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Abstract

This paper delves into the concepts of Hyperfunctions and 𝑛-Superhyperfunctions, extending classical set func-
tions into higher-order frameworks. By generalizing properties such as randomness, monotonicity, recursion,
and symmetry, it explores their mathematical foundations and potential applications across various disciplines.

Additionally, the paper investigates future directions, including Weak Hyperstructures, Weak Hypergraphs,
Hypercontexts, Hypervariables, Powerset Convolutions, Hypermatrices, Hyperfields, Hyperlattices, Cognitive
Hypermaps, Hyperdecision-making, and more. It evaluates the feasibility of extending these concepts into the
domain of SuperHyperStructures.

Although primarily theoretical, this study lays a robust foundation for future research, showcasing the versatility
of Hyperstructures in addressing complex, multi-layered challenges.
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1 Introduction

1.1 Function Theory and Hyperfunction Theory

In mathematics, a function is a relation that assigns exactly one output value to each input from a specified
domain, mapping inputs to outputs according to a well-defined rule [4, 372]. This paper focuses on the
discussion of various types of functions. Many different kinds of functions have been studied in mathematics,
including the following:

• Linear Function: A function of the form 𝑓 (𝑥) = 𝑎𝑥 + 𝑏, where 𝑎 and 𝑏 are constants [63, 267].

• Logarithmic Function: A function of the form 𝑓 (𝑥) = log𝑎 (𝑥), where 𝑎 > 0 and 𝑎 ≠ 1 [290, 351].

• Trigonometric Function: Functions such as sin(𝑥), cos(𝑥), and tan(𝑥), which are periodic and commonly
used in geometry and physics [382, 473].

• Submodular Function: A set function 𝑓 : 2Ω → R satisfying 𝑓 (𝐴) + 𝑓 (𝐵) ≥ 𝑓 (𝐴 ∪ 𝐵) + 𝑓 (𝐴 ∩ 𝐵) for
all 𝐴, 𝐵 ⊆ Ω [90, 306, 521].

• Symmetric Function: A function 𝑓 (𝑥1, 𝑥2, . . . , 𝑥𝑛) that satisfies

𝑓 (𝑥1, 𝑥2, . . . , 𝑥𝑛) = 𝑓 (𝑥𝜎 (1) , 𝑥𝜎 (2) , . . . , 𝑥𝜎 (𝑛) )

for any permutation 𝜎 of the indices 1, 2, . . . , 𝑛 [5, 24].

• Fuzzy Function: A function 𝑓 : 𝑋 → [0, 1] that assigns a degree of membership in the range [0, 1] to each
element 𝑥 ∈ 𝑋 , commonly used in fuzzy set theory to address uncertainty and imprecision [145,375,577].

• Set Function: A function 𝑓 : 2Ω → R defined on the power set 2Ω of a universal set Ω, often used to
measure properties such as size, weight, or probability of subsets.
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In addition, a function known as the Hyperfunction has been introduced [194, 254, 362]. A Hyperfunction
maps elements to subsets, formally defined as:

𝑓 : 𝑆 → P(𝑆),

where P(𝑆) is the powerset of 𝑆.

More recently, a generalization called the 𝑛-Superhyperfunction has been studied [497]. This concept extends
the idea of a Hyperfunction by utilizing higher-order powersets, enabling deeper abstraction and flexibility in
modeling hierarchical structures.

1.2 Hyperstructure and Superhyperstructure

This subsection introduces the concepts of Hyperstructure and Superhyperstructure, which are mathematical
constructs developed to represent hierarchical structures. A Hyperstructure generalizes the classical notion of
powersets, extending it into broader mathematical frameworks that serve as a foundation for modeling more
complex systems [344, 498, 500, 501].

In various studies, Hyperstructures are commonly applied in group theory and algebra theory (cf. [10,11,19,87,
123,124,138,451,541,543]). However, this paper adopts a perspective aligned with the concept of Power Sets.
While there are notable similarities in the foundational ideas, the focus here is on the set-theoretic viewpoint.
Moreover, in algebra theory and related fields, concepts such as Weak Hyperstructures (Hv-structures) have
also been studied [16–18, 114, 119, 139, 543].

Building on this foundation, a Superhyperstructure introduces the concept of n-th powersets, enabling iterative
and hierarchical generalizations of Hyperstructures. These advanced constructs allow for deeper levels of
abstraction and provide tools to address increasing complexity [498, 500, 501]. The relationship between
powersets and superhyperstructures is illustrated in Figure 1.

Figure 1: Relationships between Superhyperstructures and sets.

In graph theory [136], a Hypergraph is a generalization of traditional graphs where edges (called hyperedges) can
connect more than two vertices [59,75,206,207], making it a prominent example of a Hyperstructure. Extending
this concept, a SuperHypergraph incorporates advanced notions such as superedges and supervertices, offering
a more abstract and flexible framework for representation (cf. [95, 172–174, 174, 178, 181–185, 198, 225, 226,
357, 441, 487, 488, 490, 493, 497, 497, 500]). Simply put, a SuperHypergraph can be viewed as a hierarchical
and iterative extension of the Hypergraph concept.

Beyond graph theory, Hyperstructures and Superhyperstructures have found significant applications in various
mathematical disciplines, including the following(cf. [176]):
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• Topology: Topology studies properties of spaces preserved under continuous transformations, focusing on
concepts like continuity, convergence, and connectedness [32,55,167,358]. The study of hypertopologies
[133,331,333,370] and superhypertopologies [289,495,496,504] introduces innovative ways to explore
topological properties.

• Functional Analysis: Hyperfunctions [254,362] and superhyperfunctions [492,497] expand the scope of
function analysis to include multi-level interactions. This paper focuses on discussing these functions.

• Soft Set Theory: Soft Sets provide a parameterized framework for handling uncertainty [337, 359].
The development of hypersoft sets [1, 188, 235, 260, 367, 434, 458, 468, 491] and superhypersoft sets
[179, 283, 494, 505] extends classical soft set theory to handle more complex data structures.

• Algebra: Algebra studies mathematical symbols, operations, and rules for manipulating and solving
equations [40, 288, 300]. Advances in hyperalgebras [120, 129, 251, 385, 437, 516, 538] and superhyper-
algebras [261, 262, 312, 480, 489, 504] provide new perspectives on algebraic systems.

• Automata Theory: Automata are mathematical models of computation, describing abstract machines
that process inputs via states [244,247,454]. Hyperautomata [70] and superhyperautomata [189] extend
the traditional automata framework by integrating hyperstructural concepts.

• Language: In automata theory, a language is a set of strings formed from a specified alphabet [6,126,435].
Related concepts include Natural Language [431,548,564] and Large Language Models [102,549,574].
HyperLanguage [70, 71, 165, 180, 440] and SuperHyperLanguage [176] are well-known extensions.

• Fuzzy Set Theory: A fuzzy set assigns each element a membership degree between 0 and 1, representing
partial inclusion [568–573]. Hyperfuzzy sets [199, 274, 508] and superhyperfuzzy sets [178] generalize
fuzzy set theory to higher-order structures.

• Ring Theory: Hyperring theory [9, 30, 272] and superhyperring theory [499] enrich the study of com-
mutative and non-commutative algebraic systems.

• Rough Set Theory: Rough Sets model uncertainty by approximating a target set using lower and upper
bounds, focusing on indiscernibility within an equivalence relation [405–411]. Hyperrough sets [178,
478] and superhyperrough sets [178] extend rough set theory through hyperstructural frameworks.

• Group Theory: A group is a set with a binary operation satisfying closure, associativity, identity, and
invertibility [86,345,354,386,464]. The evolution from hypergroups [281,537,540,542] to superhyper-
groups [281] broadens the landscape of group theory.

• Neutrosophic Sets: Neutrosophic Sets generalize classic and fuzzy sets by incorporating truth, in-
determinacy, and falsity membership degrees, offering flexibility for uncertain or inconsistent data
[481–483, 502]. Hyperneutrosophic sets [127, 178] and superhyperneutrosophic sets [178] address
uncertainties in higher-order systems.

• Plithogenic Sets: Plithogenic Sets extend neutrosophic sets by considering multiple attributes with
contradictory, dependent, or independent criteria, enabling complex decision-making and advanced
uncertainty modeling [187, 485, 486, 503]. HyperPlithogenic Sets [178] and SuperHyperPlithogenic
Sets [178] address uncertainties in higher-order systems.

In addition to the concepts mentioned above, many other notions are well-known, including Hypernetwork
(cf. [13,99,216,422]), Molecular Hypergraph (cf. [275,276]), Hypertree (cf. [197,206,224]), Hypervector (cf.
[128,129,363]), HyperGroupoid (cf. [236,364,383,518]), SemiHyperGroup (cf. [72,291,346]), Hyperlattice(cf.
[29, 233, 234]) and Hyperweighted Set (cf. [178]).

For reference, the relationships between Superhyperstructures and specific concepts are illustrated in Figure 2.

These examples illustrate the versatility of Hyperstructures and Superhyperstructures in enhancing our un-
derstanding of both mathematical theory and interdisciplinary applications. Their iterative and hierarchical
frameworks make them invaluable tools for advancing research in areas requiring higher-level abstractions.
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Figure 2: Relationships between Superhyperstructures and specific concepts.

1.3 Our Contribution in This Paper: Hyperfunctions and Various Hyperconcepts

This subsection provides a comprehensive overview of the contributions made in this paper.

In addition to the theoretical significance and the diversity of functions discussed earlier, it is important
to highlight that these functions have been extensively studied for their applications across various fields.
Within this context, research on Hyperfunctions and 𝑛-Superhyperfunctions emerges as increasingly relevant.
However, existing studies on Hyperfunctions and 𝑛-Superhyperfunctions are currently limited.

To address this gap, this paper explores the mathematical extension of various functions within the frameworks
of Hyperfunctions and 𝑛-Superhyperfunctions. These extensions provide a foundation for theoretically gener-
alizing other types of functions, offering a versatile approach to modeling complex hierarchical relationships.
By presenting this work, we aim to encourage broader adoption and further development of Hyperfunction and
𝑛-Superhyperfunction frameworks.

Specifically, the following functions are introduced and discussed:

• Submodular Hyperfunction and 𝑛-Superhyperfunction: Define hierarchical dependencies under sub-
modular constraints at multiple levels.

• Symmetric Hyperfunction and 𝑛-Superhyperfunction: Ensure decisions remain invariant under permu-
tations of elements.

• Monotone Hyperfunction and 𝑛-Superhyperfunction: Maintain non-decreasing properties across hierar-
chical decision frameworks.

• Modular Hyperfunction and 𝑛-Superhyperfunction: Represent additive relationships within nested de-
cision structures.

• Recursion Hyperfunction and 𝑛-Superhyperfunction: Apply recursive logic for resolving hierarchical
decision dependencies.

• Random Hyperfunction and 𝑛-Superhyperfunction: Incorporate probabilistic uncertainty into multi-
layered decision processes.
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Additionally, this paper explores future research directions, including Weak Hyperstructures, Weak Hyper-
graphs, Hypercontexts, Hypervariables, Powerset Convolutions, Hypermatrices, and Cognitive Hypermaps.
Specifically, the following concepts are introduced in this study.

• Weak Hyperstructures and 𝑛-Weak Superhyperstructures: Generalize Hyperstructures with less strict
axioms and constraints.

• Hypercontext and Superhypercontext: Represent layered environments influencing decisions and rela-
tionships across hierarchies.

• HyperVariable and SuperHyperVariable: Extend variables with multi-dimensional attributes across
𝑛-Superhyperstructures.

• 𝑛-th Powerset Convolution: Model hierarchical relationships combining constraints and criteria in
higher-dimensional spaces.

• HyperMatrix and SuperHyperMatrix: Introduce matrices with hyperedges and recursive structures for
complex computations.

• Cognitive HyperMap and Cognitive SuperHyperMap: Integrate multi-level cognitive processes into
hypermap-based decision models.

• Hyperfield and SuperHyperfield: Expand algebraic fields to include multi-dimensional and hierarchical
operational rules.

• Hypermodules and Superhypermodules: Generalize modules with hyperoperations over hierarchical
structures𝑛-Superhyperstructure.

• Hyperlattices and Superhyperlattices: Represent layered lattice frameworks with hyperoperations and
extended properties.

• Boolean Hyperalgebra and Superhyperalgebra: Extend Boolean algebra with hyperoperations for hier-
archical logical systems.

• Project Management and Program Management related to Superhyperstructure: Model multi-layered
decision-making in management hierarchies using superhyperstructures.

• HyperGame Theory and Superhypergame Theory: These are generalized concepts of game theory.

• Hyperdecision-making and Superhyperdecision-making: Capture decision-making processes spanning
multi-dimensional hierarchical frameworks.

It is crucial to emphasize that this paper primarily centers on theoretical generalizations. The practical feasibility
and robustness of these methods for real-world applications necessitate further computational experimentation
and validation.

1.4 The Structure of the Paper

The format of this paper is described below.

1 Introduction 1
1.1 Function Theory and Hyperfunction Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Hyperstructure and Superhyperstructure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Our Contribution in This Paper: Hyperfunctions and Various Hyperconcepts . . . . . . . . . . 4
1.4 The Structure of the Paper . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Preliminaries and Definitions 6
2.1 Basic Set Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Hyperstructure and Superhyperstructure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 Hyperfunction and 𝑛-Superhyperfunction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
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3 Results Presented in This Paper: Hyperfunctions 11
3.1 Submodular Hyperfunction and Their Generalizations . . . . . . . . . . . . . . . . . . . . . . 11
3.2 Symmetric Hyperfunction and Their Generalizations . . . . . . . . . . . . . . . . . . . . . . 14
3.3 Monotone Hyperfunction and Their Generalizations . . . . . . . . . . . . . . . . . . . . . . . 15
3.4 Modular Hyperfunctions and Their Generalizations . . . . . . . . . . . . . . . . . . . . . . . 17
3.5 Recursion HyperFunction (HyperRecursion) and Their Generalizations . . . . . . . . . . . . . 18
3.6 Random HyperFunction and Their Generalizations . . . . . . . . . . . . . . . . . . . . . . . 20

3.6.1 Random HyperFunction and 𝑛-SuperHyperFunction . . . . . . . . . . . . . . . . . . 21
3.6.2 Hyper-randomness and Their Generalizations . . . . . . . . . . . . . . . . . . . . . . 22

4 Future Directions of this Paper: Extensions Using Superhyperstructures 25
4.1 Future Directions: Weak Hyperstructures and n-Weak Superhyperstructures . . . . . . . . . . 26

4.1.1 Weak Hypergraph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
4.1.2 Weak Hyperfunction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.2 Discussions: Hypercontext . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.3 Discussions: HyperVariable . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.4 Discussions: n-th Powerset Convolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.5 Discussions: HyperMatrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.6 Discussions: Cognitive HyperMap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.7 Discussions: Hyperfield . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.8 Discussions: Hypermodules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.9 Discussions: Hyperlattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.10 Discussions: Boolean Hyperalgebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.11 Discussions: Generalized 𝑛-th Powerset . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.12 Discussions: Application of Hyperstructures to Social Science and Other Domains . . . . . . 57

4.12.1 The Relationship Between Hyperstructures and Project Management . . . . . . . . . . 57
4.12.2 Product Portfolio Management . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.12.3 Programming Function Hyperstructure . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.12.4 Software Framework Ecosystem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.12.5 Educational Curriculum and Courses . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.12.6 Products and Components . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.12.7 Economic Systems and Transactions . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.12.8 Musical Patterns and Relationships . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.12.9 Company’s Organizational Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.13 Discussions: HyperGame Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.14 Discussions: Hyperdecision-making . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.15 Discussions: Generalized n-Superhyperdecision-making . . . . . . . . . . . . . . . . . . . . 79

2 Preliminaries and Definitions

This section outlines the essential preliminaries and definitions required for the paper. While we aim to cover
the core concepts, it is beyond the scope of this work to exhaustively define every term. Readers seeking further
clarification are encouraged to consult the relevant literature for additional details.

2.1 Basic Set Theory

This subsection provides an overview of fundamental principles in set theory. For an in-depth exploration, we
recommend referring to established references [242, 264, 270].

Definition 2.1 (Set). [264] A set is a precisely defined collection of unique objects, known as elements. For
any object 𝑥, it is always possible to determine definitively whether 𝑥 is an element of the set. If 𝐴 represents
a set and 𝑥 is an element within 𝐴, this is denoted as 𝑥 ∈ 𝐴. Sets are typically written with curly braces. For
instance, 𝐴 = {1, 2, 3} denotes a set containing the elements 1, 2, and 3.

Definition 2.2 (Subset). [264] Given two sets 𝐴 and 𝐵, 𝐴 is defined as a subset of 𝐵, written 𝐴 ⊆ 𝐵, if every
element of 𝐴 is also an element of 𝐵. Formally:

𝐴 ⊆ 𝐵 ⇐⇒ ∀𝑥 (𝑥 ∈ 𝐴 =⇒ 𝑥 ∈ 𝐵).

When 𝐴 ⊆ 𝐵 but 𝐴 ≠ 𝐵, 𝐴 is referred to as a proper subset of 𝐵, denoted by 𝐴 ⊂ 𝐵.
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Definition 2.3 (Empty Set). [264] The empty set, denoted by ∅, is the unique set that contains no elements.
Formally:

∀𝑥 (𝑥 ∉ ∅).

For example, ∅ = {}.

Definition 2.4 (Universe Set). [264] The universe set, denoted by 𝑈, is the set that contains all objects under
consideration within a given context. Every set being studied is a subset of𝑈. Formally:

𝐴 ⊆ 𝑈 for all sets 𝐴.

Definition 2.5 (Finite Set). [264] A finite set is a set with a countable number of elements. Formally, it is
defined as:

𝑆 = {𝑎1, 𝑎2, . . . , 𝑎𝑛},

where 𝑛 is a finite integer.

Definition 2.6 (Operation). (cf. [264]) An operation is a rule or function that combines elements of a set 𝑆 to
produce another element of 𝑆. Formally, an operation ◦ on a set 𝑆 is a mapping:

◦ : 𝑆 × 𝑆 → 𝑆.

For example, addition and multiplication are operations on the set of real numbers R.

Definition 2.7 (Binary Operation). (cf. [85]) A binary operation on a set 𝑆 is a function ∗ : 𝑆 × 𝑆 → 𝑆 that
combines any two elements 𝑎, 𝑏 ∈ 𝑆 to produce another element 𝑎 ∗ 𝑏 ∈ 𝑆.

Definition 2.8 (Set Union). [264] The union of two sets 𝐴 and 𝐵, denoted 𝐴 ∪ 𝐵, is the set containing all
elements that are in 𝐴, 𝐵, or both. Formally:

𝐴 ∪ 𝐵 = {𝑥 | 𝑥 ∈ 𝐴 or 𝑥 ∈ 𝐵}.

Definition 2.9 (Set Intersection). [264] The intersection of two sets 𝐴 and 𝐵, denoted 𝐴 ∩ 𝐵, is the set
containing all elements common to 𝐴 and 𝐵. Formally:

𝐴 ∩ 𝐵 = {𝑥 | 𝑥 ∈ 𝐴 and 𝑥 ∈ 𝐵}.

2.2 Hyperstructure and Superhyperstructure

This subsection introduces the concepts of Hyperstructure and Superhyperstructure. A Hyperstructure is a
mathematical framework built upon the structure of a powerset, while a Superhyperstructure generalizes this
concept by incorporating the 𝑛-th powerset. This extension facilitates the representation of multi-layered hierar-
chical systems [171,500,501], providing a robust foundation for modeling increasingly complex relationships.
For a clear understanding of the basic ideas, readers are encouraged to refer to [500] as needed. The formal
definition of the 𝑛-th powerset is presented below.

Definition 2.10 (Base Set). A base set is a primary set 𝑆 from which more elaborate constructs, such as
powersets and hyperstructures, are generated. Formally, it is defined as:

𝑆 = {𝑥 | 𝑥 is a member of the specified domain}.

All elements of derived structures like P(𝑆) or P𝑛 (𝑆) are ultimately drawn from the elements of 𝑆.

Definition 2.11 (Powerset). [175, 446] The powerset of a set 𝑆, written P(𝑆), is the collection of all subsets
of 𝑆, including the empty set and 𝑆 itself. Formally, it is expressed as:

P(𝑆) = {𝐴 | 𝐴 ⊆ 𝑆}.

Proposition 2.12. The powerset generalizes the concept of a set.

Proof. This is self-evident from the definition. □
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Definition 2.13 (𝑛-th Powerset). (cf. [175, 480, 500]) The 𝑛-th powerset of a set 𝐻, denoted as 𝑃𝑛 (𝐻), is
defined iteratively. Starting with the standard powerset, the 𝑛-th powerset is constructed as follows:

𝑃1 (𝐻) = 𝑃(𝐻), 𝑃𝑛+1 (𝐻) = 𝑃(𝑃𝑛 (𝐻)), for 𝑛 ≥ 1.

Similarly, the 𝑛-th non-empty powerset of 𝐻, represented by 𝑃∗
𝑛 (𝐻), is defined recursively as:

𝑃∗
1 (𝐻) = 𝑃

∗ (𝐻), 𝑃∗
𝑛+1 (𝐻) = 𝑃

∗ (𝑃∗
𝑛 (𝐻)).

Here, 𝑃∗ (𝐻) represents the powerset of 𝐻 excluding the empty set.

Proposition 2.14. (cf. [175, 480, 500]) The 𝑛-th powerset extends the concept of a standard powerset.

Proof. This is immediately clear from the definition of the 𝑛-th powerset, as it involves repeated applications
of the powerset operation. □

To formally define Hyperstructures and Superhyperstructures, we proceed as follows.

Definition 2.15 (Classical Structure). (cf. [480,500]) A Classical Structure is a mathematical framework built
on a non-empty set𝐻, equipped with one or more Classical Operations and satisfying certain Classical Axioms.
The structure is defined as follows:

A Classical Operation is a mapping:
#0 : 𝐻𝑚 → 𝐻,

where 𝑚 ≥ 1 is an integer, and 𝐻𝑚 represents the 𝑚-fold Cartesian product of 𝐻. These operations may
include, for example, addition or multiplication in algebraic structures such as groups, rings, or fields.

Definition 2.16 (Hyperstructure). (cf. [175,480,500]) A Hyperstructure is a mathematical framework built on
the powerset of a base set. It is formally described as:

H = (P(𝑆), ◦),

where 𝑆 is the base set, P(𝑆) denotes its powerset, and ◦ is an operation defined on elements of P(𝑆).

Proposition 2.17. Every hyperstructure serves as a generalization of a classical structure.

Proof. This is evident. □

Proposition 2.18. A Hyperstructure is inherently characterized by the structure of a powerset.

Proof. This property directly arises from the definition of a Hyperstructure, which is built upon the powerset
P(𝑆). □

Definition 2.19 (𝑛-Superhyperstructure). (cf. [480, 500]) An 𝑛-Superhyperstructure is a generalization of a
Hyperstructure achieved through 𝑛-fold iterations of the powerset operation. Formally, it is represented as:

SH𝑛 = (P𝑛 (𝑆), ◦),

where 𝑆 is the base set, P𝑛 (𝑆) is the 𝑛-th powerset of 𝑆, and ◦ is a general operation defined on P𝑛 (𝑆).

Proposition 2.20. An 𝑛-Superhyperstructure is characterized by the structure of the 𝑛-th powerset.

Proof. This result is a direct consequence of the definition of an 𝑛-Superhyperstructure, which is explicitly
built using the 𝑛-th powerset. □

Proposition 2.21. Every 𝑛-Superhyperstructure serves as a generalization of a Hyperstructure.

Proof. By definition, a Hyperstructure is based on the powerset P(𝑆), which corresponds to the 1-th powerset
P1 (𝑆). Since an 𝑛-Superhyperstructure uses the 𝑛-th powerset P𝑛 (𝑆), it inherently generalizes the Hyperstruc-
ture when 𝑛 > 1. □
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2.3 Hyperfunction and 𝑛-Superhyperfunction

In the context of Hyperstructure and 𝑛-Superhyperstructure in functions, the concepts of Hyperfunction and
𝑛-Superhyperfunction are well-known [254,362]. Hyperfunctions, in particular, have been extensively studied,
including various applications. Relevant definitions and theorems are presented below.

Definition 2.22 (Function). (cf. [68,223]) A function is a mathematical relation that maps each element 𝑥 in a
set 𝑋 (the domain) to exactly one element 𝑦 in another set 𝑌 (the codomain), denoted as 𝑓 : 𝑋 → 𝑌 .

Definition 2.23 (Hyperoperation). (cf. [443, 534–536]) A hyperoperation is a generalization of a binary
operation where the result of combining two elements is a set, not a single element. Formally, for a set 𝑆, a
hyperoperation ◦ is defined as:

◦ : 𝑆 × 𝑆 → P(𝑆),

where P(𝑆) is the powerset of 𝑆.

Definition 2.24 (Hyperfunction). [492, 497] A Hyperfunction is a function where the domain remains a
classical set 𝑆, but the codomain is extended to the powerset of 𝑆, denoted P(𝑆). Formally, a Hyperfunction 𝑓

is defined as:
𝑓 : 𝑆 → P(𝑆).

For any 𝑥 ∈ 𝑆, 𝑓 (𝑥) ⊆ 𝑆 is a subset of 𝑆. This allows the function to map an element of 𝑆 to multiple elements,
enabling greater flexibility compared to classical functions.

Example 2.25. Let 𝑆 = {1, 2}. Define 𝑓 : 𝑆 → P(𝑆) as follows:

𝑓 (1) = {1, 2}, 𝑓 (2) = {2}.

Here, 𝑓 (1) maps to a subset of 𝑆, {1, 2}, and 𝑓 (2) maps to {2}. Both outputs belong to P(𝑆).

Proposition 2.26. A Hyperfunction 𝑓 : 𝑆 → P(𝑆) forms a Hyperstructure.

Proof. By definition, the codomain of a Hyperfunction 𝑓 is the powerset P(𝑆). A Hyperstructure is defined
as a mathematical construct based on the powerset P(𝑆). Therefore, the Hyperfunction inherently operates
within the framework of a Hyperstructure. □

Proposition 2.27. A Hyperfunction generalizes a Function.

Proof. This follows directly from the definition. □

Definition 2.28 (SuperHyperOperations). [500] Let 𝐻 be a non-empty set, and let 𝑃(𝐻) be the powerset of
𝐻. Define the 𝑛-th powerset 𝑃𝑛 (𝐻) recursively:

𝑃0 (𝐻) = 𝐻, 𝑃𝑘+1 (𝐻) = 𝑃(𝑃𝑘 (𝐻)) for 𝑘 ≥ 0.

A SuperHyperOperation of order (𝑚, 𝑛) is an 𝑚-ary operation:

◦(𝑚,𝑛) : 𝐻𝑚 → 𝑃𝑛
∗ (𝐻)

where 𝑃𝑛
∗ (𝐻) denotes the 𝑛-th powerset of 𝐻 possibly excluding the empty set (for a classical-type SuperHy-

perOperation) or including it (for a Neutrosophic-type SuperHyperOperation).

If the codomain is 𝑃𝑛
∗ (𝐻) without the empty set, we call it a classical-type (m,n)-SuperHyperOperation. If the

codomain is 𝑃𝑛 (𝐻) including the empty set, we call it a Neutrosophic (m,n)-SuperHyperOperation.

In either case, these SuperHyperOperations are higher-order generalizations of hyperoperations, capturing
multi-level complexity through 𝑛-th powerset constructions.
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Definition 2.29 (𝑛-Superhyperfunction). An 𝑛-Superhyperfunction generalizes the concept of a Hyperfunction
by using the 𝑛-th powerset P𝑛 (𝑆) as the codomain. Formally, for 𝑛 ≥ 2, an 𝑛-Superhyperfunction 𝑓 is defined
as:

𝑓 : P𝑟 (𝑆) → P𝑛 (𝑆),

where 0 ≤ 𝑟 ≤ 𝑛, and P𝑛 (𝑆) is the 𝑛-th powerset of 𝑆. This definition allows 𝑓 to map subsets of 𝑆 (from
P𝑟 (𝑆)) to elements in the 𝑛-th powerset P𝑛 (𝑆).

Example 2.30. Let 𝑆 = {1, 2}. The 2nd powerset P2 (𝑆) of 𝑆 is:

P2 (𝑆) = {∅, {∅}, {{1}}, {{2}}, {{1, 2}}, {∅, {1}}, . . . ,P(𝑆)}.

Define 𝑓 : P(𝑆) → P2 (𝑆) as:

𝑓 ({1}) = {{1}, {2}}, 𝑓 ({2}) = {{∅}, {1, 2}}.

Here, 𝑓 maps subsets of 𝑆 (from P(𝑆)) to elements of P2 (𝑆), fulfilling the definition of a 2-Superhyperfunction.

Proposition 2.31. An 𝑛-Superhyperfunction 𝑓 : P𝑟 (𝑆) → P𝑛 (𝑆) is associated with an 𝑛-Superhyperstructure.

Proof. By definition, an 𝑛-Superhyperstructure is constructed using the 𝑛-th powerset P𝑛 (𝑆). Since the
codomain of an 𝑛-Superhyperfunction isP𝑛 (𝑆), the function operates within the framework of an 𝑛-Superhyperstructure.
Hence, 𝑓 is inherently tied to the 𝑛-Superhyperstructure. □

Theorem 2.32. Every 𝑛-Superhyperfunction generalizes both classical functions and Hyperfunctions:

• For 𝑟 = 𝑛 = 0, 𝑓 : 𝑆 → 𝑆, recovering the definition of a classical function.

• For 𝑟 = 0 and 𝑛 = 1, 𝑓 : 𝑆 → P(𝑆), corresponding to a Hyperfunction.

• For 𝑟 = 0 and 𝑛 ≥ 2, 𝑓 : 𝑆 → P𝑛 (𝑆), representing an 𝑛-Superfunction.

Proof. The structure of P𝑛 (𝑆) recursively incorporates the elements of P𝑛−1 (𝑆). When 𝑛 = 0, P0 (𝑆) = 𝑆,
recovering classical functions. For 𝑛 = 1, P1 (𝑆) = P(𝑆), yielding Hyperfunctions. For 𝑛 ≥ 2, P𝑛 (𝑆) iterates
the powerset operation, resulting in 𝑛-Superfunctions. This hierarchy ensures that 𝑛-Superhyperfunctions
encompass all lower-order functions. □

The relationship between functions and superhyperstructures is illustrated in Figure 3.

Figure 3: Relationships between Superhyperstructures and functions.

10



3 Results Presented in This Paper: Hyperfunctions

This section highlights the main contributions of this paper, where we extend several well-known functions
to the frameworks of Hyperfunctions and n-Superhyperfunctions. Furthermore, we explore their relationships
with other related concepts. It is worth noting that this paper primarily focuses on theoretical generalizations.
The practical feasibility and robustness of these methods in real-world applications remain to be investigated
through further computational experiments and validation efforts.

3.1 Submodular Hyperfunction and Their Generalizations

A submodular function exhibits a diminishing returns property, where adding an element has less impact as
the set grows [48, 90, 100, 107, 306, 387, 521]. Submodular functions are applied in optimization [98, 528],
machine learning [66, 66, 258], sensor placement [526, 527], and network design [132, 470, 471].

Definition 3.1 (Real Number). (cf. [147, 277, 442]) A real number is any value that can represent a distance
along a continuous line, including all rational and irrational numbers. The set of real numbers is denoted by R.

Definition 3.2 (Submodular Function with Bounds). [90, 521] A function 𝑓 : 2Ω → R is called submodular
if for all 𝐴, 𝐵 ⊆ Ω, the following inequality holds:

𝑓 (𝐴) + 𝑓 (𝐵) ≥ 𝑓 (𝐴 ∪ 𝐵) + 𝑓 (𝐴 ∩ 𝐵).

In addition, the function may satisfy boundary conditions such as:

𝑓 (∅) = 0, and 𝑓 (Ω) ≤ 𝐶,

where 𝐶 ≥ 0 is a constant. These constraints can provide normalization or ensure the function meets specific
feasibility criteria.

Example 3.3. Let Ω = {1, 2, 3}, and define 𝑓 : 2Ω → R as:

𝑓 (𝐴) = |𝐴|2.

To verify submodularity:

• Compute 𝑓 ({1}) + 𝑓 ({2}) = 1+ 1 = 2 and 𝑓 ({1, 2}) + 𝑓 (∅) = 4+ 0 = 4. It is evident that submodularity
fails since 𝑓 (𝐴) = |𝐴|2 does not satisfy the diminishing returns property.

Now, redefine 𝑓 as:
𝑓 (𝐴) = min( |𝐴|, 1).

For this revised 𝑓 :

• If either 𝐴 or 𝐵 is empty, submodularity holds trivially because 𝑓 (∅) = 0.

• For any 𝐴, 𝐵 ⊆ Ω, 𝑓 (𝐴) + 𝑓 (𝐵) is always greater than or equal to 𝑓 (𝐴 ∪ 𝐵) + 𝑓 (𝐴 ∩ 𝐵), since 𝑓 (𝐴)
takes values either 0 (if 𝐴 = ∅) or 1 (if 𝐴 ≠ ∅).

Thus, 𝑓 (𝐴) = min( |𝐴|, 1) is a valid example of a submodular function.

Theorem 3.4. A Submodular Function is a Function.

Proof. This follows directly from the definition. □

Definition 3.5 (Submodular Hyperfunction). A submodular hyperfunction is a function:

𝑓 : 22Ω → R

such that for all 𝐴, 𝐵 ⊆ 2Ω:
𝑓 (𝐴) + 𝑓 (𝐵) ≥ 𝑓 (𝐴 ∪ 𝐵) + 𝑓 (𝐴 ∩ 𝐵).

An analogous bounding condition could be:

𝑓 (∅) = 0, 𝑓 ({Ω}) ≤ 𝐷,

for some constant 𝐷 ≥ 0.
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Example 3.6 (Submodular Hyperfunction). Let Ω = {1, 2}, so 2Ω = {∅, {1}, {2}, {1, 2}}. Define 𝑓 : 22Ω → R
by:

𝑓 (𝑋) =
{

0 if 𝑋 = ∅,
|𝑋 | otherwise.

For any 𝐴, 𝐵 ⊆ 2Ω, 𝑓 (𝐴) + 𝑓 (𝐵) ≥ 𝑓 (𝐴∪𝐵) + 𝑓 (𝐴∩𝐵) holds since 𝑓 is essentially counting subsets. Checking
a few cases confirms submodularity. For example: Let 𝐴 = {{1}}, 𝐵 = {{2}}. Then 𝑓 (𝐴) = 𝑓 (𝐵) = 1,
𝑓 (𝐴∪𝐵) = 𝑓 ({{1}, {2}}) = 2, 𝑓 (𝐴∩𝐵) = 𝑓 (∅) = 0. Thus 𝑓 (𝐴) + 𝑓 (𝐵) = 2, 𝑓 (𝐴∪𝐵) + 𝑓 (𝐴∩𝐵) = 2+0 = 2,
inequality holds.

Theorem 3.7. A Submodular Hyperfunction generalizes the concept of a Submodular Function.

Proof. Let 𝑓 : 22Ω → R be a Submodular Hyperfunction. For a classical Submodular Function 𝑔 : 2Ω → R,
consider the special case where 𝑓 is restricted to subsets of 2Ω consisting of singleton sets, i.e., 𝐴 = {{𝑎}} for
𝑎 ∈ Ω. Define 𝑔(𝐴) = 𝑓 ({{𝑎}}).

Now verify the submodularity condition:

𝑔(𝐴) + 𝑔(𝐵) ≥ 𝑔(𝐴 ∪ 𝐵) + 𝑔(𝐴 ∩ 𝐵).

Using the definition of 𝑓 , this becomes:

𝑓 ({{𝑎}}) + 𝑓 ({{𝑏}}) ≥ 𝑓 ({{𝑎}, {𝑏}}) + 𝑓 ({{𝑎} ∩ {𝑏}}),

which simplifies to:
𝑓 (𝐴) + 𝑓 (𝐵) ≥ 𝑓 (𝐴 ∪ 𝐵) + 𝑓 (𝐴 ∩ 𝐵),

because 𝐴, 𝐵 ⊆ 2Ω. Thus, 𝑓 restricted to singletons satisfies the submodularity condition, demonstrating that
Submodular Hyperfunctions generalize Submodular Functions. □

Theorem 3.8. A Submodular Hyperfunction inherits the structural properties of a Hyperfunction.

Proof. By definition, a Hyperfunction is a mapping:

𝑓 : 𝑆 → P(𝑆),

where 𝑆 is the domain and P(𝑆) is the powerset of 𝑆. Extending this, a Submodular Hyperfunction is defined
as:

𝑓 : 22Ω → R.

Here, 22Ω is the powerset of 2Ω, aligning with the structure of a Hyperfunction. For any subsets 𝐴, 𝐵 ⊆ 2Ω,
𝑓 (𝐴) and 𝑓 (𝐵) represent mappings into R, and the operations 𝐴 ∪ 𝐵 and 𝐴 ∩ 𝐵 occur within 22Ω , preserving
the structural framework of a Hyperfunction.

Thus, the Submodular Hyperfunction retains the essential features of a Hyperfunction while imposing additional
submodularity constraints on 𝑓 . □

We now generalize the domain further to 𝑃𝑛 (Ω).

Definition 3.9 (Submodular 𝑛-Superhyperfunction). For 𝑛 ≥ 1, a function:

𝑓 : 𝑃𝑛 (Ω) → R

is submodular if for all 𝑋,𝑌 ⊆ 𝑃𝑛 (Ω):

𝑓 (𝑋) + 𝑓 (𝑌 ) ≥ 𝑓 (𝑋 ∪ 𝑌 ) + 𝑓 (𝑋 ∩ 𝑌 ).

Bounding conditions might be:
𝑓 (∅) = 0, 𝑓 (𝑃𝑛 (Ω)) ≤ 𝐸,

for some 𝐸 ≥ 0.
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Example 3.10. Consider Ω = {1}. The recursive construction of powersets gives:

• 𝑃1 (Ω) = 2Ω = {∅, {1}},

• 𝑃2 (Ω) = 22Ω = {∅, {∅}, {{1}}, {∅, {1}}}.

Define 𝑓 : 𝑃2 (Ω) → R by:

𝑓 (𝑋) =
{

0 𝑋 = ∅,
1 otherwise.

To verify submodularity, consider any 𝑋,𝑌 ⊆ 𝑃2 (Ω):

• If 𝑋 = ∅ or 𝑌 = ∅, then 𝑓 (𝑋) + 𝑓 (𝑌 ) = 𝑓 (𝑋 ∪ 𝑌 ) + 𝑓 (𝑋 ∩ 𝑌 ) = 1, satisfying submodularity.

• If 𝑋,𝑌 ≠ ∅, then 𝑓 (𝑋) + 𝑓 (𝑌 ) = 1 + 1 = 2, and 𝑓 (𝑋 ∪ 𝑌 ) + 𝑓 (𝑋 ∩ 𝑌 ) equals 2, ensuring the inequality
holds.

Thus, 𝑓 (𝑋) is a Submodular 𝑛-SuperHyperfunction.

Theorem 3.11. A Submodular 𝑛-SuperHyperfunction possesses the structural properties of an 𝑛-SuperHyperfunction.

Proof. By definition, an 𝑛-SuperHyperfunction is a mapping:

𝑓 : P𝑟 (𝑆) → P𝑛 (𝑆),

where P𝑛 (𝑆) represents the 𝑛-th powerset of 𝑆. In the context of a Submodular 𝑛-SuperHyperfunction, the
domain is extended to 𝑃𝑛 (Ω), and the codomain is R, with the additional submodularity condition:

𝑓 (𝑋) + 𝑓 (𝑌 ) ≥ 𝑓 (𝑋 ∪ 𝑌 ) + 𝑓 (𝑋 ∩ 𝑌 ), ∀𝑋,𝑌 ⊆ 𝑃𝑛 (Ω).

The structure of𝑃𝑛 (Ω) is recursively defined, ensuring that𝑃𝑛 (Ω) is a valid input space for any 𝑛-SuperHyperfunction.
Specifically:

• When 𝑛 = 1, 𝑃1 (Ω) = 2Ω, reducing the Submodular 𝑛-SuperHyperfunction to a Hyperfunction with
submodular constraints.

• For 𝑛 > 1, 𝑃𝑛 (Ω) is the powerset of 𝑃𝑛−1 (Ω), ensuring the input domain satisfies the structural
requirements of an 𝑛-SuperHyperfunction.

The output spaceR of the Submodular 𝑛-SuperHyperfunction retains compatibility with the mapping properties
of an 𝑛-SuperHyperfunction because the submodularity condition imposes a real-valued inequality rather than
altering the function’s structural behavior. Thus, a Submodular 𝑛-SuperHyperfunction adheres to the structural
framework of an 𝑛-SuperHyperfunction while introducing additional constraints.

Therefore, a Submodular 𝑛-SuperHyperfunction possesses all the structural properties of an 𝑛-SuperHyperfunction.
□

Theorem 3.12. A submodular 𝑛-superhyperfunction generalizes both submodular functions and submodular
hyperfunctions. More precisely:

• For 𝑛 = 1, a submodular 1-superhyperfunction is exactly a submodular hyperfunction.

• For 𝑛 = 0 (interpreting 𝑓 : 2Ω → R as a submodular function on the original ground set), we recover
the classical notion of a submodular function.
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Proof. When 𝑛 = 0, 𝑃0 (Ω) = Ω. A submodular 0-superhyperfunction would be defined on 𝑃0 (Ω) = Ω, but to
align with standard definitions, we consider 𝑓 : 2Ω → R directly, yielding the classical submodular function
definition.

When 𝑛 = 1, 𝑓 : 𝑃1 (Ω) = 2Ω → R defined with submodularity at the next level ( 𝑓 : 22Ω → R) matches the
definition of a submodular hyperfunction.

Thus, the notion of an 𝑛-superhyperfunction naturally extends these concepts by increasing the structural
complexity of the domain, and for lower 𝑛, it reduces to the previously known classes of submodular functions.

□

3.2 Symmetric Hyperfunction and Their Generalizations

We now introduce the concept of symmetry. A function defined on 2Ω is called symmetric if it remains invariant
under any permutation of the ground set Ω. As a supplementary remark, structures that are not symmetric are
sometimes referred to as asymmetric [151, 392].

Definition 3.13 (Symmetric Function). (cf. [5, 24, 177]) A function 𝑓 : 2Ω → R is symmetric if for every
bijection 𝜋 : Ω → Ω and every 𝑆 ⊆ Ω, we have

𝑓 (𝑆) = 𝑓 (𝜋(𝑆)).

This implies that 𝑓 depends only on the structure of subsets of Ω and not on the particular labeling of the
elements.

Theorem 3.14. A Symmetric Function is a Function.

Proof. This follows directly from the definition. □

By analogy, we can extend symmetry to hyperfunctions and 𝑛-superhyperfunctions. For a hyperfunction 𝑓 :
22Ω → R, a permutation 𝜋 of the ground set Ω induces a permutation on 2Ω defined by 𝜋′ (𝐴) = {𝜋(𝑥) : 𝑥 ∈ 𝐴}
for 𝐴 ⊆ Ω. In turn, 𝜋′ induces a permutation on 22Ω by applying it to each element of a set of subsets.

Definition 3.15 (Symmetric Hyperfunction). A hyperfunction 𝑓 : 22Ω → R is symmetric if for every bijection
𝜋 : Ω → Ω and every 𝑋 ⊆ 2Ω,

𝑓 (𝑋) = 𝑓 ({𝜋′ (𝐴) : 𝐴 ∈ 𝑋}),
where 𝜋′ (𝐴) = {𝜋(𝑎) : 𝑎 ∈ 𝐴}.

Example 3.16. If Ω = {1, 2}, let 𝑓 : 22Ω → R be defined by 𝑓 (𝑋) = |𝑋 |. Any permutation of {1, 2} just
relabels these elements, but since 𝑓 depends only on the cardinality of 𝑋 , 𝑓 remains invariant. Thus it is
symmetric.

Theorem 3.17. A Symmetric Hyperfunction 𝑓 : 22Ω → R is associated with a Hyperstructure.

Proof. A Hyperstructure is defined on the powerset P(Ω), and a Symmetric Hyperfunction operates on the
powerset 22Ω , which is itself a powerset of P(Ω). The symmetry condition ensures that 𝑓 is invariant under
relabeling (or permutations) of the elements of Ω. This invariance aligns with the structural properties of
a Hyperstructure, which is also independent of specific labeling. Therefore, a Symmetric Hyperfunction
inherently operates within the framework of a Hyperstructure. □

Similarly, for 𝑛-superhyperfunctions, a permutation 𝜋 on Ω induces a permutation on 𝑃𝑛 (Ω) level-by-level.
We say:

Definition 3.18 (Symmetric 𝑛-Superhyperfunction). A function 𝑓 : 𝑃𝑛 (Ω) → R is symmetric if for every
bijection 𝜋 : Ω → Ω, the induced action of 𝜋 on 𝑃𝑛 (Ω) (applying 𝜋 at the base level and lifting it through all
𝑛-levels of powersets) satisfies:

𝑓 (𝑋) = 𝑓 (𝜋 (𝑛) (𝑋))
for all 𝑋 ∈ 𝑃𝑛 (Ω), where 𝜋 (𝑛) is the iterated induced permutation acting on elements of 𝑃𝑛 (Ω).
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Example 3.19. Let 𝑓 : 𝑃2 (Ω) → R be defined as 𝑓 (𝑋) = |𝑋 |. For Ω = {1, 2}, any permutation of {1, 2}
induces a re-labeling of subsets at the second level, but the sizes of these sets of subsets remain unchanged,
thus 𝑓 is symmetric.

Theorem 3.20. A Symmetric 𝑛-Superhyperfunction 𝑓 : 𝑃𝑛 (Ω) → R is associated with an 𝑛-Superhyperstructure.

Proof. An 𝑛-Superhyperstructure is defined on the 𝑛-th powerset𝑃𝑛 (Ω), and a Symmetric 𝑛-Superhyperfunction
operates on 𝑃𝑛 (Ω). The symmetry condition ensures that 𝑓 is invariant under any permutation 𝜋 of the ele-
ments of Ω, propagated across all 𝑛-levels of powerset iterations. This invariance aligns with the hierarchical
and structural properties of an 𝑛-Superhyperstructure, which is independent of specific labeling at any level.
Therefore, a Symmetric 𝑛-Superhyperfunction is inherently associated with an 𝑛-Superhyperstructure. □

Theorem 3.21. Symmetric 𝑛-superhyperfunctions generalize symmetric functions and symmetric hyperfunc-
tions. Specifically:

• For 𝑛 = 0, symmetric 0-superhyperfunctions are just symmetric functions 𝑓 : 2Ω → R.

• For 𝑛 = 1, symmetric 1-superhyperfunctions correspond to symmetric hyperfunctions.

Proof. The proof follows the same reasoning as the submodular case. Restricting to 𝑛 = 0 recovers the standard
definition of a symmetric function on 2Ω. For 𝑛 = 1, we recover symmetric hyperfunctions on 22Ω . Thus,
symmetry at level 𝑛 generalizes the classical notion of symmetry at lower levels. □

Remark 3.22. Naturally, one can combine submodularity and symmetry. A submodular and symmetric 𝑛-
superhyperfunction is a function 𝑓 : 𝑃𝑛 (Ω) → R that is both submodular as defined above and symmetric
under any permutation of the base set Ω.

Remark 3.23. In the context of general submodular functions, a submodular set function that takes natural
numbers instead of real numbers is sometimes referred to as a connectivity function [193, 393]. Additionally,
there is a concept known as a submodular partition function, which incorporates the idea of partitions into
submodular set functions [31].

It might be worth considering whether hyperfunction versions of these concepts could be defined or studied as
needed. However, this paper omits such discussions.

3.3 Monotone Hyperfunction and Their Generalizations

A monotone function is a function that either consistently increases or decreases without reversing direction
across its domain (cf. [21, 317, 438, 476, 563, 580]). These concepts can be extended to Hyperfunctions and
𝑛-Superhyperfunctions. Relevant definitions and theorems are provided below.

Definition 3.24 (Monotone Set Function). (cf. [265,273,322]) Let Ω be a finite set. A set function 𝜇 : 2Ω → R
is called monotone if for all 𝐸, 𝐹 ⊆ Ω with 𝐸 ⊆ 𝐹, we have:

𝜇(𝐸) ≤ 𝜇(𝐹).

Example 3.25. Consider Ω = {1, 2, 3} and define 𝜇 : 2Ω → R by 𝜇(𝑆) = |𝑆 |. Since 𝐸 ⊆ 𝐹 implies |𝐸 | ≤ |𝐹 |,
it follows that 𝜇(𝐸) ≤ 𝜇(𝐹), so 𝜇 is monotone.

Theorem 3.26. A Monotone Set Function is a Function.

Proof. This follows directly from the definition. □

We extend monotonicity to hyperfunctions, whose domain is 22Ω .

Definition 3.27 (Monotone Set Hyperfunction). A hyperfunction 𝜇 : 22Ω → R is monotone if for all 𝐴, 𝐵 ⊆ 2Ω
with 𝐴 ⊆ 𝐵, we have:

𝜇(𝐴) ≤ 𝜇(𝐵).
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Example 3.28. Let Ω = {1, 2}, so 2Ω = {∅, {1}, {2}, {1, 2}}. Define 𝜇 : 22Ω → R by:

𝜇(𝑋) = |𝑋 |.

If 𝐴 ⊆ 𝐵 for 𝐴, 𝐵 ⊆ 2Ω, then |𝐴| ≤ |𝐵 |, hence 𝜇(𝐴) ≤ 𝜇(𝐵), making 𝜇 monotone.

Theorem 3.29. A Monotone Set Hyperfunction 𝜇 : 22Ω → R is associated with a Hyperstructure.

Proof. A Hyperstructure is defined on the powerset P(Ω) = 2Ω, and a Monotone Set Hyperfunction operates
on P(P(Ω)) = 22Ω , which is itself a powerset. The monotonicity property ensures that 𝜇 respects the ordering
of subsets within 22Ω . This property aligns with the foundational principles of a Hyperstructure, which relies
on the organization and relationships of subsets within its powerset. Thus, a Monotone Set Hyperfunction
naturally operates within a Hyperstructure. □

Theorem 3.30. A Monotone Set Hyperfunction generalizes a Monotone Set Function.

Proof. A Monotone Set Function 𝜇 : 2Ω → R is defined on the first-level powerset 2Ω, whereas a Monotone
Set Hyperfunction 𝜇 : 22Ω → R operates on the second-level powerset 22Ω . By definition, any Monotone Set
Function satisfies 𝜇(𝐸) ≤ 𝜇(𝐹) for 𝐸 ⊆ 𝐹. A Monotone Set Hyperfunction extends this property to subsets
of 2Ω. Therefore, the hyperfunction generalizes the monotonicity concept from first-level sets to higher-level
structures. □

Iterating this construction, we define monotonicity for functions defined on 𝑃𝑛 (Ω).

Definition 3.31 (Monotone Set 𝑛-Superhyperfunction). For 𝑛 ≥ 1, a function 𝜇 : 𝑃𝑛 (Ω) → R is monotone if
for all 𝑋,𝑌 ⊆ 𝑃𝑛 (Ω) with 𝑋 ⊆ 𝑌 , we have:

𝜇(𝑋) ≤ 𝜇(𝑌 ).

Example 3.32. Take Ω = {1}. Then 𝑃2 (Ω) = 22Ω = {∅, {∅}, {{1}}, {∅, {1}}}. Define 𝜇 : 𝑃2 (Ω) → R by
𝜇(𝑍) = |𝑍 |. If 𝑋 ⊆ 𝑌 in 𝑃2 (Ω), then |𝑋 | ≤ |𝑌 |, hence 𝜇(𝑋) ≤ 𝜇(𝑌 ), so 𝜇 is monotone.

Theorem 3.33. A Monotone Set 𝑛-Superhyperfunction 𝜇 : 𝑃𝑛 (Ω) → R is associated with an 𝑛-Superhyperstructure.

Proof. An 𝑛-Superhyperstructure is defined on the 𝑛-th powerset𝑃𝑛 (Ω), and a Monotone Set 𝑛-Superhyperfunction
operates on 𝑃𝑛 (Ω). The monotonicity property ensures that 𝜇 respects the hierarchical ordering of subsets
within 𝑃𝑛 (Ω). This property directly corresponds to the structural principles of an 𝑛-Superhyperstructure,
which organizes subsets at multiple levels of powerset iterations. Thus, a Monotone Set 𝑛-Superhyperfunction
naturally operates within an 𝑛-Superhyperstructure. □

Theorem 3.34. Monotone 𝑛-superhyperfunctions generalize monotone set functions and monotone hyperfunc-
tions. Specifically:

• For 𝑛 = 0, a monotone 0-superhyperfunction corresponds to a monotone set function 𝜇 : 2Ω → R.

• For 𝑛 = 1, a monotone 1-superhyperfunction is a monotone hyperfunction 𝜇 : 22Ω → R.

Proof. The proof follows by inspection of the domain structure. For 𝑛 = 0, 𝑃0 (Ω) = Ω and monotonicity
reduces to the classical definition on subsets of Ω. For 𝑛 = 1, 𝑃1 (Ω) = 2Ω, so monotonicity defined on 𝑃1 (Ω)
recovers the monotone hyperfunction definition. For 𝑛 > 1, we obtain the more general 𝑛-superhyperfunction
case. □
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3.4 Modular Hyperfunctions and Their Generalizations

A classical concept closely related to submodularity is modularity, which enforces a stricter equality condition
[156,162,366,403,533]. In this subsection, we extend Modular Set Functions to Modular Set Hyperfunctions
and Modular Set 𝑛-Superhyperfunctions. Relevant definitions and theorems are provided below.

Definition 3.35 (Modular Set Function). (cf. [369, 469]) A set function 𝜇 : 2Ω → R is modular if for all
𝐴, 𝐵 ⊆ Ω:

𝜇(𝐴 ∪ 𝐵) + 𝜇(𝐴 ∩ 𝐵) = 𝜇(𝐴) + 𝜇(𝐵).

Example 3.36. Let 𝜇 : 2Ω → R be defined by 𝜇(𝑆) = 𝑐 |𝑆 | for some constant 𝑐. For any 𝐴, 𝐵 ⊆ Ω:

𝜇(𝐴 ∪ 𝐵) + 𝜇(𝐴 ∩ 𝐵) = 𝑐( |𝐴 ∪ 𝐵 | + |𝐴 ∩ 𝐵 |) = 𝑐( |𝐴| + |𝐵 |) = 𝜇(𝐴) + 𝜇(𝐵).

Thus, linear functions of set size are modular.

Theorem 3.37. A Modular Set Function is a Function.

Proof. This follows directly from the definition. □

We extend modularity to hyperfunctions.

Definition 3.38 (Modular Set Hyperfunction). A function 𝜇 : 22Ω → R is modular if for all 𝐴, 𝐵 ⊆ 2Ω:

𝜇(𝐴 ∪ 𝐵) + 𝜇(𝐴 ∩ 𝐵) = 𝜇(𝐴) + 𝜇(𝐵).

Example 3.39. Consider 𝜇 : 22Ω → R defined by 𝜇(𝑋) = 𝑐 |𝑋 | for some constant 𝑐. Using the same argument
as for sets:

𝜇(𝐴 ∪ 𝐵) + 𝜇(𝐴 ∩ 𝐵) = 𝑐( |𝐴 ∪ 𝐵| + |𝐴 ∩ 𝐵 |) = 𝑐( |𝐴| + |𝐵 |) = 𝜇(𝐴) + 𝜇(𝐵).

Theorem 3.40. A Modular Set Hyperfunction 𝜇 : 22Ω → R is associated with a Hyperstructure.

Proof. A Hyperstructure is defined on the powerset P(Ω) = 2Ω, and a Modular Set Hyperfunction operates on
P(P(Ω)) = 22Ω , which is itself a powerset. The modularity property ensures consistency with the union and
intersection operations within the powerset. Since the operations ∪ and ∩ form the basis of the structure of 22Ω ,
the modularity property aligns with the principles of a Hyperstructure. Thus, the Modular Set Hyperfunction
operates naturally within a Hyperstructure. □

Theorem 3.41. A Modular Set Hyperfunction generalizes a Modular Set Function.

Proof. A Modular Set Function 𝜇 : 2Ω → R satisfies:

𝜇(𝐸 ∪ 𝐹) + 𝜇(𝐸 ∩ 𝐹) = 𝜇(𝐸) + 𝜇(𝐹) for all 𝐸, 𝐹 ⊆ Ω.

A Modular Set Hyperfunction 𝜇 : 22Ω → R extends this property to subsets of 2Ω, operating on the second-level
powerset. Hence, a Modular Set Hyperfunction generalizes the modularity property from first-level subsets to
second-level subsets. □

Theorem 3.42. A Modular Set Hyperfunction is a special case of a Submodular Set Hyperfunction.

Proof. A Modular Set Hyperfunction 𝜇 : 22Ω → R satisfies the equality:

𝜇(𝐴 ∪ 𝐵) + 𝜇(𝐴 ∩ 𝐵) = 𝜇(𝐴) + 𝜇(𝐵), for all 𝐴, 𝐵 ⊆ 2Ω.

For a Submodular Set Hyperfunction, the inequality:

𝜇(𝐴 ∪ 𝐵) + 𝜇(𝐴 ∩ 𝐵) ≤ 𝜇(𝐴) + 𝜇(𝐵)

holds for all 𝐴, 𝐵 ⊆ 2Ω. Since equality satisfies the inequality, every Modular Set Hyperfunction is inherently
Submodular. However, the converse is not true; there exist Submodular Set Hyperfunctions that do not satisfy
the equality condition. □

17



Definition 3.43 (Modular Set 𝑛-Superhyperfunction). A function 𝜇 : 𝑃𝑛 (Ω) → R is modular if for all
𝑋,𝑌 ⊆ 𝑃𝑛 (Ω):

𝜇(𝑋 ∪ 𝑌 ) + 𝜇(𝑋 ∩ 𝑌 ) = 𝜇(𝑋) + 𝜇(𝑌 ).

Example 3.44. For any 𝑛, let 𝜇 : 𝑃𝑛 (Ω) → R be defined by 𝜇(𝑍) = 𝑐 |𝑍 | for some constant 𝑐. Since
cardinalities satisfy |𝑋 ∪ 𝑌 | + |𝑋 ∩ 𝑌 | = |𝑋 | + |𝑌 | at any set level, 𝜇 is modular at all superhyperlevels.

Theorem 3.45. A Modular Set 𝑛-Superhyperfunction 𝜇 : 𝑃𝑛 (Ω) → R is associated with an 𝑛-Superhyperstructure.

Proof. An 𝑛-Superhyperstructure is defined on the 𝑛-th powerset 𝑃𝑛 (Ω). A Modular Set 𝑛-Superhyperfunction
operates on 𝑃𝑛 (Ω), preserving modularity under the union and intersection operations within 𝑃𝑛 (Ω). The mod-
ularity property ensures compatibility with the structural principles of 𝑃𝑛 (Ω), making the function inherently
consistent with the 𝑛-Superhyperstructure. □

Theorem 3.46. Modular 𝑛-superhyperfunctions generalize modular set functions and modular hyperfunctions.
Specifically:

• For 𝑛 = 0, a modular 0-superhyperfunction is a modular set function.

• For 𝑛 = 1, a modular 1-superhyperfunction is a modular hyperfunction.

Proof. As in the monotone case, the definitions reduce at lower 𝑛. For 𝑛 = 0, 𝑃0 (Ω) = Ω and sets correspond
to 2Ω. Thus, modularity recovers the classical definition. For 𝑛 = 1, 𝑃1 (Ω) = 2Ω, so functions on 𝑃1 (Ω) are
hyperfunctions. The equality condition for modularity holds at this level as well, giving modular hyperfunctions.
Extending to higher 𝑛 proceeds inductively, preserving the modular equality property at each level. □

Theorem 3.47. A Modular Set 𝑛-Superhyperfunction is a special case of a Submodular Set 𝑛-Superhyperfunction.

Proof. A Modular Set 𝑛-Superhyperfunction 𝜇 : 𝑃𝑛 (Ω) → R satisfies the equality:

𝜇(𝑋 ∪ 𝑌 ) + 𝜇(𝑋 ∩ 𝑌 ) = 𝜇(𝑋) + 𝜇(𝑌 ), for all 𝑋,𝑌 ⊆ 𝑃𝑛 (Ω).

For a Submodular Set 𝑛-Superhyperfunction, the inequality:

𝜇(𝑋 ∪ 𝑌 ) + 𝜇(𝑋 ∩ 𝑌 ) ≤ 𝜇(𝑋) + 𝜇(𝑌 )

holds for all 𝑋,𝑌 ⊆ 𝑃𝑛 (Ω). Since equality satisfies the inequality, every Modular Set 𝑛-Superhyperfunction
is inherently Submodular. However, not all Submodular Set 𝑛-Superhyperfunctions satisfy the equality, thus
Modular Set 𝑛-Superhyperfunctions are a strict subclass of Submodular Set 𝑛-Superhyperfunctions. □

3.5 Recursion HyperFunction (HyperRecursion) and Their Generalizations

Recursion is a fundamental concept where the definition of a function, relation, or structure refers back to
itself on simpler or previously defined instances [60, 240, 295, 453, 472]. It is widely utilized in program-
ming(cf. [88,269,348,420]), control engineering [266], neural networks [253,255,324,330,506], and machine
learning [246, 250]. Here, we extend the notion of recursion from classical functions to hyperfunctions
and 𝑛-superhyperfunctions, ensuring mathematical rigor and guaranteeing that each recursive definition is
well-founded and terminates appropriately.

Definition 3.48 (Recursion Function). (cf. [60, 295, 472]) Let 𝑆 be a non-empty set. A Recursion Function
𝑓 : 𝑆 → 𝑆 is defined by:

1. A base case: A specific element 𝑠0 ∈ 𝑆 for which 𝑓 (𝑠0) is defined directly and does not depend on 𝑓

itself.

2. A recursive step: For any 𝑠 ∈ 𝑆 \ {𝑠0}, 𝑓 (𝑠) is defined in terms of 𝑓 (𝑠′) for some 𝑠′ that is ”simpler” or
”previous” according to a well-founded ordering on 𝑆.
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Formally, suppose (𝑆, <) is a well-founded set. Then a recursion function 𝑓 : 𝑆 → 𝑆 satisfies:

𝑓 (𝑠) =

𝑏 if 𝑠 = 𝑠0 (base case),

𝜑(𝑠, 𝑓 (𝑠1), 𝑓 (𝑠2), . . . , 𝑓 (𝑠𝑘)) if 𝑠 > 𝑠𝑖 for all 𝑖 ∈ {1, . . . , 𝑘} and each 𝑠𝑖 < 𝑠 (recursive step),

where 𝜑 is a well-defined rule ensuring no infinite descending chain occurs.

Theorem 3.49. A Recursion Function is a Function.

Proof. This is evident from the definition. □

Theorem 3.50. If 𝑆 is well-founded and a recursion scheme is given by a base case and a recursive step that
strictly reduces to simpler cases, then there exists a unique recursion function 𝑓 : 𝑆 → 𝑆 satisfying the given
conditions.

Proof. This is a standard result in recursion theory. Well-foundedness guarantees that every definition ter-
minates at the base case, while the uniqueness follows from the requirement that each 𝑓 (𝑠) is determined by
previously defined values. □

We now extend recursion to the case of hyperfunctions, where the codomain is a powerset rather than a single
set.

Definition 3.51 (Recursion Hyperfunction (HyperRecursion)). Let 𝑆 be a non-empty set and 𝑓 : 𝑆 → P(𝑆)
be a hyperfunction. A Recursion Hyperfunction is defined similarly to a recursion function, but:

1. The base case specifies 𝑓 (𝑠0) ⊆ 𝑆 directly.

2. The recursive step defines 𝑓 (𝑠) in terms of 𝑓 (𝑠1), 𝑓 (𝑠2), . . . , 𝑓 (𝑠𝑘), ensuring that each 𝑠𝑖 is simpler or
smaller according to a well-founded order, and that:

𝑓 (𝑠) = Ψ(𝑠, 𝑓 (𝑠1), 𝑓 (𝑠2), . . . , 𝑓 (𝑠𝑘)) ⊆ 𝑆,

for some well-defined set-valued function Ψ.

As with recursion functions, the definition must ensure no infinite regress occurs, allowing 𝑓 to be well-defined
and unique under appropriate conditions.

Theorem 3.52. A Recursion Hyperfunction possesses the structure of a Hyperstructure.

Proof. A Recursion Hyperfunction is defined as 𝑓 : 𝑆 → P(𝑆), leveraging a well-founded recursive scheme.
A Hyperstructure is built upon P(𝑆) and involves operations on subsets of 𝑆. Since a Recursion Hyperfunction
produces elements in P(𝑆) and can be integrated with hyperoperations defined on P(𝑆) (e.g., forming weak
or strong associative conditions if needed), it inherits the nature of a Hyperstructure. Thus, a Recursion
Hyperfunction corresponds to an object that fits naturally into the hyperstructural framework. □

Theorem 3.53. A Recursion Hyperfunction generalizes a Recursion Function.

Proof. A Recursion Function 𝑓 : 𝑆 → 𝑆 maps each element to a single value in 𝑆, following a base case and a
recursive step. By contrast, a Recursion Hyperfunction 𝑓 : 𝑆 → P(𝑆) allows each element 𝑠 ∈ 𝑆 to map to a
subset of 𝑆. If we restrict a Recursion Hyperfunction so that it always returns singleton sets (i.e., each 𝑓 (𝑠) is a
singleton), we recover the behavior of a Recursion Function. Thus, every Recursion Function can be viewed as
a special case of a Recursion Hyperfunction. Hence, Recursion Hyperfunctions strictly generalize Recursion
Functions. □

Theorem 3.54. If 𝑆 is well-founded and a recursion scheme is given for a hyperfunction (with a base case and
a strictly reducing recursive step), then there exists a unique recursion hyperfunction 𝑓 : 𝑆 → P(𝑆) adhering
to that scheme.
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Proof. Analogous to the classical case, the well-founded order ensures termination, and each step uniquely
determines 𝑓 (𝑠), guaranteeing existence and uniqueness. □

Finally, we lift the concept to 𝑛-superhyperfunctions, where the codomain is the 𝑛-th powerset P𝑛 (𝑆).

Definition 3.55 (Recursion 𝑛-Superhyperfunction (Superhyperrecursion)). Let 𝑆 be a non-empty set, and
consider an 𝑛-superhyperfunction:

𝑓 : P𝑟 (𝑆) → P𝑛 (𝑆),

for some 0 ≤ 𝑟 ≤ 𝑛. A Recursion 𝑛-Superhyperfunction is defined by:

1. A base case that directly specifies 𝑓 (𝑋0) ∈ P𝑛 (𝑆) for a minimal element 𝑋0 ∈ P𝑟 (𝑆).

2. A recursive step that, for any 𝑋 ∈ P𝑟 (𝑆) greater than the base case element (according to a well-founded
order on P𝑟 (𝑆)), defines:

𝑓 (𝑋) = Θ(𝑋, 𝑓 (𝑋1), 𝑓 (𝑋2), . . . , 𝑓 (𝑋𝑘)) ∈ P𝑛 (𝑆),

where 𝑋1, . . . , 𝑋𝑘 < 𝑋 and Θ is a suitable set-valued function ensuring a downward chain to the base
case.

Theorem 3.56. A Recursion 𝑛-Superhyperfunction generalizes both Recursion Hyperfunctions and Recursion
Functions.

Proof. A Recursion 𝑛-Superhyperfunction 𝑓 : P𝑟 (𝑆) → P𝑛 (𝑆) operates at the 𝑛-th powerset level. For 𝑛 = 1
and 𝑟 = 0, this reduces to a Recursion Hyperfunction 𝑓 : 𝑆 → P(𝑆). By further restricting the image to
singletons, we recover a classical Recursion Function. Thus, the Recursion 𝑛-Superhyperfunction framework
includes both Recursion Hyperfunctions (when 𝑛 = 1) and Recursion Functions (when restricting the image
to singletons). Therefore, Recursion 𝑛-Superhyperfunctions generalize both Recursion Hyperfunctions and
Recursion Functions. □

Theorem 3.57. A Recursion 𝑛-Superhyperfunction possesses the structure of an 𝑛-Superhyperstructure.

Proof. By definition, an 𝑛-Superhyperfunction 𝑓 : P𝑟 (𝑆) → P𝑛 (𝑆) maps elements of P𝑟 (𝑆) into P𝑛 (𝑆),
where P𝑛 (𝑆) is the 𝑛-th powerset of 𝑆. An 𝑛-Superhyperstructure is characterized by operations defined
on P𝑛 (𝑆). Since the recursion scheme on P𝑛 (𝑆) ensures a well-founded order and defines 𝑓 (𝑋) recur-
sively in terms of previously defined values at lower elements, 𝑓 inherently respects the layered structure
of the 𝑛-th powerset. This aligns with the hierarchical nature of an 𝑛-Superhyperstructure. Consequently,
a Recursion 𝑛-Superhyperfunction, defined via a recursion process on P𝑛 (𝑆), operates naturally within the
𝑛-Superhyperstructural framework. □

Theorem 3.58. IfP𝑟 (𝑆) is equipped with a well-founded order and the recursion scheme for the 𝑛-superhyperfunction
is well-defined (having a proper base case and a strictly reducing recursive step), then there exists a unique
recursion 𝑛-superhyperfunction 𝑓 : P𝑟 (𝑆) → P𝑛 (𝑆).

Proof. The argument extends the previous proofs. The well-founded order ensures no infinite descending
sequences, and each definition step determines 𝑓 (𝑋) uniquely. Thus, existence and uniqueness follow by the
same reasoning as for recursion functions and recursion hyperfunctions. □

3.6 Random HyperFunction and Their Generalizations

In this subsection, we discuss the concept of Random HyperFunction.
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3.6.1 Random HyperFunction and 𝑛-SuperHyperFunction

Random function means a function defined over a probability space, producing unpredictable outputs, used in
programming [202, 332, 576], probability [130, 321, 425], neural networks [373, 561], graphs [58, 143].

Definition 3.59 (Random Function). (cf. [230]) Let 𝑆 be a non-empty set and let Ω be a probability space. A
Random Function is a mapping:

𝐹 : Ω × 𝑆 → 𝑆

such that for each fixed 𝜔 ∈ Ω, the mapping 𝐹 (𝜔, ·) : 𝑆 → 𝑆 is a function. In other words, a random function
assigns to each input 𝑥 ∈ 𝑆 an output 𝐹 (𝜔, 𝑥) ∈ 𝑆, depending on a random parameter 𝜔. This construction
allows uncertainty or variability in the function’s values.

Example 3.60. Let 𝑆 = {1, 2, 3} and Ω = [0, 1] with a uniform probability measure. Define:

𝐹 (𝜔, 𝑥) =


1 if 𝜔 < 1/3,
2 if 1/3 ≤ 𝜔 < 2/3,
3 if 𝜔 ≥ 2/3.

For each 𝜔, 𝐹 (𝜔, ·) is a function that maps every element of 𝑆 to a single element of 𝑆 (here it’s a trivial
function that doesn’t even depend on 𝑥). This is a random function because for different 𝜔 values we might get
different constant outputs.

Theorem 3.61. A Random Function is a Function.

Proof. This follows directly from the definition. □

Definition 3.62 (Random Hyperfunction). Let 𝑆 be a non-empty set, and Ω a probability space. A Random
Hyperfunction is a mapping:

𝐹 : Ω × 𝑆 → P(𝑆)

such that for each fixed 𝜔 ∈ Ω, the mapping 𝐹 (𝜔, ·) : 𝑆 → P(𝑆) is a hyperfunction. That is, for each 𝜔
and each 𝑥 ∈ 𝑆, 𝐹 (𝜔, 𝑥) ⊆ 𝑆. This allows for both randomness (from 𝜔) and multi-valuedness (from the
hyperfunction nature).

Example 3.63. Let 𝑆 = {𝑎, 𝑏} and Ω = [0, 1] with a uniform probability measure. Define:

𝐹 (𝜔, 𝑥) =
{
{𝑎} if 𝜔 < 1/2,
{𝑎, 𝑏} if 𝜔 ≥ 1/2.

Here, for each 𝜔, 𝐹 (𝜔, ·) is a hyperfunction since it maps an element 𝑥 ∈ 𝑆 to a subset of 𝑆. For 𝜔 < 1/2,
𝐹 (𝜔, 𝑥) = {𝑎} for any 𝑥. For 𝜔 ≥ 1/2, 𝐹 (𝜔, 𝑥) = {𝑎, 𝑏} for any 𝑥. Thus, this is a random hyperfunction.

Theorem 3.64. A Random Hyperfunction generalizes a Random Function.

Proof. A Random Function 𝐹 : Ω × 𝑆 → 𝑆 assigns a single element of 𝑆 to each pair (𝜔, 𝑥). A Random
Hyperfunction 𝐹 : Ω × 𝑆 → P(𝑆) assigns a subset of 𝑆 to each pair (𝜔, 𝑥). If we restrict a Random
Hyperfunction to always produce singleton subsets, we recover the behavior of a Random Function. Thus,
every Random Function is a special case of a Random Hyperfunction, proving that Random Hyperfunctions
strictly generalize Random Functions. □

Theorem 3.65. A Random Hyperfunction inherits the structure of a Hyperstructure.

Proof. A Hyperstructure is built on P(𝑆). For a Random Hyperfunction, each fixed 𝜔 yields a hyperfunction
𝐹 (𝜔, ·) : 𝑆 → P(𝑆). Since hyperfunctions naturally operate within the framework of Hyperstructures, the
random parameter 𝜔 does not disrupt this structural alignment. Each 𝜔-slice of the Random Hyperfunction
is a Hyperfunction, hence associated with a Hyperstructure. Thus, a Random Hyperfunction aligns with the
structure of a Hyperstructure at each fixed 𝜔. □
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Definition 3.66 (Random 𝑛-Superhyperfunction). Let 𝑆 be a non-empty set, Ω a probability space, and let
P𝑛 (𝑆) denote the 𝑛-th powerset of 𝑆. A Random 𝑛-Superhyperfunction is a mapping:

𝐹 : Ω × P𝑟 (𝑆) → P𝑛 (𝑆)

for some 0 ≤ 𝑟 ≤ 𝑛, such that for each fixed 𝜔 ∈ Ω, 𝐹 (𝜔, ·) : P𝑟 (𝑆) → P𝑛 (𝑆) is an 𝑛-Superhyperfunction.
Thus, we have both the iterative powerset structure from the 𝑛-superhyperfunction and the randomness from
the probability space.

Example 3.67. Consider 𝑆 = {𝑥}. Then P(𝑆) = {∅, {𝑥}} and P2 (𝑆) = P(P(𝑆)) = {∅, {∅}, {{𝑥}}, {∅, {𝑥}}}.
Let Ω = [0, 1] with a uniform measure. Define:

𝐹 (𝜔, 𝑋) =

{{𝑥}} if 𝜔 < 1/3,
{∅, {𝑥}} if 1/3 ≤ 𝜔 < 2/3,
{∅} if 𝜔 ≥ 2/3.

For each fixed 𝜔, 𝐹 (𝜔, ·) maps elements of P(𝑆) (which is {∅, {𝑥}} at the base level if 𝑟 = 1 or more
complicated sets if 𝑟 > 1) to subsets of P2 (𝑆). This is a random 𝑛-superhyperfunction for 𝑛 = 2 (and an
appropriate choice of 𝑟) that incorporates both multiple levels of powersets and randomness.

Theorem 3.68. A Random 𝑛-Superhyperfunction generalizes a Random Hyperfunction (and hence also a
Random Function).

Proof. A Random 𝑛-Superhyperfunction 𝐹 : Ω × P𝑟 (𝑆) → P𝑛 (𝑆) reduces to a Random Hyperfunction when
𝑛 = 1 and 𝑟 = 0, because P1 (𝑆) = P(𝑆). Since a Random Hyperfunction generalizes a Random Function,
it follows by transitivity that a Random 𝑛-Superhyperfunction generalizes both Random Hyperfunctions and
Random Functions. In other words, by setting 𝑛 = 1 and restricting images to singletons, we can emulate a
Random Function, and by just setting 𝑛 = 1 without further restrictions, we emulate a Random Hyperfunction.
Hence, the 𝑛-Superhyperfunction framework is strictly more general. □

Theorem 3.69. A Random 𝑛-Superhyperfunction inherits the structure of an 𝑛-Superhyperstructure.

Proof. For an 𝑛-Superhyperfunction 𝑓 : P𝑟 (𝑆) → P𝑛 (𝑆), we know it is associated with an 𝑛-Superhyperstructure.
Introducing randomness via Ω to form a Random 𝑛-Superhyperfunction 𝐹 : Ω × P𝑟 (𝑆) → P𝑛 (𝑆) means
that for each 𝜔, 𝐹 (𝜔, ·) is an 𝑛-Superhyperfunction. Since each 𝑛-Superhyperfunction corresponds to an
𝑛-Superhyperstructure, the random extension preserves the hierarchical structure. Hence, a Random 𝑛-
Superhyperfunction aligns with the structure of an 𝑛-Superhyperstructure. □

3.6.2 Hyper-randomness and Their Generalizations

Randomness refers to the lack of pattern or predictability in events, commonly modeled in probability and
statistics [78, 101, 218, 555]. HyperRandomness describes deviations from classical randomness, exhibiting
non-stationary, dependent, and unstable statistical properties.

Definition 3.70 (Randomness). [78, 101, 218, 555] Let {𝑋𝑖}∞𝑖=1 be a sequence of random variables defined on
a probability space (Ω, F , 𝑃). We say the sequence exhibits Randomness if:

1. The random variables 𝑋𝑖 are independent: for any finite collection 𝑋𝑖1 , 𝑋𝑖2 , . . . , 𝑋𝑖𝑘 , their joint distribution
factors into the product of their marginal distributions.

2. The random variables 𝑋𝑖 are identically distributed (IID): each 𝑋𝑖 follows the same probability distribu-
tion.

In essence, randomness here refers to a scenario where the data exhibits no temporal correlation and stable
statistical properties, commonly seen in IID models such as radioactive decay counts or coin flips.
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Example 3.71. Consider a sequence {𝑋𝑖} where each 𝑋𝑖 is a Bernoulli random variable with parameter
𝑝 = 1/2. Each trial is independent and identically distributed. This sequence is random in the classical sense.

Theorem 3.72. If a Random Function 𝐹 : Ω × 𝑆 → 𝑆 is endowed with a hyperoperation defined on its range,
it can be embedded into a Hyperstructure.

Proof. A Random Function 𝐹 produces single-valued outputs for each pair (𝜔, 𝑥). Consider a hyperoperation
◦ defined on 𝑆 that, for any two elements, produces a subset of 𝑆. If we incorporate this hyperoperation into the
image of 𝐹, we can view the image sets under different 𝜔 as collections of subsets (albeit trivial singletons).
By suitably extending or refining ◦ to allow non-trivial set outputs, we can interpret the resulting structure as a
Hyperstructure. Thus, even though the original function is single-valued, the introduction of a hyperoperation
on its codomain allows embedding into a Hyperstructure framework. □

Theorem 3.73. Consider a Random Hyperfunction 𝐹 : Ω × 𝑆 → P(𝑆) that exhibits classical randomness
(IID conditions) at each 𝜔-slice. Then it can be simplified to a Random Function while maintaining structural
properties.

Proof. If the Random Hyperfunction 𝐹 always yields subsets that are, with high probability, singletons due
to IID conditions and stationarity, then for almost all 𝜔, 𝐹 (𝜔, ·) behaves like a function into a single element.
By imposing these constraints, we effectively collapse the hyperfunction into a single-valued function. This
shows that Random Hyperfunctions can be restricted back to Random Functions while retaining the idea of
randomness. The result emphasizes that Random Functions are special cases of Random Hyperfunctions. □

Definition 3.74 (Hyperrandomness). (cf. [204,205,582]) Hyperrandomness refers to a phenomenon where the
statistical properties of the data change over time or across subsets, violating the IID assumptions. Specifically,
a sequence {𝑋𝑖} exhibiting hyperrandomness has:

1. Non-independence: There is temporal or structural dependence among the 𝑋𝑖 .

2. Non-stationarity: The distribution of 𝑋𝑖 changes over time (e.g., means, variances evolve over time).

3. Statistical instability: Metrics like cumulative averages and cumulative variances may not stabilize and
may increase with sample size 𝑁 .

Hyperrandomness captures scenarios where external factors or underlying processes cause departures from
classical randomness. This leads to complex and evolving statistical behaviors that cannot be described by
fixed distributions.

Example 3.75. Suppose {𝑋𝑖} is a sequence of real-valued observations where:

• For 𝑖 ≤ 𝑁0, 𝑋𝑖 ∼ 𝑁 (0, 1) (a normal distribution with mean 0, variance 1).

• For 𝑖 > 𝑁0, the distribution gradually shifts to 𝑋𝑖 ∼ 𝑁 (𝜇𝑖 , 𝜎2
𝑖
) with 𝜇𝑖 increasing over time.

The resulting sequence is non-stationary and may exhibit autocorrelation, making it hyperrandom.

Theorem 3.76. Hyperrandomness generalizes Randomness.

Proof. If we impose IID conditions and stationarity on a hyperrandom process, we return to a classical
random process. Hence, randomness is a special case of hyperrandomness where non-independence and
non-stationarity vanish, and statistical properties stabilize. Thus, hyperrandomness is strictly more general,
encompassing randomness as a subset scenario. □

Theorem 3.77. Hyperrandomness can be modeled within a Hyperstructure framework.
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Proof. Hyperrandomness involves complex, time-evolving statistical behaviors. Consider representing the
temporal sequences of distributions as elements in a set 𝑆 and defining a hyperoperation ◦ that, when applied
to pairs of temporal windows or subsets, yields sets of possible future distributions (reflecting uncertainty and
instability). This construction yields a Hyperstructure (𝑆, ◦) capturing hyperrandomness. The sets generated
by ◦ can represent evolving distributions and statistical properties. Thus, hyperrandomness can be described
using a hyperstructural approach. □

Definition 3.78 (𝑛-Superhyperrandomness). 𝑛-Superhyperrandomness generalizes hyperrandomness by con-
sidering multiple iterative layers of complexity and hierarchical structure. At each level, the distributional
properties and dependencies can evolve, creating a multi-layered non-stationary and non-IID scenario.

Formally, consider a sequence {𝑋 (𝑛)
𝑖

} defined onP𝑛 (𝑆) or representing 𝑛-th order complexities. 𝑛-Superhyperrandomness
occurs if at each of the 𝑛 layers, the statistical properties can change, show non-independence, non-stationarity,
and statistical instability, extending the concept of hyperrandomness to an 𝑛-th power set level of complexity.

Example 3.79. Imagine a scenario with 𝑛 = 2. At the first level, you have a sequence of sets {𝐴𝑖} ⊆ P(𝑆)
whose structure evolves over time. At the second level, you have {𝑋 (2)

𝑖
} ∈ P2 (𝑆) capturing even more complex

patterns (sets of sets), with distributions changing over multiple hierarchical layers. Variances and means
defined at each hierarchical level fail to stabilize, revealing 𝑛-superhyperrandomness.

Theorem 3.80. 𝑛-Superhyperrandomness generalizes Hyperrandomness (and thus Randomness).

Proof. For 𝑛 = 1, 𝑛-superhyperrandomness reduces to hyperrandomness. Since hyperrandomness reduces
to randomness under additional constraints (IID and stationarity), it follows that 𝑛-superhyperrandomness
generalizes both hyperrandomness and randomness. With increasing 𝑛, we add layers of complexity and
structural changes, making 𝑛-superhyperrandomness strictly more general. □

Definition 3.81 (Hyperrandomness and Random Hyperfunctions). A Random Hyperfunction 𝐹 : Ω × 𝑆 →
P(𝑆) is said to exhibit hyperrandomness if the underlying random parameters and outputs at the powerset level
show non-stationary, dependent, and unstable statistical behaviors over time or across indices.

Theorem 3.82. A Random Hyperfunction with hyperrandom behavior generalizes a Random Function with
random behavior.

Proof. If the Random Hyperfunction simplifies to always produce singleton sets and reverts to IID and stationary
distributions, it becomes a Random Function with classical randomness. Allowing sets of outputs and dropping
IID and stationarity leads to hyperrandomness. Thus, hyperrandomness combined with hyperfunctionality
generalizes the classical notion of randomness in functions. □

Definition 3.83 (𝑛-Superhyperrandomness and Random 𝑛-Superhyperfunction). A Random 𝑛-Superhyperfunction
𝐹 : Ω × P𝑟 (𝑆) → P𝑛 (𝑆) exhibits 𝑛-superhyperrandomness if at each powerset iteration level, we have non-
stationary, dependent, and statistically unstable behaviors extending through multiple layers.

Theorem 3.84. A Random 𝑛-Superhyperfunction exhibiting 𝑛-superhyperrandomness generalizes all pre-
viously defined notions (Random Functions, Random Hyperfunctions, Hyperrandomness) and aligns with
𝑛-Superhyperstructures.

Proof. A Random 𝑛-Superhyperfunction is the most general construct discussed, incorporating randomness,
multi-level sets, and complex dependence structures. When it exhibits 𝑛-superhyperrandomness, it encompasses
classical randomness (if constraints are applied), hyperrandomness (if reduced to fewer layers), and random
hyperfunctionality. Additionally, since 𝑛-Superhyperfunctions naturally correspond to 𝑛-Superhyperstructures,
adding 𝑛-superhyperrandomness aligns this construct with the complexity and hierarchical definitions of 𝑛-
Superhyperstructures. Thus, it generalizes all previously considered notions. □

Theorem 3.85. Let 𝐹 : Ω × P𝑟 (𝑆) → P𝑛 (𝑆) be an 𝑛-Superhyperfunction. If 𝐹 exhibits only classical
randomness (IID and stationary conditions) at all 𝑛 levels, then 𝐹 reduces to a Random Hyperfunction and
further to a Random Function by successive restrictions.
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Proof. Since an 𝑛-Superhyperfunction generalizes a Hyperfunction, and a Hyperfunction generalizes a Func-
tion, the presence of classical randomness at all levels ensures that the complexity introduced by iterative
powersets and multi-level sets does not require the extra degrees of freedom. Hence, by constraining each level
to singletons and stable distributions, we revert through each hierarchical layer back to a Random Hyperfunction
and eventually to a Random Function. This telescoping argument demonstrates that 𝑛-Superhyperfunctions
with restrictive conditions can mimic simpler structures. □

Theorem 3.86. 𝑛-Superhyperrandomness can be modeled within an 𝑛-Superhyperstructure framework.

Proof. Consider the 𝑛-th powerset P𝑛 (𝑆). Elements of P𝑛 (𝑆) represent hierarchical, iterative subsets of 𝑆. In
𝑛-superhyperrandomness, we have time-evolving, non-stationary, and dependent distributions associated with
these elements. We need to encode both the hierarchical structure and the evolving statistical properties into a
suitable algebraic setting.

Let ◦𝑛 be a hyperoperation on P𝑛 (𝑆) that takes two 𝑛-th level subsets and produces a set of possible future
subsets that reflect the changing distributions and dependencies. For example, if 𝑋,𝑌 ∈ P𝑛 (𝑆) represent
current statistical states (e.g., distributions, cumulative averages) at the 𝑛-th level, define:

𝑋 ◦𝑛 𝑌 = {𝑍 ∈ P𝑛 (𝑆) : 𝑍 is compatible with the combined statistical evolution of 𝑋 and 𝑌 }.

This operation produces a set of potential outcomes, each corresponding to a distinct statistical trajectory. The
non-uniqueness and complexity reflect 𝑛-superhyperrandomness.

An 𝑛-Superhyperstructure is defined on P𝑛 (𝑆) with a hyperoperation. By defining ◦𝑛 in a way that encodes
non-stationarity, non-independence, and statistical instability, we ensure that the resulting structure (P𝑛 (𝑆), ◦𝑛)
captures the essence of 𝑛-superhyperrandomness. The hyperoperation ◦𝑛 does not produce a single outcome
but a set of outcomes, allowing for flexible modeling of uncertainty and complexity.

Since (P𝑛 (𝑆), ◦𝑛) is by construction an 𝑛-Superhyperstructure, and we have shown how to incorporate 𝑛-
superhyperrandomness into its definition, it follows that 𝑛-Superhyperrandomness can indeed be represented
within an 𝑛-Superhyperstructure framework.

Thus, Theorem 3.86 is proved. □

Theorem 3.87. A Random 𝑛-Superhyperfunction exhibiting 𝑛-superhyperrandomness can be naturally inte-
grated into an 𝑛-Superhyperstructure that models its complexity and non-stationary statistical properties.

Proof. A Random 𝑛-Superhyperfunction 𝐹 : Ω×P𝑟 (𝑆) → P𝑛 (𝑆) provides the randomness and hierarchical set
structure. Adding 𝑛-superhyperrandomness means that the statistical properties at each level evolve over time.
According to Theorem 3.86, this evolution can be encoded into the hyperoperation of an 𝑛-Superhyperstructure.
Thus, by selecting an appropriate hyperoperation ◦𝑛, we represent both the 𝑛-superhyperfunction’s hierarchical
mapping and the 𝑛-superhyperrandomness’ complexity. As a result, the entire phenomenon is captured within
an 𝑛-Superhyperstructure, confirming the alignment of these concepts. □

4 Future Directions of this Paper: Extensions Using Superhyperstructures

This section outlines the future directions of this research. The primary focus is to explore the applicability of
Hyperstructures and SuperHyperstructures to other concepts and to investigate potential applications stemming
from these extensions. Additionally, future work will focus on the development of construction and recognition
algorithms tailored to the Hyperstructure and SuperHyperstructure frameworks.
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4.1 Future Directions: Weak Hyperstructures and n-Weak Superhyperstructures

Several studies have explored Weak Hyperstructures as extensions of the broader Hyperstructure framework
[15, 18, 119, 139, 278, 280, 376, 539, 543]. As noted in the introduction, Hyperstructures are commonly used
in group theory and algebra theory. However, this paper focuses on their examination in the context of power
sets, a distinction readers should note.

Building on this foundation, the subsection proposes extending these concepts further to n-Weak Superhyper-
structures. It is anticipated that future research will expand these ideas to encompass applications in graph
theory, networks, and algebraic systems. It is important to note that, depending on the context of a given study,
Hyperstructure research may overlap with algebraic studies. Therefore, caution is advised when interpreting
the scope and definitions used in different papers.

Definition 4.1 (Weak Hyperstructure). (cf. [18, 119, 139, 543]) A Weak Hyperstructure is a generalization of
a Hyperstructure in which the associative axiom is replaced by a weaker condition. Let 𝑆 be a non-empty set,
and let P(𝑆) denote the powerset of 𝑆. A Weak Hyperstructure is a pair:

W = (P(𝑆), ◦),

where ◦ : P(𝑆) × P(𝑆) → P(𝑆) is a hyperoperation satisfying the following weak associativity condition:

∀𝐴, 𝐵, 𝐶 ∈ P(𝑆), ©­«
⋃

𝑥∈𝐴◦(𝐵◦𝐶 )
𝑥
ª®¬ ∩ ©­«

⋃
𝑦∈ (𝐴◦𝐵)◦𝐶

𝑦
ª®¬ ≠ ∅.

In other words, while a strict Hyperstructure requires 𝐴 ◦ (𝐵 ◦ 𝐶) = (𝐴 ◦ 𝐵) ◦ 𝐶, a Weak Hyperstructure only
demands that the results of these operations share at least one common element.

Theorem 4.2. Every Hyperstructure is a Weak Hyperstructure, but not every Weak Hyperstructure is a
Hyperstructure.

Proof. If (P(𝑆), ◦) is a Hyperstructure, then associativity holds exactly:

𝐴 ◦ (𝐵 ◦ 𝐶) = (𝐴 ◦ 𝐵) ◦ 𝐶.

This implies that: ⋃
𝑥∈𝐴◦(𝐵◦𝐶 )

𝑥 =
⋃

𝑦∈ (𝐴◦𝐵)◦𝐶
𝑦,

hence the weak condition (non-empty intersection) is trivially satisfied.

Conversely, a Weak Hyperstructure may satisfy only the weaker condition. Such a structure need not have strict
associativity, allowing counterexamples where the two sides do not match exactly but still have a non-empty
intersection. Thus, not all Weak Hyperstructures are Hyperstructures. □

Definition 4.3 (𝑛-Weak Superhyperstructure). For 𝑛 ≥ 1, an 𝑛-Weak Superhyperstructure is defined by iterating
the powerset construction 𝑛-times. Let P0 (𝑆) = 𝑆 and P𝑘+1 (𝑆) = P(P𝑘 (𝑆)).

An 𝑛-Weak Superhyperstructure is:
WSH𝑛 = (P𝑛 (𝑆), ◦),

where ◦ : P𝑛 (𝑆) × P𝑛 (𝑆) → P𝑛 (𝑆) satisfies the weak associativity condition at the 𝑛-th level of iteration:

∀𝐴, 𝐵, 𝐶 ∈ P𝑛 (𝑆),
©­«

⋃
𝑥∈𝐴◦(𝐵◦𝐶 )

𝑥
ª®¬ ∩ ©­«

⋃
𝑦∈ (𝐴◦𝐵)◦𝐶

𝑦
ª®¬ ≠ ∅.

Theorem 4.4. Every 𝑛-Superhyperstructure is an 𝑛-Weak Superhyperstructure, but not every 𝑛-Weak Super-
hyperstructure is an 𝑛-Superhyperstructure.

Proof. If strict associativity holds at the 𝑛-th level, it trivially implies the weak associativity condition. However,
a weak condition does not guarantee equality, just a non-empty intersection. Hence the inclusion. □
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4.1.1 Weak Hypergraph

The authors believe that Weak Hyperstructures have the potential for various applications across multiple
domains. As an example, we consider the field of graph theory.

Hypergraphs serve as a fundamental example of Hyperstructures [59,75]. By analogy, this paper introduces the
concepts of Weak Hypergraphs and n-Weak Superhypergraphs, extending the traditional hypergraph framework
by incorporating the principle of weak associativity into their structural definitions. It is important to note that
this paper omits discussions on the basic principles of graph theory. For a comprehensive understanding of
graph theory and its notations, readers are encouraged to consult [134–136, 211, 213, 326].

Definition 4.5 (Graph). [136] A graph 𝐺 is a mathematical structure used to represent relationships between
objects. It comprises a set of vertices 𝑉 (𝐺) and a set of edges 𝐸 (𝐺), where each edge connects a pair of
vertices. Formally, a graph is represented as𝐺 = (𝑉, 𝐸), where𝑉 is the set of vertices and 𝐸 is the set of edges.

Definition 4.6 (Hypergraph). [59] A hypergraph 𝐻 = (𝑉, 𝐸) consists of a set 𝑉 of vertices and a set 𝐸 of
hyperedges. Each hyperedge 𝑒 ∈ 𝐸 is a subset of 𝑉 , meaning 𝑒 ⊆ 𝑉 and 𝐸 ⊆ P(𝑉), where P(𝑉) denotes the
power set of 𝑉 .

Example 4.7 (Hypergraph). [59] Let 𝑉 = {1, 2, 3} be a set of vertices. Consider the hyperedges:

𝐸 = {{1, 2}, {2, 3}, {1, 2, 3}}.

Then 𝐻 = (𝑉, 𝐸) is a hypergraph. Here:

• Each hyperedge is simply a subset of 𝑉 .

• There is no operation defined on the set of hyperedges, so no notion of associativity arises.

This is a standard hypergraph: it lists a collection of subsets of 𝑉 as hyperedges, but does not impose any
additional structure.

Definition 4.8 (Weak Hypergraph). A Weak Hypergraph is a triple (𝑉, 𝐸, ◦) where:

• 𝑉 is a non-empty set of vertices.

• 𝐸 ⊆ P(𝑉) \ {∅} is a collection of hyperedges.

• ◦ : 𝐸 × 𝐸 → P(𝐸) is a hyperoperation on the hyperedges.

The weak associativity condition for a Weak Hypergraph is:

∀𝐴, 𝐵, 𝐶 ∈ 𝐸, ©­«
⋃

𝑥∈𝐴◦(𝐵◦𝐶 )
𝑥
ª®¬ ∩ ©­«

⋃
𝑦∈ (𝐴◦𝐵)◦𝐶

𝑦
ª®¬ ≠ ∅.

This structure does not require strict associativity of hyperedges but only that the outcomes have some overlap.

Now we introduce a hyperoperation ◦ on the set of hyperedges to form a Weak Hypergraph. The key difference
is that we will not require strict associativity. Instead, we only need that any two different ways of associating
the hyperoperation produce results with a non-empty intersection.

Example 4.9 (Weak Hypergraph). Let 𝑉 = {𝑎, 𝑏} be a vertex set, and let the hyperedges be:

𝐸 = {𝐴, 𝐵, 𝐶} where 𝐴 = {𝑎}, 𝐵 = {𝑏}, 𝐶 = {𝑎, 𝑏}.

Define a hyperoperation ◦ : 𝐸 × 𝐸 → P(𝐸) as follows:

𝐴 ◦ 𝐵 = {𝐴,𝐶}, 𝐵 ◦ 𝐶 = {𝐶}, 𝐴 ◦ 𝐶 = {𝐵,𝐶}, 𝐶 ◦ 𝐴 = {𝐴, 𝐵}, 𝐶 ◦ 𝐵 = {𝐵}, 𝐵 ◦ 𝐴 = {𝐶}.
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Check weak associativity for a triple, say (𝐴, 𝐵, 𝐶):

𝐴 ◦ (𝐵 ◦ 𝐶) = 𝐴 ◦ {𝐶} = 𝐴 ◦ 𝐶 = {𝐵,𝐶},

while
(𝐴 ◦ 𝐵) ◦ 𝐶 = {𝐴,𝐶} ◦ 𝐶.

Now {𝐴,𝐶} ◦ 𝐶 =
⋃

𝑥∈{𝐴,𝐶 } 𝑥 ◦ 𝐶. Since 𝐴 ◦ 𝐶 = {𝐵,𝐶} and 𝐶 ◦ 𝐶 can be defined similarly (suppose
𝐶 ◦ 𝐶 = {𝐶}), then:

(𝐴 ◦ 𝐵) ◦ 𝐶 = ({𝐴,𝐶} ◦ 𝐶) = {𝐵,𝐶} ∪ {𝐶} = {𝐵,𝐶}.

We have:
𝐴 ◦ (𝐵 ◦ 𝐶) = {𝐵,𝐶} and (𝐴 ◦ 𝐵) ◦ 𝐶 = {𝐵,𝐶}.

In this case, they are actually equal, but even if we had a scenario where they differ but share a non-empty
intersection, the structure would still be a Weak Hypergraph. The critical difference from a standard Hypergraph
is the presence of the operation ◦ and the relaxed (weak) associativity condition.

Example 4.10 (Distinguishing Hypergraph and Weak Hypergraph). Consider a hypergraph 𝐻 = (𝑉, 𝐸) with:

𝑉 = {𝑥, 𝑦}, 𝐸 = {{𝑥}, {𝑦}}.

As a plain hypergraph, no operation is defined on 𝐸 . We just have two hyperedges {𝑥} and {𝑦}.

Now suppose we define an operation ◦ on 𝐸 by:

{𝑥} ◦ {𝑥} = {{𝑥}}, {𝑦} ◦ {𝑦} = {{𝑦}}, and {𝑥} ◦ {𝑦} = {{𝑥}, {𝑦}}, {𝑦} ◦ {𝑥} = {{𝑥}}.

Check associativity:
({𝑥} ◦ {𝑥}) ◦ {𝑦} = {{𝑥}} ◦ {𝑦} = {{𝑥}, {𝑦}},

while
{𝑥} ◦ ({𝑥} ◦ {𝑦}) = {𝑥} ◦ {{𝑥}, {𝑦}}.

Since {𝑥} ◦ {𝑦} yields {{𝑥}, {𝑦}}, applying {𝑥} to each element in {{𝑥}, {𝑦}} might produce a different set,
and you might not get equality. However, if you ensure they share at least one common element, you have a
Weak Hypergraph. If equality fails but intersection is non-empty, associativity is not strict. This difference
shows that adding the operation ◦ and relaxing associativity transforms a standard Hypergraph into a Weak
Hypergraph.

Theorem 4.11. Every Hypergraph can be viewed as a Weak Hypergraph, but not every Weak Hypergraph
corresponds to a strictly associative Hypergraph structure.

Proof. Follows directly from the analogy with Hyperstructures. If associativity of hyperedges is strict, it
trivially satisfies the weak condition. If only the weak condition holds, the structure is weaker and does not
imply strict equality of outcomes. □

Theorem 4.12. A Weak Hypergraph possesses the structure of a Weak Hyperstructure.

Proof. A Weak Hypergraph (𝑉, 𝐸, ◦) is defined with:

• 𝑉 , a set of vertices.

• 𝐸 ⊆ P(𝑉) \ {∅}, a collection of hyperedges.
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• ◦ : 𝐸 × 𝐸 → P(𝐸), a hyperoperation satisfying weak associativity:

∀𝐴, 𝐵, 𝐶 ∈ 𝐸, ©­«
⋃

𝑥∈𝐴◦(𝐵◦𝐶 )
𝑥
ª®¬ ∩ ©­«

⋃
𝑦∈ (𝐴◦𝐵)◦𝐶

𝑦
ª®¬ ≠ ∅.

The pair (P(𝐸), ◦) forms a Weak Hyperstructure because ◦ satisfies weak associativity and the domain P(𝐸)
aligns with the structure of a Weak Hyperstructure. Thus, a Weak Hypergraph is a specific instance of a Weak
Hyperstructure. □

Definition 4.13 (𝑛-SuperHyperGraph). (cf. [184, 487, 488]) Let 𝑉0 be a finite set of base vertices. Define the
𝑛-th iterated power set of 𝑉0 recursively as:

P0 (𝑉0) = 𝑉0, P𝑘+1 (𝑉0) = P
(
P𝑘 (𝑉0)

)
,

where P(𝐴) denotes the power set of set 𝐴.

An 𝑛-SuperHyperGraph is an ordered pair 𝐻 = (𝑉, 𝐸), where:

• 𝑉 ⊆ P𝑛 (𝑉0) is the set of supervertices, which are elements of the 𝑛-th power set of 𝑉0.

• 𝐸 ⊆ P𝑛 (𝑉0) is the set of superedges, also elements of P𝑛 (𝑉0).

Each supervertex 𝑣 ∈ 𝑉 can be:

• A single vertex (𝑣 ∈ 𝑉0),

• A subset of 𝑉0 (𝑣 ⊆ 𝑉0),

• A subset of subsets of 𝑉0, up to 𝑛 levels (𝑣 ∈ P𝑛 (𝑉0)),

• An indeterminate or fuzzy set(cf. [568]),

• The null set (𝑣 = ∅).

Each superedge 𝑒 ∈ 𝐸 connects supervertices, potentially at different hierarchical levels up to 𝑛.

Definition 4.14 (𝑛-Weak Superhypergraph). An 𝑛-Weak Superhypergraph generalizes the concept of a Weak
Hypergraph by iterating the powerset operation 𝑛-times on the edge sets. Formally, let P𝑛 (𝑉) be the 𝑛-th
powerset of 𝑉 . Define:

WGH𝑛 = (𝑉, E𝑛, ◦),

where E𝑛 ⊆ P𝑛 (𝑉) and ◦ : E𝑛 × E𝑛 → P(E𝑛) satisfies the weak associativity condition at the 𝑛-th level.

Example 4.15 (𝑛-Weak Superhypergraph). Let 𝑉 = {𝑢}. Then P(𝑉) = {∅, {𝑢}}. For 𝑛 = 2, P2 (𝑉) =

P(P(𝑉)) = {∅, {∅}, {{𝑢}}, {∅, {𝑢}}}.

Define E2 ⊆ P2 (𝑉) to be a small subset, for example:

E2 = {{∅}, {{𝑢}}, {∅, {𝑢}}}.

Then define a hyperoperation ◦ : E2×E2 → P(E2) that satisfies the weak associativity condition at this second
level of iteration (i.e., ensure that for any triple of elements from E2, the two different ways of composing
them share a non-empty intersection). Without detailing a full table, one can choose ◦ so that it is not strictly
associative, but still ensures that each pairwise composition leads to overlapping results.

This construction yields an 𝑛-Weak Superhypergraph (with 𝑛 = 2 in this example), generalizing the Weak
Hypergraph concept to higher-order powersets.
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Theorem 4.16. Every 𝑛-Superhypergraph is an 𝑛-Weak Superhypergraph, but the converse is not necessarily
true.

Proof. This result is analogous to the relationship between 𝑛-Superhyperstructures and 𝑛-Weak Superhyper-
structures. Strict associativity at the 𝑛-th level implies the weak condition, but the weak condition alone does
not guarantee strict associativity. □

Theorem 4.17. An 𝑛-Weak Superhypergraph possesses the structure of an 𝑛-Weak Superhyperstructure.

Proof. An 𝑛-Weak Superhypergraph WGH𝑛 = (𝑉, E𝑛, ◦) is defined with:

• 𝑉 , a set of vertices.

• E𝑛 ⊆ P𝑛 (𝑉), a set of 𝑛-th level hyperedges.

• ◦ : E𝑛 × E𝑛 → P(E𝑛), satisfying weak associativity at the 𝑛-th level:

∀𝐴, 𝐵, 𝐶 ∈ E𝑛,
©­«

⋃
𝑥∈𝐴◦(𝐵◦𝐶 )

𝑥
ª®¬ ∩ ©­«

⋃
𝑦∈ (𝐴◦𝐵)◦𝐶

𝑦
ª®¬ ≠ ∅.

The pair (P𝑛 (𝑉), ◦) forms an 𝑛-Weak Superhyperstructure because P𝑛 (𝑉) is the domain and ◦ satisfies weak
associativity. Therefore, 𝑛-Weak Superhypergraphs are examples of 𝑛-Weak Superhyperstructures. □

4.1.2 Weak Hyperfunction

In this subsubsection, we provide a more mathematically precise and detailed formulation of Weak Hyper-
functions and Weak 𝑛-Superhyperfunctions. Although these concepts are still in the conceptual stage, the
definitions and theorems below aim to clarify their structure and properties. Future work may refine these
notions further.

Notation 4.18 (Hyperfunction Composition (Recall)). Let 𝑆 be a non-empty set, and let P(𝑆) denote the
powerset of 𝑆. A hyperfunction is a function 𝑓 : 𝑆 → P(𝑆). Given two hyperfunctions 𝑓 , 𝑔 : 𝑆 → P(𝑆), their
composition 𝑓 ◦ 𝑔 : 𝑆 → P(𝑆) is defined as:

( 𝑓 ◦ 𝑔) (𝑥) =
⋃

𝑦∈𝑔 (𝑥 )
𝑓 (𝑦).

This definition ensures that the image of 𝑥 under 𝑓 ◦ 𝑔 is the union of the images under 𝑓 of all elements in the
image 𝑔(𝑥).

For three hyperfunctions 𝑓 , 𝑔, ℎ : 𝑆 → P(𝑆), we can consider their compositions in two different ways:

𝑓 ◦ (𝑔 ◦ ℎ) and ( 𝑓 ◦ 𝑔) ◦ ℎ.

Strict associativity would require these two compositions to produce exactly the same set for every 𝑥 ∈ 𝑆.

Weak Hyperfunctions relax the condition of strict associativity. Instead of requiring equality, we only demand
that the results of different parenthesizations have a non-empty intersection for every input.

Definition 4.19 (Weak Hyperfunction). Let F be a collection of hyperfunctions 𝑓 : 𝑆 → P(𝑆). We say that
F consists of Weak Hyperfunctions if for every triple ( 𝑓 , 𝑔, ℎ) ∈ F 3 and for every 𝑥 ∈ 𝑆,

( 𝑓 ◦ (𝑔 ◦ ℎ)) (𝑥) ∩ (( 𝑓 ◦ 𝑔) ◦ ℎ) (𝑥) ≠ ∅.

In other words, the triple ( 𝑓 , 𝑔, ℎ) is weakly associative if no matter how we parenthesize the compositions,
the resulting sets have at least one common element at each 𝑥 ∈ 𝑆.
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This condition is strictly weaker than associativity. Associativity demands:

𝑓 ◦ (𝑔 ◦ ℎ) = ( 𝑓 ◦ 𝑔) ◦ ℎ,

while weak associativity only insists on:

( 𝑓 ◦ (𝑔 ◦ ℎ)) (𝑥) ∩ (( 𝑓 ◦ 𝑔) ◦ ℎ) (𝑥) ≠ ∅ for all 𝑥 ∈ 𝑆.

Theorem 4.20. If 𝑓 , 𝑔, ℎ : 𝑆 → P(𝑆) are strictly associative, then they are also weakly associative.

Proof. Strict associativity implies equality of sets. Thus, if 𝑓 ◦ (𝑔 ◦ ℎ) = ( 𝑓 ◦ 𝑔) ◦ ℎ pointwise, then their
intersection is always the same set, ensuring non-emptiness. □

Theorem 4.21. Not every weakly associative triple ( 𝑓 , 𝑔, ℎ) is strictly associative.

Proof. Construct a counterexample by defining hyperfunctions where ( 𝑓 ◦ (𝑔 ◦ ℎ)) (𝑥) and (( 𝑓 ◦ 𝑔) ◦ ℎ) (𝑥)
differ but still overlap by at least one element. Such a construction shows that weak associativity does not
enforce full equality, only a non-empty intersection. □

Theorem 4.22. A collection of Weak Hyperfunctions forms a Weak Hyperstructure.

Proof. Let F be a collection of hyperfunctions 𝑓 : 𝑆 → P(𝑆) such that for all 𝑓 , 𝑔, ℎ ∈ F and all 𝑥 ∈ 𝑆, the
weak associativity condition holds:

( 𝑓 ◦ (𝑔 ◦ ℎ)) (𝑥) ∩ (( 𝑓 ◦ 𝑔) ◦ ℎ) (𝑥) ≠ ∅.

To prove that F forms a Weak Hyperstructure:

• The domain of the hyperoperation is P(F ), the powerset of F , which aligns with the definition of a
Weak Hyperstructure.

• The operation ◦ satisfies weak associativity, as it ensures a non-empty intersection of results regardless
of the order of composition.

Thus, (P(F ), ◦) is a Weak Hyperstructure. □

We can generalize hyperfunctions to 𝑛-Superhyperfunctions by replacing the codomain P(𝑆) with an 𝑛-th
powerset P𝑛 (𝑆). Similarly, we extend weak associativity to the 𝑛-th level.

Definition 4.23 (𝑛-Superhyperfunction (Recall)). For 𝑛 ≥ 1, an 𝑛-Superhyperfunction is a function:

𝑓 : P𝑟 (𝑆) → P𝑛 (𝑆),

where 0 ≤ 𝑟 ≤ 𝑛 and P𝑛 (𝑆) denotes the 𝑛-th powerset of 𝑆. Composition of 𝑛-Superhyperfunctions is defined
by iterating the composition definition through the appropriate powerset levels.

Definition 4.24 (𝑛-Weak Superhyperfunction). A triple ( 𝑓 , 𝑔, ℎ) of 𝑛-Superhyperfunctions is 𝑛-weakly asso-
ciative if for all 𝑋 ∈ P𝑟 (𝑆):

( 𝑓 ◦ (𝑔 ◦ ℎ)) (𝑋) ∩ (( 𝑓 ◦ 𝑔) ◦ ℎ) (𝑋) ≠ ∅.

If every triple of 𝑛-Superhyperfunctions chosen from a collection satisfies this condition, we call them 𝑛-Weak
Superhyperfunctions.

Theorem 4.25. Every strictly associative triple of 𝑛-Superhyperfunctions is 𝑛-weakly associative.

Proof. Strict associativity at the 𝑛-th level ensures equality of results, hence their intersection is non-empty. □
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Theorem 4.26. Not every 𝑛-weakly associative triple of 𝑛-Superhyperfunctions is strictly associative.

Proof. Again, by constructing suitable examples where the sets differ but still share at least one element, we
demonstrate that 𝑛-weak associativity does not imply strict equality. □

Theorem 4.27. A collection of 𝑛-Weak Superhyperfunctions forms an 𝑛-Weak Superhyperstructure.

Proof. Let F𝑛 be a collection of 𝑛-Superhyperfunctions 𝑓 : P𝑟 (𝑆) → P𝑛 (𝑆) for 0 ≤ 𝑟 ≤ 𝑛. Assume that for
all 𝑓 , 𝑔, ℎ ∈ F𝑛 and all 𝑋 ∈ P𝑟 (𝑆), the 𝑛-weak associativity condition holds:

( 𝑓 ◦ (𝑔 ◦ ℎ)) (𝑋) ∩ (( 𝑓 ◦ 𝑔) ◦ ℎ) (𝑋) ≠ ∅.

To prove that F𝑛 forms an 𝑛-Weak Superhyperstructure:

• The domain of the hyperoperation is P𝑛 (F𝑛), the 𝑛-th powerset of F𝑛, consistent with the definition of
an 𝑛-Weak Superhyperstructure.

• The operation ◦ satisfies 𝑛-weak associativity, ensuring a non-empty intersection of results at the 𝑛-th
level of composition.

Therefore, (P𝑛 (F𝑛), ◦) is an 𝑛-Weak Superhyperstructure. □

4.2 Discussions: Hypercontext

Other avenues for future exploration in this study is the examination of hypercontext. A context serves as a
structured framework defining relationships, constraints, or patterns among elements within a specific domain
or system (cf. [3, 73, 125, 140, 186, 304]). For instance, in conversations between individuals from different
backgrounds, variations in context can lead to differences in perception or understanding. Context theory has
also been studied from perspectives such as fuzzy theory [400, 432, 459, 530].

We aim to explore these contexts by extending them to hypercontexts and superhypercontexts. This includes
investigating whether such extensions are implicitly implemented within existing systems, providing a broader
perspective for analysis and application.

Definition 4.28 (Context). Let𝑈 be a nonempty set, and let 𝑅 ⊆ 𝑈×𝑈 be a relation on𝑈. A context is defined
as the pair 𝐶 = (𝑈, 𝑅), where 𝑅 represents contextual constraints or rules linking elements of𝑈.

Example 4.29. Consider 𝑈 = {Person A, Person B, Person C}, representing a group of individuals, and let
𝑅 = {(Person A, Person B), (Person B, Person C)}, representing a mentorship relationship. The context 𝐶 =

(𝑈, 𝑅) specifies who is mentoring whom in this setting.

Definition 4.30 (Hypercontext). Given a context 𝐶 = (𝑈, 𝑅), define a Hypercontext as:

HC = (P(𝑈), 𝑅∗),

where P(𝑈) is the power set of𝑈, and 𝑅∗ ⊆ P(𝑈) ×P(𝑈) is a relation that extends 𝑅 from individual elements
to subsets of𝑈. Instead of relating single elements, a hypercontext relates entire subsets, allowing us to capture
more complex patterns or themes.

Theorem 4.31. A Hypercontext generalizes a Context.

Proof. Consider a context 𝐶 = (𝑈, 𝑅). A Hypercontext is defined as HC = (P(𝑈), 𝑅∗). If we restrict HC
to singletons {𝑢} for 𝑢 ∈ 𝑈, the relation 𝑅∗ on singletons can be chosen to recover the original relation 𝑅.
Specifically, for 𝑢, 𝑣 ∈ 𝑈, (𝑢, 𝑣) ∈ 𝑅 if and only if ({𝑢}, {𝑣}) ∈ 𝑅∗. Thus, a Hypercontext, when restricted to
singletons, behaves like a Context, showing that Hypercontexts generalize Contexts. □

Theorem 4.32. A Hypercontext possesses the structure of a Hyperstructure.
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Proof. A Hyperstructure is built upon a powerset P(𝑈) with operations defined on subsets. A Hypercontext
HC = (P(𝑈), 𝑅∗) involves relations on P(𝑈). To align it with a Hyperstructure, consider a hyperoperation
◦ defined on P(𝑈) that interacts consistently with 𝑅∗ (for example, defining ◦ to combine subsets in a way
compatible with contextual constraints). This integration shows that a Hypercontext can be endowed with a
suitable hyperoperation to form a Hyperstructure. Thus, a Hypercontext naturally fits into a Hyperstructure
framework. □

Definition 4.33 (𝑛-Superhypercontext). For a given nonempty set 𝑈, let P1 (𝑈) = P(𝑈) and define P𝑛 (𝑈) =
P(P𝑛−1 (𝑈)) as the 𝑛-th iterated power set of𝑈. An 𝑛-Superhypercontext is defined as:

SHC𝑛 = (P𝑛 (𝑈), 𝑅 (𝑛) ),

where 𝑅 (𝑛) ⊆ P𝑛 (𝑈) × P𝑛 (𝑈) is a relation at the 𝑛-th power set level. This generalizes the concept of a
hypercontext through multiple iterative layers, enabling analysis of contexts-of-contexts, and so on.

Theorem 4.34. An 𝑛-Superhypercontext generalizes both a Hypercontext and a Context.

Proof. An 𝑛-Superhypercontext SHC𝑛 = (P𝑛 (𝑈), 𝑅 (𝑛) ) reduces to a Hypercontext (P(𝑈), 𝑅∗) when 𝑛 = 1.
Thus, it generalizes a Hypercontext.

Since a Hypercontext generalizes a Context, and an 𝑛-Superhypercontext generalizes a Hypercontext, it follows
by transitivity that an 𝑛-Superhypercontext also generalizes a Context. By choosing 𝑛 = 1 and restricting to
singletons, we recover the original Context structure. □

Theorem 4.35. An 𝑛-Superhypercontext possesses the structure of an 𝑛-Superhyperstructure.

Proof. By definition, an 𝑛-Superhypercontext SHC𝑛 = (P𝑛 (𝑈), 𝑅 (𝑛) ) is defined at the 𝑛-th powerset level.
An 𝑛-Superhyperstructure is also built on P𝑛 (𝑈) with operations defined at that level. Since SHC𝑛 can be
complemented by defining suitable 𝑛-th level hyperoperations that interact with 𝑅 (𝑛) to maintain structural
properties, it inherits the 𝑛-Superhyperstructural form. In other words, just as a Hypercontext aligns with
Hyperstructure at 𝑛 = 1, an 𝑛-Superhypercontext aligns with an 𝑛-Superhyperstructure at the 𝑛-th level. □

Example 4.36. Consider 𝑈 as a set of words, and 𝑅 indicates that two words appear together frequently in
scientific articles. A context 𝐶 = (𝑈, 𝑅) can tell us if the word ”cell” relates to the word ”microscope.”

A hypercontext HC, on the other hand, works with subsets. For instance, it can describe whether the subset
{cell,microscope, tissue} is contextually related to {protein, enzyme} in certain scientific fields. This could
represent that both groups of words often appear together in the same kind of biological research articles.

An 𝑛-Superhypercontext SHC𝑛 would then consider even more complex layers. For example, it might not
only relate sets of words but also sets of sets of words, capturing patterns of usage across multiple scientific
disciplines. At higher layers, you might discover that certain clusters of vocabulary sets are commonly found
together in collections of research fields, showing a meta-level relationship among entire linguistic domains.

Example 4.37. Let 𝑈 be a set of cities, and 𝑅 says that two cities are connected by a direct flight. A context
𝐶 = (𝑈, 𝑅) can tell us if city A is directly reachable from city B.

A hypercontext HC considers subsets of cities. It might describe whether the set of cities {𝐴, 𝐵, 𝐶} is related
to another set {𝐷, 𝐸} through a pattern of flight connections. For example, {𝐴, 𝐵, 𝐶} might form a cluster
of cities that are all connected to each other, and {𝐷, 𝐸} might form another cluster. If 𝑅∗ relates these two
clusters, it suggests there is a known travel pattern between these groups of cities (like a group of European
cities often connected to a group of Asian cities).

An 𝑛-Superhypercontext SHC𝑛 would then analyze relationships at multiple levels. At the second level,
one might relate sets of city-clusters to other sets of city-clusters. Eventually, at higher 𝑛, one could analyze
how different global flight networks (each represented as a set of city-clusters) interrelate, showing patterns in
international travel and trade routes.
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Example 4.38. Consider 𝑈 as a set of academic courses, and 𝑅 indicates that two courses are often taken by
the same student in the same semester. A context𝐶 = (𝑈, 𝑅) can show whether Course 101 is related to Course
202 (i.e., often co-enrolled).

A hypercontext HC would look at subsets of courses. For example, the set {Course 101, Course 202} might be
related to {Course 303, Course 404}, indicating that two groups of courses tend to form particular ”curricular
clusters.”

An 𝑛-Superhypercontext SHC𝑛 could then describe relationships among sets of these clusters, revealing
patterns in entire academic programs or departments. At this higher level, we might find that certain departments
(represented as sets of course subsets) often align with certain other departments’ course groupings, helping
university administrators understand inter-departmental academic flows.

4.3 Discussions: HyperVariable

A variable is a symbol representing an element from a set, widely used in mathematics and science [215, 252,
463, 511, 522]. HyperVariables are also well-established concepts [191]. We define the extended notion of
superhypervariable and aim to explore its mathematical structure in future studies.

We anticipate further advancements in research on these concepts.

Definition 4.39 (Variable). [215, 252] Let 𝑋 be a non-empty set. A variable 𝑣 is a symbol that can represent
an element from 𝑋 . Formally, 𝑣 ∈ 𝑋 . For example, if 𝑋 = {𝑥1, 𝑥2, . . . , 𝑥𝑛}, then a variable 𝑣 may take the
value of any 𝑥𝑖 ∈ 𝑋 .

Example 4.40 (Variable). Let 𝑋 = {𝑥, 𝑦, 𝑧}. A variable 𝑣 could be 𝑣 = 𝑥 at one time, and 𝑣 = 𝑧 at another.
Each realization of 𝑣 picks out exactly one element of 𝑋 .

Definition 4.41 (Hypervariable). [191] Let 𝑋 be a non-empty set and P(𝑋) its powerset. A hypervariable𝑉 is
a symbol that can represent a subset of 𝑋 . Formally,𝑉 ∈ P(𝑋). Unlike a variable which corresponds to a single
element of 𝑋 , a hypervariable represents a subset, allowing for more complex and flexible representations.

Example 4.42 (Hypervariable). Let 𝑋 = {1, 2, 3}. A hypervariable 𝑉 could take values like:

𝑉 = {1}, 𝑉 = {1, 2}, or 𝑉 = {2, 3}.

Unlike a variable, which selects a single element, 𝑉 selects subsets of various sizes.

Theorem 4.43. A hypervariable possesses the structure of a Hyperstructure.

Proof. A hypervariable takes values in P(𝑋). Since a Hyperstructure is a mathematical framework built upon
P(𝑋) (often with hyperoperations defined on subsets), the domain of a hypervariable aligns naturally with
the fundamental domain of Hyperstructures. By associating a hypervariable with the subsets of 𝑋 , one can
define hyperoperations on these subsets (for instance, unions, intersections, or more complex hyperoperations).
This shows that the set of possible values of a hypervariable can be endowed with hyperoperations, making it
compatible with a Hyperstructure framework. □

Theorem 4.44. A hypervariable generalizes a variable.

Proof. A variable 𝑣 takes values in 𝑋 . A hypervariable 𝑉 takes values in P(𝑋). Consider a hypervariable 𝑉
that is always restricted to singleton sets, i.e., for all instances𝑉 = {𝑥} where 𝑥 ∈ 𝑋 . Under this restriction, each
realization of 𝑉 corresponds uniquely to an element of 𝑋 , emulating a variable. Thus, a variable is a special
case of a hypervariable confined to singleton sets. Hence, hypervariables strictly generalize variables. □

Definition 4.45 (𝑛-Superhypervariable). Let 𝑋 be a non-empty set, and let P𝑛 (𝑋) denote the 𝑛-th powerset of
𝑋 . An 𝑛-superhypervariable𝑊𝑛 is a symbol that can represent an element of P𝑛 (𝑋). Formally,𝑊𝑛 ∈ P𝑛 (𝑋).
By iterating the powerset construction 𝑛-times, the 𝑛-superhypervariable can represent highly structured and
hierarchical collections of subsets.

34



Example 4.46 (𝑛-Superhypervariable). For 𝑛 = 2 and 𝑋 = {𝑎, 𝑏}, an element of P2 (𝑋) might be:

𝑊2 = {∅, {𝑎}} or 𝑊2 = {{𝑎, 𝑏}, {𝑏}}.

Here,𝑊2 picks elements from the second-level powerset, representing sets of subsets of 𝑋 .

Theorem 4.47. An 𝑛-superhypervariable generalizes a hypervariable (and consequently a variable).

Proof. An 𝑛-superhypervariable 𝑊𝑛 takes values in P𝑛 (𝑋). For 𝑛 = 1, P1 (𝑋) = P(𝑋), and thus an 𝑛-
superhypervariable reduces to a hypervariable. Since we have already shown that a hypervariable generalizes
a variable, it follows that an 𝑛-superhypervariable generalizes both a hypervariable and a variable. In other
words, by setting 𝑛 = 1 and restricting the 𝑛-superhypervariable to singleton sets at level 𝑛 = 1, we recover the
notion of a variable. Hence, 𝑛-superhypervariables are strictly more general constructs. □

Theorem 4.48. An 𝑛-superhypervariable possesses the structure of an 𝑛-Superhyperstructure.

Proof. An 𝑛-superhypervariable takes values in P𝑛 (𝑋). An 𝑛-Superhyperstructure is constructed on P𝑛 (𝑋)
with suitable 𝑛-th level hyperoperations. Since P𝑛 (𝑋) is the domain of the 𝑛-superhypervariable, any 𝑛-
superhypervariable can be associated with operations at the 𝑛-th power set level that define an 𝑛-Superhyperstructure.
Therefore, an 𝑛-superhypervariable fits naturally into the 𝑛-Superhyperstructure framework, just as a hyper-
variable fits into a Hyperstructure. □

We now incorporate randomness into these concepts, inspired by previous discussions on Random Functions,
Hyperfunctions, and their random counterparts. Random Variables have been extensively studied in probability
theory and various other fields (cf. [200, 297, 325, 336, 428, 429]).

Definition 4.49 (Random Variable). [355,398,399,423,436] Let (Ω, F , 𝑃) be a probability space. A Random
Variable is a function 𝑣 : Ω → 𝑋 such that for each 𝜔 ∈ Ω, 𝑣(𝜔) ∈ 𝑋 . This recovers the classical definition of
a random variable from probability theory.

Example 4.50 (Random Variable). Let 𝑋 = {𝑎, 𝑏} and Ω = [0, 1] with uniform measure. Define 𝑣 : Ω → 𝑋

by:

𝑣(𝜔) =
{
𝑎 if 𝜔 < 1/2,
𝑏 if 𝜔 ≥ 1/2.

This random variable chooses between 𝑎 and 𝑏 with equal probability.

Definition 4.51 (Random Hypervariable). A Random Hypervariable is a function:

𝑉 : Ω → P(𝑋)

such that for each 𝜔 ∈ Ω, 𝑉 (𝜔) ⊆ 𝑋 . This allows for random selection of subsets rather than single elements,
generalizing a random variable.

Example 4.52 (Random Hypervariable). Let 𝑋 = {1, 2, 3}. Define 𝑉 : Ω → P(𝑋) by:

𝑉 (𝜔) =

{1} if 𝜔 < 1/3,
{1, 2} if 1/3 ≤ 𝜔 < 2/3,
{2, 3} if 𝜔 ≥ 2/3.

Now the outcome is a random subset of 𝑋 . If restricted to always produce singletons, it would be a random
variable.

Theorem 4.53. A Random Hypervariable generalizes a Random Variable.

Proof. Restricting a Random Hypervariable 𝑉 : Ω → P(𝑋) to always yield singleton subsets reproduces the
behavior of a Random Variable 𝑣 : Ω → 𝑋 . Thus, every Random Variable is a special case of a Random
Hypervariable. □
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Theorem 4.54. A Random Hypervariable inherits a hyperstructural framework when suitable hyperoperations
are defined on subsets.

Proof. Since at each 𝜔, a Hypervariable aligns with Hyperstructures, introducing randomness does not break
this alignment. The random parameter 𝜔 simply selects which subsets are chosen, but the underlying set of
possible values and hyperoperations remain the same. Hence, a Random Hypervariable can be viewed as a
random selection of elements in a Hyperstructure. □

Definition 4.55 (Random 𝑛-Superhypervariable). A Random 𝑛-Superhypervariable is a function:

𝑊𝑛 : Ω → P𝑛 (𝑋)

where each realization 𝑊𝑛 (𝜔) ∈ P𝑛 (𝑋). This adds multiple hierarchical layers of complexity combined with
randomness.

Example 4.56 (Random 𝑛-Superhypervariable). For 𝑛 = 2, let 𝑋 = {𝑎, 𝑏}. Consider:

𝑊2 (𝜔) =
{
{∅, {𝑎}} if 𝜔 < 1/2,
{{𝑎, 𝑏}, {𝑏}} if 𝜔 ≥ 1/2.

This is a random selection of an element in P2 (𝑋), showing both hierarchical complexity and randomness.

Theorem 4.57. A Random 𝑛-Superhypervariable generalizes both Random Hypervariables and Random
Variables.

Proof. Set 𝑛 = 1 to reduce a Random 𝑛-Superhypervariable 𝑊𝑛 : Ω → P𝑛 (𝑋) to a Random Hypervariable.
Since a Random Hypervariable generalizes a Random Variable, by transitivity, a Random 𝑛-Superhypervariable
generalizes both Random Hypervariables and Random Variables. □

Theorem 4.58. A Random 𝑛-Superhypervariable inherits an 𝑛-Superhyperstructural framework.

Proof. Similarly, since an 𝑛-superhypervariable aligns with 𝑛-Superhyperstructures, introducing randomness
yields a Random 𝑛-Superhypervariable. This random selection occurs within the hierarchical 𝑛-th powerset
framework, preserving the 𝑛-Superhyperstructural alignment. □

Question 4.59. Can we define Hyperrandom Forest and Superhyperrandom Forest as extensions of Random
Forest [53, 64, 74, 284]?

4.4 Discussions: n-th Powerset Convolution

We aim to explore the application of Hyperstructures and Powersets in Convolutional Networks in the future.
Convolutional Networks are deep learning models designed for processing structured data like images, using
convolution operations to extract features [249, 313, 314, 339, 559, 578].

We define the notion of a powerset convolution [550] for set functions and extend it to an n-th powerset
convolution for functions defined on higher-order powersets. Furthermore, we prove that the n-th powerset
convolution generalizes the powerset convolution and inherits the structural properties of the n-th powerset.
Please note that this work is in the conceptual stage and represents a theoretical discussion.

Definition 4.60 (Powerset Convolution). [550] Let 𝑁 be a finite base set and 𝑠 : P(𝑁) → R be a set function,
where P(𝑁) is the powerset of 𝑁 .

Given a filter ℎ : P(𝑁) → R (also a set function), the powerset convolution ℎ ∗ 𝑠 : P(𝑁) → R is defined by:

(ℎ ∗ 𝑠) (𝐴) =
∑︁
𝑄⊆𝑁

ℎ(𝑄) 𝑠(𝐴 \𝑄), ∀𝐴 ⊆ 𝑁,

where 𝐴 \𝑄 denotes the set difference.
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This definition ensures shift-equivariance with respect to certain operators𝑇𝑄 defined by (𝑇𝑄𝑠) (𝐴) = 𝑠(𝐴\𝑄),
making ℎ ∗ 𝑠 a natural convolution-like operation for set functions.

Theorem 4.61. The powerset convolution is well-defined and linear.

Proof. Linearity follows from the definition: each (ℎ ∗ 𝑠) (𝐴) is a finite linear combination of values of 𝑠 with
coefficients from ℎ. Since 𝑁 is finite, all sums are finite, ensuring well-definedness. □

Now we generalize the concept to an 𝑛-th powerset. Let 𝑃𝑛 (𝑁) denote the 𝑛-th powerset of 𝑁 , defined
recursively by:

𝑃1 (𝑁) = P(𝑁), 𝑃𝑛+1 (𝑁) = P(𝑃𝑛 (𝑁)).

A function 𝑠 : 𝑃𝑛 (𝑁) → R assigns real values to elements of the 𝑛-th powerset of 𝑁 .

To define an 𝑛-th powerset convolution, we need a suitable generalization of the difference operation to 𝑛-th
level sets. For 𝑛 = 1, the difference is the standard set difference. For 𝑛 > 1, we consider a recursive approach.

Definition 4.62 (𝑛-th Level Difference). For 𝑛 = 1, the difference is set difference: 𝐴 \𝑄 for 𝐴,𝑄 ⊆ 𝑁 .

Assume we have defined a difference operation at level 𝑛 − 1. For 𝑋,𝑌 ∈ 𝑃𝑛 (𝑁), define:

𝑋 ⊖ 𝑌 = {𝑍 ∈ 𝑃𝑛−1 (𝑁) | 𝑍 = 𝑋 ′ ⊖ 𝑌 ′ for some 𝑋 ′ ∈ 𝑋,𝑌 ′ ∈ 𝑌 }

with the understanding that at level 1, ⊖ is just \. If needed, choose a canonical representative (e.g., minimal
pairs) to ensure a well-defined operation. This construction ensures a well-defined, associative-like structure
at level 𝑛.

Given this 𝑛-th level difference, we define:

Definition 4.63 (𝑛-th Powerset Convolution). Let 𝑠 : 𝑃𝑛 (𝑁) → R and ℎ : 𝑃𝑛 (𝑁) → R. The 𝑛-th powerset
convolution ℎ ∗𝑛 𝑠 : 𝑃𝑛 (𝑁) → R is defined by:

(ℎ ∗𝑛 𝑠) (𝑋) =
∑︁

𝑌 ∈𝑃𝑛 (𝑁 )
ℎ(𝑌 ) 𝑠(𝑋 ⊖ 𝑌 ), ∀𝑋 ∈ 𝑃𝑛 (𝑁),

where ⊖ is the 𝑛-th level difference defined above.

Theorem 4.64. The 𝑛-th powerset convolution generalizes the powerset convolution.

Proof. When 𝑛 = 1, 𝑃1 (𝑁) = P(𝑁), and the operation ⊖ reduces to standard set difference. Thus,

(ℎ ∗1 𝑠) (𝐴) =
∑︁
𝑄⊆𝑁

ℎ(𝑄)𝑠(𝐴 \𝑄),

which is exactly the powerset convolution. Hence, for 𝑛 = 1 we recover the powerset convolution. Therefore,
the 𝑛-th powerset convolution generalizes the powerset convolution. □

Theorem 4.65. The 𝑛-th powerset convolution respects the 𝑛-th powerset structure.

Proof. By construction, ℎ ∗𝑛 𝑠 is defined on 𝑃𝑛 (𝑁) and uses an 𝑛-th level difference operation ⊖ that is
well-defined for elements of 𝑃𝑛 (𝑁). Since 𝑃𝑛 (𝑁) is constructed iteratively from 𝑁 , and each step involves
taking the powerset, the convolution ℎ ∗𝑛 𝑠 aligns with the hierarchical structure of 𝑃𝑛 (𝑁). In other words,
ℎ ∗𝑛 𝑠 is closed under operations defined at the 𝑛-th powerset level, reflecting the 𝑛-th powerset structure. □
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4.5 Discussions: HyperMatrix

A matrix is a rectangular array of numbers, symbols, or expressions, arranged in rows and columns, used in
various applications [106,150,203,245,315,554,565]. Matrices have been applied in numerous research fields
[61]. Hypermatrix, an extension of matrices [363], is also studied and further generalized into superhypermatrix
frameworks. Relevant definitions and theorems are provided below. We anticipate further advancements in the
study of these concepts in future research.

Definition 4.66 (Matrix). [54, 523] Let 𝐾 be a field (or a skewfield) and consider two finite indexing sets
𝐼 = {1, 2, . . . , 𝑚} and 𝐽 = {1, 2, . . . , 𝑛}. A matrix over 𝐾 is a function:

𝑀 : 𝐼 × 𝐽 → 𝐾.

In other words, a matrix is an 𝑚 × 𝑛 array of elements from 𝐾 . Each pair (𝑖, 𝑗) maps to a single element
𝑀 (𝑖, 𝑗) ∈ 𝐾 . This is the classical concept of a matrix from linear algebra.

Example 4.67. Consider 𝐼 = {1, 2}, 𝐽 = {1, 2, 3}, and let 𝐾 = R. A matrix 𝑀 : 𝐼 × 𝐽 → R could be:

𝑀 =

(
1 −2 0
𝜋

√
2 3

)
.

This matrix assigns to each (𝑖, 𝑗) a single real number.

Definition 4.68 (Hypermatrix). (cf. [363]) A hypermatrix generalizes the concept of a matrix by allowing the
entries to be subsets of 𝐾 rather than single elements. Formally, a hypermatrix M over 𝐾 is a function:

M : 𝐼 × 𝐽 → P(𝐾),

where P(𝐾) is the powerset of 𝐾 . For each pair (𝑖, 𝑗), M(𝑖, 𝑗) is a subset of 𝐾 . This structure enables
multi-valued or hyperalgebraic behavior at each entry.

Example 4.69. Using the same 𝐼, 𝐽, 𝐾 as before, a hypermatrix could be:

M(1, 1) = {1, 2}, M(1, 2) = {−1}, M(1, 3) = {0, 4}

M(2, 1) = {𝜋}, M(2, 2) = {
√

2,
√

3}, M(2, 3) = {2, 3, 5}.

This hypermatrix assigns subsets of R to each (𝑖, 𝑗).

Theorem 4.70. A hypermatrix generalizes a matrix.

Proof. A matrix 𝑀 : 𝐼 × 𝐽 → 𝐾 outputs a single element of 𝐾 per entry. A hypermatrix M : 𝐼 × 𝐽 → P(𝐾)
outputs a subset of 𝐾 per entry. If we restrict each subset to be a singleton, we recover the single-valued
nature of a matrix. Thus, every matrix is a special case of a hypermatrix with singleton subsets, proving that
hypermatrices generalize matrices. □

Theorem 4.71. A hypermatrix inherits the structure of a Hyperstructure.

Proof. Consider a hypermatrix M. Each entry M(𝑖, 𝑗) is an element of P(𝐾). If we define suitable
hyperoperations on these subsets (e.g., hyperaddition of entries as union of subsets, hypermultiplication as
setwise combinations), the set of all possible hypermatrix entries forms a hyperalgebraic structure. Thus,
hypermatrices can be viewed as hyperfunctions with indices, naturally embedding into a Hyperstructure where
operations are defined entrywise and yield sets as results. □

Definition 4.72 (𝑛-Superhypermatrix). For 𝑛 ≥ 1, the 𝑛-Superhypermatrix generalizes hypermatrices by
iterating the powerset construction 𝑛-times. Let P𝑛 (𝐾) be the 𝑛-th powerset of 𝐾 . An 𝑛-superhypermatrix M𝑛

is defined as:
M𝑛 : 𝐼 × 𝐽 → P𝑛 (𝐾),

where each entry M𝑛 (𝑖, 𝑗) is an element of the 𝑛-th powerset P𝑛 (𝐾). Thus, each entry can represent a nested,
multi-layered collection of subsets, providing even more hierarchical complexity.
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Example 4.73. For 𝑛 = 2, an entry of an 𝑛-superhypermatrix might look like:

M2 (𝑖, 𝑗) = {{1, 2}, {3}, {{4}, {5, 6}}} ∈ P2 (𝐾).

This exhibits a two-level nesting of subsets.

Theorem 4.74. An 𝑛-superhypermatrix generalizes both hypermatrices and matrices.

Proof. For 𝑛 = 1, M1 : 𝐼 × 𝐽 → P(𝐾) is a hypermatrix. Since a hypermatrix generalizes a matrix, it follows
by transitivity that an 𝑛-superhypermatrix, for 𝑛 ≥ 1, generalizes hypermatrices and hence also matrices. By
choosing 𝑛 = 1 and restricting each entry to singletons, we get a matrix; by allowing multiple subsets, we get
hypermatrices. Increasing 𝑛 adds more complexity. □

Theorem 4.75. An 𝑛-superhypermatrix inherits the structure of an 𝑛-Superhyperstructure.

Proof. An 𝑛-superhypermatrix has entries in P𝑛 (𝐾), the 𝑛-th powerset of 𝐾 . Since 𝑛-Superhyperstructures
operate on P𝑛 (𝐾) with suitable hyperoperations, defining appropriate entrywise 𝑛-th level hyperoperations
allows embedding the 𝑛-superhypermatrix into an 𝑛-superhyperstructural framework. Each entry, being from
P𝑛 (𝐾), can undergo 𝑛-th level hyperoperations to produce new sets at the 𝑛-th level. Thus, 𝑛-superhypermatrices
fit into 𝑛-superhyperstructures. □

We previously discussed Random Functions, Hyperfunctions, and 𝑛-Superhyperfunctions, as well as Random-
ness, Hyperrandomness, and 𝑛-Superhyperrandomness. We can similarly define random versions of matrices,
hypermatrices, and 𝑛-superhypermatrices by introducing probability spaces and randomness in their entries:

• A Random Matrix [51, 79, 512, 524, 531]: 𝑀 : Ω × 𝐼 × 𝐽 → 𝐾 is a function that, for each 𝜔 ∈ Ω, yields
a classical matrix.

• A Random Hypermatrix(cf. [27]): M : Ω × 𝐼 × 𝐽 → P(𝐾) introduces randomness and hyperalgebraic
behavior.

• A Random 𝑛-Superhypermatrix: M𝑛 : Ω × 𝐼 × 𝐽 → P𝑛 (𝐾) adds multiple hierarchical layers.

We can further consider hyperrandomness and 𝑛-superhyperrandomness in these contexts if the statistical
properties of entries change non-stationarily and in complex patterns.

Theorem 4.76. A Random Hypermatrix generalizes a Random Matrix.

Proof. A Random Matrix assigns to each (𝜔, 𝑖, 𝑗) a single element of 𝐾 . A Random Hypermatrix assigns to
each (𝜔, 𝑖, 𝑗) a subset of 𝐾 . Restricting subsets to singletons reduces a Random Hypermatrix to a Random
Matrix, showing that the former generalizes the latter. □

Theorem 4.77. An 𝑛-Superhypermatrix, if made random and allowed 𝑛-superhyperrandom behaviors, gen-
eralizes all previously defined notions (Random Matrix, Random Hypermatrix) and can be embedded into an
𝑛-Superhyperstructure.

Proof. By combining the ideas established:

• 𝑛-Superhypermatrices generalize hypermatrices and matrices.

• Randomness and hyperrandomness can be introduced, giving random 𝑛-superhypermatrices.

• 𝑛-superhyperrandomness can be modeled in 𝑛-superhyperstructures (as shown in previously proven
theorems).

Therefore, a random 𝑛-superhypermatrix with 𝑛-superhyperrandom characteristics encompasses the entire
hierarchy of complexity and uncertainty discussed so far. It can be integrated into an 𝑛-Superhyperstructure
by defining appropriate 𝑛-th level hyperoperations and probability spaces. Thus, it generalizes all lower
constructs. □
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4.6 Discussions: Cognitive HyperMap

A Cognitive Map is a directed graph representing concepts (nodes) and their causal relationships (edges) with
weighted influences [45, 412, 456, 551]. Derived concepts such as Fuzzy Cognitive Maps [36, 302, 319, 395,
396,433], Neutrosophic Cognitive Maps [14,279,360,388,421], and Dynamic Cognitive Maps [94,352] have
also been studied. This subsection presents extended definitions of these concepts using the frameworks of
Hypersructures and Superhyperstructures. Future research is anticipated to explore the applications of these
extended models.

Definition 4.78 (Cognitive Map). (cf. [45, 412, 456, 551]) A cognitive map is a directed graph 𝐺 = (𝑉, 𝐸, 𝑤),
where:

• 𝑉 = {𝑣1, 𝑣2, . . . , 𝑣𝑛} is a finite set of nodes, each representing a concept or variable.

• 𝐸 ⊆ 𝑉 ×𝑉 is a set of directed edges, where (𝑣𝑖 , 𝑣 𝑗 ) ∈ 𝐸 represents a causal or relational influence of 𝑣𝑖
on 𝑣 𝑗 .

• 𝑤 : 𝐸 → R is a weighting function that assigns a weight 𝑤(𝑒) to each edge 𝑒 = (𝑣𝑖 , 𝑣 𝑗 ), quantifying the
strength and direction of the influence. Positive weights indicate reinforcement, while negative weights
indicate inhibition.

Definition 4.79 (The state of Cognitive Map). The state of a cognitive map can be described by a vector:

x = [𝑥1, 𝑥2, . . . , 𝑥𝑛]⊤ ∈ R𝑛,

where 𝑥𝑖 represents the activation level or intensity of concept 𝑣𝑖 .

Definition 4.80 (Update Rule of Cognitive Map). The evolution of states over time can be modeled using an
update function, typically of the form:

x(𝑡 + 1) = 𝑓 (W · x(𝑡)),

where:

• W is the adjacency matrix of 𝐺, with entries𝑊𝑖 𝑗 = 𝑤((𝑣𝑖 , 𝑣 𝑗 )), representing the weights of the edges.

• 𝑓 : R → R is a non-linear activation function applied element-wise to ensure bounded states.

Remark 4.81 (Special Cases of Cognitive Maps). Several related concepts can be derived from the foundational
idea of Cognitive Maps:

• Fuzzy Cognitive Maps (FCMs) [36, 302, 319, 395, 396, 433]: These extend cognitive maps by allowing
activation levels 𝑥𝑖 to take values in the interval [0, 1] and employing fuzzy logic to represent and analyze
relationships.

• Dynamic Cognitive Maps [94, 352]: These maps incorporate time-dependent weights 𝑤 : 𝐸 × R → R,
enabling the modeling of adaptive or evolving relationships over time, reflecting dynamic systems.

• Neutrosophic Cognitive Maps [14, 279, 360, 388, 421]: These generalize cognitive maps by introducing
neutrosophic weights 𝑤 : 𝐸 → [𝑇, 𝐼, 𝐹], where𝑇 , 𝐼, and 𝐹 represent the degrees of truth, indeterminacy,
and falsity, respectively. They are particularly effective for capturing and analyzing uncertainty and
conflicting relationships in complex systems.

Definition 4.82 (Cognitive HyperMap). Let 𝑉 = {𝑣1, 𝑣2, . . . , 𝑣𝑛} be a finite set of concepts and let P(𝑉)
denote the powerset of 𝑉 . A Cognitive HyperMap is defined as:

H = (𝑉, E, 𝑤),

where:

1. 𝑉 is a finite set of concepts (vertices).
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2. E ⊆ P(𝑉) ×P(𝑉) is a set of directed hyperedges. Each hyperedge (𝐴, 𝐵) ∈ E maps a subset of concepts
𝐴 ⊆ 𝑉 to another subset 𝐵 ⊆ 𝑉 , indicating that collectively, the concepts in 𝐴 influence the concepts in
𝐵.

3. 𝑤 : E → R assigns a real-valued weight to each hyperedge, quantifying the overall influence from the
group 𝐴 to the group 𝐵.

A Cognitive HyperMap generalizes a cognitive map by allowing hyperedges to represent multi-concept-to-
multi-concept influences, rather than strictly pairwise influences.

Remark 4.83 (Special Cases of Cognitive HyperMaps). Several related concepts can be derived from the
foundational idea of Cognitive HyperMaps, extending the principles of Cognitive Maps into the framework of
Hyperstructures:

• Fuzzy Cognitive HyperMaps (FCHMs): These extend Cognitive HyperMaps by allowing activation
levels 𝑥𝑖 to take values in the interval [0, 1] and employing fuzzy logic to represent relationships. The
hyperedges and hyperweights generalize the relationships among multiple concepts.

• Dynamic Cognitive HyperMaps (DCHMs): These incorporate time-dependent hyperweights𝑤 : E×R →
R, enabling the modeling of adaptive or evolving relationships over time within the Hyperstructure
framework.

• Neutrosophic Cognitive HyperMaps (NCHMs): These generalize Cognitive HyperMaps by introducing
neutrosophic hyperweights 𝑤 : E → [𝑇, 𝐼, 𝐹], where 𝑇 , 𝐼, and 𝐹 represent the degrees of truth,
indeterminacy, and falsity, respectively. This extension is particularly suited for analyzing uncertainty
and conflicting relationships in complex systems.

Example 4.84. Consider 𝑉 = {𝑣1, 𝑣2, 𝑣3}. In a cognitive map, one might have edges:

𝑣1 → 𝑣2, 𝑣2 → 𝑣3, 𝑣1 → 𝑣3.

In a cognitive hypermap, we could have a hyperedge:

{𝑣1, 𝑣2} → {𝑣3}

with a weight 𝑤({𝑣1, 𝑣2}, {𝑣3}) = 0.8, indicating that 𝑣1 and 𝑣2 collectively influence 𝑣3.

Theorem 4.85. A Cognitive HyperMap generalizes a Cognitive Map.

Proof. A cognitive map has edges 𝑣𝑖 → 𝑣 𝑗 . A cognitive hypermap allows hyperedges 𝐴 → 𝐵 for subsets
𝐴, 𝐵 ⊆ 𝑉 . If we restrict each hyperedge to relate singletons, we recover the directed edges of a cognitive map.
Thus, a cognitive map is a special case of a cognitive hypermap. □

Theorem 4.86. A Cognitive HyperMap inherits the structure of a Hyperstructure.

Proof. A cognitive hypermap involves hyperedges 𝐴 → 𝐵 with 𝐴, 𝐵 ⊆ 𝑉 . Since hyperstructures are defined
on powersets with hyperoperations, we can interpret each hyperedge or influence as a hyperoperation on subsets
of 𝑉 . Thus, a cognitive hypermap’s domain and co-domain are subsets from P(𝑉), aligning naturally with the
hyperstructural framework. □

Definition 4.87 (Cognitive 𝑛-SuperhyperMap). Let 𝑉0 be a finite set of base concepts. Define the 𝑛-th iterated
power set of 𝑉0 recursively as:

P0 (𝑉0) = 𝑉0, P𝑘+1 (𝑉0) = P
(
P𝑘 (𝑉0)

)
,

where P(𝐴) denotes the power set of the set 𝐴.

A Cognitive 𝑛-SuperhyperMap is a triple H𝑛 = (𝑉,S𝑛, 𝑤
(𝑛) ), where:
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1. 𝑉 ⊆ P𝑛 (𝑉0) is the set of superconcepts (sometimes called supervertices). Each superconcept is an
element of the 𝑛-th iterated power set P𝑛 (𝑉0). Thus, a superconcept can represent:

• A single base concept 𝑣 ∈ 𝑉0,
• A subset of 𝑉0,
• A more complex hierarchical subset structure up to 𝑛-levels (i.e., 𝑣 ∈ P𝑛 (𝑉0)).

2. S𝑛 ⊆ P𝑛 (𝑉0) is the set of 𝑛-th level superedges. Each superedge 𝑆 ∈ S𝑛 connects multiple superconcepts
across potentially different levels of hierarchy. A superedge captures higher-dimensional relationships
that may involve several groups of concepts simultaneously.

3. 𝑤 (𝑛) : S𝑛 → R is a weighting function that assigns a real-valued weight 𝑤 (𝑛) (𝑆) to each 𝑛-th level
superedge 𝑆. These weights quantify the strength and nature of the influences or interactions within the
conceptual framework.

A Cognitive 𝑛-SuperhyperMap with Superedges generalizes the concept of Cognitive Maps and Cognitive
HyperMaps by introducing hierarchical, multi-dimensional relationships. The use of superedges allows for
more explicit modeling of complex interactions between subsets of concepts, enabling advanced analysis of
multi-layered systems.

Example 4.88 (Illustration of a Cognitive 𝑛-SuperhyperMap for 𝑛 = 2). Let 𝑛 = 2 and 𝑉0 = {𝑎, 𝑏}. The
iterated power sets are as follows:

• The first-level power set is:

P1 (𝑉0) = P(𝑉0) = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}.

• The second-level power set is:

P2 (𝑉0) = P(P(𝑉0)) = {∅, {∅}, {{𝑎}}, {{𝑏}}, {{𝑎, 𝑏}}, {∅, {𝑎}}, . . . }.

In a Cognitive 𝑛-SuperhyperMap with 𝑛 = 2, consider the following example:

• A second-level superedge connects the group {∅, {𝑎}} to another group {{𝑎, 𝑏}, {𝑏}}.

• The weight of this superedge is:

𝑤 (2) ({∅, {𝑎}}, {{𝑎, 𝑏}, {𝑏}}) = 1.2.

This structure represents a hierarchical influence where:

• The group {∅, {𝑎}} (including the absence of 𝑎 and the singleton {𝑎}) affects the group {{𝑎, 𝑏}, {𝑏}}
(including the joint set {𝑎, 𝑏} and singleton {𝑏}).

• The weight 1.2 quantifies the strength and importance of this influence in the decision-making or
conceptual framework.

Such an example illustrates how Cognitive 𝑛-SuperhyperMaps can capture multi-level, complex interdepen-
dencies among concepts, enabling advanced modeling of hierarchical systems.

Remark 4.89 (Specialized Variants of Cognitive 𝑛-SuperhyperMaps). The foundational concept of Cognitive
𝑛-SuperhyperMaps can be extended into specialized frameworks, adapting the principles of Cognitive Maps
and Cognitive HyperMaps to the 𝑛-Superhyperstructure context. Key variants include:

• Fuzzy Cognitive 𝑛-SuperhyperMaps (FC𝑛SHMs): These variants extend Cognitive 𝑛-SuperhyperMaps
by allowing activation levels 𝑥𝑖 to range within the interval [0, 1]. Fuzzy logic governs the relationships,
and 𝑛-th level superedges and weights generalize the interactions between superconcepts across multiple
hierarchical layers.
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• Dynamic Cognitive 𝑛-SuperhyperMaps (DC𝑛SHMs): These models incorporate time-dependent 𝑛-th
level weights 𝑤 (𝑛) : E𝑛 ×R → R, enabling the representation of dynamic, evolving relationships within
the multi-level superhyperstructure. This approach captures temporal changes and adaptive behaviors in
complex systems.

• Neutrosophic Cognitive 𝑛-SuperhyperMaps (NC𝑛SHMs): These generalizations introduce neutrosophic
weights 𝑤 (𝑛) : E𝑛 → [𝑇, 𝐼, 𝐹], where 𝑇 , 𝐼, and 𝐹 represent degrees of truth, indeterminacy, and falsity.
This variant is particularly suited for modeling uncertainty, ambiguity, and contradictory hierarchical
relationships in multi-layered systems.

These specialized frameworks highlight the adaptability and robustness of the Cognitive 𝑛-SuperhyperMap
framework in addressing increasingly complex and uncertain conceptual structures.

Theorem 4.90. A Cognitive 𝑛-SuperhyperMap generalizes a Cognitive HyperMap (and therefore also a
Cognitive Map).

Proof. For 𝑛 = 1, a Cognitive 𝑛-SuperhyperMap reduces to a Cognitive HyperMap. Since a Cognitive Hyper-
Map generalizes a Cognitive Map, it follows by transitivity that Cognitive 𝑛-SuperhyperMaps also generalize
Cognitive Maps. Thus, by increasing 𝑛, we obtain higher-order structural complexity that encompasses the
simpler forms as special cases. □

Theorem 4.91. A Cognitive 𝑛-SuperhyperMap inherits the structure of an 𝑛-Superhyperstructure through the
use of superedges.

Proof. Cognitive 𝑛-SuperhyperMaps are constructed on P𝑛 (𝑉0), which corresponds to the 𝑛-th iterated pow-
erset of the base concept set 𝑉0. In this framework:

• The superconcepts (nodes) are elements of P𝑛 (𝑉0), representing hierarchical or multi-level subsets of
𝑉0.

• The relationships between these superconcepts are encoded by 𝑛-th level superedges, which can connect
subsets of P𝑛 (𝑉0) at multiple levels.

An 𝑛-th level superedge is defined as a generalized relationship:

E𝑛 ⊆
𝑛⋃

𝑖, 𝑗=0
P𝑖 (𝑉0) × P 𝑗 (𝑉0),

allowing connections across different levels of hierarchy. These superedges, combined with the weighting
function 𝑤 (𝑛) , capture the multi-layered relationships and influences among superconcepts.

By aligning the structural definitions of Cognitive 𝑛-SuperhyperMaps with those of 𝑛-Superhyperstructures,
we observe that:

1. The superconcepts correspond to the 𝑛-th level nodes in the 𝑛-Superhyperstructure.

2. The superedges define the interactions and dependencies within and across levels, analogous to the 𝑛-th
level hyperoperations in 𝑛-Superhyperstructures.

3. The weighting function 𝑤 (𝑛) adds an additional layer of abstraction, quantifying the relationships repre-
sented by superedges.

Thus, the Cognitive 𝑛-SuperhyperMap adheres to the structural framework of an 𝑛-Superhyperstructure, with
superedges and associated weights providing the necessary mathematical and conceptual connections. □
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4.7 Discussions: Hyperfield

A field is a mathematical structure consisting of a set with two operations (addition and multiplication)
satisfying associativity, commutativity, distributivity, and the existence of additive and multiplicative inverses
[44,148,208,294,296,328,419]. A hyperfield is a generalization of a field where addition is a hyperoperation,
producing a set of possible sums rather than a single value [271, 305, 347, 532].

Definition 4.92 (Field). [282,444,462] A field is a set 𝐹 equipped with two binary operations + : 𝐹 × 𝐹 → 𝐹

(addition) and · : 𝐹 × 𝐹 → 𝐹 (multiplication) such that:

1. (𝐹, +) is a commutative group with additive identity 0.

2. (𝐹 \ {0}, ·) is a commutative group, ensuring every nonzero element is multiplicatively invertible.

3. Multiplication distributes over addition:

∀𝑎, 𝑏, 𝑐 ∈ 𝐹, 𝑎 · (𝑏 + 𝑐) = 𝑎 · 𝑏 + 𝑎 · 𝑐 and (𝑏 + 𝑐) · 𝑎 = 𝑏 · 𝑎 + 𝑐 · 𝑎.

A hyperfield generalizes a field by allowing the addition operation to be multivalued. While multiplication
remains a standard binary operation, addition becomes a hyperoperation, yielding a subset of the field rather
than a single element. This concept was originally introduced and studied by Krasner [271, 305, 347, 532].

Definition 4.93 (Hyperfield). [271, 305, 347, 532] A hyperfield is a set 𝑋 with two operations:

• A hyperaddition ⊕ : 𝑋 × 𝑋 → P(𝑋) \ {∅}, making (𝑋, ⊕) a commutative hypergroup.

• A usual (univalued) multiplication · : 𝑋 × 𝑋 → 𝑋 such that:

1. (𝑋 \ {0}, ·) is a commutative group (so each nonzero element is multiplicatively invertible).
2. Multiplication distributes over the hyperaddition in a strong sense:

𝑎 · (𝑏 ⊕ 𝑐) = 𝑎 · 𝑏 ⊕ 𝑎 · 𝑐, (𝑏 ⊕ 𝑐) · 𝑎 = 𝑏 · 𝑎 ⊕ 𝑐 · 𝑎.

The element 0 serves as the additive identity, and 1 is the multiplicative identity.

Theorem 4.94. Any field is a hyperfield in which the hyperaddition reduces to a univalued addition.

Proof. In a field 𝐹, the addition is a single-valued map + : 𝐹 × 𝐹 → 𝐹. This trivially satisfies the hyperfield
axioms if we interpret each sum 𝑎+𝑏 as the singleton set {𝑎+𝑏}. The multiplicative structure and distributivity
remain unchanged, making 𝐹 a hyperfield with singleton-valued addition. □

Theorem 4.95. Not every hyperfield is a field. Hyperfields strictly generalize fields by admitting multi-valued
addition.

Proof. Consider the Krasner hyperfield 𝐾 = {0, 1} where addition is defined by:

1 ⊕ 1 = {0, 1}, 1 ⊕ 0 = {1}, 0 ⊕ 0 = {0}.

This addition is not univalued. Multiplication is standard with 0 · 𝑥 = 0 and 1 · 𝑥 = 𝑥. Such a structure cannot
be a field because 1 ⊕ 1 is not a single element. Thus, hyperfields are strictly more general. □

To generalize further, we consider an 𝑛-th powerset construction analogous to 𝑛-Superhypergraphs and 𝑛-
Superhyperstructures. Just as we defined 𝑛-Superhypergraphs by iterating power sets 𝑛-times, we now define
𝑛-Superhyperfields by lifting a hyperfield structure to higher-order powersets.

Definition 4.96 (𝑛-Superhyperfield). Let 𝐹 be a hyperfield. Define P0 (𝐹) = 𝐹 and P𝑘+1 (𝐹) = P(P𝑘 (𝐹)).
An 𝑛-Superhyperfield is constructed as follows:
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1. The underlying set of the 𝑛-Superhyperfield is P𝑛 (𝐹) = P𝑛 (𝐹).

2. Addition at the 𝑛-th level, ⊕𝑛 : P𝑛 (𝐹) × P𝑛 (𝐹) → P(P𝑛 (𝐹)) \ {∅}, is defined by appropriately lifting
the hyperaddition of 𝐹 to the 𝑛-th power set. This creates a highly nested hyperoperation, where each
addition step involves unions and expansions based on the previous power set level.

3. Multiplication ·𝑛 : P𝑛 (𝐹) × P𝑛 (𝐹) → P𝑛 (𝐹) is defined similarly by lifting the multiplication of 𝐹,
ensuring an invertible multiplicative structure at each nonzero level.

4. The distributivity conditions are extended to the 𝑛-th level, requiring that for any 𝐴, 𝐵, 𝐶 ∈ P𝑛 (𝐹):

𝐴 ·𝑛 (𝐵 ⊕𝑛 𝐶) ⊆ 𝐴 ·𝑛 𝐵 ⊕𝑛 𝐴 ·𝑛 𝐶, (𝐵 ⊕𝑛 𝐶) ·𝑛 𝐴 ⊆ 𝐵 ·𝑛 𝐴 ⊕𝑛 𝐶 ·𝑛 𝐴,

and these conditions are strengthened as one ascends the 𝑛-th hierarchy to ensure a proper 𝑛-superhyperfield
structure.

Intuitively, an 𝑛-Superhyperfield is a hyperfield at the 𝑛-th iterative power set level. At 𝑛 = 1, we recover
a hyperfield. At 𝑛 = 0, restricting to singletons, we get a field. Thus, 𝑛-Superhyperfields generalize both
hyperfields and fields.

Theorem 4.97. An 𝑛-Superhyperfield generalizes a hyperfield (and thus also a field).

Proof. For 𝑛 = 1, the definition of an 𝑛-Superhyperfield reduces to that of a hyperfield. Since hyperfields
generalize fields, it follows that 𝑛-Superhyperfields also generalize fields.

For higher 𝑛, each iteration of the powerset and hyperoperation lifts the structure to a higher complexity level.
This nesting preserves generalization. Thus, 𝑛-Superhyperfields strictly encompass hyperfields and fields as
special cases. □

Theorem 4.98. The construction of an 𝑛-Superhyperfield from a given hyperfield 𝐹 is well-defined and results
in a structure that satisfies the 𝑛-Superhyperfield axioms.

Proof. The construction is by induction on 𝑛:

• Base case (𝑛 = 1): P1 (𝐹) = P(𝐹) with appropriately defined addition and multiplication is a hyperfield
by definition.

• Inductive step: Assume P𝑛 (𝐹) forms an 𝑛-Superhyperfield. Consider P𝑛+1 (𝐹) = P(P𝑛 (𝐹)). By
applying the hyperoperations at the 𝑛-th level and extending them to the (𝑛 + 1)-th level sets, we ensure
each operation remains closed, associative in the weak hyperfield sense, and that every nonzero element
at the (𝑛 + 1)-th level is invertible under multiplication. Distributivity conditions can be verified by
carefully lifting the conditions from the 𝑛-th level.

Thus, by induction, the 𝑛-Superhyperfield structure holds for all 𝑛. □

4.8 Discussions: Hypermodules

Modules generalize vector spaces by replacing the underlying field with a ring [8, 43, 62, 311, 457, 513].
Hypermodules further extend modules by allowing certain operations (notably addition) to be hyperoperations
[378, 567], and superhypermodules push this construction to 𝑛-th iterated generalized powerset levels. In this
section, we define these concepts rigorously and establish several results and theorems that illustrate their
properties.

Definition 4.99 (Module). (cf. [8, 43, 62, 311, 457]) Let 𝑅 be a ring (with multiplicative identity 1) and let
(𝑀, +) be an abelian group. Suppose there is an operation · : 𝑅 × 𝑀 → 𝑀 called scalar multiplication,
satisfying:
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1. Distributivity over 𝑀: For all 𝑟 ∈ 𝑅 and 𝑥, 𝑦 ∈ 𝑀 ,

𝑟 · (𝑥 + 𝑦) = 𝑟 · 𝑥 + 𝑟 · 𝑦.

2. Distributivity over 𝑅: For all 𝑟, 𝑠 ∈ 𝑅 and 𝑥 ∈ 𝑀 ,

(𝑟 + 𝑠) · 𝑥 = 𝑟 · 𝑥 + 𝑠 · 𝑥.

3. Associativity: For all 𝑟, 𝑠 ∈ 𝑅 and 𝑥 ∈ 𝑀 ,

(𝑟𝑠) · 𝑥 = 𝑟 · (𝑠 · 𝑥).

4. Identity: For all 𝑥 ∈ 𝑀 ,
1 · 𝑥 = 𝑥.

If these conditions hold, we call 𝑀 a left R-module. A right R-module is defined analogously with the scalar
multiplication on the right. If 𝑅 is commutative, left and right modules coincide, and we often simply say
”module.”

Modules generalize vector spaces by replacing the field with a ring 𝑅. Unlike vector spaces, modules need not
have a basis, and their structure can be more complex.

Definition 4.100 (Hypermodule). (cf. [122, 378, 567, 575]) Let 𝑅 be a ring and (𝑀, ⊕) be a commutative
hypergroup (so ⊕ : 𝑀×𝑀 → P(𝑀) \{∅} is a hyperoperation making 𝑀 a commutative hypergroup). Suppose
we have a scalar multiplication · : 𝑅 × 𝑀 → 𝑀 that is univalued but must interact with the hyperaddition ⊕ in
a manner analogous to modules:

1. For all 𝑟 ∈ 𝑅 and 𝑥, 𝑦 ∈ 𝑀 ,
𝑟 · (𝑥 ⊕ 𝑦) ⊆ (𝑟 · 𝑥) ⊕ (𝑟 · 𝑦).

2. For all 𝑟, 𝑠 ∈ 𝑅 and 𝑥 ∈ 𝑀 ,
(𝑟 + 𝑠) · 𝑥 ⊆ (𝑟 · 𝑥) ⊕ (𝑠 · 𝑥).

3. For all 𝑟, 𝑠 ∈ 𝑅 and 𝑥 ∈ 𝑀 ,

(𝑟𝑠) · 𝑥 = 𝑟 · (𝑠 · 𝑥) (associativity as in modules, still univalued for scalar multiplication),

4. For all 𝑥 ∈ 𝑀 ,
1 · 𝑥 = 𝑥.

If these conditions hold, we call 𝑀 a Hypermodule over 𝑅.

In a Hypermodule, addition is multi-valued, but scalar multiplication remains a single-valued operation dis-
tributing over the hyperaddition in a ”weak” sense. Every module is a hypermodule with singleton-valued
addition.

Definition 4.101 (𝑛-Superhypermodule). Consider a Hypermodule 𝑀 over 𝑅. Suppose P𝑛 (𝑀) (or a gen-
eralized construction 𝐺𝑛 (𝑀) if we choose a generalized framework) is defined by iterating the powerset
construction 𝑛-times. Define:

⊕𝑛 : P𝑛 (𝑀) × P𝑛 (𝑀) → P(P𝑛 (𝑀)) \ {∅}

as an 𝑛-th level hyperaddition and similarly extend scalar multiplication:

·𝑛 : 𝑅 × P𝑛 (𝑀) → P𝑛 (𝑀).

An 𝑛-Superhypermodule is a structure (P𝑛 (𝑀), ⊕𝑛, ·𝑛) where:
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• (P𝑛 (𝑀), ⊕𝑛) is an 𝑛-superhyperstructure (i.e., a hypergroup at the 𝑛-th level).

• Scalar multiplication ·𝑛 is defined so that it ”distributes” over ⊕𝑛 in a similar manner to a Hypermodule,
but now at the 𝑛-th level.

Thus, an 𝑛-Superhypermodule generalizes a Hypermodule (and thus a module) by iteratively increasing com-
plexity through 𝑛-th powersets or generalized 𝑛-th powersets.

Theorem 4.102. Every module is a hypermodule (with singleton hyperaddition), and every hypermodule is a
special case of an 𝑛-superhypermodule with 𝑛 = 1.

Proof. Module to Hypermodule: A module 𝑀 has a single-valued addition +. Define ⊕ by 𝑥 ⊕ 𝑦 = {𝑥 + 𝑦}.
This trivially makes (𝑀, ⊕) a commutative hypergroup (since it’s isomorphic to an abelian group). The scalar
multiplication in the module already satisfies distributivity and associativity, so it still does for the hypermodule
definition. Thus, every module is a hypermodule.

Hypermodule to 𝑛-Superhypermodule: For 𝑛 = 1, define (P1 (𝑀), ⊕1) where ⊕1 is just ⊕ lifted to subsets. If
we restrict ourselves to singleton subsets and the induced operations, we recover the hypermodule. Therefore,
every hypermodule can be embedded into an 𝑛-superhypermodule structure by considering 𝑛 = 1. □

Theorem 4.103. Consider a hypermodule 𝑀 over 𝑅. If 𝑀 possesses additional structural properties
(e.g., free hypermodule with a ”basis” in some generalized sense), these can be iterated to produce an
𝑛-superhypermodule inheriting analogous properties at the 𝑛-th level.

Proof. Assume 𝑀 is a hypermodule with a certain property 𝑃. Constructing the 𝑛-superhypermodule involves
applying the powerset operation 𝑛-times. If property 𝑃 is preserved under the formation of hyperoperations at the
powerset level (for example, if 𝑃 relates to closure properties, distributive axioms that scale with set operations,
or structural decompositions that remain meaningful under iteration), then the induced 𝑛-superhypermodule
also possesses 𝑃. The induction proceeds by verifying that each step from P𝑘 (𝑀) to P𝑘+1 (𝑀) preserves or
extends 𝑃. □

Theorem 4.104. If a hypermodule 𝑀 over a ring 𝑅 is finitely generated or free (in a certain generalized sense),
then its 𝑛-superhypermodule construction P𝑛 (𝑀) inherits a notion of generability or freeness at the 𝑛-th level,
albeit in a more complex form.

Proof. Consider a hypermodule 𝑀 generated by a finite set {𝑚1, . . . , 𝑚𝑘}. Under the iteration for an 𝑛-
superhypermodule, the generators become subsets at 𝑛-th level. The operation ⊕𝑛 allows any 𝑛-th level element
to be expressed via scalar multiplication and hyperadditions of these generators, though now each ”sum” may
correspond to multiple sets. By carefully lifting the generability conditions through each powerset iteration,
we maintain a notion of generation at the higher level. The proof is constructive, applying induction on 𝑛, and
relies on verifying that every element in P𝑛 (𝑀) can be represented by a ”hyper-basis” at that level. □

4.9 Discussions: Hyperlattices

In this subsection, we rigorously define lattices [108, 371, 460, 560], hyperlattices, and 𝑛-superhyperlattices.
Lattices are algebraic structures where any two elements have a unique supremum (join) and infimum (meet),
satisfying associativity, commutativity, and idempotency. We then state and prove several theorems illustrating
their fundamental properties and relationships.

Definition 4.105 (Lattice). [209, 371, 460, 560] A lattice is an algebraic structure (𝐿,∧,∨) consisting of a
non-empty set 𝐿 equipped with two binary operations:

∧ : 𝐿 × 𝐿 → 𝐿, ∨ : 𝐿 × 𝐿 → 𝐿,

called the meet and join, respectively, satisfying the following axioms for all 𝑎, 𝑏, 𝑐 ∈ 𝐿:

1. Commutativity: 𝑎 ∧ 𝑏 = 𝑏 ∧ 𝑎 and 𝑎 ∨ 𝑏 = 𝑏 ∨ 𝑎.
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2. Associativity: (𝑎 ∧ 𝑏) ∧ 𝑐 = 𝑎 ∧ (𝑏 ∧ 𝑐) and (𝑎 ∨ 𝑏) ∨ 𝑐 = 𝑎 ∨ (𝑏 ∨ 𝑐).

3. Absorption: 𝑎 ∧ (𝑎 ∨ 𝑏) = 𝑎 and 𝑎 ∨ (𝑎 ∧ 𝑏) = 𝑎.

The following definitions, which will be used in the subsequent proofs of theorems, are introduced below.

Definition 4.106 (Ideal). [67,210] Let 𝐿 = (𝐿,∨,∧) be a lattice. A non-empty subset 𝐼 ⊆ 𝐿 is called an ideal
if:

• 𝑎, 𝑏 ∈ 𝐼 implies 𝑎 ∨ 𝑏 ∈ 𝐼 (closed under join),

• 𝑎 ∈ 𝐼 and 𝑏 ≤ 𝑎 implies 𝑏 ∈ 𝐼 (downward closed).

Definition 4.107 (Prime Ideal). [67, 210] An ideal 𝑃 ⊆ 𝐿 is a prime ideal if:

• 𝑎 ∧ 𝑏 ∈ 𝑃 implies 𝑎 ∈ 𝑃 or 𝑏 ∈ 𝑃.

Definition 4.108 (Maximal Ideal). [67, 210] An ideal 𝑀 ⊆ 𝐿 is a maximal ideal if:

• 𝑀 ≠ 𝐿,

• There is no ideal 𝐼 such that 𝑀 ⊊ 𝐼 ⊊ 𝐿.

Definition 4.109 (Filter). (cf. [67, 210]) A non-empty subset 𝐹 ⊆ 𝐿 is called a filter if:

• 𝑎, 𝑏 ∈ 𝐹 implies 𝑎 ∧ 𝑏 ∈ 𝐹 (closed under meet),

• 𝑎 ∈ 𝐹 and 𝑎 ≤ 𝑏 implies 𝑏 ∈ 𝐹 (upward closed).

A hyperlattice generalizes a lattice by replacing one of the operations (usually the join or the meet) with a
hyperoperation [152, 299, 427, 547, 558].

Definition 4.110 (Hyperlattice). (cf. [152, 547]) Let 𝐿 be a non-empty set. A hyperlattice is a triple (𝐿,∧, ◦)
where:

• ∧ : 𝐿 × 𝐿 → 𝐿 is a binary operation (single-valued), often analogous to a meet operation.

• ◦ : 𝐿 × 𝐿 → P(𝐿) \ {∅} is a hyperoperation (multi-valued), often analogous to a join operation, such
that (𝐿, ◦) is a commutative hypergroup and (𝐿,∧) is a commutative semigroup.

A hyperlattice must satisfy certain adapted forms of the lattice axioms. Typically, we impose:

1. Idempotency: For all 𝑎 ∈ 𝐿, we have 𝑎 ∈ 𝑎 ◦ 𝑎 and 𝑎 ∧ 𝑎 = 𝑎.

2. Commutativity: For all 𝑎, 𝑏 ∈ 𝐿, ◦ is commutative in the hypergroup sense, and ∧ is commutative as
usual.

3. Associativity Conditions: While ∧ remains associative, ◦ must satisfy the associative-like property for a
hyperoperation (i.e., a weak associativity condition that ensures coherence of the structure).

4. Absorption-like conditions: Adapted from lattices, ensuring that ∧ and ◦ interact in a manner resembling
absorption. For instance, 𝑎 ∈ 𝑎 ◦ (𝑎 ∧ 𝑏) and 𝑎 ∈ 𝑎 ∧ (𝑎 ◦ 𝑏).

5. Weak distributivity or s-distributivity (if required): In a distributive hyperlattice, we might impose
conditions like 𝑎 ∧ (𝑏 ◦ 𝑐) ⊆ (𝑎 ∧ 𝑏) ◦ (𝑎 ∧ 𝑐) or even equality if s-distributivity is demanded.

These conditions generalize those of a lattice to a setting where join is replaced by a hyperjoin.
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To define an 𝑛-Superhyperlattice, we apply the 𝑛-th power set construction or a generalized 𝑛-th power set
construction to a hyperlattice, lifting its elements to P𝑛 (𝐿) and adapting the operations accordingly.

Definition 4.111 (𝑛-Superhyperlattice). Let 𝐿 be a hyperlattice. Define:

P0 (𝐿) = 𝐿, P𝑘+1 (𝐿) = P(P𝑘 (𝐿)), for 𝑘 ≥ 0.

An 𝑛-Superhyperlattice is constructed as follows:

1. Its underlying set at level 𝑛 is P𝑛 (𝐿).

2. The meet operation ∧𝑛 : P𝑛 (𝐿) × P𝑛 (𝐿) → P𝑛 (𝐿) is defined by lifting ∧ in a suitable manner (e.g.,
elementwise or through a hypergroup construction at each level).

3. The join hyperoperation ◦𝑛 : P𝑛 (𝐿) × P𝑛 (𝐿) → P(P𝑛 (𝐿)) \ {∅} is defined to generalize ◦ to the 𝑛-th
level.

The axioms of hyperlattices must be adapted at each level 𝑛. The iterative construction ensures that at the
𝑛-th level, we have a structure where ”elements” are now subsets of subsets ... of 𝐿 up to 𝑛-fold iteration, and
operations act in a correspondingly complex manner.

Theorem 4.112. Every lattice (𝐿,∧,∨) can be viewed as a hyperlattice by defining 𝑎 ◦ 𝑏 = {𝑎 ∨ 𝑏}.
Consequently, every lattice is a special case of a hyperlattice.

Proof. This is immediate by taking the join operation ∨ and turning it into a trivial hyperoperation with
singleton outputs. The axioms of a hyperlattice reduce to those of a lattice. Hence, any lattice is a hyperlattice
with no additional complexity in the join. □

Theorem 4.113. Every hyperlattice can be embedded into an 𝑛-superhyperlattice for any 𝑛 ≥ 1.

Proof. Given a hyperlattice (𝐿,∧, ◦), define P𝑛 (𝐿) and lift ∧ and ◦ to ∧𝑛 and ◦𝑛 at the 𝑛-th level. The
resulting structure (P𝑛 (𝐿),∧𝑛, ◦𝑛) satisfies the axioms of an 𝑛-superhyperlattice. Taking 𝑛 = 1 yields a
structure isomorphic in some sense to the original hyperlattice (though more complicated), and larger 𝑛
introduce hierarchical complexity. □

Theorem 4.114. If (𝐿,∧, ◦) is a distributive hyperlattice (or s-distributive), then the induced operations at the
𝑛-th level preserve distributive properties, meaning (P𝑛 (𝐿),∧𝑛, ◦𝑛) remains distributive (or s-distributive).

Proof. Distributivity conditions in hyperlattices typically involve inclusion relations like:

𝑎 ∧ (𝑏 ◦ 𝑐) ⊆ (𝑎 ∧ 𝑏) ◦ (𝑎 ∧ 𝑐).

At the 𝑛-th level, 𝑎, 𝑏, 𝑐 become sets of sets, and we must apply these distributive laws elementwise, using
induction. The base case 𝑛 = 1 is given by the definition of hyperlattice distributivity. Assuming it holds at
level 𝑛, we show that lifting from P𝑛 (𝐿) to P𝑛+1 (𝐿) preserves the distributive pattern because each operation
at level 𝑛 + 1 is defined in terms of unions and products of sets at level 𝑛. Thus, the distributive pattern is
inductively maintained. □

Theorem 4.115. If a hyperlattice (𝐿,∧, ◦) admits a theory of ideals, prime ideals, and maximal ideals, then
its induced 𝑛-superhyperlattice (P𝑛 (𝐿),∧𝑛, ◦𝑛) also admits analogous concepts (e.g., prime and maximal
”hyperideals”) at the 𝑛-th level.

Proof. The notions of ideals (or filters) in a hyperlattice rely on closure properties with respect to ∧ and
conditions relating to ◦. At the 𝑛-th level, these notions translate to subsets of P𝑛 (𝐿) stable under the
operations ∧𝑛, ◦𝑛. The definition of hyperideals at level 𝑛 essentially lifts the conditions from level 𝑛 − 1,
ensuring prime and maximal ideals (if they exist) also ascend to higher levels. Detailed verification requires
checking that upward closures and downward closures under ∧𝑛, ◦𝑛 remain well-defined and non-trivial, which
follows from the inductive construction of these operations. □
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Theorem 4.116. Hypermodules possess the structure of a Hyperstructure. Similarly, 𝑛-Superhypermodules
possess the structure of a Superhyperstructure.

Proof. We will prove the two claims sequentially:

1. Hypermodules as Hyperstructures: A Hypermodule (𝑀, ⊕, ·) consists of a commutative hypergroup
(𝑀, ⊕) with scalar multiplication ·. By definition:

⊕ : 𝑀 × 𝑀 → P(𝑀) \ {∅},

making (𝑀, ⊕) a hyperstructure. The scalar multiplication · interacts with ⊕ in a distributive manner:

𝑟 · (𝑥 ⊕ 𝑦) ⊆ (𝑟 · 𝑥) ⊕ (𝑟 · 𝑦).

This satisfies the key properties of a Hyperstructure, with addition being multi-valued and scalar multi-
plication compatible with this multi-valued addition. Thus, a Hypermodule is a Hyperstructure.

2. 𝑛-Superhypermodules as Superhyperstructures: Consider an 𝑛-Superhypermodule (P𝑛 (𝑀), ⊕𝑛, ·𝑛),
where P𝑛 (𝑀) is the 𝑛-th iterated powerset of 𝑀 , and ⊕𝑛 is the 𝑛-th level hyperaddition:

⊕𝑛 : P𝑛 (𝑀) × P𝑛 (𝑀) → P(P𝑛 (𝑀)) \ {∅}.

The scalar multiplication ·𝑛 : 𝑅 × P𝑛 (𝑀) → P𝑛 (𝑀) distributes over ⊕𝑛 in a manner analogous to
Hypermodules:

𝑟 · (𝐴 ⊕𝑛 𝐵) ⊆ (𝑟 · 𝐴) ⊕𝑛 (𝑟 · 𝐵), ∀𝐴, 𝐵 ∈ P𝑛 (𝑀).

Since (P𝑛 (𝑀), ⊕𝑛) forms an 𝑛-Superhyperstructure by definition, the entire structure (P𝑛 (𝑀), ⊕𝑛, ·𝑛)
inherits the hierarchical complexity of Superhyperstructures. Thus, 𝑛-Superhypermodules are Superhy-
perstructures.

In both cases, the respective module extensions (Hypermodules and 𝑛-Superhypermodules) satisfy the structural
requirements for Hyperstructures and Superhyperstructures, respectively. Therefore, the theorem holds. □

The concept of a Semilattice is well-known as a related notion to Lattices [76, 96, 416, 430]. A semilattice
is a mathematical structure with a commutative, associative, idempotent binary operation over a non-empty
set. This Semilattice is also extended to hyperconcepts and superhyperconcepts. The relevant definitions and
theorems are provided below.

Definition 4.117 (Semilattice). (cf. [76,96,416,430]) A semilattice is a pair (𝑆, ∗) where 𝑆 is a non-empty set
and ∗ : 𝑆 × 𝑆 → 𝑆 is a binary operation satisfying:

1. Commutativity: For all 𝑎, 𝑏 ∈ 𝑆, 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎.

2. Associativity: For all 𝑎, 𝑏, 𝑐 ∈ 𝑆, (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐).

3. Idempotency: For all 𝑎 ∈ 𝑆, 𝑎 ∗ 𝑎 = 𝑎.

These axioms ensure that (𝑆, ∗) can be seen as a commutative, idempotent semigroup. Common examples of
semilattices include sets of subsets of a given set under union or intersection.

Definition 4.118 (Semi-Hyperlattice). [28,29] A semi-hyperlattice is a pair (𝑆,⋄) where 𝑆 is a non-empty set
and ⋄ : 𝑆 × 𝑆 → P(𝑆) \ {∅} is a hyperoperation satisfying:

1. Commutativity: For all 𝑎, 𝑏 ∈ 𝑆, ⋄ is commutative, i.e., 𝑎 ⋄ 𝑏 = 𝑏 ⋄ 𝑎.
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2. Associativity (in the hyper sense): For all 𝑎, 𝑏, 𝑐 ∈ 𝑆,⋃
𝑥∈𝑎⋄(𝑏⋄𝑐)

𝑥 ∩
⋃

𝑦∈ (𝑎⋄𝑏)⋄𝑐
𝑦 ≠ ∅.

This is a weak associativity condition ensuring that no matter how we parenthesize the operation, the
resulting sets have at least one common element.

3. Idempotency: For all 𝑎 ∈ 𝑆, 𝑎 ∈ 𝑎 ⋄ 𝑎.

Such a structure can be interpreted as a ”join-only” or ”meet-only” hyperstructure that generalizes a semilattice.
Each binary combination of elements yields a set of possible ”results,” maintaining commutativity, a form of
associativity, and idempotency.

Theorem 4.119. Every semilattice (𝑆, ∗) is a special case of a semi-hyperlattice by defining 𝑎 ⋄ 𝑏 = {𝑎 ∗ 𝑏}.
Thus, semilattices are embedded into the class of semi-hyperlattices.

Proof. In a semilattice, the operation ∗ is single-valued. Define a hyperoperation ⋄ by 𝑎 ⋄ 𝑏 = {𝑎 ∗ 𝑏}.
This trivially makes (𝑆,⋄) a semi-hyperlattice since the hyperoperation now always returns a singleton set,
preserving commutativity, associativity (in a trivial sense), and idempotency. Hence, every semilattice is a
degenerate semi-hyperlattice. □

Definition 4.120 (Semi-𝑛-Superhyperlattice). Let (𝑆,⋄) be a semi-hyperlattice. Define:

P0 (𝑆) = 𝑆, P𝑘+1 (𝑆) = P(P𝑘 (𝑆)), for 𝑘 ≥ 0.

An semi-𝑛-superhyperlattice is constructed as:

• Its underlying set at level 𝑛 is P𝑛 (𝑆).

• The operation ⋄𝑛 : P𝑛 (𝑆) × P𝑛 (𝑆) → P(P𝑛 (𝑆)) \ {∅} is defined by lifting ⋄ to the 𝑛-th level. This
involves defining, for example:

𝐴 ⋄𝑛 𝐵 =
⋃

𝑎∈𝐴,𝑏∈𝐵
(𝑎 ⋄ 𝑏)

or a more elaborate definition depending on the chosen approach. The key is that⋄𝑛 must be commutative,
weakly associative, and idempotent at the 𝑛-th level.

The axioms of a semi-hyperlattice must be suitably adapted so that the 𝑛-th level construction (P𝑛 (𝑆),⋄𝑛)
remains a semi-hyperlattice at the 𝑛-th order.

Theorem 4.121. Every semi-hyperlattice can be embedded into a semi-𝑛-superhyperlattice for any 𝑛 ≥ 1.

Proof. Starting from a semi-hyperlattice (𝑆,⋄), construct P𝑛 (𝑆) and define ⋄𝑛 as:

𝐴 ⋄𝑛 𝐵 =
⋃

𝑎∈𝐴,𝑏∈𝐵
(𝑎 ⋄ 𝑏).

We must verify the axioms at the 𝑛-th level:

• Commutativity: This follows from the commutativity of ⋄, as any pairwise combination is symmetric.

• Weak associativity: If ⋄ satisfies weak associativity at the base level, then at the 𝑛-th level, we must check
that ⋃

𝑋∈𝐴⋄𝑛 (𝐵⋄𝑛𝐶 )
𝑋 ∩

⋃
𝑌 ∈ (𝐴⋄𝑛𝐵)⋄𝑛𝐶

𝑌 ≠ ∅.

This condition can be shown by induction on 𝑛. The base case 𝑛 = 1 is the definition of the semi-
hyperlattice. Assuming it holds for P𝑛 (𝑆), lifting to P𝑛+1 (𝑆) involves unions and set combinations that
preserve non-empty intersection due to the structure of the hyperoperation.
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• Idempotency: For any 𝐴 ∈ P𝑛 (𝑆), since ⋄ is idempotent at level 0, we have for all 𝑎 ∈ 𝐴, 𝑎 ∈ 𝑎 ⋄ 𝑎. At
level 𝑛, consider 𝐴 ⋄𝑛 𝐴. By definition, for each 𝑎, 𝑎′ ∈ 𝐴, 𝑎 ⋄ 𝑎′ is non-empty and if 𝑎′ = 𝑎, 𝑎 ∈ 𝑎 ⋄ 𝑎.
This ensures 𝐴 ⊆ 𝐴 ⋄𝑛 𝐴 because for each 𝑎 ∈ 𝐴, 𝑎 ∈ 𝑎 ⋄ 𝑎 ⊆ 𝐴 ⋄𝑛 𝐴.

Thus, (P𝑛 (𝑆),⋄𝑛) satisfies the axioms of a semi-hyperlattice at the 𝑛-th level. □

Theorem 4.122. If a semi-hyperlattice (𝑆,⋄) has additional distributive-like properties (e.g., a form of dis-
tributivity involving subsets), then these properties lift to the 𝑛-th level in a semi-𝑛-superhyperlattice.

Proof. The proof is analogous to the distributivity results in hyperlattices. Since we only have one operation ⋄,
distributivity often refers to conditions involving other set-theoretic constructions or additional operations (like
a meet operation if we consider expansions). If such conditions hold at the base level, they can be verified by
induction to hold at higher levels because the 𝑛-th level operation ⋄𝑛 is defined in terms of the base operation
⋄. Each distributive condition translates into set inclusions or equalities that remain valid under unions and
iterative power set constructions. □

Theorem 4.123. If (𝑆,⋄) is a semi-hyperlattice with a well-defined notion of ”ideals” and ”prime ideals” (or
analogous concepts), then these notions also ascend to the 𝑛-th level (P𝑛 (𝑆),⋄𝑛), yielding a theory of prime
”hyperideals” at higher levels.

Proof. The notion of an ideal in a semi-hyperlattice would involve closure properties under ⋄ and certain
downward closure properties. When we move to the 𝑛-th level, an ”ideal” becomes a subset of P𝑛 (𝑆) stable
under ⋄𝑛. Prime-like conditions, i.e., conditions that replicate the behavior of prime ideals (where certain
decompositions imply membership conditions), also lift naturally because they rely on the underlying structure
of ⋄. The induction from level 𝑛 to 𝑛 + 1 ensures that prime conditions remain meaningful, as the operations
and their axioms are consistently applied at each level. □

4.10 Discussions: Boolean Hyperalgebra

A Boolean algebra is a mathematical structure with operations (and, or, not) satisfying commutativity, associa-
tivity, distributivity, identity, and complement laws [164,221,222,365,418,477,479]. A Boolean hyperalgebra
generalizes Boolean algebra by replacing binary operations with hyperoperations, allowing multi-valued re-
sults while retaining complement properties [239, 449, 507]. Boolean SuperHyperAlgebra extends Boolean
hyperalgebra by incorporating m-ary operations and n-th powersets, enabling hierarchical, multi-valued logical
frameworks for complex systems. Boolean SuperHyperAlgebra can also be understood as a concept applying
the ideas of SuperHyperAlgebra, as explored in [499, 500], to the realm of Boolean algebra. Definitions and
related theorems are provided below.

Definition 4.124 (Boolean Algebra). [221, 222, 477] A Boolean algebra is a structure (𝐵,∧,∨,′ , 0, 1) where
𝐵 is a non-empty set, and ∧, ∨ are binary operations, and ′ is a unary operation (complement), and 0 and 1 are
distinguished elements of 𝐵, such that for all 𝑥, 𝑦, 𝑧 ∈ 𝐵:

1. (𝐵,∧, 1) is a commutative, associative, idempotent structure with 𝑥 ∧ 1 = 𝑥 and 𝑥 ∧ 𝑥 = 𝑥.

2. (𝐵,∨, 0) is a commutative, associative, idempotent structure with 𝑥 ∨ 0 = 𝑥 and 𝑥 ∨ 𝑥 = 𝑥.

3. Distributivity: 𝑥 ∧ (𝑦 ∨ 𝑧) = (𝑥 ∧ 𝑦) ∨ (𝑥 ∧ 𝑧) and 𝑥 ∨ (𝑦 ∧ 𝑧) = (𝑥 ∨ 𝑦) ∧ (𝑥 ∨ 𝑧).

4. Complementation: For each 𝑥 ∈ 𝐵, there is an 𝑥′ ∈ 𝐵 such that 𝑥 ∧ 𝑥′ = 0 and 𝑥 ∨ 𝑥′ = 1.

These axioms ensure that the algebraic structure mimics classical Boolean logic.

Definition 4.125 (Boolean Hyperalgebra). [239,449,507] A Boolean hyperalgebra is a structure (𝐻, ◦1, ◦2,
′ , 0, 1)

where:

1. 𝐻 is a non-empty set.
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2. ◦1, ◦2 : 𝐻 × 𝐻 → 𝑃(𝐻) \ {∅} are hyperoperations (often generalizing ∧ and ∨ from Boolean algebra)
that are commutative, weakly associative, and idempotent.

3. There is a unary operation ′ : 𝐻 → 𝐻 providing complements such that for each 𝑥 ∈ 𝐻:

∃𝑥′ ∈ 𝐻 with 𝑥 ◦1 𝑥
′ = {0} and 𝑥 ◦2 𝑥

′ = {1}

(interpreting these hyperoperations in a way that mimics the Boolean complement property).

4. 0 and 1 are special elements analogous to the least and greatest elements from Boolean algebra.

5. A form of distributivity or s-distributivity (depending on the chosen variant) ensures that the Boolean-like
structure is preserved at the hyper level.

The axioms are chosen so that if we replace each hyperoperation by a single-valued operation (choosing
singletons), we recover a Boolean algebra. Thus, a Boolean hyperalgebra is a hyperstructural generalization of
a Boolean algebra.

Definition 4.126 (Boolean (𝑚, 𝑛)-SuperHyperalgebra). A Boolean (𝑚, 𝑛)-SuperHyperalgebra is an algebraic
structure:

A = (𝐻, {◦(𝑚,𝑛)
𝑖

}𝑖∈𝐼 ,′ , 0, 1)

where:

1. 𝐻 is a non-empty set.

2. Each ◦(𝑚,𝑛)
𝑖

is an 𝑚-ary SuperHyperOperation:

◦(𝑚,𝑛)
𝑖

: 𝐻𝑚 → 𝑃𝑛
∗ (𝐻) or 𝑃𝑛 (𝐻),

depending on whether we are dealing with classical-type or Neutrosophic-type (allowing empty sets)
superhyperoperations. The collection of indices 𝐼 may represent a finite or infinite family of such
operations.

3. At least one of these operations plays the role analogous to ∨ or ∧ in the Boolean algebra setting, and
must satisfy commutativity, weak associativity (or strong associativity if we specify), and idempotency.

4. A complement operation ′ : 𝐻 → 𝐻 exists such that for each 𝑥 ∈ 𝐻:

𝑥′ is a complement satisfying Boolean-like conditions: 𝑥 ◦(𝑚,𝑛)
𝑖

𝑥′ includes 0 and 1 appropriately.

The exact form of complement conditions may depend on how the Boolean hyperalgebra axioms are
generalized to 𝑚-ary and 𝑛-th powerset contexts.

5. 0 and 1 remain distinguished elements (or sets) acting as the neutral and absorbing elements analogous
to those in Boolean algebras.

6. A form of distributivity or generalized distributivity (depending on the complexity of ◦(𝑚,𝑛)
𝑖

) is imposed
to ensure the structure mimics Boolean logic at a higher complexity level.

This structure significantly generalizes both Boolean algebras and Boolean hyperalgebras by allowing multiple
inputs (m-ary [35, 52, 121]) and hierarchical complexity (n-th powerset), thus yielding a complex system that
can encode intricate logical relationships and uncertainties.

Theorem 4.127. Every Boolean algebra (𝐵,∧,∨,′ , 0, 1) is a special case of a Boolean hyperalgebra where
each hyperoperation outputs singletons. Further, each Boolean hyperalgebra is a special case of a Boolean
(𝑚, 𝑛)-SuperHyperalgebra1.

1For 𝑚 = 2, 𝑛 = 1, and restricting hyperoperations to singletons.
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Proof. If in a Boolean hyperalgebra we choose each hyperoperation so that it always returns a singleton set,
we reduce it to a single-valued operation scenario. With appropriately chosen operations matching ∧ and ∨,
and a complement operation ′, and given elements 0, 1, the structure collapses to a Boolean algebra.

Similarly, a Boolean hyperalgebra is obtained from a Boolean (𝑚, 𝑛)-SuperHyperalgebra by choosing 𝑚 = 2,
𝑛 = 1, and restricting the hyperoperations to behave as binary hyperoperations at the base level with single-step
powerset.

Thus the inclusion of these structures is evident. □

Theorem 4.128. In a Boolean (𝑚, 𝑛)-SuperHyperalgebra, for every element 𝑥 ∈ 𝐻, there exists 𝑥′ ∈ 𝐻

(the complement of 𝑥) such that 𝑥 combined with 𝑥′ through the relevant superhyperoperations yields subsets
containing 0 and 1, mimicking the Boolean complement property.

Proof. By definition, a Boolean (𝑚, 𝑛)-SuperHyperalgebra is designed to generalize Boolean concepts. There-
fore, it must retain the ability to ”negate” or ”complement” each element. The axioms ensure there is a unary
operation ′ that assigns a complement to each element. By construction, the complement operation in a Boolean
(𝑚, 𝑛)-SuperHyperalgebra ensures:

𝑥 ◦(𝑚,𝑛)
𝑖

(𝑥′, . . . , 𝑥′) ⊇ {0}, 𝑥 ◦(𝑚,𝑛)
𝑗

(𝑥′, . . . , 𝑥′) ⊇ {1}

for suitably chosen 𝑖, 𝑗 ∈ 𝐼 indexing the operations. Hence complements exist and behave analogously to
Boolean algebra complements. □

Theorem 4.129. If a Boolean hyperalgebra satisfies a certain distributive or s-distributive property, then its
corresponding Boolean (𝑚, 𝑛)-SuperHyperalgebra can also be endowed with a similar distributive property at
each level of iteration, provided the hyperoperations and their 𝑚-ary extensions are defined consistently.

Proof. The distributivity or s-distributivity conditions in Boolean hyperalgebras state that certain set inclusions
or equalities hold among the results of hyperoperations. When extending to Boolean (𝑚, 𝑛)-SuperHyperalgebra,
we define ◦(𝑚,𝑛)

𝑖
at 𝑛-th powerset levels. Since these constructions arise by applying power set operations and

unions over the base hyperoperations, any set-theoretic property like distributivity can be verified via induction
on 𝑛. The complexity of 𝑚-ary operations does not obstruct distributivity as it typically generalizes from
binary to 𝑚-ary by imposing analogous conditions on all tuples of inputs. Thus, distributivity properties can
be preserved. □

4.11 Discussions: Generalized 𝑛-th Powerset

In [180], the concept of a Generalized 𝑛-th Powerset was introduced as an extension of the traditional 𝑛-th
Powerset. Building upon this, we anticipate that applying this framework to the concepts proposed in this
paper will contribute to further advancements in mathematical structures and their practical applications. For
readers interested in a detailed understanding of Fuzzy Sets or Neutrosophic Sets, we recommend referring to
foundational lecture notes or introductory materials (e.g., [39, 190, 484]).

Definition 4.130 (Generalized 𝑛-th Powerset). [180] Let 𝐻 be a set or a mathematical structure, and let 𝑃(𝐻)
denote the classical powerset of 𝐻. Define the 𝑛-th generalized powerset of 𝐻, denoted 𝐺𝑛 (𝐻), recursively as:

𝐺1 (𝐻) = 𝐺 (𝐻),

𝐺𝑛+1 (𝐻) = 𝐺
(
𝐺𝑛 (𝐻)

)
for 𝑛 ≥ 1,

where𝐺 (𝐻) is a generalized powerset operator that incorporates additional constraints, properties, or structures.
Examples of 𝐺 (𝐻) include:

• Labeled subsets: 𝐺 (𝐻) = {(𝐴, ℓ𝐴) | 𝐴 ⊆ 𝐻, ℓ𝐴 ∈ 𝐿}, where 𝐿 is a set of labels.

• Weighted subsets [562]: 𝐺 (𝐻) = {(𝐴, 𝑤𝐴) | 𝐴 ⊆ 𝐻, 𝑤𝐴 ∈ R}, where weights 𝑤𝐴 are assigned to
subsets.

54



• Soft subsets [359]: Let𝑈 be a universe and 𝐸 a set of parameters. A soft subset over𝑈 is a pair (𝐹, 𝐴),
where 𝐴 ⊆ 𝐸 and 𝐹 : 𝐴 → 𝑃(𝑈). For each 𝑒 ∈ 𝐴, 𝐹 (𝑒) ⊆ 𝑈 represents the set of elements satisfying
parameter 𝑒.

• Graph subsets: 𝐺 (𝐻) = {(𝐺,𝑉𝐺 , 𝐸𝐺) | 𝑉𝐺 ⊆ 𝑉 (𝐻), 𝐸𝐺 ⊆ 𝐸 (𝐻)}, where 𝐺 = (𝑉𝐺 , 𝐸𝐺) is a subgraph
of 𝐻.

• Structured subsets: Subsets with internal structures, such as orderings, multisets, or graph-like properties.

• Filtered subsets: Subsets satisfying a predicate 𝑃(𝐴), such that 𝐺 (𝐻) = {𝐴 ⊆ 𝐻 | 𝑃(𝐴)}.

• Fuzzy subsets [568]: 𝐺 (𝐻) = {(𝐴, 𝜇𝐴) | 𝐴 ⊆ 𝐻, 𝜇𝐴 : 𝐴 → [0, 1]}, where 𝜇𝐴 defines the degree of
membership for each element in 𝐴.

• Rough subsets [405]: Defined in terms of lower and upper approximations, 𝐺 (𝐻) = {(𝐴, 𝐴, 𝐴) | 𝐴 ⊆
𝐻}, where:

𝐴 = {𝑥 ∈ 𝐻 | 𝑃(𝑥) is definitely true}, 𝐴 = {𝑥 ∈ 𝐻 | 𝑃(𝑥) is possibly true}.

• Neutrosophic subsets [481]: 𝐺 (𝐻) = {(𝐴,𝑇𝐴, 𝐼𝐴, 𝐹𝐴) | 𝐴 ⊆ 𝐻,𝑇𝐴, 𝐼𝐴, 𝐹𝐴 : 𝐴→ [0, 1]}, where:

0 ≤ 𝑇𝐴(𝑥) + 𝐼𝐴(𝑥) + 𝐹𝐴(𝑥) ≤ 3 for all 𝑥 ∈ 𝐴,

and 𝑇𝐴(𝑥), 𝐼𝐴(𝑥), and 𝐹𝐴(𝑥) represent the degrees of truth, indeterminacy, and falsity, respectively.

• Plithogenic subsets [486, 503]: 𝐺 (𝐻) = {(𝐴, 𝑣, 𝑃𝑣, 𝑝𝑑𝑓 , 𝑝𝐶𝐹) | 𝐴 ⊆ 𝐻}, where:

– 𝑣 is an attribute.
– 𝑃𝑣 is the range of possible values for 𝑣.
– 𝑝𝑑𝑓 : 𝐴 × 𝑃𝑣 → [0, 1]𝑠 is the Degree of Appurtenance Function (DAF).
– 𝑝𝐶𝐹 : 𝑃𝑣 × 𝑃𝑣 → [0, 1]𝑡 is the Degree of Contradiction Function (DCF) satisfying:

𝑝𝐶𝐹 (𝑎, 𝑎) = 0, 𝑝𝐶𝐹 (𝑎, 𝑏) = 𝑝𝐶𝐹 (𝑏, 𝑎) for all 𝑎, 𝑏 ∈ 𝑃𝑣.

Definition 4.131 (Generalized Non-Empty 𝑛-th Powerset). [180] Define the 𝑛-th generalized non-empty
powerset of 𝐻, denoted 𝐺∗

𝑛 (𝐻), recursively as:

𝐺∗
1 (𝐻) = 𝐺

∗ (𝐻),

𝐺∗
𝑛+1 (𝐻) = 𝐺

∗ (𝐺∗
𝑛 (𝐻)

)
,

where 𝐺∗ (𝐻) is the non-empty subset operator under the generalized powerset 𝐺 (𝐻), satisfying 𝐺∗ (𝐻) ⊆
𝐺 (𝐻) \ {∅}.

Theorem 4.132. A Generalized 𝑛-th Powerset generalizes a 𝑛-th Powerset.

Proof. It is evident from the definition. □

Theorem 4.133. A Generalized 𝑛-th Powerset generalizes a classic Powerset.

Proof. It is evident from the definition. □

Theorem 4.134. [180] The Generalized 𝑛-th Powerset can represent the structure of supervertices and
superedges in an 𝑛-SuperHyperGraph.

Proof. It is evident from the definition. Refer to [180] as needed. □

In this paper, we discussed classical hyperstructures, 𝑛-superhyperstructures, and the concepts of generalized
𝑛-th powersets. To further extend these notions, we now introduce the concepts of Generalized Hyperstructures
and Generalized 𝑛-Superhyperstructures. These frameworks provide an even broader stage for incorporating
additional attributes, logic, uncertainty, or complexity into the hyperstructural environment.
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Definition 4.135 (Generalized Hyperstructure). Let 𝐻 be a set or a mathematical structure, and let 𝐺 (𝐻) be
a Generalized Powerset of 𝐻, as defined by a chosen operator 𝐺 that assigns additional structure, such as
fuzziness, neutrosophic values, weights, parameters, or other internal complexities.

A Generalized Hyperstructure is a pair:
G = (𝐺 (𝐻),⋄),

where:

• 𝐺 (𝐻) is a generalized collection of subsets or enriched subsets of 𝐻 (e.g., fuzzy subsets, neutrosophic
subsets, weighted subsets, etc.).

• ⋄ : 𝐺 (𝐻) ×𝐺 (𝐻) → P(𝐺 (𝐻)) \ {∅} is a hyperoperation that takes two elements from𝐺 (𝐻) and returns
a non-empty subset of 𝐺 (𝐻).
The conditions for associativity (strict or weak), commutativity, identity, and invertibility can be adapted
depending on the intended generalization. The key point is that both the underlying domain and the
hyperoperation are ”generalized,” potentially carrying additional attributes or logic.

Definition 4.136 (Generalized 𝑛-Superhyperstructure). Let 𝐺 be a generalized powerset operator, and define:

𝐺1 (𝐻) = 𝐺 (𝐻), 𝐺𝑛+1 (𝐻) = 𝐺 (𝐺𝑛 (𝐻)) for 𝑛 ≥ 1.

An Generalized 𝑛-Superhyperstructure is a pair:

GWSH𝑛 = (𝐺𝑛 (𝐻),⋄𝑛),

where:

• 𝐺𝑛 (𝐻) is the 𝑛-th iteration of the generalized powerset operator 𝐺 applied to 𝐻.

• ⋄𝑛 : 𝐺𝑛 (𝐻) × 𝐺𝑛 (𝐻) → P(𝐺𝑛 (𝐻)) \ {∅} is a hyperoperation at the 𝑛-th level of generalization.
This structure extends 𝑛-superhyperstructures by incorporating additional attributes, such as fuzziness,
weighting, neutrosophic logic, or plithogenic properties, at each level of iteration.

Example 4.137 (Example of structures). Below, we present several examples of such structures.

• Generalized Fuzzy Hyperstructures: Let 𝐺 (𝐻) represent the fuzzy subsets of 𝐻. Then a Generalized
Hyperstructure (𝐺 (𝐻),⋄) might have ⋄ defined so that the combination of two fuzzy subsets results in a
set of fuzzy subsets with certain combined membership functions.

• Generalized Neutrosophic Hyperstructures: If𝐺 (𝐻) denotes neutrosophic subsets of𝐻, then⋄ combines
neutrosophic degrees of truth, indeterminacy, and falsity, yielding sets of neutrosophic subsets that
capture more complex uncertainty at each operation.

• Weighted Generalized Hyperstructures: If 𝐺 (𝐻) consists of subsets of 𝐻 with weights or valuations,
then a Generalized Hyperstructure uses ⋄ to combine these valuations in a hyperstructural manner.

• Generalized 𝑛-Superhyperstructures: Consider 𝐺𝑛 (𝐻) where at the first level we have fuzzy sets, at the
second level fuzzy sets of fuzzy sets, etc. The complexity grows, and so does the flexibility in modeling
hierarchical and uncertain systems.

Theorem 4.138. A Generalized Hyperstructure generalizes a Hyperstructure.

Proof. A Hyperstructure (𝑆, ◦) is a special case of a Generalized Hyperstructure (𝐺 (𝐻),⋄) when 𝐺 (𝐻) =

P(𝐻) (the ordinary powerset) and the hyperoperation ⋄ reduces to ◦. Thus, every hyperstructure is ob-
tained by choosing a trivial generalization 𝐺 = P. Hence, Generalized Hyperstructures strictly generalize
Hyperstructures. □

Theorem 4.139. A Generalized 𝑛-Superhyperstructure generalizes a 𝑛-Superhyperstructure.
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Proof. This is evident. □

Theorem 4.140. An 𝑛-Superhyperstructure is a special case of a Generalized 𝑛-Superhyperstructure.

Proof. An 𝑛-Superhyperstructure (P𝑛 (𝐻), ★𝑛) uses the standard powerset operator P. If we choose 𝐺 = P as
the generalized operator, then 𝐺𝑛 (𝐻) = P𝑛 (𝐻). By defining ⋄𝑛 to coincide with ★𝑛, we recover the original
𝑛-Superhyperstructure. Therefore, Generalized 𝑛-Superhyperstructures encompass 𝑛-Superhyperstructures as
a special case. □

Theorem 4.141. If the generalized operator 𝐺 preserves certain algebraic or logical properties (e.g., clo-
sure under certain operations, monotonicity, or stability under fuzzy intersection/union), then the resulting
Generalized 𝑛-Superhyperstructure inherits similar structural properties.

Proof. Assume 𝐺 is defined so that it integrates additional algebraic or logical properties into the subsets of
𝐻. For example, if 𝐺 (𝐻) is closed under a particular fuzzy intersection operator and this closure extends to
𝐺 (𝐺 (𝐻)), and so forth. By induction, each𝐺𝑛 (𝐻) is constructed in a manner that preserves these properties at
each level. Similarly, if ⋄𝑛 is defined to respect these properties, the entire Generalized 𝑛-Superhyperstructure
will maintain the desired properties.

Thus, properties introduced by 𝐺 are percolated through each iterative application, ensuring the resulting
structure inherits the aimed attributes. □

Remark 4.142. The author believes that Generalized Hyperstructures and Generalized n-Superhyperstructures
open a realm of possibilities. Future research in the following areas is highly anticipated.

• Integration with Complex Logics: Incorporating neutrosophic sets, plithogenic sets, or rough sets can
model complex, uncertain systems.

• Hierarchical Modeling(cf. [49,286,335]): The 𝑛-th order generalization allows multi-layered hierarchical
modeling, capturing different levels of abstraction.

• Applications in Decision Making(cf. [292, 338, 467]), AI, and Data Science (cf. [69, 397]): Handling
complex attributes (like fuzziness or neutrality) within a hyperstructural framework can enhance decision-
making models, neural network architectures, or data clustering algorithms.

• Combinational Explosion and Simplification Strategies: While generalization increases expressive
power, it also increases complexity. Future research might focus on identifying simplifications, canonical
forms, or embeddings into simpler structures, or establishing equivalences between different generalized
frameworks.

4.12 Discussions: Application of Hyperstructures to Social Science and Other Domains

The concepts of hyperstructures and superhyperstructures can be applied beyond purely mathematical frame-
works. This subsection explores their application to various concepts across different domains.

4.12.1 The Relationship Between Hyperstructures and Project Management

These concepts of Hyperstructure and n-Superhyperstructure can potentially be applied to Social Sciences as
well. For instance, project management can be mathematically defined, albeit in an unconventional manner.
Project management can be described as the structured planning, organization, and execution of tasks to
achieve specific objectives within a defined timeframe and scope [41,142,168–170,287,350,447,461,474,510].
Generalized concepts such as program management [293,343,475] and portfolio management [97,111,285,402]
are also well-known in this context.

While this approach may seem somewhat unconventional, it is possible to mathematically define these concepts
and explore their relationships through the lens of Hyperstructures and n-Superhyperstructures. Relevant
definitions and theorems are presented below.
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Definition 4.143 (Project Management as a Structure). Consider a non-empty finite set 𝑃 of tasks (activities)
that belong to a single project. A Project Structure is defined as a pair (𝑃,★), where:

1. 𝑃 is the set of tasks for one project.

2. ★ : 𝑃 × 𝑃 → 𝑃 is a binary operation that composes tasks or results in an aggregated outcome (e.g.,
combining two tasks into a single aggregated deliverable).

The operation ★ is assumed to be classical (single-valued). This resembles a classical structure where each
combination of tasks leads to a unique well-defined next step or integrated deliverable.

For example, if 𝑃 = {𝑡1, 𝑡2, . . . , 𝑡𝑛}, then (𝑡𝑖 ★ 𝑡 𝑗 ) ∈ 𝑃 is a unique output task from merging or sequencing 𝑡𝑖
and 𝑡 𝑗 .

Definition 4.144 (Program Management as a Hyperstructure). A Program consists of multiple interrelated
projects. Let P = {𝑃1, 𝑃2, . . . , 𝑃𝑚} be a collection of project task sets, each with its internal operation ★.
Define a Program Hyperstructure as:

H = (P, ◦)
where ◦ : P × P → P(⋃𝑖 𝑃𝑖) is a hyperoperation, mapping two project sets to a set of possible combined
outcomes. Unlike the project-level operation ★, the program-level operation ◦ is multi-valued, reflecting the
fact that combining tasks from different projects can lead to multiple possible integrated outcomes or sets of
solutions.

For example, consider two projects 𝑃𝑎 and 𝑃𝑏. The hyperoperation ◦ might produce:

𝑃𝑎 ◦ 𝑃𝑏 ⊆ P(𝑃𝑎 ∪ 𝑃𝑏),

a set of possible integrated workstreams or solution paths, rather than a single unique outcome.

Definition 4.145 (Portfolio Management as an 𝑛-Superhyperstructure). A Portfolio encompasses multiple
programs and possibly standalone projects, possibly arranged hierarchically. Let Q = {H1,H2, . . . ,H𝑘} be a
finite set of programs, each a hyperstructure. To represent the complexity of a portfolio, we introduce iterative
power set constructions leading to an (𝑚, 𝑛)-SuperHyperOperation.

Define:
Q𝑛 = P𝑛 (

⋃
𝑗

H 𝑗 )

as the 𝑛-th iterated powerset (or 𝑛-th super-level) of the union of all program task sets. An (𝑚, 𝑛)-
SuperHyperOperation ⋄ acts on these 𝑛-th level sets:

⋄ : (Q𝑛)𝑚 → P∗
𝑛 (Q𝑛),

where P∗
𝑛 (·) denotes an 𝑛-th order power set structure that can generate sets of sets of sets, and so forth.

The resulting structure:
(Q𝑛,⋄)

is an 𝑛-Superhyperstructure, reflecting the multi-layered, hierarchical decision-making environment of a port-
folio. Here, combining multiple programs (each already a hyperstructure) produces a richer, more complex
structure, allowing multiple possible solutions at various hierarchical levels.

Theorem 4.146. A program management structure (hyperstructure) generalizes a project management struc-
ture (classical structure).

Proof. A project management structure (𝑃,★) involves a single-valued operation on tasks. If we consider
multiple projects 𝑃1, 𝑃2, . . . , 𝑃𝑚 and define a hyperoperation ◦ that can produce multiple outcome sets from
combining these 𝑃𝑖 , we introduce multi-valuedness. This move from single-valued ★ to multi-valued ◦ is
precisely the jump from a structure to a hyperstructure. Thus, a program (with multiple related projects)
naturally corresponds to a hyperstructure generalization of a single project structure. □
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Theorem 4.147. Portfolio management, represented as an 𝑛-superhyperstructure, generalizes program man-
agement (hyperstructure) and project management (structure).

Proof. A portfolio consists of multiple programs (hyperstructures). Introducing 𝑛-th power set constructions
and 𝑛-SuperHyperOperations ⋄ on these program sets leads to an 𝑛-Superhyperstructure. For 𝑛 = 1, we have
a hyperstructure (program level). For 𝑛 > 1, each iteration introduces additional layers of complexity and
hierarchy, yielding an 𝑛-Superhyperstructure. Therefore, portfolio management, with its hierarchical combi-
nations of programs and projects, is modeled by an 𝑛-Superhyperstructure that generalizes the hyperstructure
(program) and the structure (project) cases. □

Remark 4.148. The analogy presented is metaphorical:

• Project management deals with a single organized set of tasks and decisions, analogous to a single-valued
algebraic structure (classical structure).

• Program management deals with multiple projects, introducing branching sets of outcomes and integrated
decision-making paths, analogous to a hyperstructure with multi-valued operations.

• Portfolio management involves an even higher-order hierarchical system of multiple programs and
projects, where layering and complexity grows, analogous to an 𝑛-superhyperstructure.

4.12.2 Product Portfolio Management

Product Management refers to the process of managing individual products throughout their lifecycle, including
strategy, development, and marketing [12,105,166,334,452]. Product Portfolio Management is the concept of
managing overarching collections of products in a unified and strategic manner [109, 110, 112].

To formalize these concepts mathematically, we define Product Management (PM) and Product Portfolio
Management (PPM) as follows.

Definition 4.149 (Product Management (PM)). Product Management focuses on the management of individual
products. It is defined as:

𝑃𝑀 = (𝑃, 𝑅, 𝑀),
where:

• 𝑃 = {𝑝1, 𝑝2, . . . , 𝑝𝑛} is the set of products.

• 𝑅 ⊆ 𝑃 × 𝑃 represents relationships between products, such as complementarity, competition, or depen-
dency.

• 𝑀 : 𝑃 → R𝑘 is a management function that assigns attributes to each product, such as revenue, cost, or
market share.

Example 4.150. Consider a company managing two products: a smartphone (𝑝1) and a tablet (𝑝2). The
product set is:

𝑃 = {𝑝1, 𝑝2}.
The relationship 𝑅 = {(𝑝1, 𝑝2)} indicates that the smartphone and tablet are complementary. The management
function 𝑀 assigns attributes:

𝑀 (𝑝1) = (100, 50), 𝑀 (𝑝2) = (50, 30),

where 𝑀 (𝑝𝑖) represents (revenue, cost) in million USD.

Definition 4.151 (Product Portfolio Management (PPM)). Product Portfolio Management manages collections
of products as a whole. It is defined as:

𝑃𝑃𝑀 = (P(𝑃), 𝑅′, 𝑀 ′),

where:
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• P(𝑃) is the power set of 𝑃, representing all possible subsets of products (i.e., product portfolios).

• 𝑅′ ⊆ P(𝑃)×P(𝑃) represents relationships between product portfolios, such as competition or synergies.

• 𝑀 ′ : P(𝑃) → R𝑘 is a portfolio management function that assigns attributes to portfolios, such as total
revenue or strategic value.

Example 4.152. For the product set 𝑃 = {𝑝1, 𝑝2}, the power set is:

P(𝑃) = {∅, {𝑝1}, {𝑝2}, {𝑝1, 𝑝2}}.

A relationship 𝑅′ = {({𝑝1}, {𝑝2})} indicates competition between the smartphone portfolio {𝑝1} and the tablet
portfolio {𝑝2}. The portfolio management function 𝑀 ′ assigns total revenue:

𝑀 ′ ({𝑝1, 𝑝2}) = 150 (million USD).

Definition 4.153 (Product 𝑛-SuperHyperPortfolio Management (Product SHPPM𝑛)). Product 𝑛-SuperHyperPortfolio
Management generalizes Product Portfolio Management to include recursive layers of portfolios. It is defined
as:

SHPPM𝑛 = (P𝑛 (𝑃), 𝑅 (𝑛) , 𝑀 (𝑛) ),

where:

• P𝑛 (𝑃) is the 𝑛-th power set of 𝑃, recursively defined as:

P1 (𝑃) = P(𝑃), P𝑘+1 (𝑃) = P(P𝑘 (𝑃)) for 𝑘 ≥ 1.

This represents nested collections of portfolios.

• 𝑅 (𝑛) ⊆ P𝑛 (𝑃) × P𝑛 (𝑃) represents relationships between elements of P𝑛 (𝑃), such as dependencies
between hierarchical portfolios.

• 𝑀 (𝑛) : P𝑛 (𝑃) → R𝑘 is a management function that assigns attributes to elements of P𝑛 (𝑃), such as
aggregated risks or strategic values.

Example 4.154. Let 𝑃 = {𝑝1, 𝑝2}. The first power set is:

P1 (𝑃) = {∅, {𝑝1}, {𝑝2}, {𝑝1, 𝑝2}}.

The second power set P2 (𝑃) includes subsets of P1 (𝑃). A relationship 𝑅 (2) = {({{𝑝1}, {𝑝2}}, {{𝑝1, 𝑝2}})}
reflects dependencies between portfolios and their sub-portfolios. The management function 𝑀 (2) could assign
aggregate risks:

𝑀 (2) ({{𝑝1}, {𝑝2}}) = 0.5,

where 0.5 represents the aggregated risk of the nested portfolios.

In this paper, we introduced Project Portfolio Management and Product Portfolio Management. However, it
is important to note that portfolio management is not limited to projects or products; it is a widely studied
concept across various contexts. For instance, Active Portfolio Management [83,84,201,212], Agile Portfolio
Management [298,307,439,514], Investment Portfolio Management [42,379], Business Portfolio Management
[25,466], Passive Portfolio Management [316,515], and Strategic Portfolio Management [23,34] are all areas of
research within this domain. These concepts can also be examined as hyperstructures and superhyperstructures
using similar methodologies. Further research into these areas is anticipated as needed.

4.12.3 Programming Function Hyperstructure

Programming is the process of designing, writing, testing, and maintaining code to create functional software
applications [257, 417]. A Programming Function is a reusable computational unit in programming, map-
ping inputs to outputs based on defined operations or logic (cf. [342, 546, 581]). It can be analyzed using
hyperstructure and superhyperstructure frameworks. The definitions and related concepts are detailed below.
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Definition 4.155 (Programming Function Hyperstructure). Let 𝑆 = { 𝑓1, 𝑓2, . . . , 𝑓𝑛} be a set of functions
within a programming context, where each 𝑓𝑖 represents an individual function or a method. The Programming
Function Hyperstructure is defined as:

H𝑃 = (P(𝑆), ◦),

where:

• P(𝑆): The powerset of 𝑆, representing all possible subsets of functions, including individual functions
and their combinations.

• ◦: A binary operation defined on subsets of P(𝑆), such as function composition, union, or a custom-
defined operation specific to the programming framework.

Example 4.156 (Hyperstructure in Programming). Consider a set of programming functions 𝑆 = { 𝑓1, 𝑓2, 𝑓3},
where:

• 𝑓1 (𝑥) = 𝑥 + 1: A function that increments its input by 1.

• 𝑓2 (𝑥) = 2𝑥: A function that doubles its input.

• 𝑓3 (𝑥) = 𝑥2: A function that squares its input.

The powerset P(𝑆) includes:

P(𝑆) = {∅, { 𝑓1}, { 𝑓2}, { 𝑓3}, { 𝑓1, 𝑓2}, { 𝑓1, 𝑓3}, { 𝑓2, 𝑓3}, { 𝑓1, 𝑓2, 𝑓3}}.

Define an operation ◦ as the sequential composition of functions. For example:

{ 𝑓1, 𝑓2} ◦ { 𝑓3} = { 𝑓3 ◦ 𝑓1, 𝑓3 ◦ 𝑓2}.

If 𝑓1 (𝑥) = 𝑥 + 1 and 𝑓3 (𝑥) = 𝑥2, then:
𝑓3 ◦ 𝑓1 (𝑥) = (𝑥 + 1)2.

Theorem 4.157. The Programming Function Hyperstructure generalizes function organization in software
systems, enabling structured analysis of combinations, dependencies, and compositions within codebases.

Proof. By definition, P(𝑆) provides all possible groupings of functions. The operation ◦ defines interactions
between these groupings, thereby encapsulating the structural and behavioral complexity of a software system
in a hyperstructure framework. □

Definition 4.158 (Programming Function 𝑛-SuperHyperstructure). Let 𝑆 = { 𝑓1, 𝑓2, . . . , 𝑓𝑛} be a set of func-
tions within a programming context. The Programming Function 𝑛-SuperHyperstructure is defined as:

SH𝑛 = (P𝑛 (𝑆), ◦(𝑛) ),

where:

• P𝑛 (𝑆): The 𝑛-th powerset of 𝑆, defined recursively as:

P1 (𝑆) = P(𝑆), P𝑘+1 (𝑆) = P(P𝑘 (𝑆)) for 𝑘 ≥ 1.

This represents all 𝑛-level combinations of subsets of 𝑆.

• ◦(𝑛) : A generalized 𝑛-ary operation defined on P𝑛 (𝑆), such as nested function compositions, unions, or
other operations specific to the programming framework.

Example 4.159 (𝑛-SuperHyperstructure in Programming). Let 𝑆 = { 𝑓1, 𝑓2, 𝑓3}, where:

• 𝑓1 (𝑥) = 𝑥 + 1: A function that increments its input by 1.
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• 𝑓2 (𝑥) = 2𝑥: A function that doubles its input.

• 𝑓3 (𝑥) = 𝑥2: A function that squares its input.

The first powerset is:

P1 (𝑆) = P(𝑆) = {∅, { 𝑓1}, { 𝑓2}, { 𝑓3}, { 𝑓1, 𝑓2}, { 𝑓1, 𝑓3}, { 𝑓2, 𝑓3}, { 𝑓1, 𝑓2, 𝑓3}}.

The second powerset P2 (𝑆) is the powerset of P1 (𝑆), containing all subsets of P1 (𝑆).

Define ◦(2) as the nested composition of subsets of functions. For instance:

{{ 𝑓1}, { 𝑓2}} ◦(2) {{ 𝑓3}} = {{ 𝑓3 ◦ 𝑓1}, { 𝑓3 ◦ 𝑓2}}.

If 𝑓1 (𝑥) = 𝑥 + 1 and 𝑓3 (𝑥) = 𝑥2, then:
𝑓3 ◦ 𝑓1 (𝑥) = (𝑥 + 1)2.

Similarly, P3 (𝑆) extends this to a third level, where operations are defined on subsets of P2 (𝑆).

Theorem 4.160. The 𝑛-SuperHyperstructure provides a hierarchical framework for analyzing multi-level
relationships and operations within programming function systems.

Proof. By recursively constructing P𝑛 (𝑆), the 𝑛-SuperHyperstructure models higher-order dependencies and
combinations of functions. The operation ◦(𝑛) enables analysis and optimization at each hierarchical level,
making it a powerful tool for understanding complex program structures. □

4.12.4 Software Framework Ecosystem

To enhance the efficiency of programming and development, numerous programming libraries and software
frameworks have been introduced (e.g. [26, 37, 118, 231, 310, 401]). This section attempts to represent these
concepts using hyperstructure and superhyperstructure frameworks and mathematically define the Software
Framework Ecosystem. It is important to note that this definition is conceptual and may be refined further, as
more comprehensive definitions could emerge in the future.

Definition 4.161 (Programming Library as a Structure). A Programming Library is a reusable collection of
functions and routines designed to perform specific tasks in a programming environment. Formally, a library
can be defined as:

L = (𝐿, ◦),
where:

• 𝐿 = { 𝑓1, 𝑓2, . . . , 𝑓𝑛}: A set of functions or routines provided by the library.

• ◦: An operation that combines or sequences functions within the library, such as function composition.

Example 4.162. Consider NumPy [229, 384], a Python library for numerical computations. The functions
𝐿 = {dot, sum,mean} represent specific tasks like matrix multiplication, summation, and averaging. The
operation ◦ combines these functions, for example:

result = mean(sum(dot(𝐴, 𝐵))),

where 𝐴 and 𝐵 are input matrices.

Definition 4.163 (Programming Framework as a Hyperstructure). A Programming Framework is a structured
environment that integrates multiple libraries and defines their interactions to support the development of
complex systems (cf. [46, 158, 159, 415]). It can be represented as:

F = (P(𝐿), ◦),

where:
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• P(𝐿): The powerset of libraries 𝐿 = {𝐿1, 𝐿2, . . . , 𝐿𝑚}, where each 𝐿𝑖 is a programming library.

• ◦: A hyperoperation that models the interaction or data flow between libraries, such as API calls or
dependency relationships.

Theorem 4.164. A Programming Framework possesses the structure of a hyperstructure.

Proof. This follows directly from the definition. □

Example 4.165. The Django framework (cf. [161, 450]) integrates libraries for handling requests, databases,
and templates:

𝐿 = {views.py,models.py, templates/}.

The operation ◦ models their interaction, such as routing user requests (views.py) to database operations
(models.py) and rendering templates (templates/).

Definition 4.166 (Framework Ecosystem as a Superhyperstructure). A Framework Ecosystem (cf. [2]) is a
higher-order system composed of multiple frameworks interacting in a hierarchical or networked structure. It
is formally defined as:

SF = (P𝑛 (𝐹), ◦),

where:

• P𝑛 (𝐹): The 𝑛-th powerset of frameworks 𝐹 = {F1, F2, . . . , F𝑝}, capturing higher-level relationships
between frameworks.

• ◦: A superhyperoperation that models interactions, such as API integration, data exchange, or orchestra-
tion between frameworks.

Theorem 4.167. A Framework Ecosystem possesses the structure of a superhyperstructure.

Proof. This follows directly from the definition. □

Example 4.168. A full-stack web application (cf. [7, 404]) combines Django (backend) and React (frontend)
[149]:

𝐹 = {FDjango, FReact}.

The interaction ◦ is modeled as API calls, such as Django exposing REST endpoints consumed by React. The
ecosystem is represented as:

SF = (P𝑛 (𝐹), ◦),

where multiple frameworks interact to build a cohesive application.

4.12.5 Educational Curriculum and Courses

Educational Curriculum is a structured framework outlining courses, subjects, and learning objectives to guide
and assess educational progress [217, 228, 329]. Educational Curriculum and Courses are examined using
hyperstructure and superhyperstructure frameworks.

Definition 4.169 (Structure: Individual Course or Subject). A course 𝐶 is modeled as a tuple:

𝐶 = (𝑇, 𝑃, 𝑂),

where:

• 𝑇 : The title of the course (e.g., ”Mathematics 101”).

• 𝑃: Prerequisites for the course.

• 𝑂: Learning outcomes or objectives.
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Definition 4.170 (Hyperstructure: Course Collection and Relationships). The curriculum, representing courses
and their interrelations, is defined as a hyperstructure:

H𝐶 = (P(𝐶), ◦),

where:

• P(𝐶): The powerset of all courses.

• ◦: Operations modeling relationships such as prerequisites, co-requisites, or course progression paths.

Definition 4.171 (Superhyperstructure: Hierarchical Course Organization). The curriculum extended across
programs or institutions is represented as:

SH𝑛
𝐶 = (P𝑛 (𝐶), ◦),

where:

• P𝑛 (𝐶): The 𝑛-th powerset of courses, capturing nested structures (e.g., programs, institutions).

• ◦: Operations modeling collaborative or hierarchical relationships among courses.

4.12.6 Products and Components

Products and Components are analyzed and extended using hyperstructure and superhyperstructure frameworks.

Definition 4.172 (Structure: Individual Product or Component). A component 𝑃 is defined as:

𝑃 = (𝐼𝐷, 𝐹, 𝐶),

where:

• 𝐼𝐷: A unique identifier for the component (e.g., ”Engine”).

• 𝐹: A set of features or specifications.

• 𝐶: Constraints such as compatibility or size.

Definition 4.173 (Hyperstructure: Component Collection and Interactions). The system of components is
represented as:

H𝑃 = (P(𝑃), ◦),

where:

• P(𝑃): The powerset of components.

• ◦: Operations describing assembly rules or interactions between components.

Definition 4.174 (Superhyperstructure: Hierarchical Component Organization). A nested system of products
and subsystems is represented as:

SH𝑛
𝑃 = (P𝑛 (𝑃), ◦),

where:

• P𝑛 (𝑃): The 𝑛-th powerset of components, capturing nested subsystems or inter-product (cf. [579])
shared components.

• ◦: Operations describing hierarchical dependencies across products.
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4.12.7 Economic Systems and Transactions

Economic Systems are frameworks for organizing production, distribution, and consumption of goods and
services, encompassing resources, institutions, and interactions [163, 196, 241, 320, 391]. This concept is ex-
tended using hyperstructure and superhyperstructure to model complex economic relationships and hierarchical
interactions.

Definition 4.175 (Structure: Individual Transaction). A transaction 𝑇 is modeled as:

𝑇 = (𝐴, 𝐵, 𝑋, 𝑃),

where:

• 𝐴: Buyer.

• 𝐵: Seller.

• 𝑋: Item or service exchanged.

• 𝑃: Price or value.

Example 4.176 (Structure: Individual Transaction). An individual economic transaction 𝑇 can be modeled as:

𝑇 = (𝐴, 𝐵, 𝑋, 𝑃),

where:

• 𝐴: The buyer involved in the transaction.

• 𝐵: The seller providing goods or services.

• 𝑋: The item or service exchanged in the transaction.

• 𝑃: The price or value assigned to the transaction.

For instance, consider a transaction where a consumer buys a book from a bookstore for $20. Here, 𝐴 is the
consumer, 𝐵 is the bookstore, 𝑋 is the book, and 𝑃 = 20.

Definition 4.177 (Hyperstructure: Transaction Collection and Dependencies). The market, representing all
transactions and their interdependencies, is defined as:

H𝑇 = (P(𝑇), ◦),

where:

• P(𝑇): The powerset of transactions.

• ◦: Operations describing dependencies such as supply-demand relationships or price dynamics.

Example 4.178 (Hyperstructure: Transaction Collection and Dependencies). The market, encompassing all
transactions and their interdependencies, can be represented as a hyperstructure:

H𝑇 = (P(𝑇), ◦),

where:

• P(𝑇): The powerset of transactions 𝑇 , representing all subsets of transactions in the market.

• ◦: Operations that describe dependencies such as supply-demand relationships, price adjustments, or the
impact of one transaction on another.
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Consider a specific example in the retail market. Suppose 𝑇 includes transactions such as:

𝑇 = {𝑇1, 𝑇2, 𝑇3},

where:

• 𝑇1: Customer purchases a smartphone.

• 𝑇2: Retailer orders new stock of smartphones from a supplier.

• 𝑇3: Supplier orders components from a chip manufacturer.

The powerset P(𝑇) represents all combinations of these transactions, such as {𝑇1, 𝑇2}, indicating that customer
demand leads the retailer to order new stock.

An operation ◦ could represent the dependency:

𝑇1 ◦ 𝑇2 = Increased stock order due to customer purchases.

Similarly:
𝑇2 ◦ 𝑇3 = Supplier increases chip orders due to retailer’s demand.

This hyperstructure captures how a single customer purchase propagates through the supply chain, influencing
subsequent transactions.

Definition 4.179 (Superhyperstructure: Hierarchical Market Interactions). The global economic system [545]
is represented as:

SH𝑛
𝑇 = (P𝑛 (𝑇), ◦),

where:

• P𝑛 (𝑇): The 𝑛-th powerset of transactions, modeling interactions across markets or economies.

• ◦: Operations capturing inter-market dynamics or global supply chains.

Example 4.180 (Superhyperstructure: Hierarchical Market Interactions). The global economic system, cap-
turing hierarchical interactions across markets or economies, is represented as a superhyperstructure:

SH𝑛
𝑇 = (P𝑛 (𝑇), ◦),

where:

• P𝑛 (𝑇): The 𝑛-th powerset of transactions, representing interactions across multiple levels, such as
regional, national, and global markets.

• ◦: Operations that capture inter-market dynamics, global supply chains, or international trade relations.

For example, consider 𝑇 containing transactions at different levels:

𝑇 = {𝑇1, 𝑇2, 𝑇3, 𝑇4},

where:

• 𝑇1: Local farmer sells produce to a regional distributor.

• 𝑇2: Distributor sells produce to a national retailer.

• 𝑇3: Retailer exports produce to an international market.

• 𝑇4: International market supplies value-added goods back to the retailer.
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The 𝑛-th powerset P𝑛 (𝑇) represents combinations such as:

P2 (𝑇) = {{𝑇1, 𝑇2}, {𝑇3, 𝑇4}, {𝑇1, 𝑇3, 𝑇4}}.

An operation ◦ could model how these interactions influence global trade:

{𝑇1, 𝑇2} ◦ {𝑇3, 𝑇4} = Price adjustments based on export-import balance.

This superhyperstructure describes how local economic activities (e.g., farming) cascade into regional and
global economic systems, illustrating complex market hierarchies.

4.12.8 Musical Patterns and Relationships

This subsection explores the representation of Musical Patterns and Relationships using hyperstructures and
superhyperstructures.

Definition 4.181 (Structure: Individual Note or Phrase). A note or phrase 𝑀 is modeled as:

𝑀 = (𝑁, 𝐷, 𝐼),

where:

• 𝑁: The pitch or note (e.g., ”C4”) (cf. [238, 309]).

• 𝐷: Duration (e.g., ”quarter note”) (cf. [519]).

• 𝐼: Intensity (e.g., ”forte”).

Definition 4.182 (Hyperstructure: Musical Patterns and Relationships). A musical composition is represented
as:

H𝑀 = (P(𝑀), ◦),

where:

• P(𝑀): The powerset of notes or phrases.

• ◦: Operations describing relationships such as harmony, rhythm, or counterpoint.

Example 4.183 (Hyperstructure: Musical Patterns and Relationships). A musical composition (cf. [80, 556])
consisting of patterns and relationships between notes is modeled as:

H𝑀 = (P(𝑀), ◦),

where:

• P(𝑀): The powerset of notes 𝑀 , representing all possible combinations of notes or phrases.

• ◦: Operations that define relationships between notes, such as harmonic progression, rhythmic patterns,
or melodic counterpoint.

For example:

• Let 𝑀 = {”C4 quarter forte”, ”E4 quarter piano”, ”G4 half mezzo-forte”}.

• The powersetP(𝑀) includes subsets such as {”C4 quarter forte”} or {”C4 quarter forte”, ”E4 quarter piano”}.
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• An operation ◦ could represent harmony, e.g.,

{”C4 quarter forte”, ”E4 quarter piano”} ◦ {”G4 half mezzo-forte”} = C-major chord.

Definition 4.184 (Superhyperstructure: Hierarchical Music Organization). A complex musical piece with
nested arrangements is defined as:

SH𝑛
𝑀 = (P𝑛 (𝑀), ◦),

where:

• P𝑛 (𝑀): The 𝑛-th powerset of notes, capturing sections (e.g., phrases → movements → orchestration).

• ◦: Operations modeling interdependencies between movements or instruments.

Example 4.185 (Superhyperstructure: Hierarchical Music Organization). A symphony with multiple move-
ments (cf. [374]) and nested arrangements is modeled as:

SH𝑛
𝑀 = (P𝑛 (𝑀), ◦),

where:

• P𝑛 (𝑀): The 𝑛-th powerset of notes 𝑀 , capturing hierarchical structures such as phrases, movements,
and orchestration.

• ◦: Operations modeling dependencies, e.g., how phrases within movements interact or how instrument
sections collaborate.

For example:

• 𝑀: Individual notes from a violin section, e.g., {”C4”, ”E4”, ”G4”}.

• P1 (𝑀): Represents phrases in the violin section.

• P2 (𝑀): Represents the interaction of violin phrases with cello phrases.

• ◦: Describes interdependencies, e.g.,

(P1 (Violin)) ◦ (P1 (Cello)) = String harmony.

This framework can capture complex orchestral compositions, such as how a flute melody in one movement
transitions into a violin counterpoint in another.

4.12.9 Company’s Organizational Structure

Organizational structure has been widely discussed in various contexts (cf. [33, 104, 131, 227, 259, 301, 323,
340, 426, 525]). For example, a company’s organizational structure [256] can be effectively represented using
a superhyperstructure. Here, divisions (departments or business units [214, 232]) are considered as nodes in a
hierarchical framework, with each layer introducing new complexities, dependencies, and relationships.

Definition 4.186 (Division Structure). (cf. [327]) Let 𝐷 = {𝑑1, 𝑑2, . . . , 𝑑𝑛} represent the set of all divisions in
the company. Each division may have sub-divisions, forming a hierarchical dependency structure.

Definition 4.187 (Relations and Constraints). Define 𝑅 ⊆ 𝐷 ×𝐷, where (𝑑𝑖 , 𝑑 𝑗 ) ∈ 𝑅 indicates that 𝑑𝑖 depends
on 𝑑 𝑗 (e.g., for resources, deliverables, or strategy alignment).

Definition 4.188 (Hyperstructure for Interactions). A hyperstructure is defined to capture multiple interactions,
such as resource sharing across divisions:

H(𝐷) = {𝐻 | 𝐻 ⊆ 𝐷, |𝐻 | > 1},

where 𝐻 represents a subset of divisions collaborating on a common objective.

68



Theorem 4.189. The hierarchical structure of a company’s divisions can be represented as a 𝑛-superhyperstructure.

Proof. 1. Base Case (𝑛 = 1): At the first level, the company’s divisions form a hyperstructure H(𝐷),
where subsets 𝐻 ⊆ 𝐷 represent interacting divisions.

2. Induction Hypothesis: Assume that for 𝑘 , the structure up to 𝑘-th level can be represented as P𝑘 (𝐷),
capturing dependencies among divisions and sub-divisions recursively.

3. Induction Step (𝑛 = 𝑘 +1): At the 𝑘 +1-th level, meta-interactions (e.g., global strategy alignment across
divisions) introduce dependencies among subsets of subsets, formalized by P𝑘+1 (𝐷).

Thus, by induction, the company’s structure can be fully captured as a 𝑛-superhyperstructure. □

Example 4.190. Consider the hierarchical structure of a multinational corporation:

• Level 𝑛 = 1: Divisions. Divisions are grouped by function:

𝐷 = {Marketing, Sales,Engineering,Operations}.

• Level 𝑛 = 2: Interactions Between Subgroups. Interactions between divisions can be represented as:

P2 (𝐷) = {{Marketing, Sales}, {Engineering, Operations}}.

• Level 𝑛 = 3: Global Coordination. Coordination between interaction groups can be expressed as:

P3 (𝐷) = {{{Marketing, Sales}, {Engineering, Operations}}}.

• Level 𝑛 = 4: Corporate Strategy. Top-level dependencies are captured, aligning global resources and
strategy.

From the above discussion, the Organizational SuperHyperstructure can be mathematically defined as follows.

Definition 4.191 (Organizational SuperHyperstructure with Superedges). An Organizational SuperHyper-
structure is a hierarchical framework representing a company’s organizational structure, defined as a tuple:

O = (𝐿,N ,S),

where:

• 𝐿 = {𝐿1, 𝐿2, . . . , 𝐿𝑛} represents the hierarchical levels of the organization, with 𝐿1 being the top level
(e.g., executive board) and 𝐿𝑛 the lowest level (e.g., operational teams).

• N =
⋃𝑛

𝑖=1 N𝑖 , where N𝑖 is the set of nodes (departments, divisions, teams, or individuals) at level 𝐿𝑖 .

• S = {S1,S2, . . . ,S𝑚} represents the set of superedges. Each superedge connects a subset of nodes from
potentially multiple levels, forming a multi-layered relationship or dependency.

Each node 𝑁 ∈ N𝑖 may have attributes or roles 𝐴(𝑁) = {𝑎1, 𝑎2, . . . , 𝑎𝑘}, capturing its functions or responsi-
bilities. Each superedge 𝑆 ∈ S can be represented as:

𝑆 ⊆
𝑛⋃
𝑖=1

P𝑚 (N𝑖),

where P𝑚 (N𝑖) denotes the 𝑚-th power set of nodes at level 𝐿𝑖 , allowing for multi-layer and multi-node
connections.

A SuperHyperstructure emerges when 𝐿, N , or S incorporate the following:
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• Nested Relationships: Recursive dependencies where higher-level decisions affect lower-level actions.

• Plithogenic Attributes: Overlapping or conflicting roles of nodes, modeled with fuzzy or neutrosophic
sets.

• Superedges: Higher-dimensional relationships that span multiple levels or subsets of nodes, enabling
intricate collaborations and dependencies.

Example 4.192 (Organizational SuperHyperstructure with Superedges). Consider a multinational corporation
structured as follows:

• At 𝐿1 (Executive Level): The board of directors sets global strategies, such as sustainability goals or
profit targets.

• At 𝐿2 (Regional Level): Regional managers adapt these strategies to local markets, allocating resources
based on regional needs.

• At 𝐿3 (Department Level): Departments like marketing, R&D, and logistics create localized plans.

• At 𝐿4 (Team Level): Teams execute specific tasks, such as running ad campaigns or managing inventory.

Superedges in this structure:

• A superedge at 𝑆1 connects (𝐿1, 𝐿3), representing the direct influence of executive decisions on depart-
mental goals.

• A superedge at 𝑆2 spans (𝐿2, 𝐿4), capturing the flow of resource allocation from regional managers to
operational teams.

• A multi-level superedge at 𝑆3 includes nodes from (𝐿1, 𝐿2, 𝐿3), describing collaborative efforts across
global, regional, and departmental levels for a sustainability initiative.

These superedges enable the representation of intricate, multi-layered relationships within the company, sup-
porting advanced analysis of organizational dependencies and strategies.

The above concept can be applied to various frameworks, such as government structures (Government Man-
agement) [361, 448], legal structures [144], product management [81, 116], software structures [153, 414],
and school structures (School Management) [89, 356, 380]. The author hopes that future research will further
explore the application of these concepts across various fields.

4.13 Discussions: HyperGame Theory

Game Theory is a mathematical framework for analyzing strategic interactions among rational decision-makers
in competitive or cooperative scenarios [50, 91, 141, 368, 377, 389]. An extension of this, HyperGame Theory,
has been recently defined [56,57,248,303,529,583]. HyperGame Theory can, in certain respects, be viewed as
possessing the structure of a Hyperstructure. Furthermore, a more generalized concept, the superhypergame,
is defined as follows. Future research on these topics is expected to advance further.

Definition 4.193 (Game). (cf. [141,389]) A Game is a formal model of strategic interaction among a finite set
of players 𝑁 = {1, 2, . . . , 𝑛}. It is defined as:

𝐺 = (𝑁, 𝑆,𝑈),

where:

• 𝑁 is the set of players.

• 𝑆 = {𝑆1, 𝑆2, . . . , 𝑆𝑛} is the set of strategy spaces, where 𝑆𝑖 is the set of strategies available to player 𝑖.
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• 𝑈 = {𝑈1,𝑈2, . . . ,𝑈𝑛} is the set of utility functions, where𝑈𝑖 : 𝑆1 × 𝑆2 × · · · × 𝑆𝑛 → R assigns a payoff
to player 𝑖 for each strategy profile (𝑠1, 𝑠2, . . . , 𝑠𝑛).

Example 4.194 (Battle of the Sexes). Consider two players 𝑁 = {1, 2} with the following scenario:

• 𝑆1 = 𝑆2 = {Opera (O), Football (F)}, where player 1 prefers Opera and player 2 prefers Football.

• The payoff matrix is as follows:
O F

O (2, 1) (0, 0)
F (0, 0) (1, 2)

In this game, both players aim to coordinate but have conflicting preferences, leading to two pure strategy Nash
equilibria: (O, O) and (F, F).

Definition 4.195 (HyperGame). (cf. [56]) A HyperGame generalizes a game to account for players’ differing
perceptions of the game structure, strategies, or payoffs. It is defined as:

𝐻 = {𝐺1, 𝐺2, . . . , 𝐺𝑛},

where:

• 𝐺𝑖 = (𝑁, 𝑆𝑖 ,𝑈𝑖) is the perceived game of player 𝑖, where:

– 𝑆𝑖 = {𝑆𝑖1, 𝑆𝑖2, . . . , 𝑆𝑖𝑛} is the set of strategies as perceived by 𝑖.
– 𝑈𝑖 = {𝑈𝑖1,𝑈𝑖2, . . . ,𝑈𝑖𝑛} is the set of utility functions as perceived by 𝑖.

Example 4.196 (Perceived Asymmetric Payoffs). Suppose two players 𝑁 = {1, 2} face a situation where their
perceptions of the game differ:

• Player 1 perceives the game 𝐺1 as:

𝐺1 =

O F
O (2, 1) (0, 0)
F (0, 0) (1, 2)

• Player 2 perceives the game 𝐺2 differently, assuming Player 1 values coordination more than their own
preference:

𝐺2 =

O F
O (3, 3) (0, 0)
F (0, 0) (1, 2)

Here, Player 1’s actual preference differs from Player 2’s perception, illustrating a HyperGame.

Theorem 4.197. A HyperGame 𝐻 = {𝐺1, 𝐺2, . . . , 𝐺𝑛}, where𝐺𝑖 = (𝑁, 𝑆𝑖 ,𝑈𝑖) represents the game perceived
by player 𝑖, is a generalization of a classical Game 𝐺 = (𝑁, 𝑆,𝑈).

Proof. To demonstrate this theorem, it is necessary to show that any classical Game 𝐺 can be represented as a
special case of a HyperGame 𝐻 where all players share the same perception of the game.

First, consider the structure of a classical Game 𝐺. It is defined as a tuple 𝐺 = (𝑁, 𝑆,𝑈), where 𝑁 =

{1, 2, . . . , 𝑛} is the set of players, 𝑆 = {𝑆1, 𝑆2, . . . , 𝑆𝑛} is the set of strategy spaces, and 𝑈 = {𝑈1,𝑈2, . . . ,𝑈𝑛}
is the set of utility functions. In a classical Game, it is assumed that all players have a common and complete
understanding of the game, meaning that 𝑆𝑖 = 𝑆 and𝑈𝑖 = 𝑈 for all players 𝑖 ∈ 𝑁 .

Now consider the structure of a HyperGame 𝐻. A HyperGame is defined as 𝐻 = {𝐺1, 𝐺2, . . . , 𝐺𝑛}, where
each 𝐺𝑖 = (𝑁, 𝑆𝑖 ,𝑈𝑖) represents the game as perceived by player 𝑖. Here, 𝑆𝑖 = {𝑆𝑖1, 𝑆𝑖2, . . . , 𝑆𝑖𝑛} is the set of
strategies as perceived by player 𝑖, and 𝑈𝑖 = {𝑈𝑖1,𝑈𝑖2, . . . ,𝑈𝑖𝑛} is the set of utility functions as perceived by
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player 𝑖. The key difference between a classical Game and a HyperGame lies in the fact that the perceptions of
the game can vary across players in a HyperGame.

If all players in a HyperGame share identical perceptions of the game, it follows that for all 𝑖 ∈ 𝑁 , 𝑆𝑖 = 𝑆 and
𝑈𝑖 = 𝑈. In this scenario, the perceived games 𝐺𝑖 are identical for all players. Consequently, the HyperGame
𝐻 simplifies to 𝐻 = {𝐺,𝐺, . . . , 𝐺}, which is equivalent to 𝐻 = {𝐺}. This demonstrates that a classical Game
𝐺 is a special case of a HyperGame 𝐻 where there are no differences in players’ perceptions.

In a more general HyperGame, 𝑆𝑖 and 𝑈𝑖 can vary between players, allowing for the modeling of scenar-
ios involving incomplete information, misperceptions, or asymmetric knowledge among the players. These
characteristics extend the applicability of HyperGame beyond that of classical Game theory.

Since any classical Game 𝐺 can be expressed as a specific instance of a HyperGame 𝐻, where all players have
identical perceptions, it is clear that a HyperGame generalizes the concept of a classical Game. □

Theorem 4.198. A HyperGame 𝐻 = {𝐺1, 𝐺2, . . . , 𝐺𝑛}, where each 𝐺𝑖 = (𝑁, 𝑆𝑖 ,𝑈𝑖) represents the perceived
game of player 𝑖, possesses the mathematical structure of a Hyperstructure.

Proof. To prove this, we verify that a HyperGame satisfies the formal definition of a Hyperstructure, which is
given as:

H = (P(𝑆), ◦),
where P(𝑆) is the powerset of a base set 𝑆, and ◦ is an operation defined on elements of P(𝑆).

Let 𝑆 =
⋃𝑛

𝑖=1 𝑆𝑖 be the union of all strategy spaces 𝑆𝑖 perceived by players 𝑖 ∈ 𝑁 . Since P(𝑆) is the set of all
subsets of 𝑆, it includes every subset of the strategies available in the HyperGame.

The perceived games 𝐺𝑖 are defined by subsets of P(𝑆), specifically 𝑆𝑖 ⊆ 𝑆, and thus 𝐻 = {𝐺1, 𝐺2, . . . , 𝐺𝑛}
naturally resides within P(𝑆). This satisfies the requirement that the HyperGame is built on the powerset of a
base set.

In the context of a HyperGame, the operation ◦ represents the combination of strategy profiles across players’
perceptions. Formally, ◦ is a mapping:

◦ : P(𝑆1) × P(𝑆2) → P(𝑆),

where ◦(𝐴, 𝐵) = {(𝑎, 𝑏) | 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵}, and 𝐴 ⊆ 𝑆1, 𝐵 ⊆ 𝑆2. This operation is closed within P(𝑆) because
any combination of subsets 𝐴, 𝐵 from P(𝑆) produces another subset of 𝑆.

To verify that ◦ satisfies the requirements of a Hyperstructure:

• Closure: For any 𝐴, 𝐵 ∈ P(𝑆), ◦(𝐴, 𝐵) ⊆ P(𝑆), since the Cartesian product of subsets is also a subset
of P(𝑆).

• Associativity: For 𝐴, 𝐵, 𝐶 ∈ P(𝑆),

◦(◦(𝐴, 𝐵), 𝐶) = ◦(𝐴, ◦(𝐵,𝐶)),

which holds because the Cartesian product operation is associative.

• Identity: The empty set ∅ ∈ P(𝑆) serves as an identity element:

◦(𝐴, ∅) = 𝐴, ◦(∅, 𝐵) = 𝐵.

The HyperGame 𝐻 = {𝐺1, 𝐺2, . . . , 𝐺𝑛} is formed by the interaction of players’ perceptions, where each
𝐺𝑖 = (𝑁, 𝑆𝑖 ,𝑈𝑖) is based on subsets of P(𝑆). The operation ◦ combines strategy spaces 𝑆𝑖 across perceptions,
ensuring that 𝐻 satisfies the recursive structure of a Hyperstructure.

Since the HyperGame 𝐻 satisfies the powerset-based structure, supports a closed operation ◦, and adheres to
the properties of closure, associativity, and identity, we conclude that:

𝐻 possesses the structure of a Hyperstructure.

□
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Definition 4.199 (𝑛-SuperHyperGame). An 𝑛-SuperHyperGame extends a HyperGame by including recursive
levels of perception, where each player perceives other players’ perceptions up to 𝑛-levels. It is defined as:

𝑆𝐻𝑛 = {𝐻1, 𝐻2, . . . , 𝐻𝑛},

where:

• 𝐻𝑘 = {𝐺1𝑘 , 𝐺2𝑘 , . . . , 𝐺𝑛𝑘} is the 𝑘-th level HyperGame, representing each player’s 𝑘-th level perception.

• 𝐺𝑖𝑘 = (𝑁, 𝑆𝑖𝑘 ,𝑈𝑖𝑘), where:

– 𝑆𝑖𝑘 is the strategy space at level 𝑘 as perceived by player 𝑖.
– 𝑈𝑖𝑘 is the utility function at level 𝑘 as perceived by player 𝑖.

Example 4.200 (Two-level SuperHyperGame: Battle of Misaligned Beliefs). Consider 𝑁 = {1, 2}, where at
level 1:

• Player 1 perceives 𝐺1 as:
O F

O (2, 1) (0, 0)
F (0, 0) (1, 2)

• Player 2 perceives 𝐺2 as:
O F

O (3, 3) (0, 0)
F (0, 0) (1, 2)

At level 2:

• Player 1 believes Player 2’s perception is 𝐺2.

• Player 2 believes Player 1’s perception is 𝐺1.

Thus, the 2-SuperHyperGame is represented as:

𝑆𝐻2 = {{𝐺1, 𝐺2}, {𝐺1, 𝐺2}}.

This recursive structure highlights the complexity introduced by differing beliefs about perceptions.

Theorem 4.201. An 𝑛-SuperHyperGame generalizes a HyperGame.

Proof. This is evident. The proof follows the same reasoning as in the case of a HyperGame. □

Theorem 4.202. An 𝑛-SuperHyperGame possesses the structure of a superhyperstructure.

Proof. This is evident. The proof follows the same reasoning as in the case of a HyperGame. □
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4.14 Discussions: Hyperdecision-making

Decision-making is the process of selecting the best option from alternatives based on criteria, constraints,
and desired outcomes (cf. [92, 115, 146, 341, 509, 544]). Related theories, such as Social Choice Theory
[38, 77, 318, 390, 465], are also well-known and have been extensively studied, similar to Decision-making.
This concept is extended using Hyperstructures and Superhyperstructures, which allow for the representation
of decision-making frameworks where higher-level or preceding decisions influence lower-level or subsequent
decisions.

Definition 4.203 (Decision-Making). (cf. [92, 115, 146, 341, 509, 544]) Decision-making is the process of
selecting an optimal choice from a set of alternatives 𝐴 = {𝑎1, 𝑎2, . . . , 𝑎𝑛} under given constraints 𝐶 =

{𝑐1, 𝑐2, . . . , 𝑐𝑚} and criteria 𝐾 = {𝑘1, 𝑘2, . . . , 𝑘 𝑝}. Formally, it can be represented as:

𝑎∗ = arg max
𝑎∈𝐴

U(𝑎, 𝐶, 𝐾),

where U : 𝐴 × 𝐶 × 𝐾 → R is a utility function quantifying the desirability of each alternative 𝑎 given the
constraints and criteria.

Example 4.204 (Personal Investment Decision). (cf. [65, 353]) A person decides how to allocate an amount 𝐼
among 𝑛 investment options 𝐴 = {𝑎1, 𝑎2, . . . , 𝑎𝑛}, such as stocks, bonds, or savings accounts. The constraints
include:

• A maximum risk tolerance 𝑐1: Risk(𝑎𝑖) ≤ 𝑐1 for all 𝑖.

• A minimum liquidity requirement 𝑐2: Liquidity(𝑎𝑖) ≥ 𝑐2.

The criteria involve maximizing expected returns:

𝑎∗ = arg max
𝑎∈𝐴

E[Returns(𝑎)] .

Definition 4.205 (Hyperdecision-making). Hyperdecision-making refers to a decision-making process where
individuals or systems face an overabundance of choices or alternatives, often characterized by high-dimensional
relationships or dependencies. It incorporates:

• Choice Overload: Situations with an excessive number of options, leading to decision fatigue or cognitive
overload.

• Hyperstructures: Multi-layered structures such as hypergraphs, representing complex interdependencies
between options.

Example 4.206. Consider an online shopping platform like Amazon. Searching for laptops may yield thousands
of options varying in brand, specifications, price, and user ratings. Each laptop has dependencies such as
compatibility with accessories or warranties, creating a high-dimensional decision space.

Theorem 4.207. Hyperdecision-making possesses the structure of a Hyperstructure.

Proof. This follows directly from the definition. □

Theorem 4.208. Hyperdecision-making generalizes classical decision-making by extending the choice space
𝐴, constraints𝐶, and criteria 𝐾 into hyperstructures, thereby accommodating multi-layered interdependencies
and complex relationships.

Proof. Classical decision-making operates over a finite set of alternatives 𝐴, constraints𝐶, and criteria 𝐾 , with
decisions determined by:

𝑎∗ = arg max
𝑎∈𝐴

U(𝑎, 𝐶, 𝐾),

where U is a utility function.
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Hyperdecision-making generalizes this by replacing 𝐴, 𝐶, and 𝐾 with hyperstructures:

H(𝐴) = P∗
𝑛 (𝐴), H(𝐶), H(𝐾),

and a utility function U𝐻 : H(𝐴) × H (𝐶) × H (𝐾) → R.

When H(𝐴) = 𝐴, H(𝐶) = 𝐶, and H(𝐾) = 𝐾 , hyperdecision-making reduces to classical decision-making.

Therefore, hyperdecision-making generalizes classical decision-making by incorporating higher-dimensional
structures and relationships. □

Definition 4.209 (Superhyperdecision-making). Superhyperdecision-making is an extension of Hyperdecision-
making, involving multi-level hierarchical decision frameworks where decisions span across recursive or nested
(𝑛-Superhyperstructures). It integrates:

• n-Superhyperstructures: Iterated, hierarchical decision spaces where each layer introduces new dimen-
sions of complexity.

• Context Adaptation: Dynamic decision-making influenced by factors at multiple hierarchical levels.

Example 4.210 (𝑛-SuperHyperDecision-Making in Global Climate Governance). Global climate governance
(cf. [552]) exemplifies a multi-level hierarchical decision-making process, where decisions at higher levels
influence those at lower levels, as characteristic of 𝑛-SuperHyperDecision-Making:

• Level 𝑛 = 3 (Global Coordination): International organizations, such as the United Nations Framework
Convention on Climate Change (UNFCCC) [424], define global strategies, including:

– Setting emission reduction targets.
– Creating global carbon markets.
– Negotiating international agreements.

These decisions are shaped by:

– Neutrosophic uncertainties about future climate projections.
– Plithogenic constraints balancing economic disparities among nations.
– The dynamic evolution of global consensus.

• Level 𝑛 = 2 (National Implementation): National governments adapt global strategies to their specific
contexts by implementing measures such as:

– Carbon taxes.
– Renewable energy subsidies.
– Reforestation programs.

This level involves:

– Weighted criteria, such as cost-effectiveness, political feasibility, and public acceptance.
– Interdependencies between measures (e.g., subsidies influencing carbon tax effectiveness).
– Dynamic constraints, such as changing energy demands and resource availability.

• Level 𝑛 = 1 (Regional Execution): Regional or local governments implement specific initiatives, includ-
ing:

– Constructing solar farms.
– Introducing electric vehicle incentives.
– Managing forest conservation projects.

Decision-making at this level integrates:
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– Fuzzy criteria to handle factors like population density, resource accessibility, and local economic
conditions.

– Feedback adjustments based on community input or ecological monitoring.

• Level 𝑛 = 0 (Local Actions): At the most granular level, individual or community-based efforts opera-
tionalize strategies, such as:

– Installing solar panels on residential properties.
– Organizing local climate education programs.
– Conducting tree planting drives.

These actions focus on optimizing immediate impact through practical and accessible implementations,
guided by constraints such as budget limits and volunteer availability.

Dynamic Hierarchical Feedback: Information flows bidirectionally across all levels. For example:

• Evolving global scientific insights at 𝑛 = 3 may necessitate policy adjustments cascading down to 𝑛 = 2,
𝑛 = 1, and 𝑛 = 0.

• Feedback from local actions (𝑛 = 0) informs regional (𝑛 = 1) and national (𝑛 = 2) strategies, potentially
influencing global priorities (𝑛 = 3).

This scenario exemplifies 𝑛-SuperHyperDecision-Making because:

• It spans four hierarchical levels (𝑛 = 3 to 𝑛 = 0), each embedding decision complexity and interdepen-
dencies.

• Higher-level decisions impose constraints on lower levels, while lower-level feedback informs higher-level
adaptations.

• The process integrates neutrosophic, plithogenic, and fuzzy approaches to manage uncertainties and
support dynamic adaptation.

Achieving coherent and effective global climate governance requires integrating these multi-layered decisions
into a unified 𝑛-SuperHyperstructure.

Theorem 4.211. SuperHyperdecision-making inherently possesses the structure of a SuperHyperstructure.

Proof. This result follows directly from the definition. □

Theorem 4.212. Every instance of Superhyperdecision-making encapsulates at least one layer of Hyperdecision-
making, but not all Hyperdecision-making scenarios generalize to Superhyperdecision-making.

Proof. 1. Base Case: Hyperdecision-making operates within a hypergraph structure, where nodes rep-
resent choices, and hyperedges represent relationships or dependencies. This corresponds to 𝑛 = 1-
Superhyperstructures.

2. Induction Hypothesis: Assume that 𝑘-Superhyperdecision-making involves 𝑘-Superhyperstructures with
hierarchical and recursive dependencies.

3. Induction Step: Adding another layer 𝑘 + 1 introduces meta-decisions (e.g., weighting criteria dynami-
cally), generalizing the decision space to 𝑘 + 1-Superhyperstructures.

Thus, 𝑛-Superhyperdecision-making generalizes Hyperdecision-making for 𝑛 > 1. □
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Theorem 4.213 (Hierarchical Reduction in 𝑛-Superhyperdecision-making). In 𝑛-Superhyperdecision-making,
achieving a final decision necessarily involves sequential reduction from the highest hierarchical level 𝑛 to the
base level 𝑛 = 0, such that:

Final Decision =

𝑛⋃
𝑘=0

Optimal Choices at Level 𝑘.

Each reduction step 𝑘 → 𝑘 − 1 resolves dependencies and constraints imposed by the higher levels, ensuring
consistency across all levels.

Proof. The theorem follows from the following steps:

1. Base Case (𝑛 = 0): At the base level, decisions are made within a single hyperstructure, involving only
direct choices and constraints. No higher-level adjustments are necessary, as this is the foundational
layer.

2. Induction Hypothesis: Assume that for a given 𝑘 = 𝑛, decisions at this level depend on the results from
𝑛 + 1, and resolving 𝑛 + 1 ensures consistency across levels.

3. Induction Step: At 𝑛 = 𝑘 + 1, meta-decisions are made that introduce constraints and dependencies for
𝑛 = 𝑘 . By sequentially reducing from 𝑘 + 1 to 𝑘 , decisions at 𝑘 are adapted based on results from 𝑘 + 1,
ensuring coherent propagation to 𝑘 − 1.

Therefore, by induction, the final decision process necessarily involves reduction from 𝑛 to 0, integrating and
aligning decisions across all hierarchical levels. □

Example 4.214 (Multi-level Corporate Strategy (Superhyperdecision-making)). Corporate strategy involves
defining an organization’s long-term goals, resource allocation, and competitive positioning to maximize
overall value and growth (cf. [160, 268, 445]). In a multinational corporation, the decision-making process
spans multiple hierarchical levels:

• At 𝑛 = 4 (Global Strategy): The global board establishes overarching strategic objectives, such as
sustainability, profitability, and global market share. These objectives set the foundation for all subsequent
decisions across the organization.

• At 𝑛 = 3 (Regional Alignment): Regional divisions translate global goals into region-specific strategies.
For example, they might prioritize market entry into emerging economies or adapt sustainability goals to
regional regulations. Dependencies include aligning with global targets while accommodating regional
constraints.

• At 𝑛 = 2 (Departmental Action Plans): Departments within regional divisions, such as sales, R&D, and
operations, develop detailed plans tailored to local markets. Examples include launching region-specific
products, conducting localized marketing campaigns, or optimizing supply chain logistics.

• At 𝑛 = 1 (Team Execution): Teams implement specific tasks, such as conducting customer outreach,
deploying advertising campaigns, or rolling out new product lines. Execution at this level requires precise
coordination to meet departmental goals and regional strategies while adhering to global objectives.

• At 𝑛 = 0 (Task-Level Implementation): Individual contributors complete granular tasks essential for
achieving team objectives. For instance, tasks might include designing marketing materials, coding
software features, or negotiating supplier contracts. Decisions at this level are directly influenced by
higher-level directives and are vital for overall coherence.

Hierarchical Dependency and Feedback: At each level, dependencies from higher levels must be resolved
before progressing to the next. Feedback loops between levels ensure adaptability; for instance:

• Insights from 𝑛 = 0 (e.g., task-level delays or resource shortages) inform adjustments at higher levels.
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• Shifts in global priorities at 𝑛 = 4 cascade down to influence decisions at all lower levels.

This hierarchical structure exemplifies 𝑛-Superhyperdecision-making by integrating global objectives with
operational execution, ensuring consistency, adaptability, and alignment across all organizational levels.

Example 4.215 (Disaster Management (Superhyperdecision-making)). Disaster management involves plan-
ning, coordinating, and implementing strategies to mitigate, prepare for, respond to, and recover from natural
or man-made disasters (cf. [113,157,381]). The decision-making process operates across multiple hierarchical
levels:

• At 𝑛 = 3 (National Coordination): The national government defines strategic priorities, such as allocat-
ing resources across regions, setting evacuation protocols, and establishing emergency communication
systems. Decisions at this level are influenced by neutrosophic uncertainties, including incomplete
forecasts and varying disaster severity across regions.

• At 𝑛 = 2 (Regional Prioritization): Regional authorities adapt national strategies to local needs, pri-
oritizing tasks such as evacuations, deployment of medical aid, or infrastructure repairs. This level
incorporates weighted criteria, such as population density, vulnerability indices, and regional healthcare
capacity.

• At 𝑛 = 1 (Local Execution): Local teams carry out specific tasks, including setting up emergency shelters,
distributing food and water, or coordinating search-and-rescue operations. Decisions at this level rely on
fuzzy criteria, such as real-time resource availability and local feedback from affected communities.

• At 𝑛 = 0 (Task-Level Implementation): Individual responders and volunteers perform granular tasks,
such as transporting supplies, administering first aid, or setting up communication equipment. These
actions directly support team-level objectives and ensure the timely execution of disaster response plans.

Hierarchical Integration and Feedback: At each level, higher-level priorities and constraints are integrated into
actionable plans, while feedback loops ensure adaptability. For instance:

• Real-time updates from 𝑛 = 0 (e.g., delays in supply delivery or changing weather conditions) inform
adjustments at 𝑛 = 1 and higher levels.

• Strategic shifts at 𝑛 = 3 (e.g., reallocation of resources based on evolving disaster impact) cascade down
to regional and local levels for implementation.

This multi-level framework illustrates 𝑛-Superhyperdecision-making, where coordinated actions at all hierar-
chical levels ensure effective disaster management, integrating strategic objectives with operational execution.

Example 4.216 (SuperHyperdecision-making on an Online Shopping Platform). Consider an online shopping
platform like Amazon (cf. [47,237]). A user searching for laptops engages in a multi-layered decision-making
process structured as follows:

• Level 𝑛 = 0 (Individual Choice): The user evaluates a single product in detail, considering factors such
as reviews, warranty terms, and compatibility with existing devices. This step represents the final choice
among filtered options.

• Level 𝑛 = 1 (Filtered Decision): Within the Laptops category, the user applies filters based on specifi-
cations such as brand, processor type, RAM size, and storage capacity. Weighted criteria, such as price
versus performance, guide this filtering process.

• Level 𝑛 = 2 (Category Refinement): The user narrows the search to a specific subcategory (e.g., gaming
laptops or ultra-portables) based on broader considerations like intended use or budget constraints.

• Level 𝑛 = 3 (Category Selection): At the highest level, the user selects the overarching category, such
as Laptops, from a broader electronics section. Constraints at this level may include general preferences
for type (e.g., laptops versus desktops) or purpose (e.g., gaming, work, or study).

Example 4.217 (Artificial Intelligence in Decision Support). AI systems can model 𝑛-Superhyperdecision-
making to assist in hierarchical decisions, such as autonomous multi-agent systems for supply chain optimiza-
tion.
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4.15 Discussions: Generalized n-Superhyperdecision-making

In this subsection, we explore the concept of Generalized n-Superhyperdecision-making based on the framework
of the Generalized n-th Powerset. This approach establishes a foundation for decision-making processes
where each decision step incorporates considerations such as Fuzzy, Neutrosophic, or Weighted criteria.
Fuzzy Decision-Making [20,22,103,137,154,155,243,413,455,517,557] and Neutrosophic Decision-Making
[117, 192, 394, 566] are well-studied, making it a natural extension to examine the behavior of these concepts
within the n-Superhyperdecision-making framework.

This framework aims to enhance the precision and adaptability of decision-making in complex, multi-
dimensional environments. Future research is expected to focus on applying these concepts across various
domains. Definitions and related concepts are provided below.

Definition 4.218 (Generalized 𝑛-Superhyperdecision-making). Let 𝐷 be a set of decision options, and let
𝐺𝑛 (𝐷) denote the 𝑛-th generalized powerset of 𝐷 as defined in [180]. A Generalized 𝑛-Superhyperdecision-
making framework is defined as:

G𝑛 = (𝐺𝑛 (𝐷),⋄𝑛, 𝐶𝑛),

where:

• 𝐺𝑛 (𝐷) represents the 𝑛-th level of generalized decisions, allowing subsets or enriched structures (e.g.,
fuzzy subsets, weighted subsets, neutrosophic subsets, plithogenic subsets).

• ⋄𝑛 : 𝐺𝑛 (𝐷) × 𝐺𝑛 (𝐷) → P(𝐺𝑛 (𝐷)) \ {∅} is a hyperoperation that governs the interaction of decision
elements, allowing multi-valued outcomes.

• 𝐶𝑛 is a set of constraints or criteria that guide the decision process. These may include:

– Fuzzy constraints: Membership degrees 𝜇 : 𝐷 → [0, 1] assigned to decision options.
– Weighted criteria: Priorities 𝑤 : 𝐷 → R assigned to each option.
– Neutrosophic criteria: Truth (𝑇), indeterminacy (𝐼), and falsity (𝐹) values 𝑇, 𝐼, 𝐹 : 𝐷 → [0, 1]

satisfying 0 ≤ 𝑇 (𝑥) + 𝐼 (𝑥) + 𝐹 (𝑥) ≤ 3.
– Plithogenic criteria: For each decision 𝑑 ∈ 𝐷, a set of attributes {𝑣𝑖}𝑚𝑖=1 and their possible values
𝑃(𝑣𝑖). The decision compatibility is given by:

𝑝𝑑𝑓 : 𝐷 × 𝑃(𝑣) → [0, 1]𝑠 , 𝑝𝐶𝐹 : 𝑃(𝑣) × 𝑃(𝑣) → [0, 1]𝑡 ,

where 𝑝𝑑𝑓 is the degree of appurtenance, and 𝑝𝐶𝐹 is the degree of contradiction between attributes.

The decision process involves sequential reductions from 𝑛 to 0, with each step integrating the constraints 𝐶𝑘

for 𝑘 = 𝑛, 𝑛 − 1, . . . , 0 to refine decision options and achieve an optimal decision set.

Example 4.219 (Generalized 𝑛-Superhyperdecision-making in Online Shopping). Consider an online shopper
browsing an e-commerce platform, such as Amazon, to purchase a laptop. The decision process involves
multiple hierarchical levels, where each level integrates criteria like Fuzzy, Weighted, and Neutrosophic
considerations.

• Level 𝑛 = 3 (General Preferences): At this level, the shopper establishes broad preferences for the
purchase:

– Fuzzy Criteria: Assigning preference scores to brands:

𝜇(Brand A) = 0.8, 𝜇(Brand B) = 0.6.

– Weighted Criteria: Weighting key attributes:

𝑤(Performance) = 0.7, 𝑤(Price) = 0.5, 𝑤(Portability) = 0.6.
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– Neutrosophic Criteria: Evaluating battery life with truth (𝑇), indeterminacy (𝐼), and falsity (𝐹)
values:

𝑇 = 0.9, 𝐼 = 0.1, 𝐹 = 0.0.

These preferences generate the decision set 𝐺3 (𝐷), containing laptops that align with the shopper’s
general preferences.

• Level 𝑛 = 2 (Feature-Specific Decisions): The shopper refines their choices by focusing on specific
features:

– Screen Size: Prioritizing laptops with screen sizes between 13 and 15 inches:

𝜇(13–15 inches) = 0.9.

– Processor: Assigning weighted importance to processors:

𝑤(Intel i7) = 0.8, 𝑤(AMD Ryzen 7) = 0.7.

– Compatibility: Using Neutrosophic evaluation to assess software compatibility:

𝑇 = 0.8, 𝐼 = 0.2, 𝐹 = 0.0.

Applying these feature-specific constraints reduces 𝐺3 (𝐷) to 𝐺2 (𝐷), narrowing the decision space
further.

• Level 𝑛 = 1 (Practical Constraints): In the final step, practical constraints guide the shopper’s choice:

– Budget: The laptop must be priced between $1000 and $1500.
– Delivery Options: Preference is given to laptops with fast delivery options.

These constraints refine 𝐺2 (𝐷) into 𝐺1 (𝐷), containing the most suitable options or the single optimal
choice.

• Level 𝑛 = 0 (Final Evaluation): At this level, the shopper makes a detailed evaluation of the final choice,
considering factors such as warranty terms, reviews, and compatibility with existing devices.

The process involves sequential reductions from 𝑛 = 3 to 𝑛 = 0, where each level integrates relevant criteria and
constraints. This framework demonstrates the adaptability and precision of Generalized 𝑛-Superhyperdecision-
making in complex, multi-dimensional decision scenarios.

Example 4.220 (Generalized 𝑛-Superhyperdecision-making in a National Healthcare System). Consider the
decision-making process in a national healthcare system (cf. [263, 520]):

• 𝑛 = 3: National Level Decisions The central government prioritizes regions for resource allocation, such
as vaccines or medical equipment, using:

– Fuzzy Criteria: Regions with higher population density are assigned a higher priority:

𝜇(Population Density) = High: 0.8, Medium: 0.5, Low: 0.2.

– Weighted Metrics: Budget constraints are factored in, assigning weights to regions based on
projected costs:

𝑤(Region A) = 0.6, 𝑤(Region B) = 0.4.

– Neutrosophic Uncertainty: Future demand for healthcare services is evaluated using truth (𝑇),
indeterminacy (𝐼), and falsity (𝐹):

𝑇 = 0.7, 𝐼 = 0.2, 𝐹 = 0.1.

This level produces a prioritized list of regions for further refinement.
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• 𝑛 = 2: State Level Decisions State governments adapt national priorities to allocate resources among
cities:

– Hospital Capacity: Cities with higher available capacity are deprioritized to ensure equity.
– Critical Care Needs: Weighting critical care requirements:

𝑤(City X) = 0.7, 𝑤(City Y) = 0.5.

For example, if Region A prioritizes Cities X and Y, the state’s resource allocation ensures alignment
with national goals.

• 𝑛 = 1: Facility Level Decisions Local facilities make operational decisions:

– Procurement: Ordering medical supplies based on immediate demand.
– Staff Scheduling: Adjusting work shifts for peak periods of care.

These tasks directly implement strategies from higher levels.

• 𝑛 = 0: Individual Decision-Making At this level, individual healthcare workers make on-the-ground
decisions:

– Patient Triage: Deciding the order of patient care based on severity.
– Resource Allocation: Allocating limited equipment like ventilators or ICU beds to patients.

These decisions are influenced by immediate circumstances and local constraints while adhering to
guidelines from higher levels.

The decision-making process involves sequential reductions from 𝑛 = 3 to 𝑛 = 0. Each step integrates
constraints 𝐶𝑘 from higher levels, ensuring a consistent and efficient allocation of resources across all levels.

Example 4.221 (Generalized 𝑛-Superhyperdecision-making in Product Development). Consider the decision-
making process in product development (cf. [82, 195, 308]):

• 𝑛 = 3: Strategic Decisions The executive team determines broad product categories using plithogenic
criteria:

– Customer Preferences: Attributes such as durability and aesthetics are analyzed with compatibility
evaluations:

Compatibility(𝐷𝑢𝑟𝑎𝑏𝑖𝑙𝑖𝑡𝑦, 𝐴𝑒𝑠𝑡ℎ𝑒𝑡𝑖𝑐𝑠) = 0.85.

– Technological Trends: Products are ranked based on projected market adoption rates and innovation
indices.

• 𝑛 = 2: Tactical Decisions The product development team evaluates design prototypes:

– Cost-Performance Trade-offs: Weighted criteria are applied to balance production costs with
expected performance:

𝑤(Prototype 1) = 0.8, 𝑤(Prototype 2) = 0.6.

– Reliability Metrics: Prototypes are tested under various conditions to evaluate robustness.

The selected prototype aligns with strategic goals and available resources.

• 𝑛 = 1: Operational Decisions Manufacturing decisions are made to optimize the production process:

– Material Sourcing: Suppliers are chosen based on cost, quality, and reliability.
– Production Scheduling: Assembly lines are scheduled to meet delivery deadlines while minimizing

downtime.

• 𝑛 = 0: Individual Decisions Workers on the production line make on-the-spot decisions during manu-
facturing:
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– Quality Control: Identifying and addressing defects in real-time to ensure product standards.
– Equipment Handling: Adjusting machinery settings based on specific batch requirements.

These decisions are guided by operational protocols and immediate situational factors.

By integrating plithogenic criteria at each level, this process ensures comprehensive evaluations, accommodat-
ing multi-attribute complexities across all hierarchical levels, down to individual actions.

Example 4.222 (Superhyperdecision-making in Emergency Pandemic Response). Emergency pandemic re-
sponse [349, 553] requires a multi-level hierarchical decision-making framework, where each level is charac-
terized by distinct objectives, constraints, and interactions:

• Level 𝑛 = 3 (Global Coordination): International organizations such as the World Health Organization
(WHO) define global strategies, including vaccine distribution priorities, international travel restrictions,
and research funding for variant surveillance. Constraints at this level often include neutrosophic
uncertainties due to incomplete or contradictory data about emerging virus variants, their transmissibility,
and vaccine efficacy.

• Level 𝑛 = 2 (National Response): National governments allocate resources such as vaccines, ventilators,
and testing kits to regional authorities. Plithogenic constraints play a significant role, balancing factors
like economic impact (e.g., GDP reduction), public health outcomes (e.g., infection fatality rates), and
political feasibility (e.g., public trust or opposition).

• Level 𝑛 = 1 (Regional Implementation): Regional health authorities focus on prioritizing specific
interventions, such as expanding ICU capacities, establishing mass vaccination centers, and deploying
mobile testing units. Decisions are guided by fuzzy criteria that account for population density, infection
rates, and regional healthcare capacity.

• Level 𝑛 = 0 (Local Action): Local teams execute concrete tasks, such as administering vaccines at
community health centers, delivering medical supplies, or conducting public awareness campaigns.
These actions are optimized using weighted constraints, such as minimizing logistical costs while
maximizing vaccination coverage and accessibility.

By systematically reducing complexity from 𝑛 = 3 to 𝑛 = 0, the decision-making process integrates global
strategies into practical, actionable local plans. This hierarchical approach ensures adaptability and consistency
while addressing challenges at each level.

Example 4.223 (Superhyperdecision-making in Urban Planning). Urban planning (cf. [93,219,220]) involves
a multi-level hierarchical decision-making framework that incorporates both global objectives and local exe-
cution:

• Level 𝑛 = 4 (National Level): The national government establishes high-level urban development
goals, such as increasing affordable housing, promoting renewable energy adoption, and reducing traffic
congestion. These goals often involve plithogenic attributes, requiring trade-offs between cost efficiency,
environmental impact, and political support.

• Level 𝑛 = 3 (Regional Level): Regional authorities adapt national goals to local contexts by setting
specific targets, such as allocating budgets for solar energy projects or defining housing quotas for
major metropolitan areas. Fuzzy constraints arise from uncertainties in factors like population growth,
economic trends, and regional resource availability.

• Level 𝑛 = 2 (City Level): City councils develop detailed action plans, including selecting contractors,
revising zoning regulations, and planning public infrastructure improvements. Decisions at this level
are driven by weighted criteria, such as maximizing cost-effectiveness, ensuring social equity, and
minimizing environmental disruption.

• Level 𝑛 = 1 (Neighborhood Level): Local teams carry out tangible tasks, such as constructing residential
complexes, installing solar panels on public buildings, or developing bike lanes. Decisions at this level
are often influenced by neutrosophic uncertainties, such as potential delays, fluctuating material costs,
or changing community preferences.

82



• Level 𝑛 = 0 (Community Action): Community organizations and individual stakeholders implement
hyperlocal initiatives, such as organizing community clean-ups, planting trees, or participating in neigh-
borhood watch programs. Actions at this level are shaped by specific constraints and goals, like enhancing
local livability, fostering civic engagement, and addressing immediate neighborhood concerns.

Each level systematically incorporates constraints and dependencies from higher levels, allowing for a consistent
and adaptable decision-making framework. This ensures that national objectives are effectively translated into
impactful local initiatives and hyperlocal actions.

Theorem 4.224. In a Generalized 𝑛-Superhyperdecision-making process, the optimal decision set 𝐷∗ is
obtained through sequential reductions:

𝐷∗ =
𝑛⋂

𝑘=0
𝑅𝑘 (𝐷,𝐶𝑘),

where 𝑅𝑘 is the refinement operation at level 𝑘 , integrating the constraints 𝐶𝑘 .

Proof. We proceed by induction on the levels 𝑘 .

At the highest level 𝑛, the decision set 𝐷 is reduced using the refinement operation 𝑅𝑛, which integrates
the constraints 𝐶𝑛. This results in a subset 𝑅𝑛 (𝐷,𝐶𝑛) ⊆ 𝐷, containing only those decisions that satisfy the
constraints at level 𝑛.

Assume that for level 𝑘 + 1, the refinement operation 𝑅𝑘+1 has reduced the decision set to 𝑅𝑘+1 (𝐷,𝐶𝑘+1),
satisfying all constraints at levels 𝑘 + 1, 𝑘 + 2, . . . , 𝑛. At level 𝑘 , the refinement operation 𝑅𝑘 further reduces
this subset by integrating the constraints 𝐶𝑘 , resulting in:

𝑅𝑘 (𝑅𝑘+1 (𝐷,𝐶𝑘+1), 𝐶𝑘).

Since 𝑅𝑘 ensures that the constraints 𝐶𝑘 are satisfied, the resulting decision set satisfies all constraints from
level 𝑘 to level 𝑛.

At the base level 𝑘 = 0, the refinement operation 𝑅0 ensures that the constraints 𝐶0 are satisfied, reducing the
decision set to:

𝑅0 (𝑅1 (𝐷,𝐶1), 𝐶0).

This ensures that all constraints from levels 0 to 𝑛 are integrated.

By recursively applying the refinement operations 𝑅𝑘 for all 𝑘 = 𝑛, 𝑛 − 1, . . . , 0, the final decision set is given
by:

𝐷∗ =
𝑛⋂

𝑘=0
𝑅𝑘 (𝐷,𝐶𝑘),

ensuring that all constraints from every level 𝑘 are satisfied. This process guarantees the optimal decision set
𝐷∗, completing the proof. □

Theorem 4.225. Generalized 𝑛-Superhyperdecision-making extends classical decision-making by incorpo-
rating multi-level hyperoperations and enriched constraints, making it adaptable to complex, multi-attribute
decision scenarios.

Proof. Classical decision-making operates on a single decision set 𝐷 with a utility function and a set of
constraints. Generalized 𝑛-Superhyperdecision-making expands this by introducing:

• Hierarchical Decision Sets: The decision space is extended to 𝐺𝑛 (𝐷), where each level represents
increasingly complex subsets or enriched structures (e.g., fuzzy subsets, neutrosophic subsets).

• Multi-level Constraints: Constraints 𝐶𝑘 at each level 𝑘 allow for the incorporation of advanced criteria,
such as fuzzy membership degrees, weights, or plithogenic attributes.
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• Hyperoperations: The operation ⋄𝑛 facilitates multi-valued relationships and interactions between deci-
sions, capturing dependencies and complexities not possible in classical frameworks.

By combining these elements, the framework can handle scenarios with multi-level decision dependencies,
conflicting criteria, and uncertainty. This adaptability demonstrates its extension beyond classical decision-
making frameworks. □

Theorem 4.226. Generalized 𝑛-SuperHyperdecision-making inherently possesses the structure of a SuperHy-
perstructure.

Proof. From the definition of Generalized 𝑛-Superhyperdecision-making, the decision framework involves:

• 𝐺𝑛 (𝐷), the 𝑛-th generalized powerset of the decision set 𝐷, forming a hierarchical decision space.

• ⋄𝑛, a multi-level hyperoperation acting on 𝐺𝑛 (𝐷), enabling recursive and multi-valued interactions.

• 𝐶𝑛, constraints defined across 𝑛 levels, incorporating enriched structures such as fuzzy, neutrosophic,
and plithogenic attributes.

These elements align with the definition of a SuperHyperstructure, where the components 𝐺𝑛 (𝐷), ⋄𝑛, and 𝐶𝑛

represent hierarchical levels, hyperoperations, and associated constraints, respectively. Therefore, Generalized
𝑛-SuperHyperdecision-making naturally possesses the structure of a SuperHyperstructure. □
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Mariánské Lázne, Czech Republic, August 27–31, 2001 Proceedings 26, pages 37–57. Springer, 2001.

[208] Fernando Q. Gouvea. A guide to groups, rings, and fields: Groups and their representations. 2012.

[209] George Gratzer. Lattice theory: First concepts and distributive lattices. 1971.

[210] George Gratzer. General lattice theory. Springer Science & Business Media, 2002.

[211] Darij Grinberg. An introduction to graph theory. 2013.

[212] Richard C. Grinold and Ronald N. Kahn. Active portfolio management : a quantitative approach for
providing superior returns and controlling risk. 2000.

[213] Jonathan L Gross, Jay Yellen, and Mark Anderson. Graph theory and its applications. Chapman and
Hall/CRC, 2018.

[214] Anil K Gupta and Vijay Govindarajan. Business unit strategy, managerial characteristics, and business
unit effectiveness at strategy implementation. Academy of Management journal, 27(1):25–41, 1984.

94
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[452] Magdalena Rusch, Josef-Peter Schöggl, and Rupert J. Baumgartner. Application of digital technologies
for sustainable product management in a circular economy - a review. Business Strategy and the
Environment, 2021.

[453] Gerald E Sacks. Higher recursion theory, volume 2. Cambridge University Press, 2017.

[454] Jacques Sakarovitch. Elements of automata theory. 2009.

[455] Chitrasen Samantra. Decision-making in fuzzy environment. 2012.

[456] Alexei Samsonovich and Bruce L. McNaughton. Path integration and cognitive mapping in a continuous
attractor neural network model. The Journal of Neuroscience, 17:5900 – 5920, 1997.

[457] Gennadi A. Sardanashvily. Lectures on differential geometry of modules and rings. arXiv: Mathematical
Physics, 2009.

[458] P Sathya, Nivetha Martin, and Florentine Smarandache. Plithogenic forest hypersoft sets in plithogenic
contradiction based multi-criteria decision making. Neutrosophic Sets and Systems, 73:668–693, 2024.

[459] Richard M. Satur and Zhi qiang Liu. A contextual fuzzy cognitive map framework for geographic
information systems. IEEE Trans. Fuzzy Syst., 7:481–494, 1999.

[460] H. R. Schober. Introduction to lattice dynamics. 1995.

[461] Ken Schwaber. Agile project management with scrum. 1980.

[462] Philip Schwed. Topics in field theory. 1948.

[463] David B. Scott, Ruel Vance Churchill, and James Ward Brown. Complex variables and applications.
The Mathematical Gazette, 69:243, 1985.

[464] Ganeshsree Selvachandran and Abdul Razak Salleh. Hypergroup theory applied to fuzzy soft sets.
Global Journal of Pure and Applied Sciences, 11:825–834, 2015.

[465] Amartya Sen. Collective choice and social welfare. 2017.

[466] S. Shabalala. Product/business portfolio management: Logic, structural, and managerial implications.
South African Journal of Business Management, 16:18–26, 1985.

105



[467] Sundas Shahzadi, Areen Rasool, Musavarah Sarwar, and Muhammad Akram. A framework of decision
making based on bipolar fuzzy competition hypergraphs. Journal of Intelligent & Fuzzy Systems,
41(1):1319–1339, 2021.

[468] Francina Shalini. Trigonometric similarity measures of pythagorean neutrosophic hypersoft sets. Neu-
trosophic Systems with Applications, 2023.

[469] Iman Shames and Tyler Holt Summers. Network design via modular set function optimization in
localization problems. 2014 IEEE 8th Sensor Array and Multichannel Signal Processing Workshop
(SAM), pages 29–32, 2014.

[470] Iman Shames and Tyler Holt Summers. Rigid network design via submodular set function optimization.
IEEE Transactions on Network Science and Engineering, 2:84–96, 2015.

[471] Iman Shames and Tyler Holt Summers. Corrections to “rigid network design via submodular set function
optimization”. IEEE Transactions on Network Science and Engineering, 7:2114–2114, 2020.

[472] John C Shepherdson and Howard E Sturgis. Computability of recursive functions. Journal of the ACM
(JACM), 10(2):217–255, 1963.

[473] Min Shi, Qunjing Wang, Guoli Li, Jiazi Xu, Qiyue Han, and Qiubo Ye. A new adaptive analytical
model for the spherical reluctance motor based on hybrid trigonometric function-power function. IEEE
Transactions on Industrial Electronics, 70:6099–6109, 2023.

[474] Patricia M. Shields, Nandhini Rangarajan, and Ok Stillwater. A playbook for research methods: Inte-
grating conceptual frameworks and project management. 2013.

[475] David Shirley. Program management. Project Management for Healthcare, 2020.

[476] Thomas S. Shively, Thomas Sager, and Stephen G. Walker. A bayesian approach to non-parametric
monotone function estimation. Journal of the Royal Statistical Society: Series B (Statistical Methodol-
ogy), 71, 2009.

[477] Roman Sikorski et al. Boolean algebras, volume 2. Springer, 1969.

[478] Seema Singh, DS Hooda, and SC Malik. Fuzzy rough information measures and their applications. Int
J Comput Sci Inf Technol (IJCSITY), 9(4):1–17, 2021.

[479] Sven Skyum and Leslie G. Valiant. A complexity theory based on boolean algebra. 22nd Annual
Symposium on Foundations of Computer Science (sfcs 1981), pages 244–253, 1981.

[480] F. Smarandache. Introduction to superhyperalgebra and neutrosophic superhyperalgebra. Journal of
Algebraic Hyperstructures and Logical Algebras, 2022.

[481] Florentin Smarandache. A unifying field in logics: Neutrosophic logic. In Philosophy, pages 1–141.
American Research Press, 1999.

[482] Florentin Smarandache. Neutrosophic set-a generalization of the intuitionistic fuzzy set. International
journal of pure and applied mathematics, 24(3):287, 2005.

[483] Florentin Smarandache. Neutrosophic set–a generalization of the intuitionistic fuzzy set. Journal of
Defense Resources Management (JoDRM), 1(1):107–116, 2010.

[484] Florentin Smarandache. Introduction to neutrosophic measure, neutrosophic integral, and neutrosophic
probability. Infinite Study, 2013.

[485] Florentin Smarandache. Plithogenic set, an extension of crisp, fuzzy, intuitionistic fuzzy, and neutrosophic
sets-revisited. Infinite study, 2018.

[486] Florentin Smarandache. Plithogeny, plithogenic set, logic, probability, and statistics. arXiv preprint
arXiv:1808.03948, 2018.

[487] Florentin Smarandache. n-superhypergraph and plithogenic n-superhypergraph. Nidus Idearum, 7:107–
113, 2019.

106



[488] Florentin Smarandache. Extension of HyperGraph to n-SuperHyperGraph and to Plithogenic n-
SuperHyperGraph, and Extension of HyperAlgebra to n-ary (Classical-/Neutro-/Anti-) HyperAlgebra.
Infinite Study, 2020.

[489] Florentin Smarandache. History of superhyperalgebra and neutrosophic superhyperalgebra (revisited
again). Neutrosophic Algebraic Structures and Their Applications, page 10, 2022.

[490] Florentin Smarandache. Introduction to the n-SuperHyperGraph-the most general form of graph today.
Infinite Study, 2022.

[491] Florentin Smarandache. Practical applications of IndetermSoft Set and IndetermHyperSoft Set and
introduction to TreeSoft Set as an extension of the MultiSoft Set. Infinite Study, 2022.

[492] Florentin Smarandache. The SuperHyperFunction and the Neutrosophic SuperHyperFunction (revisited
again), volume 3. Infinite Study, 2022.

[493] Florentin Smarandache. Decision making based on valued fuzzy superhypergraphs. 2023.

[494] Florentin Smarandache. Foundation of the superhypersoft set and the fuzzy extension superhypersoft
set: A new vision. Neutrosophic Systems with Applications, 11:48–51, 2023.

[495] Florentin Smarandache. New types of topologies and neutrosophic topologies. Neutrosophic Systems
with Applications, 1:1–3, 2023.

[496] Florentin Smarandache. New types of topologies and neutrosophic topologies (improved version).
Neutrosophic Sets and Systems, 57(1):14, 2023.

[497] Florentin Smarandache. SuperHyperFunction, SuperHyperStructure, Neutrosophic SuperHyperFunc-
tion and Neutrosophic SuperHyperStructure: Current understanding and future directions. Infinite
Study, 2023.

[498] Florentin Smarandache. The cardinal of the m-powerset of a set of n elements used in the superhyper-
structures and neutrosophic superhyperstructures. Systems Assessment and Engineering Management,
2:19–22, 2024.

[499] Florentin Smarandache. Foundation of revolutionary topologies: An overview, examples, trend analysis,
research issues, challenges, and future directions. 2024.

[500] Florentin Smarandache. Foundation of superhyperstructure & neutrosophic superhyperstructure. Neu-
trosophic Sets and Systems, 63(1):21, 2024.

[501] Florentin Smarandache. Superhyperstructure & neutrosophic superhyperstructure, 2024. Accessed:
2024-12-01.

[502] Florentin Smarandache and NM Gallup. Generalization of the intuitionistic fuzzy set to the neutrosophic
set. In International Conference on Granular Computing, pages 8–42. Citeseer, 2006.

[503] Florentin Smarandache and Nivetha Martin. Plithogenic n-super hypergraph in novel multi-attribute
decision making. Infinite Study, 2020.
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