝑟-uniform 𝑛-SuperHyperGraphs with more edges than pos-
sible in the standard hypergraph case. Therefore, for certain 𝐹 and sufficiently large 𝑛, we have:

ex𝑟 (𝑁, 𝐹) < ex𝑛𝑟 (𝑁, 𝐹′).

□
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5.4 Binary decision 𝑛-superhypertree
A Binary Decision Hypertree is a rooted acyclic graph representing Boolean function evaluations, branch-

ing on variables with outputs at leaves [168, 169]. This concept is extended to the superhyper framework. The
definitions and theorems are provided below.

Definition 5.24 (hyperdiagram). (cf. [168])
A hyperdiagram on a finite set 𝐺 = {𝑥1, 𝑥2, . . . , 𝑥𝑛} is an ordered pair 𝐻 = (𝐺, {𝐸𝑘}𝑚𝑘=1) where:

• For each 1 ≤ 𝑘 ≤ 𝑚, 𝐸𝑘 ⊆ 𝐺 and |𝐸𝑘 | ≥ 1.

Definition 5.25 (𝑛-Superhyperdiagram). Let 𝑉0 be a finite set of base elements. Define the 𝑛-th iterated power
set of 𝑉0 recursively as:

P0 (𝑉0) = 𝑉0, P𝑘+1 (𝑉0) = P
(
P𝑘 (𝑉0)

)
,

where P(𝐴) denotes the power set of set 𝐴.
An 𝑛-Superhyperdiagram is an ordered pair 𝐻 = (𝑉, {𝐸𝑘}𝑚𝑘=1) where:

• 𝑉 ⊆ P𝑛 (𝑉0) is the set of supervertices.

• For each 1 ≤ 𝑘 ≤ 𝑚, 𝐸𝑘 ⊆ 𝑉 is called a superedge (or hyperedge), with |𝐸𝑘 | ≥ 1.

Theorem 5.26. An 𝑛-Superhyperdiagram generalizes the hyperdiagram.

Proof. When 𝑛 = 0, the 𝑛-th iterated power set is P0 (𝑉0) = 𝑉0. Therefore, the supervertices 𝑉 ⊆ P0 (𝑉0) = 𝑉0
are simply elements of the base set 𝑉0.

Thus, when 𝑛 = 0, an 𝑛-Superhyperdiagram 𝐻 = (𝑉, {𝐸𝑘}𝑚𝑘=1) reduces to a hyperdiagram on 𝑉0, since
𝑉 = 𝑉0 and each 𝐸𝑘 ⊆ 𝑉 .

Therefore, the concept of a hyperdiagram is a special case of an 𝑛-Superhyperdiagram when 𝑛 = 0.
Thus, 𝑛-Superhyperdiagrams generalize hyperdiagrams. □

Definition 5.27 (Binary Decision Hypertree). (cf. [169])
A Binary Decision Hypertree is a rooted tree constructed from a Boolean function 𝑓 where:

• Each node corresponds to a variable 𝑥𝑖 ∈ 𝑉0.

• Each internal node has two outgoing edges representing 𝑥𝑖 = 1 and 𝑥𝑖 = 0.

• Leaves are labeled with the output of 𝑓 .

Definition 5.28 (Binary Decision 𝑛-Superhypertree). Let 𝑉0 be a finite set of variables. Consider a Boolean
function 𝑓 defined on 𝑉0. A Binary Decision 𝑛-Superhypertree (BD𝑛SHT) is a rooted tree constructed as fol-
lows:

• Each node represents a supervertex 𝑣 ∈ P𝑛 (𝑉0).

• Internal nodes are associated with testing a variable 𝑥𝑖 ∈ 𝑉0.

• Each internal node has two outgoing edges:

– A solid directed edge representing the assignment 𝑥𝑖 = 1.
– A dashed directed edge representing the assignment 𝑥𝑖 = 0.

• Leaves are labeled with the output value of the function 𝑓 corresponding to the path from the root to the
leaf.

Theorem 5.29. A binary decision 𝑛-superhypertree generalizes the binary decision hypertree.

Proof. When 𝑛 = 0, the 𝑛-th iterated power set is P0 (𝑉0) = 𝑉0, so the supervertices are simply the base variables
𝑉0.

In a binary decision hypertree, nodes correspond to variables 𝑥𝑖 ∈ 𝑉0, and the tree represents the evalu-
ation of the Boolean function 𝑓 by branching on the assignments of these variables.

Therefore, when 𝑛 = 0, the binary decision 𝑛-superhypertree reduces to the binary decision hypertree.
Thus, the binary decision 𝑛-superhypertree generalizes the binary decision hypertree. □
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6 Future Directions of this Research
This section highlights potential future directions for this research. A key objective is the practical im-

plementation and experimental validation of the SuperHyperGraph Neural Network (SHGNN). Through com-
putational experiments, we hope to discover related concepts that make the SHGNN more suitable for practical
applications.

Another promising avenue is the exploration of extensions to SuperHyperGraph Neural Networks in-
corporating Fuzzy sets [306, 430–437] and Neutrosophic sets [126, 133, 134, 332–337, 353, 356, 359]. This
includes developing and validating frameworks such as Fuzzy SuperHyperGraph Neural Networks and Neu-
trosophic SuperHyperGraph Neural Networks. These frameworks aim to generalize Fuzzy Neural Networks
[176, 242, 250, 365, 366] and Neutrosophic Neural Networks [194] by integrating the structural advantages of
hypergraphs, laying the groundwork for advanced representations and computations. Additionally, future re-
search could explore considerations involving Directed SuperHyperGraphs and their applications [126].

In addition to the concepts mentioned above, numerous frameworks for handling uncertainty, such as
Soft Set (Soft Graph) [127, 254, 266], hypersoft set[2, 119, 131, 180, 314, 323, 344], Rough Set (Rough Graph)
[288–293], Hyperfuzzy set[126,143,207,362], and Plithogenic Set (Plithogenic Graph) [121,132,338,339,357],
are well-known in the literature. Future research could explore how these concepts behave when applied to Graph
Neural Networks, Hypergraph Neural Networks, and SuperHyperGraph Neural Networks. Such investigations
could also shed light on whether these extensions result in more efficient and effective networks. This area holds
significant potential for advancing understanding and innovation.
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[109] Pablo A Estévez, Michel Tesmer, Claudio A Perez, and Jacek M Zurada. Normalized mutual information feature
selection. IEEE Transactions on neural networks, 20(2):189–201, 2009.

63



[110] Shimon Even. Graph algorithms. Cambridge University Press, 2011.

[111] Wenqi Fan, Yao Ma, Qing Li, Yuan He, Eric Zhao, Jiliang Tang, and Dawei Yin. Graph neural networks for social
recommendation. In The world wide web conference, pages 417–426, 2019.

[112] Juntao Fei and Lunhaojie Liu. Real-time nonlinear model predictive control of active power filter using self-feedback
recurrent fuzzy neural network estimator. IEEE Transactions on Industrial Electronics, 69:8366–8376, 2022.

[113] Juntao Fei, Zhe Wang, Xiao Liang, Zhilin Feng, and Yuncan Xue. Fractional sliding-mode control for microgyroscope
based on multilayer recurrent fuzzy neural network. IEEE Transactions on Fuzzy Systems, 30:1712–1721, 2022.

[114] Song Feng, Emily Heath, Brett Jefferson, Cliff Joslyn, Henry Kvinge, Hugh D Mitchell, Brenda Praggastis, Amie J
Eisfeld, Amy C Sims, Larissa B Thackray, et al. Hypergraph models of biological networks to identify genes critical
to pathogenic viral response. BMC bioinformatics, 22(1):287, 2021.

[115] Yifan Feng, Haoxuan You, Zizhao Zhang, R. Ji, and Yue Gao. Hypergraph neural networks. In AAAI Conference on
Artificial Intelligence, 2018.

[116] Alessio Ferone and Alfredo Petrosino. A neuro fuzzy approach for handling structured data. In Scalable Uncertainty
Management, 2008.

[117] Ronald C. Freiwald. An introduction to set theory and topology. 2014.

[118] Dongqi Fu and Jingrui He. Sdg: A simplified and dynamic graph neural network. In Proceedings of the 44th Interna-
tional ACM SIGIR Conference on Research and Development in Information Retrieval, pages 2273–2277, 2021.

[119] Takaaki Fujita. Note for hypersoft filter and fuzzy hypersoft filter. Multicriteria Algorithms With Applications, 5:32–51,
2024.

[120] Takaaki Fujita. Note for neutrosophic incidence and threshold graph. SciNexuses, 1:97–125, 2024.

[121] Takaaki Fujita. A review of the hierarchy of plithogenic, neutrosophic, and fuzzy graphs: Survey and applications.
ResearchGate(Preprint), 2024.

[122] Takaaki Fujita. Short note of supertree-width and n-superhypertree-width. Neutrosophic Sets and Systems, 77:54–78,
2024.

[123] Takaaki Fujita. Survey of intersection graphs, fuzzy graphs and neutrosophic graphs. ResearchGate, July 2024.

[124] Takaaki Fujita. Survey of planar and outerplanar graphs in fuzzy and neutrosophic graphs. ResearchGate, July 2024.

[125] Takaaki Fujita. Survey of trees, forests, and paths in fuzzy and neutrosophic graphs. July 2024.

[126] Takaaki Fujita. Advancing Uncertain Combinatorics through Graphization, Hyperization, and Uncertainization:
Fuzzy, Neutrosophic, Soft, Rough, and Beyond. Biblio Publishing, 2025.

[127] Takaaki Fujita. A comprehensive discussion on fuzzy hypersoft expert, superhypersoft, and indetermsoft graphs.
Neutrosophic Sets and Systems, 77:241–263, 2025.

[128] Takaaki Fujita. Fundamental computational problems and algorithms for superhypergraphs. March 2025.

[129] Takaaki Fujita and Florentin Smarandache. Antipodal turiyam neutrosophic graphs. Neutrosophic Optimization and
Intelligent Systems, 5:1–13, 2024.

[130] Takaaki Fujita and Florentin Smarandache. A concise study of some superhypergraph classes. Neutrosophic Sets and
Systems, 77:548–593, 2024.

[131] Takaaki Fujita and Florentin Smarandache. A short note for hypersoft rough graphs. HyperSoft Set Methods in
Engineering, 3:1–25, 2024.

[132] Takaaki Fujita and Florentin Smarandache. Study for general plithogenic soft expert graphs. Plithogenic Logic and
Computation, 2:107–121, 2024.

[133] Takaaki Fujita and Florentin Smarandache. Uncertain automata and uncertain graph grammar. Neutrosophic Sets and
Systems, 74:128–191, 2024.

[134] Takaaki Fujita and Florentin Smarandache. Neutrosophic circular-arc graphs and proper circular-arc graphs. Neutro-
sophic Sets and Systems, 78:1–30, 2025.

[135] Francois Le Gall. Faster algorithms for rectangular matrix multiplication. 2012 IEEE 53rd Annual Symposium on
Foundations of Computer Science, pages 514–523, 2012.

[136] A Nagoor Gani and K Radha. On regular fuzzy graphs. 2008.

[137] Shenghua Gao, Ivor Wai-Hung Tsang, and Liang-Tien Chia. Laplacian sparse coding, hypergraph laplacian sparse
coding, and applications. IEEE Transactions on Pattern Analysis and Machine Intelligence, 35(1):92–104, 2012.

[138] Weihao Gao and Tao Mo. Hypergraph clustering with inhomogeneous partitions of hyperedges pan. 2017.

64



[139] Yue Gao, Yifan Feng, Shuyi Ji, and Rongrong Ji. Hgnn+: General hypergraph neural networks. IEEE Transactions on
Pattern Analysis and Machine Intelligence, 45(3):3181–3199, 2022.

[140] Yue Gao, Zizhao Zhang, Haojie Lin, Xibin Zhao, Shaoyi Du, and Changqing Zou. Hypergraph learning: Methods and
practices. IEEE Transactions on Pattern Analysis and Machine Intelligence, 44(5):2548–2566, 2020.

[141] Fayed F. M. Ghaleb, Azza A. Taha, Maryam Hazman, Mahmoud Abd Ellatif, and Mona Abbass. On quasi cycles in
hypergraph databases. IEEE Access, 8:147560–147568, 2020.

[142] Meysam Gheisarnejad, Ardashir Mohammadzadeh, Hamed Farsizadeh, and Mohammad Hassan Khooban. Stabi-
lization of 5g telecom converter-based deep type-3 fuzzy machine learning control for telecom applications. IEEE
Transactions on Circuits and Systems II: Express Briefs, 69:544–548, 2022.

[143] Jayanta Ghosh and Tapas Kumar Samanta. Hyperfuzzy sets and hyperfuzzy group. Int. J. Adv. Sci. Technol, 41:27–37,
2012.

[144] Puspendu Giri, Somnath Paul, and Bijoy Krishna Debnath. A fuzzy graph theory and matrix approach (fuzzy gtma) to
select the best renewable energy alternative in india. Applied Energy, 358:122582, 2024.

[145] S Gomathy, D Nagarajan, S Broumi, and M Lathamaheswari. Plithogenic sets and their application in decision making.
Infinite Study, 2020.

[146] Zengtai Gong and Junhu Wang. Hesitant fuzzy graphs, hesitant fuzzy hypergraphs and fuzzy graph decisions. Journal
of Intelligent & Fuzzy Systems, 40(1):865–875, 2021.

[147] Bahareh Goodarzi, Farzad Khorasani, Vivek Sarkar, and Dhrubajyoti Goswami. High performance multilevel graph
partitioning on gpu. 2019 International Conference on High Performance Computing & Simulation (HPCS), pages
769–778, 2019.

[148] Sathyanarayanan Gopalakrishnan, Supriya Sridharan, Soumya Ranjan Nayak, Janmenjoy Nayak, and Swaminathan
Venkataraman. Central hubs prediction for bio networks by directed hypergraph-ga with validation to covid-19 ppi.
Pattern Recognition Letters, 153:246–253, 2022.

[149] Igor I Gorban. Hyper-random phenomena: definition and description. Information Theories and Applications,
15(3):203–211, 2008.

[150] Igor I Gorban. Randomness and Hyper-randomness. Springer, 2018.

[151] II Gorban. The hyperrandom functions and their description. Radioelectronics and Communications Systems, 49(1):1–
9, 2006.

[152] Georg Gottlob, Nicola Leone, and Francesco Scarcello. Hypertree decompositions and tractable queries. In Proceed-
ings of the eighteenth ACM SIGMOD-SIGACT-SIGART symposium on Principles of database systems, pages 21–32,
1999.

[153] Georg Gottlob, Nicola Leone, and Francesco Scarcello. Hypertree decompositions: A survey. In Mathematical Foun-
dations of Computer Science 2001: 26th International Symposium, MFCS 2001 Mariánské Lázne, Czech Republic,
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