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Experimentally validated DEM for large deformation powder compaction: mechanically-derived contact model and screen-
ing of non-physical contacts

William Zunker, Sachith Dunatunga, Subhash Thakur, Pingjun Tang, Ken Kamrin

• Large deformation adhesive elastic-plastic powder com-
paction is studied.

• The MDR contact model is extended for many-interacting
particles.

• A new algorithm screens non-physical contacts in large de-
formation DEM simulations.

• The extended MDR contact model is implemented in
LAMMPS and validated with MPFEM.

• Pharmaceutical tableting simulations show strong agree-
ment with experimental data.
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Abstract

Despite widespread industrial reliance on powder compaction in manufacturing, a complete understanding of the underlying physi-
cal mechanisms that lead to pore structure, mechanical strength, and defects remains elusive, challenging ongoing efforts to optimize
the process and improve product quality. The discrete element method (DEM) is a promising tool for studying powder compaction
due to its algorithmic simplicity and particle-level insights, but its application is limited by the lack of accessible, physically justified
contact models for large deformations. In this work, we help address this problem by extending the recently proposed mechanically-
derived adhesive elastic-plastic MDR contact model [1, 2] suitable for large deformation to the case of many-interacting particles.
A topological penalty algorithm for the screening of non-physical contacts occurring through obstructing particles, a phenomenon
unique to large deformation DEM, is also proposed. The extended version of the contact model and topological penalty algorithm
are implemented into the open-source DEM software LAMMPS (https://github.com/willzunker/lammps) and validated against
the multi-particle finite element method (MPFEM). The contact models unique ability to reconstruct deformed particle shapes is
highlighted by comparison to FEM predictions. The industrially relevant problem of pharmaceutical tableting is simulated and
comparisons to experimental data for the compaction of Avicel PH102 (microcrystalline cellulose) are made. Good agreement is
observed between the experiment and numerical simulation for the axial and radial stress measurements as a function of axial strain.
Notably, the simulation is able to predict a similar residual radial stress after release of the axially confining pressure and ejection
force to that of the experiment.

Keywords: discrete element method, large deformation powder compaction, tableting, adhesive elastic-plastic, multi-particle finite
element method, MDR contact model

1. Introduction

Compaction of powders is a common manufacturing process
in many sectors. Automotive [3, 4], aerospace [5, 6], and ce-
ramics [7] use it to produce complex and durable components
typically intended for extended use under heavy cyclic load-
ing. Pharmaceutical [8, 9] and consumer goods [10], on the
other hand, use it to create single-use products such as tablets
or detergent pellets that will be exposed to markedly different
conditions including biologic or aqueous environments. Elec-
trode calendaring in battery manufacturing [11, 12] represents
yet another unique application, in which dried, powder-based
electrodes are compacted to enhance energy density, improve
electrical contact, and ensure mechanical stability. Regardless
of the application, the objective of powder compaction is the
same: produce a dense defect-free compact with precisely con-
trolled porosity and mechanical strength [13]. Although the
goal is well-defined, complications often arise that can lead to
defects and other undesirable outcomes [14, 15, 16, 17, 18].
Many of these issues stem from the extreme pressures that are
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applied to the powders which lead to significant particle rear-
rangement [19, 20], inelastic deformation [21], adhesive bond-
ing [22], and coupled interaction with another phase such as
air [23] or water [24]. Due to the widespread industrial rele-
vance of powder compaction, parsing this rich set of entangled
physics is crucial to improving our understanding of the pro-
cess.

Although experimentation is the primary technique used in
industrial settings to refine powder manufacturing processes,
numerical simulation has been growing in favor in recent years.
The reliance on both techniques is due to their complementary
nature. Experimentation offers direct, but often macroscopic,
characterization of the exact powder (blend) of interest dur-
ing compaction. In contrast, simulation provides full-field or
even per-particle information of various physical quantities at
all stages of compaction, but for an idealized version of the
powder (blend) of interest. However, the process of idealiz-
ing the powder to only include the essential physics is what en-
dows numerical simulation with the ability to isolate and begin
to untangle different physical mechanisms that lead to various
properties of compacts.

Three popular numerical approaches to modeling powder
compaction are continuum modeling, the multi-particle finite
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element method (MPFEM), and the discrete element method
(DEM). Oftentimes, the techniques are used in tandem in in-
vestigations [25, 26] since they each provide unique advantages
and have their own set of limitations.

Continuum modeling has been employed to understand a va-
riety of powder compaction applications from cold compaction
of metal powders [27, 28] to pharmaceutical tableting [29, 30].
The homogenization of the powder into a continuous media al-
lows for efficient simulation of arbitrarily large systems that
would be computationally intractable with MPFEM or DEM.
Accuracy of continuum simulations relies on precise formula-
tion of the constitutive relation, however there is still no gener-
ally accepted constitutive relation for cohesive powders that can
be calibrated robustly and easily to different powder grains [31].
This, combined with the inability of continuum formulations to
capture particle-level properties such as size, size distribution,
pore structure, or spatial configuration of particles limits the
applicability of continuum methods, especially for prediction
of defects [14].

MPFEM, first introduced by Gethin et al., [32], blends
the benefits of continuum modeling and DEM. Like DEM,
MPFEM represents the powder as discrete particles whose in-
teraction is governed by defined contact laws. Unlike tradi-
tional DEM however, each particle is a fully meshed contin-
uum body with a potentially unique prescribed material be-
havior. This endows MPFEM with the ability to accurately
model the interaction of complex particle shapes such as hol-
low spheres [33], multi-material compaction [34], and adhesive
bonding between materials taking into account large plastic de-
formations [35, 36]. The largest disadvantage of MPFEM is the
severely increased computational cost for the same system size
as compared to continuum modeling or even DEM. This lim-
its the applicability to often unrealistic system sizes compared
to industrial applications. Despite this, MPFEM is indispens-
able in calibration of DEM contact laws [37] and constitutive
relations [38, 39].

Since its inception in 1979 by Cundall and Strack [40], DEM
has grown in popularity and is commonly used to simulate
powder behavior. It models each particle as a discrete object
like MPFEM, however it utilizes simple, often analytic, contact
models to determine contact forces that dictate the evolution of
the system through integration of Newton’s equations of mo-
tion. This places DEM’s computational efficiency between that
of continuum modeling and MPFEM, allowing certain indus-
trial applications involving small amounts of powders to be di-
rectly simulated [41]. Due to the discrete nature of DEM it, like
MPFEM, allows insight into the aforementioned microscopic
particle-level properties missed by continuum methods. This
makes DEM an attractive method to understand powder com-
paction, providing a balance between particle-level resolution
and computational efficiency.

The crux of using DEM to model powder compaction has
historically been the lack of a reliable normal contact model
to capture adhesive elastic-plastic effects in a physically jus-
tified way. This is inherently a difficult task as the force-
displacement relation for a contacting pair of adhesive elastic-
plastic particles in a larger packing is riddled with complex-

ities [42, 43, 44]. For a detailed overview of past adhesive
elastic-plastic normal contact models and their relevant features
see [1]. Recently, however, a new mechanically-derived contact
model suitable for large deformation adhesive elastic perfectly-
plastic contact, known as the MDR contact model, was intro-
duced [1, 2]. It was shown to capture the essential features
of the force-displacement relation in all contact regimes for a
broad range of particle material behavior from rigid-plastic to
fully-elastic. Despite the promising predictive capability, only
simple symmetric loadings involving a single initially spher-
ical particle and rigid flats were considered in the originally
published works. It is the intent of this paper to extend the
MDR contact model to the many-interacting particle case and
demonstrate its ability to model industrially relevant powder
compaction processes. The purpose is to provide a flexible and
reliable numerical tool that can assist in the process of relating
underlying physical mechanisms to important compact proper-
ties like porosity, mechanical strength, and defects.

In Section 2, the important features of the MDR contact
model are reviewed and then it is extended to the many-
interacting particle case, allowing implementation into the
DEM software LAMMPS for open-source usage. Special con-
tact force evaluation considerations for large deformation DEM
will be discussed in Section 3. MPFEM will be employed as
a ground truth validation of the many-interacting MDR con-
tact model implementation in Section 4. A brief interlude will
be taken in Section 5 to highlight the MDR contact model’s
unique capability to reconstruct deformed particle shapes with
comparison against FEM predictions. The paper will close with
a description of pharmaceutical tablet compaction experiments
and subsequent numerical simulation comparisons in Sections 6
and 7, respectively.

2. The MDR contact model, extension to many-interacting
particles, and numerical implementation

2.1. Review of the MDR contact model
The MDR contact model derives its name from the power-

ful contact modeling technique that it is built upon: the method
of dimensionality reduction (MDR) [45, 46]. This method al-
lows the exact mapping of specific 3D contact problems to a
corresponding simplified problem of a 1D plane rigid inden-
ter contacting a bed of independent Hookean springs. Impor-
tantly, the force, displacement, and contact radius relations are
preserved exactly between the two spaces, making the MDR an
ideal candidate for the basis of a DEM contact model. Using the
MDR as a foundation, the MDR contact model was developed
which is described in detail in Appendix A. It has a number of
important features to capture the contact response of adhesive
elastic-plastic particles:

1. Analytical mechanically-derived formulation that is com-
putationally cheap to evaluate based on the MDR.

2. The inputs to the model are primarily physical material
properties: Young’s modulus, Poisson’s ratio, yield stress,
and effective surface energy. The exception is the critical
confinement ratio which determines when a specific bulk
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elastic response will trigger, however this is still physically
motivated and based on evaluation of the ratio of remain-
ing free surface area not involved in contacts to the total
free surface area.

3. Treats all three regimes: elastic, fully plastic, and bulk
elastic with the correct unloading behaviors in each.

4. Includes a JKR type (fracture mechanics based) adhe-
sion [47], enabled directly by the MDR framework, that
is valid into large deformation.

5. Respects the incompressibility of plastic deformation and
allows for definition of an apparent radius that captures
free surface displacement induced by all particle contacts.
This leads to capturing multi-neighbor dependent effects
such as increased force at existing contacts and formation
of new contacts caused by radial expansion.

6. The tracking of state variables allows reconstruction of
not only force-displacement, but also each particle’s plas-
tically deformed shape, volume, contact areas, and contact
pressure distributions.

The culmination of all these features leads to a robust contact
model capable of handling the complexities of adhesive elastic-
plastic contact in an efficient manner suitable for implementa-
tion into DEM.

2.2. Extension to many-interacting particles

Industrially relevant powder compaction processes such as
pharmaceutical tableting often involves multi-component for-
mulations that span a large range of particle size and material
behavior [22]. In the development of the MDR contact model,
only simple symmetric loadings involving rigid flats and a sin-
gle initially spherical particle were considered. Conversion be-
tween these loading conditions and special cases of particle-
particle contact can be made, however a more generic loading
capability for the case of many-interacting particles with vary-
ing radii and material properties is desirable. Here, we focus
on developing and testing a many-interacting particle method-
ology that properly handles varying radii, leaving the additional
task of considering varying material properties as future work.

In developing the methodology for the many-interacting
case, the objective is to alter the existing formulation of the
MDR contact model minimally. To this end, we extend the idea
of an isolated particle surrounded by rigid flats to the many-
interacting particle case. To demonstrate this procedure, con-
sider the interaction between particles i, j, k, and l all with dis-
tinct radii shown in Fig. 1. To determine the contact force at
each pair of particles a simple procedure is followed:

1. Rigid flats are placed according to the rigid flat placement
scheme described in Section 2.2.1.

2. The force on either side is calculated assuming interaction
with a rigid flat. For example, for pair {i, k} two forces will
be calculated: Fk

ik and F i
ik. The former is the force between

particle k and the imagined rigid flat ignoring the presence
of i. The latter is the force between particle i and that same
imagined rigid flat ignoring the presence of k.

3. The forces on either side of the rigid flat are averaged to
determine the final force for the contacting pair: Fik =

(F i
ik + Fk

ik)/2.

Figure 1: Many-interacting case between particles i, j, k, and l. Imagined rigid
flats are placed at each contact.

This many-interacting methodology has the advantage that
the MDR contact model formulation can be applied directly
without adjustment in the presence of varying particle sizes.
The trade-offs are: (i) computational efficiency is decreased due
to the double force evaluation for each pair and (ii) there is pos-
sibility of contact property (e.g. area) discrepancy across a rigid
flat for a contacting pair. Nevertheless, the methodology pro-
duces a unique force at each contact that results in a reasonable
physical response as demonstrated in the upcoming sections.

2.2.1. Rigid flat placement scheme
Fig. 2a shows a contact between particles i and j with ap-

parent radii Ri and R j, respectively. The apparent overlap be-
tween the two particles is denoted by δ. The objective of the
rigid flat placement scheme is to determine how to partition δ
into apparent overlaps δi and δ j for each respective particle (i.e.,
δ = δi + δ j).

We present a scheme that consists of two contributions: (i)
a geometrically motivated placement during forward loading
and (ii) a linear interpolation during unloading that ensures both
sides of the contact unload to zero force simultaneously based
on the knowledge of the plastic surface displacements. This
results in the following expressions for the apparent overlaps

δi = δ
max
i,geo −

δ
p
i − δ

max
i,geo

δp − δmax
(δ − δmax), (1)

δ j = δ
max
j,geo −

δ
p
j − δ

max
j,geo

δp − δmax
(δ − δmax), (2)

where δmax
i,geo and δmax

j,geo are the maximum experienced geomet-
ric apparent overlaps; δp

i and δp
j are the plastic displacements;

δp = δ
p
i + δ

p
j is the total plastic displacement; and δmax is the

maximum experienced overlap.
To understand the two contributions we first consider the case

of forward loading, characterized by δ = δmax, shown in Fig. 2a.
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Figure 2: Kinematic and geometric quantities relevant to the rigid flat place-
ment scheme for contact between particles i and j. (a) Maximum displacement
step where the rigid flat is placed at the geometric intersection of {i, j}. The
dashed lines represent the unloaded plastically deformed profiles. (b) During
unloading the rigid flat placement scheme linearly interpolates the rigid flat
placement through the state shown to reach zero force based on knowledge of
the plastic displacements.

Given that δ = δmax, expressions (1) and (2) reduce to only the
first terms where

δmax
i,geo =

δ2
max − 2R jδmax

2(δmax − Ri − R j)
, (3)

δmax
j,geo =

δ2
max − 2Riδmax

2(δmax − Ri − R j)
. (4)

The scheme during forward loading is therefore guided by
placement of the rigid flat at the geometric intersection be-
tween the two apparent radii. The justification for this place-
ment comes from attempting to approximately match contact
areas on either side of the rigid flat. This is motivated by a
fundamental finding during the development of the MDR con-
tact model that the contact area could be approximated from
the geometric intersection in the fully plastic regime of contact.
Under cases of extreme overlap as δ/R→ 1 a slight adjustment
of (3) and (4) is introduced to avoid non-physical placement of
the rigid flat, this situation is discussed in Appendix B.

During unloading the second terms in (1) and (2) become
nonzero. The purpose of these terms is to linearly interpolate

the placement of the rigid flat during the unloading of {i, j} such
that both sides of the contact reach zero force simultaneously.
This coincides with placing the rigid flat at the location where
the deformed profiles touch as seen in Fig. 2b.

Validation of this rigid flat placement scheme for contacting
particles of varying radii is given in Appendix C.

2.3. LAMMPS numerical implementation
The extended MDR contact model and the topological

penalty algorithm of the following section are implemented
into the open-source DEM software LAMMPS. The code-
base, hosted on GitHub https://github.com/willzunker/lammps,
is available for download under the GNU Public License Ver-
sion 2. This study corresponds to commit c6159505 (dated De-
cember 3, 2024) on the mdr branch of the repository. Docu-
mentation and example input scripts corresponding to the sim-
ulations conducted in this work are included in the repository
in the sims folder. Issues regarding download and usage can be
directed to wzunker@mit.edu.

3. Screening of non-physical contacts for large deformation
DEM

In typical DEM simulations a neighborhood algorithm [48,
49, 50] is used to find groups of neighboring particles that have
the potential for contacting during a given step. Once grouped,
contact is determined by a simple calculation: if two particles
geometrically overlap, a non-zero force will be calculated. In
DEM simulations involving small deformations this geometric
overlap contact detection works well given that distinct contacts
don’t typically infringe on one another due to the overlap being
small compared to the particle radii.

In large deformation DEM the situation changes dramatically
as exemplified by Fig. 3a. Here, particles i, j, and k are subject
to uniaxial compression between two rigid flats. The compres-
sion in this instance is large and has caused significant overlaps
to develop between {i, k}, { j, k}, and {i, j}. The interesting ques-
tion that arises from this large deformation is the following:

• Should particle i be able to contact j given the presence of
k?

If we consider the deformation of the particles as shown in
Fig. 3b, we clearly see that no contact between i and j should
develop. However, in standard DEM a non-zero force will be
evaluated for {i, j} based on the geometric overlap.

A second example of this effect can be seen in Fig. 3c, where
particles i, j, k, and l are subject to a uniform compression by
rigid flats. We can again pose a similar question:

• Should particle i be able to contact j given the presence of
k and l?

Inspection of Fig. 3d shows that when considering the deforma-
tion of the particles no contact between i and j should develop.
In spite of this, a non-zero force would be evaluated in standard
DEM due to the geometric overlap between {i, j}. An identical
issue exists for the pair {k, l} in this instance as well.
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Figure 3: Two examples highlighting the special contact force evaluation considerations needed for large deformation DEM. (a) Uniaxial compression of three
particles i, j, and k. (b) Visualization of the deformed particles induced by uniaxial compression. (c) Uniform compression of four particles i, j, k, and l. (d)
Visualization of the deformed particles induced by uniform compression.

The two loadings of Fig. 3 highlight the shortcomings of rely-
ing solely on geometric overlap for contact detection and subse-
quent force evaluation in large deformation. This motivates the
need to develop a more robust contact force evaluation screen-
ing process that avoids including non-physical contacts occur-
ring through obstructing particles.

3.1. Topological penalty algorithm

The methodology behind the proposed additional screening
of contact force evaluations during large deformation DEM re-
lies on assigning penalties p to non-physical contacts occurring
through obstructing particles. The penalty is designed to grow
based on increasing obstruction of a contact by other particles.
Once calculated, the penalty is converted into a weight w that
is multiplied by the evaluated force F at a given contact. The
range for the weight is w ∈ [0, 1], meaning that the force may
either be entirely negated, partially reduced, or unaltered. This
scheme can be appended to any typical DEM code without in-
troducing significant modification given that it only alters the
final resulting force in the case of large overlaps.

To understand the process for calculating contact penalties
consider the triplet of particles i, j, and k shown in Fig. 4. The
topological penalty scheme consists of three steps: (i) check
if penalization is necessary, (ii) calculate the penalty for the
non-central contact, and (iii) calculate contact weights.

Check if penalization is necessary
The first step of the scheme involves checking if all three

particles overlap with one another. If

δi j ≤ 0 or δik ≤ 0 or δ jk ≤ 0, (5)

then all penalties are zero

pi j = 0, pik = 0, p jk = 0, (6)

and the scheme avoids evaluating any penalties for that triplet.
Fig. 4a is a situation in which δi j < 0, meaning all penalties are
automatically zero. Fig. 4b, on the other hand, is a case where
all overlaps are positive meaning it is necessary to proceed to
the penalty calculation.

Calculate the penalty for the non-central contact
The non-zero penalty for the triplet is assigned to the non-

central particle contact. Non-centrality is determined by a sim-
ple distance metric where the three distances d between particle
centers are run through a max function

max(di j, dik, d jk) = di j. (7)

The missing subscript of the distance function, in this case k for
Fig. 4b, indicates which particle is central based on the shortest
distance between the other two particle centers. Two unit nor-
mal vectors eki and ek j are defined, originating from the central
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Figure 4: Triplet of particles i, j, and k under consideration for penalization:
(a) no penalization is necessary and (b) penalization required for contact {i, j}.

particle and oriented towards the other particle centers. A dot
product is calculated to determine the angle between the two
unit vectors

αki j = arccos (eki · ek j). (8)

The penalties can then be calculated as follows: the non-
central contact is assigned a penalty based on a sigmoid penalty
function

p̂(α) =
1

1 + exp (−tp
α
π
− 1

2 )
, (9)

and the two other contacts receive zero penalty. In (9), tp is a fit-
ted penalty transition intensity, for all simulations conducted in

this work tp = 50. In the case under consideration the penalties
are

pi j = p̂(αki j), pik = 0, p jk = 0. (10)

The first two steps, checking if penalization is necessary
and calculating the penalty for the non-central contact, are
repeated for all eligible neighboring triplets in the system.
Triplet eligibility is determined strictly by the current neighbor
lists of particles, this helps reduce computation time from
evaluating triplets that clearly won’t satisfy condition (5).
In larger systems it is possible that a given contact may be
considered non-central in multiple triplets. In this situation,
the penalties incurred from each triplet are superimposed,
meaning a particular contact may be penalized multiple times
if numerous neighboring particles all obstruct the contact.
An example of superimposed penalties is given in Appendix D.

Calculate contact weights
The final step involves converting the calculated penalties

into weights. If we imagine our system to be restricted to only
the triplet in Fig. 4b then only three weights need to be calcu-
lated

wi j = max(1 − pi j, 0),
wik = max(1 − pik, 0),
w jk = max(1 − p jk, 0).

(11)

For larger systems individual weights need to be calculated for
each active contact. These weights are then multiplied by the
evaluated force to determine the final force at a given contact.

Extended discussion of the topological penalty scheme, in-
cluding simple examples of weight calculation for different
loading configurations and justification of the selection of the
sigmoid penalty function (9) can be found in Appendix D.

4. Multi-particle finite element method comparison

The MDR contact model was validated against FEM simu-
lations involving an initially spherical single elastic-perfectly
plastic particle compressed between rigid flats. All loadings
considered were highly symmetric, leaving the case of many-
interacting particles unexplored. To establish a ground truth
dataset for the case of many-interacting particles, we turn to the
multi-particle finite element method (MPFEM) [51, 52, 34, 39,
53, 54].

We define two simulations in Abaqus involving a handful of
meshed initially spherical elastic-perfectly plastic particles be-
ing compressed between six rigid flats. The material properties
assigned to the particle are E/Y = 20 and ν = 0.3, where E/Y
is the ratio between the Young’s modulus and yield stress and
ν is the Poisson’s ratio. Kinematic control is enforced on the
rigid flats displacing them equally towards the box center by a
distance ∆. In both simulations, the interaction between parti-
cles and particle-walls is defined as hard contact in the normal
direction and frictional in the tangential direction with a coeffi-
cient of 0.5. For the mesh, 10-node modified quadratic tetrahe-
dron elements C3D10M are used. No damping is defined and
both simulations are solved in Abaqus dynamic explicit. The
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difference between the two simulations is in the distribution of
particle radii. Fig. 5a and b show the compaction of fourteen
monodisperse particles, whereas Fig. 5c and d show the com-
paction of twelve tridisperse particles. For the tridisperse case
there are six small, two medium, and four large particles, where
the descriptors small, medium, and large correspond to the rel-
ative particle diameters. Moving from the medium to small par-
ticles there is a 20% reduction in radius and similarly moving
from the medium to large there is a 20% increase in radius.

W

z
x

y

∆

z

x

y

Figure 5: MPFEM results. Monodisperse (a) initial and (b) final deformed
configuration. Tridisperse (c) initial and (d) final deformed configuration.

Identical simulations are then carried out in LAMMPS using
the MDR contact model to provide a basis for comparison. To
initialize the simulations, the spatial configuration of the par-
ticles is exactly recreated and the correct radii are assigned to
each particle. Six rigid walls are defined to enclose the parti-
cles with the same kinematic control sequence specified. Two
contact models are defined to mimic the normal and tangen-
tial interactions simulated in FEM. The normal interaction is
governed by the MDR contact model with adhesion turned off.
The input parameters to this model are the Young’s modulus E,
Poisson’s ratio ν, yield stress Y , and critical confinement ratio
ψb. To match FEM we define E/Y = 20 and ν = 0.3. The crit-
ical confinement ratio ψb is set to 0.5 to match the simulation
presented in Section 7. In the tangential direction a linear his-
tory (LH) dependent model is defined governed by Coulomb’s
law. This model has three inputs the tangential spring stiffness
kt, dimensionless multiplier xγ,t, and tangential friction coeffi-
cient µt. To mimic FEM, µt = 0.5 and xγ,t = 0 to avoid damping
in the tangential direction. For consistency with the simulation
presented in Section 7, the tangential stiffness kt is selected to
scale linearly with E and Rmean, where the latter is the mean
particle radius for the simulation.

To appreciate the difference in computational expense be-
tween the two methods we note that MPFEM via Abaqus took

5.5 hours to complete in parallel using 10 processors on a 24-
core machine @ 3.2 GHz and DEM via LAMMPS took approx-
imately 1 second on the same machine in serial.

During compaction for both the FEM and DEM simulations
the stresses in each of the principal directions σxx, σyy, and σzz

are monitored. These stresses are calculated by summing the
normal interaction forces on the walls and dividing by the avail-
able wall contact area, taking into consideration their move-
ment. The resulting normalized stress-displacement curves are
shown in Fig 6. Here, the macroscopic wall displacement ∆
is normalized by W, which is the initial orthogonal distance
from the box center to the rigid flats. The top row of Fig. 6
shows the results for the monodisperse simulation with panel
(a), (b), and (c) corresponding to σxx, σyy, and σzz, respec-
tively. Nice agreement is seen between the FEM and DEM
results overall with only a slight over-prediction of the stress
in the σzz direction at the highest displacements. Good agree-
ment between the two simulation techniques is also seen for the
tridiperse case shown in Fig. 6d-f. Overall, the MPFEM investi-
gation demonstrates the robustness of the many-interacting par-
ticle scheme presented in Section 2.2 to reliably predict the be-
havior of many-interacting particles in both monodisperse and
polydisperse situations.

5. Deformed particle reconstruction

The mechanically-derived nature of the MDR contact model
allows insight into physical contact properties beyond the force-
displacement relation including: contact area, contact pressure
distribution, plastic surface displacements, and particle volume.
This endows the MDR contact model with a unique capabil-
ity to accurately capture an elastic-plastic particle’s permanent
shape change during loading.

5.1. Triaxial compaction
As an initial demonstration of this capability, we consider

triaxial compaction loading by six rigid flats of a single homo-
geneous elastic-perfectly plastic particle with an initial radius
Ro obeying a von Mises yield criterion as shown in Fig. 7a. The
material parameters are the Young’s modulus E, Poisson’s ratio
ν, and yield stress Y . The loading is kinematically driven with
all rigid flats being displaced in-sync towards the particle center
by a distance δo. To provide a ground truth for the deformation,
a finite element simulation in Abaqus is run, with E/Y = 20,
ν = 0.3, and δo/Ro = 0.15. The resulting deformed particle
shape after removing the applied load is shown in Fig. 7a.

An identical triaxial compaction loading using the same ma-
terial parameters and displacement is then carried out with the
MDR contact model. At each of the six contacts the contact
state variable δmax is tracked, additionally the particle state vari-
able R for the apparent radius is continuously updated by sourc-
ing information from all active contacts. The tracking of these
contact and particle state variables allows reconstruction of the
deformed unloaded particle, as shown in Fig. 7b.

Visual comparison of Fig. 7a and b shows the good agree-
ment between the finite element and MDR contact model pre-
dictions.
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Figure 6: Normalized principal stress measurements on wall as a function of normalized wall displacement. Top row is monodisperse case: (a) σxx, (b) σyy, and (c)
σzz. Bottom row is tridisperse case: (d) σxx, (e) σyy, and (f) σzz.

Figure 7: Deformed elastic-plastic particle shape after unloading for triaxial
compaction predicted by the (a) finite element method and (b) MDR contact
model. Deformed elastic-plastic particle shape at maximum loading for one
MPFEM particle predicted by (c) finite element and (d) MDR contact model.

5.2. MPFEM
The ability to reconstruct the deformed particle shape is not

limited to simple loading configurations. To demonstrate the
reconstruction for a more general loading, we examine the
deformed shape of a particle involved in the monodisperse
MPFEM simulation from Section 4 at the maximum compres-
sion as shown in Fig. 7c. The corresponding particle in the
LAMMPS simulation is then also reconstructed based on the
relevant state variables provided by the MDR contact model as
shown in Fig. 7d. Comparison of the loaded deformed shapes
yields nice qualitative agreement with all five of the contact
patches of the FEM particle present on the MDR reconstruc-
tion.

This unique ability of the MDR contact model to reconstruct
the updated particle shape induced by plastic deformation aids
in resolving a common deficit of elastic-plastic DEM whereby
the deformation of a particle is not accessible.

6. Pharmaceutical tableting: experimental setup

The experimental set-up used to collect data is the com-
paction simulator1 shown in Fig. 8. The cylindrical die, indi-

1The name compaction simulator becomes a misnomer in work involving
numerical simulations. Compaction simulator describes a highly instrumented
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cated by a darker grey color, has a diameter of 8 [mm]. The up-
per and lower cylindrical flat-faced punches both have a diame-
ter of slightly less than 8 [mm] providing the following punch-
die clearances: 40-50 [µm] for the upper and 25-30 [µm] for
the lower. Both punches are instrumented with force sensors
and two radial pressure sensors line the inside surface of the
die. The powder under consideration is Avicel PH102 (micro-
crystalline cellulose), a commonly used pharmaceutical excipi-
ent that exhibits ductile behavior. The D50 particle diameter is
116 [µm] and the material density is 1560 [kg/m3]. The initial
fill height is 5.85 [mm] with a post-compaction height of 3.57
[mm], corresponding to a total axial strain of approximately
0.4. The compression and release takes place over a one second
period.

r

z

F

r

z

Figure 8: Compaction simulator instrumented with axial force sensors and ra-
dial pressure sensors. (a) Initial setup pre-compaction and (b) final configura-
tion post-compaction.

The axial force sensors and radial pressure sensors allow the
axial2 and radial stress to be monitored, respectively, as a func-
tion of axial strain. The average of the measured upper and
lower axial stresses is shown in Fig. 9a. In the initial stages
of compaction from 0 to 0.2 strain, we observe a bi-linear re-
sponse over the strain ranges: [0,0.05] and [0.05,0.2]. Beyond
a strain of 0.2 the response gradually stiffens to a maximum
measured axial stress of 240 MPa at an axial strain of 0.4. A
nonlinear unloading curve terminates at a strain of 0.32 for a
total elastic strain recovery of 0.08. Although not shown, dur-
ing ejection the axial stress on the lower punch is measured,
reaching a steady value of 1.2 MPa.

Fig. 9b shows the measured radial stress evolution, where the
displayed curve is an average of the upper and lower pressure
sensor measurements. Akin to the axial stress measurement, a
roughly bi-linear evolution is observed in the strain range from
0 to 0.2. Beyond a strain of 0.2 we observe a similar, but more
pronounced, stiffening to a maximum radial stress of 147 MPa.

tableting press commonly used in the pharmaceutical industry to experimen-
tally study and optimize the compaction of different powders.

2The axial stress is calculated from the axial force divided by the punch face
surface area.

Upon unloading the stress drops and then stabilizes at at a finite
residual stress of 15 MPa.

7. Pharmaceutical tableting: experimental and numerical
comparison

7.1. Model and parameter selection

To enable comparison between the experimental compaction
simulator results and a DEM simulation, the exact tablet press
geometry including the upper punch, lower punch, and die is
reconstructed in LAMMPS as shown in Fig. 9c. To create DEM
particles representative of Avicel PH102, three types of contact
models are superimposed: normal, tangential, and rolling.

The normal interaction is governed by the MDR contact
model allowing for adhesive elastic-plastic contact. The input
parameters to this model are the Young’s modulus E, Poisson’s
ratio ν, yield stress Y , effective surface energy ∆γ, and critical
confinement ratio ψb. A simple damping model, governed by
a coefficient of restitution CoR, is also defined in the normal
direction.

In the tangential direction a linear history (LH) dependent
model governed by Coulomb’s law is defined. This model
has three inputs the tangential spring stiffness kt, dimension-
less multiplier xγ,t, and tangential friction coefficient µt. Here,
we allow for two definitions of the tangential friction coefficient
depending on the interaction type: particle-particle interactions
µt and particle-wall µt,wall.

The rolling resistance model is based on a spring-dashpot-
slider (SDS) and takes three inputs including the rolling stiff-
ness kroll, rolling viscosity γroll, and a static rolling coefficient
µroll. For details on the formulation of both the tangential and
rolling resistance models see [55, 56].

A scaled version of Avicel PH102’s true particle size distri-
bution, provided by Vertex Pharmaceuticals, is used to sample
particle radii from. The sampling is taken between an upper and
lower radius bound denoted by Rmin and Rmax, respectively. For
additional details regarding the particle size distribution see Ap-
pendix E. The density ρ of all particles is constant and taken to
match the manufacturers data sheet.

Table 1 details the numerical values used for the parame-
ters in the LAMMPS simulation. For the normal contact model
three of the values E, ν, and ∆γ are selected to fall within the
range of reported literature values for Avicel PH102 [57, 58].
The selection of ∆γ is made indirectly via its relationship to the
critical stress intensity factor KIc =

√
2∆γE∗c , where E∗c is the

composite plane strain modulus, due to KIc being more com-
monly measured and reported. No reports in the literature on
Avicel PH102 yield stress could be located, necessitating a fit-
ting of Y , however, the selected value falls within the expected
range for organic materials [59]. The value for ψb is tuned to
trigger the high confinement bulk response stiffening in align-
ment with the experimental results. The CoR is selected in a
range consistent with other similar studies [60].

For tangential contact, kt is selected to scale linearly with
both E and Rmean. To turn off damping in the tangential direc-
tion, xγ,t is set to zero. The tangential friction coefficients µt and
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Figure 9: Experimental and simulation Avicel PH102 tableting results. (a) Axial stress-axial strain plot and (b) radial stress-axial strain plot. (c) Snapshots of
LAMMPS compaction sequence involving material representative of Avicel PH102.

µt,wall are considered tunable parameters, and different values
are defined for particle-particle and particle-wall contact. For
particle-particle contact µt is selected to best match the exper-
imental macroscopic stress evolutions in forward loading with
particular focus on the dense high confinement regime. In the
case of particle-wall contact, µt,wall is adjusted to match the ex-
perimentally measured ejection force.

For the rolling model, kroll also scales linearly with E and
Rmean, with an additional squared dependence on µroll. To main-
tain damping solely in the normal direction, γroll is also set to
zero. The selection of µroll was made to closely match the initial
packing conditions prior to compaction.

The time step ∆t of the simulation is set by 0.35
√

m/k,
where m = ρ 4/3πR3

min is the mass of the smallest particle and
k = κRmin is an effective stiffness related to the bulk elastic re-
sponse. The resulting time step based on the defined properties
is ∆t = 3×10−8 s. This formulation for the time step serves as a
general guide to ensure numerical stability based on experience
with the tableting simulation under consideration. However, it
is subject to change depending on the compact geometry and
loading conditions, which can change the effective stiffness due
to the nonlinear nature of the contact model.

Normal (MDR) Tangential (LH)
E = 5 [GPa] kt =

2
7 ERmean [N/m]

ν = 0.4 xγ,t = 0.0
Y = 19 [MPa] µt = 0.7
∆γ = 450 [J/m2] µt,wall = 0.1
ψb = 0.5
CoR = 0.5

Rolling (SDS) Particle
kroll =

9
4µ

2
rollERmean [N/m] Rmin = 96 [µm]

γroll = 0.0 Rmax = 144 [µm]
µroll = 0.6 ρ = 1560 [kg/m3]

Table 1: Values of parameters used in the LAMMPS simulation.

7.2. Simulation setup and results

The simulation is kinematically controlled and consists of
four stages: die filling, compaction, release, and ejection as
shown in Fig. 9c. During die filling, 20,000 non-overlapping
particles sampled from the defined particle distribution are in-
serted homogeneously into the empty die space. Throughout
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the simulation no additional particles are added. At zero-time
the particles are allowed to settle under the action of gravity
creating a loose packing. The packing then undergoes com-
paction whereby the top punch compresses the particles. The
upper punch follows a sinusoidal displacement profile through
time, loading the particles to a maximum axial strain of 0.4.
The release continues the sinusoidal displacement until the
upper punch returns to its original position. Ejection of the
formed tablet occurs via movement of the lower punch up-
ward; the upper punch moves upward as well during this time
to provide clearance for the tablet. Specific compaction speeds
and loading sequence timings are omitted because of the rate-
independent nature of the defined contact models3 Addition-
ally, the inertia of the grains was measured to be sufficiently
below an average contact force ensuring a quasi-static simula-
tion. A video showcasing all phases of the tableting simulation
is shown in the Supplementary Video 1.

Throughout the simulation, the total force exerted on the up-
per and lower punch by particles is tracked, allowing the av-
erage axial stress to be monitored. The resulting axial stress-
strain curve is shown in Fig. 9a. Good agreement is observed
between the experiment and LAMMPS simulation. In forward
loading, the simulation is able to predict the gradual stiffening
at high strain levels beyond 0.2, reaching a similar maximum
value to that of the experiment. The good match during unload-
ing indicates that the simulation is capturing the elastic spring-
back of the tablet. During ejection, the simulation predicts a
steady ejection axial stress only slightly higher than that of ex-
periment’s 1.2 MPa at 1.5 MPa.

A per-particle stress at each step is also calculated during the
simulation. Averaging this per-particle stress over all particles
in the system and multiplying by the volume fraction gives the
average stress tensor for the tablet. The radial stress is then
computed by averaging the two normal stress components or-
thogonal to the axis of compaction. The resulting radial stress-
axial strain curve is shown in Fig. 9b. Nice agreement between
the experiment and LAMMPS simulation is seen in forward
loading with a similar maximum radial stress predicted by the
simulation. During unloading we note that the simulation cor-
rectly predicts a similar non-zero residual radial stress to that of
the experiment.

The model’s mechanically-derived nature, along with its
ability to accurately reproduce macroscopic stress measure-
ments for Avicel PH102, highlights its utility as a tool for ana-
lyzing the physics of powder compaction. In particular, it offers
the opportunity for valuable insights into the microscopic ori-
gins of factors influencing important compact properties like
residual stresses in compacts. These factors include particle
size, distribution, adhesion, and particle-level mechanical prop-
erties. Understanding their effects can enable practitioners to
optimize formulations, ultimately reducing residual stress and
minimizing related defects.

3Damping in the normal direction for the range of compaction speeds tested
was shown to not alter the final results.

8. Conclusion

In this paper, we have focused on expanding the capabili-
ties of large deformation adhesive elastic-plastic powder com-
paction modeling with DEM. This is achieved by extending the
recently proposed MDR contact model–a mechanically-derived
large deformation adhesive elastic perfectly-plastic contact
model–to the many-interacting particle case. The method of
extension is shown to be accurate even for significant polydis-
persity enabling simulation of more realistic radii distributions.

Special contact considerations for large deformation DEM
are discussed. It is shown that reliance on geometric over-
lap alone for contact force evaluation under large deformation
conditions is flawed because non-physical contact through ob-
structing particles may occur. A new topological penalty algo-
rithm for refined contact force evaluation is proposed and vali-
dated for a variety of test cases.

The extended MDR contact model and the topological
penalty algorithm are implemented in the open-source DEM
software LAMMPS for download and usage. The implemen-
tation is tested against MPFEM involving initially spherical
meshed elastic perfectly-plastic particles. Two loadings are
considered: a monodisperse case with fourteen particles and a
tridisperse case with twelve particles. Macroscopic stress mea-
surements show good agreement between the LAMMPS imple-
mentation and MPFEM.

Reconstruction of the deformed particle shapes using the
MDR contact model and comparisons to FEM are presented for
two different situations. Nice qualitative agreement between the
two is observed demonstrating the MDR contact models unique
capability to accurately track deformations of individual parti-
cles.

To illustrate the practical applicability of the extended MDR
contact model the problem of pharmaceutical tableting is con-
sidered. Experimental compaction simulator results for axial
and radial stress as a function of axial strain are presented for
compaction of Avicel PH102 (microcrystalline cellulose). An
identical tooling geometry is reconstructed with the LAMMPS
implementation and the process of tablet compaction is simu-
lated. The behavior of Avicel PH102 is represented by three su-
perimposed contact models: the MDR contact model (normal),
linear-history (tangential), and spring-dashpot-slider (rolling).
Good predictive capability of the numerical simulation is shown
through comparison of the axial and radial stress measure-
ments. Notably, similar residual radial stress measurements are
observed between experiment and simulation.

The extension of the MDR contact model to the many-
interacting particle case and introduction of the topological
penalty algorithm present strides towards significantly im-
proved large deformation powder compaction simulations. Cor-
relations between measurable macroscopic responses and fun-
damental particle material properties are more readily made due
to the mechanically-derived nature of the MDR contact model,
which relies primarily on measurable mechanical properties of
the grains. Enhanced access to per-particle deformations and
per-contact information such as contact areas and bond strength
between adhered particles are also available. These features
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lay important groundwork to assist in unraveling the complex
physics that govern powder compaction.

Looking ahead, this work opens several avenues for future
research. Reformulating the many-interacting MDR contact
model to accommodate varying material properties would en-
able the modeling of multi-component formulations. Paramet-
ric studies using the provided implementation could help elu-
cidate how microscopic material parameters influence residual
stresses post-powder compaction and their relationship to tablet
defects. Additionally, fluid-coupled simulations with DEM, in-
corporating the extended MDR contact model and a compress-
ible gas phase, could be performed. These simulations may
offer insights into the role of entrapped air in defect forma-
tion, shedding light on their microscopic origins in pharmaceu-
tical tableting. The many-interacting MDR contact model could
also aid in developing constitutive relations for cohesive pow-
ders [61, 62, 63]. Beyond pharmaceutical tableting, the pro-
posed implementation could be applied to processes like calen-
daring in battery manufacturing [64, 65, 66], with the aim of
enhancing battery performance.

Declaration of competing interest

The authors declare that they have no known competing fi-
nancial interests or personal relationships that could have ap-
peared to influence the work reported in this paper.

Acknowledgments

The authors acknowledge the support of the National Science
Foundation Graduate Research Fellowship Program (NSF-
GRFP) and the International Fine Particle Research Institute
(IFPRI) (Grant ARR-109-01). The authors would like to thank
Dan Bolintineanu and Joel Clemmer from Sandia National Lab-
oratories for their help with implementing the extended MDR
contact model into LAMMPS.

Appendix A. Review of MDR contact model formulation

It is noted that the structure of this summary heavily relies on
the descriptions given in the original publications [1, 2].

The full MDR contact model with a bulk elastic response, or
simply the MDR contact model for short, is guided by the su-
perposition of elastic states whereby the boundary tractions are
attributable to two sources: (i) a MDR portion and (ii) a bulk
uniform compaction. This leads naturally to the resulting con-
tact force F being composed of a MDR and bulk contribution

F = FMDR + FBulk . (A.1)

In laying out the formulation of the MDR contact model we
first cover the kinematics in Appendix A.1. Next, the MDR
force contribution and adhesive formulation are detailed in Ap-
pendix A.2 and Appendix A.3, respectively. The formulation
is then completed with the description of the bulk elastic force
contribution in Appendix A.4. For reference all model param-
eters are tabulated in Table A.2.

Appendix A.1. Kinematics
Similar to the contact force, there is a natural kinematic decom-
position of the displacement δo into a MDR and bulk compo-
nent

δo = δo,MDR + δo,Bulk. (A.2)

The quantity δo captures the overlap with respect to the initial
particle radius Ro. Within the MDR contact model framework,
an additional radius exists, known as the apparent radius R. Its
value is larger than or equal to Ro, and accounts for a particle’s
free surface displacement attributable to the incompressibility
of plastic deformation. Prescription for how R is calculated is
given in Appendix A.2. Associated with the apparent radius, is
the apparent overlap δ which measures overlaps with respect to
R. The relationship between δ and δo is

δ = δo + R − Ro. (A.3)

Evolution of δo,MDR and δo,Bulk is carried out by partitioning
incremental changes in the displacement dδo based on the con-
finement ratio Afree/Atot

dδo,MDR = dδo, dδo,Bulk = 0 if
Afree

Atot
≥ ψb,

dδo,MDR = dδo − dδ̄o, dδo,Bulk = dδ̄o otherwise,
(A.4)

where Afree is a particle’s free surface area not part of any con-
tact, Atot the total particle surface area, and dδ̄o is the mean
surface displacement across all contacts. As seen in (A.4), the
triggering of the bulk response is governed by the critical con-
finement ratio ψb, a user determined value that specifies the Afree

Atot
value corresponding to the bulk elastic regime.

To determine Afree and Atot the total area involved in contact
on a given particle Acon is calculated by simply summing the
contact areas AC of all active contacts N

Acon =

N∑
i=1

AC,i, (A.5)

where
AC,i = π(2δiR − δ2

i ) + cA,i. (A.6)

The subscript i denotes individual contacts in these expressions
and is omitted when defining the parameters. In (A.6), cA is the
contact area intercept defined in Appendix A.2.

With (A.5) established, the total particle area is given as

Atot = 4πR2 − 2π
N∑

i=1

(δmax,MDR,i + δo,Bulk,i)R + Acon, (A.7)

where δmax,MDR is the maximum experienced MDR apparent
overlap also defined in Appendix A.2. The free area not in-
volved in contact is then given as

Afree = Atot − Acon. (A.8)

Finally, dδ̄o is calculated by determining the mean surface dis-
placement increment across all contacts

dδ̄o =
1

Acon

N∑
i=1

(AC,ini · dδo,i). (A.9)

In the above equation, n is the contact normal and dδo is the
contacts vector-valued incremental displacement.
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Appendix A.2. MDR force contribution

The MDR force is given as a function of the MDR apparent
overlap δMDR, maximum experienced MDR apparent overlap
δMDR,max, and apparent radius R

FMDR(δMDR, δMDR,max,R) =
E∗c AB

4

[
arccos

(
1 −

2δe
1D

A

)

−

(
1 −

2δe
1D

A

) √
4δe

1D

A
−

4(δe
1D)2

A2

 .
(A.10)

Prior to the onset of plasticity, δe
1D = δMDR in the elastic regime.

Since contact is always considered to be between a deformable
particle and rigid flat, the composite plane strain modulus re-
duces to

E∗c =
E

1 − ν2 . (A.11)

where E is the particle’s Young’s modulus and ν its Poisson’s
ratio. The MDR apparent overlap and maximum experienced
MDR apparent overlap are ‘displacements’ measured with re-
spect to the apparent radius R, and thus have similar forms to
that of (A.3)

δMDR = δo,MDR + R − Ro,

δMDR,max = δo,MDR,max + R − Ro.
(A.12)

where δo,MDR,max is the maximum experienced MDR displace-
ment. The transformed representation of the contacting body is
taken to be elliptical and parameterized by A and B which have
different forms for the elastic and plastic regime

A = 4R, B = 2R, elastic

A =
4pY

E∗c
amax, B = 2amax, fully-plastic.

(A.13)

The contact average pressure in the fully-plastic regime pY is
taken to be equivalent to the average pressure of a contact in-
volving a rigid-plastic sphere and rigid flat

pY = Y
(
1.75 exp (−4.4δMDR,max/R) + 1

)
. (A.14)

A sharp transition occurs between the elastic and fully-plastic
regimes and is based on the average contact pressure. Specifi-
cally, once the average pressure defined by Hertz’s contact law

p̄H =
4E∗c

3π
√

R

√
δ, (A.15)

intersects the hardening curve (A.14) the formulation switches
from elastic to fully-plastic. The transformed 1D elastic dis-
placement has the form

δe
1D =

δMDR − δMDR,max + δ
e
1D,max + δR

1 + δR/δ
e
1D,max

, (A.16)

where
δe

1D,max = A/2. (A.17)

The displacement correction used to extend the half-space ap-
proximation to admit large deformation is given as

δR =
F(δMDR,max, δMDR,max,R)

πa2
max

×


2a2

max(ν − 1) − zR(2ν − 1)(
√

a2
max + z2

R − zR)

2G
√

a2
max + z2

R

 ,
(A.18)

where the free the distance from the sphere center to free sur-
face is

zR = R − (δMDR,max − δ
e
1D,max). (A.19)

The maximum experienced contact radius is given by

amax =

√
(2δMDR,maxR − δ2

MDR,max) + cA/π, (A.20)

where cA is solved for to ensure a continuous contact radius
between the elastic and plastic regimes

cA = π(δ2
Y − δYR). (A.21)

By equating p̄H and pY the yield displacement δY may be solved
for

4E∗c
3π
√

R

√
δY = Y

(
1.75 exp (−1.1δY/R) + 1

)
. (A.22)

The apparent radius is allowed to grow, provided the bulk elas-
tic response is not on, to respect the incompressible nature of
the plastic deformation. This leads to the incremental form

∆R =

max
[
∆Ve−

∑N
i=1 π∆δo,MDR,i(2δo,MDR,iRo−δ

2
o,MDR,i+R2−R2

o)

2πR
∑N

i=1(δo,MDR,i+R−Ro)−4πR2 , 0
]
, if Afree

Atot
≥ ψb,

0, otherwise.
(A.23)

The elastic volume change ∆Ve (positive for compressive incre-
ments) arises from the difference in volume between steps, with
the total volume V evaluated as

V = Vo

1 + 1
3κV

tr

∑
c ∈ V

f c ⊗ bc

 , (A.24)

where Vo is the initial volume and κ is the bulk modulus. The
quantities f and b represent the force and branch vectors re-
spectively.

Appendix A.3. MDR adhesion

Incorporating JKR-type fracture mechanics-based adhesion
into the MDR framework is a straightforward process. The
central concept involves allowing the springs to adhere to the
indenter surface. During decompression, these springs stretch
under tension until reaching a critical extension length ∆l that
is related to the contact radius a and effective surface energy ∆γ

∆l(a) =

√
2πa∆γ

E∗c
, (A.25)
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To simplify the adhesion formulation we assume that ma-
terial may only adhere once compressed4. During unloading,
springs detach and the current contact radius needs to be con-
tinually compared to the the critical contact radius ac which is
given by

dg1D(a)
da

∣∣∣∣
a=ac
= ξ

√
π∆γ

2E∗cac
, ξ =

3, force-control,
1, displacement-control,

(A.26)
to determine whether full separation should occur. For the as-
sumed elliptical indenter the 1D gap function takes on the form

g1D(a) =
A
2
−

A
B

√
B2

4
− a2. (A.27)

While unloading the normal surface displacement at the edge
of the contact must be tracked

w1D(a) = δe
1D − g1D(a), (A.28)

and compared to ∆l(a). Three possible adhesive states at the
contact are possible based on this comparison:

1. No tensile springs: w1D(a) = 0
In this case, no springs are in a tensile state and the adhe-
sive force is zero. The force formulation from Appendix
A.2 holds without modification.

2. Tensile springs, but not exceeding critical length: 0 <
w1D(a) ≤ ∆l(a)
In this case, part of the contact is in tension, but no springs
exceed the critical length, so detachment does not oc-
cur. The total force can be determined by superposing
two problems: non-adhesive contact and adhesive retrac-
tion. The non-adhesive force contribution Fn.a. is treated
directly setting δ = g1D(a) in (A.10). The adhesive re-
traction involves uniformly decompressing the springs by
δe

1D − g1D(a) leading to

Fa.r. = 2E∗c(δe
1D − g1D(a))a. (A.29)

The total force is the sum of the non-adhesive and adhesive
retraction contributions

FMDR = Fn.a. + Fa.r. (A.30)

3. Tensile springs exceed critical length: w1D(a) > ∆l(a)
In this case, the outer springs have stretched beyond
the critical length, requiring detachment. To determine
whether a new stable equilibrium exists or if full separa-
tion occurs, we must find the contact radius that satisfies

δe
1D + ∆l(a) − g1D(a) = 0. (A.31)

If this contact radius is greater than the critical radius a >
ac the contact remains intact, and the process from Case 2
is applied to find the total force using the updated radius.
If the new radius is less than the critical radius a < ac the
contact fully separates.

4Based on experimental observations, the JKR theory of adhesion predicts
that when two bodies are brought sufficiently close together, they will sponta-
neously form a finite contact area without any applied external load. We neglect
this effect.

Adhesion at a contact is allowed to redevelop after separation
if the surfaces contact are loaded in compression again. Note
that adhesion only alters the MDR portion of the force and is
calculated purely from the MDR kinematic quantities.

Appendix A.4. Bulk elastic force contribution
The bulk force contribution at a given contact i is most easily

written in incremental form

dFBulk,i =
Acon

Vgeo
κ dδ̄o AC,i. (A.32)

where Vgeo is the deformed particle volume given by a purely
geometric picture. Specifically, Vgeo is expressed as

Vgeo =
4
3
πR3 −

N∑
i=1

(
π

3
δ2

i [3R − δi]
)
. (A.33)

Integration of (A.32) then provides the full bulk force

FBulk,i =

∫
dFBulk,i, δo,Bulk,i =

∫
dδ̄o. (A.34)

It is important to note that the integrands are non-zero only
after the system enters the bulk elastic state, where Afree/Atot <
ψb. Before this transition, all increments in bulk displacement
remain zero, as determined by the upper case of (A.4).

Appendix B. Rigid flat placement scheme adjustment un-
der extreme overlaps

In cases of significant compaction and polydisperity the over-
laps δ/R experienced at a contact can approach 1. To avoid the
non-physical placement of a rigid flat at δ/R ≥ 1 during forward
loading (i.e., δ = δmax

geo ) a cap is placed on the allowable max-
imum experienced geometric apparent overlaps δmax

i,geo and δmax
j,geo

of a contacting pair. This ensures that if the cap is reached,
any additional displacement is partitioned to the contact side
experiencing less overlap. In particular, there are two cases to
consider

if δmax
i,geo/Ri > 0.75 :

δmax
i,geo = 0.75Ri,

δmax
j,geo = δmax − 0.75Ri,

if δmax
j,geo/R j > 0.75 :

δmax
i,geo = δmax − 0.75R j,

δmax
j,geo = 0.75R j.

(B.1)

The non-unique overlap limit of 0.75 is used for all simulations
in this work.

Appendix C. Validation of rigid flat placement scheme for
contacting particles of varying radii

To investigate the quality of force prediction between par-
ticles of varying radii provided by the rigid flat placement
scheme, a series of FEM simulations are carried out. The sim-
ulations consist of contact between two elastic-perfectly plastic
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A height of elliptical indenter

Acon area involved in contacts

Afree free particle area

Atot total particle surface area

AC contact area

a contact radius

ac critical contact radius

amax maximum experienced contact radius

B width of elliptical indenter

b branch vector

cA contact area intercept

δo displacement

δo displacement vector

δ̄o mean surface displacement displacement

δo,MDR MDR displacement

δo,Bulk Bulk displacement

δo,max maximum experienced displacement

δ apparent overlap

δMDR MDR apparent overlap

δmax,MDR MDR maximum experienced apparent overlap

δe
1D transformed elastic displacement

δe
1D,max maximum transformed elastic displacement

δR displacement correction

δY yield displacement

E Young’s modulus

E∗c composite plane strain modulus

F contact force

FMDR force from MDR

FBulk force from bulk elastic response

Fn.a. non-adhesive force

FBulk adhesive retraction force

f force vector

G shear modulus

g1D 1D gap function

∆γ effective surface energy

κ bulk modulus

∆l critical extensional length

n contact normal

ν Poisson ratio

p̄H average pressure for Hertz contact

pY average pressure along hardening curve

ψb critical confinement ratio

Ro initial radius

R apparent radius

∆R change in apparent radius

Vo initial volume

V current volume

Vgeo deformed geometric particle volume

∆Ve change in elastic volume

w1D 1D normal surface displacement

Y yield stress

zR depth of particle center

Table A.2: MDR contact model with a bulk elastic response parameters.

particles obeying a von Mises yield criterion with E/Y = 20
and ν = 0.3. The material behavior is considered to be ho-
mogeneous and isotropic in both particles allowing for a 2D
axisymmetric analysis of two hemispheres. Contact is kinemat-
ically controlled through tie constraints that impose displace-
ments along the axis of symmetry. No displacement control is
imposed in the radial direction on the flat faces of the hemi-
spheres to allow radial expansion as it would naturally occur.
The contact between the particles is modeled as rigid in the nor-
mal direction and frictionless in the tangential direction. The
mesh is composed of CAX8R (8-node biquadratic axisymmet-
ric quadrilateral, reduced integration) elements whose density
was determined through a mesh refinement study.

The variation in radii studied in the FEM simulation is shown
in Fig. C.10a-d. The top particle i has a fixed radius Ri through-
out all simulations whereas the bottom particle j has a varying
radius R j. The relative radii ratios Ri/R j simulated spans the
following set [1, 0.75, 0.5, 0.25].

Identical simulations are replicated in LAMMPS for the
same radii ratios. The resulting normalized force-displacement
plots for both FEM and LAMMPS are shown in Fig. C.10a-d.
Relatively good agreement is seen across the four cases in for-
ward loading with the Ri/R j = 0.25 case having the largest dif-
ference. The disagreement can be attributed to two factors that
are apparent at larger deformations: (i) as the radii ratio grows
the geometric intersection becomes a less accurate representa-
tion of the correct contact area during forward plastic loading
and (ii) the larger the difference in radii the more disparity there
is in the amount of plastic deformation accumulated, imply-
ing that the smaller particle can become fully yielded while the
large particle is still relatively unyielded throughout. Despite
the slight disagreement in forward loading for the smaller radii
ratios, all of the LAMMPS unloading curves show good agree-
ment with FEM, unloading to zero force at approximately the
same δ/Ri.

These comparisons demonstrate the proposed rigid flat place-
ments ability to predict the force between contacting particle of
varying radii, a critical step in enabling reliable simulation of
greater polydispersity.
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Figure C.10: FEM and LAMMPS comparison of resulting normalized force-displacement curves for particle-particle contact with varying radii. The radii ratios
Ri/R j = [1, 0.75, 0.5, 0.25] correspond in order to (a), (b), (c), and (d).

Appendix D. Topological penalty algorithm examples

The topological penalty algorithm presented in Section 3 is
designed to identify non-physical contacts that occur through
obstructing particles. To further understand the algorithm we
present a plot of the sigmoid penalty function (9) used to de-
termine contact weights in Fig. D.11a. The angle range over
which the penalty changes from effectively5 0 to a value of 1
is approximately 0.4 ≤ α/π ≤ 0.6. This transition region is
controlled by tp the penalty transition intensity. For the plot
shown in Fig. D.11a, and all simulations in this work, a value
of tp = 50 was used which gives physically reasonable results,
however no unique value of tp exists. Four distinct example
triplet configurations of overlapping particles i, j, and k and
their corresponding weights for each contact are depicted in
Fig. D.11b-e. In each of the four arrangements the central par-
ticle is k meaning the only potential non-zero penalty will be
pi j. Its value for each case b-e is indicated along the sigmoid
penalty function by the corresponding letter.

Fig. D.11b and c are cases where particle k fully obstructs
contact of {i, j}. The topological penalty algorithm correctly
identifies this and calculates pi j = 1, wi j = 0, and a subsequent
zero force at contact {i, j}. In Fig. D.11d, contact {i, j} is only
partially obstructed. This is reflected in pi j = 0.5, wi j = 0.5,
and a final force at contact {i, j} that is half the calculated value.
In the last triplet, no contact is truly obstructing the other lead-
ing to pi j = 0, wi j = 1, and a fully-weighted final force at
contact {i, j}. This sequence of configurations shows the abil-
ity of the sigmoid penalty function to smoothly transition the
weights and forces at each contact avoiding any jumps. Impor-
tantly this smoothness is carried over even in the case of the
central particle changing for a given triplet.

5Effectively in this case is defined as the range p̂(α) ∈ [0.01, 0.99]

To further solidify the machinery of the topological penalty
algorithm, we consider two cases of four overlapping particles
i, j, k, and l as shown in Fig. D.11f and g. In this situation,
there are now six potential contacts and four triplets. Consid-
ering first Fig. D.11f, we see that it is similar to Fig. D.11b
with the addition of particle l at the far right. As anticipated,
the scheme will correctly predict pi j = 1 and wi j = 0. Triplet
{ j, k, l}, will also be considered with j as the central particle to-
tally obstructing contact {k, l}, meaning that pkl = 1 and wkl = 0.
In this situation, the other triplets {i, k, l} and {i, j, l} do not meet
the criterion that all three particles overlap each other there-
fore no penalties are assigned to the rest of the active contacts
{i, k}, { j, k}, and { j, l}, leading full weights of one. Contact {i, l}
is labeled as not contacting (n.c.) meaning no penalty is even
assigned.

Fig. D.11g is similar to Fig. D.11d with the addition of par-
ticle l in the upper right. In this case, each particle is central
in one of the four triplets. This results in the diagonal con-
tacts {i, j} and {k, l} being the non-central contact in two sep-
arate triplets meaning they are penalized twice. For example,
contact {i, j} is the non-central contact for the triplets {i, j, k}
and {i, j, l}. In both cases a penalty of 0.5 is calculated meaning
pi j = pi jk

i j + pi jl
i j = 0.5+ 0.5 = 1, where the superscript indicates

the triplet associated with the penalty contribution. Conversion
into a weight leads to wi j = 0. The penalty and weight calcu-
lation process is identical for contact {k, l}, however it involves
triplets { j, k, l} and {i, k, l}. All other active contacts {i, k}, { j, k},
{i, l}, and { j, l} are not penalized leading full weights of one.

Appendix E. Avicel PH102 particle size distribution

The experimentally measured particle size distribution for
Avicel PH102 is represented as a volume distribution and prob-
ability density function in Fig. E.12a and b, respectively. A
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wjk = 1

wik = 1

wij = 0

wij = 0.5

wjk = 1

wik = 1

wij = 1

wjk = 1

wik = 1

wij = 0

wjk = 1

wik = 1

wij = 0 wik = 1 wil = 1

wjk = 1 wjl = 1 wkl = 0

wij = 0 wik = 1 wil = n.c.

wjk = 1 wjl = 1 wkl = 0

Figure D.11: Topological penalty algorithm examples. (a) Sigmoid penalty function. (b)-(e) Three particle contacts with associated penalties marked on plot (a)
and weights. (f)-(g) Four particle contacts and associated weights.
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shifted Weibull distribution is used to provide a fit for the prob-
ability density function. The scale parameter λ = 6, the shape
parameter k = 0.69, and the shift s = 4.5 leading to

PDFAvicel(size; λ, k, s) =

 k
λ

(
size
λ

)k−1
e−(

x
λ )

k

, size ≥ s
0, size < s

(E.1)

For computational tractability, a scaled up subset of (E.1) was
sampled from to select the particle radii for the simulations of
Section 7. In particular, the probability density function used in
the LAMMPS tableting simulation is identical to (E.1) scaled
by a factor of 3.2

PDFlammps =

3.2 k
λ

(
size
λ

)k−1
e−(

x
λ )

k

, size ≥ 3.2s
0, size < 3.2s

(E.2)

where only sampled particle radii between Rmin and Rmax were
accepted for the simulation.

Figure E.12: Avicel PH102 particle size distribution represented as a (a) volume
distribution and (b) probability density function.
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