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Abstract 
 
In present work, the entropy generation minimization technique (EGM) is applied to study the 

performance of a microchannel heat sink combined with a new proposed parameter called 

irreversibility index and energy harvesting concept. Three different cases have been investigated 

using geometry of a microchanel heat sink selected from experimental work in the literature. The 

constraints considered in this study, are fixed channel height and maximum pressure drop. It has 

been observed that with fixed channel height constraint, while the aspect ratio changes from 1 to 10, 

the optimum operating condition fall in the range of Reynolds number equal to 2000 and aspect 

ratio of 2.25. Moreover, the extra constrain on maximum pressure drop imposes a limitation on 

applicable aspect ratio range. The maximum aspect ratio of the channel for stable flow field in this 

case cannot be higher than 5 imposed by criteria of laminar flow regime. The obtained optimum 

values are Reynolds number of 1850 and aspect ratio of 2. Using a combined new defined 

irreversibility index and Energy Harvesting Concept (EHC), it has been shown that the optimum 

design values for industrial applications are not necessary ones obtained from EGM method and 

may shift to a new operating point based on the method considered for energy harvesting. 
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Introduction 
 
As the electronic devices get smaller, the heat dissipation rate gets larger and special treatments are 

needed to handle heat management. One of the solutions proposed by Tuckerman & Pease [1] is 

using microchannel heat sink. The advantages of microchannels are their smaller size, minimum 

coolant amount, high surface to volume ratio and low cost of maintenance and manufacturing.  On 

the other hand, the most negative drawback of microchannel heat sinks that restricts their 

application is, the high pressure drop penalty paid for enhancing heat transfer rate.  

   Since the idea of microscale heat sink was proposed, several experimental and numerical 

investigations have been conducted to inspect fluid flow and heat transfer within such small scale 

devices.  Early researchers attempted to answer the question whether flow field and heat transfer in 

microchannels follow the conventional fluid flow theories. Despite some early discrepancies 

reported around 1990s [2-7], later and most recent experimental and numerical investigations, have 

proven that for incompressible fluid flow within the microchannels and tubes, Navier-Stokes 

equation can be applied both for single and multiphase flows with high level of confidence [8-12].    

Optimization of thermal device and heat exchangers is always an interesting topic in engineering 

field. Enhancing heat transfer rate while the pressure drop is fixed is the main goal of most 

optimization studies. Shortly, after microchannel heat sink idea was emerged, analytical and 

numerical studies have been performed to enhance the device performance through geometry 

optimization. Kim [13] compared three different models used to decrease the thermal resistance of 

microchannel heat sink within a fixed pressure drop.  Garimella and Singhal [14] and Jang and Kim 

[15] analyzed experimentally the pumping requirements of microchannel heat sinks and optimized 

the size of the microchannels for minimum pumping requirements. Jang and Kim [15] showed that 

the cooling performance of an optimized microchannel heat sink subject to an impinging jet is 

enhanced by about 21% compared to that of the optimized microchannel heat sink with parallel 

flow under the fixed-pumping-power condition. 

Besides, the conventional method of enhancing thermal performance in a fixed pumping power, the 

second law of thermodynamics has been also applied to microchannel through entropy 

minimization technique. Cruz et al. [16] found that the best configuration was a copper aluminum 

heat sink with ammonia gas under considering three materials( silicon, aluminum, copper) and two 

working fluids( air, ammonia gas). Khan and Culham [17] used the EGM method to optimize the 

heat sink by considering thermal and hydraulic resistances simultaneously. They obtained the best 

design but very high penalty for pressure drop was paid.  



From the literature, it can be seen that most studies that utilized the second law of thermodynamics 

on optimization of micro-channel heat sinks geometry, tried to decrease the heat resistance while 

high pumping power and pressure drop were required. The high pumping power means high flow 

rate that force the microchannels to work in turbulent flow regime which is not practical.  From the 

reported results available in the literature, even in a reasonable fixed pressure drop, the required 

optimum volume flow rate restricts the application of such devices in real life if liquids such as 

water are considered as working fluid. On the other hand, most previous studies investigated micro-

scale heat sinks with gases and there is little work done on EGM optimization of heat sinks dealing 

with liquids such as water as working fluid. 

 Moreover, the analysis based on the second law of thermodynamics ignores the fact to tie the 

obtained optimum results to real world application of microchannel heat sinks. The optimum results 

obtained from EGM are not applicable in real life, unless an efficient energy harvesting process is 

introduced. Without combining the EGM results with efficient energy harvesting techniques, the 

obtained optimum geometries can be interpreted only as hypostasize ideal values without any 

significant industrial use. 

In this study, the second law of thermodynamics is applied to a microchannel heat sink with water 

as working fluid and an analytical expression is derived for entropy generation rate. The entropy 

generation rate consists of two competing terms, entropy generation due to pressure drop and 

viscous friction as well as entropy generation due to heat transfer through finite temperature 

difference. In order to optimize the device geometry, the rate of entropy generation is considered as 

the objective function and then it is minimized to get the best solution based on the imposed 

constraints. Effort has been added to tie the results obtained from EGM method to engineering 

application through a new proposed irreversibility index and energy harvesting concept. With 

combined approach, EGM and Energy Harvesting concept, it has been observed that the optimum 

design values for heat sinks may shift to a new operating condition more suitable for real word 

industrial application. 

 

 
 

1. Geometry and Physical model 
 
Figure 1, shows the heat sink geometry used in this study. Due to symmetry, only one channel has 

been analyzed and then the results are generalized to whole heat sink geometry by considering the 

total number of parallel channels in heat sink, “N”.  The top surface is assumed as perfectly 

insulated.  



 
Fig.1) Schematic of the microchannel heat sink geometry used in this study 

 
 
The height of channel is Hc, the width is Wc, the lateral solid thickness is depicted by t. The 

thickness of base solid part is considered to be tb. The total length of the channel is considered as L, 

and the total width of the heat sink is Wtotal.  

From the geometrical constraint, it can be shown that the number of channels in the heat sink, N, is: 
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The first and the second law of thermodynamics as well as fundamental thermodynamic relation, 

for a differential element of length “dx” along the channel axis, leads to: 

 
" *( )c

dhq W t m
dx

+ =                                                                                                                         (2) 

 
" *( )gen c

gen
b

dS q W tdsS m
dx dx T

+′ = = −                                                                                                  (3)         

 
1

f
dh ds dPT
dx dx dxρ

= +                                                                                                                         (4) 

 



Where, q" is heat flux, m  is the mass flow rate for a single channel ( Totalm
N

), P is the pressure, ρ is 

the fluid bulk density, “h” is the enthalpy of the working fluid (water is this study), Tb is the 

temperature of the base solid changing with x along the channel. Tf , is the bulk temperature of the 

fluid at any location, x. TW is the average temperature of macrochannel walls which is considered 

constant along the perimeter of the channel at each longitudinal location, x.  

 

Combining equations (2), (3) and (4), the following relation between entropy generation, heat flux 

and pressure drop is obtained for the heat sink. 
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The side walls of the channel can be treated as thin fins with adiabatic tip. It is a reasonable 

approximation as the thickness of side walls are much smaller than the channel length, (t << L in 

Fig. 1) and they behave like fins. Figure 2 also depicts the equivalent thermal resistance network for 

the differential element of length “dx” along the heat sink length. Equations 6 and 7 present the 

equivalent thermal resistance and local heat flux transferred to working fluid.  
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Where, have , is the convective heat coefficient at any location x along the channel. ηf is the fin 

efficiency (side walls of the channel that are considered as thin fins). ks , is the thermal conductivity 

of heat sink base material that considered to be copper in this study.  



 
Fig. 2) Equivalent thermal resistance network for a differential element of length “dx” along the  heat sink length 

investigated in this study (see Fig. 1) 
 
 
 
Substituting  Eq. (7) in (5), the correlation for entropy generation rate is changed as  Eq. (8). 
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Assuming uniform heat flux over the heat sink length and using the Darcy friction factor, 

Temperature of the fluid at any location x as well as pressure drop are obtained, Eq. (9): 
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The final form of entropy generation rate for the differential element of length dx is obtained by 

combining equations (9) and (8). 
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Total entropy generation due to friction and heat transfer for whole microscale heat sink, is obtained 

by taking the integral from both sides in Eq. (10) microchannel.  
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In order to solve this integral and calculate the entropy generation rate, the following correlations 

have been used in this study to evaluate Nusselt number and friction factor in microscale heat sinks. 

 

Friction factor [17]: 
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Where, α is the channel aspect ratio, c
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Nusselt Number [18]: 
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The average Nusselt number for whole channel is evaluated using Eq (13).  
 

3
4

4

* d
ave

d

NuNu Nu
Nu

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
                                                                                                                  (13) 

 
( )
( )

2 3 4 5
3

2 3 4 5
4

8.235 1 1.883 3.767 5.814 5.361 2

8.235 1 2.0421 3.0853 2.4765 1.0578 0.1861

d

d

Nu

Nu

α α α α α

α α α α α

= − + − + −

= − + − + −
 

 
Figures 3 and 4 illustrate the comparison between correlations (12)-(13) and some experimental 

data form literature. It can be seen that the used correlations in this study is accurate and follow the 

physical trend by a maximum deviation of 10 percent.  
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Fig. 3) Comparison between experimental data [18] and Eq. (12) for pressure drop 
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Fig. 4) Comparison between experimental data [19] and Eq. (13) for Nusselt number 

 



 

2. Optimization case studies 
 
The main assumption for all case studies in this work, are: 

a: Water as working fluid, b: Rectangular cross section for microchannels in heat sink with 

aspect ratio range of 1 to 10. c: Laminar flow regime with maximum Reynolds number of 2000. 

d: Incompressible fluid flow with temperature dependent properties of ( ), ( ), ( )f f fT T K Tρ μ . e: 

Insulated top surface for heat sink (see Fig. 1) with no heat loss with surrounding environment 

 
 
2.1) Case I 

 

To apply the EGM technique, we first considered the geometry of microchannel heat sink used 

in the experimental work by Qu and Mudawar [18]. They used a rectangular cross-sectional 

micro scale heat sink with aspect ratio of 3 and Reynolds number range of 130-1700. The 

channels were made of copper and deionized water was used as the working fluid. Table 1 

summarizes the geometry of micro heat sink used in experimental study by Qu and Mudawar 

[18].   

 
Table 1) The channel geometry, Reynolds number range and heat flux used in Case I, [18] 

Hc ( mμ ) Wc ( mμ ) N (#Channels) Re q"( 2
w

cm
) 

713 231 21 130-1700 100 
 

The entropy generation rate is calculated by taking the integral in Eq. (11) simultaneously 

considering equations (12) and (13). The aim is to find the optimum mass flow rate and 

corresponding Reynolds number in laminar flow regime that minimizes the entropy generation 

rate in heat sink. This will be the best operating point for the micro-channel heat sink used in the 

experiment based on the second law approach (EGM). 

Figure 5, illustrates the total entropy generation rate as a function of Reynolds number for heat 

sink in this section. It can be seen that the minimum entropy generation rate occurs at Reynolds 

number of 1250. This point is the best operating condition for the device according to second 

law of thermodynamics (EGM technique).  
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Figure 5) Entropy generation rate as a function of Reynolds number for case I 

 

In order to investigate further the obtained results, the definition of Bejan number as well as a 

new parameter defined by author, "Irreversibility index", are considered in Eq. (14).  
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The Irreversibility index, ψ, is an indicator of total work which measures the work done by pump to 

overcome the friction force plus the energy that can be harvested as useful work.  

Figures 6 to 8, present the Bejan number, total work and irreversibility index as a function of 

Reynolds number for case I. It can be noticed that, Bejan number is high at low Reynolds number 

range and by increasing the Reynolds number, it gets smaller. At low Reynolds number, The 

entropy generation within the heat sink is dominated by heat transfer mechanism, but at Reynolds 

number larger than 1250, the irreversibility due to fluid friction becomes more significant than the 



entropy generation due to heat transfer.  From figures 5 and 6, it can be noticed that the best 

operating point obtained from second law approach (EGM) is almost coincides with the transition 

point (Bejan number=0.5), where entropy generation rate changes from heat dominated to pressure 

dominated.   
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Figure 6) Bejan number as a function of Reynolds number for case I 
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Figure 7) Total work defined in Eq. (14) as a function of Reynolds number 

 

Based on the second law of themodynamics, the obtained value for Reynolds number from EGM 

technique in this section, corresponds to the best thermal design point (optimum Reynolds number 

or mass flow rate) that  minimize entropy generation rate in heat sink for removing constant amount 

of heat.  To further investigate this conclusion, author defined ψ , irreversibility index in Eq. (14).  

The entropy generation times ambient temperature, gives the total work that have been lost during 

the process of removing heat in heat sink. The EGM technique and second law of thermodynamics 

inherently rely on Energy harvesting concept. The obtained Reynolds number from EGM technique 

in this section, RE ~ 1250, is the best operating condition if efficient energy harvesting techniques 

are designed to convert the lost work to useful power and compensate some portion of required 

pumping power. In the absence of such efficient energy harvesting techniques in current academic 

and industrial environment, the author suggests that it is more practical to consider combination of 

lost work and pumping power as objective function to obtain the optimum design point. It can be 

interpreted as a bridge to fill the gap between ideal optimum condition obtained from EGM 

technique and optimum thermal design point for real industrial application.  

For example, in ideal case with EGM technique it can be assumed that some energy can be 

harvested using an ideal thermoelectric device working between heat sink bottom wall and bulk 

fluid temperatures. Using this concept, some energy can be harvested and used to run the pump and 

therefore reduce the total pumping power. The optimum operating point therefore would be one 

obtained from EGM i.e. Re = 1250. However, in the microchannel heat sink in this case, no energy 



has been harvested; therefore, the irreversibility index has been proposed to address the total 

penalty paid to remove fixed amount of heat through heat sink. The best operating point based on 

irreversibility index therefore, is the condition that has lowest total work or correspondingly lowest 

irreversibility index, see Fig. 8. 
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Figure 8) Irreversibility index defined in equation 14 as a function of Reynolds number 

 

 

As it can be seen from figure 8, the optimum design point shifts from Reynolds number of 1250 to 

450 if total lost work is considered as objective function and no energy is harvested. 

 It can be noticed that that the obtained results from EGM technique (Rey ~ 1250) does not 

necessarily coincide with the optimum values from irreversibility concept.  In a nut shell, the energy 

harvesting concept and defined irreversibility index indicate that the optimum design values 

emerged from EGM technique is reliable if there are efficient methods available for energy 

harvesting. Otherwise, the optimum values can be interpreted as the ideal optimum parameters that 

cannot be used in industrial environment. Without an efficient energy harvesting method, the author 

suggests using the irreversibility index as objective function, since it minimizes the total work in the 

process, (pumping power and lost work).  

 

 

 



 

2.2) Case 2, Optimization of channel Aspect Ratio 

  

2.2.1) Case A, Fixed Channel Height 

In the section 2.1 (Case I), the entropy generation rate for heat sink used by Qu and Mudawar [18] 

in deferent Reynolds numbers has been investigated and optimum working condition has been 

obtained using EGM technique.  

In this section, the effect of channel geometry on its performance is studied.  For this purpose, first, 

the height of channel is kept constant and the aspect ratio changes from 1.25 to 9.75. The main goal 

is to determine in what aspect ratio, the minimum entropy generation rate occurs and then at that 

optimum aspect ratio, the optimum mass flow rate and corresponding Reynolds number is evaluated 

by EGM technique. The minimum entropy generation rate within the channels with different aspect 

ratio and constant height is presented in figure 9. It can be seen that the aspect ratio of 2.25 is the 

best design point with constraint of constant channel height and objective function of lowest 

entropy generation.  
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Figure 9) Entropy generation rate as a function of channel aspect ratio, fixed channel height Constraint 

 

In order to further investigate the channel with optimum aspect ratio of 2.25, the entropy generation 

in different Reynolds numbers has been calculated and shown in figure 10. Figure 10 illustrates that 

the optimum Reynolds number in a channel with optimum aspect ratio of 2.25 is 2000 if the flow 



regime considered laminar. It is consistent with the result in figure 11. As it can be seen, the Bejan 

number is still higher than 0.5 which means that for all Reynolds number in this aspect ratio the 

entropy generation due to heat transfer is dominant and therefore increasing the Reynolds number 

leads to transferring heat in a lower temperature difference. It means that the irreversibility reduces 

in the heat sink. 
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Figure 10) Entropy generation rate as a function of Reynolds number for channel with optimum aspect ratio of 2.25 
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Figure 11) Bejan number as a function of Reynolds number for case with optimum aspect ratio of 2.25 

 



In order to see if the optimum working point obtained from EGM method coincides with optimum 

design point based on the irreversibility index, the lost work and irreversibility index have been 

shown in figures 12 and 13, respectively. It can be seen that the best operating condition based on 

the irreversibility index is around Reynolds number of 700. It indicates that with no energy 

harvesting the optimum design point fall around Reynolds number of 700 instead of 2000. This fact 

results in a large pumping power difference as mass flow rate will decrease significantly within heat 

sink. 
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Figure 12) Total work defined in equation 14 as a function of Reynolds number for case with optimum aspect ratio of 

2.25 
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Figure 13) irreversibility index defined in Eq. (14) as a function of Reynolds number for case with optimum aspect ratio 

of 2.25 
 



           2.2.2) Case B, Maximum pressure drop constraint at Fixed Channel Height  

 

In industrial environment and real application of microcannel heat sinks, pressure drop is a main 

constraint limiting the performance of micro scale heat sinks. The overall pressure drop is high 

as the ratio of surface area to volume is very high in microscale devices. Therefore, it is 

assumed that the maximum pressure drop should not exceed 0.5 bar in this section. This 

constrain is applied to instigate the optimum aspect ratio and working condition for microscale 

heat sink presented in Fig. 1. 

 From figure 14, it can be seen that if Reynolds number is allowed to increase up to 2000 and 

flow field is considered laminar, the pressure drop constraint of 0.5 bar, reduces the highest 

practical channel aspect ratio to 5 instead of 10. For higher aspect ratios, the pressure drop 

within heat sink exceeds the threshold of 0.5 bar before optimum Reynolds number is reached. 

It can be inferred that for aspect ratio higher than 5, the maximum pumping power associated 

with maximum pressure drop threshold (0.5 bar) is not sufficient enough to keep stable flow 

filed within microchannel heat sink before minimum entropy generation rate appears. It is also 

clear that by applying the extra constraint on pressure drop, the optimum aspect ratio shifts from 

2.25 to 2.0.  

Entropy generation and Bejan number within a channel with aspect ratio of 2 and maximum 

pressure drop constraint of 0.5 bar, have been presented in figures 14 and 15. It can be seen that 

the extra constraint on pressure drop changes the optimum working condition from Reynolds 

number of 2000 to almost 1850. 
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Figure 14) Effect of aspect ratio on entropy generation rate at constant channel height with and without maximum 

pressure drop constraint 
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Figure 15) Entropy generation rate as a function of Reynolds number for optimum aspect ratio at constant channel 

height with and without maximum pressure drop constraint 
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Figure 16) Bejan number as a function of Reynolds number for optimum aspect ratio at constant channel height 

with and without maximum pressure drop constraint 
 

 

 



 The lost work and irreversibility index have been shown in figures 17 and 18 as well. it can be 

inferred from the figures that the best design point from irreversibility index approach shifts from 

Reynolds 700 to Reynolds 900 due to the extra constrain of maximum pressure drop.  
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Figure 17) Total work defined in Eq. (14) as a function of Reynolds number for optimum aspect ratio at constant 

channel height with and without maximum pressure drop constraint 
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Figure 18) Irreversibility index defined in Eq. (14) as a function of Reynolds number for optimum aspect ratio at 

constant channel height with and without maximum pressure drop constraint 



Conclusion 

 

The performance of a microcanel heat sink has been investigated using EGM approach. First, one 

experimental set-up used by QU and Mudawar [18] investigated to obtain the optimum working 

condition for mass flow rate without any constrains. The results show that the optimum Reynolds 

number is around 1250 proposed by EGM technique relying on second law of thermodynamics. 

Moreover, in the second case, the constraint was applied to channel height (Fixed channel height of 

713 micrometers) while the aspect ratio changes from 1 to 10. In this case the optimum aspect ratio 

and corresponding Reynolds number have been determined as 2.25 and 2000, respectively. 

In the Third case, an extra constrain is applied to maximum pressure drop along the channel while 

the channel height was kept constant. Applying this extra condition, the applicable aspect ratio 

range reduces to 5 instead of 10 and moreover the optimum aspect ratio and Reynolds number 

becomes 2 and 1850 respectively. The irreversibility index has been proposed to magnify the effect 

of energy harvesting on optimum values derived from EGM technique. The irreversibility index 

indicates that without energy harvesting, the optimum values obtained from EGM method can only 

be interpreted as ideal values with a little industrial application. In other words, Results indicate that 

if an efficient thermodynamic machine is designed to harvest lost work, the best operating condition 

is one derived from EGM technique. The author suggestion is to combine thermoelectric devices 

with microscale heat sinks to harvest some portion of lost work and run the pump with less external 

power source.  
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