Takaaki Fujita
Florentin Smarandache

Vaneng Uncerta Combnetori

through Graphization, Hyperization, and Uncertainization:

Fuzzy, Neutrosophic, Soft, Rough, and Beyond

Fourth Volume

HyperUncertain Set
(Collected Papers)

p’\' NSIA
N%) Publishing House




Takaaki Fujita
Florentin Smarandache

Advancing Uncertain Combinatorics
through Graphization, Hyperization, and Uncertainization:
Fuzzy, Neutrosophic, Soft, Rough, and Beyond

Fourth Volume

HyperUncertain Set

(Collected Papers)



This series explores the advancement of uncertain combinatorics through
innovative methods such as graphization, hyperization, and
uncertainization, incorporating concepts from fuzzy, neutrosophic, soft, and rough
set theory, among others. Combinatorics and set theory are fundamental
mathematical ~ disciplines that  focus on counting, arrangement, and the
study of collections under specified rules. While combinatorics excels at solving
problems involving uncertainty, set theory has expanded to include advanced concepts
like fuzzy and neutrosophic sets, which are capable of modeling complex real-
world uncertainties by accounting for truth, indeterminacy, and falsehood. These
developments intersect with graph theory, leading to novel forms of uncertain
sets in ‘"graphized"  structures, such as hypergraphs and superhypergraphs.
Innovations like Neutrosophic Oversets, Undersets, and Offsets, as well as the
Nonstandard Real Set, build upon traditional graph concepts, pushing the boundaries
of theoretical and practical advancements. This synthesis of combinatorics, set
theory, and graph theory provides a strong foundation for addressing the complexities
and uncertainties present in mathematical and real-world systems, paving the way for
future research and application.

Peer-reviewers:

Prof. Lucian Tutescu
“Fratii Buzesti” National College, Craiova, Romania

Prof. Dr. Mohamed Abdel-Basset
Vice Dean for Community Service and Environmental Development
Faculty of Computers and Informatics, Zagazig University, Egypt

Prof. Dr. Said Broumi
Laboratory of Information Processing, Faculty of Science Ben M’Sik, University of Hassan II
Casablanca, Morocco



Takaaki Fujita, Florentin Smarandache

Advancing Uncertain Combinatorics
through Graphization, Hyperization,
and Uncertainization:

Fuzzy, Neutrosophic, Soft, Rough,
and Beyond

Fourth Volume

HyperUncertain Set

(Collected Papers)

iy

Y NSIA

Gallup - Guayaquil
United States of America - Ecuador

2025



Neutrosophic Science International Association
Publishing House

Division of Mathematics and Sciences
University of New Mexico

705 Gurley Ave., Gallup Campus

NM 87301, United States of America

University of Guayaquil

Av. Kennedy and Av. Delta

"Dr. Salvador Allende" University Campus
Guayaquil 090514, Ecuador

https://fs.unm.edu/NSIA/

ISBN 978-1-59973-817-8

1

9"781599"738

3
v



Foreword

This book is the fourth volume in the series Collected Papers on Advancing Uncertain
Combinatorics through Graphization, Hyperization, and Uncertainization: Fuzzy, Neutrosophic, Soft,
Rough, and Beyond.

This volume specifically delves into the concept of the HyperUncertain Set, building on the
foundational advancements introduced in previous volumes.

The series aims to explore the ongoing evolution of uncertain combinatorics through innovative
methodologies such as graphization, hyperization, and uncertainization. These approaches integrate and
extend core concepts from fuzzy, neutrosophic, soft, and rough set theories, providing robust frameworks
to model and analyze the inherent complexity of real-world uncertainties.

At the heart of this series lies combinatorics and set theory—cornerstones of mathematics that
address the study of counting, arrangements, and the relationships between collections under defined rules.
Traditionally, combinatorics has excelled in solving problems involving uncertainty, while advancements
in set theory have expanded its scope to include powerful constructs like fuzzy and neutrosophic sets. These
advanced sets bring new dimensions to uncertainty modeling by capturing not just binary truth but also
indeterminacy and falsity.

In this fourth volume, the integration of set theory with graph theory takes center stage, culminating
in "graphized" structures such as hypergraphs and superhypergraphs. These structures, paired with
innovations like Neutrosophic Oversets, Undersets, Offsets, and the Nonstandard Real Set, extend the
boundaries of mathematical abstraction. This fusion of combinatorics, graph theory, and uncertain set theory
creates a rich foundation for addressing the multidimensional and hierarchical uncertainties prevalent in
both theoretical and applied domains.

The book is structured into thirteen chapters, each contributing unique perspectives and
advancements in the realm of HyperUncertain Sets and their related frameworks:

The first chapter (Advancing Traditional Set Theory with Hyperfuzzy, Hyperneutrosophic,
and Hyperplithogenic Sets) explores the evolution of classical set theory to better address the complexity
and ambiguity of real-world phenomena. By introducing hierarchical structures like hyperstructures and
superhyperstructures—created through iterative applications of power sets—it lays the groundwork for
more abstract and adaptable mathematical tools. The focus is on extending three foundational frameworks:
Fuzzy Sets, Neutrosophic Sets, and Plithogenic Sets into their hyperforms: Hyperfuzzy Sets,
Hyperneutrosophic Sets, and Hyperplithogenic Sets.



These advanced concepts are applied across diverse fields such as statistics, clustering,
evolutionary theory, topology, decision-making, probability, and language theory. The goal is to provide a
robust platform for future research in this expanding area of study.

The second chapter (Applications and Mathematical Properties of Hyperneutrosophic and
SuperHyperneutrosophic Sets) extends the work on Hyperfuzzy, Hyperneutrosophic, and
Hyperplithogenic Sets by delving into their advanced applications and mathematical foundations. Building
on prior research, it specifically examines Hyperneutrosophic and SuperHyperneutrosophic Sets, exploring
their integration into: Neutrosophic Logic, Cognitive Maps,Graph Neural Networks, Classifiers, and
Triplet Groups.

The chapter also investigates their mathematical properties and applicability in addressing
uncertainties and complexities inherent in various domains. These insights aim to inspire innovative uses
of hypergeneralized sets in modern theoretical and applied research.

The third chapter (New Extensions of Hyperneutrosophic Sets — Bipolar, Pythagorean, Double-
Valued, and Interval-Valued Sets) studies advanced variations of Neutrosophic Sets, a mathematical
framework defined by three membership functions: truth (T), indeterminacy (I), and falsity (F). By
leveraging the concepts of Hyperneutrosophic and SuperHyperneutrosophic Sets, the study extends:
Bipolar Neutrosophic Sets, Interval-Valued Neutrosophic Sets, Pythagorean Neutrosophic Sets, and
Double-Valued Neutrosophic Sets.

These extensions address increasingly complex scenarios, and a brief analysis is provided to
explore their potential applications and mathematical underpinnings.

Building on prior research, the fourth chapter (Hyperneutrosophic Extensions of Complex,
Single-Valued Triangular, Fermatean, and Linguistic Sets) expands on Neutrosophic Set theory by
incorporating recent advancements in Hyperneutrosophic and SuperHyperneutrosophic Sets. The study
focuses on extending: Complex Neutrosophic Sets, Single-Valued Triangular Neutrosophic Sets,
Fermatean Neutrosophic Sets, and Linguistic Neutrosophic Sets.

The analysis highlights the mathematical structures of these hyperextensions and explores their
connections with existing set-theoretic concepts, offering new insights into managing uncertainty in
multidimensional challenges.

The fifth chapter (Advanced Extensions of Hyperneutrosophic Sets — Dynamic,
Quadripartitioned, Pentapartitioned, Heptapartitioned, and m-Polar) delves deeper into the evolution
of Neutrosophic Sets by exploring advanced frameworks designed for even more intricate applications.
New extensions include: Dynamic Neutrosophic Sets, Quadripartitioned Neutrosophic Sets,
Pentapartitioned Neutrosophic Sets, Heptapartitioned Neutrosophic Sets, and m-Polar Neutrosophic
Sets.

These developments build upon foundational research and aim to provide robust tools for
addressing multidimensional and highly nuanced problems.

The sixth chapter (Advanced Extensions of Hyperneutrosophic Sets — Cubic, Trapezoidal, q-
Rung Orthopair, Overset, Underset, and Offset) builds upon the Neutrosophic framework, which
employs truth (T), indeterminacy (I), and falsity (F) to address uncertainty. Leveraging advancements in
Hyperneutrosophic and SuperHyperneutrosophic Sets, the study extends: Cubic Neutrosophic Sets,



Trapezoidal Neutrosophic Sets, q-Rung Orthopair Neutrosophic Sets, Neutrosophic Oversets,
Neutrosophic Undersets, and Neutrosophic Offsets.

The chapter provides a brief analysis of these new set types, exploring their properties and potential
applications in solving multidimensional problems.

The seventh chapter (Specialized Classes of Hyperneutrosophic Sets — Support, Paraconsistent,
and Faillibilist Sets) delves into unique classes of Neutrosophic Sets extended through Hyperneutrosophic
and SuperHyperneutrosophic frameworks to tackle advanced theoretical challenges. The study introduces
and extends: Support Neutrosophic Sets, Neutrosophic Intuitionistic Sets, Neutrosophic
Paraconsistent Sets, Neutrosophic Faillibilist Sets, Neutrosophic Paradoxist and Pseudo-Paradoxist
Sets, Neutrosophic Tautological and Nihilist Sets, Neutrosophic Dialetheist Sets, and Neutrosophic
Trivialist Sets.

These extensions address highly nuanced aspects of uncertainty, further advancing the theoretical
foundation of Neutrosophic mathematics.

The eight chapter (MultiNeutrosophic Sets and Refined Neutrosophic Sets) focuses on two
advanced Neutrosophic frameworks: MultiNeutrosophic Sets, and Refined Neutrosophic Sets. Using
Hypemeutrosophic and nn-SuperHyperneutrosophic Sets, these extensions are analyzed in detail,
highlighting their adaptability to multidimensional and complex scenarios.

Examples and mathematical properties are provided to showcase their practical relevance and
theoretical depth.

The ninth chapter (Advanced Hyperneutrosophic Set Types — Type-m, Nonstationary, Subset-
Valued, and Complex Refined) explores extensions of the Neutrosophic framework, focusing on: Type-
m Neutrosophic Sets, Nonstationary Neutrosophic Sets, Subset-Valued Neutrosophic Sets, and
Complex Refined Neutrosophic Sets.

These extensions utilize the Hyperneutrosophic and SuperHyperneutrosophic frameworks to
address advanced challenges in uncertainty management, expanding their mathematical scope and practical
applications.

The tenth chapter (Hyperfuzzy Hypersoft Sets and Hyperneutrosophic Hypersoft Sets)
integrates the principles of Fuzzy, Neutrosophic, and Soft Sets with hyperstructures to introduce:
Hyperfuzzy Hypersoft Sets, and Hyperneutrosophic Hypersoft Sets.

These frameworks are designed to manage complex uncertainty through hierarchical structures
based on power sets, with detailed analysis of their properties and theoretical potential.

The eleventh chapter (A Review of SuperFuzzy, SuperNeutrosophic, and SuperPlithogenic
Sets) revisits and extends the study of advanced set concepts such as: SuperFuzzy Sets, Super-
Intuitionistic =~ Fuzzy  Sets,  Super-Neutrosophic  Sets, and  SuperPlithogenic  Sets,
including their specialized variants like quadripartitioned, pentapartitioned, and heptapartitioned forms.

The work serves as a consolidation of existing studies while highlighting potential directions for
future research in hierarchical uncertainty modeling.

Focusing on decision-making under uncertainty, the tweve chapter (Advanced SuperHypersoft
and TreeSoft Sets) introduces six novel concepts: SuperHypersoft Rough Sets,SuperHypersoft Expert
Sets, Bipolar SuperHypersoft Sets, TreeSoft Rough Sets, TreeSoft Expert Sets, and Bipolar TreeSoft
Sets.



Definitions, properties, and potential applications of these frameworks are explored to enhance the
flexibility of soft set-based models.

The final chapter (Hierarchical Uncertainty in Fuzzy, Neutrosophic, and Plithogenic Sets)
provides a comprehensive survey of hierarchical uncertainty frameworks, with a focus on Plithogenic Sets
and their advanced extensions: Hyperplithogenic Sets, SuperHyperplithogenic Sets.

It examines relationships with other major concepts such as Intuitionistic Fuzzy Sets, Vague Sets,
Picture Fuzzy Sets, Hesitant Fuzzy Sets, and multi-partitioned Neutrosophic Sets, consolidating their
theoretical interconnections for modeling complex systems.

This volume not only reflects the dynamic interplay between theoretical rigor and practical
application but also serves as a beacon for future research in uncertainty modeling, offering advanced tools
to tackle the intricacies of modern challenges.

Takaaki Fujita, Florentin Smarandache
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Chapter 1
Exploring Concepts of HyperFuzzy, HyperNeutrosophic, and
HyperPlithogenic Sets

Takaaki Fujita's, Florentin Smarandache?,

L4 Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. t171d603@gunma-u.ac.jp
2 University of New Mexico, Gallup Campus, NM 87301, USA. smarand@unm.edu

Abstract. This work investigates the evolution of traditional set theory to address complex and ambiguous
real-world phenomena. It introduces hierarchical hyperstructures and superhyperstructures, where superhyper-
structures are formed by iteratively applying power sets to create nested abstractions.

The focus is placed on three foundational set-based frameworks—Fuzzy Sets, Neutrosophic Sets, and
Plithogenic Sets—and their extensions into Hyperfuzzy Sets, HyperNeutrosophic Sets, and Hyperplithogenic
Sets. These extensions are applied to various domains, including Statistics, TOPSIS, K-means Clustering,
Evolutionary Theory, Topological Spaces, Decision Making, Probability, and Language Theory. By exploring
these generalized forms, this paper seeks to guide and inspire further research and development in this rapidly

expanding field.

Keywords: Fuzzy set, Neutrosophic set, Hyperstructure, Hyperfuzzy set, Hyperneutrosophic set

1. Introduction

1.1. Fuzzy Sets, Neutrosophic Sets, and Plithogenic Sets

Set theory, a foundational pillar of mathematics, provides a robust framework for analyzing
collections of elements known as ”sets” [118,192,210,237,415,416]. This paper focuses on three
significant extensions of set theory—Fuzzy Sets [448], Neutrosophic Sets [354], and Plithogenic
Sets [367]—and explores their further generalization into Hyperfuzzy [165], HyperNeutrosophic
[146], and Hyperplithogenic Sets [146]. To establish context, we begin with an overview of these
foundational concepts and their approaches to handling uncertainty.

Traditional set theory has evolved over time to address the inherent complexities and am-
biguities of real-world scenarios. This evolution has given rise to a variety of advanced frame-
works, including Fuzzy Sets [107,407,448-452,465], Vague Sets [21,86,95,196,458], Hesitant
Fuzzy Sets [409,410], Soft Sets [32,33,[147,256,268,439], Rough Sets [289-295], Neutrosophic
Offsets [361, 363, 379, 380], and Neutrosophic Sets [80, 124, 279, 351, 353, 354, 356, 359, 393, 419].

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of Hyperkuzzy, Hyper[Neutrosophic, and
HyperPlithogenic Sets

11



These methodologies each address specific dimensions of uncertainty. For instance, Fuzzy
Sets assign membership values ranging from 0 to 1, allowing for partial belonging and providing
a flexible framework for modeling uncertainty [448|. By contrast, Neutrosophic Sets extend
this approach by introducing three degrees—truth, indeterminacy, and falsity—offering a more
comprehensive toolset for capturing ambiguity in complex systems [354}356].

A particularly noteworthy development is the concept of Plithogenic Sets, which generalize
these frameworks further by incorporating multi-dimensional uncertainty and contradictions.
This advanced model is especially useful for addressing challenges in analyzing complex systems
where traditional methodologies may fall short [3,/1701317}344,367,[368}389,:394,403].

Significant strides have been made in the development of these uncertain set theories, and
their applications have expanded into related domains. For example, uncertain graph theories
such as Fuzzy Graphs and Neutrosophic Graphs have emerged as essential tools for solving a
wide array of theoretical and practical problems [12-14,17-20,22H24}26.|81},137,/145-147},149,
15341554327].

1.2. Hyperstructures and Superhyperstructures

This subsection discusses the concepts of Hyperstructures and Superhyperstructures, which
represent hierarchical structures in mathematics. A Hyperstructure is an extension of the power
set concept applied to various mathematical frameworks [387,388]. A Superhyperstructure, in
turn, generalizes this idea by introducing the notion of n-th power sets, thereby creating
a hierarchical and iterative abstraction. Superhyperstructures build upon hyperstructural
principles, allowing for deeper abstraction and complexity [387}388].

For example, in graph theory, a Hypergraph is a hyperstructure, while a Superhyper-
graph extends this concept by incorporating superedges and supervertices. Hypergraphs
are generalized graphs where edges, termed hyperedges, can connect more than two ver-
tices [60,[76L[119,171H173]. Superhypergraphs provide an even broader generalization, enabling
a higher level of abstraction and flexibility in graph-theoretic studies [138-140,|140,|141},|146,
148150,,/151},/1644|187}/188},314,|3554|370|, 371,377,382} 385, 387].

The discussion above focuses primarily on superhypergraphs in graph theory. However,
many other concepts have been explored in the realm of superhyperstructures, including su-
perhyperalgebras [207,[208,,350,375L395|, superhypertopology, superhyperrings [386], superhy-
perrough sets [146], superhyperdecision-making |143|, superhypergraph neural networks [141],
superhypergroups [224], superhyperfunctions [381,385], superhyperweighted sets [146], super-
hypertopologies [383,384L395], superhyperlanguages [135,144], PDCA superhypercycles [138],
and superhypergames [143]. These extensions represent a wide array of mathematical and

applied concepts being actively studied.

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
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1.3. Hyperfuzzy, HyperNeutrosophic, and Hyperplithogenic Sets

This subsection provides an explanation of Hyperfuzzy, HyperNeutrosophic, and Hyper-
plithogenic Sets. Fuzzy Sets [146,165,(214},399], Neutrosophic Sets [146], Plithogenic Sets [146],
Soft Sets [1,|136}/154,|193}, 206,304}, 338,341,366, 380], Rough Sets [146], and Vague Sets [146)
have all been extended using Hyperstructures and n-SuperHyperstructures.

For example, in the case of Fuzzy Sets, these extensions are known as Hyperfuzzy Sets
[134,165],214H217}, 249,253,261}, 277,:399] and SuperHyperfuzzy Sets [146],364]. Similarly, for
Neutrosophic Sets, the extensions include HyperNeutrosophic Sets [146}364] and SuperHy-
perNeutrosophic Sets [146,[364], while for Plithogenic Sets, they include HyperPlithogenic
Sets [146] and SuperHyperPlithogenic Sets [146]. This paper examines these concepts in de-
tail. Readers interested in the underlying principles or further details about these concepts

are encouraged to consult relevant literature, such as [146], as needed.

1.4. Our Contribution in This Paper

This subsection presents Our Contribution in This Paper. The HyperUncertain Set and
SuperHyperUncertain Set, as extensions of the Uncertain Set, are believed to have wide-
ranging applications; however, research on these concepts remains in its infancy.

In this paper, we explore the applicability of HyperNeutrosophic Sets and SuperHyperNeu-
trosophic Sets to various domains, including Statistics, TOPSIS, K-means Clustering, Evolu-
tionary Theory, Topological Spaces, Decision Making, Probability, and Language Theory.

It should be noted that this paper primarily focuses on theoretical mathematical consid-
erations. Therefore, further experimental validation and application-oriented research will be
necessary for practical implementation in specific technologies and fields.

Through these studies, we sincerely hope to contribute to the advancement of future research

in this domain.

2. Preliminaries and Definitions

This section provides an introduction to the foundational concepts and definitions required
for the discussions in this paper. While we aim to present the core ideas, an exhaustive
exploration of all terms is beyond the scope of this work. Readers interested in further details

are encouraged to consult the cited references for additional insights.

2.1. Fundamentals of Set Theory

This subsection offers a concise overview of the basic principles of set theory. For a more

detailed treatment, we recommend established references such as [195,[210,[213].

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
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Definition 2.1 (Set). [210] A set is a collection of distinct and clearly defined objects, called
elements. For any object x, it is possible to determine whether x belongs to a given set. If x
is an element of a set A, this is denoted as x € A. Sets are commonly represented using curly

braces. For example, the set A = {1,2,3} contains the elements 1, 2, and 3.

Definition 2.2 (Subset). [210] A set A is said to be a subset of another set B, written as

A C B, if every element of A is also an element of B. This relationship can be expressed as:
ACB < Vz(xr€ A = z€B).

If AC B but A # B, A is referred to as a proper subset of B, denoted by A C B.

Definition 2.3 (Empty Set). [210] The empty set, denoted by 0, is the unique set that

contains no elements. It is defined formally as:
Va (z ¢ 0).

For instance, the empty set can be represented as () = {}.

Definition 2.4 (Universal Set). [210] The universal set, denoted by U, represents the set of
all objects under consideration within a specific context. Any set A being analyzed is a subset
of U. Formally:

ACU for any set A.

Definition 2.5 (Operation). [210] An operation is a function or rule that takes elements of

a set S and produces another element within S. Formally, an operation o on S is defined as:
0:5x 85 —S8.

Examples include addition and multiplication, which are operations on the set of real numbers

R.

Definition 2.6 (Binary Operation). [82] A binary operation on a set S is a function x* :
S x S — S that combines two elements a,b € S to produce another element a * b € S. For

example, addition and subtraction are binary operations on R.

2.2. Hyperstructure and Superhyperstructure

This subsection explores the concepts of Hyperstructure and Superhyperstructure, which
serve as advanced mathematical frameworks for representing hierarchical systems. A Hyper-
structure builds upon the notion of a powerset, providing a way to model relationships within
sets. Extending this idea, a Superhyperstructure incorporates the n-th powerset, enabling the
representation of multi-layered, hierarchical systems [135387,,1388]. The formal definition of

the n-th powerset is provided below.

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
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Definition 2.7 (Base Set). A base set is a fundamental set S from which more advanced

structures, such as powersets and hyperstructures, are derived. It is formally defined as:
S = {x | z is an element within the specified domain}.
All elements in structures such as P(S) or P,(S) originate from the elements of S.

Definition 2.8 (Powerset). [141,325] The powerset of a set S, denoted P(S), is the set of all
subsets of S, including both the empty set and .S itself. Formally, it is defined as:

P(S)={A|ACS}.

Definition 2.9 (n-th Powerset). (cf. [141},350,[387])
The n-th powerset of a set H, denoted by P, (H), is defined through an iterative process.

Starting with the standard powerset, the construction proceeds as follows:
P (H)=P(H), P,+1(H)=P(P,(H)), forn>1.
Similarly, the n-th non-empty powerset, denoted by P¥(H), is recursively defined as:
P{(H) = P*(H), Fp.(H) = P"(P;(H)).
Here, P*(H) represents the powerset of H with the empty set excluded.
Proposition 2.10. (¢f. (141,350, 5387])
The n-th powerset generalizes the traditional concept of a powerset by applying the powerset

operation iteratively.

Proof. The n-th powerset, P,,(H), is constructed by repeatedly applying the standard powerset
operation. Since P;(H) = P(H), and each subsequent step P,,+1(H) builds upon the previous
powerset, this iterative process inherently extends the original concept. Thus, the proposition

follows directly from the definition.

To provide a formal basis for the concepts of Hyperstructures and Superhyperstructures,

we proceed with the following definitions and propositions.

Definition 2.11 (Classical Structure). (cf. [350,387]) A Classical Structure is a mathematical
construct defined on a non-empty set H, equipped with one or more Classical Operations that
adhere to specified Classical Axioms. Specifically:

A Classical Operation is a function of the form:
#0 cH™ — H s
where m > 1 is an integer, and H™ denotes the m-fold Cartesian product of H. Examples

include addition and multiplication, as found in common algebraic structures such as groups,

rings, and fields.
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Definition 2.12 (Hyperstructure). (cf. [141,350,387]) A Hyperstructure extends the concept

of a Classical Structure by operating on the powerset of a base set. Formally, it is defined as:
H = (P(5),0),

where S is the base set, P(S) is its powerset, and o represents an operation defined on subsets
within P(5).

Definition 2.13 (n-Superhyperstructure). (cf. |[350,387]) An n-Superhyperstructure general-
izes a Hyperstructure by utilizing the n-th powerset of a base set. It is formally represented

SH,, = (Pn(5),0),

where S is the base set, P,(S) is the n-th powerset of S, and o is an operation defined on

elements of P, (.9).

Proposition 2.14. An n-Superhyperstructure is inherently characterized by the properties of

the n-th powerset.

Proof. This follows directly from the definition of an n-Superhyperstructure, which is con-

structed explicitly using the n-th powerset P,(S). g

Proposition 2.15. A Hyperstructure is a special case of an n-Superhyperstructure for n = 1,

and every n-Superhyperstructure generalizes the concept of a Hyperstructure.

Proof. By definition, a Hyperstructure is based on the powerset P(S), which corresponds to
the 1-st powerset P;(S). When n > 1, the n-th powerset P, (S) extends the structure, making

the n-Superhyperstructure a generalization of the Hyperstructure.

Additionally, we introduce the Dynamic n-SuperHyperStructure as an extension of the n-
SuperHyperStructure framework. Although this paper does not provide a detailed discussion
on the topic, it is worth noting that the concepts introduced later—such as the superhyperfuzzy
set, superhyperneutrosophic set, and superhyperplithogenic set—can also be endowed with

dynamic properties.

Definition 2.16 (Dynamic n-SuperHyperStructure). Let S be a nonempty set, and let
P1(S) = P(S) be the power set of S. For each integer n > 2, define:

Pn(S) = P(Pn-1(5)),

the n-th power set of S.

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
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A Dynamic n-SuperHyperStructure over a time domain T (which may be discrete or con-

tinuous, e.g., T'C R) is a triple:

DSH,, = (S, {0t }ier, V),

satisfying the following conditions:

(1)

(2)

Base Set and Hierarchy: The structure is built upon the n-th powerset P,(S).
Each element of P, (S) is a highly nested subset structure derived from S.

Time-Indexed Operation: For each fixed t € T, there is a binary operation:
o1 : Pn(S) X Pn(S) = Pn(S).

The pair (P, (S5), o) is an n-SuperHyperStructure at time ¢. In other words, for each
t, o satisfies the structural axioms (if any are imposed) for n-SuperHyperStructures
(e.g., closure under oy, well-definedness of the operation, etc.).

Dynamic Evolution of Elements: There exists an evolution function:
VT x Pp(S) — Pu(S),

which governs how elements of P, (S) evolve over time. For instance, if {X;}ier is a

time-dependent family of elements in P, (.5), their evolution can be described by:
Xepar = U(t, Xy).

In a continuous-time setting, one might consider a limit At — 0 and define a differential
equation on P,(S), but this requires additional structure.
Dynamic Evolution of the Operation: The operation o; may also evolve with

time. Formally, there is a function:
Q:T x Pp(S) X Pn(S) = Pn(S),

such that:
Xo Y =Q(t,X,Y),

for all X, Y € P,(S). The choice of 2 defines how the binary operation changes as the
system evolves over time.

Consistency and Well-Definedness: For each t € T', the structure (P, (S), o;) must
be well-defined as an n-SuperHyperStructure. This means that o; takes two elements
of P,(S) and returns an element of P,(S), and any additional axioms imposed on
n-SuperHyperStructures (e.g., certain associative-like properties or closure properties)
must hold for each fixed t.

If ¥ is the identity function (i.e., U(¢t, X) = X for all ¢, X') and o; = o is time-invariant,

the Dynamic n-SuperHyperStructure reduces to a static n-SuperHyperStructure.
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e By appropriately choosing ¥ and (), one can model a wide variety of systems that
exhibit hierarchical complexity and evolve over time, such as changing relational net-

works, adaptive classification schemes, or evolving hierarchical data structures.

2.3. Fuzzy Set, Hyperfuzzy Set, and Superhyperfuzzy Set

This subsection introduces the definitions of Fuzzy Set, Hyperfuzzy Set, and Superhyper-
fuzzy Set. Intuitively, these concepts extend the idea of fuzzy values into hierarchical struc-
tures, enabling a more nuanced representation of uncertainty. The formal definitions are

provided below.

Definition 2.17. [448,452] A fuzzy set T in a non-empty universe Y is a mapping 7: Y —
[0,1]. A fuzzy relation on Y is a fuzzy subset § in Y x Y. If 7 is a fuzzy set in Y and ¢ is a

fuzzy relation on Y, then ¢ is called a fuzzy relation on T if
0y, z) <min{7(y),7(2)} forally,z €Y.

Example 2.18 (Weather "Warmth”). Weather prediction involves forecasting atmospheric
conditions, including temperature, precipitation, and wind, using scientific models, historical
data, and computational methods (cf. [54}323,397]).

A fuzzy set T models the degree of "warmth” in different temperature levels Y. Let:
Y = {Cool, Mild, Hot },
where the fuzzy set 7: Y — [0, 1] assigns membership values to each element:
7(Cool) = 0.2, 7(Mild) =0.6, 7(Hot)=0.9.

These values represent the perceived degree of warmth for each temperature level.

Real-Life Application: A thermostat can use the fuzzy set 7 to determine whether to in-
crease cooling or heating based on the perceived warmth of the environment, rather than fixed
thresholds.

Definition 2.19 (HyperFuzzy Set). [72,|165,214,276,|399] Let X be a non-empty set. A
mapping i : X — P([0,1]) is called a hyperfuzzy set over X, where P([0,1]) denotes the

family of all non-empty subsets of the interval [0, 1].

Example 2.20 (Customer Satisfaction with Cars). Customer satisfaction measures how well
a product or service meets customer expectations, influencing loyalty, retention, and overall
business success (cf. [564|100}228]).

A hyperfuzzy set [i represents satisfaction levels for different car attributes X:

X = {Price, Fuel Efficiency, Design}.
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The hyperfuzzy set ji : X — P([0,1]) assigns subsets of satisfaction degrees to each attribute:
f(Price) = {0.8,0.9}, [(Fuel Efficiency) = {0.6,0.7,0.9}, fi(Design) = {0.4,0.6}.

Each subset represents possible satisfaction levels due to uncertainty or varying preferences
among customers.
Real-Life Application: Car manufacturers can use this model to analyze diverse customer

opinions and develop vehicles that maximize satisfaction across multiple attributes.

Definition 2.21 (n-SuperHyperFuzzy Set). [?,|146] Let X be a non-empty set. The n-
SuperHyperFuzzy Set is a recursive generalization of fuzzy sets, hyperfuzzy sets, and super-

hyperfuzzy sets. It is defined as:

fin, : Pr(X) — Pn([0,1]),

where:

e Pi(X) = 75(X), and for k > 2,
Pr(X) = P(Pr1(X)),

represents the k-th nested family of non-empty subsets of X.
e P,([0,1]) is similarly defined for the interval [0, 1].
e ji, assigns to each element A € P,(X) a non-empty subset ji,(A) C [0, 1], representing

the degrees of membership associated with A at the n-th level.

Example 2.22 (Example: Academic Performance in Subjects). Academic performance evalu-
ates a student’s success in educational tasks, measured through grades, test scores, and overall
learning achievements (cf. [298,321]).

A superhyperfuzzy set ji, models learning effectiveness across subject groups X:
X = {Math, Science, Art}.
Level 1: The first power set P;(X) includes subsets of X:
P1(X) = {{Math}, {Science}, {Math, Science}, ... }.
For a subset A = {Math, Science}, the first-level mapping assigns:
f1(A) ={0.7,0.8}.
Level 2: The second power set Pa(X) contains subsets of Py (X). For example:
Po(X) = {{{Math}, {Science}}, {{Math, Science}},...}.
For B = {{Math}, {Science}}, the second-level mapping assigns:

fia(B) = {0.6,0.9}.
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Real-Life Application: Educational institutions can model and optimize the learning effec-
tiveness of combined subject groups, designing curricula that cater to hierarchical dependencies

between disciplines.
Theorem 2.23. An n-superhyperfuzzy set generalizes both fuzzy sets and hyperfuzzy sets.

Proof. This is evident. Refer to [146] if necessary.

As demonstrated above, Fuzzy Sets can be extended to Hyperfuzzy Sets and SuperHyper-
fuzzy Sets, allowing related concepts to be similarly generalized. For instance, Bipolar Fuzzy
Sets |27,67,/68,318,459-461] can be extended to Bipolar Hyperfuzzy Sets and Bipolar Super-
Hyperfuzzy Sets; Tripolar Fuzzy Sets [308-311] to Tripolar Hyperfuzzy Sets and Tripolar Su-
perHyperfuzzy Sets; Neuro-Fuzzy Sets [11,/96,128,185,197,227,267] to Neuro-Hyperfuzzy Sets
and Neuro-SuperHyperfuzzy Sets; Hesitant Fuzzy SetsSets [324,3341409,/410,437] to Hesitant
Hyperfuzzy Sets and Hesitant SuperHyperfuzzy Sets; Picture Fuzzy Sets [103,/104,159,251},335|
347,398,422,426] to Picture Hyperfuzzy Sets and Picture SuperHyperfuzzy Sets; Pythagorean
Fuzzy Sets [296,427,/462] to Pythagorean Hyperfuzzy Sets and Pythagorean SuperHyperfuzzy
Sets; Spherical Fuzzy Sets [34,41,(130,/180,/181},254,262}/418| to Spherical Hyperfuzzy Sets and
Spherical SuperHyperfuzzy Sets; and Nonstationary Fuzzy Sets [37,/161,200,1201} 322} 443]to
Nonstationary Hyperfuzzy Sets and Nonstationary SuperHyperfuzzy Sets. These extensions

provide a framework for addressing increasingly complex and nuanced forms of uncertainty.

2.4. Neutrosophic, HyperNeutrosophic, and SuperHyperNeutrosophic Sets

Building on the concept of Fuzzy Sets, this subsection explores Neutrosophic, HyperNeu-
trosophic, and SuperHyperNeutrosophic Sets. Neutrosophic Sets extend Fuzzy Sets by in-
corporating the notion of indeterminacy, which captures situations that are neither true nor
false |354]. This generalization provides a more robust framework for modeling real-world
scenarios characterized by higher levels of uncertainty and complexity than Fuzzy Sets can
address. Consequently, these concepts have been the focus of extensive research in numerous

studies [156},157,225,352}13564[357.373,390-392,1396]. Relevant definitions are provided below.

Definition 2.24 (Neutrosophic Set). [354] Let X be a given set. A Neutrosophic Set A on

X is characterized by three membership functions:
Ty: X — 10,1, I4:X—]0,1], F4:X —][0,1],

where for each x € X, the values T4(x), Ia(x), and Fa(x) represent the degree of truth,

indeterminacy, and falsity, respectively. These values satisfy the following condition:

0< TA($) + IA(ac) + FA(m) < 3.
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Example 2.25 (A decision-making scenario in everyday life). Decision-making is the process
of evaluating options and selecting the best course of action to achieve specific goals or solve
problems (cf. [28,92.297]).

Consider a decision-making scenario in everyday life: determining whether a given fruit
(say, a banana) is “ripe” enough to eat. Let X be the set of all bananas in a grocery store.
Define a Neutrosophic Set A representing the subset of bananas that are considered “ripe.”

For each banana z € X:
T4(z) € [0, 1] measures the degree of certainty that the banana is ripe (e.g., based on color and smell).
I4(x) € [0, 1] measures the indeterminacy or uncertainty about its ripeness (e.g., poor lighting, no direct smell test).

Fa(x) € [0, 1] measures the degree of certainty that the banana is not ripe (e.g., it is still green and too hard).

A possible assignment might be:
Ta(z)=0.7, Ix(x)=0.2, Fy(x)=0.1,

indicating a reasonably high belief that the banana is ripe, some uncertainty due to ambiguous

appearance, and a small possibility that it is not ripe.

Definition 2.26 (HyperNeutrosophic Set). [146,364] Let X be a non-empty set. A mapping
fi : X — P([0,1]%) is called a HyperNeutrosophic Set over X, where P([0,1]?) denotes the fam-
ily of all non-empty subsets of the unit cube [0, 1]3. For each z € X, fi(x) C [0, 1]? represents a
set of neutrosophic membership degrees, each consisting of truth (7'), indeterminacy (I), and

falsity (F') components, satisfying:
0<T+I+F<3.

Example 2.27. Now consider extending the scenario. Suppose there are multiple experts
or tests evaluating the same banana’s ripeness. One expert relies on color, another on smell,
another on texture. FEach produces a triplet (7,1, F) of evaluations. For each banana x,
instead of assigning a single (7,1, F'), we now have a set of such triplets, reflecting various
perspectives.

For example:

fi(z) = {(0.8,0.1,0.1), (0.6,0.3,0.1), (0.75,0.2,0.05)},

where each element in ji(z) might come from a different test:

e First triplet (0.8, 0.1, 0.1): Based on color analysis.
e Second triplet (0.6, 0.3, 0.1): Based on a smell test.
e Third triplet (0.75, 0.2, 0.05): Based on texture and firmness test.
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Combining these different evaluations into one set for each banana gives a HyperNeutro-
sophic Set. Thus, each banana’s “membership” in the concept of “ripe” is represented not just

by one triple, but by a collection of triples capturing multiple dimensions of assessment.

Definition 2.28 (n-SuperHyperNeutrosophic Set). [146,364] Let X be a non-empty set. An
n-SuperHyperNeutrosophic Set is a recursive generalization of Neutrosophic Sets, HyperNeu-

trosophic Sets, and SuperHyperNeutrosophic Sets. It is defined as:

A, Pn(X) — 75n([0, 1]3)7

where:

e Pi(X)="P(X), and for k > 2,

Pre(X) = P(Pr_1(X)),

represents the k-th nested family of non-empty subsets of X.

e P,([0,1]?) is similarly defined for the unit cube [0, 1]°.

e The mapping A, assigns to each A € P,(X) a subset A,,(A) C [0,1]3, representing the
degrees of truth (7), indeterminacy (I), and falsity (F') for the n-th level subsets of
X.

For each A € P,(X) and (T, 1, F) € A,(A), the following condition is satisfied:
0<T+I+F <3,
where T', I, and F represent the truth, indeterminacy, and falsity degrees, respectively.

Example 2.29. Consider a supply chain scenario (cf. [263,/400]) involving multiple stages:

(1) Farms where bananas are grown.
(2) Distribution centers where bananas from different farms are aggregated.

(3) Retailers who receive these bananas and sell them to consumers.

We can model the degrees of banana ripeness at different layers of this supply chain using
Neutrosophic-type sets. If we let n = 0 correspond to a Neutrosophic Set, then at the farm
stage (where n = 0), each banana is associated with a single (T, I, F)-triple indicating its

ripeness:

Ag 1 Po(X) = Po([0,1]%),

where 750(X ) is just X itself, and Py( [0,1]3) represents assigning one (T, I, F)-triple per ele-
ment.
At the distribution center stage (where n = 1), you aggregate the farm-level (Neutrosophic)

evaluations into a HyperNeutrosophic Set. This means that for each banana, instead of having
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just one (7,1, F)-triple, you now have a set of such triples (e.g., from different assessment

criteria like color, smell, and texture):

Ay PUX) = Pi([0,1]%),

where Py (X) indicates we are considering sets of elements with potentially multiple (T, I, F)-
triplets assigned to each.

At the retail stage (where n = 2 or higher), you can form an n-SuperHyperNeutrosophic Set
by integrating data from various distribution centers. This yields nested structures of sets of

sets of (T, I, F')-triplets, capturing multiple layers of uncertainty and information aggregation:

An . ﬁn(X) — ,ﬁn([ov 1]3)7

where 75n(X ) represents n-fold nested sets, and each nesting corresponds to an additional layer
of aggregation.
For example, at a high n (several stages beyond just farms and distribution centers), you

might have:
Ay(A) ={{{... (T, I, F)), (T3, I, F5),... } ... }},

with multiple nested collections of (T, I, F')-triplets acquired from multiple levels of the supply
chain. Each nesting step adds more complexity, reflecting a combination of many different
assessments and conditions contributing to the final understanding of banana ripeness across

the entire supply chain.

Theorem 2.30. An n-superhyperneutrosophic set generalizes both neutrosophic sets and hy-

perneutrosophic sets.

Proof. This is evident. Refer to [146] if necessary.

Theorem 2.31. An n-superhyperneutrosophic set generalizes n-superhyperfuzzy sets.

Proof. This is evident. Refer to [146] if necessary.

As demonstrated above, Neutrosophic Sets can be extended to Hyperneutrosophic Sets and
SuperHyperneutrosophic Sets, enabling the generalization of related concepts. For example,
Bipolar Neutrosophic Sets [112}/113,413] can be extended to Bipolar Hyperneutrosophic Sets
and Bipolar n-SuperHyperneutrosophic Sets. Similarly, Interval-Valued Neutrosophic Sets
[332,1442,1447| 1454, |456] can be generalized to Interval-Valued HyperNeutrosophic Sets and
Interval-Valued n-SuperHyperneutrosophic Sets. Furthermore, Neutrosophic Soft Sets [223|
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255,333 can be extended to Hyperneutrosophic Soft Sets and n-SuperHyperneutrosophic Soft
Sets.

Additionally, numerous types of Neutrosophic Sets are known, such as Hesitant Neutrosophic
Sets [331,1463], Spherical Neutrosophic Sets [64,169.[234)326], and Intuitionistic Neutrosophic
Sets 62,/63,202]. These sets can similarly be extended, offering a broader framework for

analyzing and applying Neutrosophic concepts across various fields.

2.5. HyperPlithogenic Set

The Plithogenic Set is known as a type of set that can generalize Neutrosophic Sets, Fuzzy

Sets, and other similar sets [367,[368]. The definition of the Plithogenic Set is provided below.

Definition 2.32. [367,368] Let S be a universal set, and P C S. A Plithogenic Set PS is
defined as:

PS = (P,v, Pv,pdf,pCF)
where:

v is an attribute.

Puv is the range of possible values for the attribute v.
pdf : P x Pv — [0,1]° is the Degree of Appurtenance Function (DAF).
e pCF : Pv x Pv — [0,1]! is the Degree of Contradiction Function (DCF).

These functions satisfy the following axioms for all a,b € Puv:

(1) Reflexivity of Contradiction Function:
pCF(a,a) =0
(2) Symmetry of Contradiction Function:
pCF(a,b) = pCF(b,a)

Example 2.33. (cf. [142,|153]) The following examples of Plithogenic Sets are provided.

e When s =t =1, PG is called a Plithogenic Fuzzy Set.
e When s =2,t =1, PG is called a Plithogenic Intuitionistic Fuzzy Set.
e When s =3,t =1, PG is called a Plithogenic Neutrosophic Set.

Definition 2.34 (HyperPlithogenic Set). [146] Let X be a non-empty set, and let A be a
set of attributes. For each attribute v € A, let Pv be the set of possible values of v. A
HyperPlithogenic Set HPS over X is defined as:

HPS = (P, {vi}{_y, {Puity {pdf Y1y, pCF)

where:
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e P C X is a subset of the universe.

e For each attribute v;, Pv; is the set of possible values.

For each attribute v;, pglfl : P x Pu; — P(]0,1]%) is the Hyper Degree of Appurtenance
Function (HDAF), assigning to each element x € P and attribute value a; € Pv; a set

of membership degrees.
pCF : (Ui, Pvi)x (U, Pv;) — [0,1]" is the Degree of Contradiction Function (DCF).

Definition 2.35 (n-SuperHyperPlithogenic Set). [146] Let X be a non-empty set, and let
V = {v1,v9,...,v,} be a set of attributes, each associated with a set of possible values P,,.

An n-SuperHyperPlithogenic Set (SHPS),,) is defined recursively as:
SHPS, = (P, V, Py iy, pdf]” i pCF ),

where:

e P C X, and for k > 2,

Py = P(Pr-1),

represents the k-th nested family of non-empty subsets of P;.

e For each attribute v; € V, P,, is the set of possible values of the attribute v;.

e For each k-th level subset Py, pglfgn) . P, x P,, — P([0,1]%) is the Hyper Degree of
Appurtenance Function (HDAF'), assigning to each element x € P, and attribute value
a; € P,, a subset of [0, 1]*.

o pCF™ |, Py, x Ul Py, — [0,1] is the Degree of Contradiction Function (DCF),
satisfying:

(1) Reflexivity: pCF™ (a,a) =0 for all a € J}_, P,,,
(2) Symmetry: pCF™(a,b) = pCF™(b,a) for all a,b € J}_, P,
e s and ¢ are positive integers representing the dimensions of the membership degrees

and contradiction degrees, respectively.

Theorem 2.36. An n-superhyperplithogenic set generalizes both plithogenic sets and hyper-

plithogenic sets.

Proof. This is evident. Refer to |[146] if necessary.

Theorem 2.37. An n-superhyperplithogenic set gemeralizes both n-superhyperfuzzy sets and

n-superhyperneutrosophic sets.

Proof. This is evident. Refer to [146] if necessary. -
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2.6. Plithogenic Sets: A Unified Framework for Handling Various Parameters

Plithogenic Sets provide a unified framework for generalizing a wide range of concepts,
as described below. This capability extends naturally to HyperPlithogenic Sets and n-

SuperHyperPlithogenic Sets, maintaining the same principles of generalization.

Example 2.38. (cf. [142,[153]) The following table provides concrete examples of Plithogenic
Sets and their transformations, highlighting the number of parameters (s) and their associated
features. These examples also illustrate the diversity and complexity of Plithogenic Sets.

It is important to emphasize that while the number of parameters is relevant for classifica-
tion, their names and meanings must also be considered, particularly when analyzing applica-
tions. For example, the Quadripartitioned Neutrosophic Set is known to be more practical and
applicable compared to Turiyam Neutrosophic Sets or Ambiguous Sets [351]. Additionally, it
should be noted that other extended sets, such as the Multi-fuzzy set [29,35,339,340,440] and
the Refined Neutrosophic Set [111,220}275,[313}412,414], also exist. These sets include mul-
tiple parameters representing the same type of uncertainty, further enriching their descriptive

capabilities.

s | t | Type of Plithogenic Set

1| 1| Fuzzy Set [448]

2 | 1 | Intuitionistic Fuzzy Set [46-53]

Vague Set [86,95,196]

Paraconsistent Set [87,131,[247,/424,425]
3 | 1 | Neutrosophic Set [353,7354]7 -
Hesitant Fuzzy Set [409,410]
Three-way Fuzzy Set [199,420)
Spherical Fuzzy Set [24,(179|/181]
4 | 1 | Quadripartitioned Neut}osoi)hic Set [71:90]
Double-Valued Neutrosophic Set [1204219,230}252.|428]
Ambiguous Set [345,346,351]

Turiyam Neutrosophic Set [158,|343]

Pentapartitioned Neutrosophic Set [106]

Hexapartitioned Neutrosophic Set |28§]
Heptapartitioned Neutrosophic Set [78}271]

Octapartitioned Neutrosophic Set

O[O0 | IO | Ot
o I G SO

Nonapartitioned Neutrosophic Set

TABLE 1. Examples of Plithogenic Sets based on parameters s and t.
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3. Result: Application of HyperNeutrosophic Sets to Various Sciences

This paper explores the application of HyperNeutrosophic concepts across various scientific
fields. It is worth noting that if a HyperNeutrosophic Set can be applied to a particular
domain, it is natural to consider that Hyperfuzzy Sets and Hyperplithogenic Sets could also find
application in similar contexts. Furthermore, for SuperHyperNeutrosophic Sets, it is equally
plausible to examine the applicability of SuperHyperfuzzy Sets and SuperHyperplithogenic

Sets within the same or related domains.

3.1. HyperNeutrosophic Probability

Probability quantifies the likelihood of an event occurring, represented as a value between
0 (impossible) and 1 (certain) [110,[264},[284} 285/1299,306]. Related concepts, such as Hyper-
Probability and n-SuperHyperProbability, have also been explored [85,(144].

Furthermore, extended frameworks like Fuzzy Probability [84.245|300,[330%457,/464], Neu-
trosophic Probability [358,[362], and Plithogenic Probability [365] are well-established. These

concepts will be analyzed in the following sections.

Definition 3.1 (Neutrosophic Probability). [358/362] Let Q be a sample space, and F be a
o-algebra of subsets of 2 (events). A Neutrosophic Probability (NP) is a function:

NP :F —[0,1]3
where for each event A € F, NP(A) = (T'(A),I(A), F(A)) satisfies:
0<T(A),I(A),F(A) <1 and 0<T(A)+I(A)+ F(A)<3.

Here:

e T(A): Truth degree of A (likelihood of A being true),
e [(A): Indeterminacy degree of A (uncertainty about A),
e F(A): Falsity degree of A (likelihood of A being false).

Example 3.2 (Applications of Neutrosophic Probability). This section provides two precise
examples of Neutrosophic Probability and their applications in real-life contexts.
1. Weather Forecasting: Consider 2 = {rain, sunny, cloudy}, and let the event A =

{rain} represent the occurrence of rain. A Neutrosophic Probability function assigns:
NP(A) = (0.75,0.15,0.10),

where:

e T(A) = 0.75: The degree of truth, representing the probability of rain based on mete-

orological predictions and atmospheric data.
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e [(A) = 0.15: The indeterminacy, accounting for uncertainty due to limited data or
conflicting weather models.
e F(A) =0.10: The degree of falsity, indicating the probability that rain will not occur
based on historical weather patterns.
This enables a nuanced understanding of the likelihood of rain, integrating truth, uncertainty,
and contradiction.
2. Medical Diagnosis: In a diagnostic scenario, consider 0 = {healthy, sick} with A =
{sick} representing a positive diagnosis for an illness. A Neutrosophic Probability function

assigns:
NP(A) = (0.80,0.10,0.10),
where:

e T'(A) = 0.80: The probability of being sick based on test results.

e /(A) = 0.10: Indeterminacy arising from inconclusive or incomplete diagnostic infor-
mation.

e F(A) = 0.10: The probability of being healthy despite the test results, indicating

potential errors or anomalies in testing.

This provides a comprehensive representation of diagnostic uncertainty, enhancing clinical

decision-making.

Definition 3.3 (HyperNeutrosophic Probability). Let © be a sample space, and F be a o-
algebra of subsets of Q. A HyperNeutrosophic Probability (HNP) is a function:

HNP:F — P(0,1]?),

where P([0,1]3) is the power set of the neutrosophic unit cube [0,1]3. For each event A € F,
HNP(A) is defined as:

HNP(A) = {(Ti(A), I(A), Fr(A)) | k € Ka},

where:

o Ti(A), I(A), Fr(A) € [0,1] are the k-th truth, indeterminacy, and falsity degrees of A,
e 4 is the index set of evaluations for A,

e Kach triple satisfies:
0< Tk(A) + Ik(A) + Fk(A) <3.

Example 3.4 (Applications of HyperNeutrosophic Probability). This section elaborates on
two concrete examples of HyperNeutrosophic Probability, illustrating its utility in real-world

scenarios.
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1. Financial Risk Assessment (cf. [236]): In assessing credit default risks, let
) = {default, no default} with A = {default} representing the event of a credit default.
A HyperNeutrosophic Probability function assigns:

HNP(A) = {(0.85,0.10,0.05), (0.75,0.15,0.10), (0.80, 0.12,0.08) },

where:

Each triple (Tx(A), Ix(A), Fx(A)) corresponds to evaluations from different financial
models or analysts.

Ti(A): Reflects the degree of truth (likelihood of default based on financial metrics).

I, (A): Captures uncertainty due to varying assumptions or incomplete data.

Fj(A): Represents the likelihood of no default, considering optimistic scenarios or
mitigating factors.
This enables risk analysis by consolidating diverse expert perspectives.

2. Environmental Risk Analysis(cf. [178]): In evaluating the impact of industrial
activities, let Q = {low impact, medium impact, high impact} with A = {high impact} repre-

senting a severe environmental impact. A HyperNeutrosophic Probability function assigns:
HNP(A) ={(0.65,0.20,0.15), (0.70,0.15,0.15), (0.60, 0.25,0.15) },

where:

Each triple corresponds to evaluations from different environmental studies or simula-

tion models.

Ti(A): Degree of truth based on environmental assessments or emissions data.

I (A): Indeterminacy arising from uncertain or conflicting data.

Fi(A): Degree of falsity representing the likelihood of minimal or no impact.

This facilitates a robust decision-making process by integrating multiple environmental per-

spectives and addressing uncertainties.

Definition 3.5 (n-SuperHyperNeutrosophic Probability). Let 2 be a sample space, and F be
a o-algebra of subsets of Q. An n-SuperHyperNeutrosophic Probability (n-SHNP) is a function:
HNP®™ : F - P*([0,1)%),
where P™([0,1]?) is the n-th nested power set of [0,1]%. For each event A € F, HNP™(A) is

defined recursively as:

[0, 1]3, if n =0,

HNP™(A) =
PHNPCV(A)), ifn> 1.

This structure captures higher-order uncertainties and allows for multi-layered probability

evaluations.
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Theorem 3.6 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

Probability possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.7 (Reduction
to Neutrosophic Probability). For n = 0, n-SuperHyperNeutrosophic Probability (n-SHNP)
reduces to standard Neutrosophic Probability (NP).

Proof. By definition, when n = 0, we have:
HNPO(A) =[0,1]3,
where [0, 1] represents a single neutrosophic triple (T'(A), I(A), F(A)) with:
0<T(A),I(A),F(A)<1 and 0<T(A)+1I(A)+ F(A)<3.

This is precisely the definition of a Neutrosophic Probability for the event A. Therefore,
0-SHNP is equivalent to NP.

Theorem 3.8 (Hierarchical Complexity). For everyn > 1, n-SHNP is strictly more complez,
in terms of set structure, than (n —1)-SHNP.

Proof. Consider the recursive definition:
HNP™(A) = P(HNP" D (4)).

When moving from (n — 1) to n, we apply the power set operation P, which generates the
set of all subsets of HN P(”_l)(A). The power set operation always produces a strictly larger
and more complex structure for non-empty sets. Hence, HN P(”)(A) introduces an additional
layer of combinatorial and hierarchical complexity compared to HN P(”_l)(A), making n-

SHNP strictly more complex than (n — 1)-SHNP.

Theorem 3.9 (Consistency of Truth, Indeterminacy, and Falsity). For any event A € F, the

total measure of truth, indeterminacy, and falsity at each level n satisfies:

0< > (T+I+F)<3-[HNP™(A).
(T,I,F)eHNP™)(A)

Proof. By definition, each triple (Ty, Iy, Fj) € HN P (A) satisfies:

0<Ty+ Iy + Fp <3.
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For the n-th level, HN P(™ (A) consists of subsets of (n—1)-SHNP structures due to the power

set operation. The total measure over all elements in HN P (A) is given by:

> (T+1+F),
(T, I,F)EHNP™)(A)
which must be bounded above by 3 - |[HN P (A)| due to the constraints on each triple. The

lower bound 0 is achieved if all measures are zero. This consistency holds at all levels n.

Theorem 3.10 (Projection Property). For any n > 1, there exists a projection function:
Tn s HNP™(A) - HNP™ D (A),

which maps an n-SHNP structure to its corresponding (n—1)-SHNP structure without violating

the probability constraints.

Proof. Define m,, as the inverse of the power set operation:
T(S) ={xeS|ze HNP"V(A4)}.

By construction, HN P (A) = P(HN P 1(A)), so every element of HN P (A) is a sub-
set of HNP(”’U(A). Applying 7, preserves the original structure of HNP(”’U(A). The
constraints on truth, indeterminacy, and falsity are inherited directly from the (n — 1)-level,

ensuring that m, maintains consistency with the probability framework.

Theorem 3.11 (Continuity under Nested Refinement). If the probability values (T, 1, F) are
adjusted within the bounds of the constraints at level n, the resulting n-SHNP structure varies

continuously with respect to those adjustments.

Proof. Each level n of the n-SHNP structure is defined recursively via the power set opera-
tion. Small changes in the neutrosophic values (7,1, F') at any level propagate through the
hierarchy as adjustments to the subsets in subsequent levels. Since the power set operation
involves discrete combinations of subsets, the adjustments in the probability values lead to
corresponding changes in the elements of the higher-level power sets without discontinuities.
Thus, the structure of HNP™(A) varies continuously under bounded perturbations of the

probability values at any level.

Similarly, HyperFuzzy Probability, HyperPlithogenic Probability, SuperHyperFuzzy Prob-
ability, and SuperHyperPlithogenic Probability can also be defined.
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3.2. HyperNeutrosophic Statistics

This subsection introduces HyperNeutrosophic Statistics. Statistics is the discipline con-
cerned with the collection, organization, analysis, and interpretation of data, aiding in making
informed decisions and predictions [74}75/429]. Statistics is deeply connected to probability
theory and encompasses important concepts such as random variables [284,[299], expecta~
tions [61},243], and distribution functions [121}246].

Extensions of classical statistics, such as Fuzzy Statistics [83}[11512211/239,278,307,[408/423],
Neutrosophic Statistics [42-45,93,1360], and Plithogenic Statistics [369}/1374,/378], have been
developed to address various forms of uncertainty. This paper further extends these concepts
to HyperNeutrosophic Statistics and SuperHyperNeutrosophic Statistics. Relevant definitions

are provided below.

Definition 3.12 (Neutrosophic Statistics). [93,|360] Neutrosophic Statistics (NS) is a gener-
alization of classical statistics and interval statistics, developed to handle data characterized
by indeterminacy, vagueness, and conflicting information. It relies on Neutrosophic Logic,
Probability, and Set Theory to provide a robust framework for analyzing uncertain datasets.

Components of Neutrosophic Statistics.

(1) Neutrosophic Probability Distribution (NPD): For a random event x, its occurrence is

described by a triple:
NPD(z) = (T(2), I(x), F(x)),

where:
e T'(x): The degree of truth (probability that x occurs).
e [(x): The degree of indeterminacy (uncertainty whether = occurs or not).
e F(z): The degree of falsity (probability that = does not occur).

These values satisfy the condition:
0<T(x)+I(z)+ F(x) <3.

(2) Neutrosophic Random Variable (NRV) [79,174,|175]: A random variable X in Neutro-

sophic Statistics maps outcomes to their corresponding neutrosophic probabilities:
X: Q= {(T,[,F)c[0,1P|0<T+I+F <3}

Unlike classical random variables, NRVs include indeterminate components, enabling
more flexible representations of uncertainty.
(3) Neutrosophic Expectation: The expectation E[X] of a neutrosophic random variable
X is defined as:
E[X] = (ET[X],EI[X],EF[X]),
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where E7p[X], Er[X], and Ep[X] represent the expectations of truth, indeterminacy,
and falsity, respectively.

(4) Neutrosophic Variance: The variance Var[X] is computed component-wise:
Var[X] = (Varp[X], Var;[X], Varp[X]),

providing a detailed analysis of data uncertainty.
(5) Neutrosophic Distribution Functions [2]:
e The Neutrosophic Probability Density Function (N-PDF) is defined as:

Ix (@) = (fr(z), f1(z), fr(z)),

where fr(x), fr(x), and frp(z) represent the densities for truth, indeterminacy,
and falsity.
e The Cumulative Neutrosophic Distribution Function (N-CDF):

FX(ZE) = (FT($)7FI(x)a FF(x))a

accumulates probabilities across truth, indeterminacy, and falsity domains.

Example 3.13 (Neutrosophic Statistics: Disease Diagnosis). Consider a medical diagnosis
scenario (cf. [411]) where the sample space is 2 = {disease present, disease absent}. Let A =
{disease present} represent the event of interest.

A Neutrosophic Probability Distribution (NPD) for A could be:

NPD(A) = (T(A), I(A), F(A)) = (0.7,0.2,0.1),

where:

e T(A) = 0.7: Probability that the patient truly has the disease.
e [(A) =0.2: Uncertainty due to inconclusive test results.

e [(A) =0.1: Probability that the patient does not have the disease.

Let a Neutrosophic Random Variable X represent the severity level of the disease on a scale

from 0 to 10. For instance:
X (disease present) = (0.7,0.2,0.1), X (disease absent) = (0.1,0.3,0.6).

Assuming severity level 8 for ”disease present” and 0 for "disease absent,” the Neutrosophic

Expectation is:
Ep[X] =0.7x840.1x0 = 5.6, FE;[X]=0.2x8+0.3x0=1.6, FEp[X]=0.1x840.6x0=0.8.

Thus, the expectation is:
E[X] = (5.6,1.6,0.8),
providing a comprehensive analysis of the severity with truth, indeterminacy, and falsity com-

ponents.
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Definition 3.14 (HyperNeutrosophic Statistics). HyperNeutrosophic Statistics (HNS) is a
framework that generalizes Neutrosophic Statistics by incorporating sets of Neutrosophic Prob-
ability Distributions (NPDs) to represent multiple sources of uncertainty or criteria simulta-
neously.
(1) HyperNeutrosophic Probability Distribution (HNPD): Let x € ) represent a random
event. A HyperNeutrosophic Probability Distribution (HNPD) for z is defined as:

where:
e 7 is an index set representing distinct sources, tests, or criteria.
e Each triple (Tj(z), Ii(xz), F;(x)) satisfies:

0 <Ti(x),Li(x),Fi(z) <1 and 0<T;(z)+ Li(z)+ Fi(xz) < 3.

(2) HyperNeutrosophic Random Variable (HNRV): A HyperNeutrosophic Random Vari-

able X maps outcomes to their corresponding HNPDs:
X :Q—P([0,1),

where P([0, 1]) is the power set of [0, 1], representing all possible sets of neutrosophic
probabilities.
(3) HyperNeutrosophic Expectation and Variance: Let X be an HNRV. The expectation
E[X] and variance Var[X] are defined component-wise over all i € Z:
E[X] = {Er[X], Ei[X], Ep[X]}, where Ep[X]=> Ti(z)
1€l

and similarly for F;[X]| and Er[X]. The variance is given by:
Var[X] = {Vary[X], Var;[X], Varp[X]}.

Example 3.15 (HyperNeutrosophic Statistics: Multi-Test Disease Diagnosis). Now consider
the same scenario, but with three independent diagnostic tests Z = {1, 2, 3}.

A HyperNeutrosophic Probability Distribution (HNPD) for A = {disease present} is:
HNPD(A) = {(0.65,0.25,0.10), (0.75,0.15,0.10), (0.70, 0.20, 0.10)},

where:

e Each triple (T;(A), I;(A), F;
— Test 1: (0.65,0.25,0.10
— Test 2: (0.75,0.15,0.10
— Test 3: (0.70,0.20,0.10

A)) corresponds to a test:

Y

I

i(
)
)
)-
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A HyperNeutrosophic Random Variable X maps outcomes to sets of triples. For ”disease

present,” the set of probabilities is:
X (disease present) = HNPD(A).

Using severity level 8 for ”disease present” and 0 for ”disease absent,” the aggregated expec-

tations are:

8 x (0.65 + 0.75 + 0.70 8 x (0.25 + 0.15 + 0.20
_8x(0E5H0TBH070) g6 gy = 8X 025501540200 o0 pyy

3 3 8 x (0.10 + 0.10 + 0.10)
Thus, the HyperNeutrosophic Expectation is: 3 =0.38.

Er[X]

E[X] = (5.6,1.6,0.8),
capturing uncertainty across multiple diagnostic tests and providing a robust analysis.

Definition 3.16 (n-SuperHyperNeutrosophic Statistics). n-SuperHyperNeutrosophic Statis-
tics (n-SHNS) is a hierarchical generalization of HyperNeutrosophic Statistics (HNS). It in-
troduces n-fold nested hyperstructures derived from Neutrosophic Probability Distributions

(NPDs), allowing for multiple, recursively defined levels of uncertainty.

(1) n-SuperHyperNeutrosophic Probability Distribution (n-SHNPD): Let x € € be a ran-
dom event. A HyperNeutrosophic Probability Distribution (HNPD) is defined as a set
of Neutrosophic Probability Distributions:

HNPD(x) = {(Ti(x), I(z), Fi(x)) | i € T},
where each triple (T;(x), I;(x), F;(z)) corresponds to a neutrosophic characterization
of x under the i-th source of uncertainty, with:
0 <Ti(x),Li(x),Fi(z) <1 and 0<T(z)+ Li(z)+ Fi(z) < 3.

An n-SuperHyperNeutrosophic Probability Distribution (n-SHNPD) is defined by

applying the power set operation n times to the HNPD structure:
n-SHNPD(z) = P"(HNPD(z)),
where:
PYHNPD(z)) = P(HNPD(z)), P>(HNPD(zx))=P(P(HNPD(z))), and so forth.

Thus, for n > 1, n-SHNPD consists of n-fold nested sets of sets of neutrosophic
triples, representing progressively more complex and layered uncertainty structures.
(2) n-SuperHyperNeutrosophic
Random Variable (n-SHNRV): An n-SuperHyperNeutrosophic Random Variable X
maps each outcome w € € to an n-SHNPD:

X : Q — n-SHNPD(z).
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(3) n-SuperHyperNeutrosophic Expectation and Variance: The expectation E[X] of an n-
SHNRY is defined by recursively applying the expectation operator within the nested
power sets, aggregating truth, indeterminacy, and falsity components at each level.
Similarly, the variance Var[X] is defined by recursively computing and aggregating

variances across all nested layers of uncertainty:
E[X] = P”(ET[X], Er[X], EF[X]), Var[X] = P”(VarT[X],VarI[X],VarF[X]).

(4) Recursive Structure: For k > 1, a k-SuperHyperNeutrosophic Probability Distribution
is defined as:
k-SHNPD(z) = P((k — 1)-SHNPD(x)).
By construction:
e For n = 0, n-SHNS reduces to Neutrosophic Statistics.
e For n =1, it reduces to HyperNeutrosophic Statistics.
e For n > 1, it provides increasingly complex hierarchical structures to model un-

certainty.

Theorem 3.17 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

Statistics possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.18 (Reduction to Neutrosophic Statistics). Forn = 0, n-SuperHyperNeutrosophic
Statistics (SHNS) reduces to standard Neutrosophic Statistics.

Proof. By definition, the n-SuperHyperNeutrosophic Probability Distribution (n-SHNPD) is
constructed by applying n-fold nested power set operations to a HyperNeutrosophic Proba-
bility Distribution (HNPD). For n = 0, no power set operations are applied. This leaves us
with the original Neutrosophic Probability Distribution (NPD), thus recovering the standard
Neutrosophic Statistics framework as defined in [93,360].

Theorem 3.19 (Strict Hierarchical Complexity). For every n > 1, the n-SHNPD s strictly
more complex (in terms of hierarchical nesting) than the (n — 1)-SHNPD.

Proof. Consider (n — 1)-SHNPD, defined as (n — 1)-fold nested power sets of an HNPD. To
obtain n-SHNPD, we apply one more power set operation:
n-SHNPD(z) = P((n — 1)-SHNPD(x)).

The power set operation P applied to any non-empty set S produces a strictly larger and more

complex family of subsets. Thus, n-SHNPD is a strictly more nested and richer structure than
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(n—1)-SHNPD. This increased complexity follows from the exponential growth in the number

of subsets at each level of the hierarchy.

Theorem 3.20 (Consistency of Expectation and Variance under Projection). Let X be an
n-SuperHyperNeutrosophic Random Variable (n-SHNRV). The ezxpectation E[X] and variance
Var[X] defined at the n-th level are consistent with those at the (n — 1)-th level under suitable

projection.

Proof. By definition, the expectation and variance at the n-th level, E[X] and Var[X], are
formed by applying the expectation and variance operations within nested power sets of neu-

trosophic triples:
E[X] =P"(Er[X], Er[X], Er[X]), Var[X]=P"(Varp[X], Var;[X], Varp[X]).

If we consider a suitable "flattening” or projection operation 7 that reduces P" to P"~! by

selecting representative elements or subsets at each level, the resulting structures satisfy:
©(E[X]) = P" Y Er[X], Ef[X], Er[X]), =(Var[X])=P" ! (Varp[X], Var;[X], Varp[X]).

These projected forms coincide with the expectations and variances defined at the (n — 1)-th
level. Hence, the operations are consistent across levels, maintaining hierarchical coherence of

the statistical parameters.

Theorem 3.21 (Non-emptiness of Expectation and Variance). For any n-SHNRV X, the sets
E[X] and Var[X] are always well-defined and non-empty.

Proof. Each level of the n-SHNRYV is built upon non-empty sets of neutrosophic triples, as
HNPD(z) and its subsequent power sets P*(HNPD(x)) are by definition non-empty. The

expectation and variance are computed by aggregating these neutrosophic values:
E[X]=P"(Er[X], E([X], Er[X]), Var[X]=P"(Varp[X], Var;[X], Varp[X]).

Since (Er[X], Er[X], Er[X]) and (Varp[X], Var;[X], Varp[X]) are derived from non-empty
neutrosophic distributions, and the power set operation P applied to a non-empty set never
results in an empty set, it follows that both EF[X] and Var[X] are well-defined and non-empty

at every level n.

Similarly, HyperFuzzy Statistics, HyperPlithogenic Statistics, SuperHyperFuzzy Statistics,
and SuperHyperPlithogenic Statistics can also be defined.
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3.3. Neutrosophic Decision Making Theory

Social Choice Theory is a branch of economics and political science that examines col-
lective decision-making processes, where individual preferences are aggregated to deter-
mine a collective choice or societal welfare [39,[88]269]. Decision-making, in this con-
text, refers to the process of evaluating alternatives and selecting the most suitable op-
tion to achieve a desired objective [122}]123,]166|,259]. Extensions of traditional decision-
making frameworks, such as Hyperdecision-Making and SuperHyperdecision-Making, have
been developed to tackle complex systems involving hierarchical and multi-layered uncer-
tainties |135]. Furthermore, decision-making has been extensively studied from perspectives
such as Fuzzy and Neutrosophic frameworks, highlighting its importance across diverse do-
mains [15,|16424}25,40,2704/402},445,453].

In this paper, we extend Neutrosophic Decision Making to handle more intricate uncertain-
ties by introducing HyperNeutrosophic Decision Making and SuperHyperNeutrosophic Deci-

sion Making, which are detailed in the following sections.

Definition 3.22 (Neutrosophic Decision Making (NDM)). [283] Neutrosophic Decision Mak-
ing (NDM) is a multi-criteria decision-making framework that integrates neutrosophic logic,
probability, and set theory to handle uncertainty, indeterminacy, and conflicting information.

Let A ={A, Ag,..., Ay} be the set of m alternatives, and C = {C},Cy, ..., C,} be the set
of n criteria. Each alternative A; is evaluated against each criterion C; using a single-valued

neutrosophic set (SVNS), represented as:
Sij = (Tij, Lij, Fij),
where:

o T;; is the degree of truth that A; satisfies C},
e [;; is the degree of indeterminacy about A; satisfying Cj,

e [}; is the degree of falsity that A; satisfies C}.

These components satisfy the condition:
0< T+ i+ Fy; <3, Vi, j.

Decision Matrix. The evaluations are organized into a decision matrix S:

S11 S22 ... Sin
So1 Soe ... So,

S = . . . )
Smi Sm2 ... S

where each entry S;; is a triple (Tij, I;;, Fw)
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Weight Vector. Each criterion Cj is assigned a weight w; € [0,1], representing its relative

importance. The weights satisfy the normalization condition:

n
ij =1.
7j=1

Steps for Neutrosophic Decision Making. The steps for neutrosophic decision making are as

follows:

1. Construct the decision matrix S using expert opinions or data, populating it with
neutrosophic evaluations S;.
2. Identify the Ideal Neutrosophic Positive Solution (INPS) and Ideal Neutrosophic Neg-
ative Solution (INNS):
— The INPS is given by:

StT=(T), 1, F), T = maXTU, I = mlan, FF = min Fy;.
1

— The INNS is given by:

S” (T ,IJ ,F ) Tf-mlnTw IJ —maXIU, FJ —m?xFij.

3. Compute the neutrosophic distance of each alternative A; from both INPS and INNS
using a distance metric such as Hamming or Euclidean distance.
4. Calculate the relative closeness of each alternative to INPS:
D
RC; = —/—"——,
D] + D,
where D;r and D; are the distances of A; from INPS and INNS, respectively.

5. Rank the alternatives based on their relative closeness RC;. The alternative with the

highest RC; is the most preferred.

Definition 3.23 (HyperNeutrosophic Decision Making (HNDM)). HyperNeutrosophic Deci-
sion Making (HNDM) is an extension of Neutrosophic Decision Making (NDM) that incor-
porates a set of evaluations for each criterion, allowing for multiple perspectives or uncertain
inputs to be represented simultaneously.

Let A = {A1,As,..., Ay} be the set of m alternatives, and C' = {C1,C4,...,Cy,} be the

set of n criteria. For each pair (A4;,Cj), the evaluation is represented as a set of triples:

H;; = {(T}, If; Fk) |k € Kij},

1] ) () Y
where:

o TZ’; € [0,1] is the degree of truth for the k-th evaluation,
. Ifj € [0,1] is the degree of indeterminacy for the k-th evaluation,
. lej € [0,1] is the degree of falsity for the k-th evaluation,
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and /C;; is the index set of available evaluations for (A;, C;). Each triple satisfies:
0<TE+ IS+ FE <3, VkeKy.

Steps for HNDM.

1. Construct the HyperNeutrosophic Decision Matrix H, where each entry H;; is a set of
evaluations.
2. Define the Ideal HyperNeutrosophic Positive Solution (IHNPS) and the Ideal Hyper-

Neutrosophic Negative Solution (IHNNS) for each criterion Cj:
k ook ok
Hj = {m]?XTij,ménIij,mkmFij},
- .k k k
H; = {mklnﬂj,m]?xlij,m]?XFij}.

3. Compute the HyperNeutrosophic Distance for each alternative A; from THNPS and

THNNS.
4. Calculate the relative closeness to IHNPS for each alternative:
D~
RC; = X D
D + D;

5. Rank the alternatives based on RC;.

Example 3.24 (Scenario: Medical Diagnosis and Treatment Plan Selection). (cf. |[167,401]
433])
Problem: A patient requires a treatment plan for cancer (cf. [446]), and multiple diagnostic
tests (cf. [114]) and expert opinions provide different perspectives on each option’s effectiveness.
Setup:
o Alternatives (A): Ay: Chemotherapy [116], Ao: Radiation Therapy [57], As: Surgery
[265].
e Criteria (C): Cy: Effectiveness, Co: Side Effects, C3: Cost.
e Fvaluations: For each alternative A; and criterion Cj, multiple evaluations are col-

lected:

H;j = {(TZ';, Iz-kj, FZ];) | k represents a test or expert opinion}.

Example: For C (Effectiveness of A;), the results from three sources (e.g., imaging,

biopsy [280], and expert review) could be:
Hip = {(0.8,0.1,0.1), (0.7,0.2,0.1), (0.85,0.1, 0.05)}.

Decision Process:
(1) Construct the HyperNeutrosophic Decision Matrix H with evaluations for each
(A3, Cj).
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(2) Define the Ideal HyperNeutrosophic Positive Solution (IHNPS) to maximize effective-

ness and minimize side effects and cost:

+ k : k : k
H = {ml?xﬂj,mklnlij,m]gnﬂj}.

(3) Compute distances of each alternative A; from IHNPS and Ideal HyperNeutrosophic
Negative Solution (IHNNS).
(4) Rank the alternatives based on relative closeness to IHNPS.

Outcome: The treatment plan with the best balance of effectiveness, minimal side effects,

and cost is chosen.

Definition 3.25 (n-SuperHyperNeutrosophic Decision
Making (n-SHNDM)). n-SuperHyperNeutrosophic Decision Making (n-SHNDM) is a hierar-
chical generalization of HyperNeutrosophic Decision Making (HNDM), where the evaluations
for each criterion are represented as nested sets of neutrosophic evaluations. This framework
introduces n-fold nested hyperstructures derived from Neutrosophic Probability Distributions
(NPDs), allowing for deeper levels of uncertainty, multi-layered inputs, and more complex
modeling of preferences and criteria under uncertainty.

Let A = {A1,As,...,An} be a set of alternatives and C' = {C4,Cq,...,Cp} be a set of

criteria. For each pair (A4;,C;), the evaluation is represented as:
HY =P"(0.1F),

where:

e n = 0 reduces to Neutrosophic Decision Making, i.e., a single (7', I, F)-triple.

e n = 1 corresponds to HyperNeutrosophic Decision Making, i.e., a set of (7,1, F)-
triples.

e n > 1 represents n-fold nested power sets of neutrosophic evaluations, capturing mul-

tiple layers of uncertainty and complexity.
Steps for n-SHNDM.

(1) Construct the n-SuperHyperNeutrosophic Decision Matrix H () where each entry H l(]n )
is an n-fold nested set of neutrosophic evaluations.

(2) Define the Ideal n-SuperHyperNeutrosophic Positive Solution (n-SHNPS) and the Ideal
n-SuperHyperNeutrosophic Negative Solution (n-SHNNS):

H]"' = max(Hi(;Z)), HJ_ = min(Hi(;l)),

using suitable aggregation operators that account for the nested neutrosophic structure.
(3) Compute the n-SuperHyperNeutrosophic Distance for each alternative A; from n-
SHNPS and n-SHNNS.
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(4) Calculate the relative closeness to n-SHNPS for each alternative:
D
D;" + D;

(5) Rank the alternatives based on RC;.

Theorem 3.26 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

Decision Making possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.27 (Reduction Property). Forn = 0, n-SHNDM reduces to standard Neutrosophic
Decision Making.

Proof. When n = 0, no power set operations are applied. Hence, each evaluation HZ-(jQ) is
simply a neutrosophic triple (7', I, F') directly representing the degree of truth, indeterminacy,
and falsity for the criterion C; applied to alternative A;. This coincides with the standard

Neutrosophic Decision Making model, proving the reduction property.

Theorem 3.28 (Strict Hierarchical Complexity). For every n > 1, the evaluations in n-
SHNDM are strictly more complex (hierarchically) than those in (n — 1)-SHNDM.

Proof. In (n — 1)-SHNDM, each evaluation Hi(f_l) is an (n — 1)-fold nested power set of

neutrosophic triples. To obtain n-SHNDM, we apply one additional power set operation:

7 =pE" ).

i 1J
The power set operation generates a strictly larger and more complex family of subsets. Thus,

n-SHNDM inherently introduces a higher level of complexity than (n — 1)-SHNDM.

Theorem 3.29 (Existence of Ideal Solutions). For any n-SHNDM problem, the
Ideal n-SuperHyperNeutrosophic — Positive Solution (n-SHNPS) and the Ideal n-
SuperHyperNeutrosophic Negative Solution (n-SHNNS) exist and are well-defined.

Proof. Each HZ(]" ) is a non-empty n-fold nested power set of neutrosophic triples. By the
properties of power sets, these structures are always non-empty. Applying the max and min
operations to these nested sets using appropriate neutrosophic aggregation operators yields
non-empty results. Therefore, Hj and H ; are always well-defined. Since this holds for all
criteria C, the sets {H J+ } and {H; } form the n-SHNPS and n-SHNNS respectively, ensuring

their existence.
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Theorem 3.30 (Continuity under Parameter Perturbations). If the neutrosophic evaluations
(T,I,F) within the nested sets vary continuously with respect to parameter changes (e.g.,
weighting factors or external conditions), then the resulting rankings in n-SHNDM vary con-

tinuously as well.

Proof. The decision-making process in n-SHNDM involves:
H =P (0.1,

and subsequent aggregation steps (max, min, distance computations, and relative closeness)
are compositions of continuous operations over compact sets in [0, 1]3 . As continuous transfor-
mations of continuous parameterized inputs, the outputs (rankings) must also be continuous.
Small perturbations in the input values yield small changes in the evaluated sets and, conse-

quently, in the derived ranking, proving continuity. g

Theorem 3.31 (Monotonicity with Respect to Truth Degrees). Consider two alternatives A,
and Ay and a single criterion C;. If every neutrosophic triple in HI();L) has greater or equal truth
degrees T' than the corresponding triples in Hg) (with other factors equal), then A, cannot

rank lower than A,.

Proof. The decision-making framework ranks alternatives based on their relative closeness to
the n-SHNPS and n-SHNNS, which ultimately depends on the values of 7', I, and F within the
nested sets. If HI(,?) uniformly dominates H é?) in truth (and all else is equal), the aggregated
evaluation for A, must be at least as favorable as that for A,, preserving or improving A,’s

relative closeness and thus ensuring A, does not rank below A,. g

Similarly, HyperFuzzy Decision Making, HyperPlithogenic Decision Making, SuperHyper-
Fuzzy Decision Making, and SuperHyperPlithogenic Decision Making can also be defined.

3.4. HyperNeutrosophic Language

This subsection examines the concept of HyperNeutrosophic Language. Various linguistic
frameworks, including Formal Languages [152,(190}/198,315//329] and Natural Languages [65|
98.1257], have been extensively explored in the literature. With advancements in fields such
as machine learning, these studies have garnered significant attention, particularly in areas
like Natural Language Processing (cf. [65,98,101},|168|,241},|257},|258|,|301},|421},|432}|438],|444]).
Technologies such as ChatGPT also incorporate these concepts in their applications ( [7}55)
133,/189,|212,1248]). Moreover, related ideas like HyperLanguage [69} 70,132} 135,|144] and
SuperHyperLanguage [135,/144] are well-documented and serve as foundational concepts for

further exploration.
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Related concepts, such as Fuzzy Language [108,109,[305], Neutrosophic Language [144], and
Plithogenic Language [144], have also been explored. In this context, we propose extend-
ing these frameworks to define HyperNeutrosophic Language and SuperHyperNeutrosophic

Language. Their definitions and related concepts are outlined below.

Definition 3.32 (Neutrosophic Language). [144] Let ¥ be a finite alphabet. A Neutrosophic

Language over ¥* is a function:
N :¥* = [0,1]3,
where for each word w € ¥*, N(w) = (T'(w), I(w), F(w)) with T'(w), I(w), F(w) € [0,1] and

0 <T(w)+ I(w)+ F(w) <3.

Here:

e T'(w) represents the truth-membership degree of w.
e [(w) represents the indeterminacy-membership degree of w.

e F(w) represents the falsity-membership degree of w.

A Neutrosophic Language generalizes the notion of membership beyond the single member-
ship function of a fuzzy language by explicitly incorporating degrees of truth, indeterminacy,

and falsity.

Example 3.33 (Applications of Neutrosophic Language in Real Life). We present two prac-
tical examples of Neutrosophic Language.

1. Sentiment Analysis in Product Reviews: Consider a product review system [8}66)
where ¥ = {excellent, good, average, poor}. For each word w in the review, the Neutrosophic

Language N(w) assigns:
N (excellent) = (0.9,0.05,0.05), N (average) = (0.5,0.4,0.1).

Here, T'(w) indicates the degree of positive sentiment, I(w) represents uncertainty (e.g., mixed
opinions), and F'(w) reflects negative sentiment. By incorporating these components, the sys-
tem can perform nuanced analysis, considering both explicit sentiment and inherent ambigui-
ties.

2. Medical Diagnosis in Healthcare: In a healthcare diagnostic system [34§], let
Y = {healthy, ill, uncertain}. For a patient record word w, the Neutrosophic Language N (w)

assigns:

N (healthy) = (0.85,0.1,0.05), N(ill) = (0.3,0.5,0.2).

Here, T'(w) quantifies the likelihood of being healthy, I(w) captures uncertainty in the diag-
nosis, and F'(w) indicates the likelihood of being ill. This provides a structured framework for

handling cases with incomplete or conflicting data.
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Definition 3.34 (HyperNeutrosophic Language). Let ¥ be a finite alphabet. A HyperNeu-

trosophic Language over ¥* is a function:
H: 3" — P([0,1]),
where for each word w € ¥*, H(w) C [0, 1]® represents a set of neutrosophic triples:
H(w) = {(T(w), I(w), Fr(w)) | k € Ku},

where:

o Ti(w), I(w), F(w) € [0,1] are the k-th truth, indeterminacy, and falsity membership
degrees, respectively.
e /C,, is the index set of evaluations associated with w.

e Each triple satisfies:
0< Tk(w) + Ik(w) + Fk(’w) <3.

The HyperNeutrosophic Language generalizes the Neutrosophic Language by allowing mul-
tiple evaluations for each word, enabling the representation of uncertain or conflicting linguistic

data from different sources.

Example 3.35 (Applications of HyperNeutrosophic Language in Real Life). This section
presents two practical examples of HyperNeutrosophic Language.

1. Machine Translation with Multiple Evaluations: Consider a machine translation
system [435] evaluated by multiple experts. Let 3 = {hello, goodbye}. For each word w, the
HyperNeutrosophic Language H(w) assigns:

H (hello) = {(0.95,0.03,0.02), (0.90,0.05,0.05)}, H(goodbye) = {(0.85,0.1,0.05), (0.8,0.15,0.05)}.

Each triple corresponds to a different expert’s evaluation, capturing variability in the perceived
accuracy and reliability of translations.
2. Crowdsourced Content Moderation: In a content moderation system [406], let

Y = {safe, offensive}. For each word w, the HyperNeutrosophic Language H(w) assigns:
H(safe) = {(0.8,0.1,0.1), (0.85,0.05,0.1)}, H(offensive) = {(0.2,0.6,0.2), (0.3,0.5,0.2)}.

These evaluations reflect judgments from multiple moderators, allowing the system to incor-

porate diverse perspectives and handle ambiguous cases effectively.

Definition 3.36 (n-SuperHyperNeutrosophic Language). Let ¥ be a finite alphabet. An

n-SuperHyperNeutrosophic Language over ¥* is a function:

H™ 5 — Pr([0,1]%),
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where P"(]0,1]®) represents the n-th nested power set of [0,1]3. For each word w € ¥*, the

evaluation is recursively defined as:
0,1]3, if n=0,
0y [0

PH" Y (w)), ifn>1.

In this framework:

e n = (0 corresponds to the basic Neutrosophic Language.
e n =1 corresponds to the HyperNeutrosophic Language.
e n > 1 represents higher-order structures, where each level of nesting allows for increas-

ingly complex representations of uncertainty and multi-layered evaluations.

Theo-
rem 3.37 (Relation of an n-SuperHyperNeutrosophic Set). An n-SuperHyperNeutrosophic
Language inherently exhibits the structure of an n-SuperHyperNeutrosophic Set.

Proof. The statement follows directly and is self-evident.

Theorem 3.38 (Generalization Property). For any n > 0, an n-SuperHyperNeutrosophic
Language (n-SHNL) generalizes the concepts of Neutrosophic Language (NL) and HyperNeu-
trosophic Language (HNL). Specifically:
(1) For n =0, n-SHNL reduces to a Neutrosophic Language.
(2) For n =1, n-SHNL coincides with a HyperNeutrosophic Language.
(3) For n > 1, n-SHNL provides a hierarchical nesting of neutrosophic evaluations, ex-
tending beyond both NL and HNL.

Proof. By Definition we have:
H™ 3% — P([0,1]%).
Case n = 0: If n = 0, by definition:
HO (w) = [0, 1%,

which means for each word w, we assign a single triple (T(w), I(w), F(w)) € [0,1]3. This
matches exactly the definition of a Neutrosophic Language (Definition , where each word
w maps to a single neutrosophic triple. Thus, 0-SHNL = NL.
Casen=1:If n=1:
HY (w) = P(HO (w)) = P((0,1]).

This means for each word w, we assign a set of triples, each triple being a point in [0, 1]3.
By Definition this is exactly the definition of a HyperNeutrosophic Language. Hence,
1-SHNL = HNL.
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Casen > 1: Forn > 1,
H™ (w) = P(H™ D (w)).

Since H™ 1) (w) itself is formed by (n — 1)-fold nesting of power sets of [0, 1]%, taking another
power set increases the complexity and the hierarchy of the uncertainty representation. Thus,
for n > 1, H™ is a strict extension, allowing for n-layered uncertainty and complexity not
captured by NL or HNL.

Combining these results, we see that n-SHNL generalizes both NL (at n = 0) and HNL (at

n = 1), and provides greater complexity for n > 1. g

Theorem 3.39 (Reduction to Classical Languages). If for all words w € ¥* and for all
levels of mesting, the indeterminacy I and falsity F' components vanish (i.e., I(w) = 0 and
F(w) = 0 at the base level and consequently at all higher levels of nesting), then an n-

SuperHyperNeutrosophic Language reduces to a classical crisp language membership function.

Proof. Suppose for each w € ¥* and at all levels of n-nesting, we have:

Under these conditions, every neutrosophic triple simplifies to:
(T(w),0,0),

where T'(w) € [0, 1].
At n = 0 (the Neutrosophic Language level), N(w) = (T'(w),0,0) simply becomes a scalar
membership in [0,1]. If T'(w) is further restricted to be in {0,1}, then it becomes a classical

characteristic function defining a crisp language:
L=A{w|T(w)=1}

For n = 1 (the HyperNeutrosophic level) or any n > 1, the nested sets of triples would
also collapse to sets of (T',0,0) values. Without indeterminacy or falsity, and assuming a crisp
threshold, the entire nested structure does not add complexity. Ultimately, it boils down to
a deterministic assignment, indistinguishable from a classical language membership if 7'(w) is
binary.

Thus, in the absence of indeterminacy and falsity, n-SHNL reduces to a classical language

with crisp membership, confirming the claim.

Theorem 3.40 (Monotonicity of Complexity). Let H (") be an n-SuperHyperNeutrosophic Lan-
quage. As n increases, the representational capacity and complezity of H™ is non-decreasing.

In particular, for all m > n, H™) can represent at least as complez a structure as H™.
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Proof. By definition:
H™ (w) € P"([0,1]%),
and
H™ (w) € P™([0,1]%).
Since P™([0, 1]3) represents an m-fold power set of [0, 1]2, and m > n, we have:
P([0,1]%) < P™ ([0, 1]%).

This inclusion follows from the construction: each level of power set strictly expands or main-
tains the set of representable structures. No operation reduces complexity; at worst, it pre-
serves it.

Thus, any neutrosophic evaluation representable at level n can be embedded into the rep-
resentation at level m > n. Consequently, the complexity and representational capacity is

non-decreasing as n grows, establishing monotonicity.

Theorem 3.41 (Continuity of Representation). If the base-level neutrosophic evaluations
(T(w), I(w), F(w)) vary continuously in [0,1]* for each word w, then the resulting n-
SuperHyperNeutrosophic Language H™ changes continuously with respect to these variations

at all nesting levels.

Proof. At n = 0, the mapping N(w) = (T(w),I(w), F(w)) is trivially continuous as each
component is a direct evaluation in [0, 1].

For n = 1, HV(w) = P(N(w)). The power set operator at this level represents sets of
neutrosophic triples. Small continuous changes in (T'(w), I(w), F'(w)) at the base level reflect
continuous changes in these sets (e.g., if sets are constructed by applying continuous selection
criteria or aggregation functions).

By induction, suppose continuity holds for H™1(w). The construction of H (w) =
P(H"(w)) involves set operations and possibly aggregation operators that are continuous
with respect to the underlying neutrosophic triples. Since composition of continuous operations
remains continuous, H (w) also varies continuously as (T'(w), I(w), F(w)) at the base level
change.

Hence, at every level of nesting, continuity is preserved. This proves that H(™ is a continuous

extension of the base-level neutrosophic evaluations.

Similarly, HyperFuzzy Language, HyperPlithogenic Language, SuperHyperFuzzy Language,
and SuperHyperPlithogenic Language can also be defined.

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets

48



Question 3.42. Can concepts such as SuperHyperPlithogenic HyperLanguage and Super-
HyperPlithogenic SuperHyperLanguage, along with their related frameworks, be formally de-
fined? What are their defining characteristics? Furthermore, is it possible to apply these

concepts to natural language processing?

Question 3.43. Related concepts such as natural language generation [2111238,316], natural
language understanding [36,/117,|303,/441], natural language inference [73,94,/102,[232], and
natural language interface [38.|194] have been extensively studied.

Is it possible to extend these ideas to define and explore concepts like Natural HyperLan-
guage, Natural SuperHyperLanguage, Natural HyperPlithogenic Language, and Natural Su-
perHyperPlithogenic Language? Could these extensions have practical applications in certain
fields?

3.5. HyperNeutrosophic Topological Space

A Topological Space is a set of points with a topology, defining open sets to study continuity,
convergence, and neighborhood relationships [30,58,89.97, 204} 226]. Extended concepts such
as Fuzzy Topological Space [91,/105,(160}434], Neutrosophic Topological Space [31}/229], and
Plithogenic Topological Space [9] are well-known. This paper further extends these to define
HyperNeutrosophic Topological Space and SuperHyperNeutrosophic Topological Space.

Definition 3.44 (Neutrosophic Topological Space). Let X be a non-empty set. A Neutro-
sophic Topology (NT) on X is a family 7 of neutrosophic subsets of X satisfying the following

axioms:
(1) No, N1 € 7, where:
No ={(2,0,0,0) |z € X}, Ny ={(z,1,1,1) |z € X}.
(2) The intersection of any two neutrosophic open sets is also neutrosophic open:
G1,GoeT — GiNGyerT.
(3) The union of any collection of neutrosophic open sets is neutrosophic open:

{Gi’iEJ,GiGT} - UGZ'ET.
e
In this case, the pair (X, 7) is called a Neutrosophic Topological Space (NTS), and any set
in 7 is referred to as a neutrosophic open set (NOS)(cf. [205],312,1336]).

Definition 3.45 (HyperNeutrosophic Topological Space). Let X be a non-empty set. A
HyperNeutrosophic Topology (HNT) on X is a family 7 of hyperneutrosophic subsets of X

satisfying the following axioms:
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(1) No, N1 € 7y, where:
No=A{(=,{(0,0,0)}) |z € X}, N1 ={(2,{(1,1,1)}) |z € X}.

(2) The intersection of any two hyperneutrosophic open sets is also hyperneutrosophic
open:

G1,Go ety = G1NGy € TH.

(3) The union of any collection of hyperneutrosophic open sets is hyperneutrosophic open:
{G”iEJ,GiGTH} — UGiGTH-
ieJ

Each hyperneutrosophic set is defined as:
H(z) = {(Tp(z), Iy (x), Fi(x)) | k € Ku},

where:
o Ti(x), I(x), Fp(z) € [0,1] are the k-th truth, indeterminacy, and falsity degrees, re-
spectively.
e /C, is the index set of evaluations for x.

e Each triple satisfies:
0< Tk(x) + Ik(x) + Fk(x) <3.

In this case, the pair (X, 1) is called a HyperNeutrosophic Topological Space (H-NTS), and

any set in 7 is referred to as a hyperneutrosophic open set.

Definition 3.46 (n-SuperHyperNeutrosophic Topological Space). Let X be a non-empty
set. An n-SuperHyperNeutrosophic Topology (n-S-HNT) on X is a family Tgl) of m-nested

hyperneutrosophic subsets of X satisfying the following axioms:

(1) No, Ny € 7.}, where:
No = {(z,P"({(0,0,0)})) |z € X}, N1 ={(z,P"({(1,1,1)})) |z € X}.

(2) The intersection of any two n-superhyperneutrosophic open sets is also n-

superhyperneutrosophic open:

Gl,GQETl(L;l) - GlmGQGTI(;;L).

(3) The wunion of any collection of n-superhyperneutrosophic open sets is n-

superhyperneutrosophic open:

{G”iéJ,Gl'ETI(;L)} = UGzET[(;)
ieJ
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Each n-superhyperneutrosophic set is recursively defined as:
0,1]3, ifn=0,
o - {01

PH™V(z)), ifn>1.
In this case, the pair (X, T]({n)) is called an n-SuperHyperNeutrosophic Topological Space

(n-S-HNTS), and any set in T}_}L ) is referred to as an n-superhyperneutrosophic open set.

Theorem 3.47 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

Topological Space possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.48 (Reduction to Neutrosophic Topological Spaces). If n = 0, then an n-
SuperHyperNeutrosophic Topological Space (n-S-HNTS) reduces to a standard Neutrosophic
Topological Space (NTS).

Proof. For n = 0, we have:
HO(2) = [0,1)%,
representing a single neutrosophic triple (7T'(z), I(x), F(z)) with 0 < T'(z) + I(x) + F(z) < 3.
(0)

No power set nesting is involved at this level, so the topology 7;;” consists solely of neutrosophic

(

subsets of X satisfying the usual neutrosophic topological axioms. Thus, (X, T; )) is precisely

an NTS.

Theorem 3.49 (Increasing Hierarchical Complexity). For every n > 1, an n-S-HNTS pos-
sesses strictly greater structural complezity than an (n — 1)-S-HNTS.

Proof. By construction, moving from level (n — 1) to n applies the power set operation P:
H"(x) = P(H"D(x)).

The power set of a non-empty set is always strictly larger, introducing exponentially more
subsets. Consequently, each step in this hierarchy adds a new layer of complexity, creating an
increasingly intricate family of open sets. Hence, n-S-HNTS is more complex than (n — 1)-S-

HNTS in terms of the richness and combinatorial depth of its topological structure.

Theorem 3.50 (Inductive Construction of n-S-HNTS). Suppose (X, 7'1(}171)) is an (n —1)-
SuperHyperNeutrosophic Topological Space. Define

) ={P@) |G ery V).

Then (X, Tgl )) is an n-SuperHyperNeutrosophic Topological Space.
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Proof. We use induction on n:
Base case (n = 0): An 0-S-HNTS is just an NTS, which satisfies the neutrosophic topological
axioms by definition.
Inductive step: Assume (X, TI(_?_l)) is an (n — 1)-S-HNTS. In particular:
(1) No, Ny € 7Y,
(2) Finite intersections and arbitrary unions of sets in 7_1(;1—1) lie in 7'1(;_1).
Define 7" = {P(G") | G’ € 77V}
- Since Ny, N7 € Tgl_l), we have P(Ny), P(N1) € T](L?). - For G}, G} € T](qn_l), their inter-

section G} N GY lies in Tgl_l). Thus:

P(GY) NP(Gh) = PG N Gh) € i,

- For any collection {G}};c; C 7'1(;_1)2

UGier;™ = (JP@GH="P (U GQ) ey,
ieJ ieJ i€J
These verifications show that T[(; ) inherits the topological axioms from TI(;L -, Therefore,

(X, TI({n)) is indeed an n-S-HNTS.

Definition 3.51 (Homomorphism). (cf. [126,328]) A homomorphism is a structure-preserving
map between two algebraic structures of the same type. For example, a function f: A — B

is a homomorphism between two groups (A, ) and (B, *) if for all z,y € A:
fl@-y) = f(@) = f(y).

Theorem 3.52 (Reduction Homomorphism). There ezists a natural reduction mapping py, :
TJ(L?) — Tg_l) that, given ann-S-HNTS, recovers the (n—1)-S-HNTS structure without violating

the topological axioms.

Proof. Define p, to map each G € T(n), where G = P(G') for some G’ € 7'1(;_1), to the

corresponding G’. This mapping is well-defined because every set at level n arises from taking
a power set of a set at level (n — 1).

For any two sets G1,G4 € TI(_;L):

pn(Gl N GZ) = pn(P(Gll) n ,P(GI2)) = pn(P(Gll N Gl2)) = Gll N GIQ = pn(Gl) N pn<G2)'

For any collection {G;}ics C TI(;L):

Pn <U Gz) = pn (7’ (U GQ)) =JGi=Ur(G.

ieJ ieJ e icJ
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Thus, p, respects both finite intersections and arbitrary unions, preserving the topological
structure. This shows that p, acts as a natural homomorphism, reducing an n-S-HNTS back

to (n — 1)-S-HNTS while maintaining all topological properties.

Theorem 3.53 (Boundedness of the Hierarchy). At each level n, the sets remain within
P([0,1]®), ensuring that the hierarchy of n-S-HNTS is bounded within the neutrosophic cube

structure.

Proof. Since each n-S-HNTS is constructed by repeatedly applying the power set operation
to subsets of [0,1]%, no element outside [0,1]> ever appears. The neutrosophic triples, and
their nested power sets, all lie within a bounded domain. Hence, at any level n, the sets
remain subsets of P"([0,1]?), ensuring that the entire hierarchy is contained within a finite,

well-defined structure.

Theorem 3.54 (Continuity under Nesting). If the neutrosophic values (T, 1, F') vary continu-
ously within [0,1]3, then the induced topologies at all levels n change continuously with respect

to these values.

Proof. The construction of T;}l ) from Tgl U relies on the power set operation, which is purely

set-theoretic and does not introduce discontinuities. Since the underlying neutrosophic triples
are themselves defined within the continuous interval [0, 1]3, small perturbations in T, I, or
F values affect the membership of sets in a continuous manner. Consequently, the resulting
topologies at each level n vary continuously under small changes in the underlying neutrosophic

values.

Similarly, HyperFuzzy Topological Space, HyperPlithogenic Topological Space, SuperHy-
perFuzzy Topological Space, and SuperHyperPlithogenic Topological Space can also be de-
fined.

3.6. HyperNeutrosophic K-means Clustering

K-means Clustering is an unsupervised machine learning algorithm that partitions data into
k clusters by minimizing intra-cluster variance [191}203/209,222,[342|. Extended concepts such
as Fuzzy K-means Clustering [162,235,240,242,/404,/436] and Neutrosophic K-means Clustering
[302,319] are well-known. This paper further extends these ideas to HyperNeutrosophic K-

means Clustering. The definition is provided below.
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Definition 3.55 (Neutrosophic K-means Clustering). [302,319] Let X = {x1,z2,...,2,} be
a dataset, where each x; € R?. The goal of the Neutrosophic K-means algorithm is to partition

X into k clusters C7,Co, ...,y by minimizing the objective function:
k
JPV)=Y" 3" pe, (@)™ |z — v,
j=1z;€Cy
where:

® Lc; (x;) is the neutrosophic membership of z; in cluster C}, given as:

NC’( ) (TZJ’IU’F)

with T3, I;;, Fy; € [0, 1] satisfying 0 < T35 + I;; + F3; < 3.
o V ={v1,v9,...,v;} are the centroids of the clusters.

e m > 1 is a weighting exponent.

The algorithm iterates as follows:

1. Update the membership degrees:

i — ;]| =2/ (m=D
el (Zle |z; — vp]|=2/(m=1)

2. Update the cluster centroids:

S ccs e, (r)"
Z$i60j MCJ (xl)m

vj =
3. Repeat until convergence of J(P, V).

Definition 3.56 (HyperNeutrosophic K-means Clustering). The HyperNeutrosophic K-means
extends the Neutrosophic K-means by allowing multiple neutrosophic membership evaluations

for each data point. For each x; € X, the membership function is:

po, (v:) = {(Th, I, Ff) | k € Ky},

130 tigo

where /C;; is the index set of evaluations. Each (TZ’;, IZIE, Fk) satisfies:

k k k
0<T+I; + F;; <3.
The objective function becomes:
k
k 2
-y S uk )™ |l — oyl
j=1xz;€C; \keKy;

The steps for updating ¢, (z;) and v; follow similar iterative updates as in the Neutrosophic

K-means, applied over all evaluations k.
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Definition 3.57 (n-SuperHyperNeutrosophic K-means Clustering).  The
n-SuperHyperNeutrosophic K-means generalizes HyperNeutrosophic K-means by recursively

nesting the membership evaluations. For each x; € X, the membership function is:

i (i) = P ([0,1]%),

where P"([0, 1]3) denotes the n-th power set of the neutrosophic unit cube. For n = 0, ug)j) (x;)
reduces to a single neutrosophic triple. For n =1, ,ugj) (x;) corresponds to a set of triples as in
HyperNeutrosophic K-means.

The objective function is recursively defined as:

k
JM(P,V) Z Z Z Sm”ZL‘i—UjHQ

j=1 i€y S€#g;) (1)

The updates for ,ug;) (x;) and v; are similarly extended iteratively to handle the nested

structure of the membership function.

Theorem 3.58 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

K-means Clustering possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.59 (Reduction to Neutrosophic K-means Clustering). If n = 0, then n-
SuperHyperNeutrosophic K-means clustering coincides with standard Neutrosophic K-means

clustering.

Proof. For n = 0, the membership function reduces to:

& (i) = (0,1,

which corresponds to a single neutrosophic triple (73, I;;, Fj;). Under these conditions, the

objective function
k
2
= > ne (@)l — vl
7=1 $1'EC]'
matches the standard Neutrosophic K-means objective. Consequently, centroid and mem-
bership updates follow the original Neutrosophic K-means algorithm.  Thus, the 0-
SuperHyperNeutrosophic K-means framework exactly replicates the standard Neutrosophic

K-means approach.
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Theorem 3.60 (Hierarchical Complexity). For every n > 1, the n-SuperHyperNeutrosophic
K-means framework is strictly more complex in membership representation than the (n — 1)-

SuperHyperNeutrosophic K-means framework.

Proof. The membership function at level n is defined by:

where P denotes the power set. Applying the power set operation increases the number of
subsets, thereby expanding the complexity of the membership structure. Since the power set

(

of a non-empty set is strictly larger than the original set, the complexity of ucnj ) (z;) strictly
surpasses that of M(gj 71)(1:1-). This exponential growth in complexity propagates throughout

the clustering process, making each successive level n more involved than the previous one.

Theorem 3.61 (Continuity of the Objective Function). For any n > 0, the objective function
J(”)(P, V) in n-SuperHyperNeutrosophic K-means clustering is continuous with respect to

membership values and centroids.

Proof. The objective function at level n is:

k
2
JWEVy=3 3 D, 8wyl
J=1i€Cs \ seul™ (z;)
J
Each term S™||x; — v;]|? involves elementary continuous operations (exponentiation, multipli-
cation, and distance calculation). The membership values S and the centroids v; enter these
operations in a continuous manner. Since summations and power set aggregations preserve

continuity, the entire objective function remains continuous.

Theorem 3.62 (Convergence to a Local Minimum). The n-SuperHyperNeutrosophic K-means

algorithm converges to a local minimum of the objective function J(”)(P7 V).

Proof. The algorithm updates membership values and centroids iteratively. Each update is
designed to reduce the objective function or keep it constant, ensuring that the sequence of
objective values is monotonically non-increasing and bounded below by zero. By the monotone
convergence property, the algorithm must converge to a point where no further reduction is

possible, i.e., a local minimum of J™ (P, V). 0

Theorem 3.63 (Partitioning Stability). For any fized n > 0, the partitions obtained by n-
SuperHyperNeutrosophic K-means clustering are stable under small perturbations of the input

data.
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Proof. Small changes in the input data x; produce correspondingly small changes in ||z; — v;|].
Since membership values depend continuously on these distances and are bounded, slight
input variations lead to marginal adjustments in membership values and centroids. Thus,
the cluster memberships and resulting partitions remain close to their original configuration,

ensuring stability and robustness against minor data perturbations.

Theorem 3.64 (Scalability of Complexity). As n increases, the complexity of the n-
SuperHyperNeutrosophic K-means algorithm grows exponentially with respect to the size of

the membership sets.

Proof. At level n, the membership structure involves P"([0,1]3), representing n-fold nested
power sets. Each nesting layer multiplies the number of subsets, leading to an exponential
increase in the cardinality of the membership representation. Consequently, computations
involving membership aggregation, centroid updates, and objective function evaluations scale

exponentially, reflecting a rapid growth in complexity as n increases.

Theorem 3.65 (Generalization to Other Metrics). The properties established for n-
SuperHyperNeutrosophic K-means remain valid if the Euclidean norm ||x; — vj|| is replaced

by any continuous distance metric.

Proof. All continuity, convergence, and stability arguments rely on the continuity and bound-
edness of the operations involved. Replacing the Euclidean norm with any other continu-
ous distance metric preserves these properties. Since the definitions of membership updates,
objective function computations, and centroid calculations depend only on continuity and

boundedness, all theoretical guarantees extend naturally to other continuous metrics.

Similarly, HyperFuzzy K-means, HyperPlithogenic K-means, SuperHyperFuzzy K-means,
and SuperHyperPlithogenic K-means can also be defined. Additionally, extensions to related

concepts such as C-means [6}10,/183] can also be considered.

3.7. Neutrosophic TOPSIS

TOPSIS is a multi-criteria decision-making method selecting the best alternative by proxim-
ity to ideal and anti-ideal solutions [92}/127,[281]. As extensions of TOPSIS, methods like Fuzzy
TOPSIS [181}/184,186,[274},282,|1337],405,1462] and Plithogenic TOPSIS [5,)260] are well-known.
Here, we introduce Neutrosophic TOPSIS [4}[28]|218,231}244},272,273,[297]. Its definitions and

related concepts are outlined below.

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets

57



Definition 3.66 (Neutrosophic TOPSIS). (cf. [244,272,273,1297]) Neutrosophic TOPSIS is a
multi-criteria decision-making method utilizing neutrosophic triples (T, I, F') for each criterion.
Let A = {A4,..., A} be alternatives and C = {C,...,Cy} be criteria. The steps are as

follows:

(1) Construct the decision matrix D;; = (135, I;;, Fi;), where T, I, F € [0, 1] and T+I+F <
3.
(2) Normalize and weight the matrix. Normalize D;; to obtain Njj, then calculate the

weighted normalized matrix as:
Wij = wj - Nij,

where w; is the weight of the j-th criterion.
(3) Define the Neutrosophic Positive Ideal Solution (NPIS) and Neutrosophic Negative
Ideal Solution (NNIS):

NPIS=(T",I",F~), NNIS=(T",I",F"),
where:
T+ = m?XWij(T)a I~ = miinWij(I)7 F~ = ml.inWij(F)’
T = miinWij(T), It = Hl?XWZ‘j(I), FT = mZaxWij(F).

(4) Calculate the separation measures from NPIS and NNIS:

S =D (T =TT+ (Iij = I7)2 + (Fy; — F)?),
7j=1

4
I
M=

(T = T7)2 + (Iy — IT)* + (Fiy — F1)?).
1

<.
I

(5) Compute the relative closeness of each alternative to the NPIS:
S
St +87
(6) Rank the alternatives based on the values of C;, with higher C; indicating better

P =

alternatives.

Definition 3.67 (HyperNeutrosophic TOPSIS). Let A = {41, Ao, ..., A, } represent m alter-
natives and C' = {C1,Cq,...,Cy} represent n criteria. In HyperNeutrosophic TOPSIS, each

element of the decision matrix D is represented as a set of neutrosophic triples:

Dij = {(TE, I}, Ff) | k € Kij},

ij0 tags

where:
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° TZ’;, IZkJ,Fk [0,1] are the k-th truth, indeterminacy, and falsity membership degrees
for A; under criterion Cj,
e K;; is the index set of evaluations for D;;,
e Each triple satisfies:
0<Tf+1IE+F <3
The HyperNeutrosophic TOPSIS algorithm consists of the following steps:

(1) Construct the Decision Matrix. The decision matrix D consists of sets of neutrosophic
triples for each criterion and alternative.
(2) Aggregate Membership Degrees. Aggregate the membership degrees over k € K;; using

an appropriate aggregation operator @:
E@'j — (Tz]aIl]aF )

where:

Tij = ®rex,, Ty Lij = Orex, I, Fij = ®rex,; FL

ij 1y R ijt 1"
(3) Normalize the Decision Matrix. Normalize D;; using:

Nij:< Ty Ly Fy >

max; ,Tij max; Iij max; -Fz'j

(4) Weight the Normalized Decision Matrix. Apply weights w; to obtain:
Wij = wj . Nij-

(5) Determine the Ideal Solutions. Compute the HyperNeutrosophic Positive Ideal Solu-
tion (HPIS) and HyperNeutrosophic Negative Ideal Solution (HNIS):

HPIS = (T*,I",F7), HNIS= (T ,I",F%),
where:
Tt = m?xWij(T), I = miinWij(I)v o= I'IliinWij(F),
T~ =minWi(T), I"=maxW(I), F*=maxW;(F).

(6) Calculate Separation Measures. Compute the separation from HPIS and HNIS:

S = En: (T = T2+ (Lij — I7)? + (Fiy — F7)?),
j=1

Si = \ Zn: (T = T7)2 4 (Iij — I*)2 + (Fyy — F1)2).
j=1

(7) Compute Relative Closeness. Calculate the relative closeness of each alternative to

HPIS:
S
SH+87
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(8) Rank Alternatives. Rank alternatives based on C;.

Definition 3.68 (n-SuperHyperNeutrosophic TOPSIS). Let A = {4, Ag,..., A} and C =
{C4,C4,...,Cy}. In n-SuperHyperNeutrosophic TOPSIS, each element of the decision matrix
D is recursively defined as:
(n) _ 3
D;;” =P"([0,1]%),
where P"([0, 1]3) represents the n-th power set of the neutrosophic unit cube.

The procedure extends HyperNeutrosophic TOPSIS with the following modifications:

(1) Recursive Aggregation. Aggregate the nested membership degrees recursively:
) (n)
D;;" = Aggregate(Dij ),

where the aggregation operator accounts for all nested layers.
(2) Normalize and Weight. Normalize and weight 51(-?) as in HyperNeutrosophic TOPSIS.
(3) Ideal Solutions. Define n-SuperHyperNeutrosophic Positive Ideal Solution (n-SHPIS)
and Negative Ideal Solution (n-SHNIS) recursively.

(4) Separation Measures. Extend the separation measures to nested structures:

SH = D@y = T + Ly = 1) + (Fy = F)?),
j=1

5 — \ zn: (Ty; — T)2+ (L; — IT)2 + (Fy — F1)2).
j=1

(5) Relative Closeness. Compute the relative closeness for nested structures:

o _ ST "

(6) Rank Alternatives. Rank based on Ci(n).

Theorem 3.69 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic
TOPSIS possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.70 (Reduction to Neutrosophic TOPSIS). If n = 0, then n-
SuperHyperNeutrosophic TOPSIS reduces to standard Neutrosophic TOPSIS.

Proof. When n = 0, each element Dl(-jq) of the decision matrix is simply a neutrosophic
triple (T3, 1i;, Fi;) without any additional nesting. In this case, all steps of the method—
normalization, weighting, computation of NPIS/NNIS, separation measures, relative close-

ness, and ranking—are identical to those of the standard Neutrosophic TOPSIS procedure.
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Thus, the 0-SuperHyperNeutrosophic TOPSIS framework coincides exactly with Neutrosophic
TOPSIS.

Theorem 3.71 (Hierarchical Complexity). For every n > 1, the n-SuperHyperNeutrosophic
TOPSIS framework is strictly more complex in terms of aggregation and computation than the
(n — 1)-SuperHyperNeutrosophic TOPSIS framework.

(n)

Proof. The n-SuperHyperNeutrosophic decision matrix D, J is defined recursively by:

D =p(D"Y)

where P denotes the power set operation. Each application of P produces an exponentially
larger set of subsets, thereby increasing both the complexity of the membership structures and
the effort required to aggregate them. Hence, as n increases, the amount of computational
work grows significantly, making n-SuperHyperNeutrosophic TOPSIS strictly more complex

than its (n — 1)-level counterpart.

Theorem 3.72 (Continuity of Relative Closeness). The relative closeness C’Z-(n) mn n-
SuperHyperNeutrosophic TOPSIS is a continuous function of the membership values and the

criterion weights.

Proof. The relative closeness for the n-level framework is given by:

i +,(n) —,(n)’
S+ S
where
CARE (T = T2+ (I — I7)2 + (Fyy — F)?),
j=1
and
570 = S (@ T 4 (ty — 1R 4 (B — ).
j=1

Each component (T;,I;;, Fj;) is drawn from a continuous domain [0,1]%. Arithmetic op-

erations, squaring, and taking square roots are all continuous mappings. Therefore, Sj ()

and S; () depend continuously on the membership values and weights. As a ratio of two

)

continuous, strictly positive expressions, C’i( itself is continuous.

Theorem 3.73 (Convergence). The n-SuperHyperNeutrosophic TOPSIS method converges to

a stable ranking of alternatives as the iterative process reaches a steady state.
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Proof. The iterative steps of the algorithm involve standardizable processes: normalization,
weighting, and aggregation of nested memberships. Since each neutrosophic value (T, I, F') is
bounded within [0, 1], these transformations remain stable and well-defined. As iteration con-
tinues, successive recalculations of separation measures and relative closeness values approach
fixed points, leading the algorithm to stabilize. Consequently, the final ranking of alternatives

will not oscillate indefinitely but will converge to a stable ordering.

Theorem 3.74 (Consistency of Ideal Solutions). The n-SuperHyperNeutrosophic Positive

Ideal Solution (n-SHPIS) and Negative Ideal Solution (n-SHNIS) consistently reflect the ex-

(n)
(%

treme preferences defined by the weighted, normalized decision matriz D
Proof. The n-SHPIS and n-SHNIS (TF, 1=, F~) and (T~,I", F") are determined by extrem-
izing the criterion values in the weighted normalized space. Because these extremizing oper-
ations directly use the aggregated values at the n-th level, they yield consistent definitions
of "best” and ”worst” scenarios with respect to truth, indeterminacy, and falsity dimensions.
Thus, the ideal solutions accurately represent the extremal preference structure within the n-

SuperHyperNeutrosophic framework, ensuring coherent and meaningful comparisons between

alternatives.

Similarly, HyperFuzzy TOPSIS, HyperPlithogenic TOPSIS, SuperHyperFuzzy TOPSIS,
and SuperHyperPlithogenic TOPSIS can also be defined.

3.8. Neutrosophic Evolution

Darwin’s Evolution explains the process of adaptation and evolution driven by natural
selection [59}/125,/176,/177,320,/430]. In contrast, Neutrosophic Evolution provides a multidi-
mensional framework that incorporates truth, falsity, and indeterminacy to model adaptation
and change [99,286,287,372,,376]. This concept can also be interpreted using HyperNeutro-
sophic Sets or n-SuperHyperNeutrosophic Sets. The following sections outline their definitions

and related formulations.

Definition 3.75 (Neutrosophic Evolution). [376] Neutrosophic Evolution describes the adap-
tation of a being B (e.g., plant, animal, human, or system) in a given environment 7 over a

specific timespan At. It considers three components for every part P of B:
E(P),1(P), and N(P),

representing degrees of evolution, involution, and neutrality (indeterminacy), respectively.

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets

62



Mathematical Representation. For a being B with parts Pi, Ps, ..., Py, the state of each part
P; is defined as a Neutrosophic Triple:
S(P) = (E(P), I(P), N(P),
where:
e E(P;) € 0,1]: Degree of evolution of part P,
e [(P;) €[0,1]: Degree of involution (degeneration) of part P,
e N(FP;) € [0,1]: Degree of neutrality (indeterminate change) of part P;,

and the following constraint holds:
0<EP)+I(P)+N(F) <3.
Total Neutrosophic State of a Being. The overall state of B at time t is represented as:
S(B.1) = (E(B,),1(B,1), N(B,1)),

where:

BB =LY B(R), 1B -1 1) NBo -1 M.
' i=1 i=1

Dynamic Behavior. The evolution of B over time ¢ is defined by the derivatives:
OE(B,t) 0I(B,t) ON(B,t)
o’ o’ ot

These represent the rates of change of evolution, involution, and neutrality, respectively. The

dynamic system governing S(B,t) is expressed as:

8‘ng7t) = fl(E7ijan7At)7
8]—(8B;’t> = fQ(EvlvNan?At)a
ONBL) _ fy(.1, .. 0),

where f1, fo, f3 are functions modeling the influence of environmental factors n and time At.

Applications. This framework can be applied to:

(1) Biological adaptation (e.g., species evolution and regression).
(2) Societal systems (e.g., cultural growth and decline).

(3) Artificial systems (e.g., machine learning model optimization and decay).

Example 3.76 (Neutrosophic Evolution in Real Life). Consider the evolution of a city’s traffic
system B in response to the introduction of electric vehicles (EVs [129,250]) in an environment
n with fluctuating adoption rates and policies over a period At. Each component P; of the

traffic system (e.g., road infrastructure, charging stations, traffic laws) is characterized by:
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where:

e F(FP;): The degree to which the component evolves (e.g., expansion of charging sta-
tions).

e [(P;): The degree of indeterminacy (e.g., uncertainty in policy implementation).

e N(P;): The degree of neutrality (e.g., components unaffected by EV adoption, like

pedestrian crossings [233]).

For instance:

S(Charging Stations) = (0.9,0.1,0.0), S(Road Markings) = (0.4,0.3,0.3), S(Traffic Laws) = (0.7,0.2,0.1).

The total Neutrosophic state of the traffic system is:
S(B,t) = (E(B,t),](B,t),N(B,t)),
where:
E(B,1) = %(0.9 4 04+0.7) =067, I(B,t)= %(0.1 +03+02) =02, N(B,t)=0.13.

This analysis helps city planners understand the degree of adaptation, uncertainty, and neutral

impacts in the system.

Neutrosophic Evolution can be applied to a wide range of concepts. Several examples are

provided below.

Example 3.77 (Examples of Neutrosophic Evolution). The concept of Neutrosophic Evolu-

tion can be intuitively understood through the following real-world examples:

(1) Biological Evolution in Urban Birds (cf. [349]): In cities, bird species such as pigeons
exhibit behavioral and physical adaptations (evolution) to urban environments, like
foraging near human activity or navigating buildings. However, some traditional be-
haviors (e.g., nesting in natural habitats) might diminish (involution), while certain
traits, such as tolerance to human presence, remain neutral (indeterminate).

(2) Cultural Dynamics in a Society: A society’s language (cf. [163]) evolves by incorporat-
ing new slang or technical terms (evolution), while older, less-used words or traditions
fade (involution). Neutral words or practices that are neither widely adopted nor
completely abandoned, like regional dialects, remain in an indeterminate state.

(3) Adaptation of Machine Learning Models: A machine learning model trained for spam
detection updates its parameters when new patterns of spam emails emerge [182] (evo-
lution). Outdated features lose their relevance and are discarded (involution). Features
that are rarely triggered by current data may stay in a neutral state until more evidence

supports their inclusion or exclusion (indeterminate).
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(4) Ecosystem Response to Climate Change: Coral reefs adapt to rising temperatures by
developing heat-tolerant algae (evolution). Some species, unable to cope, face popula-
tion decline or extinction (involution). Other species might exhibit no clear trend of
adaptation or decline due to insufficient data or complexity of interactions (indetermi-
nacy).

(5) Technological Development in Renewable Energy: Solar panel technology [417] improves
with higher efficiency rates and cost reductions (evolution). Outdated manufacturing
methods become obsolete (involution). Experimental methods, such as new types
of photovoltaic cells, remain under investigation, representing an indeterminate state

until proven effective or ineffective.

Definition 3.78 (HyperNeutrosophic Evolution). HyperNeutrosophic Evolution extends Neu-
trosophic Evolution by incorporating multiple evaluations for each component (evolution, in-

volution, and neutrality) of a being B. For each part P of B, the state is represented as:
H(P) = {(Ey(P), Ix(P), Ni(P)) | k € Kp},

where:

e Ei(P),I(P),Ni(P) € [0,1] are the k-th evaluations of evolution, involution, and
neutrality for P,
e [Cp is the index set of evaluations for P,

e Each triple satisfies:
0 < Ei(P) + Iy(P) + Ny(P) < 3.
Total HyperNeutrosophic State of a Being. The overall state of B at time ¢ is given by:
H(B,t) = (Hp(B,1), Hi(B.1), Hy(B.1) ).

where:
1< _1g
Hp(B,t) = — 3 { Brekp, Ek(Pi)}, Hi(B,t) = ~ z; { Drercp, k(P )}
1= (2

Hv(B.6) = 23" { Gners, NP}
=1

Here, & is an aggregation operator over multiple evaluations.
Dynamic Behavior. The rates of change are defined as:
8HE(B,t) 8H[(B,t) 6HN(B,t)
o’ o’ ot
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These are governed by:

OHp(B,t
Eé(t) :fl(HEaHlvHN’T/’At)’
OH[(B,t
Ia(t) = fo(Hp, Hy, Hy, n, At),
aHNa(tBﬁ = f3(Hg, Hr, Hn,n, At).

Example 3.79 (HyperNeutrosophic Evolution in Real Life). Consider the adaptation of an
international healthcare system B during a global pandemic (cf. [266,455]). Each component P,
of the system (e.g., hospital infrastructure, vaccination programs [77], public health campaigns

[431]) is evaluated across multiple regions or agencies k € Kp,, leading to:
H(P,) = {(Bx(Py), In(P;), Ne(P)) | k € Kp, }.
For example:
H (Hospitals) = {(0.8,0.1,0.1), (0.7,0.2,0.1)}, H(Vaccination Program) = {(0.9,0.05,0.05), (0.85,0.1,0.05) }.
The total HyperNeutrosophic state of the healthcare system is:
H(B,t) = (Hp(B, 1), Hi(B,t), Hy(B,1)),

where:

Hp(B,t) = %{(0.8 ®0.7),(0.9®0.85)} = {0.75,0.875},

and similarly for H;(B,t) and Hy(B,t). Here, @ represents an aggregation operator, such as
averaging or maximum selection.

This analysis allows stakeholders to understand how different components of the healthcare
system adapt under varying regional constraints, uncertainties, and neutral factors, providing

a comprehensive framework for policy-making and resource allocation.

Definition 3.80 (n-SuperHyperNeutrosophic Evolution). n-SuperHyperNeutrosophic Evolu-
tion is a hierarchical generalization of HyperNeutrosophic Evolution. For each part P of B,

the state is recursively defined as:
HM(P) =P((0,1]%),

where:

e P"([0,1]3) is the n-th nested power set of [0,1]3,
o HO(P) = (E(P),I(P),N(P)) as in Neutrosophic Evolution,
e HM(P) = H(P) as in HyperNeutrosophic Evolution.
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Total n-SuperHyperNeutrosophic State of a Being. The total state of B is:
H™(B,1) = (HEE”)(B,t),H}”)(B,t),H}@(B,t)),

where:
H( )(B t) ZAggregate(H( 1)(B)),
z—l
and similar definitions for Hl(n)(B ,t) and H](\?)(B, t).

Dynamic Behavior. The dynamic system for n-SuperHyperNeutrosophic Evolution is:

oH! (B, 0 pr(n) pr(n) po(n
Eai)_fl (H( H} )7H](V)7777At)7

Iai )_f2 ( 7H]() ](V)an7At)v
OHY (Bt n), () 1) ol

Theorem 3.81 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

FEvolution possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.82 (Reduction to Neutrosophic Evo-
lution). For n = 0, n-SuperHyperNeutrosophic Evolution reduces to standard Neutrosophic

FEvolution.

Proof. By definition, 0-SuperHyperNeutrosophic Evolution means no power set operation is

applied. Thus, for each part P of the being B:
HO(P) = (E(P),I(P),N(P)),

which corresponds exactly to the Neutrosophic Evolution definition. The average measures
E(B,t),1(B,t), N(B,t) and their dynamics are then identical to those in the original Neutro-

sophic Evolution framework. Hence, 0-SHN Evolution coincides with Neutrosophic Evolution.

0

Theorem 3.83 (Strict Hierarchical Complexity). For everyn > 1, n-SuperHyperNeutrosophic
FEvolution is strictly more complex than (n — 1)-SuperHyperNeutrosophic Evolution in terms

of state representation.

Proof. The state representation for each part P at the n-th level involves:

H™(P) = PH"D(P)),
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where P is the power set operation. Since P applied to a non-empty set yields a strictly larger
and more complex family of subsets, the complexity of the state representation grows as n
increases. Each level n introduces an exponentially richer structure of nested sets of triples
(E,I,N). Hence, the complexity of H( (P) strictly exceeds that of H™ 1 (P). g

Theorem 3.84 (Existence and Uniqueness of Solutions). Assume the functions fl(n), an)’ fgn)
governing the n-SuperHyperNeutrosophic Evolution dynamics are continuous and satisfy Lip-
schitz conditions in the wvariables (HJ(E,H), H}n), H](\T,Z)) Then, for given initial conditions

(Hgl) (B,0), H}n)(B, 0),H](\?)(B,O)), there exists a unique local solution for the dynamical sys-

tem: (n)
OHL"(B,t) n
SR = 0 = H 0, A),
oH" (B, 1) —
PP 0, 1, 1, ),
OHY (B,Y) oy, ) () 1()
A = g 1Y Y A,

Proof. The system of partial differential equations in time can be reduced to an equivalent
system of ordinary differential equations if we consider spatial variables fixed or if the model
is spatially lumped. Under standard ODE existence and uniqueness theorems (such as Pi-
card-Lindelof), continuity and Lipschitz conditions on fln), fz(n), f:.En) ensure a unique local
solution exists through the given initial state. Thus, standard ODE theory applies, guaran-

teeing existence and uniqueness.

Theorem 3.85 (Continuity under Parameter Perturbations). If the functions fl(n), fg(n)7 fgn)
and the aggregation operators wused at level n are continuous, then the solution
(H](En) (B,t),H}n)(B,t),H](\?)(B,t)) depends continuously on environmental parameters n and

time scale At.

Proof. Since the state (H }(3n)7 H}n), H](\?)) at each time ¢ is obtained by integrating a continuous
system of differential equations with continuous initial conditions and parameters, small per-
turbations in 7 or At yield correspondingly small changes in the solutions. Continuity of the
aggregation operators ensures that nested evaluations do not introduce discontinuities. There-

fore, the entire n-SHN Evolution framework is stable under small parameter perturbations.

0

Theorem 3.86 (Boundedness of the State Space). For each part P and each triple (E,I,N) €
[0,1]3, the nested structures remain within P™([0,1]3). Therefore, the state space for n-SHN

FEvolution is bounded.
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Proof. By construction, each neutrosophic triple (E, I, N) satisfies E, I, N € [0,1]. The power
set operation preserves boundedness as it does not introduce elements outside the original
set. Hence, for all n, the state H™(P) C P"([0,1]%) is confined to a bounded domain.
Consequently, H (n) (B, t) remains within a bounded state space for all ¢.

Similarly, HyperFuzzy Evolution, HyperPlithogenic Evolution, SuperHyperFuzzy Evolution,
and SuperHyperPlithogenic Evolution can also be defined.
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Abstract. This paper delves into the advancements of classical set theory to address the complexities and
uncertainties inherent in real-world phenomena. It highlights three major extensions of traditional set the-
ory—Fuzzy Sets [288|, Neutrosophic Sets [237], and Plithogenic Sets [243]—and examines their further gener-
alizations into Hyperfuzzy [106], HyperNeutrosophic |90], and Hyperplithogenic Sets [90].

Building on previous research [83], this study explores the potential applications of HyperNeutrosophic Sets
and SuperHyperNeutrosophic Sets across various domains. Specifically, it extends fundamental concepts such
as Neutrosophic Logic, Cognitive Maps, Graph Neural Networks, Classifiers, and Triplet Groups through these

advanced set structures and briefly analyzes their mathematical properties.

Keywords: Fuzzy set, Neutrosophic set, Hyperstructure, Hyperfuzzy set, Hyperneutrosophic set

1. Introduction

This paper is closely related to [83]. Readers are encouraged to review [83] in advance, as

needed.

1.1. Fuzzy Sets, Neutrosophic Sets, and Plithogenic Sets

Set theory, a cornerstone of mathematics, provides a framework for analyzing collections of
elements called ”sets” [61,139]. This study examines three major extensions—Fuzzy Sets [288],
Neutrosophic Sets [237], and Plithogenic Sets [243]—and their generalizations into Hyperfuzzy
[106], HyperNeutrosophic [90], and Hyperplithogenic Sets [90].

These frameworks address various dimensions of uncertainty. Fuzzy Sets represent impre-
cision through membership values between 0 and 1 [288]. Neutrosophic Sets enhance this
by adding truth, indeterminacy, and falsity components, offering richer a nalyses o f complex
systems [237]. Plithogenic Sets further extend these ideas to handle multidimensional uncer-

tainty and contradictions, making them particularly effective f or a nalyzing h ighly complex

systems [244,256].
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1.2. Hyperfuzzy, HyperNeutrosophic, and Hyperplithogenic Sets

Extensions of Fuzzy Sets [90,|106,/144,262], Neutrosophic Sets [90], Plithogenic Sets [90],
Soft Sets |1},:84,99,121}/137,213,|226,1229, 242, 250], Rough Sets [90], and Vague Sets [90] have
been developed using Hyperstructures and n-SuperHyperstructures.

For instance, Fuzzy Sets have been extended into Hyperfuzzy Sets [80}|106} 144147, (172
176,/177,(190,262] and SuperHyperfuzzy Sets [90]. Similarly, Neutrosophic Sets have been
extended into HyperNeutrosophic Sets [90}241] and SuperHyperNeutrosophic Sets [90,[241],
while Plithogenic Sets have been extended into HyperPlithogenic Sets [90.241] and SuperHy-
perPlithogenic Sets [90}241].

1.3. Our Contribution in This Paper

This section highlights the contributions of this paper. Building on previous research [83], we
investigate the potential applications of HyperNeutrosophic Sets and SuperHyperNeutrosophic
Sets in various domains.

The study focuses primarily on theoretical exploration and mathematical formulation. For
example, we extend concepts such as Neutrosophic Logic, Cognitive Maps, Graph Neural
Networks, Classifiers, and Triplet Groups using HyperNeutrosophic Sets and SuperHyperNeu-
trosophic Sets, and briefly analyze their properties.

Future research should include experimental validation and application-oriented studies to
facilitate practical implementation in specific fields. Through this work, we aim to advance

this area of study and encourage further exploration and development of related topics.

2. Preliminaries and Definitions

This section outlines the essential concepts and definitions necessary for understanding
the discussions in this paper. While we aim to present the fundamental ideas concisely, a
comprehensive exploration of all related terms lies beyond the scope of this work. Readers are

encouraged to consult the cited references for a more in-depth understanding.

2.1. Basics of Set Theory and Others

This subsection provides a brief overview of foundational principles in set theory. For a

detailed discussion, we recommend standard references such as [123,|139,|143].

Definition 2.1 (Set). [139] A set is a well-defined collection of distinct objects, referred to
as elements. For any object x, it is always determinable whether x is an element of a given
set. If x belongs to a set A, this is denoted as x € A. Sets are often represented using curly

braces. For example, A = {1, 2,3} represents a set containing the elements 1, 2, and 3.
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Definition 2.2 (Subset). [139] A set A is called a subset of another set B, written as A C B,

if every element of A is also an element of B. This relationship is formally expressed as:
ACB < Vz(x€ A = z€B).
If AC B and A # B, A is referred to as a proper subset of B, denoted by A C B.

Definition 2.3 (Empty Set). [139] The empty set, denoted as (), is the unique set containing

no elements. It is formally defined as:
Vo (x ¢ 0).
For example, the empty set can be represented as () = {}.
Definition 2.4 (Universal Set). [139] The universal set, denoted by U, represents the set
containing all objects under consideration within a specific context. Any set A under analysis

is a subset of U. Formally:

ACU for any set A.

Although some concepts may not have a direct connection to set theory, the following
fundamental mathematical definitions will also be employed. As these are basic definitions,

readers are encouraged to refer to relevant literature as needed.

Definition 2.5 (Real Numbers). (cf. [70,{127]) The set of real numbers, denoted by R, includes
all rational and irrational numbers, which can be represented as points on the real number

line. Examples are integers, fractions, and roots.

Definition 2.6 (Natural Numbers). (cf. [160]) The set of natural numbers, denoted by N,

consists of all positive integers starting from 1:
N=1{1,2,3,...}.
Some conventions also include 0, depending on the context.

Definition 2.7 (Homomorphism). (cf. [75,220]) Let (A, *) and (B, o) be two algebraic struc-
tures. A homomorphism is a function f: A — B that satisfies:

flaxa') = f(a)o f(a') forall a,a’ € A.
Definition 2.8 (Operation). [139] An operation is a function or rule that combines elements
of a set S to produce another element within S. Formally, an operation o on S is defined as:

0:85%x8—=8.

Examples include addition and multiplication, which are operations on the set of real numbers
R.

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets 11

93



Definition 2.9 (Binary Operation). [34] A binary operation on a set S is a function x* :
S x S — S that combines two elements a,b € S to produce another element a * b € S.

Examples include addition and subtraction, both of which are binary operations on R.

Definition 2.10 (Graph). [64H66] A graph, denoted G = (V, E), consists of:

o V: A set of vertices (or nodes).

e E: A set of edges, where each edge is an unordered pair of vertices {u,v}, u,v € V.

Definition 2.11 (Directed Graph). (cf. [22,66]) A directed graph, denoted G = (V, E), consists
of:

o V: A set of vertices (or nodes).
e E: A set of directed edges, where each edge is an ordered pair of vertices (u,v),

u,v € V.

Definition 2.12 (Matrix). [25] A matrix is a rectangular array of elements arranged in rows
and columns, typically denoted as A = [a;;], where a;; represents the element in the i-th row

and j-th column.

Definition 2.13 (Adjacency Matrix of a Graph). (cf. [114]) Let G = (V, E) be a graph with
vertex set V and edge set E. The adjacency matrix of G, denoted as A = [a;j], is a square

matrix of size |V| x |V, where |V| is the number of vertices in G. Each entry a;; is defined as:

1, if there is an edge from vertex v; to vj,
CLZ‘j =
0, otherwise.
For undirected graphs, the adjacency matrix A is symmetric, whereas for directed graphs,

A may not be symmetric.

Definition 2.14 (Weight Matrix). (cf. [193,268]) A weight matrix is a matrix where each
element represents a weight or parameter, often used to describe relationships in graphs, neural

networks, or optimization problems, such as edge weights or neural connection strengths.

Definition 2.15 (Approximation). (cf. [206]) Approximation refers to the process of repre-
senting a function or a value by another function or value that is close to the original within

a specified level of accuracy. It is fundamental in numerical analysis and machine learning.

Definition 2.16 (Vector). (cf. [63]) A vector is an ordered tuple of elements, typically from a
field R or C, representing a point in an n-dimensional space or a directed quantity with both

magnitude and direction.
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2.2. Hyperstructure and Superhyperstructure

This subsection introduces the concepts of Hyperstructure and Superhyperstructure, ad-
vanced mathematical frameworks designed to represent hierarchical and multi-layered systems.
A Hyperstructure builds upon the powerset of a base set to model relationships within col-
lections of elements. Extending this notion, a Superhyperstructure utilizes the n-th powerset
to represent intricate hierarchical systems across multiple layers [81,82}254)255]. Below, we

formalize the n-th powerset and its related constructs.

Definition 2.17 (Base Set). A base set is the foundational set S from which powersets and

hyperstructures are constructed. Formally:
S = {z | = is an element within the specified domain}.

All subsets and operations within P(S) or P, (S) are derived from the elements of S.

Definition 2.18 (Powerset). [86,215] The powerset of a set S, denoted as P(S), is the
collection of all subsets of S, including the empty set and S itself:

P(S)={A| AC S}

Definition 2.19 (n-th Powerset). (cf. [86,1235,254])
The n-th powerset of a set H, denoted P,(H), is defined recursively. Starting with the

standard powerset, the construction proceeds as:
P(H)=P(H), P,1(H)=P(P,(H)), forn>1.
The n-th non-empty powerset, denoted P} (H), excludes the empty set:
PY(H) = P*(H), Fp.(H) = P"(P;(H)).
Here, P*(H) is the powerset of H excluding the empty set.

To formalize the concepts of Hyperstructure and Superhyperstructure, we proceed with the

following definitions.

Definition 2.20 (Classical Structure). (cf. [235,254]) A Classical Structure is a mathematical
framework defined on a non-empty set H equipped with one or more Classical Operations that

satisfy specific axioms. A Classical Operation is a function:
#o: H™ — H,

where m > 1 and H™ represents the m-fold Cartesian product of H. Examples include

addition and multiplication in algebraic structures like groups and rings.
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Definition 2.21 (Hyperstructure). (cf. [86}1235,254]) A Hyperstructure extends a Classical

Structure by operating on the powerset of a base set. Formally:
H = (P(S5),0),
where S is the base set, P(S) is its powerset, and o is an operation defined on subsets of P(S).

Definition 2.22 (n-Superhyperstructure). (cf. [235,254]) An n-Superhyperstructure general-

izes a Hyperstructure by utilizing the n-th powerset of a base set. It is defined as:
SHy = (Pu(S);0),

where S is the base set, P, (.5) is the n-th powerset of S, and o is an operation on elements of

Pn(S).

A representative example of a superhyperstructure is the SuperHypergraph, which incorpo-
rates advanced elements such as superedges and supervertices, offering a more abstract and
versatile framework for hierarchical modeling [38,[85L/90}/91,/93-96, /105,116,117, /183,246,247,
249,252, 254]. Additionally, concepts such as SuperHyperfunction have also been explored in
the literature [251}253].

2.3. Fuzzy Set, Hyperfuzzy Set, and Superhyperfuzzy Set

This subsection presents the formal definitions of Fuzzy Set, Hyperfuzzy Set, and Superhy-
perfuzzy Set. These concepts extend the traditional notion of fuzzy values into hierarchical

structures, offering more refined tools for representing uncertainty.

Definition 2.23 (Fuzzy Set). [288-292] A fuzzy set T in a non-empty universe Y is a mapping
7:Y —[0,1]. A fuzzy relation on Y is a fuzzy subset § of Y x Y. If 7 is a fuzzy set in Y and

¢ is a fuzzy relation on Y, ¢ is called a fuzzy relation on T if:

0y, z) <min{7(y),7(2)} forally,z €Y.

Example 2.24 (Fuzzy Set: Membership in a Fitness Club). Consider the universe Y =
{John, Alice, Bob, Sarah}, representing a group of people. A fuzzy set 7 defines their mem-
bership in a fitness club based on their participation level, where:
(

1.0, if the person is a regular member (e.g., Alice),

0.8, if the person participates occasionally (e.g., Bob),

T(y) =
0.3, if the person rarely participates (e.g., Sarah),

0.0, if the person is not a member (e.g., John).

The mapping 7 : Y — [0, 1] intuitively represents the degree of belonging for each individual
in the club.
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Definition 2.25 (Hyperfuzzy Set). [29}/106}144}/189,262] Let X be a non-empty set. A
hyperfuzzy set over X is defined as a mapping i : X — P([0,1]), where P([0,1]) represents
the set of all non-empty subsets of the interval [0, 1].

Example 2.26 (Hyperfuzzy Set: Customer Satisfaction Ratings). Customer satisfaction rat-
ings are often analyzed from the perspective of fuzzy set theory [76,(76,135,/166]. Consider a
set X = {Product A, Product B, Product C}, representing three products. A hyperfuzzy set

[ maps each product to a set of customer satisfaction ratings, where:

{0.9,1.0}, for Product A (highly satisfied customers),
fi(r) = ¢ {0.4,0.6,0.8}, for Product B (moderately satisfied customers),
{0.1,0.2}, for Product C (low satisfaction levels).

Here, i : X — P(]0,1]), where each product is associated with a set of satisfaction levels,

capturing the diverse opinions of customers.

Definition 2.27 (n-SuperHyperFuzzy Set). [90,241] Let X be a non-empty set. An n-
SuperHyperFuzzy Set is a recursive extension of fuzzy sets, hyperfuzzy sets, and superhyper-
fuzzy sets, defined as:

fin, : Pr(X) — Pn([0,1]),

where:

e Pi(X) = 75(X), and for k > 2,
Pr(X) = P(Pr-1(X)),
represents the k-th nested family of non-empty subsets of X.
e P,([0,1]) is similarly defined for the interval [0, 1].

e i, maps each element A € P,(X) to a non-empty subset fi,(A) C [0, 1], which repre-

sents the membership degrees of A at the n-th hierarchical level.

2.4. Neutrosophic, HyperNeutrosophic, and SuperHyperNeutrosophic Sets

Neutrosophic Sets enhance Fuzzy Sets by incorporating the concept of indeterminacy,
allowing them to model situations that are neither entirely true nor false [237]. This
framework offers a more comprehensive approach to handling real-world scenarios charac-
terized by significant uncertainty and complexity, making it a focus of extensive research
[100,/1011|155}236,238,240L248},257,258,260%,261]. The formal definitions are provided below.

Definition 2.28 (Neutrosophic Set). [237] Let X be a non-empty set. A Neutrosophic Set
A on X is defined by three membership functions:

TA:X'—>[O,1}7 IA:X—>[0,1], FAZX_>[O71L
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where Ty(z), I4(z), and F4(z) represent the degrees of truth, indeterminacy, and falsity for

each x € X. These values satisfy the condition:
0 <Ty(x)+ Ia(z)+ Fa(x) < 3.

Example 2.29 (Neutrosophic Set: Decision-Making in Hiring). Decision-making is often
studied in conjunction with Neutrosophic Sets [6}/11},52.|60,164,|181}/198,[286]. Consider X =
{Candidate A, Candidate B, Candidate C}, representing applicants for a job. A Neutrosophic
Set A defines the suitability of each candidate, where:

TA(x), IA(:L'), FA<$)

denote the degrees of truth (suitability), indeterminacy (uncertainty), and falsity (unsuitabil-

ity) for each candidate:
Ts(Candidate A) = 0.8, I4(Candidate A) =0.1, F4(Candidate A)=0.1,

Ts(Candidate B) = 0.5, I4(Candidate B) =0.4, Fy4(Candidate B) = 0.1,
T4(Candidate C) = 0.3, I4(Candidate C) =0.2, F4(Candidate C) = 0.5.

Here, the Neutrosophic Set models the hiring committee’s confidence, uncertainty, and rejec-

tion levels for each applicant.

Definition 2.30 (HyperNeutrosophic Set). [90] Let X be a non-empty set. A HyperNeu-
trosophic Set on X is a mapping ji : X — P([0,1]?), where P([0,1]%) is the family of all
non-empty subsets of the unit cube [0, 1]3. For each = € X, ji(z) C [0, 1] represents a collec-
tion of membership values, with each element comprising degrees of truth (7"), indeterminacy

(I), and falsity (F'). These components satisfy:

0<TH+I+F<3.

Example 2.31 (HyperNeutrosophic Set: Product Feedback Analysis). Consider X =
{Product X, Product Y, Product Z}, representing three products. A HyperNeutrosophic Set
£ maps each product to a set of customer opinions, where each opinion is a triple (7,1, F)
representing truth (positive feedback), indeterminacy (uncertainty), and falsity (negative feed-
back):

fi(Product X) = {(0.9,0.1,0.0), (0.8,0.2,0.0)},

fi(Product Y) = {(0.6,0.3,0.1), (0.5,0.4,0.1), (0.7,0.2,0.1)},
f(Product Z) = {(0.4,0.5,0.1), (0.3,0.6,0.1) }.

This representation captures the diversity of customer feedback, with multiple sets of opinions

reflecting varying perspectives.
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Definition 2.32 (n-SuperHyperNeutrosophic Set). [90] Let X be a non-empty set. An n-
SuperHyperNeutrosophic Set is a recursive extension of Neutrosophic and HyperNeutrosophic

Sets, defined as:
/In : 75VL(AXV) - 7571([07 1]3)?

e Pi(X)="P(X), and for k > 2,

Pe(X) = P(Prp_1(X)),

denotes the k-th nested family of non-empty subsets of X.

e P,([0,1]?) is defined analogously for the unit cube [0, 1]3.

e The mapping A, assigns to each A € P,(X) a subset A,(A) C [0, 1], representing the
degrees of truth (7), indeterminacy (I), and falsity (F') for A at the n-th hierarchical

level.

For each A € P,(X) and (T, 1,F) € A,(A), the following condition holds:

0<T+I+F<3.

2.5. HyperPlithogenic Set

The Plithogenic Set extends traditional set theories, such as Neutrosophic and Fuzzy Sets,
by incorporating multi-dimensional attributes and contradictions [243,244]. Below, we present

its formal definition.

Definition 2.33 (Plithogenic Set). [243,[244] Let S be a universal set, and P C S. A
Plithogenic Set PS is defined as:

PS = (P,v, Pv,pdf,pCF),

where:

v: an attribute.

e Pu: the set of possible values for the attribute v.

pdf : Px Pv — [0,1]%: the Degree of Appurtenance Function (DAF'), mapping elements
and attribute values to a membership degree.

pCF : Pv x Pv — [0,1]%: the Degree of Contradiction Function (DCF), quantifying

contradictions between attribute values.
These functions satisfy the following axioms:
(1) Reflexivity of DCF:

pCF(a,a) =0, forall a€ Po.
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(2) Symmetry of DCF":
pCF(a,b) =pCF(b,a), foralla,be Po.

Example 2.34 (Examples of Plithogenic Sets). [87,98] The Plithogenic Set has various

special cases:

e If s =1t =1, the set is called a Plithogenic Fuzzy Set.
o If s =2/t =1, it becomes a Plithogenic Intuitionistic Fuzzy Set.

o If s =3,t =1, it is referred to as a Plithogenic Neutrosophic Set.

Definition 2.35 (HyperPlithogenic Set). [90] Let X be a non-empty set, and A a set of
attributes. For each v € A, let Pv be the range of possible values of v. A HyperPlithogenic
Set HPS on X is defined as:

HPS = (P {v;}ioy, {Poitiy, {pdf; Yy, pOF),

where:

e P C X: a subset of the universe.

For each v; € A, Pv;: the set of possible values for v;.

pdf; : P x Pv; — P([0,1]°): the Hyper Degree of Appurtenance Function (HDAF),
assigning membership degrees as sets.

pCF : | J, Pv; x J; Pv; — [0,1]%: the Degree of Contradiction Function (DCF).

Definition 2.36 (n-SuperHyperPlithogenic Set). [90] Let X be a non-empty set, and let V' =
{v1,v2,...,v,} be a set of attributes with respective ranges P,,. An n-SuperHyperPlithogenic

Set SHPS,, is defined recursively as:
SHPS, = (Pm v, {Pvi}znzlv {pglfgn) ?:lprF(n)%

where:

P C X, and for k > 2,

Py =P(Py_1),

representing the k-th nested family of subsets.

For each v;, P,,: the set of possible values of v;.
pdf™ : B, x P,, — P([0,1)°): the HDAF at the n-th level.
pCF™ :(J | P, x U, Py, — [0,1]: the DCF, satisfying:
(1) Reflexivity: pCF ™ (a,a) =0,
(2) Symmetry: pCF™ (a,b) = pCF™ (b, a).
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3. Result: Application of HyperNeutrosophic Sets to Various Sciences

In this section, we explore the application of HyperNeutrosophic Sets across various scientific
domains, following the approach outlined in [83]. It is important to note that if HyperNeutro-
sophic Sets prove applicable to a specific domain, it is reasonable to assume that Hyperfuzzy
Sets and Hyperplithogenic Sets could also be utilized in similar contexts. Moreover, for Su-
perHyperNeutrosophic Sets, it is equally logical to investigate the potential applications of
SuperHyperfuzzy Sets and SuperHyperplithogenic Sets within the same or related fields.

3.1. Neutrosophic Logic

Logic is the systematic study of reasoning, involving principles and rules to distinguish valid
arguments, truth, and consistency [54},72,[233|. Neutrosophic Logic builds upon classical and
fuzzy logic |288] by introducing three degrees—truth, indeterminacy, and falsity—allowing
for nuanced reasoning under uncertainty [18,30,45,97,/102,212,239}245]. The concept of a
Neutrosophic Set can be viewed as an application of Neutrosophic Logic within the framework
of set theory. As evident from previous discussions and references such as [83], it is both natural
and necessary to explicitly extend Neutrosophic Logic into HyperNeutrosophic Logic and n-
SuperHyperNeutrosophic Logic. While the discussion here centers on HyperNeutrosophic Sets
and n-SuperHyperNeutrosophic Sets, similar analyses can also be conducted for Hyperfuzzy

Sets, n-SuperHyperfuzzy Sets, Hyperplithogenic Sets, and n-SuperHyperplithogenic Sets.

Definition 3.1 (Neutrosophic Logic). [237] Let p be a proposition. In Neutrosophic Logic,
the truth value of p is given by an ordered triple

U(p) = (Tv I? F) € [07 1]37

where T denotes the degree of truth, I denotes the degree of indeterminacy, and F' denotes

the degree of falsity. These satisfy the following condition:
0 <T+I+F < 3.

Unlike many-valued logics that fix T+ F' < 1, Neutrosophic Logic allows T, I, F' to vary some-

what independently, thereby capturing paradoxical and uncertain statements more flexibly.
Example 3.2 (Neutrosophic Example). Consider a proposition p with
v(p) = (0.7, 0.2, 0.4).

Here T=0.7,1 =0.2, F =0.4, and 0.7+ 0.2+ 0.4 = 1.3 < 3. Thus p can be viewed as mostly

true, with moderate falsity and some degree of indeterminacy.
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Definition 3.3 (HyperNeutrosophic Logic). Let p be a proposition. In HyperNeutrosophic
Logic, the truth value of p is given by a non-empty subset of [0, 1]3:

v(p) € (0,1, w(p) # 2,

where each element (7', I, F') € v(p) satisfies 0 < T+ + F < 3.

Example 3.4 (HyperNeutrosophic Example). Suppose we have two expert opinions about
p. One expert assigns (T,1,F) = (0.7,0.2,0.4), and another expert assigns (T,[,F) =
(0.4,0.1,0.8). Then the HyperNeutrosophic valuation can be taken as

v(p) = {(0.7,0.2, 0.4), (0.4, 0.1, 0.8) }.
This set-based valuation captures multiple sources of uncertain or even conflicting information.

Definition 3.5 (n-SuperHyperNeutrosophic Logic). Let X be a non-empty set and define

recursively
PuX)={ACX: A+ a2}, PuX)={BCPra(X):B#0} (k>2).
A n-SuperHyperNeutrosophic valuation v(p) is defined to be an element of
P ([0, 1),

i.e. an n-th level nested non-empty subset of the unit cube [0,1]3. At every level, each

(T,1,F) €[0,1]® must satisfy 0 < T + 1+ F < 3.

Example 3.6 (n = 2 SuperHyperNeutrosophic Example). An example of a 2-
SuperHyperNeutrosophic valuation v(p) could be

o(p) = {{(0.7, 0.2, 0.4), (0.4, 0.1, 0.8)}, {(0.6, 0.3, 0.2)}}.

Here each inner set, such as {(0.7,0.2,0.4), (0.4,0.1,0.8)}, is itself a valid HyperNeutrosophic
subset of [0,1]3. We then collect those subsets into a larger non-empty set, forming a second-

level structure.

Theorem 3.7. It holds as follows.

(1) When n = 1, an n-SuperHyperNeutrosophic valuation is exactly a HyperNeutrosophic
valuation.
(2) If we restrict a HyperNeutrosophic valuation to be a singleton {(T,I,F)}, it recovers
Neutrosophic Logic.
Hence n-SuperHyperNeutrosophic Logic generalizes both HyperNeutrosophic and Neutrosophic
Logics.
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Proof. (1) By definition, for n = 1 we have
Pu(0.1%) = {AC[0.1°: A # ).

Thus a 1-SuperHyperNeutrosophic valuation v(p) is simply a non-empty subset of [0, 1]3, which
is precisely the definition of a HyperNeutrosophic valuation.
(2) In Neutrosophic Logic, v(p) is a single triple (T,I,F) € [0,1]3. If we embed it into
HyperNeutrosophic Logic by forming the singleton {(7', I, F)}, this is clearly a non-empty
subset of [0, 1], thus satisfying the HyperNeutrosophic requirements. Therefore, the singleton
case of HyperNeutrosophic valuations coincides with Neutrosophic valuations.

Combining these, we see that n-SuperHyperNeutrosophic Logic (for n = 1) equals Hy-
perNeutrosophic Logic, while Neutrosophic Logic is recovered as the singleton case within
HyperNeutrosophic sets. For n > 1, the framework further generalizes these logics by allowing

nested families of HyperNeutrosophic sets.

3.2. HyperNeutrosophic Graph Neural Network

A neural network is a computational model inspired by biological neural systems, designed
for tasks such as pattern recognition, data classification, and prediction [8}|13}23},159, 274282,
283|. Building upon this foundation, a Graph Neural Network (GNN) extends neural networks
to graph structures, enabling the modeling of relationships between nodes, edges, and their
associated features [58]/142,/187, 211,227, |231,1272,[278,1295,[299]. Readers may refer to the
lecture notes or the introduction for further details(cf. |2}/58)/74,/142//187,211,227,231,284.295|).
Building on this concept, Hypergraph Neural Networks (HGNNs) extend traditional Graph
Neural Networks (GNNs) by utilizing hyperedges to model higher-order relationships involving
multiple nodes simultaneously [35,/79,/122,/128,/141,267,276]. Additionally, related concepts,
such as the n-SuperHypergraph Neural Network, have also been proposed [86].

Considering these aspects, this paper examines Hyperneutrosophic Graph Neural Networks
and Superhyperneutrosophic Graph Neural Networks (cf. [86]). First, several graph concepts

addressing various types of uncertainty are briefly introduced below.

Definition 3.8 (Unified Framework for Uncertain Graphs). (cf. [88]) Let G = (V, E) be a
classical graph, where V is the set of vertices and E is the set of edges. Depending on the type
of graph, each vertex v € V' and edge e € F is associated with membership values to represent
various degrees of truth, indeterminacy, falsity, and other measures of uncertainty.
(1) Fuzzy Graph (cf. [26|103}|107,(186,(196,217,278])
e Each vertex v € V is assigned a membership degree o(v) € [0, 1].

e Each edge e = (u,v) € F is assigned a membership degree p(u,v) € [0, 1].
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(2) Intuitionistic Fuzzy Graph (IFG) (cf. |7,|138}270,297])
e Each vertex v € V has two values: p4(v) € [0,1] (degree of membership) and
va(v) € [0,1] (degree of non-membership), satisfying pa(v) + va(v) < 1.
e Each edge e = (u,v) € E has two values: pp(u,v) € [0,1] and vg(u,v) € [0,1],
with up(u,v) +vp(u,v) < 1.
(3) Neutrosophic Graph (cf. |32,33,[113},129,/150,247,259])

e Fach vertex v € V is associated with a triplet
o(v) = (o1(v),01(v),0p(v))
, Where
or(v),or(v),or(v) € [0,1]
and op(v) + o7(v) + op(v) < 3.
e Each edge e = (u,v) € E is associated with a triplet u(e) = (ur(e), pr(e), ur(e)).
(4) Quadripartitioned Neutrosophic Graph (QNG) (cf. [131H133,225,232])

e BEach vertex v € V is associated with a quadripartitioned neutrosophic member-

ship

a(v) = (01(v), 02(v), 03(v), 04(v))
, Where

o1(v),02(v),03(v),04(v) € [0,1]
and

01(v) + o2(v) + 03(v) + o4(v) < 4

e Fach edge e = (u,v) € F is associated with a quadripartitioned membership

o(e) = (o1(e), 02(e), 03(€), 04(e))

, satisfying:

Example 3.9 (Fuzzy Graph). Let G = (V,E), where V = {vj,v9,v3} and E =

{(v1,v2), (v2,v3)}. Each vertex v € V is assigned a membership degree:
U(’Ul) = 0.8, U(’Ug) = 0.5, U(’Ug) =0.7.
Fach edge e € FE is assigned a membership degree:

p(v1,v2) = 0.6, p(va,v3) = 0.9.
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This defines a Fuzzy Graph where vertices and edges have varying degrees of membership.

Example 3.10 (Neutrosophic Graph). Let G = (V, E), where V = {vj,v2,v3} and E =

{(v1,v2), (v2,v3)}. Each vertex v € V is associated with a triplet o(v) = (o7 (v),07(v),op(v)):
o(v1) = (0.7,0.2,0.1), o(vs) = (0.6,0.3,0.1), o(vs) = (0.8,0.1,0.1).
Each edge e € E is associated with a triplet u(e) = (ur(e), ur(e), pr(e)):
(v, vg) = (0.5,0.3,0.2), p(vg,v3) = (0.6,0.2,0.2).

This defines a Neutrosophic Graph with truth, indeterminacy, and falsity values for vertices

and edges.

The Neutrosophic Graph Neural Network, along with its extensions, the HyperNeutro-
sophic Graph Neural Network and the SuperHyperNeutrosophic Graph Neural Network, are
introduced below. While the discussion here centers on HyperNeutrosophic Sets and n-
SuperHyperNeutrosophic Sets, similar analyses can also be conducted for Hyperfuzzy Sets,

n-SuperHyperfuzzy Sets, Hyperplithogenic Sets, and n-SuperHyperplithogenic Sets.

Definition 3.11. In general, feature spaces represent the domains of attributes for vertices
and edges, denoted by Xy and Xp, respectively [21,56,151]. Aggregation rules are operations
that combine features or information from multiple elements, such as vertices or edges, into
a unified representation, denoted as Ry (cf. [43,/167,/188]). Learnable parameters, denoted
as O, are adjustable variables (e.g., weights in neural networks) optimized during training to

improve model performance (cf. [300]).

Definition 3.12 (Neutrosophic Graph Neural Network (N-GNN) [88]). A Neutrosophic Graph
Neural Network (N-GNN) is a GNN that leverages neutrosophic logic to handle uncertain,
indeterminate, and inconsistent data in graph-structured settings. Formally, an N-GNN is an

8-tuple:
N-GNN = (G, Xv, Xp, Ny, Ng, R, D, ©),

where:

(1) G =(V,E) is a graph with vertex set V' and edge set E.

(2) Xy and X are the feature spaces for vertices and edges, respectively.

(3) My : Xy — [0,1]3 and Ng : Xg — [0,1] are neutrosophic fuzzification functions,
mapping features to triples (T, I, F') satisfying T+ I + F < 3.

(4) Ry is a set of neutrosophic aggregation rules specifying how neutrosophic information

is combined among vertices and edges.
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(5) Dy is a neutrosophic defuzzification function that transforms aggregated neutrosophic
values into a crisp or probabilistic output (e.g., a real number or a probability vector
[174]).

(6) © is the set of learnable parameters (e.g., weights in neural layers or rule parameters).

N-GNN Layer. Given a vertex feature z, € Xy for v € V and an edge feature x,, € Xg

for an edge (u,v) € E, the neutrosophic fuzzification layer outputs:

NV(xv) = (M%?M??M%)? NE(xuv) = (M%‘vyﬂ?vau%’v)a

where each triple fulfills pur 4+ pr + pr < 3.
Neutrosophic Aggregation. Let AGGy(+) be a neutrosophic aggregation operator guided by

the rule set Ry. For a vertex v, a typical update rule might be:

WD = o AGGN({AY, Nilaw) | ue N@)})).

where hq()l) denotes the hidden representation of vertex v at layer I, N'(v) is the neighborhood

of v, and o is a non-linear activation function [68,230] (e.g., ReLU). After several layers, the

defuzzification step Dy produces a final crisp or probabilistic output.

Example 3.13 (A Simple N-GNN on a Triangular Graph). Scenario: Suppose we have
a small graph G = (V,E) with three vertices V = {A,B,C} and three edges £ =
{(A4,B),(B,C),(C,A)} (cf. [264]). Each vertex and edge has certain uncertain features that

we wish to model using neutrosophic logic.
(1) Vertex Features:
Let us assume each vertex v has a single feature z, (e.g., an uncertain sensor reading
[77]). We define:
za=0.7, zp=0.5 zc=0.9.
Since these sensor readings contain some noise or uncertainty, we convert them into

neutrosophic triples (7', I, F') as follows:
Ny (z4) = (0.6,0.3,0.1), Ny(xp)=(04,0.2,04), Ny(zc)=(0.8,0.1,0.1).

Each triple must satisfy T'+ I + F' < 3; here they all sum to 1.0 < 3.
(2) Edge Features:
Each edge (u,v) € E also has a feature xz,, (e.g., an uncertain measure of connection

strength). For simplicity:
xap =0.2, xpc=0.6, xca=04.
Using the neutrosophic fuzzification Ng, suppose:

Ng(xap) =(0.3,0.4,0.3), Ng(zpc)=(0.5,0.3,0.2), Ng(zca)=(0.4,0.2,0.4).
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(3) Initial Hidden States:
Assign an initial hidden representation hff” € R? to each vertex (e.g., d = 2 dimen-

sions). For instance:
hY = (1.0,00), »P=(0505), »Y=(00,1.0).

(4) Neutrosophic Aggregation:

We define a neutrosophic aggregation rule AGGy that combines:
(wp,py,pp) forveV and  (ugr’, pi’ pg’) for (u,v) € E

using some operator, e.g., neutrosophic min or a product-based approach adapted for
(T,I1,F).
A simplified update for vertex A at layer 1 might look like:

hd) = J(W AGCN({B, Ng(zap), B2, NE($CA)})>’

where W is a weight matrix, and o is an activation function (like ReLU).

(5) Final Defuzzification:
After 2 or 3 message-passing layers, each hq(,ﬁnal) might be defuzzified via Dy to produce
a class label (e.g., in a classification setting) or a real-valued score (in a regression
setting). For example, one could aggregate the final (7', I, F') into a single confidence
measure by ur — pup or other transformations, and then map hz(,ﬁnal) to a label.

(6) Interpretation:
A higher T in (T, 1, F) suggests the data is more likely to be “true” or valid. A higher
I indicates indeterminacy or lack of clarity. A higher F' signals contradictions or false
components.

By tracking these three degrees, the N-GNN can learn to handle nodes or edges with

uncertain or conflicting information more effectively than a standard GNN.

This small triangular graph example shows how even a beginner can view Neutrosophic
Graph Neural Networks in action. Each vertex and edge has a neutrosophic triple represent-
ing its uncertain state, and the GNN aggregates these values through specialized neutrosophic
rules. The final output offers a robust way to manage uncertainty, indeterminacy, and contra-

diction in the data.

Definition 3.14 (HyperNeutrosophic Graph Neural Network (HN-GNN)). A HyperNeutro-
sophic Graph Neural Network (HN-GNN) generalizes the N-GNN by allowing each vertex or
edge to have a set of neutrosophic triples, rather than a single triple. Formally, an HN-GNN
is a 9-tuple:

HN-GNN = (G, Xv, Xg, HNv, HNE, Ran, Dun, AGG, 9>,
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where:

(1) G=(V,E) is a graph.

(2) Xy, Xg are vertex and edge feature spaces.

(3) HNv : Xy — P([0,1]3) and HN g : Xg — P([0,1]?) are hyperneutrosophic fuzzifica-
tion functions, mapping each vertex (or edge) to a non-empty subset of [0,1]2. Each
element (T, Iy, F) € HN v (zy) (or HN g(xyy)) satisfies Ty + I + Fj, < 3.

(4) AGGge is a set-level aggregation operator that collapses or summarizes each hyper-
neutrosophic set into either (a) a single representative triple, or (b) a small set of
representative triples used in the subsequent GNN computation.

(5) Run is the hyperneutrosophic rule set for combining hyperneutrosophic information
from neighboring vertices and edges.

(6) Dy is the hyperneutrosophic defuzzification function, producing a final crisp output
from the hyperneutrosophic representations.

(7) © is the set of learnable parameters in the model.

HN-GNN Layer. At each layer [, for a vertex v:

HNV () = {(uh ), wi(0), wp(@) | i€ T} < [0.1F,

where Z,, indexes multiple neutrosophic evaluations. An edge (u,v) has:

HNp(w) = {8 G (), 1) | G € Tun

We first aggregate each hyperneutrosophic set into a suitable representation (e.g., average or
maximum triple), or keep multiple triples for a richer representation. The node update then

proceeds similarly to an N-GNN, but with set-based inputs instead of single triples:
WY = o (AGGHN([AD, HN p(aw) [ u e N(@)})),

Definition 3.15 (n-SuperHyperNeutrosophic Graph Neural Network (n-SHN-GNN)). An n-
SuperHyperNeutrosophic Graph Neural Network (n-SHN-GNN) is a further generalization of
the HN-GNN, in which each vertex or edge is endowed with an n-SuperHyperNeutrosophic Set
instead of a HyperNeutrosophic Set. Formally, an n-SHN-GNN is a 9-tuple:

n-SHN-GNN = (G, Xy, Xp, SHNY, SHNE, RY) . DYy, AGG, ©),

where:

(1) G =(V,E) is a graph.
(2) Xy, Xg are vertex and edge feature spaces.
(3) SHNgL) : Xy — Pu([0,1]%) and S?-U\/'g) : Xp — Pn([0,1]%) map each vertex (or edge)

to an n-SuperHyperNeutrosophic Set of neutrosophic triples. Concretely, each vertex
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(or edge) is associated with an n-th nested family of subsets of [0,1]2. Each triple
(T,I,F) must satisfy T+ 1+ F < 3.

(4) AGG,, is an aggregation operator that collapses each n-SuperHyperNeutrosophic Set
into a small number of representative neutrosophic triples (e.g., using hierarchical
combination rules).

(5) Rg?[ n is the rule set for combining n-SuperHyperNeutrosophic information among
neighbors.

(6) Dg})[ ~ is the defuzzification step, producing the final crisp or fuzzy outputs from the
aggregated hierarchical sets.

(7) © is the set of trainable parameters.

Hierarchical Set Representation. Let P,([0,1]?) denote the n-th nested power set of the

neutrosophic cube. For a vertex v:
SHNV (@) € Pa((0,1%),
which might be represented recursively:
SHNP (@) = P(0,11), SHNP (@) = P(SHN (@),

At each level, sets of sets of neutrosophic triples are nested, capturing multi-level uncertainties
or multi-source conflicting information.

Layer Update in an n-SHN-GNN. At layer [, suppose each vertex v has hidden representation
hq()l). To update hq(}lH), do:

D) — U(AGGR<{8HN§;})($uv>7 hg)}ue/v(v)»'

Here, AGG,, must systematically process the nested hierarchical sets from each edge (u,v) or
from the vertex features SHN gb ) (zy). After a user-defined number of layers, Dg}} ~ is applied
to produce the final output (e.g., classification scores or regression values).

Key Properties of an n-SHN-GNN:

e Deep Hierarchical Uncertainty: The n-th nested sets encode multiple layers of contra-
dictory, uncertain, or aggregated data sources.

o Flexible Aggregation: Each level requires a well-defined rule to merge or reduce the
hierarchical sets into workable forms for neural computations.

o Generalization of All Previous Cases: Setting n = 0 or n = 1 reduces to classical or
hyperneutrosophic graph neural networks, respectively, thus unifying these frameworks

under one hierarchy.

Remark 3.16. The above definitions of N-GNN, HN-GNN, and n-SHN-GNN assume typical
forward-pass, layer-by-layer neural network operations. Training is done by gradient-based op-

timization (e.g., backpropagation [120,1704216,279]) on a loss function that measures predictive
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performance. The novel aspect is the representation of edges and vertices with (hyper)neu-
trosophic or n-superhyperneutrosophic sets of membership values, enabling richer modeling of

uncertainty and ambiguity in graph-structured data.

Theorem 3.17 (Generalization Property). An n-SuperHyperNeutrosophic Graph Neural Net-
work (n-SHN-GNN) strictly generalizes both the HyperNeutrosophic Graph Neural Network
(HN-GNN) and the Neutrosophic Graph Neural Network (N-GNN). Specifically:

e I[fn=1, the n-SHN-GNN reduces to the HN-GNN.
o [fn =0, the n-SHN-GNN reduces to the N-GNN.

Proof. Case n = 0: By definition, an n-SuperHyperNeutrosophic Set becomes a single neu-
trosophic triple (T,1,F) € [0,1]® if n = 0. Consequently, every vertex or edge in the (0)-
SHN-GNN is associated with a single neutrosophic triple, which matches exactly the data
representation in a standard Neutrosophic Graph Neural Network (N-GNN). Hence, a (0)-
SHN-GNN is identical to an N-GNN in all respects (membership representation, aggregator
design, defuzzification steps, etc.).

Case n = 1: If n = 1, the membership for each vertex or edge is a nonempty subset of [0, 1],
i.e. a HyperNeutrosophic Set, rather than an n-th nested structure. Thus, the architecture
becomes exactly that of a HyperNeutrosophic Graph Neural Network (HN-GNN), where each
vertex/edge can hold multiple neutrosophic triples simultaneously but not nested sets-of-sets.
Hence, a (1)-SHN-GNN is isomorphic to an HN-GNN.

Case n > 1: In this situation, each vertex or edge is assigned an n-fold nested hyperstructure
of neutrosophic triples, providing a strictly richer representation than either HN-GNN (n = 1)
or N-GNN (n = 0). Therefore, n-SHN-GNN (n > 1) strictly generalizes both HN-GNN and
N-GNN, as it can simulate them by appropriate “flattening” of membership sets or by choosing

nZO,l.D

Notation 1. For brevity, let
n-SHN-GNN = (G, Xy, Xg, SHN, SHANW RE) ., DI, AGG,, ©)
be our canonical reference model.

Theorem 3.18 (Well-Definedness of Layer Updates). Let AGG,, be an aggregation operator

that maps from
)1

(Pu0.) ™"

for some d € N. Suppose AGG,, is closed under the domain of membership sets and preserves

the condition T + I + F < 3. Then each layer update in an n-SHN-GNN is well-defined:

= Pu([0,1]*) or [0,1]¢,

hS)lJrl) _ U(AGGR({SHN(E?‘])([E“U)’ hg)}ueN(v))>7
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(I+1)

yields valid hy " in the intended codomain (e.g., [0,1]¢).

Proof. By assumption, AGG,, takes as input a finite set of objects that are each either:

e Elements of 75n([0, 1]3), i.e. n-SuperHyperNeutrosophic sets.
e Real vector embeddings hg ) from the preceding layer (if the aggregator merges repre-

sentation vectors directly).

Since AGG,, is assumed to be closed under the domain of membership sets, it produces an
output that remains in P,([0,1]?) (or in [0,1]4). Furthermore, each triple (T,I, F) within
the aggregator’s output is guaranteed to satisfy T'+ I + F < 3. Thus, the output is a well-
defined n-superhyperneutrosophic representation or a standard vector embedding, suitable
for subsequent neural network operations or final defuzzification. The activation function o
(e.g. ReLU) preserves the property of valid real vector outputs or set membership constraints,

concluding the well-definedness of each layer update.

Theorem 3.19 (Continuity of the Forward Pass). Assume each aggregator AGG,, and acti-
vation function o in the n-SHN-GNN is continuous. Then, as a function of the input features

{7o}vev and {Tuv}(uv)er; the final output of the n-SHN-GNN is continuous.

Proof. Let L denote the number of layers, and write
{hq(]l)}vev for [=0,1,...,L.

At I = 0, we have pY = Enc(SHN gL ) (zy)) or a direct embedding of the vertex features,
which is continuous by assumption of the encoding function Enc. The aggregator AGG,, is

continuous in its arguments, and o is also continuous. Therefore, each update
P = 0 (AGGA({hD, SHN Y (@un) buente) )

is a composition of continuous mappings in terms of {hg) } and the input sets {SHN gl) (Tuw) }-
By induction on the layer index [, continuity is preserved at each layer, culminating in a
continuous final output {hi(,L)}UGV. Hence the entire forward pass from input feature sets

{Zy, Ty} to the final output {hz(,L)} is continuous.

Theorem 3.20 (Reduction Homomorphism for Layer Mapping). Let pn—m be a map
75n([0, 1?) — 75m([0, 1]3) with m < n, defined by recursively selecting or aggregating sub-
sets in the nested structure. Suppose each layer aggregator AGG,, commutes with py—m. Then

the n-SHN-GNN naturally reduces to an m-SHN-GNN.
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Proof. Define the reduction map pp_m, such that for each A € P,([0,1]*), we find a corre-
sponding B € P,,([0, 1]?). Concretely, pn_, flattens the nested subsets from level n down to
level m by either discarding certain nesting levels or merging them. If each layer aggregator
AGG,, satisfies

prsm (AGGn({Aikier) ) = AGGm({pn-sm(Ai)Yier),

then we have commutativity of aggregator and flattening. Hence, after applying pn—m to each
vertex/edge membership set at every layer, the system evolves exactly as if it were an m-SHN-
GNN. Consequently, the entire forward pass of the n-SHN-GNN, under p,_,,, produces the
same outputs as the m-SHN-GNN using the aggregator AGG,,,. This proves that n-SHN-GNN

reduces to an m-SHN-GNN under the existence of such a homomorphism ppn—m. O

Definition 3.21 (Fixed Point). (cf. [111]) A fixed point of a function f : X — X is an element
x* € X such that f(z*) = z*. Fixed points represent states or solutions where the application

of the function leaves the element unchanged.

Theorem 3.22 (Existence and Uniqueness of a Fixed Point under Contractive Aggregation).
Assume each vertex update in an n-SHN-GNN is given by a contraction mapping in the space
of real embeddings (or suitably metricized set space). Formally, suppose there exists X € (0,1)

such that for all pairs of states H, H' € XIVI,
d(AGGn(H), AGGn(H’)) < Ad(H,H),
where d is a metric on the space of states. Then there exists a unique fized point H* such that
H* = AGG, (H*).

Proof. This theorem is a direct application of the Banach Fixed Point Theorem [110}/126,192]
(or Contraction Mapping Principle [31]). The aggregator AGG,, is interpreted as a function
on the entire set of node states H € X!Vl. By assumption, it is a A-contraction with A < 1.
Therefore, there exists a unique fixed point H* satisfying H* = AGG,,(H*). Existence follows
from standard contraction mapping arguments, and uniqueness arises because any other fixed

point would produce a contradiction to the strict contraction property. g

Definition 3.23 (Universal Approximation). (cf. [118,202]) The Universal Approximation
Theorem states that a sufficiently large neural network with appropriate activation functions
can approximate any continuous function to arbitrary accuracy on a compact domain. This

property underlies the expressive power of neural networks in learning complex mappings.
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Theorem 3.24 (Universal Approximation of n-Nested Uncertainty). Let F be a class of target

functions that map from Py([0,1]?)-structured input to real output, i.e.,
FiPu([0,13) x -+ x Pu([0,1]*) — R.

Suppose each aggregator AGG,, can be realized as a universal approrimator for functions over
Pn([0,1]3). Then an n-SHN-GNN with sufficient hidden layer width and depth can approzimate
any target function f € F arbitrarily well.

Proof. This statement extends the universal approximation property of neural networks to the
domain of nested uncertain sets P,([0,1]%). The key idea is that the aggregator AGG,, (plus
any standard feedforward sub-layers) must have enough expressive capacity to approximate
arbitrary continuous mappings of the inputs from 75n([0, 1]?). Under standard assumptions of
neural universal approximation (e.g., multi-layer perceptrons with sufficient width and suit-
able activation), we can embed or encode each nested set structure into a finite-dimensional
space, apply a universal approximator, and decode as necessary. Provided the aggregator
supports transformations rich enough (e.g., a deep parametric function), it can approximate
any continuous function on the domain P, ([0, 1]%). This argument follows the usual universal
approximation theorem, adapted to an embedding space for the nested sets. Convergence in
approximation is then guaranteed by classical results on feedforward networks with continuous

activation functions (e.g., sigmoids or ReLU).

3.3. Neutrosophic Cognitive Maps

A Cognitive Map is a directed graph that models concepts (nodes) and their causal rela-
tionships (edges), where the edges are assigned weighted influences [19,203,223,280]. Over
time, various extensions have been developed, including Fuzzy Cognitive Maps [17,|162,(168|
199/ 201}, 210], Intuitionistic Fuzzy Cognitive Maps [69}|134}175,/200], Neutrosophic Cogni-
tive Maps [9,/148,(185,(194}207], Dynamic Cognitive Maps [37,/180], Hesitant fuzzy Cognitive
Maps [49-51], Rough Cognitive Maps [46}|47], Cognitive Hypermaps [92], and Cognitive n-
SuperHypermaps [92].

This subsection focuses on the HyperNeutrosophic Cognitive Map and the n-
SuperHyperNeutrosophic Cognitive Map. Their definitions, associated theorems, and relevant
properties are detailed below. While the discussion here centers on HyperNeutrosophic Sets
and n-SuperHyperNeutrosophic Sets, similar analyses can also be conducted for Hyperfuzzy

Sets, n-SuperHyperfuzzy Sets, Hyperplithogenic Sets, and n-SuperHyperplithogenic Sets.

Definition 3.25 (Limit Cycle). (cf. [14]) In general, a limit cycle is a closed trajectory in the

phase space of a dynamical system such that trajectories starting in its vicinity asymptotically
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approach it (stable limit cycle) or diverge from it (unstable limit cycle). It represents periodic

behavior of the system.

Definition 3.26 (Neutrosophic Cognitive Map (NCM)). [9}/148,(185,/194,207] Neutrosophic
Cognitive Map (NCM) is a directed graph G = (C, E') whose vertices (concepts) are linked by
edges (causal relationships) weighted by neutrosophic triples. Specifically:
(1) C = {C1,Cy,...,C,} is a finite set of n concepts representing variables, events, or
processes in a system.
(2) E C C x C is the set of directed edges, where each edge (Cj;, C;) indicates a causal
influence from C; to Cj.

(3) Each edge (Cj, C;) has a neutrosophic weight
Wij = (Tij, Lij, Fij),  with Ty + Ii; + Fy; <1,
where
Ti; € [0,1]  (truth or positive influence), I;; € [0,1] (indeterminacy),

F;; €[0,1] (falsity or negative influence).
Adjacency Matriz of an NCM. The adjacency matrix W of an NCM is a matrix whose
(i, j)-th entry is Wy; = (Tjj, 1ij, Fij). Each row-column entry thus encodes the neutrosophic
weights from one concept to another.

State Vector. At time ¢, the system’s state is given by a vector

A(t) = [ar(t), az(t),...,an(t)],

where each a;(t) € [0, 1] denotes the activation level of concept C; at time t.
State Update Rule. The state evolves in discrete time. Given the adjacency matrix W, the

new state A(t 4 1) is computed by:
A(t+1) = Threshold (A(t) . W),

where
n

(A(t) . W)j = Z(TW . ai(t) — Fij . ai(t) + I - ai(t)),
i=1
and Threshold(-) re-scales or normalizes the result to remain within [0, 1]".
Fized Point and Limit Cycle. A fized point is a state A* where A* = Threshold(A*-W). A

limit cycle is a finite sequence of states { A(t), A(t+1),..., A(t+k)} that repeats periodically.

Example 3.27 (NCM Illustration). Scenario: Suppose we have three concepts related to a

simplified economic model:

e ('1: Employment rate

o (y: Investment level
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e (C5: Consumer confidence

Let these concepts form an NCM with the following edges and neutrosophic weights:
W12 = (0.6, 0.2, 0.0), Ws3 =(0.4,0.3,0.1), W33 = (0.0, 0.2, 0.5),

and assume no other direct influences exist, so any missing edges have weight (0,0, 0).
Interpretation of Weights:

e Wi = (0.6,0.2,0.0): If the employment rate (C1) rises, it positively influences invest-
ment level (Cy) with a truth degree of 0.6. There’s some uncertainty (0.2) about the
relationship, and no negative influence.

o Was = (0.4,0.3,0.1): Investment level (C2) tends to increase consumer confidence (Cs)
but with moderate uncertainty and a small negative component (e.g., risk of inflation).

e W3, =(0.0,0.2,0.5): Consumer confidence (C3) might negatively impact employment
rate if, for example, overconfidence leads to unstable spending (falsity = 0.5). There’s

also 0.2 uncertainty in this link.
State Update:
A(t) = [ar(t), ax(t), as(t)].
Then
A(t+1) = Threshold(A(t) : W) - Threshold((Xl, X, X3)>,

where, for instance,
3

Xo = Z(Tz — Fyo + Iig) ai(t).
i=1
If we pick an initial state A(0) = [0.5, 0.3, 0.8], we iteratively update A(1), A(2),... until the
system stabilizes or settles into a cycle.
Why It’s Useful:
o Capturing Uncertainty: Each weight includes truth, indeterminacy, and falsity—help-
ful when exact causal strengths are not fully known.
e Modeling Complex Feedback Loops: NCMs can capture cyclical influences (e.g., C1 —
Cy and Cy — (5 and possibly C3 — C).
e Possible Qutcomes: The model might converge to a fixed point (e.g., stable
employment-investment-confidence levels) or oscillate if the feedback loops are strong

or uncertain.

This example provides an illustration of how to construct and interpret an NCM in a simple

economic context.

Definition 3.28 (HyperNeutrosophic Cognitive Map (HNCM)). A HyperNeutrosophic Cogni-
tive Map (HNCM) is a generalization of a Neutrosophic Cognitive Map, in which each directed
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edge is associated with a set of neutrosophic weights rather than a single neutrosophic triple.

Formally, let
g= (C) E )
be a directed graph where:

o C={C1,Cy,...,Cy} is a finite set of n concepts.
e £ C (C x(isa set of directed edges.

For each edge (C;, C;) € E, the associated weight is a HyperNeutrosophic Set
Wi; € [0,1)?,
where each element of Wj; is a triple (Tk(CZ-, C;), I (Ci, Cj), Fi(Cy, C’j)) satisfying:
0 < Ti(Cy,Cj) + I(Cy,Cj) + Fip(C;,Cy) < 3.
That is, for edge (C;, Cj),
Wi = {(Tk(ci,cj),fk(ci,cj),Fk(ci,cj)) | ke ICU} c [0,1)%,

where K;; is an index set representing multiple evaluations or sources of uncertainty for the
causal relationship from C; to Cj.

HNCM Adjacency Representation. The adjacency structure of an HNCM can be recorded
in a matrix W whose (4, j)-th entry is the hyperneutrosophic set W;;. That is,

W= [W;], Wy C [0,1]%.

State Vector and Update Rule. Let A(t) = [a1(t),a2(t),...,an(t)] be the state of the
concepts at time ¢, where a;(t) € [0,1]. An HNCM typically requires an aggregation operator
to combine the multiple neutrosophic triples in W;;. One common approach is to define
a function Agg : P([0,1]) — [0,1]3 that aggregates the set of triples in W;; into a single
effective triple:

Agg(Wij) = (Tij Lij, Fij),
where
Tij+ 1+ Fij < 3.
Once aggregated, the state update rule can be modeled analogously to a standard NCM, for

example:

(A(t—i— 1))j = Threshold(Z [TU ai(t) — Fij ai(t) + Tij ai(t)D,
i=1
where Threshold is a normalization (cf. |20} 36]) or clipping function (cf. [44]) ensuring

(A(t+1)); € [0,1]. Alternative aggregation or update rules may be used depending on the

application.
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Definition 3.29 (n-SuperHyperNeutrosophic Cognitive Map (n-SHNCM)). An n-
SuperHyperNeutrosophic Cognitive Map is a further generalization of a HyperNeutrosophic
Cognitive Map, where each directed edge is associated with an n-SuperHyperNeutrosophic Set
rather than a HyperNeutrosophic Set. Formally, let

Gg=(CFE)

be a directed graph where:

o O ={C1,Cy,...,Cy} is a finite set of n concepts.
e £ C (C x(isa set of directed edges.

For each edge (C;,Cj) € E, the associated weight is an n-SuperHyperNeutrosophic Set

W Pu({(Ci C))Y) — Pu((0,11%),

v

where P, denotes the n-th nested family of non-empty subsets, as in the definition of n-
SuperHyperNeutrosophic Sets. Concretely, Wi(]n) assigns to each A € P,({(Cy,C})}) a subset
of [0,1]3, such that:

0 <TH+I+F <3

for each triple (T, 1, F') in that subset.

Intuitive Interpretation. The n-SuperHyperNeutrosophic Set on each edge (Cj, C;) encap-
sulates not just multiple neutrosophic evaluations (k-indexed), but multiple levels (or layers)
of hierarchical uncertainty. For instance, the first level might capture direct uncertainty from
data, the second level might capture expert disagreements about that data, and so forth, up
to n nested levels.

Adjacency Representation.  The adjacency structure of an n-SHNCM can be en-
coded in an n-level superhyperneutrosophic matriz, with each entry Wi(jn) being an n-
SuperHyperNeutrosophic Set that maps nested subsets to subsets of [0, 1]3.

State Vector and Update Rule. Let

A(t) =[a1(t),a2(t),...,an(t)]

be the state vector at time t. To apply an update, one must first define a procedure to collapse
or aggregate the n-SuperHyperNeutrosophic Set on each edge into an effective triple or small

set of triples suitable for computing a concept’s activation. For example, one might define:
Agg, (Wi(;l)) c [o, 1]3

as an aggregation operator that extracts the relevant truth, indeterminacy, and falsity values

from the hierarchical structure. Then, each concept’s next state (A(t+1)); can be computed
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using a generalized version of the NCM or HNCM update mechanism:

n
(A(t +1)); :Threshold(z [TU ai(t) — Fijai(t) + Ty ai(t)D,
i=1
where {T;,1,;j, Fi;} C Agg, (Wijn)) and Threshold ensures the result remains in [0, 1].
Key Properties of an n-SHNCM:
e Hierarchical Uncertainty: Multiple nested layers of indeterminacy or conflicting data
are represented within each edge.
o Complex Aggregation: The user must specify an aggregation operator Agg,, to interpret
the hierarchical structure for updating concept states.
o (Generalized Dynamics: Similar to standard cognitive maps, the system may evolve to
fixed points, limit cycles, or exhibit chaotic behavior, but now under deeper multi-level

uncertainty.

Theorem 3.30 (Generalization Property of n-SuperHyperNeutrosophic Cognitive Maps). An
n-SuperHyperNeutrosophic Cognitive Map (n-SHNCM ) strictly generalizes both the Hyper Neu-
trosophic Cognitive Map (HNCM) and the Neutrosophic Cognitive Map (NCM). Concretely:

(1) If n =0, the n-SHNCM reduces to a standard Neutrosophic Cognitive Map.
(2) If n =1, the n-SHNCM reduces to a HyperNeutrosophic Cognitive Map.

Forn > 1, it provides additional nesting of neutrosophic information, thereby generalizing both

HNCMs (n=1) and NCMs (n=0).

Proof. We recall the following definitions:

e A Neutrosophic Cognitive Map (NCM) assigns, to each directed edge (C;, C;), exactly
one neutrosophic triple (Tj, I;;, Fij), with Tj; + I;; + Fij < 1.

e A HyperNeutrosophic Cognitive Map (HNCM) assigns, to each edge (C;, C}), a set of
neutrosophic triples W;; C [0, 1]3. Each triple in that set must satisfy T+ I + F < 3.
Typically, after an aggregation step, one obtains an effective triple (or small set of
triples) to compute causal influences.

e An n-SuperHyperNeutrosophic Cognitive Map (n-SHNCM) assigns, to each edge
(Cs,Cj), an n-SuperHyperNeutrosophic Set of neutrosophic triples. This set is recur-
sively or hierarchically defined up to n levels, capturing additional layers of uncertainty

or contradictory evaluations.

Case n = 0: By definition, a 0-SuperHyperNeutrosophic Set for each edge is just a single
neutrosophic triple (Tij,Iij,Fij). Hence each edge (Cj, Cj) holds precisely one triple. This
matches exactly the data structure of a standard Neutrosophic Cognitive Map. Therefore,

when n = 0, the n-SHNCM coincides with an NCM.
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Case n = 1: When n = 1, each edge (C;,Cj) is assigned a HyperNeutrosophic Set of neu-
trosophic triples rather than just one triple. This is precisely the definition of a HyperNeu-
trosophic Cognitive Map (HNCM). Hence for n = 1, the n-SHNCM reduces to the HNCM
framework.

Case n > 1: For n > 1, an n-SuperHyperNeutrosophic Set is a nested, higher-order general-
ization of a HyperNeutrosophic Set. One obtains successively deeper layers of neutrosophic
evaluations. The resulting map can capture more complex or multi-level contradictory opin-
ions. This structure naturally subsumes the single-level sets of a HNCM (n = 1) and the single
triple of an NCM (n = 0).

Hence, for each integer n > 0:
n =0 = standard NCM, n=1 = HNCM, n >1 = strict generalization beyond HNCM.

Thus, an n-SHNCM indeed generalizes both HNCM (n = 1) and NCM (n =0).

Theorem 3.31 (Layer-by-Layer Aggregation Consistency). Let Agg, be an aggregation op-
erator that collapses each n-SuperHyperNeutrosophic Set Wi(jn) into finitely many (or one)
representative triple(s). Suppose for each edge (C;, C}),

Agg, (W) C [0,1)%,

and for every triple (T, I, F) in the output, we have T + I + F < 3. If Agg, is layer-wise
consistent, i.e. it respects the nested structure in 75n([0, 1]3) at each level, then the final
aggregated map is well-defined for an n-SHNCM.

Statement. Layer-wise consistency means that if V;gk) C Pr([0,1]%) is a k-fold subset at level

k, and Vigkﬂ) extends it at level (k + 1), then

Aggk—&-l(Vigk’-i-l)) coincides or refines Aggk(vigk)),

ensuring no contradictions among nested layers. Under this assumption, the aggregator Agg,,
produces a unique or consistent triple set at the final output, guaranteeing a well-defined n-

SHNCM adjacency representation.

Proof. Consider the nested sets:

v cy@ c...cym

)

where each V*) ¢ 75k([0, 1]3). By hypothesis, Agg,, composes Agg,, layer by layer. Specifically,
Agg, 1 (V(k+1)), restricted to level k, must match Agg, (V(k)). This compositional property
ensures that the final aggregator output at level n is independent of the path chosen to ag-

gregate intermediate subsets. Hence, the aggregator is well-defined across all edges (Cj, Cj).
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As each triple (T, I, F) satisfies T+ I + F < 3, the neutrosophic constraints remain intact,
thereby giving a well-defined final adjacency representation for the n-SHNCM.

Theorem 3.32 (Fixed Point under Contractive Aggregation). Let an n-SHNCM have a state

update rule
Alt+1) = F,(A®1)),

where F, : [0,1]" — [0,1]" is formed by aggregating each n-SuperHyperNeutrosophic edge set
Wi(fb) and summing influences. Assume there exists a metric d(-,-) on [0,1]" such that F, is
a strict contraction, i.e. for all A, B € [0,1]":

d(Fn(A), Fo(B)) < Md(A,B), for some constant 0 < X < 1.
Then there exists a unique fized point A* € [0,1]™ such that
E,(A") = A*.

Proof. This is an application of the Banach Fixed Point Theorem (also known as the Con-
traction Mapping Principle). Since F), is defined on the complete metric space ([0, 1]", d) and
satisfies d(Fy,(A), Fr(B)) < Ad(A, B) with A < 1, there is a unique fixed point A* satisfying
A* = F,(A*). Existence follows by iterative updates from any initial state, and uniqueness

follows because a strict contraction cannot admit two distinct fixed points.

Theorem 3.33 (Boundedness of A(t) for n-SHNCM). In an n-SHNCM, let A(t) € [0,1]™
evolve via any aggregator-based update rule. Then for all times t > 0, we have A(t) € [0, 1]™.
In other words, the state remains in the unit hypercube [0,1]" regardless of the complexity or

depth n of the superhyperneutrosophic edges.

Proof. By definition, each aggregator Agg, (Wig.n)) returns neutrosophic triples (7', I, F') with
T+1+F <3andeachT,I,F €[0,1]. The update for each concept Cj is typically:

(A(t + 1))J = Threshold (zn: [Tl] a; (t) — Fij ai(t) + Iij Cbi(t)] ),

i=1
where Threshold is some normalization or clipping that maps real values into [0,1]. Since
ai(t) € [0,1] and Tj, Fij, 1;; € [0,1], the inner expression is bounded (in, say, [-n,+n]). The
Threshold function ensures (A(t+1)); € [0, 1]. Therefore, A(t+1) € [0,1]", and by induction

on t (starting from some A(0) € [0,1]™), all future states remain in [0, 1]". g
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3.4. Neutrosophic Classifier

A classifier is a function or algorithm that assigns input data to predefined categories or
classes based on learned patterns or rules from training data [12[28,1234]. A Neutrosophic
Classifier leverages neutrosophic logic to address uncertainty by assigning truth, indeterminacy,
and falsity degrees for classification tasks [15}|16}71},285].

A related concept is the Fuzzy Classifier, which uses fuzzy logic to handle uncertainty by
assigning membership degrees to classes, enabling flexible and imprecise decision boundaries
[39,/1654208,301]. Additionally, the Intuitionistic Fuzzy Classifier is another known approach
in this context [154}265[273].

This  section introduces the  HyperNeutrosophic  Classifier —and the n-
SuperHyperNeutrosophic Classifier, which extend the Neutrosophic Classifier framework to

higher levels of complexity and abstraction.

Definition 3.34 (Supervised Learning). [40/55,59,/119] In general, Supervised Learning is
a method in machine learning that involves learning a relationship or mapping between a set
of input variables X and an output variable Y based on labeled training data. The goal is to
construct a model f, which minimizes the risk and accurately predicts the output for unseen
data. The training dataset consists of pairs (z;,y;), where z; € X and y; € Y. Using the
principle of risk minimization, the model f is optimized to generalize well to new data. Once

trained, the model can be applied to infer outputs for new, unlabeled inputs.

Notation 2. All definitions assume a supervised learning context in which we have:

Tmim’ng set D = {(1‘1, yl)a (x27 y2)> SRR (xma ym)}:

where x; € RY (feature space), and y; € C = {c1,ca,...,cx} is the set of class labels.

Definition 3.35 (Neutrosophic Classifier). Let X = R? be the feature space, and let C =

{c1,¢2,...,cK} be a finite set of classes. A Neutrosophic Classifier is a function
N:X — [0,1 x - x [0,1]® (K times),

so that for each input x € X, the classifier outputs a K-tuple of neutrosophic membership

triples:
N(IE) = ((T1($>,Il($),F1<l')), R (TK(x)ajK(x>7FK(x>))7
where each triple (Tj(x), I;(x), Fj(z)) € [0, 1]? satisfies

Tj(x) + Ij(z) + Fj(z) < 3.

Intuitively, Tj(z) represents the degree of truth-membership (confidence that z is in class ¢;),

I;(x) the degree of indeterminacy, and F)j(x) the degree of falsity.
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Classification Decision: Typically, one might apply a defuzzification or neutrosophic decision

function to map the neutrosophic outputs to a crisp label in C. For example:
j(z) = Ti(z) — F )
J(x) = arg 113%{( j(@) — Fj(z) ),

or any other decision rule that accounts for (1}, I;, F}).

Definition 3.36 (HyperNeutrosophic Classifier). Let X = R? and C = {ci,...,cx}. A
HyperNeutrosophic Classifier is a function

HN =X — (P(0,12)",

where for each x € X and for each class c;,
HN('r)J = WJ(‘T) - [07 1]37
is a HyperNeutrosophic Set of possible triples {(Tk, Ix, Fx)}. Each triple (Tk, Ix, Fy) within
W;(x) must satisfy
T+ I+ F, < 3.

Rather than assigning one neutrosophic triple to class c¢;j, the HyperNeutrosophic Classi-
fier assigns a nonempty subset of [0,1]3. Different elements in this subset might represent
multiple experts’ opinions, different data sources, or uncertain/conflicting evaluations of the

membership degrees for class c;.

Decision Rule: One commonly aggregates each set W;(z) into a single representative triple,

e.g.

(T.1.F), (@) = Agg(Wy()),

then apply a neutrosophic-based decision rule, such as

(@) = arg max(T,(w) = F ().

Definition 3.37 (n-SuperHyperNeutrosophic Classifier). Let X = R? and C = {c1,...,cx}.
An n-SuperHyperNeutrosophic Classifier is a function

SHN™ . x - (ﬁn([o, 1]3))K,

where P, ([0,1]%) denotes the n-th nested family of non-empty subsets of the unit cube [0, 1]3.

Concretely, for each x € & and class c;,
SHN™(x); = Wi (),
where Wj(n) (z) € Pn([0,1]?). Each nested membership structure satisfies the constraint
YT,L,F)e W (z) : T+I+F < 3.

At level n = 0, W](O) (x) is simply a single triple (7', I, F'), matching a standard Neutrosophic
Classifier. At level n = 1, W](l)(x) C [0,1]? is a HyperNeutrosophic set, i.e. multiple triples.
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For n > 2, one obtains hierarchically nested sets-of-sets, capturing multi-level or multi-source
uncertainty at each depth.

Decision Step: One typically defines an aggregation operator Agg, : P,([0,1]%) — [0,1]3 to
collapse each nested membership structure to a single triple. Then the classification decision

can be performed via a neutrosophic-based rule on these aggregated triples.

Theorem 3.38 (Reduction Property of n-SuperHyperNeutrosophic Classifier). An n-
SuperHyperNeutrosophic Classifier reduces to a HyperNeutrosophic Classifier if n = 1, and

reduces to a standard Neutrosophic Classifier if n = 0.

Proof. By definition, Py ([0, 1]?) is just a single triple (T, I, F). Thus, if n = 0, SHN® assigns
exactly one triple to each class, i.e. a Neutrosophic Classifier. If n. = 1, P;([0, 1]*) = P([0, 1]%)
is a set of one or more triples in [0, 1]?, forming a HyperNeutrosophic set. Hence SHN )
becomes a HyperNeutrosophic Classifier. For n > 1, each class membership is an n-th nested

structure, strictly more general than n =1 orn =0.

Theorem 3.39 (Well-definedness of SHN (”)). Let SHN'™ be an n-SuperHyperNeutrosophic
Classifier. Suppose for each class c;, Wj(n) (z) € Pn([0,1]*) is generated via a function

(n) > 3
e X — P[0, 1),
which respects the condition T + I + F < 3. Then SHN'™ is well-defined for all z € X.

Proof. We must check that each WJ(-n) (z) is indeed in P,([0,1]*). By assumption, @}n) con-
structs an element of the n-th nested power set. Moreover, each triple within the structure
satisfies T4+ I+ F < 3. Since j € {1,..., K} is finite, the classifier output is a K-tuple of valid
n-SuperHyperNeutrosophic sets. Thus, SHN (") ig properly defined on the entire domain X.

0

Theorem 3.40 (Continuity of a Parametric SHN(”)). Suppose SHN'™ depends on parame-
ters ©, i.e. each W](n) () is generated by a continuous function of (z,©) into Pn([0,1]>. If the
aggregator and set-construction steps are all continuous with respect to © and x, then SHN™)

is a continuous map from X x © into (7571([0, 1]3))K.

Proof. Each step in producing Wj(n) (x) is assumed continuous with respect to the real param-
eters © and the input z. The nested structure P,([0,1]?) can be embedded or represented in
a suitable topological space (e.g. via canonical encodings or representing each level’s subsets).
Under a standard product topology, continuity follows by composition of continuous maps at

cach stage. Therefore, SHN (™ (x;©) is continuous in both arguments.
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Theorem 3.41 (Fixed-Structure Theorem for Classifier Consistency). Consider a training set
{(zi,yi)}. Suppose the classifier SHN™ uses a fized, non-trainable aggregator Agg,. that maps
each W](n) (x) to a single triple mj (z). If Agg,, and the mapping from input to Wj(n) (z)
remain unchanged during training, then the classification boundaries are determined by the
aggregator result. Specifically, if §(z) = argmax;(T;(z) — F;(x)), any parameter updates that

do not alter W](n) () or aggregator logic cannot change the decision boundary.

Proof. Because the aggregator Agg, and the membership structure Wj(n)(:n) are assumed fixed,
none of the computed triple (T, I, F) ;,(x) can change. Hence, for all z, the final numeric score
Tj(x) — Fj(z) is invariant. Therefore, the classification boundary (i.e. the set of z € X where
max;(Tj(z) — F;(z)) is tied or changes among classes) remains the same. Thus, no parameter
modifications that do not affect WJ(-n) or aggregator logic can alter the classifier’s decision

function.

Theorem 3.42 (Universal Approximation under Suitable Encodings). Let SHN ™) be a para-
metric n-SuperHyperNeutrosophic classifier, which encodes each n-SuperHyperNeutrosophic set
into a finite-dimensional vector (through an appropriate embedding) and then applies a uni-
versal approximator (e.g. a multilayer perceptron). Suppose the embedding and aggregator are
sufficiently flexible to represent or approximate any continuous function X — (75n([0, 1]3))K.
Then, for any continuous target classification function f*(x) (mapping x to some ideal mem-
bership structure in Py ([0,1]3)), there exists a sequence of parameter settings O, such that

lim [|SHN ™ (2;0,,) — f*(2)|| = 0,

m— 00

uniformly on compact subsets of X. Hence, SHN™ is a universal approzimator in the domain

of nested neutrosophic set-based classification.

Proof. The universal approximation argument proceeds by noting that each element of
P.([0,1]?) can be encoded into a finite (though possibly large) dimensional representation
(e.g., by enumerating or sampling from the nested membership sets). A sufficiently expressive
neural network or parametric system can approximate any continuous mapping from X — Z
for Z ¢ RM. Composing this neural net with a suitable decoding step that reconstructs or
interprets the aggregated sets ensures that the entire map can approximate any continuous
target function f*. The details rely on standard universal approximation theorems plus a
consistent encoding/decoding scheme for the nested sets. Convergence in the sup norm (or

uniform metric) follows from classical results in neural net approximation theory.
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3.5. Neutrosophic Triplet Group

A Neutrosophic Triplet is an ordered triple that adheres to specific neutral and anti-
properties with respect to a binary operation [10,221,222,1257,1259]. Related concepts, such
as Neutrosophic Duplets, are also recognized in the literature [149,/179,296]. This frame-
work has been further extended to encompass the HyperNeutrosophic Triplet and the n-
SuperHyperNeutrosophic Triplet.

Definition 3.43 (Neutrosophic Triplet). [257] Let (N , *) be a nonempty set N with a binary
operation * : N x N — N. For an element a € N, a neutrosophic triplet is an ordered triple

(a,neut(a), anti(a)) such that:
axneut(a) = neut(a)xa = a, and axanti(a) = anti(a) *a = neut(a).

The elements a, neut(a), and anti(a) are said to form a neutrosophic triplet. In this context:

e neut(a) is called a neutral of a (which replaces or generalizes an identity-like element
but only relative to a).
e anti(a) is called an anti of a (which replaces or generalizes an inverse-like element but

only relative to a).

Definition 3.44 (Neutrosophic Triplet Group). A Neutrosophic Triplet Group (NTG) is a
pair (N , *) such that:
(1) Closure: For any z,y € N, we have z xy € N.
(2) Associativity: For all x,y,z € N, (xxy) *z =z x (y x 2).
(3) Ewistence of Neutrosophic Triplets: For every a € N, there exist neut(a), anti(a) € N
such that

axneut(a) = neut(a) xa = a, a*anti(a) = anti(a)* a = neut(a).

We emphasize that neut(a) replaces the notion of a group identity for the specific element a,
and anti(a) replaces the notion of an inverse for a. Unlike a classical group, these neutral and

anti elements can vary with a.

Example 3.45. Consider (ZG, ><6), where Xxg is multiplication modulo 6. We observe:
2x64 = 8=2 (mod6), 2x2 = 4 (mod 6).

Hence for a = 2:
neut(2) =4, anti(2) =2,
satisfying
Ikd=4%2=2 2x2=4, 4xd=4.
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Thus (2, 4, 2) is a neutrosophic triplet. Checking associativity and closure reveals (Zﬁ, ><6) is
not a classical group, yet it has valid neutrosophic triplets for certain elements. If each element

admits such triplets, it forms an NTG (modulo verifying all conditions).

Definition 3.46 (Commutative NTG). An NTG (N, x) is commutative if 2y = y*z for all
xz,y € N.

Definition 3.47 (HyperNeutrosophic Triplet Group). A HyperNeutrosophic Triplet Group
(HNTG) is a pair (N, ) such that:
(1) Closure & Associativity: For all z,y € N, x xy € N, and « is associative.
(2) HyperNeutrosophic Triplets: For each a € N, there is a set of neutrals NeutSet(a) C N
and a set of antis AntiSet(a) C N, such that for every b € NeutSet(a) and ¢ €
AntiSet(a),

axb=bxa=a, and a*xc=cxa=0>0.

In other words, each element a has multiple possible pairs (b, ¢) forming hyperneutro-

sophic triplets (a, b, c).

Remark 3.48. In a HyperNeutrosophic Triplet Group, each a can have infinitely many neu-
trals NeutSet(a) and infinitely many antis AntiSet(a). This is an extension of the single-triple

idea where we replace neut(a) by a set of possibilities and anti(a) by another set.

Example 3.49. Let (N , *) be the same set as in a Neutrosophic Triplet Group example, but
suppose for each element a, we define a set of neutral candidates NeutSet(a) C N and a set of
anti candidates AntiSet(a) C N. As long as for each b € NeutSet(a) and ¢ € AntiSet(a) the
required conditions hold, we get a valid HNTG.

Definition 3.50 (n-SuperHyperNeutrosophic Triplet Group). Let n be a nonnegative integer.
An n-SuperHyperNeutrosophic Triplet Group (n-SHNTG) is a pair (N, *) such that:

(1) Closure & Associativity: = is associative and closed on N.
(2) Nested Triplets Up to Level n: For each a € N, we have an n-fold nested family of

possible neutrals and antis. More explicitly, at level k < n, we define
NeutSet™(a) € N, AntiSet™ (a) C N.

At each level k, for every pair (b, ¢) with b € NeutSet*) (a) and ¢ € AntiSet®) (a), the
triple (a, b, ¢) satisfies

axb=bxa=a, axc=cxa=0b0.

Additionally, the levels are nested in the sense that NeutSet**1)(a) refines or extends
NeutSet®) (a) and similarly for AntiSet*)(a).
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Theorem 3.51 (Generalization Property). Every n-SHNTG with n = 0 reduces to a Neutro-
sophic Triplet Group (NTG), and every n-SHNTG with n = 1 reduces to a HyperNeutrosophic
Triplet Group (HNTG).

Proof. If n = 0, we allow no hyper-sets of neutrals or antis—only single elements. Hence the
definition collapses exactly to a Neutrosophic Triplet Group: each a has a single neut(a) and
single anti(a). If n = 1, for each a we define NeutSet™ (a), AntiSet™) (a) as sets of neutrals
and antis, recovering the HNTG definition from Definition O

Theorem 3.52 (Reduction Homomorphism). Let p,_m, be a surjective map from the n-
SuperHyperNeutrosophic structure to an m-SuperHyperNeutrosophic structure, with m < n.

Suppose
pn—>m(a * b) = pn—>m(a) Kpn—nn(b)v
and similarly for all nest levels of neutrals and antis. Then (N, ) at level n reduces to (or

homomorphically maps onto) the (m)-SHNTG structure.

Proof. We define p,—p, to flatten or select subsets from the n-level hyperstructures. If pn—m
respects the binary operation % (i.e., is an algebraic homomorphism) and commutes with the
nested neutrals and antis at each level, the resulting image is a valid m-SHNTG. Details parallel

standard homomorphism arguments in universal algebra but adapted to nested triplets.

Theorem 3.53 (Existence of Trivial Triplets at Each Level). In an n-SHNTG, for every
idempotent element x (i.e. x xx = x) at any level k < n, the triple (z,x,z) forms a trivial

(hyper)neutrosophic triplet (or nested family thereof).

Proof. If o+ x = x, then for each k < n, one can place z in NeutSet®) () and AntiSet (z),

satisfying x xx =z and x xx = z.

Theorem 3.54 (Associativity Preservation). In a HyperNeutrosophic or n-SHNTG, associa-
tivity is a global property that must hold for all elements, not just for those forming a single
triplet. Consequently, modifying the set of possible neutrals/antis for certain elements must

preserve associativity across the entire structure.

Proof. Follows from standard arguments in universal algebra: The binary operation * must
be globally associative, i.e. (z*y)* 2z = z* (y* z) for every z,y,z € N. Defining or modifying
hyperneutrosophic sets NeutSet®) () or AntiSet®) () does not remove the requirement that

* remains associative on all of N.
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4. Additional Result: Hyperfuzzy Extension

In this section, we explore extensions based on Hyperfuzzy and Superhyperfuzzy concepts

rather than HyperNeutrosophic sets.

4.1. Neuro-Hyperfuzzy System

A Neuro-Fuzzy System integrates the learning capabilities of neural networks with the rea-
soning mechanisms of fuzzy logic, enabling effective decision-making in uncertain environ-
ments [41},/42,78,/125,136,/156,/158]. This hybrid approach leverages the strengths of both
neural and fuzzy systems, making it suitable for a wide range of applications. Additionally, a
related concept, the Neuro-Neutrosophic System, has been discussed in the literature [89,271].

In this subsection, we examine the Neuro-Hyperfuzzy System and its extension, the Neuro-

Superhyperfuzzy System. Definitions and relevant details are provided below.

Definition 4.1 (Neuro-Fuzzy System). (cf. [78,/125,156]) A Neuro-Fuzzy System (NFS) is a
hybrid intelligent system that integrates fuzzy logic-based reasoning with the learning capa-

bilities of neural networks. Formally, it is represented as a tuple:
N=X)Y,FR,L),

where:

e X C R"™: The input space, where n is the number of input variables.
e Y C R™: The output space, where m is the number of output variables.

F={fi,f2 ..., fp}: A set of fuzzy membership functions defined on X.

R ={ry,ra,...,17q}: A set of fuzzy rules, each of the form:

n m
rg : IF /\ (x; is pg;) THEN /\ (yj is vij)
i=1 j=1
where py; and vy are fuzzy sets for the inputs and outputs, respectively.
e L: A learning algorithm that adjusts F and R based on training data T' = {(z¢, y:) }Yq,
where z; € X and 3 € Y.

Definition 4.2 (System Structure of Neuro-Fuzzy System). The architecture of an NFS can

be represented as a multi-layer feedforward network consisting of the following layers:
(1) Input Layer: Directly represents the input vector z = (z1, 2, ..., xy).
(2) Fuzzification Layer: Transforms crisp inputs into fuzzy values using membership func-
tions:
pri(i) = fri(zs), Yk, i
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(3) Rule Layer: Computes the firing strength of each fuzzy rule ry as:
n
Activation: A = /\ ki (),
i=1
where A is a t-norm (e.g., the minimum operator).

(4) Aggregation Layer: Aggregates the outputs of all rules using:

q
\/Ak vi(y

where \/ is a t-conorm (e.g., the maximum operator), and vk(y) is the output fuzzy
set for rule ry.

(5) Defuzzification Layer: Converts the aggregated fuzzy output into a crisp value:

 Jyevy vy dy
B fyey V(y) dy

Definition 4.3 (Learning Algorithm). The learning process optimizes the parameters of F'

and R to minimize a loss function:

Zuyt i 0)2,

where:

e O: The set of all parameters, including fuzzy membership function parameters and
rule weights.

e §(z4;©): The output of the NFS for input z; under the current parameter set ©.

Gradient-based methods or heuristic approaches are employed to adjust © iteratively.

Definition 4.4 (Constraints and Interpretability). To ensure interpretability and consistency:

e Fuzzy membership functions py; must satisfy overlap constraints (e.g., intersections at
membership degree 0.5).

e Rules R should be mutually non-contradictory and logically consistent.

Definition 4.5 (Neuro-Hyperfuzzy System (NHFS)). A Neuro-Hyperfuzzy System (NHFS) is
a hybrid framework integrating a neural network architecture with hyperfuzzy-based member-

ship functions and rules. Formally, we define it as a 5-tuple
NH = (XaYaﬁaéaﬁH)a

where:

e X C R™: the input space (n real-valued features).

e Y C R™: the output space (m real-valued target variables).
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F= { fioens fp}: a set of hyperfuzzy membership functions, each

[ ]
fr: X — P([0,1]),
meaning for every input z € X, fk(az) C [0,1] is a (non-empty) set of membership
values.
e R= {F1,...,7¢}: aset of hyperfuzzy rules. Each rule 7 has the form
n m
oo IF /(i ds fir)) THEN A (y; is i),
i=1 j=1

where [ig;, U; are hyperfuzzy membership functions applied to inputs z; and outputs

Yy, respectively.

e Ly a learning algorithm that updates F' and R based on training data {(z,90) MY,

aiming to minimize a specified loss function (e.g., MSE) while accommodating the

hyperfuzzy membership framework.

Definition 4.6 (Neuro-n-SuperHyperfuzzy System (NSHFS)). Let P,([0,1]) be the n-
SuperHyperfuzzy extension of [0,1]. A Neuro-n-SuperHyperfuzzy System extends the Neuro-

Hyperfuzzy System to n nested levels of hyperfuzzy membership:

where:

NSH,n = <X7 Y7 Frw R?’l) ﬁH,n>7

Fo = {fa1,- s fap}, each
fn,k X = 75n([0, 1])7

describes membership via n-level nested sets in [0, 1].

o Ry, ={fn1,...,Tngq}, €ach rule 7, j is:

n m
Pr : IF N\ (2488 fin i) THEN A (y; i o gj)-
i=1 Jj=1

Here, fi, ki, Unkj are n-SuperHyperfuzzy membership functions.

o Ly is a learning algorithm adapted to handle the n-SuperHyperfuzzy membership

structure. It optimizes both F}, and R, using training data under higher-order uncer-

tainties.

Theorem 4.7 (Universal Approximation for Neuro-Hyperfuzzy Systems). Let X C R" be a

compact set, and let f : X — R"™ be a continuous function. Then, for every e > 0, there exists

a Neuro-Hyperfuzzy System

such that for all x € X,

~

1f(x) = f(@)l <e,
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~

where f(x) is the NHFS output.

Proof. Step 1: Discretization of the Input Space. Since X is compact in R™, we can construct a
finite covering by hyper-rectangles or grid points {xg}szl such that each point of X lies within

. By the uniform continuity of f on a compact set, there exists

d-distance of at least one x
§ > 0 ensuring |f(z) — f(z°)| < /2 whenever ||z — z°| < 6.
Step 2: Construction of Hyperfuzzy Membership Functions. For each zf, define a hyperfuzzy

membership function
fo:X = P([0,1])

such that: 1. If z is within d-distance of 2, fg(:r) includes a subset of membership degrees near
1 (e.g., [0.8,1] C fo(z)). 2. Otherwise, fy(x) is concentrated near lower membership degrees
(e.g., [0,0.2]).

Here, each fg(ac) is a set of membership degrees rather than a single number, accommodating
local variations. Conceptually, this divides X into overlapping “regions,” each associated with
a hyperfuzzy membership structure around z¢.

Step 3: Defining Hyperfuzzy Rules. Let R = {F1,...,7r}, where each rule 7y is triggered
mostly around x‘. We denote an output function y* =~ f(z*) for each £. Then:

n
fo: IF N (wiisji) THEN yisi,
i=1

where fiy; is essentially fg focusing on the i-th dimension, and 7y is a hyperfuzzy set capturing
y' in [0, 1] for some normalized representation or membership-coded output. The combination
of these rules covers the entire input domain.

Step 4: Rule Aggregation and Defuzzification. The system aggregates contributions from
each 7. When z is near z¢, fg(x) will be high (subset near 1). Thus, rule 7, dominates the
output, yielding an approximation close to 3 ~ f(z*). By uniform continuity, if z is near ¢,

f(z) is near f(z'), ensuring

~

1f(z) = f(@)| <e

for appropriate choice of membership boundaries and defuzzification methods.

Step 5: Learning Algorithm. The learning algorithm L refines these memberships and rules
to further reduce approximation error. With gradient-based or other optimization methods,
the membership sets fg and output sets 7y converge to a configuration that keeps f(z) within
e of f(x).

Since each step can be made arbitrarily precise by refining the covering and adjusting

membership sets, the Neuro-Hyperfuzzy System attains universal approximation. g
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Theorem 4.8 (Universal Approximation for Neuro-n-SuperHyperfuzzy Systems). Let X C R"”
be compact, and let f : X — R™ be continuous. Then, for every e > 0, there exists a Neuro-n-
SuperHyperfuzzy System
Nistin = (X,Y, Py R, 11,0 )
such that
1Fu(@) — f@)l < forallw € X,

where fn(x) is the system output under n-SuperHyperfuzzy membership.

Proof. The construction is similar to that in Theorem but each membership function fn,k
and rule 7, ;. uses an n-SuperHyperfuzzy Set, providing nested or higher-level uncertainties.

Step 1: Nested Membership Definition. For each grid point z¢, define
foe X = Pn((0,1)),

so that f, ¢(z) includes multi-level membership subsets. Each level (1 through n) refines the
degree of confidence or uncertainty, allowing flexible overlaps among different “regions” of
x-space.

Step 2: n-SuperHyperfuzzy Rules. Construct ¢ rules 7y 1,...,7y 4, each referencing f~n7£

membership sets. A typical rule might be:

n

P 1 IF N\ (i1 fin,e) THEN  yis i,
=1

where fi,, ¢; is a membership set in 75n([0, 1]) capturing the n-level membership for x;, and o, ¢
similarly captures the output membership.

Step 3: Hierarchical Aggregation. When z is close to zf, the nested membership fn’g(fﬁ)
becomes strongly activated at various levels, thus 7, ; dominates the final output. Because we
still rely on continuity of f and the refinement principle, we can ensure ||]?n(:n) — f(z)]| < e by
sufficiently dense covering in X and careful arrangement of nested membership sets.

Step 4: Learning Algorithm for n Levels. The learning process L, can simultaneously tune
membership sets at each hierarchy (from level 1 to level n). This does not limit approxima-
tion capacity; it merely provides additional structure for capturing uncertain or contradictory
sources of information. By adjusting these levels, the system can approximate f within €.

Hence, the Neuro-n-SuperHyperfuzzy System achieves universal approximation under the

same topological and continuity assumptions as in the hyperfuzzy case.

Remark 4.9. The above theorems emphasize that extending fuzzy membership to hyper-
fuzzy or n-SuperHyperfuzzy structures does not reduce the ability to approximate continuous

functions on compact domains; rather, it enlarges the representational space of uncertainty.
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Corollary 4.10. In both Theorem[{.7 and Theorem [{.8, if the system is allowed to increase
the number of rules q and refine membership sets arbitrarily, the approximation error can be

made arbitrarily small.

Proof. This corollary follows directly from the proofs of Theorems and where the
coverings can be made finer and membership sets can be tuned more precisely as ¢ — oo or

as membership boundaries become sharper.

4.2. Hyperfuzzy control

A control system is a framework managing and regulating processes or devices to achieve
desired outputs by adjusting inputs(cf. [3,24,|73,/104},/115,228]). The Control System is ex-
tended using Fuzzy Sets. Its main feature includes operations such as Fuzzification and De-
fuzzification. The Fuzzy Control System has been extensively studied in various research
fields [53,/124,(130L/161},/173,178,|182}/184,205,275.1277,298]. The definition is provided below.

Definition 4.11. (cf. [67,/67,140,(195]) Let X = {z1,z2,...,2,} be the universe of discourse
for input variables and Y = {y1,v2,...,ymn} for output variables. A fuzzy control system

consists of the following components:

(1) Fuzzification: A mapping Fy : X — [0,1] that transforms crisp input z; into a fuzzy
set p(z;), where p(x;) € [0, 1] is the membership degree of ;.
(2) Fuzzy Rule Base: A set of linguistic rules Ry, of the form:

Ry : If xq is Alf and z9 is A’g and ... then y is Bk,

where A¥ and B¥ are fuzzy sets defined on X and Y, respectively.

(3) Inference Mechanism: A function ® : F(X) — F(Y) that applies fuzzy logical op-
erators (e.g., Min-Max or Max-Product) to infer the fuzzy output based on the rule
base.

(4) Defuzzification: A process that converts the fuzzy output ®(u(X)) into a crisp value

y* using a defuzzification method such as:

Jyev v 1(y) dy
Jyey 1y)dy

*_

where p(y) is the membership degree of y in the output fuzzy set.

Definition 4.12 (Hyperfuzzy Control System). Let X = {z1,...,2z,} and Y ={y1,...,ym}
be universes of discourse for inputs and outputs, respectively. A hyperfuzzy control system

extends the classical fuzzy control system by replacing each fuzzy set with a hyperfuzzy set:
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(1) Hyperfuzzification: A mapping F, : X — P(]0,1]), so each crisp input z; is mapped to
a non-empty subset of [0, 1] instead of a single membership degree.

(2) Hyperfuzzy Rule Base: A set of hyperfuzzy rules Ry, of the form:
Ry: Ifzis fllf and ... then y is B,

where each /le, BF is a hyperfuzzy set on X or Y.

(3) Hyperfuzzy Inference: An operator @ : F(X) — F(Y) that aggregates hyperfuzzy sets.
Various extended t-norms/t-conorms or set-based operations can be used to combine
membership sets instead of single values.

(4) Hyperfuzzy Defuzzification: A method mapping the final hyperfuzzy output ®(fi(X))
into a crisp value y*, potentially by selecting representative degrees from each subset

or using bounding strategies:

y* = Defz (<i> (/l(X))) ,

where Defz(+) is an extended defuzzification operator for hyperfuzzy sets.

Definition 4.13 (n-SuperHyperfuzzy Control System). Let X and Y be universes for inputs
and outputs, respectively. An n-SuperHyperfuzzy Control System is defined by extending the
hyperfuzzy components (Definition 4.12)) to n nested levels:

(1) n-SuperHyperfuzzification: A mapping
Fon: X — Pu([0,1]),

associating each input x; € X with an n-superhyperfuzzy set of membership degrees
in [0, 1].
(2) n-SuperHyperfuzzy Rule Base: A set of rules Rn,k of the form:

Rmk o Ifxpis fl’fn and ... then y is B,

where each flf’n, B,’i is an n-superhyperfuzzy set on X or Y.

(3) n-SuperHyperfuzzy Inference: An operator ®,, that merges the multi-level membership
subsets according to extended logic operations.

(4) n-SuperHyperfuzzy Defuzzification: A process converting the final multi-level hyper-

fuzzy output into a crisp control output *.

Here we present two illustrative theorems on stability and robustness. They assume a

dynamical system model:

where z(t) is the system state and wu(t) is the control input produced by a hyperfuzzy or

n-superhyperfuzzy controller.
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Definition 4.14 (Robustness). (cf. |[163,287]) Robustness refers to the ability of a system,
model, or algorithm to maintain its performance or functionality under perturbations, uncer-

tainties, or adverse conditions in its inputs or environment.

Theorem 4.15 (Stability under Hyperfuzzy Control). Consider a control system with state-
space model &(t) = F(x(t), unr(t)), where upr(t) is generated by a hyperfuzzy control system.

Suppose:

(1) F(-,-) is continuous and locally Lipschitz in x for each fized upr.

(2) There exists a hyperfuzzy rule base ensuring that for each meighborhood of the equi-
librium x* = 0, the hyperfuzzy inference produces a control input upr that reduces a
Lyapunov function V (z) (cf. [27,62, 266, 281)).

Then x = 0 is Lyapunov-stable; i.e., for any € > 0, there exists 6 > 0 such that ||z(0)] < ¢
implies ||z(t)|| < e for allt > 0.

Proof. Lyapunov Function Construction. By hypothesis, we have a scalar function V : R" —
R>¢ continuous, with V(0) = 0 and V(z) > 0 for z # 0. Further, assume V is radially
unbounded in a local neighborhood of interest.

Hyperfuzzy Control Influence. The hyperfuzzy rule base ensures that when z is near 0, the
membership sets produce a control upp such that V(z) = VV(z) - F(x,ugrp) remains non-
positive. Since membership sets in [0, 1] are now replaced by C [0, 1], the control ugr can be
chosen consistently from these subsets to maintain V (z) < 0.

Local Stability Conclusion. By standard Lyapunov arguments, if V(l‘) < 0 in a neighborhood
around z = 0, x = 0 is stable. More precisely, for any ¢ > 0, choose a region . = {z : V(x) <
~(g)} that implies ||z|| < e. The local Lipschitz continuity of F' and continuity of V' confirm
that once z(0) is in Qg, V(z(t)) cannot increase, hence x(¢) remains in .. Thus x = 0 is

Lyapunov-stable.

Theorem 4.16 (Ro-
bustness under n-SuperHyperfuzzy Control). Let @(t) = F(:U(t),un_gHF(t)) be controlled by
an n-superhyperfuzzy system (Deﬁnition with multi-level membership sets. Suppose:

(1) F(z,u) is continuous in (x,u) and locally Lipschitz in x for each feasible u.
(2) The n-superhyperfuzzy rule base can generate control inputs that counteract bounded

external disturbances d(t) up to a known magnitude Dyax.

Then the closed-loop system is robustly stable against disturbances of magnitude at most Dy,
provided the n-superhyperfuzzy sets at each level are appropriately tuned to reduce a Lyapunov

function or maintain an invariant set.
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Proof. We introduce an augmented system model:
@(t) = F(2(t), unsur(t)) +d(t),

with ||d(t)]] < Dmax. By the assumption on the n-superhyperfuzzy rule base, each membership
set at level Kk =1,...,n provides a “range” of possible control actions. For any = in a certain
neighborhood, one can choose an action u,_sgr from these superhyperfuzzy sets to balance or
compensate for d(t) within ||d(t)|| < Dmax.

Let V' (z) be a Lyapunov function that decreases under u,,_syr in the absence of disturbance.
Because the multi-level membership offers flexible or nested sets of control values, for every x
with ||z|] < R, there exists u,.gur(z) such that V(z) < —a(||z|) if [|d(t)|| < Dmax, for some
positive function o. Thus V(z(t)) cannot grow unbounded. Consequently, x(t) remains in
a bounded region (or converges near 0) even under external disturbance up to Dpax. This
shows robust stability in the sense that the system can handle disturbances within the specified

bound.

Remark 4.17. In Theorem the nested membership structure of n-superhyperfuzzy sets
allows the control logic to switch or adapt among multiple levels of uncertainty, improving

robustness compared to single-level hyperfuzzy or classical fuzzy approaches.

5. Future Work: Further Exploration of HyperUncertain Extensions

This section briefly outlines future directions for this research. We anticipate advancements
in extending various concepts using Hyperfuzzy Sets, SuperHyperfuzzy Sets, HyperNeutro-
sophic Sets, SuperHyperNeutrosophic Sets, Hyperplithogenic Sets, and SuperHyperplithogenic
Sets.

Potential areas of extension include:

e Neutrosophic Queueing Systems [57,[214,294].
Neutrosophic Geometry [5}/153}/157].

Fuzzy Queueing Systems [152,204].

Fuzzy Matroids [108,(109}|112,/169,(191}[224].
Fuzzy Topology [4,]171],2094263,269},293].

o Fuzzy Geometry [48,197,[218,219)|.

We hope this research inspires further exploration and expansion in these domains.
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Abstract

The Neutrosophic Set is a mathematical framework designed to manage uncertainty, characterized by three
membership functions: truth (T), indeterminacy (I), and falsity (F). In recent years, extensions such as the
Hyperneutrosophic Set and SuperHyperneutrosophic Set have been introduced to address more complex scenar-
ios. This paper proposes new concepts by extending Bipolar Neutrosophic Sets, Interval-Valued Neutrosophic
Sets, Pythagorean Neutrosophic Sets, and Double-Valued Neutrosophic Sets using the frameworks of Hyper-
neutrosophic and SuperHyperneutrosophic Sets. Additionally, a brief analysis of these extended concepts is
presented.

Keywords: Set Theory, SuperhyperNeutrosophic set, Neutrosophic Set, HyperNeutrosophic set

1 Preliminaries and Definitions

This section outlines the essential concepts and definitions required for the discussions in this paper. For a more
comprehensive understanding of foundational set theory, readers may consult references such as [24,40./42//45].

1.1 Neutrosophic, HyperNeutrosophic, and n-SuperHyperNeutrosophic Sets

To better address uncertainty and imprecision in decision-making, several set-theoretic models have been
developed, including Fuzzy Sets [[69-73]], Neutrosophic Sets [26}32-35}37,|57,|58,162]], Plithogenic Sets
[251271128},36L/60161},63]l, and Soft Sets [48,51].

Neutrosophic Sets extend Fuzzy Sets by introducing the concept of indeterminacy alongside truth and falsity
[5S5H58]. This idea has been further developed into HyperNeutrosophic Sets and n-SuperHyperNeutrosophic
Sets to handle even more complex scenarios [25,29]]. The following section provides their succinct definitions
and relevant information.

Definition 1.1 (Neutrosophic Set). [57,/58|] Let X be a non-empty set. A Neutrosophic Set (NS) A on X is
characterized by three membership functions:

To:X—>[0,1], In:X—>][0,1], Fa:X—[0,1],

where for each x € X, the values T4(x), I4(x), and F4(x) represent the degrees of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0<Ta(x)+1a(x)+ Fa(x) <3.

Example 1.2 (Neutrosophic Set in Real Life: Medical Diagnosis). (cf. [[18L[66])
Consider X = {Patient A, Patient B, Patient C}, the set of patients in a hospital. A Neutrosophic Set A is used
to evaluate the presence of a disease D for each patient, where:

e Ta(x) represents the degree of truth that the patient has the disease based on test results.

¢ I4(x) represents the degree of indeterminacy, accounting for inconclusive test results or lack of informa-
tion.

» F(x) represents the degree of falsity that the patient has the disease.
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For example:
Ta(Patient A) = 0.8, [I4(Patient A) =0.1, Fa(Patient A) =0.1,

indicating that there is a high likelihood (80%) that Patient A has the disease, with minimal uncertainty (10%)
and falsity (10%).

Definition 1.3 (HyperNeutrosophic Set). (cf. [25,29-31,59]) Let X be a non-empty set. A HyperNeutrosophic
Set (HNS) A on X is a mapping:
fi:X - P([0.11),

where P ([0, 1]3) is the family of all non-empty subsets of the unit cube [0, 1]. Foreach x € X, i(x) € [0,1]°
is a set of neutrosophic membership triplets (7', I, F) that satisfy:

0<T+I+F <3.
Example 1.4 (HyperNeutrosophic Set in Real Life: Restaurant Review Analysis). Consider
X = {Restaurant X, Restaurant Y, Restaurant Z}
, the set of restaurants. A HyperNeutrosophic Set A maps each restaurant to subsets of [0, 1], where:

e (T, 1, F) represents customer feedback in terms of truth (7') for positive reviews, indeterminacy (/) for
neutral or unclear reviews, and falsity (F') for negative reviews.

* Multiple triplets can represent diverse opinions.

For example:
f(Restaurant X) = {(0.9,0.05,0.05), (0.7,0.2,0.1) },

indicating most customers rate it positively with slight variation in indeterminacy and falsity. Another restaurant:
f(Restaurant Y) = {(0.4,0.4,0.2), (0.6,0.3,0.1)},

shows mixed feedback with higher uncertainty in reviews.

Definition 1.5 (n-SuperHyperNeutrosophic Set). (cf. [25,]29-31,[59]]) Let X be a non-empty set. An n-
SuperHyperNeutrosophic Set (n-SHNS) is a recursive generalization of Neutrosophic Sets and HyperNeutro-
sophic Sets. It is defined as a mapping:

An = Pu(X) = Pu([0,1]%),

where:

e P1(X) = P(X), the power set of X, and for k > 2,
Pr(X) = P(Pr-1(X)),

representing the k-th nested family of non-empty subsets of X.

* P,([0, 1]%) is defined similarly for the unit cube [0, 1]3.

For each A € P,,(X) and (T, I, F) € A, (A), the following condition is satisfied:
0LT+I+F <3,

where T, I, F represent the degrees of truth, indeterminacy, and falsity for the n-th level subsets of X.

2 Results of This Paper

This section outlines the main results presented in this paper.
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2.1 Bipolar Hyperneutrosophic set

A Bipolar Neutrosophic Set (BNS) represents elements with positive and negative truth, indeterminacy, and
falsity membership functions, handling dual perspectives [[1,{6H9,|1 11{13}22,/50,/54.(65[]. This is extended using
Hyperneutrosophic Sets and SuperHyperneutrosophic Sets.

Definition 2.1 (Bipolar Neutrosophic Set). (cf. [7,/11,/54]]) Let X be a non-empty set. A Bipolar Neutrosophic
Set (BNS) A in X is defined as:

A={x,THx), I"(x), F(x), T~ (x),]” (x),F(x)) : x € X},

where:

o THI*,F* : X — [0,1] are the positive truth-membership, indeterminacy-membership, and falsity-
membership functions, respectively.

e T7,I",F : X — [-1,0] are the negative truth-membership, indeterminacy-membership, and falsity-
membership functions, respectively.

Here:

e T*(x), I'*(x), F*(x) represent the degrees of truth, indeterminacy, and falsity for an element x in relation
to a positive property.

e T7(x),I™(x), F~ (x) represent the degrees of truth, indeterminacy, and falsity for an element x in relation
to an implicit counter-property.

Definition 2.2 (Bipolar Hyperneutrosophic Set (BHNS)). Let X be a non-empty set. A Bipolar Hyperneutro-
sophic Set B on X is a mapping

B:x - 2([0.1]" x [-1,0]%),

such that for every x € X, B(x) is a non-empty subset of [0,1]> x [~1,0]° whose generic element can be
written as ((T*, I*, F*), (T~,17, F ™)), subject to:

Here:

o (T*,I*,F*) € [0, 1]° quantifies the positive truth, indeterminacy, and falsity for x,
e (T™,I",F) € [-]1, 0]3 quantifies the negative truth, indeterminacy, and falsity for x,

¢ each x € X may have multiple such pairs in B(x), reflecting a set-valued or hyper perspective of bipolar
neutrosophic membership.

Theorem 2.3. Every Bipolar Neutrosophic Set is a special case of a Bipolar Hyperneutrosophic Set.

Proof. A Bipolar Neutrosophic Set A on X associates each x € X with exactly one 6-tuple
(T (). I (), F*(x). T (x), I~ (%), F~ (x))
. We can embed this in Definition [2.2] by letting
B(x) = {((T+(x), I*(x), F*(x)), (T~ (x), I" (x), F’(x)))} c [0,1]° x [-1,0]°.
Hence, each x maps to a singleton set containing the same 6-tuple from the BNS context. The constraints

on T+ "+ F* and T~ + I” + F~ remain unchanged. Consequently, every BNS is realized as a special
(single-valued) case of a BHNS. O
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Theorem 2.4. Every Hyperneutrosophic Set can be regarded as a special case of a Bipolar Hyperneutrosophic
Set by nullifying its “negative” side.

Proof. A Hyperneutrosophic Set A has A(x) C [0, 1]? with the condition 0 < T+ I+ F < 3. Ina BHNS, each
B(x) is a subset of [0, 1]3 x [—=1,0]3. If we force each (T, I~, F~) to be identically (0, 0,0), we essentially
collapse the negative dimension. Define

B(x) = {((T,I,F), (0,0,0)) : (T, 1. F) € A(x)}.

Thus, B(x) only varies in the first (positive) triplet, effectively matching the Hyperneutrosophic membership.
All conditions remain consistent, and no negativity is introduced. This recovers the exact structure of an HNS
as a special BHNS case. O

Definition 2.5 (Bipolar n-SuperHyperneutrosophic Set (B-n-SHNS)). Let X be a non-empty set, and consider
the nested power sets ,,(X) defined by

Pi(X) =P(X), Pr(X)=P(Pr-1(X)) for k > 2.
Similarly, let
Pa (1011 x [-1,01°)
denote the n-nested family of non-empty subsets of the product space [0, 1]* x [-1,0]°.
A Bipolar n-SuperHyperneutrosophic Set is a mapping
B Pu(X) — Pa(10.11° x [-1,01%),
such that for any A € P, (X), B, (A) is a (non-empty) subset of [0, 1]? x [—1,0]3-valued “degrees of bipolar
neutrosophic membership” satisfying the constraints:

0 < T +I"+F" < 3, " b (7% I, F*), (T, I, F)) B.(A)
or eac AT FT), L € .

-3 < T +I"+F <0, "

In other words, each A at the n-th nesting level is assigned a set of 6-tuples combining positive and negative

membership, and each 6-tuple is bounded by the usual neutrosophic constraints of total membership in [0, 3]

for positivity and [—3, 0] for negativity.

Theorem 2.6. Every Bipolar Hyperneutrosophic Set is a particular case of a Bipolar n-SuperHyperneutrosophic
Set (B-n-SHNS).

Proof. A Bipolar Hyperneutrosophic Set B, as defined in Definition deals with elements x € X (so
basically n = 1). In a B-n-SHNS from Definition[2.3] let n = 1, so #(X) = £ (X), but we only ever evaluate
B,,({x}) for singletons {x} € X. Define

Bi({x}) = B(x),

and B (A) := @ (or some consistent assignment) for any A C X with |A| # 1. Under this construction, we
preserve all bipolarly hyperneutrosophic membership values from B. Hence, the B-n-SHNS withn = 1 exactly
replicates the BHNS membership in the special case where A = {x}. Therefore, any BHNS is embedded in a
B-1-SHNS as a restricted scenario. O

Theorem 2.7. Every n-SuperHyperneutrosophic Set is a special case of a Bipolar n-SuperHyperneutrosophic
Set, obtained by nullifying negative membership.

Proof. An n-SuperHyperneutrosophic Set [62] is a mapping

Ap i Pu(X) — Pa([0,1]%),
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satisfying0 < T+I+F < 3foreach (T,I,F) € A, (A). In the Bipolar n-SuperHyperneutrosophic Set context,
each B, (A) is a subset of ([0, 1]® x [-1,0]%). We can force the negative part to be (0,0,0), similarly to
Theorem[2.4] Concretely, define

Bo(A) = {((T, 1.F),(0,0,0)) : (T, 1, F) € An(A)}.

All constraints remain satisfied: 0 < T+ I+ F < 3 is preserved, and T~ + I~ + F~ = 0 lies in [-3,0].
Thus, each n-SuperHyperneutrosophic membership is recovered from a Bipolar n-SuperHyperneutrosophic
membership by ignoring negativity. Consequently, we obtain an n-SuperHyperneutrosophic Set as a special
case of B-n-SHNS by nullifying the negative portion. O

2.2 Pythagorean Neutrosophic Set

A Pythagorean Neutrosophic Set defines truth, indeterminacy, and falsity degrees for elements, satisfying
a squared-sum constraint [2H5,/14}/19,/20,41./52,|53]]. This is extended using Hyperneutrosophic Sets and
SuperHyperneutrosophic Sets.

Definition 2.8 (Pythagorean Neutrosophic Set). (cf. [2,/3L/19]) Let X be a non-empty set (universe). A
Pythagorean Neutrosophic Set (PNS) A on X is defined as:

A= {<x’ MA()C), LA(.X),VA(.X)) ‘X € X} P

where:

ua(x),la(x),va(x) € [0,1] forall x € X,

* us(x),va(x) are dependent components (membership and non-membership degrees),
¢ /4(x) is an independent component (indeterminacy degree), and

* the following condition holds:

0< (ua(®))* + (£a(x))* + (va(x))> <2, VxeX.

Definition 2.9 (Pythagorean Hyperneutrosophic Set (PHNS)). Let X be a non-empty set. A Pythagorean
Hyperneutrosophic Set (PHNS) A on X is a mapping

A:X — P([0,1]),

such that for each x € X, the image A(x)isa non-empty subset of [0, 1]3 whose generic element is a triplet
(T, 1, F) satisfying both

0 < T+I+F < 3 (the usual neutrosophic/hyperneutrosophic constraint),

and the Pythagorean constraint
(T)>+ (D> + (F)* < 2.

Hence, each x € X is associated with multiple Pythagorean neutrosophic membership triplets in a set-valued
manner.

Theorem 2.10 (PHNS Generalizes PNS). Every Pythagorean Neutrosophic Set is a special case of a
Pythagorean Hyperneutrosophic Set.

Proof. A Pythagorean Neutrosophic Set (PNS) on X is given by
A = {(X, ua(x),la(x),va(x)) : x € X},

with each (u A(x))2~+ (Za(x))*+ (va(x))? < 2 and all components in [0, 1]. To embed this into Deﬁnition
define a mapping A by:

A = {(a). &a@). va)} < 0,117,
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Hence, foreachx € X, Al (x) is a singleton set containing exactly one triplet. Clearly, u4(x)+Za(x)+va(x) <3
and ua ()% +24(x)2+va(x)? < 2 are satisfied by assumption. Therefore, each single triplet meets the required
conditions:

0 <ua(x) +a(x) +va(x) <3, (ua(0)®+ (La(x))* + (va(x)* < 2.

Thus, (X, X) is a Pythagorean Hyperneutrosophic Set that coincides with the given PNS in a single-valued
manner. This shows every PNS is a special (singleton-valued) case of a PHNS. O

Theorem 2.11 (PHNS Generalizes HNS). Every Hyperneutrosophic Set is a special case of a Pythagorean
Hyperneutrosophic Set by dropping the Pythagorean constraint.

Proof. A Hyperneutrosophic Set (HNS) [i satisfies
fi(x) C{(T,1,F) € [0,1]°: 0 < T+1+F < 3}.

In Definition we have the additional constraint (7)% + (I)> + (F)?> < 2. If we omit or do not enforce
(T)? + (I)? + (F)? < 2, we recover a standard HNS structure: let

Z(x) = fi(x) forallx € X,

and ignore the Pythagorean condition. This matches exactly the hyperneutrosophic membership sets in [0, 1]3
with T + I + F < 3, thus reproducing an HNS. Hence the PHNS concept, with the Pythagorean constraint
relaxed, coincides with a standard HNS. This shows HNS is strictly contained within PHNS if the Pythagorean
constraint is optional. O

Definition 2.12 (Pythagorean n-SuperHyperneutrosophic Set (P-n-SHNS)). Let X be a non-empty set, and
recall the recursively defined families:

P1(X) =P(X), Pr(X)=P(Pr1(X)) fork > 2.
Similarly define #,, ([0, 1]%) for the nested power sets of [0, 1]3.

A Pythagorean n-SuperHyperneutrosophic Set (P-n-SHNS) is a mapping
By: Pu(X) — Pu([0.11%).
such that for any A € P, (X), each triplet (T, I, F) € B,(A) satisfies:

0 <T+I+F < 3,
<

(T)? + (I)* + (F)* < 2.
In other words, each n-th level subset A is assigned a set of Pythagorean membership triplets in [0, 1]3, each
fulfilling the usual neutrosophic/hyperneutrosophic boundary plus the Pythagorean condition.

Theorem 2.13 (P-n-SHNS Generalizes PHNS). Any Pythagorean Hyperneutrosophic Set is a particular case
of a Pythagorean n-SuperHyperneutrosophic Set.

Proof. A Pythagorean Hyperneutrosophic Set (PHNS) A assigns each x € X a subset A(x) € [0,1]% of triplets
fulfilling 7T + I + F < 3 and T2+ I> + F2 < 2. In a P-n-SHNS from Definition choose n = 1, so
P1(X) = P(X). We can define B _

Bi({x}) = A(x)
and assign Bi(A) := @ (or some consistent choice) for any A C X with |A| # 1. In that case, for singletons
A = {x}, we replicate precisely the membership sets from the PHNS. The constraints T? + I + F? < 2 and

T +1+F < 3 remain the same. Hence, B is exactly the given PHNS in restricted form. This shows any PHNS
is realized as a special (n = 1) instance of a P-n-SHNS. |

Theorem 2.14 (P-n-SHNS Generalizes n-SHNS). Every n-SuperHyperneutrosophic Set is a special case of a
Pythagorean n-SuperHyperneutrosophic Set if we discard the Pythagorean constraint.
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Proof. An n-SuperHyperneutrosophic Set (SHNS) A, satisfies T + I + F < 3 for all triplets (T, I, F) € A, (A),
where A € P,(X). Compare this with Definition which adds (T)? + (I)? + (F)? < 2. If we simply do
not enforce the Pythagorean condition, we reproduce the original n-SHNS constraints. Formally, for a given
A,,, define

Bn(A) := A,(A) forall A € P, (X),

and do not impose (T)* + (I)> + (F)*> < 2. Then B, matches exactly the membership sets from A,,. Therefore,
ignoring Pythagorean constraints yields an ordinary n-SHNS. Consequently, any n-SHNS is a special case of
a P-n-SHNS in which we disregard the extra Pythagorean condition. O

2.3 Double-Valued Neutrosophic Set

A Double-Valued Neutrosophic Set represents truth, indeterminacy (toward truth/falsity), and falsity degrees
for elements, summing up to < 4 [23]/381/39,/43,4446,/47,67./76,77|]. This is extended using Hyperneutrosophic
Sets and SuperHyperneutrosophic Sets.

Definition 2.15 (Double-Valued Neutrosophic Set). [43]] Let X be a non-empty set (universe). A Double-
Valued Neutrosophic Set (DVNS) A on X is defined as:

A ={(x, Tao(x), IT(x), Ir (x), Fa(x)) : x € X},

where:

Ta(x), IT(x), Ir(x), Fa(x) € [0,1] forall x € X,

T4(x): truth membership degree,
¢ Ir(x): indeterminacy leaning towards truth,

¢ Ip(x): indeterminacy leaning towards falsity,

F4(x): falsity membership degree,
¢ the following condition holds:
0<Ta(x)+I7(x)+Ip(x)+ Fa(x) <4, VxelX.

Definition 2.16 (Double-Valued Hyperneutrosophic Set (DVHNS)). Let X be a non-empty set. A Double-
Valued Hyperneutrosophic Set D on X is a mapping

D: X — P([0,1]%),

where P ([0, 1]*) denotes the family of all non-empty subsets of [0, 1]*. For eachx € X, the set D(x) c [0,1]*
consists of quadruples (T, Ir, I, F) that satisfy

0 <T+Ir+I1Ip+F < 4.

Here:

e T = truth-membership degree,
* [ = indeterminacy leaning towards truth,
e [r = indeterminacy leaning towards falsity,

e F = falsity-membership degree.
Each x € X may be associated with multiple such quadruples, forming a set-valued membership structure.

Theorem 2.17. Every Double-Valued Neutrosophic Set is a special case of a Double-Valued Hyperneutrosophic
Set.
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Proof. A Double-Valued Neutrosophic Set (DVNS) A on X assigns each x € X a unique 4-tuple

(Ta(x), IT(x), IF (x), Fa(x))

with Ty + It + Ir + F4 < 4. We embed this into Definition [2.16|by letting

D) = {(Ta (), 1), Ir(), Fa)} € [0.11°,

Hence, each x is mapped to a singleton set containing precisely the same quadruple. The condition T4 + I +
Ir + F4 < 4 remains unchanged. Therefore, each single-valued DVNS is captured as a special (singleton)
DVHNS. O

Theorem 2.18. Every Hyperneutrosophic Set is a special case of a Double-Valued Hyperneutrosophic Set
when the extra (fourth) component is nullified.

Proof. A Hyperneutrosophic Set (HNS) ji satisfies
A(x) {(T,I,F) €[0,13:0<T+I+F< 3}.

In Definition [2.16} each membership is a subset of [0, 1]* with T + I + Ir + F < 4. We reduce to HNS by
forcing Ir = 0. Concretely, define

E(x)z{(T,z,o,F) | (T,I,F)e,a(x)} c [0, 1]*

Then the condition 7+ I + 0+ F' < 4 is effectively T+ [ + F < 4. By restricting further to 7+ [ + F' < 3 (which
is typically satisfied in HNS), we see that ignoring the extra dimension recovers the standard 3-component
condition. Thus, HNS is included within DVHNS by identifying the extra dimension with zero. O

Definition 2.19 (Double-Valued n-SuperHyperneutrosophic Set (DV-n-SHNS)). Let X be a non-empty set,
and let $,, (X) be the n-th nested power set of X, defined by:

Pi(X)=P(X), Pr(X)=P(Pr1(X)) for k > 2.
Similarly, define P, ([0, 1]*) for the nested power sets of [0, 1]*.
A Double-Valued n-SuperHyperneutrosophic Set D,isa mapping:

Dy Pu(X) — Pu([0.11),
such that for any A € P, (X) and for any quadruple (T, Ir, I, F) € D,(A) C [0,1]% the following holds:
O <T+Ir+Ip+F < 4.

Theorem 2.20. Every Double-Valued Hyperneutrosophic Set is a particular case of a Double-Valued n-
SuperHyperneutrosophic Set.
Proof. A Double-Valued Hyperneutrosophic Set (DVHNS) D has D(x) C [0,1]* for each x € X. In a
DV-n-SHNS (Definition @]} choose n = 1. Then

Dy :Pi(X)=P(X) — Pi([0,1]*) =P([0.1]).

We can define: _ _ _
Di({x}) = D(x), and possibly set D;(A) = @ for other A # {x}.

Hence, restricting to singletons {x} C X recovers exactly the DVHNS. Thus, the DVHNS is embedded in the
DV-1-SHNS as a special case. O

Theorem 2.21. Everyn-SuperHyperneutrosophic Set is a special case of a Double-Valued n-SuperHyperneutrosophic
Set by nullifying the extra dimension.
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Proof. An n-SuperHyperneutrosophic Set (SHNS) A, maps A € P, (X) to subsets of [0, 1]3, each satisfying
T + 1+ F < 3. In DV-n-SHNS, each membership is in [0, 1]4 with T + It + I + F < 4. To match an SHNS,
we can do the following for each A:

Da(A) = {(T,],O,F) (T, I,F) e An(A)}.

We also may require 7'+ I + F < 3 to remain consistent, embedded in 7 + I + (0) + F < 4. This effectively sets
Ir = 0, reducing the dimension to 3. Thus, ignoring the fourth component recovers the usual n-SHNS form.
Therefore, every n-SHNS is embedded in DV-n-SHNS by trivializing the extra dimension. O

2.4 Interval-Valued Neutrosophic Set

An Interval-Valued Neutrosophic Set assigns interval-based truth, indeterminacy, and falsity degrees to ele-
ments, capturing uncertainty within specified ranges [[10,[12}/15-17,[211/49,|64,/68}[74,/75]]. This is extended
using Hyperneutrosophic Sets and SuperHyperneutrosophic Sets.

Definition 2.22 (Interval-Valued Neutrosophic Set). (cf. [21L/68L(74175]) Let X be a non-empty set (universe).
An Interval-Valued Neutrosophic Set (IVNS) A on X is defined as:

A= {(x, [Th (), TA ()], [y (), [ (0], [Fi (x), FA(0)]) = x € X},

where:

[Tf‘ (x), T (x)]: interval of truth membership degrees,

[I 114 (x), I, (x)]: interval of indeterminacy membership degrees,

[F i‘ (x), Fy (x)]: interval of falsity membership degrees,

T/l‘(x),Tg(x),Ii‘(x),IZ(x),FA(x),Fg(x) € [0,1],

¢ and the condition:
0<T)(x)+ I (x)+F(x) <3, VxeX.

Definition 2.23 (Interval-Valued Hyperneutrosophic Set (IVHNS)). Let X be a non-empty set. An Interval-
Valued Hyperneutrosophic Set (IVHNS) H on X is a mapping

H:X — P([0,119),
where each H (x) € [0, 1] is a (non-empty) set of interval-triplets
((Tl,Tr), (Il’lr)’ (Fl, FV))’

subject to:

1.0<T!<T <1, 0<I'<I"<1, O<F'<F <1,

2. The upper bounds satisfy:
T"+I"+F < 3.

In other words, foreach x € X, H (x) is a set of intervals describing the truth, indeterminacy, and falsity degrees
in [0, 1] such that the sum of the right endpoints does not exceed 3.

Theorem 2.24 (IVHNS Generalizes IVNS). Every Interval-Valued Neutrosophic Set is a particular case of an
Interval-Valued Hyperneutrosophic Set.
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Proof. An Interval-Valued Neutrosophic Set (IVNS) A on X is given by
A = [ T4 0. T5 @1 T (0, 0L IR (0, Fa(0)]) = x e X,
where T (x) + I, (x) + F/, (x) < 3. To embed this in Definition , define a set-valued mapping H by:

() = {((Th 00, Th0), (4 (), 100, (FA ), FR(en)} € (0,11

Hence, each x maps to a singleton set containing exactly one interval-triplet. The condition on the right
endpoints < 3 is the same. Therefore, each single-valued IVNS is captured as a special (singleton) IVHNS. O

Theorem 2.25 (IVHNS Generalizes HNS). Every Hyperneutrosophic Set is a special case of an Interval-Valued
Hyperneutrosophic Set by restricting intervals to single points.

Proof. A Hyperneutrosophic Set (HNS) fi assigns each x € X a subset of [0, 1], with (T, I, F) satisfying
T+ 1+ F < 3. In the IVHNS of Definition each membership is a subset of [0, 1]® of interval-triplets
(7!, 77,11, 1", F', F"). 1f we force each pair (T',T") to collapse to (T, T), (I',1") to (I,I), and (F',F") to
(F, F), then effectively

Hx) = {((T, T).(11).(F.F)) : (T.IF) /j(x)}.
The sum-of-right-endpoints constraint becomes 7'+ [ + F < 3. This matches the standard HNS membership.

Hence, HNS emerges as a special case of IVHNS by identifying intervals with their single-point degenerate
intervals. O

Definition 2.26 (Interval-Valued n-SuperHyperneutrosophic Set (IV-n-SHNS)). Let X be a non-empty set, and
define
Pi(X) =P(X), Pr(X)=P(Pr-1(X)) fork >2.

Similarly, we define P, ([0, 1]°) for the nested power set of [0, 1]°. An Interval-Valued n-SuperHyperneutrosophic
Set (IV-n-SHNS) is a mapping _
Hy: Pa(X) — P([0,1]19),

such that for any A € P, (X) and any ((T',T"), (I', I"), (F', F")) € H,(A) < [0, 1]°, the following hold:
0<T <7 <1, 0<I'<I"<1 O0<F <F <1,

and
T +1I"+F"

IA

3.

In other words, each n-th level subset A C X is assigned a set of interval-triplets ([T%,T"], [I',1"], [F', F"])
satisfying the usual neutrosophic upper-bound constraint on (77 + I" + F").

Theorem 2.27. Every Interval-Valued Hyperneutrosophic Set is a special case of an Interval-Valued n-
SuperHyperneutrosophic Set.

Proof. An Interval-Valued Hyperneutrosophic Set (IVHNS) Hisa mapping H : X — P([0,1]°). In IV-n-
SHNS (Definition [2.26)), choose n = 1. Then:

H :Pi(X)=P(X) — Pi1([0,1]°) = P([0, 1]°).

Define _ _ _
H({x}) = H(x), and possibly set H;(A) = @ for A # {x}.

Hence, restricting to singletons recovers the IVHNS exactly. Thus, an IVHNS is embedded in IV-1-SHNS as
a special case. O

Theorem 2.28. Everyn-SuperHyperneutrosophic Set is a special case of an Interval-Valued n-SuperHyperneutrosophic
Set by making each interval degenerate to a point.
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Proof. An n-SuperHyperneutrosophic Set (SHNS) A, maps A € P,(X) to subsets of [0, 1]3, each triplet
(T,1,F) with T + I + F < 3. The IV-n-SHNS in Definition uses subsets of [0, 1] representing intervals
(T’ T, 1L I FLF '). We can force each interval to collapse to a single point:
T'=T1"=T, I'=1"=1, F'=F" =F,
where (T, 1, F) € [0, 1]3. Define
A, (A) = {((T, T).(I.1),(F.F)) : (T.1.F) € A,,(A)}.

Hence, 7" +I" + F" =T + I + F < 3 becomes the standard condition. Therefore, ignoring the interval nature
yields an n-SHNS. Consequently, any n-SHNS is subsumed under IV-n-SHNS by setting intervals to degenerate
points. O
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Abstract

This paper is a continuation of the work presented in [35]. The Neutrosophic Set provides a mathematical
framework for managing uncertainty, characterized by three membership functions: truth, indeterminacy, and
falsity. Recent advancements have introduced extensions such as the Hyperneutrosophic Set and SuperHyper-
neutrosophic Set to address more complex and multidimensional challenges.

In this study, we extend the Complex Neutrosophic Set, Single-Valued Triangular Neutrosophic Set, Fermatean
Neutrosophic Set, and Linguistic Neutrosophic Set within the frameworks of Hyperneutrosophic Sets and
SuperHyperneutrosophic Sets. Furthermore, we investigate their mathematical structures and analyze their
connections with other set-theoretic concepts.

Keywords: Set Theory, SuperhyperNeutrosophic set, Neutrosophic Set, HyperNeutrosophic set

1 Preliminaries and Definitions

This section outlines the essential concepts and definitions required for the discussions in this paper. Basic
set operations are utilized throughout this study. For a more comprehensive understanding of foundational set
theory, readers are encouraged to consult references such as [24,/46,48,|51]]. Additionally, for fundamental
operations and applications of Neutrosophic Sets, the relevant literature should be referred to as cited.

1.1 Neutrosophic, HyperNeutrosophic, and n-SuperHyperNeutrosophic Sets

To effectively address uncertainty and imprecision in decision-making, various set-theoretic frameworks have
been developed. These include Fuzzy Sets [[7/7-81], Intuitionistic Fuzzy Sets [[7H12]], Soft sets [45[54,/55], and
Neutrosophic Sets [26127,/34,36-41143,44,/64,65,69]. Additionally, advanced extensions such as Plithogenic
Sets [25,28130,}42L(67,168,|70] and Rough Sets [56-60] have been proposed. These models expand upon
traditional set theories to better capture complex, multidimensional, and uncertain decision-making scenarios.
Neutrosophic Sets extend Fuzzy Sets by introducing the concept of indeterminacy alongside truth and falsity
[62-65]. This idea has been further developed into HyperNeutrosophic Sets and n-SuperHyperNeutrosophic
Sets to handle even more complex scenarios [25l[31]. The following section provides their succinct definitions
and relevant information.

Definition 1.1 (Neutrosophic Set). [64,/65] Let X be a non-empty set. A Neutrosophic Set (NS) A on X is
characterized by three membership functions:

Ta:X —> [0,1], Ia:X—[0,1], Fa:X — [0,1],

where for each x € X, the values T4(x), 14(x), and F4(x) represent the degrees of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0 <Ta(x)+1a(x)+ Fa(x) < 3.

Definition 1.2 (HyperNeutrosophic Set). (cf. [25,31-33}/66]) Let X be a non-empty set. A HyperNeutrosophic
Set (HNS) A on X is a mapping:
fi:X - P([0.11),

where P ([0, 1]?) is the family of all non-empty subsets of the unit cube [0, 1]3. Foreachx € X, ji(x) C [0, 1]
is a set of neutrosophic membership triplets (7', I, F) that satisfy:

O0L<T+I+F <3.
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Definition 1.3 (n-SuperHyperNeutrosophic Set). (cf. [25,]31133,/66]) Let X be a non-empty set. An n-
SuperHyperNeutrosophic Set (n-SHNS) is a recursive generalization of Neutrosophic Sets and HyperNeutro-
sophic Sets. It is defined as a mapping:

An : Pu(X) = Pu([0,1]7),

where:

* P1(X) = P(X), the power set of X, and for k > 2,
Pr(X) = P (Pr-1(X)),
representing the k-th nested family of non-empty subsets of X.

* P,([0,1]?) is defined similarly for the unit cube [0, 1]3.

For each A € P,,(X) and (T, I, F) € A, (A), the following condition is satisfied:
0LT+I+F <3,

where T, I, F represent the degrees of truth, indeterminacy, and falsity for the n-th level subsets of X.

2 Results of This Paper

This section outlines the main results presented in this paper.

2.1 Complex Neutrosophic Set

A Complex Neutrosophic Set represents truth, indeterminacy, and falsity memberships as points on the complex
unit circle [4-61|13L/14}53]/72]. This is extended using Hyperneutrosophic Sets and SuperHyperneutrosophic
Sets.

Definition 2.1 (Complex Neutrosophic Set). [4,/5] Let U be a universe of discourse, and let # € U be an
element. A Complex Neutrosophic Set A on U is characterized by three membership functions:

* Truth-membership function Ta(u),
* Indeterminacy-membership function 14 (u),

* Falsity-membership function Fa(u),

where each function maps to the complex unit circle Cy, i.e.,

Ta(u),1a(u), Fa(u) € Cy ={z € C | [z| = 1}.

The set A is represented as:
A ={(u, Ta(u), 1a(u), FaA(u)) | u € U}.

Definition 2.2 (Complex Hyperneutrosophic Set (CHNS)). Let X be a non-empty set, and let (S) denote
the family of all non-empty subsets of some region S € C*. A Complex Hyperneutrosophic Set (CHNS) C on
X is a mapping _

C: X — P(S),
where each S is a subset of C* that encodes the neutrosophic constraint in the complex domain. Concretely,

foreachx € X, _

Cx) ¢ {(T,LF)eScC: |T|+|I|+|F| < 3},
where (T, I, F) are the complex truth, indeterminacy, and falsity values for x. One might specifically choose
S={(T,I,F)eC3:|T|,|I|,|F| < 1} to mimic the real case.

Hence, each element x € X may have a set of possible complex neutrosophic membership triplets (7, I, F).
Each such triplet satisfies:
IT|+|I|+|F| < 3.
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Theorem 2.3. Every Complex Neutrosophic Set is a special case of a Complex Hyperneutrosophic Set.

Proof. A Complex Neutrosophic Set (CNS) A on X associates each x € X with exactly one triplet (T4 (x), [4(x), Fa(x)) €
S C C, typically satisfying |74 (x)| + |14 (x)| + |Fa(x)| < 3. We embed this in Deﬁnitionby letting

C = {(Tato). La ), Fa) .

a singleton in P(S). The same magnitude constraint holds, so every CNS is realized as a single-valued
(singleton) Complex Hyperneutrosophic Set. O

Theorem 2.4. Every (real) Hyperneutrosophic Set is a special case of a Complex Hyperneutrosophic Set, by
restricting complex values to real numbers.

Proof. A standard Hyperneutrosophic Set (HNS) A satisfies
Alx) ¢ {(T,I,F) €[0,113:T+I1+F < 3}.

In Deﬁnition each membership is C (x) € 8 C C>. To match the real setting, force
T,I,F € [0,1] cC, (imaginary part=0),

and impose |T'| + |I|+|F| =T+ 1+ F < 3. Then
C(x) = {(T,I,F) €[0,1P:T+I+F< 3}.

Hence we recover the real HNS as a restriction of CHNS to purely real triplets. Therefore, every real HNS is
embedded in a CHNS by ignoring any imaginary component. O

Definition 2.5 (Complex n-SuperHyperneutrosophic Set (C-n-SHNS)). Let X be a non-empty set, and define
Pi(X)=P(X), Pr(X)=P(Pr-1(X)) fork >2.

Similarly, let P, (S) denote the n-th nested power set of aregion S C C3. A Complex n-SuperHyperneutrosophic
Set (C-n-SHNS) is a mapping _
Ch:Pu(X) — Pu(S),

such that for any A € P, (X) and any triplet (T, 1, F) € C~‘n(A) C S C C3, we have
IT|+|I|+|F| < 3.

Thus, each n-th level subset A C X is assigned a ser of complex-valued membership triplets (7, 1, F) satisfying
the magnitude-sum condition < 3, just as in the single-level CHNS, but now extended to n-nested subsets of X.

Theorem 2.6. Every Complex Hyperneutrosophic Setis a special case of a Complex n-SuperHyperneutrosophic
Set (C-n-SHNS), obtained by setting n = 1.

Proof. A Complex Hyperneutrosophic Set (CHNS) C has 5(x) C 8 C C°. In Definition , let n = 1. Then

Cr:Pi(X)=P(X) — Pi(S)=P(S).

We can define: _ _ _
Ci({x}) :=C(x), and possibly set C;(A) = @ for A # {x}.

Hence, restricting to singletons {x} € X reproduces precisely the membership sets C~’(x). The constraint
|T| + || + |F| < 3 persists. Therefore, any CHNS is embedded in a C-1-SHNS as a single-level scenario. O

Theorem 2.7. Every (real) n-SuperHyperneutrosophic Set is a special case of a Complex n-SuperHyperneutrosophic
Set by restricting triplets to real values.
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Proof. An n-SuperHyperneutrosophic Set (SHNS) A,, satisfies

An(A) € {(T.I,F) e [0,1: T+I+F <3}
for each A € #,,(X). Compare with Definition [2.5] where

C,(A) € ScC with |T|+|I|+]|F]|<3.
Restrict each T, I, F to be real and non-negative, i.e. let

T,I,F €[0,1] cC (imaginary part = 0),
and impose T + [ + F < 3. Define
Cp(A) = {(T, LF)e[0,1:T+I+F <3, (T,I,F) € An(A)}.

Hence, the real n-SuperHyperneutrosophic membership sets appear as a restriction of the complex domain.

Therefore, every n-SHNS is included in a C-n-SHNS by limiting the membership triplets to real values. O

2.2 Single-valued triangular neutrosophic set

A Single-Valued Triangular Neutrosophic Set uses triangular fuzzy numbers to represent truth, indeterminacy,
and falsity membership functions for elements in a set [1}[2,[20,122,23}147,149,71]]. This is extended using
Hyperneutrosophic Sets and SuperHyperneutrosophic Sets.

Definition 2.8 (Single-Valued Triangular Neutrosophic Set). (cf. [2]23]]) Let X be a universe of discourse. A
Single-Valued Triangular Neutrosophic Set (SVTNS) A in X is defined as:

A ={(x,Ta(x), Ia(x), Fa(x)) | x € X},
where each of T4 (x), [4(x), Fa(x) is a triangular fuzzy number, expressed as:
TA(x)=<TlaTm’Tr>’ IA('X):<II7IM7I}’>, FA(X)=<F[,Fm,Fr>.

The real numbers (7}, Ty, Ty ), (I, Im, 1), and (Fy, Fyyy, Fy) satisfy T; < T, < T, [; < I, < I, F; < Fp, < F;.
Each triangular fuzzy membership is defined piecewise, e.g.:

x-T;

ifT; <x <T,,

Tm_T[ ’
_ T-—x :
TA(X) = ﬁ, lme <x < Tr,
0, otherwise.

Similar piecewise definitions hold for 74 (x) and Fa(x).

Intuitively,

e Tx(x) represents the “truth-membership” of x with a triangular shape,
o I4(x) represents the “indeterminacy-membership” of x,

e F4(x) represents the “falsity-membership” of x.

This structure extends classical Single-Valued Neutrosophic Sets by allowing each membership function to
follow a triangular distribution over X.

Definition 2.9 (Single-Valued Triangular Hyperneutrosophic Set (SVTHNS)). Let X be a non-empty set, and
let
T = {(tz,tm,m S Sty Sty Ml bty € R}

be the set of all possible triangular fuzzy numbers on the real line. A Single-Valued Triangular Hyperneutro-
sophic Set (SVTHNS) S on X is a mapping

S:X — P77,
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where for each x € X,
S(x) ¢ {(T, I,F) € 7° | eachof T, I, F is a triangular fuzzy number, and max(7}.,I,, F,) < M},

for some real upper bound M > 0 (analogous to constraints like < 3 in standard neutrosophic sets, though one
might specify additional conditions if desired).

In simpler terms, each x € X can be assigned a set of triplets (T, I, F ) each of which is made of triangular
fuzzy numbers for truth, indeterminacy, and falsity, respectively.

Theorem 2.10. Every Single-Valued Triangular Neutrosophic Set is a special case of a Single-Valued Triangular
Hyperneutrosophic Set.

Proof. A Single-Valued Triangular Neutrosophic Set (SVTNS) A on X associates each x € X with exactly one
triplet of triangular fuzzy numbers (Ta(x), I4(x), Fa(x)). To embed this into Definition[2.9] define

S = {(Ta(). 1a(x). Fa() .

i.e. a singleton set. Each (T(x),1a(x), F4(x)) € 77 is already guaranteed by the triangular membership
definitions for truth, indeterminacy, and falsity. Thus, every SVTNS is reproduced as a Single-Valued Triangular
Hyperneutrosophic Set with singletons. O

Theorem 2.11. Every (real) Hyperneutrosophic Set is a special case of a Single-Valued Triangular Hyperneu-
trosophic Set, by restricting the triangular fuzzy numbers to degenerate points.

Proof. A Hyperneutrosophic Set (HNS) A maps each x € X to a (possibly multi-valued) subset of [0, 1]3, e.g.
triplets (7,1, F) € [0, 1]3. In Definition each membership is a subset of 7. To mimic the real HNS
scenario, let each triangular fuzzy number degenerate to a single real point, i.e.

{t;,tm,tyy ={r,r,ry, rel0,1].

Then each (T, I, F) € 77 effectively behaves like a real triple in [0, 1]3. Define
S ={(T.T. 1) (L LD(F.F.P) | (T.1,F) € A}

Hence, if A(x) C [0, 1], we have a corresponding set of triangular triplets degenerating to points. Thus, every
real-based HNS can be viewed as a degenerate special case of an SVTHNS. O

Definition 2.12 (Single-Valued Triangular n-SuperHyperneutrosophic Set (SVT-n-SHNS)). Let X be a non-
empty set, and define recursively:

Pi(X)=P(X), Pr(X)=P(Pr-1(X)) fork >2.

Likewise, let 7~ be the set of all triangular fuzzy numbers on the real line, and consider P, (77) for n-nested
subsets of 7.

A Single-Valued Triangular n-SuperHyperneutrosophic Set (SVT-n-SHNS) is a mapping
St Pu(X) — Pu(T),

such that for each A € £, (X), Sy (A) € 773 (or a set of such triplets), each triplet being (T, I, F) € 77 in the
triangular fuzzy sense.

Theorem 2.13. Every Single-Valued Triangular Hyperneutrosophic Set is a special case of a Single-Valued
Triangular n-SuperHyperneutrosophic Set (SVT-n-SHNS), obtained by letting n = 1.

170



Proof. A Single-Valued Triangular Hyperneutrosophic Set (SVTHNS) S has St (x) € 7. In Definition ,
let n = 1. Then _
S1:PI(X)=P(X) — PI(T?) =P(T7).

We can define _ _ _
Si1({x}) =S(x), Si1(A)=afor A+ {x}.

Hence, restricting to singletons {x} C X recovers precisely the membership sets from S (x). Therefore, every
SVTHNS is subsumed under an SVT-1-SHNS scenario. O

Theorem 2.14. Every n-SuperHyperneutrosophic Set is a special case of a Single-Valued Triangular n-
SuperHyperneutrosophic Set, by making each triangular membership degenerate to a single real value.

Proof. An n-SuperHyperneutrosophic Set (SHNS) A, satisfies
An(4) € [0.17%,

or some similar real domain for each A € #,,(X). Compare with Definition , where §n(A) C T3 If we
let each triangular fuzzy number {a;, @, @, ) collapse to (r,r,r) € [0, 1] for some real r € [0, 1], then

<Tl,Tm’Tr>=<T7T,T>a <Il,1m,lr>=<1,l,l>, <Fl’Fm,Fr>=<F7F’F>-

Thus, define
§n(A)={((T,T,T),<1,1,1>,<F,F,F>) | (1.1, F) eAn(A)}.

This exactly reproduces the real triplet approach in the n-SuperHyperneutrosophic Set. Hence, n-SHNS
emerges as a degenerate special case of SVT-n-SHNS. O

2.3 Fermatean Neutrosophic Set

A Fermatean Neutrosophic Set represents truth, indeterminacy, and falsity memberships satisfying (Tr)> +
(Ir)® + (FF)® < 2[3,15417,21,/50,/61]. This is extended using Hyperneutrosophic Sets and SuperHyperneu-
trosophic Sets.

Definition 2.15 (Fermatean Neutrosophic Set). (cf. [[16,50,/61]) A Fermatean Neutrosophic Set (FNS) on a
universe A is defined as:

F={{x,Tp(x), Ir(x), FF(x)) | x € A},
where the following conditions hold:

1. Tr(x),Ip(x), Fp(x) € [0,1] forallx € A,
2. (Tr(x)* + (UIr(0)) + (Fr(x)’ < 2.

Here:

e Tr(x): The degree of truth of the element x to the set F,
e Ip(x): The degree of indeterminacy of x to the set F,
e Fr(x): The degree of falsity of x to the set F.
Definition 2.16 (Fermatean Hyperneutrosophic Set (FHNS)). Let X be a non-empty set, and let
F c {((T,LF)e[0,1P: T*+ P +F < 2}.
A Fermatean Hyperneutrosophic Set (FHNS) FonXisa mapping
F:X - P(¥F),

where for each x € X, _
F(x) c {(T.I,F)e[0,1]*: T+ P+ F* < 2}.

In simpler terms, each x € X is assigned a set of Fermatean triplets (7', I, F), each triplet satisfying

T3+P+F <2, (T,1,F)€[0,1]°.
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Theorem 2.17. Every Fermatean Neutrosophic Set is a special case of a Fermatean Hyperneutrosophic Set.

Proof. A Fermatean Neutrosophic Set (FNS) F on A assigns eachx € A asingle triplet (T (x), Ir(x), Fp(x)) €

[0, 1]° satisfying (T ()c))3 +(IF (x))3 +(FF ()c))3 < 2. By Definition , we allow each x a set of such triplets.
Let
F) = {(Tr(0), Ir (), Fr(0) },

a singleton set. Then the same cubic constraint holds, so each single-valued FNS is embedded in the FHNS
framework as a degenerate (singleton) case. O

Theorem 2.18. Every (standard) Hyperneutrosophic Set is a special case of a Fermatean Hyperneutrosophic
Set when the cubic constraint is omitted or replaced by the usual sum constraint.

Proof. A standard Hyperneutrosophic Set (HNS) A has
A(x) € [0,1]° with sum constraints e.g. T + 1 + F < 3.

In Definition we require 7° + I’ + F3 < 2. Observe that if we ignore or do not enforce the Fermatean
condition, or equivalently treat the entire region [0, 1] as permissible, we obtain a typical HNS definition.
Formally, define

F(x) = A(x) and treat the Fermatean constraint as optional.

Hence the real hyperneutrosophic membership sets appear as a sub-case within FHNS by ignoring the cubic
bound. Therefore, a standard HNS emerges as a special scenario of FHNS lacking the Fermatean constraint. O

Definition 2.19 (Fermatean n-SuperHyperneutrosophic Set (F-n-SHNS)). Let X be a non-empty set. Define
recursively:
Pi(X)=P(X), Pr(X)=P(Pro1(X)) fork >2.

Let
F = {(T,I,F) e [0,1]>: T°+ P+ F° <2}.

Then the Fermatean n-SuperHyperneutrosophic Set (F-n-SHNS) is a mapping
Fy: Pu(X) — Pu(F),
meaning that for any A € P, (X),

Fu(A)

N

F = {(T.ILF) e [0,1]?: T+ P+ F? <2}

Thus, each n-th level subset A € X is mapped to a ser of Fermatean membership triplets, all satisfying
T+ +F3<2.

Theorem 2.20. Every Fermatean Hyperneutrosophic Set is a special case of a Fermatean n-SuperHyperneutrosophic
Set (F-n-SHNS), by setting n = 1.
Proof. A Fermatean Hyperneutrosophic Set (FHNS) F has F(x) € {(T,1,F) € [0,1]> : T3 + I’ + F? < 2}.
In Definition[2.19] let n = 1, so P (X) = P(X). Define
Fi({x}) = F(x), Fi(A)=ofor A # {x}.

Hence each singleton {x} C X recovers precisely the membership sets from the original FHNS. The constraint
T3 + I’ + F3 < 2 remains identical. Consequently, we embed FHNS as a special single-level version of
F-n-SHNS. O

Theorem 2.21. Every (standard) n-SuperHyperneutrosophic Set is a special case of a Fermatean n-SuperHyperneutrosophic
Set by ignoring the Fermatean cubic constraint.

172



Proof. An n-SuperHyperneutrosophic Set (SHNS) A,, satisfies
An(A) € [0,17

for each A € P, (X). In Definition [2.19} we require (7, I, F) € [0, 1]* with 7% + I* + F? < 2. If we do not
impose that extra condition (or treat it as automatically satisfied for all (7,1, F) € [0, 1]?), we revert to an
n-SHNS. Formally, define _

Fu(A) = An(A),

and skip the cubic constraint. Thus, the usual n-SuperHyperneutrosophic membership sets appear as a sub-
case of the Fermatean approach. Hence, every n-SHNS is included in F-n-SHNS by discarding the Fermatean
requirement. O

2.4 Linguistic HyperNeutrosophic Set

A Linguistic Neutrosophic Set integrates linguistic terms with truth, indeterminacy, and falsity degrees,
addressing uncertainty and vagueness in linguistic assessments [[18}19}/52}(7376,/82]. This is extended using
Hyperneutrosophic Sets and SuperHyperneutrosophic Sets.

Definition 2.22. (cf. [18/52)75])) Let X be a non-empty set (universe of discourse) and S = {s; | i =1,2,...,1}

CTINET)

a linguistic term set, where each s; represents a linguistic term (e.g., "low”, "medium”, “high”). A Linguistic
Neutrosophic Set (LNS) is defined as:

S = {{sx,T(sx),I(5x), F(sx)) | sx € S},

where T'(sy), I(sy), F(syx) are linguistic truth-membership, indeterminacy-membership, and falsity-membership
values, respectively, for the term s,. These are linguistic variables representing the degrees of truth, indeter-
minacy, and falsity associated with s.

Each T'(sy), I(sx), F(sy) satisfies the following properties:

T(sy),I(sx),F(sx) €[0,1], Vs, €S.

Furthermore, the operational laws for linguistic neutrosophic numbers (LNNs) [y = (71,1}, F}) and [, =
(T, I, F,) are defined as:

Lholb=T+T,-T\Th, 111, F| F2),
-1, 1, F;i

-5 LR
ll®12=<T1T2,11+12—1112,F1+F2—F1F2>,
" Lh-L Fi—-F
L1-L 1-F

Ay = (1= (1 =), L FY,
H=rh1-1 =141 = (1-F)Y.

llelz=<

Lol =/

Definition 2.23 (Linguistic Hyperneutrosophic Set (LHNS)). Let S = {s1, 52, ..., s;} be a linguistic term set,
and let £ C [0, 1]3 represent the domain of possible linguistic neutrosophic numbers (LNNs), subject to

T(sx), I(sx), F(sx) € [0,1] foreachs, € S.
A Linguistic Hyperneutrosophic Set (LHNS) is a mapping
L:S - P(L),
where each Z(sx) C L. Concretely, for each linguistic term s, € S,
L(sy) C {(T, I,F) € [0,1]° : each (T, 1, F) can be interpreted as a linguistic neutrosophic number}.

Hence, each linguistic term s is assigned a ser of LNN-based triplets (7', I, F), capturing diverse or uncertain
opinions regarding truth, indeterminacy, and falsity degrees.
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Theorem 2.24. Every Linguistic Neutrosophic Set (LNS) is a special case of a Linguistic Hyperneutrosophic
Set (LHNS).

Proof. A Linguistic Neutrosophic Set (LNS) S assigns exactly one linguistic neutrosophic number (7'(sy), I(sx), F(sx))
to each s, € S. In Definition [2.23] we allow each s, a ser of such triplets. Let

L(s) = {(T(5:, (5., F(s2)) .

i.e., a singleton set. Hence the single-valued LNS membership is realized in the LHNS context as a singleton
for each linguistic term. Consequently, every LNS is a degenerate (singleton) LHNS. O

Theorem 2.25. Every standard Hyperneutrosophic Set is a special case of a Linguistic Hyperneutrosophic Set
by removing the linguistic layer and focusing on numeric real values in [0, 1].

Proof. A standard Hyperneutrosophic Set (HNS) A is typically a mapping from a non-empty set X (or )
to subsets of [0, 1] with constraints on (7,1, F). In Definition @ we define each membership set in
L C [0, 1] with a linguistic interpretation. If we ignore or do not require the linguistic semantics and treat
(T, 1, F) purely as real-based memberships (i.e., ignoring the LNN operations or labels), we recover the same
structure as HNS. Formally, define

Z(Sx) = A(Sx),

and let the linguistic viewpoint be optional. This reproduces the real hyperneutrosophic membership sets.
Thus, ignoring the linguistic dimension reverts LHNS to a standard HNS. O

Definition 2.26 (Linguistic n-SuperHyperneutrosophic Set (L-n-SHNS)). Let S = {s{, s2,...,s;} be a lin-
guistic term set, and let £ C [0, 1]? denote the domain of possible LNN-based triplets (T, I, F). Define:

Pi(S) =P(S), Pi(S) =P(Pr-1(S)) fork >2.

Likewise, consider #,, (L), the n-th nested family of subsets of L.

A Linguistic n-SuperHyperneutrosophic Set (L-n-SHNS) is a mapping
Ly : Pu(S) — PulL),

meaning that for each A € P, (S), L,(A) C L is a set of LNN triplets in [0, 1]3, capturing the linguistic truth,
indeterminacy, and falsity degrees for the n-th level subset A.

Theorem 2.27. Every Linguistic Hyperneutrosophic Set is a special case of a Linguistic n-SuperHyperneutrosophic
Set (L-n-SHNS) for n = 1.

Proof. A Linguistic Hyperneutrosophic Set (LHNS) L has L(sx) € £ C [0,1]? for each sy € S. In
Definition[2.26] let n = 1. Then

Li :Pi(S) =P(S) — Pi(L)=P(L).
For each singleton {s,} C S, define
Li({sx}) :=L(sx), Li(A)=@forA# {s.}.

Hence, restricting to singletons recovers the LHNS membership sets. Thus, any LHNS is embedded in an
L-1-SHNS as a single-level scenario. O

Theorem 2.28. Every standard n-SuperHyperneutrosophic Set is a special case of a Linguistic n-SuperHyperneutrosophic
Set, by disregarding the linguistic interpretation and using real values in [0, 1]3.

Proof. An n-SuperHyperneutrosophic Set (SHNS) A,, is a mapping from P, (U) (for some universe U) to
subsets of [0, 1]3. In Definition we map P, (S) to subsets of £ C [0, 1]°, with a linguistic dimension.
If we ignore the linguistic labeling (or treat s, as just an element in U) and interpret (7, I, F) purely as real
degrees in [0, 1]3, the structure coincides with a standard n-SHNS. Formally:

L,(A) = A,(A), and ignore linguistic semantics.

Hence, each membership set in [0, 1]° appears identically in the L-n-SHNS. Therefore, an n-SHNS emerges
as a sub-case of L-n-SHNS by skipping the linguistic layer. O
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Abstract

This paper builds upon the foundation established in [50,51]. The Neutrosophic Set provides a robust mathe-
matical framework for handling uncertainty, defined by three membership functions: truth, indeterminacy, and
falsity. Recent developments have introduced extensions such as the Hyperneutrosophic Set and SuperHyper-
neutrosophic Set to tackle increasingly complex and multidimensional problems.

In this study, we explore further extensions, including the Dynamic Neutrosophic Set, Quadripartitioned
Neutrosophic Set, Pentapartitioned Neutrosophic Set, Heptapartitioned Neutrosophic Set, and m-Polar Neu-
trosophic Set, to address advanced challenges and applications.

Keywords: Set Theory, SuperhyperNeutrosophic set, Neutrosophic Set, HyperNeutrosophic set

1 Preliminaries and Definitions

This section introduces the key concepts and definitions fundamental to the discussions in this paper. The
study employs standard set-theoretic operations and extends them to advanced frameworks. Readers seeking an
in-depth understanding of classical set theory are referred to resources such as [25/68(711/72]. For foundational
principles and applications of Neutrosophic Sets, the referenced literature provides comprehensive insights.

1.1 Neutrosophic, HyperNeutrosophic, and n-SuperHyperNeutrosophic Sets

Various set-theoretic frameworks have been devised to address uncertainty, vagueness, and imprecision in
decision-making. These frameworks include Fuzzy Sets [[120-124]], Intuitionistic Fuzzy Sets [[6-11]], Vague
Sets [|2,/12}/64,/731/97]], Plithogenic Sets [27,/34}37-3947,48}60,(1091 1 1}[112]], Soft Sets [65}/74,[79], Hypersoft
Sets [|30,421/59,|110]], and Neutrosophic Sets [31}/32,35,46,52-57,/61,62, 106,|107,|114].

Neutrosophic Sets extend the concept of Fuzzy Sets by incorporating a third dimension—indeterminacy—alongside
truth and falsity [104-H107]. This approach enables a more nuanced representation of uncertainty and
ambiguity. Further advancements have resulted in the development of HyperNeutrosophic Sets and n-

SuperHyperNeutrosophic Sets, which are tailored for addressing more intricate and high-dimensional prob-
lems [29,41].

The following subsections present precise definitions and critical attributes of these extended frameworks.

Definition 1.1 (Base Set). A base set S is the foundational set from which complex structures such as powersets
and hyperstructures are derived. It is formally defined as:

S = {x | x is an element within a specified domain}.

All elements in constructs like P (S) or £, (S) originate from the elements of S.

Definition 1.2 (Powerset). [37,94] The powerset of a set S, denoted P (S), is the collection of all possible
subsets of S, including both the empty set and S itself. Formally, it is expressed as:

P(S)={A|ACS).
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Definition 1.3 (n-th Powerset). (cf. [261[37,43./103}/113]])

The n-th powerset of a set H, denoted P,,(H), is defined iteratively, starting with the standard powerset. The
recursive construction is given by:

Pi(H) = P(H), Ppy1(H)=P(P,(H)), forn>1.
Similarly, the n-th non-empty powerset, denoted P}, (H), is defined recursively as:
PY(H) = P*(H), P,,,(H)= P (P,(H)).
Here, P*(H) represents the powerset of H with the empty set removed.

Definition 1.4 (Neutrosophic Set). [106L|107] Let X be a non-empty set. A Neutrosophic Set (NS) A on X is
characterized by three membership functions:

To: X —>[0,1], Io:X—>][0,1], Fa:X— [0,1],

where for each x € X, the values T4(x), I4(x), and F4(x) represent the degrees of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0 <Ta(x)+1a(x)+ Fa(x) < 3.
Definition 1.5 (HyperNeutrosophic Set). (cf. [29}/411/441/45//108]]) Let X be a non-empty set. A HyperNeutro-

sophic Set (HNS) A on X is a mapping:
i X — P0,1]),

where P ([0, 1]3) is the family of all non-empty subsets of the unit cube [0, 1]. Foreach x € X, ji(x) € [0,1]°
is a set of neutrosophic membership triplets (7', I, F) that satisfy:

O0<T+I+F <3.

Definition 1.6 (n-SuperHyperNeutrosophic Set). (cf. [29L141,/44,145]) Let X be a non-empty set. An n-
SuperHyperNeutrosophic Set (n-SHNS) is a recursive generalization of Neutrosophic Sets and HyperNeutro-
sophic Sets. It is defined as a mapping:

An = Pu(X) = Pu([0,1]%),

where:

e P1(X) = P(X), the power set of X, and for k > 2,
Pr(X) = P(Pr-1(X)),

representing the k-th nested family of non-empty subsets of X.

* P,([0,1]?) is defined similarly for the unit cube [0, 1]3.

For each A € P,,(X) and (T, I, F) € A, (A), the following condition is satisfied:
0L<T+I+F <3,

where T, I, F represent the degrees of truth, indeterminacy, and falsity for the n-th level subsets of X.

2 Results of This Paper

This section outlines the main results presented in this paper.
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2.1 Dymanic HyperNeutrosophic set

A Dynamic Neutrosophic Set incorporates time-dependent truth, indeterminacy, and falsity functions, evolving
continuously within a time domain [[19}[84}96,115-H117,/119]. This is extended using Hyperneutrosophic Sets
and SuperHyperneutrosophic Sets.

Definition 2.1 (Dynamic Neutrosophic Set). (cf. [116]) Let U be a universal set, and A € U be a neutrosophic
set. A Dynamic Neutrosophic Set (DNS) is defined with respect to a time parameter t (wherez € T,T C R*) as:

D'y = {(x,Ta(1),14(1), Fa(1)) | x € U},

where:

e Ta(t) : U — [0, 1] is the truth-membership function at time ¢,
o IA(t) : U — [0, 1] is the indeterminacy-membership function at time ¢,
e Fa(t) : U — [0, 1] is the falsity-membership function at time ¢,

such that for all x € U,
Ta(t) +14(2) + Fa(t) < 1.

The functions T4 (), 14(t), Fa(t) are time-dependent and continuous over 7. The evolution of the neutrosophic
components is represented as:
Ta(t),1a(1), Fa(t) : T — [0, 1].

Definition 2.2 (Dynamic Hyperneutrosophic Set (DHNS)). Let X be a non-empty set, and let 7 C R* be a
time domain. A Dynamic Hyperneutrosophic Set (DHNS) D on X is specified by a mapping:

D:XxT — P([0,1]%),
such that for each (x,t) € X X T,
D(x,t) € {(T,I,F) e [0,1]* : T+I+F <3}.
Equivalently, for each ¢ € T, the function
D, : X - P([0,1]%), D,(x):=D(x,1),

is a Hyperneutrosophic Set in the usual sense, but one that evolves over time ¢. Each D, is presumably continuous
in ¢ in some sense (optional constraint), reflecting how membership sets might change as ¢ progresses.

Theorem 2.3. Every Dynamic Neutrosophic Set is a special case of a Dynamic Hyperneutrosophic Set.

Proof. A Dynamic Neutrosophic Set (DNS) D on U (Definition ??) assigns each (x,f) a single triplet
(Ta (D) (x), La (1) (x), Fa(1) (x)). Let

Bx.0) = {(Ta ), (), Fa)(0)}.

Thus, each (x,f) maps to a singleton in [0, 1]3. We see that D:XxT — P(0,1]%) is a Dynamic
Hyperneutrosophic Set. The only difference is that D(x, ) remains single-valued. Hence, every DNS is
embedded in DHNS as a degenerate (singleton) membership set for each (x, 7). O

Theorem 2.4. Every Hyperneutrosophic Set is a special case of a Dynamic Hyperneutrosophic Set by ignoring
time dependence or taking T to be a singleton domain.

Proof. A Hyperneutrosophic Set (HNS) A is a mapping X — P([0,1]%). In Definition we have D :
X xT — P([0,1]3). If we fix t = 1y or let T = {ty} be a single point in time, then
D(x,19) = A(x).

Hence, ignoring or collapsing the time axis recovers the standard hyperneutrosophic membership. Thus, HNS
is a sub-case of DHNS where time is trivial or absent. O
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Definition 2.5 (Dynamic n-SuperHyperneutrosophic Set (D-n-SHNS)). Let X be a non-empty setand T € R*
be the time domain. Define

Pi(X)=P(X), Pr(X)=P(Pro1(X)) (k=2).

Similarly, let ?, ([0, 1]°) represent the n-th nested family of non-empty subsets of [0,1]3. A Dynamic
n-SuperHyperneutrosophic Set (D-n-SHNS) is a mapping:

Dy :Pu(X)xT — P,([0,1]%),
such that for each (A, 1) € P, (X) X T:
D,(A,t) € {(T,I,F) € [0,1]> : T+1+F <3}.

That is, each n-th level subset A is assigned a set of membership triplets (7', I, F), each lying in [0, 1] with
T + 1+ F < 3, and these sets vary over the time parameter ¢.

Theorem 2.6. Every Dynamic Hyperneutrosophic Set is a special case of a Dynamic n-SuperHyperneutrosophic
Set (D-n-SHNS) for n = 1.

Proof. A Dynamic Hyperneutrosophic Set (DHNS) D is a mapping X x T — P([0,1]). In Deﬁnition
set n = 1. Then P;(X) = P(X), and we define
D(x1), ifA={x},

a, otherwise.

51(A,t)={

Hence, for singletons A = {x}, we recover exactly the membership sets from D(x,1). Therefore, a DHNS is
embedded in D-1-SHNS as a single-level case. O

Theorem 2.7. Every (static) n-SuperHyperneutrosophic Set is a special case of a Dynamic n-SuperHyperneutrosophic
Set by taking T to be a single point or ignoring time.

Proof. An n-SuperHyperneutrosophic Set (SHNS) A, is a mapping P, (X) — P,([0,1]%). In Deﬁnition
we have D, : P, (X) X T — P,([0,1]%). If we let T = {1y} be a single point in time (or otherwise disregard
time), we can define

Bn(As tO) = An(A)

Then ignoring the time dimension yields the standard n-SuperHyperneutrosophic membership sets. Thus,
every n-SHNS is included in D-n-SHNS by collapsing T to a singleton or skipping time dependence. O

2.2 Hyper Quadripartitioned Neutrosophic set

A Quadripartitioned Neutrosophic Set assigns four membership values [|16,17}23,49,69,70486,88,99-101104].
This is extended using Hyperneutrosophic Sets and SuperHyperneutrosophic Sets.

Definition 2.8 (Quadripartitioned Neutrosophic Set (QNS)). (cf. [16,23}/69]) Let X be a universe of discourse.
A Quadripartitioned Neutrosophic Set (ONS) on X is given by

ONS ={(x,T(x),C(x),U(x), F(x)) | x € X},
where each of T'(x), C(x), U(x), F(x) lies in [0, 1], satisfying
0 < TX)+Cx)+U(x)+F(x) < 4.

Definition 2.9 (Hyper Quadripartitioned Neutrosophic Set (HQNS)). Let X be a non-empty set, and consider the
family P ( [0,~1]4) of all non-empty subsets of the unit 4-cube [0, 1]*. A Hyper Quadripartitioned Neutrosophic
Set (HONS) Q on X is a mapping _

0:X — P([0,1]%),

such that for each x € X,
0(x) ¢ {(T,C,U,F)e [0,1]*: T+C+U+F < 4}.

That is, each point x € X is assigned a ser of quadripartitioned membership quadruples (7, C, U, F), each lying
in[0,1]*withT+C+U+F <4.
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Theorem 2.10. Every Quadripartitioned Neutrosophic Set is a special case of a Hyper Quadripartitioned
Neutrosophic Set.

Proof. A Quadripartitioned Neutrosophic Set (ONS) Q assigns each x € X exactly one quadruple
(T(x),C(x),U(x), F(x)) € [0, 1]*

with T+ C + U + F < 4. In Definition 2.9] we let
0 = {(T (). C(x). U, F)).

a singleton subset of [0, 1]*. The same constraint T + C + U + F < 4 persists, so each single-valued QNS is
embedded in the HQNS framework as a degenerate (singleton) membership set for each x. O

Theorem 2.11. Every HyperNeutrosophic Set is a special case of a Hyper Quadripartitioned Neutrosophic
Set by treating the four components as, for instance, (T, 1,0, F) (or by ignoring C and U).

Proof. A HyperNeutrosophic Set (HNS) A maps each x € X to a subset of [0,1]> with T+ + F < 3. In
Deﬁnition each membership is a subset of [0, 1]* with T+ C+U + F < 4. If wefix C=0and U = I (or
U = 0) so that effectively (T, C, U, F) becomes (T, 0, I, F),and require T+ 0+ 1+ F =T + [ + F < 3, we see
that ignoring or collapsing the extra dimension recovers an HNS membership set. Specifically, define

O(x) = {(T, 10,F): (T.I.F) € A(x)}.

Hence, ignoring two of the four components (or setting them to zero or merging them) yields the usual 3-
component hyperneutrosophic membership. Therefore, an HNS is subsumed under HQNS by discarding or
collapsing extra components to zero. O

Definition 2.12 (n-SuperHyper Quadripartitioned Neutrosophic Set (n-SHQNS)). Let X be a non-empty set.
Define:
Pi(X) =P(X), Pi(X)=P(Pr-1(X)) (k=2).

Similarly, let P, ([0, 1]4) denote the n-th nested family of non-empty subsets of [0, 1]*. A n-SuperHyper
Quadripartitioned Neutrosophic Set (n-SHQNS) is a mapping

On: Pu(X) — P,([0,1]%),
such that for each A € P, (X),
0,(A) C {(T,C,U,F)e[o,l]“: T+C+U+Fs4}.

Hence, each n-th level subset A C X is assigned a set of four-part membership quadruples (7, C, U, F) in
[0,1]*WithT+C+U + F < 4.

Theorem 2.13. Every Hyper Quadripartitioned Neutrosophic Set is a special case of an n-SuperHyper Quadri-
partitioned Neutrosophic Set (n-SHQNS) for n = 1.

Proof. A Hyper Quadripartitioned Neutrosophic Set (HONS) Qisa mapping X — P ([0, 1]*) with T + C +
U+ F < 4. In Definition|2.12] setn = 1, so

01:Pi(X)=P(X) — Pi([0,1]*) =P([0, 1]%).

Define _ _ _
01({x}) =0(x), Qi1(A)=02 for A+ {x}.

Hence, for singletons A = {x} C X, we recover precisely 0 (x). The constraint 7+ C + U + F < 4 remains
the same, embedded in Q1 (A). Therefore, any HQNS is realized as a degenerate single-level mapping in an
n-SHQNS with n = 1. O
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Theorem 2.14. Every n-SuperHyperNeutrosophic Set is a special case of an n-SuperHyper Quadripartitioned
Neutrosophic Set by ignoring or collapsing the fourth component (e.g., C =0 or U =1I).

Proof. Ann-SuperHyperNeutrosophic Set (SHNS) A,, maps each A € P,,(X) toasetof (T, I, F) in [0, 1]? with
T+I+F <3.In Deﬁnition each membership is in [0, 1]* with 7+ C + U + F < 4. To retrieve an SHNS,
fix or zero out some components. For instance, set C =0, U = I, andrequire T+ I+ F =T+ (U) + F < 3.
Concretely, define

0,(A) = {(T,o, LF):(T.I,F) € An(A)}.
Hence, ignoring the extra dimension(s) reverts membership to (7, I, F) € [0, 1]3. Therefore, an n-SHNS is a

special case of n-SHQNS with additional constraints or identification of dimensions. O

2.3 Hyper Pentapartitioned Neutrosophic set

A Pentapartitioned Neutrosophic Set assigns five membership values [SL|13}|15,20-22,28)33L(36140/58],76L85L
87]. This is extended using Hyperneutrosophic Sets and SuperHyperneutrosophic Sets.

Definition 2.15 (Pentapartitioned Neutrosophic Set (PNS)). (cf. [[13}/76}/85]) Let X be a universe of discourse.
A Pentapartitioned Neutrosophic Set (PNS) on X is given by

PNS = {{x,T(x),C(x),R(x),U(x), F(x)) | x € X},
where each of T'(x), C(x), R(x), U(x), F(x) € [0, 1], satisfying
0 < TX)+C(x)+R(x)+Ux)+F(x) < 5.

Definition 2.16 (Hyper Pentapartitioned Neutrosophic Set (HPNS)). Let X be a non-empty set, and let
#([0,1]%) denote the family of all non-empty subsets of the unit 5-cube [0, 1]°. A Hyper Pentapartitioned
Neutrosophic Set (HPNS) P on X is a mapping

P:X — P([0,1]%),
such that for each x € X,

P(x) C {(T,C,R,U,F)e[0,1]5:T+C+R+U+F < 5}.

Hence, each x € X is assigned a set of pentapartitioned membership quintuples (T, C,R,U,F ) ,where T+ C +
R+U+F <5.

Theorem 2.17. Every Pentapartitioned Neutrosophic Set is a special case of a Hyper Pentapartitioned Neu-
trosophic Set.
Proof. A Pentapartitioned Neutrosophic Set (PNS) assigns each x € X a unique quintuple

(T(x), C(x), R(x), U(x), F(x)) € [0, 1]°

satisfying 7 + C + R+ U + F < 5. In Definition[2.16] we map each x to a ser of such quintuples. Define:

P = {(T(). €. R, U). F)

i.e. a singleton set. The same constraint 7 + C + R+ U + F < 5 persists. Consequently, each PNS is embedded
in HPNS as a degenerate (singleton) membership set for each x. O

Theorem 2.18. Every HyperNeutrosophic Set is a special case of a Hyper Pentapartitioned Neutrosophic Set
by reducing two membership components to zero (e.g., C = R =0).
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Proof. A HyperNeutrosophic Set (HNS) A maps each x € X to a subset of [0, 1]? (triplets (T, 1, F) with
T+I+F <3). In Deﬁnition each membership is a subset of [0, 1]° with T+ C+R+ U+ F < 5. If we
identify (7, I, F) in [0, 113 with (7,0,0, 1, F) in [0, 1]°, we require T+0+0+1+F=T+1+F < 3. Wecan
embed an HNS as:

P(x) = {(T, 0.0,1,F) : (T.1.F) € A(x)}.

Hence, ignoring or zeroing out two membership parts (C = 0, R = 0) recovers a 3-part hyperneutrosophic
membership. Therefore, an HNS is included in HPNS by discarding extra membership dimensions. O

Definition 2.19 (n-SuperHyper Pentapartitioned Neutrosophic Set (n-SHPNS)). Let X be a non-empty set.
Define recursively:
Pi(X)=P(X), Pr(X)=P(Pro1(X)) fork >2.

Similarly, let #, ([0, 1]°) denote the n-th nested family of non-empty subsets of [0,1]°. A n-SuperHyper
Pentapartitioned Neutrosophic Set (n-SHPNS) is a mapping

Py Pa(X) — Pu([0.11),
such that for each A € P, (X),

ﬁﬂA)g{ax:&UJnemJP:T+C+R+U+Fss}

Hence, each n-th level subset A is assigned a set of pentapartitioned membership quintuples (7,C, R, U, F) €
[0,1]°, with T+ C+R+U+F <5.

Theorem 2.20. Every Hyper Pentapartitioned Neutrosophic Set is a special case of an n-SuperHyper Penta-
partitioned Neutrosophic Set (n-SHPNS) for n = 1.

Proof. A Hyper Pentapartitioned Neutrosophic Set (HPNS) Pisa mapping X — P([0,1]°) withT+C + R +
U+ F < 5. In Definition|2.19} set n = 1. Then

P Pi(X) =P(X) — Pi1([0,11°) = P([0, 1]°).

Define _ _ _
Pi({x}) :=P(x), Pi(A)=a@ (for A+ {x}).

Hence, for singletons A = {x} C X, we recover exactly P(x). The constraint T+ C+R+U +F < 5 is
maintained. Therefore, any HPNS is subsumed in n-SHPNS with n = 1. O

Theorem 2.21. Every n-SuperHyperneutrosophic Set is a special case of an n-SuperHyper Pentapartitioned
Neutrosophic Set by reducing two membership components to zero (e.g., C = R = 0).

Proof. An n-SuperHyperneutrosophic Set (SHNS) A, maps each A € P,(X) to a subset of [0, 1] (triplets
(T, 1, F)). Compare with Definition , where P, (A) is a subset of [0,1]° withT+C+R+U+F <5. To
recover an SHNS from n-SHPNS, we set C = R = 0 and identify U = I. Hence (T,C,R,U, F) = (T,0,0,1, F)
with T + I + F < 3. Formally, define

Po(A) = {(T, 0,0.1,F) : (T.I,F) € An(A)}.

Hence, ignoring or zeroing out two membership parts yields a standard 3-part membership in [0, 1]3. Thus,
each SHNS is included in an n-SHPNS by discarding extra membership dimensions. O

2.4 Hyper Heptapartitioned Neutrosophic Set

A Heptapartitioned Neutrosophic Set assigns seven membership [14}/44,/80+82]. This is extended using
Hyperneutrosophic Sets and SuperHyperneutrosophic Sets.
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Definition 2.22 (Heptapartitioned Neutrosophic Set). [14,/81] A Heptapartitioned Neutrosophic Set (HNS)
on a universe X is defined as:

HNS = {{x,T(x),C(x),R(x),U(x), F(x),G(x), L(x)) | x € X},
where T'(x), C(x), R(x),U(x), F(x),G(x), L(x) € [0, 1], and
0<Tx)+C(x)+R(x)+U(x)+F(x)+G(x)+ L(x) <7.

Definition 2.23 (Hyper Heptapartitioned Neutrosophic Set (HHNS)). Let X be a non-empty set, and let
#P([0,1]7) denote the family of all non-empty subsets of the 7-cube [0, 117. A Hyper Heptapartitioned
Neutrosophic Set (HHNS) H on X is a mapping

H:X — P([0,1]7),
such that for each x € X,
H(x) ¢ {(T,C,R,U,F,G,L)€[0,1]": T+C+R+U+F+G+L < 7}.

Hence, every point x € X is assigned a set of heptapartitioned membership 7-tuples (7, C, R, U, F, G, L), each
lyingin [0,1]” withT+C+R+U+F+G+L <.

Theorem 2.24. Every Heptapartitioned Neutrosophic Set is a special case of a Hyper Heptapartitioned
Neutrosophic Set.

Proof. A Heptapartitioned Neutrosophic Set (HptNS) H assigns each x € X exactly one 7-tuple (T,C,R, U, F,G, L) €
[0,1]" with T+ C+ R+ U + F + G + L < 7. To embed this in Definition [2.23| define

() = {(T(x), C(x), R(), V), F), G, L)

i.e. a singleton setin [0, 1]7. Since the same T+C+R+U+F+G+L < 7 constraint remains, each single-valued
HptNS is embedded in HHNS as a degenerate membership set (a singleton). O

Theorem 2.25. Every HyperNeutrosophic Set is a special case of a Hyper Heptapartitioned Neutrosophic Set
by ignoring four of the membership components.

Proof. A HyperNeutrosophic Set (HNS) A maps each x € X to a subset of [0, 1]? (triplets (7,1, F)). In
Definition each membership is a subset of [0,1]” with T+ C+R+U+F+G+L < 7. If we fix
four components to zero (e.g., C = R = G = L = 0) and rename U = I, then (7,1, F) in [0, 1]? becomes
(7,0,0,1,F,0,0) in [0,1]7, needing7 +0+0+7/+F+0+0=T+1+ F < 3. Formally:

Hx) = {(T,o, 0.1,F,0,0) : (T.I,F) e A(x)}.

Hence, ignoring the extra membership components merges an HNS into an HHNS. Therefore, an HNS is a
special case of HHNS by discarding (or zeroing out) the four additional partitions. O

Definition 2.26 (n-SuperHyper Heptapartitioned Neutrosophic Set (n-SHHNS)). Let X be a non-empty set.
Define recursively:
P1(X) =P(X), Pi(X)=P(Pr1(X)) (k=22).

Similarly, let %, ([0, 1]7) denote the n-th nested family of non-empty subsets of the 7-cube [0, 1]7. A n-
SuperHyper Heptapartitioned Neutrosophic Set (n-SHHNS) is a mapping

H, : Pu(X) — Pu([0,1]7),
such that for each A € P, (X),

Hy(A) C {(T,C,R,U,F,G,L)e[o,1]7: T+C+R+U+F+G+LS7}.

Hence, every n-th level subset A is assigned a set of membership 7-tuples (7, C,R,U, F,G, L) € [0, 1]7 with
T+C+R+U+F+G+L<T.
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Theorem 2.27. Every Hyper Heptapartitioned Neutrosophic Set is a special case of an n-SuperHyper Hepta-
partitioned Neutrosophic Set forn = 1.

Proof. A Hyper Heptapartitioned Neutrosophic Set (HHNS) Hisa mapping X — P([0,1]7) withT+C + R +
U+ F+G+L <7. InDefinition[2.26| setn = 1, so

H:Pi(X)=P(X) — Pi([0,1]7) = P([0,1]7).

Define _ _ _
H ({x}) =H(x), Hi(A)=@ (forA # {x}).

Hence, for singletons A = {x} C X, we recover precisely the membership sets H(x). Thus, every HHNS is
embedded in an n-SHHNS with n = 1. O

Theorem 2.28. Every n-SuperHyperneutrosophic Set is a special case of an n-SuperHyper Heptapartitioned
Neutrosophic Set by ignoring four membership components (e.g. C=R=G =L =0).

Proof. Ann-SuperHyperneutrosophic Set (SHNS) A,, maps each A € P,,(X) to subsets of [0, 1]3 with (T, I, F)
membership. In Definition we assign subsets of [0, 1]7 with (T,C,R,U, F, G, L), each summing to at
most 7. If we require C = R = G = L = 0 and rename U = [, then (7,1, F) in [0, 113 is identified with
(T,0,0,1,F,0,0) in [0, 1]’. So define

H,(A) = {(T,o, 0.1,F,0,0) : (T.1,F) e An(A)}.

Hence, ignoring four extra membership dimensions reverts us to (7,1, F) € [0, 1]3. Therefore, an SHNS is
included in n-SHHNS by collapsing the four additional components. O

2.5 m-Polar Hyperneutrosophic Set

An m-Polar Hyperneutrosophic Set extends the conventional neutrosophic framework by assigning m distinct
truth, indeterminacy, and falsity triplets to each element in a given universe. This model provides a com-
prehensive structure for handling complex and multidimensional uncertainties [67},75L78},[834(95}/98.(99}/102].
Related concepts include the bipolar neutrosophic set [[1,[24}(77,|118]], bipolar fuzzy set [3,/4}/66], tripolar
fuzzy set [§9-91]], and m-polar fuzzy set [18}/63L(92193]], which address specific dimensions of uncertainty and
vagueness.

The m-Polar Neutrosophic Set is further extended using the frameworks of Hyperneutrosophic Sets and
SuperHyperneutrosophic Sets, allowing for even more flexible and detailed representations of complex systems.

Definition 2.29 (m-Polar Neutrosophic Set). (cf. [83,(95/98}/99,(102]]) Let X be a universe of discourse and
m > 1 represent the number of poles or criteria. An m-polar neutrosophic set A is defined as:

A= {<x, TP @), 10 ), FP @) [xe X k=1,2,.. m} , AbdelBasset2019CosineSM,

where:

k k k
« T (), 189 (), F{V (x) € [0, 1],
TP+ +FP () <3, Vxe X, k=1,2,...,m.

Definition 2.30 (m-Polar Hyperneutrosophic Set (m-HNS)). Let X be anon-empty set, and letm > 1. Consider
the family # ([0, 1]) of all non-empty subsets of the unit cube [0, 1]°. An m-Polar Hyperneutrosophic Set M
on X is defined by a mapping

M:Xx{1,2,....m} — P(0,1]),

such that for each (x, k):
M(x,k) € {(T,I,F)e[0,1]>:T+I+F <3}.

Hence, each element x € X and each pole k is assigned a set of possible triplets (7,1, F).
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Theorem 2.31. Every m-Polar Neutrosophic Set is a special case of an m-Polar Hyperneutrosophic Set.

Proof. Anm-Polar Neutrosophic Set (mPNS) A assigns each (x, k) exactly one triplet (Tf‘k) (x), 1 (k) (x), Flf‘k) (x))
with T + I + F < 3. In Definition [2.30, we let each (x, k) map to a set in [0, 1]3. Define

(e, k) ={ (13 .15 (0. FP ().

a singleton. The usual constraint 7 + I + F < 3 holds. Hence, every mPNS is embedded in an m-Polar
Hyperneutrosophic Set as a degenerate case (singleton membership for each (x, k)). O

Theorem 2.32. Every HyperNeutrosophic Set is a special case of an m-Polar Hyperneutrosophic Set by setting
m =1 (only one pole).

Proof. A HyperNeutrosophic Set (HNS) A is a mapping X — P([0,1]). In Definition [2.30, we have
M:Xx{1,2,...,m} — P([0,1]%). If m = 1, then for each x we define

M(x,1) = A(x).

Hence, ignoring the multiple poles (just k = 1) yields exactly a HyperNeutrosophic Set. Therefore, an HNS is
a sub-case of an m-Polar Hyperneutrosophic Set with m = 1. O

Definition 2.33 (m-Polar n-SuperHyperneutrosophic Set (m-SHNS)). Let X be a non-empty set, m > 1 be the
number of poles, and define recursively:

Pi(X)=P(X), Pr(X)=P(Pro1(X)) (k=>2).

Similarly, consider 2, ([0, 1]%) for n-nested subsets of [0, 1]3. An m-Polar n-SuperHyperneutrosophic Set M,
is given by a mapping _
My, Pu(X) x {1,2,...,m} — P,([0,1]°),

such that for each (A, k) € P,(X) x {1,...,m}:
M, (A k) € {(T,I,F)e[0,11*: T+I+F <3}.
Hence, each n-th level subset A and each pole k is assigned a ser of membership triplets (7, I, F) € [0, 1]3.

Theorem 2.34. Every m-Polar Hyperneutrosophic Set is a special case of an m-Polar n-SuperHyperneutrosophic
Set for n = 1.

Proof. An m-Polar Hyperneutrosophic Set M (Definition[2.30) is a mapping:
Xx{l,....,m} — P([0,1]°).

In Definition [2.33| for n = 1 we have M, : P (X) x {1,...,m} — P1([0,1]%) = ([0, 1]?). We can embed
M by defining: _ _ _

Mi({x}, k) :=M(x, k), Mi(Ak)y=02 ifA+ {x}.
Hence, for singletons {x} C X, we recover exactly the membership sets from M(x, k). The constraint
T+I1+F < 3remainsidentical. Therefore, M is included in M, which is an m-Polar 1-SuperHyperneutrosophic
Set. O

Theorem 2.35. Everyn-SuperHyperneutrosophic Set is a special case of an m-Polar n-SuperHyperneutrosophic
Set by letting m = 1 (only one pole).
Proof. An n-SuperHyperneutrosophic Set (SHNS) A, is a mapping P, (X) — P,([0,1]%). In Deﬁnition
we have M,, : P,.(X) x{1,...,m} = P,([0,1]%). If m = 1, we define

M,(A,1) = A,(A), M,(Ak)=0 fork#1.

Hence, ignoring multiple poles (just k = 1) we recover the usual n-SuperHyperneutrosophic mapping from
P, (X) to P, ([0, 1]3). Therefore, an SHNS is embedded in m-SHNS with m = 1. O
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Abstract

This paper builds upon the foundational work presented in [38-40]. The Neutrosophic Set provides a com-
prehensive mathematical framework for managing uncertainty, defined by three membership functions: truth,
indeterminacy, and falsity. Recent advancements have introduced extensions such as the Hyperneutrosophic
Set and the SuperHyperneutrosophic Set, which are specifically designed to address increasingly complex and
multidimensional problems. The formal definitions of these sets are available in [|30]].

In this paper, we extend the Neutrosophic Cubic Set, Trapezoidal Neutrosophic Set, g-Rung Orthopair Neu-
trosophic Set, Neutrosophic Overset, Neutrosophic Underset, and Neutrosophic Offset using the frameworks
of the Hyperneutrosophic Set and the SuperHyperneutrosophic Set. Furthermore, we briefly examine their
properties and potential applications.

Keywords: Set Theory, SuperhyperNeutrosophic set, Neutrosophic Set, HyperNeutrosophic set

1 Preliminaries and Definitions

This section provides an overview of the fundamental concepts and definitions essential for the discussions in
this paper. The analysis utilizes classical set-theoretic operations and extends them into advanced frameworks.
For readers seeking a deeper understanding of foundational set theory, resources such as [[16,/52}/55}/60] are
recommended. Additionally, the referenced literature offers a comprehensive exploration of the principles and
applications of Neutrosophic Sets.

1.1 Neutrosophic, HyperNeutrosophic, and n-SuperHyperNeutrosophic Sets

To address uncertainty, vagueness, and imprecision in decision-making processes, numerous set-theoretic
frameworks have been developed. These frameworks include Fuzzy Sets, which were introduced in foundational
works such as those by Zadeh [[105H109]]. Another prominent framework is Intuitionistic Fuzzy Sets, extensively
studied by Atanassov and others [SH10]]. Vague Sets, introduced and developed by researchers, also contribute
significantly to this domain [[1}[11},49}/63.74].

More recently, Plithogenic Sets, as proposed and expanded by Smarandache, have gained attention for their
ability to model complex scenarios involving contradictions and multi-dimensional uncertainty [|18},24,26-28|
36,37,46,185,/87,[88]]. Soft Sets, as introduced by Molodtsov and further studied by other scholars, provide a
flexible mathematical tool for handling uncertainty [50,64,67].

Additionally, Hypersoft Sets, an extension of Soft Sets, have been explored in various applications by Smaran-
dache [20,31,45|86]. Neutrosophic Sets, first introduced by Smarandache, offer a powerful means of capturing
indeterminacy, allowing for more nuanced decision-making models [21}22}25,354 144,147, 48./79,80}94].
Neutrosophic Sets generalize Fuzzy Sets by introducing an additional component: indeterminacy, alongside
truth and falsity [77-80]. This enhancement allows for a richer and more precise representation of uncertainty
and ambiguity.

To address even more complex scenarios, the HyperNeutrosophic Sets and n-SuperHyperNeutrosophic Sets

have been developed. These advanced models are particularly suited for high-dimensional and intricate problem
spaces [[1930].
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Definition 1.1 (Base Set). A base set S is the foundational set from which complex structures such as powersets
and hyperstructures are derived. It is formally defined as:

S = {x | x is an element within a specified domain}.

All elements in constructs like P (S) or £, (S) originate from the elements of S.

Definition 1.2 (Powerset). [26,[73] The powerset of a set S, denoted P (S), is the collection of all possible
subsets of S, including both the empty set and S itself. Formally, it is expressed as:

P(S)={A| A CS}.

Definition 1.3 (n-th Powerset). (cf. [T7,2632.[76.,01])

The n-th powerset of a set H, denoted P,,(H), is defined iteratively, starting with the standard powerset. The
recursive construction is given by:

Pi(H)=P(H), Puu(H)=P(Py(H)), fornz=>1.
Similarly, the n-th non-empty powerset, denoted P}, (H), is defined recursively as:
Pi(H) = P*(H), P,,,(H)=P"(P,(H)).
Here, P*(H) represents the powerset of H with the empty set removed.

Definition 1.4 (Neutrosophic Set). [79,|80] Let X be a non-empty set. A Neutrosophic Set (NS) A on X is
characterized by three membership functions:

To:X—>[0,1], In:X—>][0,1], Fa:X—[0,1],

where for each x € X, the values T4 (x), Ia(x), and F(x) represent the degrees of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0 <Ta(x)+1a(x)+ Fa(x) < 3.

Definition 1.5 (HyperNeutrosophic Set). (cf. [19,30L33}/34,(84]]) Let X be a non-empty set. A HyperNeutro-
sophic Set (HNS) A on X is a mapping:
X — P01,

where P ([0, 1]3) is the family of all non-empty subsets of the unit cube [0, 1]3. Foreachx € X, i(x) C [0, 1]
is a set of neutrosophic membership triplets (7', I, F) that satisfy:

0<T+I+F <3.

Definition 1.6 (n-SuperHyperNeutrosophic Set). (cf. [19,[301/33}34,/84]) Let X be a non-empty set. An
n-SuperHyperNeutrosophic Set (n-SHNS) is a recursive generalization of Neutrosophic Sets and HyperNeutro-
sophic Sets. It is defined as a mapping:

An: Pu(X) = Pu([0,1]°),

where:

e P1(X) = P(X), the power set of X, and for k > 2,
Pr(X) = P (Pr-1(X)),
representing the k-th nested family of non-empty subsets of X.

* P,([0, 1]%) is defined similarly for the unit cube [0, 1]3.

For each A € P,,(X) and (T, I, F) € A, (A), the following condition is satisfied:
0L<T+I+F <3,

where T, I, F represent the degrees of truth, indeterminacy, and falsity for the n-th level subsets of X.
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2 Results of This Paper

This section outlines the main results presented in this paper.

2.1 Neutrosophic Cubic Set

A Neutrosophic Cubic Set (NCS) combines Interval Neutrosophic Sets and Neutrosophic Sets, representing
uncertainty through interval and point-based truth, indeterminacy, and falsity values [[12}{14511561/70,96,(110].

Definition 2.1 (Neutrosophic Cubic Set (NCS)). [3L/56] Let X be a non-empty set. A Neutrosophic Cubic Set
(NCS) A in X is a pair A = (A;ns, Ans), Where:

e Ains = {6, Ta(x),1a(x), Fa(x)) | x € X} is an Interval Neutrosophic Set (INS) in X. For each x € X,
TA(-X) = [TgvTZ]’ IA(-x) = [12912]7 FA(x) = [Fg’ FZ]» where TA, IA? FA c [09 1]

o Ans = {{x,Ta(x),14(x), Fa(x)) | x € X} is a Neutrosophic Set (NS) in X. Here, Ta,1a,Fa : X —
[0, 1], satisfying O < T4 (x) + I4(x) + Fa(x) <3 forall x € X.

The pair A = (Ajns,Ans) generalizes the notions of Interval Neutrosophic Sets and Neutrosophic Sets,
allowing for a hybrid representation of uncertainty.

Remark 2.2 (Neutrosophic Cubic membership domain). For convenience, define the Neutrosophic Cubic
membership domain C C [0, 1]° by:

0<T <T<T*<1,

o e e e oy 0T <I<I"<I,
C=3(r,T" I, I", F,F*,T,I,F) € [0,1]: _ N
0<F <F<F'<l,
(T-+1"+F)<3, (T*+I'+F*") <3, (T+I+F)<3

Each 9-tuple in C represents both interval membership (the triple intervals [T~,T*], [I~,I*], [F~, F*]) and
point membership (7, I, F), subject to usual neutrosophic constraints.

Definition 2.3 (HyperNeutrosophic Cubic Set (HNCS)). Let X be a non-empty set, and let £ (C) be the family
of all non-empty subsets of the domain C C [0, 1]° (as defined above). A HyperNeutrosophic Cubic Set
(HNCS) N on X is a mapping

N:X — P(O),

where for each x € X, N(x) is a set of 9-tuples
(T, 1, 1", I", F,F", T,I,F) € C
satisfying the constraints for Neutrosophic Cubic membership (i.e. T~ < T <T*, T+~ + F~ < 3, etc.).

Hence, each point x may have multiple possible cubic memberships, capturing a range (hyper-set) of intervals
plus point-based membership data.

Theorem 2.4. Every Neutrosophic Cubic Set is a special case of a HyperNeutrosophic Cubic Set.

Proof. A Neutrosophic Cubic Set (NCS) A over X assigns each x € X a single pair (A;ys(x), Ays(x)) of
interval membership plus point membership. Concretely, it can be described by a single 9-tuple

(T (x), Tx(x), I5(x), I (x), Fy(x), F(x), Ta(x),1a(x), Fa(x)) € C.
In Deﬁnition an HNCS is a mapping N : X — P(C). We embed A by letting
NG = { (T3 (0, T 00, T30, T30, Fx (0, FA G, Tao), La (), Fa)

a singleton in C. Since all constraints on intervals and points match those in the domain C, A is reproduced
exactly. Thus, every NCS is a degenerate (single membership) version of an HNCS. O

195



Theorem 2.5. Every HyperNeutrosophic Set is a special case of a HyperNeutrosophic Cubic Set by collapsing
the interval portion to a single point.

Proof. A HyperNeutrosophic Set (HNS) A maps each x € X to a subset of [0,1]? with T+ 1+ F < 3. In
Deﬁnition weuse C C [0,1]°. If weforce T~ =T =T*, 1" =1 =1",F~ = F = F*, then the 9-tuple
(r=,1°, 1", I",F",F",T,I,F)

collapses to (T, T,T,1,1,1,F,F,F) with T + I + F < 3. This effectively recovers a 3D membership (T,LF).
Formally, define

ﬁ(x):{(T,T,T,I,I,I,F,F,F) | (T,I,F)eA(x)}.

Hence, ignoring the intervals (merging them with the single values) yields a standard hyperneutrosophic
membership. Therefore, an HNS is embedded in an HNCS by collapsing intervals to single points. O

Definition 2.6 (n-SuperHyperNeutrosophic Cubic Set (n-SHNCS)). Let X be a non-empty set. Define:
P1(X) =P(X), Pr(X)=P(Pr1(X)) (k22).

Likewise, define P, (C) as the n-th nested power set of the cubic domain C C [0, 1]° from above. An
n-SuperHyperNeutrosophic Cubic Set (n-SHNCS) is a mapping

ﬁn (Pu(X) — Pr(C),

such that for each A € P,(X), ]Vn(A) C C. Concretely, each n-th level subset A in X is assigned a ser of
9-tuples

(T, 7%, 1",I",F",F*,T,I,F) € C,
all obeying the neutrosophic cubic constraints (interval plus point membership).

Theorem 2.7. Every HyperNeutrosophic Cubic Set is a special case of an n-SuperHyperNeutrosophic Cubic
Set forn = 1.

Proof. A HyperNeutrosophic Cubic Set (HNCS) Nisa mapping X — P(C). In Deﬁnition if wesetn =1,
we get _
Ny P1(X) =P(X) — Pi(C) =P(C).

We define _ _ _
Ni({x}) =N(x), Ni(A)=o forA # {x}.

Hence, for singletons A = {x}, N ({x}) recovers exactly the membership set N(x) in C. The same constraints
remain. Therefore, every HNCS is included in an n-SuperHyperNeutrosophic Cubic Set with n = 1. O

Theorem 2.8. Every n-SuperHyperNeutrosophic Set is a special case of an n-SuperHyperNeutrosophic Cubic
Set by collapsing the interval membership to single points.

Proof. An n-SuperHyperNeutrosophic Set (SHNS) A,, maps each A € P, (X) to subsets of [0, 1]3, each triple
(T,1,F) satisfyingT+ I+ F < 3. In Deﬁnition N, (A) is a subset of the domain C < [0, 1]°. To recover
an SHNS from n-SHNCS, we identify (T~,T*,1-,I*,F~,F*,T,I, F) with (T, T, 1,1, F,F,T, I, F) in which
T-=T*=T,I"=I"=1,and F~ = F* = F. Then T + I + F < 3 is the standard constraint. Formally:

N (A) = {(T, T.1,I,F,F,T,1,F) | (T.I,F) e A,,(A)}.

Hence, ignoring intervals or collapsing them to single points recovers a 3D membership in [0, 1]3. Thus, an
SHNS is embedded in n-SHNCS by dropping the interval portion. O
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2.2 Trapezoidal Neutrosophic Set

A Trapezoidal Neutrosophic Set (TNS) utilizes trapezoidal fuzzy numbers to represent truth, indeterminacy,
and falsity memberships, enabling advanced modeling of uncertainty [4]/13}[57.59,101,102]. A closely related
concept is the Trapezoidal Fuzzy Set [61L/66L/100, 103}|/104]].

Definition 2.9 (Trapezoidal Neutrosophic Set). [101]] A Trapezoidal Neutrosophic Set (TNS) A in a universe
of discourse X is defined as:
A = {(x,Ta(x), Ia(x), Fa(x)) | x € X},

where:
TA(x) = (tl’t23t3,[4)’ IA(X) = (il’iZ’i3’i4)’ FA(X) = (fl’ fz’ f3’ f4)’

are trapezoidal fuzzy numbers that represent the truth-membership, indeterminacy-membership, and falsity-
membership functions, respectively. These functions satisfy the following conditions:

H<th<t<tsy, (1 <h<iz3<is, fish<fz<fa,
and

0<Ta(x)+1a(x)+Fa(x) <3 VxelX.

Each trapezoidal membership function is defined piecewise:

X—1

honr N=x=0n

1, 1 <x < ts,
TA()C) = ti—x

s 13 < x < 1y,

0, otherwise.

The indeterminacy-membership 74(x) and falsity-membership F4(x) follow similar definitions with their
respective parameters.

Remark 2.10 (Trapezoidal Neutrosophic domain). To handle trapezoids and the neutrosophic constraint, define
the Trapezoidal Neutrosophic domain:
7 < ([0.11%°

where each triple ((¢1, 72,13, 14), (i1,i2,13,i4), (f1, f2, f3, f4)) must satisfy
H<th<t<ty, (1<h<iz<iy, fi<hSfHLfy

and possibly a constraint like 74 (x) + I4(x) + F4(x) < 3 in an integrated sense (though exact interpretation
can vary). For simplicity, we can embed the trapezoid-based membership directly, assuming each trapezoid is
in [0, 1]* with ascending coordinates.

Definition 2.11 (Trapezoidal HyperNeutrosophic Set (THNS)). Let X be a non-empty set, and let £ (7") be the
family of all non-empty subsets of the trapezoidal domain 7~ C ([0, 1]*)3. A Trapezoidal HyperNeutrosophic
Set (THNS) T on X is a mapping _

T:X — P(7),

such that for each x € X, T(x) is a set of trapezoidal triplets
((t1, 12, 13, 14), (i1, 02, i3, 0a), (f1, fou f5, f2)) € T,

capturing multiple possible trapezoidal membership functions for truth, indeterminacy, and falsity. Each triple
of trapezoids is typically constrained by 0 < ¢ < t; < t3 <4 < 1, etc., and respects a neutrosophic boundary
(e.g. up to < 3 in some integrated sense).

Theorem 2.12. Every Trapezoidal Neutrosophic Set is a special case of a Trapezoidal HyperNeutrosophic Set.

Proof. ATrapezoidal Neutrosophic Set (TNS) A assigns each.x € X exactly one triple of trapezoids (T4 (x), a(x), Fa(x)) €
([0, 1]%3. In Definition[2.11| we define 7'(x) € 7. We embed A by letting

T(x) = {(Ta (). La(). Fa)

a singleton set. This precisely recovers the TNS membership. Hence, every TNS is embedded in THNS as a
degenerate (single membership) case. O
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Theorem 2.13. Every HyperNeutrosophic Set is a special case of a Trapezoidal HyperNeutrosophic Set by
collapsing trapezoids to single numeric values.

Proof. A HyperNeutrosophic Set (HNS) A maps x € X to subsets of [0,1]3, each triple (T,I, F) with
T + 1+ F < 3. In Definition [2.11, each membership is in 7~ C ([0,1]*)3. If wesett; =t =13 =14 = T,
iy=ib=i3=is=1, fi = o = f3 = fa = F, each trapezoid degenerates to a single point. Formally:

T(x):{((T,T,T,T),(1,1,1,1),(F,F,F,F)) | (T,1,F)e/i(x)}.

Thus, ignoring the trapezoidal range merges the set into numeric values. Hence, an HNS emerges as a special
(collapsed trapezoid) case of THNS. O

Definition 2.14 (Trapezoidal n-SuperHyperNeutrosophic Set (T-n-SHNS)). Let X be a non-empty set. Define:
P1(X) =P(X), Pr(X)=P(Pr-1(X)) (k=2).

Similarly, let £,,(7") denote the n-th nested power set of the trapezoidal domain 7~ C ([0, 1]*)3. A Trapezoidal
n-SuperHyperNeutrosophic Set (T-n-SHNS) is a mapping

Ty : Pu(X) — Pul(T),

meaning for each A € P, (X), T.(A) CT. Concretely, each n-th level subset A is assigned a set of trapezoidal
membership triples

(Ta(x), 1a(x), Fa(x)) € ([0, 11%)°,

satisfying the trapezoidal ordering constraints and a neutrosophic boundary (e.g. up to < 3 in some integrated
sense).

Theorem 2.15. Every Trapezoidal HyperNeutrosophic Set is a special case of a Trapezoidal n-SuperHyperNeutrosophic
Set (T-n-SHNS) for n = 1.

Proof. A Trapezoidal HyperNeutrosophic Set (THNS) T (Definition 2.11) is a mapping X — P(7). In
Definition|2.14] for n = 1 we have
Ti i P1(X) = P(X) — Pi(T) =P(T).

We embed 7 by defining: _ _ _
Ti({x}) =T(x), Ti(A) =@ (for A=+ {x}).

Hence, each singleton {x} C X recovers exactly T(x). Thus, T} is a T-1-SHNS that coincides with the THNS
T. O

Theorem 2.16. Every n-SuperHyperNeutrosophic Set is a special case of a Trapezoidal n-SuperHyperNeutrosophic
Set by collapsing trapezoids to single points.

Proof. An n-SuperHyperNeutrosophic Set (SHNS) A,, maps P,(X) to subsets of [0, 1]°. In Definition
T-n-SHNS uses 7 C (([0, 1]*)?). If we make each trapezoid degenerate, e.g. 1, =1, = t3 = 14 = T, etc., we
effectively recover single numeric values (7, I, F)). Formally:

T,,(A):{((T,T,T,T), (ILLL1), (F,F,F,F)) | (T,I,F)eA,,(A)}.

Hence, ignoring the trapezoidal range merges the membership into single numeric triplets. Thus, any n-
SuperHyperNeutrosophic Set is included in T-n-SHNS by collapsing the trapezoids to single points. O
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2.3 g-Rung Orthopair Neutrosophic Set

A g-Rung Orthopair Neutrosophic Set (-RONS) generalizes orthopair sets, constraining g-th powers of truth,
indeterminacy, and falsity to sum < 2 [75,97,98]. Related concepts include the q-Rung Orthopair Fuzzy Set,
among others [2}[15|29,/53/|54}|58},621|69}|71},72,93}/99].

Definition 2.17 (q-Rung Orthopair Neutrosophic Set). [7598] Let U be a universal set. A g-Rung Orthopair
Neutrosophic Set (qg-RONS) is defined as:

A ={(x,Ta(x), Ia(x), Fa(x)) | x € U},

where T4 (x), I4(x), and F4(x) are the truth-membership, indeterminacy-membership, and falsity-membership
degrees, respectively. These satisfy:

1. TA(.X),[A()C),FA(.X) € [O’ l]a

2.
[Ta(0)]? + [1a(0)]7 + [Fa(x)]? <2, ¢>0.

Definition 2.18 (q-Rung Orthopair HyperNeutrosophic Set (q-RHNS)). Let U be a non-empty set, and let
q > 0. A g-Rung Orthopair HyperNeutrosophic Set (q-RHNS) on U is a mapping

0:U — P([0,1]%),
where for each x € U, é(x) C [0,1]3 is a set of triplets (T, I, F), each triplet satisfying
T9+19+F1 < 2, (T,1,F)e[0,1]°.

Theorem 2.19. Every g-Rung Orthopair Neutrosophic Set is a special case of a g-Rung Orthopair HyperNeu-
trosophic Set.

Proof. A g-Rung Orthopair Neutrosophic Set (q-RONS) A on U assigns each x € U exactly one triplet
(Ta(x), 14(x), Fo(x)) € [0, 1] with (To(x))9 + (I4(x))? + (Fo(x))? < 2. In Definition [2.18] we let each x
map to a set of triplets. So define:

0(x) = {(Ta(). 1a(x). Fa()) .

a singleton set. The same g-rung condition persists. Hence, each q-RONS is naturally embedded in the
g-RHNS framework as a degenerate (singleton) membership set. O

Theorem 2.20. Every HyperNeutrosophic Set can be viewed as a special case of a g-Rung Orthopair Hyper-
Neutrosophic Set by setting q = 1 or adjusting membership sums.

Proof. A HyperNeutrosophic Set (HNS) A maps U to subsets of [0, 1]3, each triplet (T, I, F) typically satisfying
T +1+F <3 orascaled version. In Definition[2.18] we have (7,1, F) with 79 + [7 + F7 < 2. If we set g = 1
and rescale the boundary appropriately (like 7+ [ + F < 2 or a linear transformation to align with < 3), we
can embed an HNS. Formally:

O(x) = A(x) with the understanding that for each (7,1, F) € A(x), T+ +F <2,

or we rescale so that 79 + /1 + F4 < 2 is equivalent to 7+ [ + F' < 3 after a linear or parametric transformation.
Thus, ignoring the q-rung power or setting g = 1 collapses g-RHNS to an HNS. O

Definition 2.21 (q-Rung Orthopair n-SuperHyperNeutrosophic Set (q-RHNS;,)). Let U be a non-empty set,
q > 0. Define recursively:

Pi(U)=PU), PrU)=P(Pro1(U)) (k=2).

Similarly, consider ?, ([0, 1]3) for the n-nested subsets of the unit cube [0, 1]3. A g-Rung Orthopair n-
SuperHyperNeutrosophic Set (q-RHNS,,) is a mapping

On : Pa(U) — Pu([0,11%),
such that for each A € P, (U), O, (A) C [0,1] is a set of triplets (T, I, F) satisfying
T9+19+F1 < 2.

Hence, each n-th level subset A is assigned a set of g-rung orthopair membership triplets in [0, 1]°.
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Theorem 2.22. Every q-Rung Orthopair HyperNeutrosophic Set is a special case of a q-Rung Orthopair
n-SuperHyperNeutrosophic Set for n = 1.

Proof. A q-Rung Orthopair HyperNeutrosophic Set (q-RHNS) Qisa mapping U — P ([0, 1]%), each triplet
satisfying (7, I, F) with T9 + 9 + F¢ < 2. In Definition[2.21] for n = 1 we have:

01 :PiI(U) =PU) — Pi([0,11°) = P([0,1]°).

We define: _ _ _
01({x}) :=0(x), Qi1(A)=02 (for A # {x}).

Hence, for singletons {x} C U, we recover exactly the membership sets from é (x). The g-rung condition
remains. Thus, Q is embedded in O as a special case. O

Theorem 2.23. Every n-SuperHyperNeutrosophic Set can be viewed as a special case of a g-Rung Orthopair
n-SuperHyperNeutrosophic Set by letting q = 1 or ignoring the q-rung power.

Proof. An n-SuperHyperNeutrosophic Set (SHNS) A, assigns each A € P,(U) a subset of [0, 1], each
(T, 1, F) satistying T + I + F < 3 or a similar constraint. In Definition a g-RHNS,, uses the condition
T9 + 19 + F9 < 2. If we set g = 1 and adjust the boundary from 2 to 3 by a simple scaling (or interpret sum
< 2 as a scaled version of < 3), we recover the classical n-SHNS. Formally, define

Qn(A) = A,(A) with the sum constraint replaced or scaled so (7, I, F) meet T9 + I9 + F4 < 2 forq = 1.

Hence, ignoring or setting ¢ = 1 collapses the q-rung approach to the usual sum-based approach. Therefore,
each n-SHNS can be embedded in a g-RHNS,, by suitably setting ¢ = 1 and matching bounds. O

2.4 Neutrosophic Overset, Underset, and Offset

Neutrosophic Overset, Underset, and Offset extend traditional neutrosophic sets. Overset includes external
elements, Underset excludes specific elements, and Offset captures deviations, enhancing uncertainty and
flexibility modeling [23}65}/68}78.891/90,92L95].

Definition 2.24 (Neutrosophic Overset). [81H83] Let U be a universe of discourse, and let T'(x), I(x), F(x)
represent the truth, indeterminacy, and falsity membership functions, respectively. For a neutrosophic overset
A, these functions satisfy:

T(x),I(x),F(x):U—[0,Q], Q>1.

A Neutrosophic Overset is given by:
A={(x,T(x),I(x),F(x)) | x € U,3x € U such that max (7T (x), I(x), F(x)) > 1}.

Definition 2.25 (Neutrosophic Underset). [[81-83]] Let U be a universe of discourse, and let T'(x), I(x), F(x)
represent the truth, indeterminacy, and falsity membership functions, respectively. For a neutrosophic underset
A, these functions satisfy:

T(x),I(x),F(x):U— [¥,1], ¥<O.

A Neutrosophic Underset is given by:
A={(x,T(x),I(x),F(x)) | x € U,3x € U such that min(7T(x), I(x), F(x)) < 0}.

Definition 2.26 (Neutrosophic Offset). [81-83] Let U be a universe of discourse, and let T'(x), I(x), F(x)
represent the truth, indeterminacy, and falsity membership functions, respectively. For a neutrosophic offset
A, these functions satisfy:

Tx),I(x),F(x):U — [¥,Q2], ¥<0, Q>1.
A Neutrosophic Offset is given by:

A={(x,T(x),I(x),F(x)) | x € U,3x € U such that min(T(x), I(x), F(x)) < 0 and max(T (x), I(x), F(x)) > 1}.
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Definition 2.27 (HyperNeutrosophic Overset/Underset/Offset). Let U be a universe of discourse, and let
¥ <0 < 1 < Q. Define intervals:

(Overset domain): [0,Q]%, (Underset domain): [¥, 1], (Offset domain): [¥, Q]°.

A HyperNeutrosophic Overset (HNO) A, HyperNeutrosophic Underset (HNU) B, or HyperNeutrosophic Offset
(HNOf) C is a mapping:

A:U->P(0,Q), B:U—-P(Y 1%, C:U-P(YQP),

respectively, such that:

¢ (Overset case): There exists at least one x € U for which some (T, I, F) € A (x) satisfies max{T, I, F} >
1.

e (Underset case): There exists at least one x € U for which some (T, I, F) € B(x) satisfies min{T, I, F} <
0.

* (Offset case): There exists at least one x € U for which some (7,1, F) € 6(x) satisfies min{7, I, F} < 0
and max{7, I, F} > 1.

Hence, each element x is assigned a set of membership triples, possibly extending below O or above 1, depending
on overset, underset, or offset definitions.

Theorem 2.28. Every Neutrosophic Overset is a special case of a HyperNeutrosophic Overset.

Proof. A Neutrosophic Overset A on U associates each x_€ U with one triple (7'(x),I(x), F(x)) where
max (T (x), I(x), F(x)) > 1 for at least one x. In Definition , a HyperNeutrosophic Overset A maps x € U
to a set of (T, I, F) € [0,Q]3. We embed A by letting

A = {(T(0. 100 F ()

(asingleton). Thus, each element is assigned exactly one triple. The overset condition max{7 (x), I(x), F(x)} >
1 for some x remains, so A is recovered exactly as a degenerate (single membership) hyperneutrosophic
overset. O

Theorem 2.29. Every HyperNeutrosophic Set is a special case of a HyperNeutrosophic Overset (resp. Underset,
Offset) by restricting Qto 1 (resp. Y100, ¥ =0,Q = 1).

Proof. A HyperNeutrosophic Set A uses [0, 1]° for memberships. In the overset domain we have [0, Q] 3, with
Q > 1. If we take Q = 1, that domain reverts to [0, 1]3, so A is embedded trivially. The same logic applies to
underset (set ¥ = 0) or offset (set ¥ = 0, Q2 = 1). Hence, ignoring the extended domain merges the set back
into [0, 1]3. o

Theorem 2.30. Every Neutrosophic Underset/Offset is a special case of a HyperNeutrosophic Underset/Offset,
respectively.

Proof. Parallel to Theorem , but for underset/offset. For an underset, we let B(x) = {(T(x), 1(x), F(x))},
a singleton in [¥, 1]3, with min{T, I, F} < O for at least one x. The offset proof is similar: C(x) = {(T,I, F)}
with min < 0 and max > 1 for at least one x. Hence, singletons in the hyper domain replicate the single-valued
case. O

Definition 2.31 (n-SuperHyperNeutrosophic Overset/Underset/Offset). Let U be a universe, and let ¥ < 0 <
1 < Q. For each n > 1, define #,,(U) as the n-th nested power set of U, and consider

Po([0,Q17), Pu([¥,117), Pu.([¥.Q])

for the overset, underset, and offset domains, respectively. Then:

201



* An n-SuperHyperNeutrosophic Overset A, isa mapping
Zn :Pu(U) — Pn([o’ Q]3),

with at least one A € $,(U) and some triple (7,1, F) € gn(A) such that max(7, 1, F) > 1.

« An n-SuperHyperNeutrosophic Underset B, uses P, ([¥, 1]) with at least one A € P, (U) and some
(T, 1, F) where min(T, 1, F) < 0.

* An n-SuperHyperNeutrosophic Offset C, uses P, ([¥, Q]%) with at least one A € P, (U) and (T, I, F)
where min(7, I, F) < 0 and max(7, 1, F) > 1.

Thus, each n-th level subset is assigned a ser of membership triples in the extended domain, capturing overset,
underset, or offset behavior in an n-superhyper environment.

Theorem 2.32. Every HyperNeutrosophic Overset (Underset, Offset) is a special case of an n-SuperHyperNeutrosophic
Overset (Underset, Offset) for n = 1.

Proof. Take the overset case for illustration (similar for underset/offset). Let Abea HyperNeutrosophic Overset
mapping U — P ([0, Q]?). In the n-super version, for n = 1 we have:

A PLIU) = P(U) - P1([0,21%) = P([0,Q]%).

Define Ay ({x}) := A(x)and A;(A) = @ for A # {x}. Then singletons in P (U) recover exactly the membership
sets A(x). The overset condition remains (max(7, I, F) > 1 for some triple). Similarly for underset/offset.
Hence, each HyperNeutrosophic overset/underset/offset is embedded in the n-super version with n = 1. O

Theorem 2.33. Every Neutrosophic Overset (Underset, Offset) is a special case of an n-SuperHyperNeutrosophic
Overset (Underset, Offset) by letting n = 1 and singletons.

Proof. Parallels the logic in the previous theorems: we define Xn({x}) = {(T(x), I(x), F(x))}, a singleton,
ensuring the overset/underset/offset condition is satisfied for at least one triple. This replicates the single-valued
scenario in the n-superhyper context. O

Theorem 2.34. Every n-SuperHyperNeutrosophic Set is a special case of an n-SuperHyperNeutrosophic
Overset (Underset, Offset) by restricting Qto 1 (resp. ¥ =0, ¥ =0,Q =1).

Proof. Same scaling or restriction arguments: if Q = 1 we lose the overset possibility above 1, if ¥ = 0 we
lose negativity, etc. This recovers a normal n-SuperHyperNeutrosophic membership in [0, 1]3. O
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Abstract

This paper builds upon the foundational advancements introduced in [[14,25127]]. The Neutrosophic Set offers
a versatile mathematical framework for addressing uncertainty through its three membership functions: truth,
indeterminacy, and falsity. Extensions such as the Hyperneutrosophic Set and the SuperHyperneutrosophic
Set have been recently proposed to tackle increasingly sophisticated and multidimensional problems. Detailed
formal definitions of these concepts can be found in [20].

In this paper, we extend various specialized classes of Neutrosophic Sets—namely, the Support Neutrosophic
Set, Neutrosophic Intuitionistic Set (distinct from the Intuitionistic Fuzzy Set), Neutrosophic Paraconsistent
Set, Neutrosophic Faillibilist Set, Neutrosophic Paradoxist Set, Neutrosophic Pseudo-Paradoxist Set, Neutro-
sophic Tautological Set, Neutrosophic Nihilist Set, Neutrosophic Dialetheist Set, and Neutrosophic Trivialist
Set—by utilizing the frameworks of the Hyperneutrosophic Set and the SuperHyperneutrosophic Set.

Keywords: Set Theory, SuperhyperNeutrosophic set, Neutrosophic Set, HyperNeutrosophic set

1 Preliminaries and Definitions

This section provides an overview of the fundamental concepts and definitions essential for the discussions in
this paper. The analysis utilizes classical set-theoretic operations and extends them into advanced frameworks.
For readers seeking a deeper understanding of foundational set theory, resources such as [[10,[36}37,41] are
recommended. Additionally, the referenced literature offers a comprehensive exploration of the principles and
applications of Neutrosophic Sets.

1.1 Neutrosophic, HyperNeutrosophic, and n-SuperHyperNeutrosophic Sets

To address uncertainty, vagueness, and imprecision in decision-making processes, numerous set-theoretic
frameworks have been developed. These frameworks include Fuzzy Sets, which were introduced in foundational
works such as those by Zadeh [62-70]. Another prominent framework is Intuitionistic Fuzzy Sets, extensively
studied by Atanassov and others [2H7]. Vague Sets, introduced and developed by researchers, also contribute
significantly to this domain [1}834,43,/47]]. Furthermore, the Hyperfuzzy Set is known as one of the extended
concepts of the Fuzzy Set [9,/131[22}23]3538-40,/42,441/60].

Neutrosophic Sets, first introduced by Smarandache, offer a powerful means of capturing indeterminacy,
allowing for more nuanced decision-making models [[16H18,24,28-33|5152,58|]. Neutrosophic Sets generalize
Fuzzy Sets by introducing an additional component: indeterminacy, alongside truth and falsity [49-52]]. This
enhancement allows for a richer and more precise representation of uncertainty and ambiguity.

To address increasingly complex scenarios, HyperNeutrosophic Sets and n-SuperHyperNeutrosophic Sets have
been developed. These advanced models are particularly suited for high-dimensional and intricate problem
spaces [[15[20L|55]]. Relevant definitions and simple examples are provided below.

Definition 1.1 (Base Set). A base set S is the foundational set from which complex structures such as powersets
and hyperstructures are derived. It is formally defined as:

S = {x | x is an element within a specified domain}.

All elements in constructs like P (S) or £, (S) originate from the elements of S.
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Definition 1.2 (Powerset). [19,46] The powerset of a set S, denoted P (S), is the collection of all possible
subsets of S, including both the empty set and S itself. Formally, it is expressed as:

P(S)={A|ACS).

Definition 1.3 (n-th Powerset). (cf. [[11L[19,21}/48L56])

The n-th powerset of a set H, denoted P, (H), is defined iteratively, starting with the standard powerset. The
recursive construction is given by:

Pi(H) =P(H), Pu(H)=P(P,(H)), forn=1.
Similarly, the n-th non-empty powerset, denoted P}, (H), is defined recursively as:
Pi(H) = P*(H), P,,,(H)=P"(P,(H)).
Here, P*(H) represents the powerset of H with the empty set removed.

Definition 1.4 (Neutrosophic Set). [51.|52]] Let X be a non-empty set. A Neutrosophic Set (NS) A on X is
characterized by three membership functions:

To:X—>[0,1], Ia:X—>[0,1], Fa:X—]0,1],

where for each x € X, the values T4(x), I4(x), and F4(x) represent the degrees of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0<Ta(x)+1a(x)+ Fa(x) <3.
Example 1.5 (Neutrosophic Set). Scenario: Assessing public opinion on a controversial policy.

Example: Let X = {Alice, Bob, Charlie}, representing individuals with varying opinions on the policy. The
membership functions represent their support (7), uncertainty (1), and opposition (F) as follows:

* For Alice: T4(Alice) = 0.8 (80% support), 14(Alice) = 0.1 (10% uncertain), F4(Alice) = 0.1 (10%
oppose).

¢ For Bob: T4(Bob) = 0.5, I4(Bob) = 0.3, F4(Bob) =0.2.
¢ For Charlie: T4(Charlie) = 0.3, I4(Charlie) = 0.4, F4(Charlie) = 0.3.

This representation allows nuanced analysis, reflecting both certainty and uncertainty in opinions.

Definition 1.6 (HyperNeutrosophic Set). (cf. [[12,/15[20,22,55]]) Let X be a non-empty set. A HyperNeutro-
sophic Set (HNS) A on X is a mapping:
X — P[0, 1),

where P ([0, 1]%) is the family of all non-empty subsets of the unit cube [0, 1]3. Foreachx € X, ji(x) C [0, 1]*
is a set of neutrosophic membership triplets (7, I, F) that satisfy:

0L<T+I+F <3.

Example 1.7 (HyperNeutrosophic Set). Scenario: Analyzing customer satisfaction for multiple products,
considering evaluations from different dimensions or individuals.

Example: Let X = {Product A, Product B}, where each product has multi-dimensional satisfaction scores
represented by sets of neutrosophic triplets:

¢ For Product A:
f(Product A) = {(0.8,0.1,0.1), (0.7,0.2,0.1)},

representing two customers’ evaluations where each triplet denotes degrees of truth, indeterminacy, and
falsity.
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¢ For Product B:
f(Product B) = {(0.6,0.3,0.1), (0.5,0.4,0.1)}.

This structure enables richer analysis by aggregating diverse customer feedback for a comprehensive view.

Definition 1.8 (n-SuperHyperNeutrosophic Set). (cf. [12,/15,20,22]]) Let X be a non-empty set. An n-
SuperHyperNeutrosophic Set (n-SHNS) is a recursive generalization of Neutrosophic Sets and HyperNeutro-
sophic Sets. It is defined as a mapping:

An = Pu(X) = Pu([0,1]%),

where:

¢ P1(X) = P(X), the power set of X, and for k > 2,
Pr(X) = P(Pr-1(X)),

representing the k-th nested family of non-empty subsets of X.

* P.([0, 1]3) is defined similarly for the unit cube [0, 1]3.

For each A € P,,(X) and (T, I, F) € A, (A), the following condition is satisfied:
0<T+I+F <3,

where T, I, F represent the degrees of truth, indeterminacy, and falsity for the n-th level subsets of X.

Example 1.9 (n-SuperHyperNeutrosophic Set). Scenario: Multi-level hierarchical analysis of climate change
impacts.

Example: Let X = {Temperature, Rainfall, Sea Level}, representing key factors influenced by climate change.
We consider a three-level hierarchy:

e Level I: Regions {Region 1, Region 2}.

* Level 2: Countries within regions, e.g., {Country A, Country B, Country C}.

* Level 3: Cities within countries, e.g., {City X, City Y, City Z}.

For each level, the n-SuperHyperNeutrosophic Set assigns a family of subsets with membership triplets. For
instance: ~
A3 (City X) = {(0.8,0.15,0.05), (0.7,0.2,0.1) },

where each triplet represents truth (7'), indeterminacy (), and falsity (F) degrees at the city level. This approach
integrates uncertainty at regional, country, and city scales for holistic decision-making.

2 Results of This Paper

This section outlines the main results presented in this paper.
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2.1 Support-Neutrosophic set

A Support-Neutrosophic Set extends neutrosophic sets by adding a support membership function, modeling
truth, indeterminacy, falsity, and support degrees [45,(61].

Definition 2.1 (Support-Neutrosophic set). [61] Let U be a universal set. A Support-Neutrosophic Set (SNS)
A on U is characterized by four membership functions:

A = {(x,Ta(x), Ia(x), Fa(x), sa(x)) | x € U},

where:

T (x) is the truth-membership function,

¢ 14(x) is the indeterminacy-membership function,

F(x) is the falsity-membership function,

o sa(x) is the support-membership function.

Each membership function satisfies:
Ta(x),14(x), Fa(x),s4(x) € [0,1] forallx e U.
There is no restriction on the sum of T4 (x), I4(x), Fa(x), so:
0 < Ta(x) +1a(x) + Fa(x) < 3,

and:
0<sa(x) <1,

Definition 2.2 (Support HyperNeutrosophic Set (SHNS)). Let X be a non-empty set. A Support HyperNeu-
trosophic Set A on X is defined as a mapping

X — P([0,11%),

where P ([0, 1]*) is the family of all non-empty subsets of the 4-dimensional unit hypercube [0, 1]*. For each
x € X, i(x) € [0, 1]*is a set of quadruples (T, I, F, s), where

(T.1F,s) € [0,1]%,
subject to the following neutrosophic-like constraint on (7', I, F):
0 <T+I+F < 3,

and the additional support coordinate s € [0, 1] is unrestricted apart from lying in [0, 1].

Hence, each x € X can have multiple possible quadruples (7,1, F,s), each representing degrees of truth,
indeterminacy, falsity, and support, respectively, in a hyper-collection manner.

Theorem 2.3. Let A be a Support HyperNeutrosophic Set. Then:

1. If for every x € X, [i(x) is a singleton, i.e. i(x) = {(T,1, F,s)}, we recover a Support Neutrosophic Set.

2. If we exclude the support coordinate (or fix it as a constant), we recover a HyperNeutrosophic Set.

Hence, the concept of a Support HyperNeutrosophic Set generalizes both the Support Neutrosophic Set and the
HyperNeutrosophic Set.
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Proof. (1) Reduction to Support Neutrosophic Set: When [i(x) is restricted to exactly one quadruple (7, 1, F, s)
per x € X, we have a single 4-tuple for each x. This precisely matches the usual definition of an SNS (where
each x has membership degrees T4 (x), I4(x), Fa(x), and s4(x) € [0, 1] with T4 (x) + I4(x) + Fa(x) < 3).

(2) Reduction to HyperNeutrosophic Set: If we fix s = 0 or s = 1 (or remove s altogether), then i(x) C [0, 1]°
for each x, and we keep the condition 7 + I + F' < 3. This is exactly the definition of a HyperNeutrosophic Set
A.

Therefore, A unifies both structures in a single framework, completing the proof. O

Definition 2.4 (Support n-SuperHyperNeutrosophic Set (n-SHNS with Support)). Let X be a non-empty set.
An Support n-SuperHyperNeutrosophic Set (abbreviated A,,) is defined as a mapping

Ayt Pu(X) — Pa([0,1]4),

where:

e P1(X) =P(X),and for k > 2,
Pr(X) = P(Pr-1(X)),

representing nested families of non-empty subsets of X up to depth k.

* P,([0, 1]%) is defined similarly for subsets of the 4-dimensional unit hypercube [0, 1]*.

For each A € P, (X) and each quadruple (T, IF,s) € Xn(A), we require:
T,I,F,s € [0,1], 0 < T+I+F < 3.

That is, the first three coordinates (7', I, F) represent truth, indeterminacy, and falsity degrees (with a neutro-
sophic constraint), and the fourth coordinate s € [0, 1] represents a support degree. The “n-superhyper” aspect
means we interpret A,, at successively deeper levels of subsets in ,, (X).

Theorem 2.5. (Unification of Support HyperNeutrosophic Set and n-SuperHyperNeutrosophic Set)

Let Zn be a Support n-SuperHyperNeutrosophic Set as in Definition Then:

1. Ifn=1, Xl reduces to a Support HyperNeutrosophic Set (see Definition , where each element in
P1(X) = P(X) is just a subset A C X, and A|(A) C [0, 1]*.

2. Ifwe remove the extra support coordinate from Definition|2.4} we recover the standard n-SuperHyperNeutrosophic
Set.

Thus, a Support n-SuperHyperNeutrosophic Set generalizes both the Support HyperNeutrosophic Set (when
n = 1) and the n-SuperHyperNeutrosophic Set (when we remove or fix the support dimension).

Proof. (1) Case n = 1: By Definition for n = 1 we map each A € P(X) = P(X) to a subset
A1(A) C [0,1]* But each element of P (X) is just a subset of X. In practice, we can equate each A C X
with an element x € X if we want an element-wise perspective, obtaining precisely a “hyper-collection” of
quadruples (T, I, F, s) for each x. That matches the structure of a Support HyperNeutrosophic Set.

(2) Removing the support dimension: If we ignore the fourth coordinate s, then each quadruple (T, I, F, s)
reducesto (T, 1, F) € [0, 1]3. The condition T+I+F < 3 yields exactly the standard n-SuperHyperNeutrosophic
constraint. This proves that the new notion unifies both concepts in a single framework. O
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2.2 Special Cases of Neutrosophic Sets

This subsection provides an explanation of the Special Cases of Neutrosophic Sets. The Neutrosophic Set
can be transformed into various specialized set concepts, such as the Neutrosophic Intuitionistic Set (distinct
from the Intuitionistic Fuzzy Set), Neutrosophic Paraconsistent Set, Neutrosophic Faillibilist Set, Neutrosophic
Paradoxist Set, Neutrosophic Pseudo-Paradoxist Set, Neutrosophic Tautological Set, Neutrosophic Nihilist Set,
Neutrosophic Dialetheist Set, and Neutrosophic Trivialist Set (cf. [53L[54L[57L[59]).

These concepts can be generalized using the Hyperneutrosophic Set and n-SuperHyperneutrosophic Set frame-
works. Due to the extensive nature of the proofs, they are omitted in this paper. For further details, refer to
relevant sources such as [20].

Definition 2.6 (Non-Standard Unit Interval). Let
1-0,1+[={x]|-0<x <14}

be the so-called non-standard unit interval, which can include “infinitesimal” parts below 0 (denoted by —0)
and possibly “infinite” or “beyond 1” parts above 1 (denoted by 1+). In various treatments, one may restrict to
the standard interval [0, 1]. However, in the most general neutrosophic sense, membership degrees can lie in
this broader range | — 0, 1 + [.

Remark 2.7. Throughout, for each element x in the universe U (or X, S, etc.), we associate three subsets (or
sub-values) 7, I, F C] — 0, 1 + [. Intuitively:

T = (truth-degree subset), [ = (indeterminacy-degree subset), F = (falsity-degree subset).

We often denote an element x by x (7', I, F), signifying that x has partial membership characterized by (7', I, F).

The Neutrosophic Set is redefined using the non-standard unit interval. The definition is provided below.

Definition 2.8 (Neutrosophic Set (Using Non-standard unit interval)). [511/52,|58]] Let U be a universe of
discourse, and let M C U. A Neutrosophic Set M is defined by assigning to each x € U an ordered triple
(Tx, Iy, Fy), where

Ty, I, Fx €]1-0,1+][ (the non-standard unit interval),

representing the truth, indeterminacy, and falsity percentages (or degrees) of x belonging to M. Concretely,
we write:
x(TX7 Ix, Fx)

These three subsets must satisfy the broad neutrosophic condition that
-0 < inf(7y) +inf(l,) +inf(Fy) and sup(Ty) +sup(ly) +sup(Fy) < 3+,

allowing the sum of (truth + indeterminacy + falsity) to be anywhere in the extended range up to 3+, and
similarly down to —0.

In the special (standard) case where each of T, I, Fy is a singleton in [0, 1], one recovers simpler forms
such as fuzzy, intuitionistic fuzzy, or other sets. But the full neutrosophic set framework permits negative
infinitesimals or values beyond 1, depending on the chosen non-standard extension.

This definition generalizes the classical set (T =1, 1 =0, F = 0), fuzzy set (T € [0,1], I =0, F=1-T),
intuitionistic fuzzy set, paraconsistent set, and many others (see discussions below).

Definition 2.9 (Hyperneutrosophic General Form). Let U be the universe of discourse. A Hyperneutrosophic
Set H assigns to each element x € U a triple

(T (x), I(x), Fx)),

where each of 7 (x), Z(x), ¥ (x) is a hyper-collection of membership degrees (or subsets of membership
degrees) in the non-standard interval | — 0, 1 + [. Concretely, we might view

Tx) € PO-0,1+[), I(x) € P1-0,1+[), F(x) € P(1-0,1+]).
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(Or alternatively each could be a function from some index set Ato ] — 0,1+ [.)

We then impose the neutrosophic constraints in a Ayper sense: for all choices of 7 € 7 (x),t € I (x), ¢ € F (x),
one must satisfy the usual bounds

-0 < inf(r) +inf(¢) +inf(¢), sup(r) +sup(e) +sup(¢) < 3+,
plus whatever extra condition the special class imposes.

Notation: We denote such a set as H: x — (7 (x), I (x), F (x)).

Remark 2.10. All the special classes (Intuitionistic, Paraconsistent, etc.) can be “hyperized” by requiring that
each 7 (x), I (x), ¥ (x) satisfies the relevant constraints. For example, a HyperNeutrosophic-Intuitionistic Set
might demand sup(7) + sup(¢) + sup(¢) < 1 forall T € 7 (x), ¢ € I (x), etc.

Definition 2.11 (n-SuperHyperneutrosophic General Form). An n-SuperHyperneutrosophic Set H™ extends
Definition to n-level hyper-memberships. At level 1, we assign (77(x), Z;(x), Fi(x)). For each element
7 € Ti(x), we define a second-level triple (72(7), Z2(7), #2(7)), etc., up to level n. Each level enforces the
standard or special neutrosophic constraints in a hyper sense. Symbolically,

H (x) = (Ti(x), L1 (x), F1(x)),

and for each 7 € 71(x), (72(7), (1), F2(7)),

Level n similarly.

All the specialized conditions (e.g., sup(T) + sup(I) + sup(F) < 1, or inf(7) > 0, etc.) must hold across all
relevant sublevels to preserve the special-case property in the n-SuperHyper sense.

Remark 2.12. Just like Hyperneutrosophic Sets, any of the specialized classes (Intuitionistic, Paraconsistent,
etc.) can be “n-superhyperized.” For instance, an n-SuperHyperNeutrosophic Intuitionistic Set would impose
sup of each triple’s sum < 1 across all n-levels of membership data, and so on.

2.2.1 Neutrosophic Intuitionistic Set

A Neutrosophic Intuitionistic Set generalizes Intuitionistic Fuzzy Sets by requiring that the supremum values of
truth, indeterminacy, and falsity strictly sum to less than 1. This concept can be extended using the frameworks
of the Hyperneutrosophic Set and n-SuperHyperneutrosophic Set. The formal definition is provided below.

Definition 2.13 (Neutrosophic Intuitionistic Set). [53|]] An Neutrosophic Intuitionistic Set is a special class of
neutrosophic set in which each element x (7', I, F) satisfies

sup(T) +sup(Z) + sup(F) < 1.

Hence the total “sum” of truth, indeterminacy, and falsity is strictly below 1 when we consider the supre-
mum values. This models incomplete knowledge about membership: no matter how large you make truth,
indeterminacy, or falsity, they cannot jointly reach 1.

By comparison, classical intuitionistic fuzzy sets (in the sense of Atanassov) typically require 7 + F' < 1, with
an indeterminacy of 1 — (T + F). The above neutrosophic condition generalizes that notion using possibly
non-standard intervals.

Definition 2.14 (HyperNeutrosophic-Intuitionistic Set). A HyperNeutrosophic Intuitionistic Set is a hyperneu-
trosophic set H such that for every x € U and for all T € 7 (x), ¢ € I (x), ¢ € F(x), the sum of supremum
values satisfies

sup(7) + sup(¢) +sup(p) < 1.

We can similarly impose that the sum of inf(7) + inf(¢) + inf(¢) remains below 1, depending on the exact
formalism. This ensures that each sub-element in the hyper-collection respects the “incomplete membership”
principle of the original intuitionistic concept, but now in a hyper sense.
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Definition 2.15 (n-SuperHyperNeutrosophic Intuitionistic Set). An n-SuperHyperNeutrosophic Intuitionistic
Set extends Definition by enforcing the same sup(7) + sup(t) + sup(¢) < 1 (or similar) constraint at each of
the n levels of membership. In other words, at level 1, for each 71 € 7(x), ¢ € 11 (x), ¢ € F1(x), we require

sup(7y) +sup(¢q) +sup(ey) < 1,

and for level 2, each 7, € 7;(11), 1o € Ip(¢1), etc., must also satisfy the same incomplete sum constraint, and so
on up to level n. This hierarchical layering captures multi-stage or multi-dimensional incomplete knowledge.

2.2.2 Neutrosophic Paraconsistent Set

A Neutrosophic Paraconsistent Set captures overlapping information by requiring truth, indeterminacy, and
falsity supremum values to exceed 1. This concept can be extended using the frameworks of the Hyperneutro-
sophic Set and n-SuperHyperneutrosophic Set. The formal definition is provided below.

Definition 2.16 (Neutrosophic Paraconsistent Set). [53]] A Neutrosophic Paraconsistent Set is a special class
of neutrosophic set in which each element x(7', I, F) satisfies

sup(T) + sup(Z) + sup(F) > 1.

In other words, the total supremum of (7, I, F) strictly exceeds 1, capturing paraconsistent information, where
one can have overlapping degrees that go beyond what is normally considered a single unity. This is closely
tied to paraconsistent logic, where contradictions can coexist without trivialization.

Definition 2.17 (HyperNeutrosophic Paraconsistent Set). A HyperNeutrosophic Paraconsistent Set is a hyper-
neutrosophic set H where each sub-element triple (7, ¢, ¢) satisfies
sup(7) + sup(¢) +sup(¢) > 1.

Equivalently, the total membership across truth, indeterminacy, and falsity exceeds 1 in each hyper-subset.
This extends the classical paraconsistent property (sup(7’) + sup(/) + sup(F) > 1) to every layer in the
hyper-collection.

Definition 2.18 (n-SuperHyperNeutrosophic Paraconsistent Set). An n-SuperHyperNeutrosophic Paraconsis-
tent Set enforces the paraconsistent condition at each of the n membership levels. That is, for any element
x € U, at level k (where 1 < k < n), each triple (7, tx, k) satisfies

sup () + sup(ex) + sup(pg) > 1.

This captures a multi-layer logic scenario where paraconsistent overlap is present through all nested or recursive
membership steps.

2.2.3 Neutrosophic Faillibilist Set

A Neutrosophic Faillibilist Set ensures every element has a strictly positive lower bound of indeterminacy,
capturing inherent uncertainty. This concept can be extended using the frameworks of the Hyperneutrosophic
Set and n-SuperHyperneutrosophic Set. The formal definition is provided below.

Definition 2.19 (Neutrosophic Faillibilist Set). [53] A Neutrosophic Faillibilist Set is a class of neutrosophic
set in which every element x(7, I, F) has
inf(7) > 0.

This means each element has a strictly positive lower bound of indeterminacy. In effect, no element is fully
known (there is always some irreducible uncertainty).

Definition 2.20 (HyperNeutrosophic Faillibilist Set). A HyperNeutrosophic Faillibilist Set is a hyperneutro-
sophic set H such that, for every x € U, each « € 7 (x) satisfies

inf(¢) > 0.

Hence, all sub-members for indeterminacy remain strictly above 0, generalizing the classic inf(/) > O require-
ment to the hyper context.

Definition 2.21 (n-SuperHyperNeutrosophic Faillibilist Set). An n-SuperHyperNeutrosophic Faillibilist Set
extends the above property to n levels: at level &, each ¢ (for ¢, € f) must have inf(¢;) > 0. This ensures a
permanent positive minimal indeterminacy across all nested membership layers.
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2.2.4 Neutrosophic Paradoxist Set

A Neutrosophic Paradoxist Set is a class of neutrosophic set in which every element x(7, I, F) has the specific
form x(1, I, 1). This concept can be extended using the frameworks of the Hyperneutrosophic Set and
n-SuperHyperneutrosophic Set. The formal definition is provided below.

Definition 2.22 (Neutrosophic Paradoxist Set). [53]] A Neutrosophic Paradoxist Set is a class of neutrosophic
set in which every element x(7, I, F) has the specific form

x(1,1,1).

Interpreted literally, each element belongs 100% to the set and does not belong 100% at the same time.
Formally, inf(7) > 1 (or T includes 1) and inf(F) > 1. The indeterminacy / can be anything, but typically
I C] -0, 1+ as usual. This embodies a paradox: total membership and total non-membership simultaneously.

Definition 2.23 (HyperNeutrosophic Paradoxist Set). A HyperNeutrosophic Paradoxist Set is a hyperneutro-
sophic set H where every sub-element triple (7, ¢, ¢) satisfies

T contains 1, ¢ contains 1.

In other words, inf(7) > 1 and inf(¢) > 1. This enforces “complete membership” and “complete non-
membership” simultaneously at the hyper level. The indeterminacy ¢ can vary.

Definition 2.24 (n-SuperHyperNeutrosophic Paradoxist Set). An n-SuperHyperNeutrosophic Paradoxist Set
applies the condition inf(7;) > 1 and inf(¢y) > 1 at each level k = 1,...,n. Thus, from the first to the nth
membership layer, every sub-triple is paradoxical (full membership and full non-membership).

2.2.5 Neutrosophic Pseudo-Paradoxist Set

A Neutrosophic Pseudo-Paradoxist Set is a neutrosophic set where elements exhibit partially total” membership
or non-membership: one dimension is fully determined (100%), while the other is partially defined. This
concept can be extended using the frameworks of the Hyperneutrosophic Set and n-SuperHyperneutrosophic
Set. The formal definition is provided below.

Definition 2.25 (Neutrosophic Pseudo-Paradoxist Set). [53|]] A Neutrosophic Pseudo-Paradoxist Set is a class
of neutrosophic set in which every element x(7', I, F) satisfies one of the following forms:

x(1, I, F) with 0 <inf(F) <sup(F) <1,
or x(T,1,1) with 0 <inf(7T) <sup(T) < 1.

Hence we have “partially total” membership or non-membership combined with partial membership. Con-
cretely:

* In the first form, the element belongs 100% (inf(7") > 1) and also partially does not belong (some fraction
F e (0,1)).

¢ In the second form, the element partially belongs 7 € (0, 1) but also does not belong 100%.

This generalizes the idea of a paradox, but not at the “full 1 and full 1~ for membership and non-membership.
Instead, membership is fully 1 in one dimension, while the other dimension is strictly between 0 and 1, or vice
versa.

Definition 2.26 (HyperNeutrosophic Pseudo-Paradoxist Set). A HyperNeutrosophic Pseudo-Paradoxist Set is
a hyperneutrosophic set such that, for every 7 € 7 (x), ¢ € F (x), either

inf(t) >1 and 0 <inf(yp) <sup(p) <1

or
0 <inf(7) <sup(r) <1 and inf(p) > 1

for each hyper-subset. This extends the “pseudo-paradoxical” partial membership and partial non-membership
to all sub-levels in the hyper-collection.

Definition 2.27 (n-SuperHyperNeutrosophic Pseudo-Paradoxist Set). An n-SuperHyperNeutrosophic Pseudo-
Paradoxist Set repeats these partial conditions (1, F € (0,1)) or (T € (0, 1), 1) at each membership level k.
Concretely, if 7, € Tk, ¢x € Fi, then either inf (1) > 1 and sup(¢y) < 1, or vice versa, for each level k.
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2.2.6 Neutrosophic Tautological Set

A Neutrosophic Tautological Set is a neutrosophic set where every element absolutely belongs to the set (T 1)
with no indeterminacy or falsity. This concept can be extended using the frameworks of the Hyperneutrosophic
Set and n-SuperHyperneutrosophic Set. The formal definition is provided below.

Definition 2.28 (Neutrosophic Tautological Set). [53|] A Neutrosophic Tautological Set is a class of neutro-
sophic set in which every element x has the form

x(1+, -0, -0),

meaning it absolutely belongs to the set in all possible worlds/scenarios. Symbolically, inf(7) > 1+ (an
extended value beyond 1), while sup(/) < —0 and sup(F) < -0, i.e. no indeterminacy and no falsity even in
extended sense. This is a “universal truth” membership scenario, hence “tautological.”

Definition 2.29 (HyperNeutrosophic Tautological Set). A HyperNeutrosophic Tautological Set is one in which,
for every T € 7 (x), we have inf(7) > 1+, and simultaneously inf(¢) < —0 and inf(¢) < -0 for all ¢, ¢ in 7 (x),
¥ (x). Thus each sub-collection ensures absolute truth across the entire hyper-structure.

Definition 2.30 (n-SuperHyperNeutrosophic Tautological Set). An n-SuperHyperNeutrosophic Tautological
Set demands that, at each level k, the truth sub-collection has elements with inf(7;) > 1+ and the indetermi-
nacy/falsity sub-collections remain < —0. Thus, from level 1 to level n, we have absolute membership, with no
possibility of partial or negative membership.

2.2.7 Neutrosophic Nihilist Set

A Neutrosophic Nihilist Set is a neutrosophic set where every element absolutely does not belong (F; 1) with
no truth or indeterminacy. This concept can be extended using the frameworks of the Hyperneutrosophic Set
and n-SuperHyperneutrosophic Set. The formal definition is provided below.

Definition 2.31 (Neutrosophic Nihilist Set). [53[] A Neutrosophic Nihilist Set is a class of neutrosophic set in
which every element x has the form
x(=0, =0, 1+),

meaning it absolutely does not belong to the set in all possible worlds. Symbolically, inf(F) > 1+ (falsity
beyond 1), while sup(7) < —0 and sup(/) < -0, i.e. no truth and no indeterminacy. The empty set is a
particular case of a nihilist set.

Definition 2.32 (HyperNeutrosophic Nihilist Set). A HyperNeutrosophic Nihilist Set ensures inf(¢) > 1+ for
each ¢ € ¥ (x), while sup(7) < —0 and sup(:) < —0. In every hyper-subset, the element absolutely does not
belong, across all sub-members.

Definition 2.33 (n-SuperHyperNeutrosophic Nihilist Set). An n-SuperHyperNeutrosophic Nihilist Set repeats
the inf(¢y) > 1+ condition at each of the » membership levels, ensuring total falsity and no truth/indeterminacy
for all nested sub-layers.

2.2.8 Neutrosophic Dialetheist Set

A Neutrosophic Dialetheist Set allows elements to belong simultaneously to the set and its complement,
modeling logical contradictions. This concept can be extended using the frameworks of the Hyperneutrosophic
Set and n-SuperHyperneutrosophic Set. The formal definition is provided below.

Definition 2.34 (Neutrosophic Dialetheist Set). [53] A Neutrosophic Dialetheist Set is a class of neutrosophic
set that models a situation where some element(s) also belong to the complement of the set. Formally,
there exists at least one element x(7, I, F) in the set M such that x also belongs to the complement C(M).
Equivalently, there is an overlap between M and its complement for at least one x. In neutrosophic terms,
one might express this by saying 7 for membership in M is non-zero (or high), and simultaneously 7 for
membership in C(M) is also non-zero. This is akin to dialetheism in logic, where contradictions can be true.
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Definition 2.35 (HyperNeutrosophic Dialetheist Set). A HyperNeutrosophic Dialetheist Set is a hyperneutro-
sophic set H where there exists at least one element x € U (and at least one sub-membership triple 7 € 7 (x),
etc.) that also belongs to the complement’s hyper-sub-collection. In practice, this means at least one level
of membership for x has 7 > 0 for both the set and its complement, reflecting the dialetheist notion that
contradictory membership can be valid.

Definition 2.36 (n-SuperHyperNeutrosophic Dialetheist Set). We say H ") is an n-SuperHyperNeutrosophic
Dialetheist Set if, at some level(s) k, there is an element that belongs simultaneously to both H (M and its
n-level complement. In other words, the contradiction is “allowed” or “realized” across (possibly multiple)
sub-layers of membership data.

2.2.9 Neutrosophic Trivialist Set

A Neutrosophic Trivialist Set includes all its elements in both the set and its complement, representing
universal contradictions. This concept can be extended using the frameworks of the Hyperneutrosophic Set
and n-SuperHyperneutrosophic Set. The formal definition is provided below.

Definition 2.37 (Neutrosophic Trivialist Set). [53[] A Neutrosophic Trivialist Set is a class of neutrosophic set
where every element also belongs to the complement. Formally, for every x(7', I, F) in M, x is also in C(M).
That is, the intersection between M and C (M) is not only non-empty, but actually contains all elements of M.
In a classical sense, “everything is true” and “everything is false” at once. Trivialism is the position that all
contradictions are in fact the case.

Definition 2.38 (HyperNeutrosophic Trivialist Set). A HyperNeutrosophic Trivialist Set ensures that every
element in M also belongs to the complement’s hyper-collection. Formally, for every x € M and every triple
T € T (x), etc., there is a triple in the complement’s hyper-collection that also certifies membership. This
generalizes the trivialist idea that N"(M, C(M)) is universal across all sub-members.

Definition 2.39 (n-SuperHyperNeutrosophic Trivialist Set). An n-SuperHyperNeutrosophic Trivialist Set ex-
tends this universal overlap to all membership levels: from level 1 to level n, each sub-triple for any x € M is
repeated in the membership structure of the complement, thus making everything “trivially” shared across all
levels.
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Abstract

This paper builds on the foundational advancements introduced in [22,29-32]. The Neutrosophic Set pro-
vides a flexible mathematical framework for managing uncertainty by utilizing three membership functions:
truth, indeterminacy, and falsity. Recent extensions, such as the HyperNeutrosophic Set and the SuperHy-
perNeutrosophic Set, have been developed to address increasingly complex and multidimensional challenges.
Comprehensive formal definitions of these concepts are provided in [26].

In this paper, we further extend various specialized classes of Neutrosophic Sets. Specifically, we explore
extensions of the MultiNeutrosophic Set and the Refined Neutrosophic Set using HyperNeutrosophic Sets and
n-SuperHyperNeutrosophic Sets, providing detailed analysis and examples.

Keywords: Set Theory, SuperhyperNeutrosophic set, Neutrosophic Set, HyperNeutrosophic set

1 Preliminaries and Definitions

This section presents the foundational concepts and definitions necessary for the discussions in this paper.

1.1 Neutrosophic, HyperNeutrosophic, and n-SuperHyperNeutrosophic Sets

In addressing uncertainty, vagueness, and imprecision in decision-making, various set-theoretic models have
been proposed. Among these, Fuzzy Sets introduced by Zadeh [60H66| provide a foundation for handling
partial membership. Intuitionistic Fuzzy Sets, developed extensively by Atanassov [8H13]], incorporate both
membership and non-membership functions for better representation of uncertainty. Similarly, Vague Sets
have been explored as a means to model imprecise data [|1,35,40].

Hyperfuzzy Sets, a generalization of Fuzzy Sets, enable a broader representation of membership by considering
subsets of the interval [0, 1] [[14}21},2838l39]. These models provide enhanced flexibility in handling complex
data scenarios.

Neutrosophic Sets, introduced by Smarandache, extend the Fuzzy Set framework by incorporating an inde-
terminacy component alongside truth and falsity [24,(33}/34,47-50,/53L|57]. This approach allows for a richer
characterization of uncertainty, making it particularly useful in complex decision-making contexts. Advanced
studies have further refined Neutrosophic Sets, resulting in the development of HyperNeutrosophic Sets and
n-SuperHyperNeutrosophic Sets, which address high-dimensional and intricate problem domains [23}26].

The following sections provide definitions and illustrative examples of these concepts, demonstrating their
applicability and generalization potential.

Definition 1.1 (Base Set). A base set S is the foundational set from which complex structures such as powersets
and hyperstructures are derived. It is formally defined as:

S = {x | x is an element within a specified domain}.

All elements in constructs like P (S) or £, (S) originate from the elements of S.

Definition 1.2 (Powerset). [25],44] The powerset of a set S, denoted P (S), is the collection of all possible
subsets of S, including both the empty set and S itself. Formally, it is expressed as:

P(S)={A|ACS).
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Example 1.3 (Powerset). Let S = {a, b}. The powerset P (S) is the set of all subsets of S, including the empty
set and S itself.

P(S) ={0,{a},{b},{a,b}}.
Definition 1.4 (n-th Powerset). (cf. [20,125}27.146,56[)

The n-th powerset of a set H, denoted P, (H), is defined iteratively, starting with the standard powerset. The
recursive construction is given by:

Pi(H)=P(H), Pus(H)=P(Py(H)), forn=>1.
Similarly, the n-th non-empty powerset, denoted P}, (H), is defined recursively as:
Pi(H) = P"(H), P, (H)=P(P,(H)).
Here, P*(H) represents the powerset of H with the empty set removed.

Example 1.5 (First Iteration (P (S))). By definition, P (S) = P(S). Therefore:

PI(S) = {0’ {Cl}, {b}’ {a9b}}

Example 1.6 (Second Powerset (P;(S))). The second powerset P,(S) is the powerset of Pi(S). Since
Pi(S) ={0,{a},{b},{a,b}}, we compute P(P(S)):

Py(8) = P(P1(S)) = {0, {0}, {{a}}, {{b}}. {{a. b}}.{0. {a}}..... P1(S)}.

Example 1.7 (Third Powerset (P3(S))). The third powerset P3(S) is obtained by applying the powerset
operation to P5(S):
P3(8) = P(P2(9)).

Since P,(S) is a much larger set, P3(S) contains subsets of P,(S), including higher-order subsets.

Definition 1.8 (Neutrosophic Set). [47,/48|] Let X be a non-empty set. A Neutrosophic Set (NS) A on X is
characterized by three membership functions:

To:X > [0,1], In:X—>[0,1], Fa:X— [0,1],

where for each x € X, the values T4(x), I4(x), and F4(x) represent the degrees of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0 <Ta(x)+1a(x)+ Fa(x) < 3.

Example 1.9 (Neutrosophic Set in Customer Feedback Analysis). Scenario: Evaluating customer satisfaction
regarding a newly launched product (cf. [17]]).

Example: Let X = {Customer 1, Customer 2, Customer 3}, representing a set of customers who provided
feedback on the product. The membership functions represent their positive feedback (7T'), uncertainty (/), and
negative feedback (F) as follows:

 For Customer 1: T4 (Customer 1) = 0.7 (70% positive feedback), 14 (Customer 1) = 0.2 (20% uncer-
tainty), F4 (Customer 1) = 0.1 (10% negative feedback).

* For Customer 2: T4 (Customer 2) = 0.6, I4(Customer 2) = 0.1, F4(Customer 2) = 0.3.

* For Customer 3: T4 (Customer 3) = 0.4, 14 (Customer 3) = 0.4, F4(Customer 3) = 0.2.
Interpretation:
 Customer 1 shows strong positive feedback with minimal uncertainty and negative feedback.

¢ Customer 2 provides moderate positive feedback but has a significant level of dissatisfaction (F4 (Customer 2) =
0.3).
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 Customer 3 exhibits high uncertainty (/4 (Customer 3) = 0.4), indicating indecisiveness regarding their
opinion of the product.

This example demonstrates how a Neutrosophic Set can be used to model customer feedback, capturing not
only their satisfaction levels but also their uncertainties and dissatisfaction, enabling a more comprehensive
understanding of customer opinions.

Definition 1.10 (HyperNeutrosophic Set). (cf. [21}/23,[26,[28,/54]) Let X be a non-empty set. A HyperNeutro-
sophic Set (HNS) A on X is a mapping:
X — P([0,1]%),

where P ([0, 1]3) is the family of all non-empty subsets of the unit cube [0, 1]3. Foreachx € X, i(x) € [0,1]°
is a set of neutrosophic membership triplets (7', I, F) that satisfy:

0LT+I+F <3.

Example 1.11 (HyperNeutrosophic Set in Medical Diagnosis). Scenario: Evaluating the health status of
patients based on multiple diagnostic criteria, incorporating uncertainty and conflicting indicators (cf. [6}/15}
16,|19,37,41,59]).

Let X = {Patient 1, Patient 2}, where each patient is assessed using a set of neutrosophic triplets representing
degrees of health status (T'), uncertainty in diagnosis (), and severity of illness (¥). The evaluations from
multiple doctors or diagnostic tests are aggregated as follows:

e For Patient 1:
f(Patient 1) = {(0.9,0.05,0.05), (0.8,0.1,0.1)},

indicating that one evaluation suggests high health status (7" = 0.9) with minimal uncertainty (/ = 0.05),
while another is slightly less confident (7' = 0.8,1 = 0.1).

¢ For Patient 2:
f(Patient 2) = {(0.4,0.4,0.2), (0.3,0.5,0.2)},

reflecting more uncertainty in diagnosis (I = 0.4, 0.5) and lower health status (7' = 0.4, 0.3).
Interpretation:
* For Patient 1, the aggregated evaluations suggest a strong likelihood of good health, with very low
uncertainty and minimal severity of illness.
* For Patient 2, the evaluations highlight significant uncertainty in the diagnosis, coupled with moderately

low health status and moderate severity of illness.

This use of HyperNeutrosophic Sets allows for nuanced analysis in medical diagnosis, accommodating varying
degrees of confidence and conflicting information from different sources or diagnostic tools.

Definition 1.12 (n-SuperHyperNeutrosophic Set). (cf. [21,]23,26]28]) Let X be a non-empty set. An n-
SuperHyperNeutrosophic Set (n-SHNS) is a recursive generalization of Neutrosophic Sets and HyperNeutro-
sophic Sets. It is defined as a mapping:

An = Pu(X) = Pu([0,1]%),

where:

¢ P1(X) = P(X), the power set of X, and for k > 2,
Pr(X) = P(Pr-1(X)),

representing the k-th nested family of non-empty subsets of X.
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#,([0,1]%) is defined similarly for the unit cube [0, 1]3.

For each A € P,,(X) and (T, 1, F) € A, (A), the following condition is satisfied:

0<T+I+F <3,

where T, I, F represent the degrees of truth, indeterminacy, and falsity for the n-th level subsets of X.

Example 1.13 (n-SuperHyperNeutrosophic Set). Scenario: Multi-tiered analysis of supply chain reliability
and uncertainty in a global logistics network.

Example: Let X = {Production, Transportation, Warehousing}, representing key components of a global
supply chain. We consider a four-level hierarchy:

Level 1: Global regions, e.g., {North America, Europe, Asia}.
Level 2: Countries within regions, e.g., {USA, Germany, Japan}.
Level 3: Distribution centers within countries, e.g., {Center A, Center B, Center C}.

Level 4: Individual suppliers or transport hubs within distribution centers, e.g., {Supplier X, Supplier Y, Hub Z}.

For each level, the n-SuperHyperNeutrosophic Set assigns a family of subsets with neutrosophic membership
triplets. For instance:

A4(Supplier X) = {(0.9, 0.05,0.05), (0.85,0.1,0.05)},

where each triplet represents:

T: The reliability of the supplier, indicating truth in meeting delivery schedules.
I: Uncertainty in performance due to external factors like weather or policy changes.

F: The failure rate of the supplier in fulfilling commitments.

Interpretation:

At the global region level, e.g., A; (North America) = {(0.7,0.2,0.1), (0.75,0.15,0.1)}, reflects broader
uncertainties like trade policies or labor strikes.

At the country level, e.g., AZ(USA) = {(0.8,0.1,0.1), (0.85,0.05,0.1) }, captures national factors like
infrastructure reliability or local regulations.

At the distribution center level, e.g., As (Center A) = {(0.85,0.1,0.05), (0.8,0.15,0.05)}, focuses on
facility-specific risks.

This hierarchical approach enables granular and comprehensive evaluation of supply chain reliability, account-
ing for uncertainty and risk at multiple levels of the network.

2 Results of This Paper

This section outlines the main results presented in this paper.
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2.1 m-Valued Refined Neutrosophic set

An m-Valued Refined Neutrosophic Set assigns m-refined truth, indeterminacy, and falsity membership values
to elements, capturing granular uncertainty [4-6}18}36451L52].

Definition 2.1 (m-Valued Refined Neutrosophic Set). [51]] An m-Valued Refined Neutrosophic Set (m-VRNS)
is defined as follows:

Let U be a universe of discourse. An m-Valued Refined Neutrosophic Set N is represented as:

N ={(x,{(Tx,I,Fx)) | x € U},

where:

o T\, = {T)!, T)%, e, Tf } is the set of refined truth-membership degrees for x,

I,={I )‘c, I)%, R If{} is the set of refined indeterminacy-membership degrees for x,

o F,={FL,F2, ... FI}is the set of refined falsity-membership degrees for x,

X7 X

T 1L FFe[0,1] Vie{l,....ph.je{l,....qhke{l,....r},

* p+q+r =m, where m represents the total number of refined components.

The following condition must hold for each x € U:

p q
i J k
OSETX+EIX+ F; <m.
i=1 j=1 k=1

Notes:

1. The sets Ty, I, Fy can represent different types of truth, indeterminacy, and falsity degrees (e.g., based
on multiple criteria or perspectives).

2. The upper bound m ensures that the sum of all degrees (truth, indeterminacy, falsity) does not exceed
the total refined capacity.

3. The model generalizes the classical neutrosophic set by allowing finer granularity in the representation
of uncertainty.

Example 2.2 (m-Valued Refined Neutrosophic Set). Scenario: Evaluating student performance in a multi-
criteria assessment.

Let U = {Alice, Bob, Charlie}, where U represents students under evaluation. Each student is assessed on
three main criteria: knowledge, teamwork, and creativity. The truth (T'), indeterminacy (/), and falsity (F)
degrees are refined into sub-components to represent their performance in finer granularity.

¢ For Alice:
Tlice = {O-Sa 0-7}, Tatice = {01}’ Falice = {0-1’ 0-2},

where:

— Talice: High scores in knowledge (0.8) and teamwork (0.7).
— Ijice: Slight uncertainty (0.1) due to variable creativity.

— Falice: Weak performance in advanced tasks (0.1) and group leadership (0.2).

Total m = 5.
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e For Bob:
Tgob = {0.6,0.5}, I ={0.2,0.3}, Fgop = {0.4},

where:
— Tgob: Moderate scores in creativity (0.6) and teamwork (0.5).

— Ipob: Higher uncertainty (0.2, 0.3) due to inconsistent knowledge application.

— Fgob: Weak performance in collaboration (0.4).
Total m = 6.

¢ For Charlie:
TCharlie = {0-77 06}, Ichattie = {02}’ Fcharie = {03, 0-2},

where:
— Tcharie: Strong knowledge (0.7) and decent creativity (0.6).

— Icharie: Moderate uncertainty (0.2) due to inconsistent teamwork.

— Fehatie: Weak performance in leadership (0.3) and practical implementation (0.2).

Total m = 5.

Interpretation: Each student is evaluated on finer criteria, allowing for a nuanced assessment of their perfor-
mance across different dimensions. This granularity is achieved using the m-Valued Refined Neutrosophic Set
framework, where the truth, indeterminacy, and falsity degrees reflect detailed attributes under evaluation.

Definition 2.3 (m-Valued Refined HyperNeutrosophic Set (m-VRHNS)). Let U be a non-empty universe, and
let

Ry = {(T,I,F) | TLFClOL [T+ +|Fl=m, Y T+Y 1+ Y F < m}

be the family of all refined triplets of sets representing truth, indeterminacy, and falsity degrees, subject
to the total m constraint. Let P(R,,) be the family of non-empty subsets of R,,. A m-Valued Refined
HyperNeutrosophic Set (m-VRHNS) N is a mapping

N:U — P(Rp),

where for each x € U, N(x) C R, is a set of refined triplets (TZ, 12, FT) with  indexing different possible
combinations, each obeying

DUTH+ D UD+ Y (F < m.

Interpretation:

o If N(x) is restricted to one triple (Ty, Iy, Fy), we get an m-Valued Refined Neutrosophic Set (Defini-
tion ??).

* If m = 3 and each set is single-valued, we revert to a standard hyperneutrosophic set in [0, 1]°.

Theorem 2.4. Every m-Valued Refined Neutrosophic Set is a special case of an m-Valued Refined HyperNeu-
trosophic Set.

Proof. Let N be an m—Yalued Refined Neutrosophic Set, with each x € U having one triple (T, I, Fyx) € Rp.
We define a mapping N by

Nx)={ (Ty, 1, Fy) }.

Hence each x has a singleton set of refined triplets. By construction, (7, Iy, Fx) obeys X Tx+3 I+ Fx < m.
Therefore N is embedded into N as a degenerate (single triple) membership approach. O

Theorem 2.5. By letting m = 3 and restricting each T, I, F to a single value in [0, 1], we revert to an ordinary
HyperNeutrosophic Set in [0, 1]3.
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Proof. A HyperNeutrosophic Set i : U — P ([0, 1]3) assigns each x a set of triplets (T, I, F) with T+I+F < 3.
In the refined approach, m = 3 means we distribute the total 3 among T, I, F sets. If we force each set
T = {t},I = {i}, F = {f}, each containing exactly one numeric value, we get a single triplet (¢,7, f) € [0, 1]°,
as usual. By allowing a set of such singletons, we reproduce the standard hyperneutrosophic membership in
[0,1]°. o

Definition 2.6 (m-Valued Refined n-SuperHyperNeutrosophic Set (m-VRHNS,,)). Let U be a non-empty
universe, n_> 0 an integer, and m a positive integer for refined neutrosophic components. Define R, as in
Deﬁnitionand P (R) as the family of non-empty subsets of R,,,. Let ;;(U) be the n-th power set hierarchy
of U minus the empty set. An m-Valued Refined n-SuperHyperNeutrosophic Set (m-VRHNS,,) is a mapping:

Ny : PHU) — P(Rp),
where each A € 5;:(U) is assigned a set of refined neutrosophic triplets (T4, I4, Fa) With [Tg|+|1a|+|Fa| = m,

each satisfying
ZTA+ZIA+ZFA < m.

Theorem 2.7. Every m-Valued Refined HyperNeutrosophic Set is a special case of an m-Valued Refined
n-SuperHyperNeutrosophic Set for n = 0 or 1.

Proof. Let N be an m-Valued Refined HyperNeutrosophic Set: U — P(R,,). In Definition if n =0,
Py (U) =U, so
No:U — P(Ry)

matches N. Alternatively, if n = 1, define
N ({x}) :==N(x), Ni(A)=oif A # {x}.
Hence the single-level m-VRHNS is embedded in an n-super environment as a special case. O

Theorem 2.8. By letting m = 3 and forcing each (Ta, 14, Fa) to be singletons in [0, 1], we revert to a standard
n-SuperHyperNeutrosophic set in numeric membership [0, 1]°.

Proof. An n-SuperHyperNeutrosophic Set fi, maps 5; (U) to sets of triplets (T, I, F) € [0, 1] with T+I+F <
3. In the m-refined approach, m = 3 means we distribute the total across T, I, F. If each T = {t},1 = {i}, F =
{f} is a single numeric value, we replicate ordinary triplets. By allowing sets of such singletons, we replicate
the standard n-SuperHyperNeutrosophic membership. O

2.2 MultiNeutrosophic Set

The concept of MultiNeutrosophic Sets has been extensively studied in several research papers [2}3}/7,/55].
Related concepts, such as the Refined Fuzzy Set, are also well-documented in the literature [42}43]{45]
58]. We extend the framework of MultiNeutrosophic Sets by incorporating HyperNeutrosophic Sets and
SuperHyperNeutrosophic Sets. The formal definitions and associated concepts are provided below.

Definition 2.9 (MultiNeutrosophic Set). (cf. [55]]) Let U be a universe of discourse, and let M be a subset of
U. A MultiNeutrosophic Set (MNS) M is defined as:

M={(x><T1’T29"'5Tp;115129'"sIr;FlaF29"'5FS>) |xE(LI}9

where:

e p,r,s20withp+r+s=n2>2,

* Atleast one of p, r, s satisfies > 2 to ensure the multiplicity of truth (7'), indeterminacy (I), or falsehood
(F),

° T13T2""9Tp;119[2""9IF;F13F2""’FS g [0’]],
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* The following condition is satisfied:

P r L) P r K
0< Z]inij+;iank+lZIianl < leuij+;supIk+;supFl < n.
J= = = j= = =

Example 2.10 (Application of MultiNeutrosophic Set). Scenario: Evaluating job applicants by multiple
experts on their qualifications, experience, and cultural fit.

Example: Let U = {Alice, Bob, Charlie}, representing the candidates. Each candidate is evaluated on three
aspects by multiple experts:

* Truth (T): Positive qualifications and relevant skills,
¢ Indeterminacy (/): Ambiguity in the applicant’s experience or behavior,

* Falsehood (F): Negative feedback or lack of required competencies.
The evaluations are provided by n = 3 + 2 + 4 = 9 sources as follows:

¢ For Alice:

Tatice = {0.8,0.7,0.6},  Iatice = {0.2,0.3},  Fajice = {0.4,0.3,0.5,0.2}.

e For Bob:
Tgob = {0.7,0.6,0.5}, Igop = {0.4,0.3}, Fpop ={0.5,0.4,0.3,0.2}.

¢ For Charlie:
TCharlie = {0'5’0'6’ 0'4}9 IChar]ie = {0'170'2}’ FCharlie = {0'69 0-59 O-4$ 0'3}'
Each candidate is evaluated on multiple dimensions (truth, indeterminacy, and falsehood) by different experts.
This structure enables nuanced decision-making by aggregating diverse perspectives. For instance, Alice’s

high truth values (0.8,0.7,0.6) indicate strong qualifications, while her indeterminacy and falsehood values
highlight specific areas of uncertainty or weakness.

Definition 2.11 (MultiHyperNeutrosophic Set). Let U be a universe of discourse, and let M be a subset of U.
A MultiHyperNeutrosophic Set (MHNS) M is defined as:

M ={(x,a(x)) | x € U},
where fi(x) € P([0, 1]?) is a set of neutrosophic membership triplets:
A ={Tn IR | j=1....psk=1,...,ri1=1,...,s}.
The following conditions must be satisfied:

o T}, Iy, F; € [0, 1], where T}, Iy, and F; represent subsets of truth, indeterminacy, and falsehood degrees,
respectively.

* The parameters p,r,s > 1 satisfy p +r + s = n > 2, ensuring at least one component has multiplicity
> 2.

e For all x € U, the following condition holds:

14 r S 14 r S
0< Zinij +Zinf[k +Zianl < Z sup T + Z sup I + ZsupF; <n.
j=1 k=1 =1 i=1 k=1 I=1
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Example 2.12 (Example: MultiHyperNeutrosophic Set in Team Evaluation). Scenario: A company is eval-
uating project teams based on performance, innovation, and collaboration. Feedback is provided by multiple
experts.

Example: Let U = {Team A, Team B, Team C}, representing the project teams. For each team:

* Truth (T): Measures team performance, such as task completion and success rates.
¢ Indeterminacy (/): Reflects ambiguity in team processes or communication.

* Falsehood (F): Captures team failures or conflicts.
Evaluations by p = 3, r = 2, s = 4 sources are as follows:

e For Team A:
Tteam A = {[0.8,0.9],[0.7,0.8], [0.6,0.7]},

Fream & = {[0.2,0.3], [0.1,0.2]},
Fream a = {[0.1,0.2], [0.3,0.4], [0.2,0.3], [0.4,0.5]}.

¢ For Team B:
TreamB = {[0.7,0.8], [0.6,0.7], [0.5,0.6]},

IteamB = {[0.3,0.4], [0.2,0.3]},
Fream = {[0.4,0.5], [0.3,0.4], [0.2,0.3], [0.5,0.6]}.

¢ For Team C:
Tream ¢ = {[0.6,0.7], [0.5,0.6], [0.4,0.5]},

Ieam ¢ = {[0.1,0.2], [0.0,0.1]},
Fream ¢ = {[0.5,0.6], [0.4,0.5], [0.3,0.4], [0.6, 0.7]}.

The evaluations provide a comprehensive view of each team’s strengths (7'), uncertainties (/), and weaknesses
(F), enabling informed decision-making for resource allocation and performance improvement.

Definition 2.13 (Multi n-SuperHyperNeutrosophic Set). Let U be a universe of discourse. A Multi n-
SuperHyperNeutrosophic Set (Multi n-SHNS) is a recursive generalization of MultiHyperNeutrosophic Sets,
defined as:

M, 2 Pu(U) — Pu([0,1]°),

where:

e Pi1(U) = P(U), the power set of U,

e Fork > 2,
Pr(U) = P (Pr-1(U)),

representing the k-th nested family of non-empty subsets of .

e For each A € P,(U), M,(A) C P,([0,1]%) is a family of subsets of neutrosophic triplets (T, I, F)
satisfying:

P r s pr r S
0< Zinij +Zinf]k +Zianl < ZsupTJ- +Zsuplk +ZsupFl < n.
j=1 k=1 I=1 j=1 k=1 I=1

Theorem 2.14. A Multi n-SuperHyperNeutrosophic Set generalizes the concepts of MultiNeutrosophic Sets,
HyperNeutrosophic Sets, and n-SuperHyperNeutrosophic Sets.
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Proof. 1. When p = r = s = 1, the structure reduces to a MultiNeutrosophic Set, as each evaluation is
single-valued.

2. When n = 1, the structure aligns with the HyperNeutrosophic Set, mapping elements directly to neutrosophic
triplets.

3. Forn > 1, the recursive construction introduces hierarchical relationships, extending n-SuperHyperNeutrosophic
Sets to multi-source contexts.

Thus, the Multi n-SuperHyperNeutrosophic Set encompasses all these frameworks. O
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Chapter 9

Some Types of HyperNeutrosophic Set (7): Type-m, Nonstationary,
Subset-valued, and Complex Refined

Takaaki Fujita U and Florentin Smarandache?,
'« Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. t171d603 @ gunma-u.ac.jp
2 University of New Mexico, Gallup Campus, NM 87301, USA. smarand @unm.edu

Abstract

This paper builds upon the foundational advancements introduced in [26/39H43|]. The Neutrosophic Set provides
a versatile mathematical framework for addressing uncertainty through its three membership functions: truth,
indeterminacy, and falsity [84]. Extensions such as the Hyperneutrosophic Set and the SuperHyperneutrosophic
Set have been recently proposed to address increasingly complex and multidimensional problems. Detailed
formal definitions of these concepts can be found in [33]].

In this paper, we extend the Type-m, Nonstationary, Subset-Valued, and Complex Refined Neutrosophic Sets
using the Hyperneutrosophic Set and the SuperHyperneutrosophic Set frameworks.

Keywords: Set Theory, SuperhyperNeutrosophic set, Neutrosophic Set, HyperNeutrosophic set

1 Preliminaries and Definitions

This section provides an overview of the fundamental concepts and definitions essential for the discussions in
this paper. The analysis utilizes classical set-theoretic operations and extends them into advanced frameworks.
For readers seeking a deeper understanding of foundational set theory, resources such as [22,|56}/59}/65] are
recommended. Additionally, the referenced literature offers a comprehensive exploration of the principles and
applications of Neutrosophic Sets.

1.1 Neutrosophic, HyperNeutrosophic, and n-SuperHyperNeutrosophic Sets

To address uncertainty, vagueness, and imprecision in decision-making processes, numerous set-theoretic
frameworks have been developed. These frameworks include Fuzzy Sets, which were introduced in foundational
works such as those by Zadeh [96-104]]. Another prominent framework is Intuitionistic Fuzzy Sets, extensively
studied by Atanassov and others [SH10|]. Vague Sets, introduced and developed by researchers, also contribute
significantly to this domain [3}/11,/52)68}(79]. Furthermore, the Hyperfuzzy Set is known as one of the extended
concepts of the Fuzzy Set [[13125/35,36L{54},/60-62L/67}73,90].

Neutrosophic Sets, first introduced by Smarandache, offer a powerful means of capturing indeterminacy,
allowing for more nuanced decision-making models [28},29,/31}|38,145-50,/83,/84,[89]]. Neutrosophic Sets
generalize Fuzzy Sets by introducing an additional component: indeterminacy, alongside truth and falsity
[81H84]]. This enhancement allows for a richer and more precise representation of uncertainty and ambiguity.

To address increasingly complex scenarios, HyperNeutrosophic Sets and n-SuperHyperNeutrosophic Sets have
been developed. These advanced models are particularly suited for high-dimensional and intricate problem
spaces [27,[33]]. Relevant definitions and simple examples are provided below.

Definition 1.1 (Base Set). A base set S is the foundational set from which complex structures such as powersets
and hyperstructures are derived. It is formally defined as:

S = {x | x is an element within a specified domain}.

All elements in constructs like P (S) or £, (S) originate from the elements of S.

Definition 1.2 (Powerset). [32,[78] The powerset of a set S, denoted P (S), is the collection of all possible
subsets of S, including both the empty set and S itself. Formally, it is expressed as:

P(S)={A|ACS).
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Definition 1.3 (n-th Powerset). (cf. [2332}/34.80,87[)

The n-th powerset of a set H, denoted P,,(H), is defined iteratively, starting with the standard powerset. The
recursive construction is given by:

Pi(H) = P(H), Ppy1(H)=P(P,(H)), forn>1.
Similarly, the n-th non-empty powerset, denoted P}, (H), is defined recursively as:
PY(H) = P*(H), P,,,(H)= P (P,(H)).
Here, P*(H) represents the powerset of H with the empty set removed.

Definition 1.4 (Neutrosophic Set). [83,|84] Let X be a non-empty set. A Neutrosophic Set (NS) A on X is
characterized by three membership functions:

To: X —>[0,1], Io:X—>][0,1], Fa:X — [0,1],

where for each x € X, the values T4(x), 14(x), and F4(x) represent the degrees of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0<Ta(x)+1a(x)+ Fa(x) <3.
Example 1.5 (Neutrosophic Set). Scenario: Assessing public opinion on a controversial policy.

Example: Let X = {Alice, Bob, Charlie}, representing individuals with varying opinions on the policy. The
membership functions represent their support (7), uncertainty (1), and opposition (F) as follows:

* For Alice: T4(Alice) = 0.8 (80% support), 14(Alice) = 0.1 (10% uncertain), F4(Alice) = 0.1 (10%
oppose).

¢ For Bob: T4(Bob) = 0.5, I4(Bob) = 0.3, F4(Bob) =0.2.
e For Charlie: T4(Charlie) = 0.3, I4(Charlie) = 0.4, F4(Charlie) = 0.3.

This representation allows nuanced analysis, reflecting both certainty and uncertainty in opinions.

Definition 1.6 (HyperNeutrosophic Set). (cf. [24,[27,/33,[35,85]) Let X be a non-empty set. A HyperNeutro-
sophic Set (HNS) A on X is a mapping:
A:X = P([0.1]%),

where P ([0, 1]3) is the family of all non-empty subsets of the unit cube [0, 1]. Foreach x € X, i(x) C [0,1]°
is a set of neutrosophic membership triplets (7', I, F) that satisfy:

O0<T+I+F <3.

Example 1.7 (HyperNeutrosophic Set). Scenario: Analyzing customer satisfaction for multiple products,
considering evaluations from different dimensions or individuals.

Example: Let X = {Product A, Product B}, where each product has multi-dimensional satisfaction scores
represented by sets of neutrosophic triplets:

¢ For Product A:
f(Product A) = {(0.8,0.1,0.1), (0.7,0.2,0.1)},

representing two customers’ evaluations where each triplet denotes degrees of truth, indeterminacy, and
falsity.

¢ For Product B:
f(Product B) = {(0.6,0.3,0.1), (0.5,0.4,0.1)}.
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This structure enables richer analysis by aggregating diverse customer feedback for a comprehensive view.

Definition 1.8 (n-SuperHyperNeutrosophic Set). (cf. [24,127,33,35]]) Let X be a non-empty set. An n-
SuperHyperNeutrosophic Set (n-SHNS) is a recursive generalization of Neutrosophic Sets and HyperNeutro-
sophic Sets. It is defined as a mapping:

Ap  Pu(X) — Pu([0,1]%),

where:

e P1(X) = P(X), the power set of X, and for k > 2,
Pr(X) = P(Pr-1(X)),
representing the k-th nested family of non-empty subsets of X.

* P,([0, 1]%) is defined similarly for the unit cube [0, 1]3.

For each A € P,,(X) and (T, I, F) € A, (A), the following condition is satisfied:
0<T+I+F <3,

where T, I, F represent the degrees of truth, indeterminacy, and falsity for the n-th level subsets of X.

Example 1.9 (n-SuperHyperNeutrosophic Set). Scenario: Multi-level hierarchical analysis of climate change
impacts.

Example: Let X = {Temperature, Rainfall, Sea Level}, representing key factors influenced by climate change.
We consider a three-level hierarchy:

* Level 1: Regions {Region 1, Region 2}.

* Level 2: Countries within regions, e.g., {Country A, Country B, Country C}.

* Level 3: Cities within countries, e.g., {City X, City Y, City Z}.

For each level, the n-SuperHyperNeutrosophic Set assigns a family of subsets with membership triplets. For
instance:
A3 (City X) = {(0.8,0.15,0.05), (0.7,0.2,0.1) },

where each triplet represents truth (7'), indeterminacy (1), and falsity (F') degrees at the city level. This approach
integrates uncertainty at regional, country, and city scales for holistic decision-making.

2 Results of This Paper

This section outlines the main results presented in this paper.

2.1 Nonstationary Neutrosophic Set
A Nonstationary Neutrosophic Set extends the neutrosophic set by introducing time-dependent truth, indeter-

minacy, and falsity memberships, which dynamically evolve over a time domain 7". Related concepts, such as
Nonstationary Fuzzy Sets [4,4L51,57,58L[95]], are also well-known in the literature.

235



Definition 2.1 (Nonstationary Neutrosophic Set). [37] Let X be a non-empty set, and let 7 be a time domain
(which may be continuous or discrete). A nonstationary neutrosophic set A on X is defined by three time-
dependent membership functions:

T;:TxX — [0,1], I;:TxX — [0,1], F;:TxX — [0,1],

where for each (¢, x) € T x X, the values T (¢, x), 1 ;(t,x), and F (¢, x) represent the truth, indeterminacy, and
falsity degrees of x in A at time 7. These satisfy

0 < T,(t,x) + 1;(t,x) + Fi(t,x) < 3,
forall (¢,x) e T x X.

Analogous to the nonstationary fuzzy set, each component can be viewed as a time-varying perturbation of
the corresponding membership function in a stationary neutrosophic set. Specifically, if T4, 14, and F4 define
a classical neutrosophic set A on X (with no time dependence), then we introduce a set of time-dependent
parameters

{p1.i(®), p1,j(1), pri(t)} fori,j ke,

and define
Ti(t,x) = Talx; pri(0),....pr.m(1)),

Li(t,x) = 1a(x; pra(0),....pra(0),
Fi(t,x) = Falx; pra(t),....pr,p(1)),
where each parameter function p. .(#) may evolve over time via a perturbation rule, e.g.
pr.i(t) = pri+kri- fr.i(1),

and similarly for the indeterminacy and falsity parameters. In integral notation, the nonstationary neutrosophic
set A can be expressed as

A= /teT «/xex(TA(t’X)’ IA(I,X), FA(t,x))/x/[.

Definition 2.2 (Nonstationary HyperNeutrosophic Set). Let X be a non-empty set, and let T be a time domain
(continuous or discrete). A Nonstationary HyperNeutrosophic Set A on X is a mapping

f:TxX — P([0,1]%),

where for each pair (f,x) €e T X X,
fir,x) < [0,17%,

and every element (7; x, I; x, Fy x) € fi(t, x) satisfies
0 <Tx+1Lix+ F, <3

Furthermore, each ji(t, x) can evolve in time, meaning that for different values of ¢, the subsets fi(f,x) € [0, 1]
may vary.

Interpretation.

* This definition generalizes the concept of a Nonstationary Neutrosophic Set by allowing each membership
evaluation at time 7 and element x to be not just a single triple (7, , F), but a set of possible membership
triples in [0, 1]°.

o It simultaneously generalizes the concept of a HyperNeutrosophic Set by introducing a time dimension
and making the hyperneutrosophic membership /i(, x) time-dependent.

Theorem 2.3 (Nonstationary HyperNeutrosophic Set Generalizes Both Nonstationary Neutrosophic Set and
HyperNeutrosophic Set).
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1. If, for each (t,x), the set fi(t,x) C [0, 1] is always a singleton, i.e.
f(t,x) = {(Ti(t,x), Li(t,x), Fi(t,x))},
then we recover a Nonstationary Neutrosophic Set.

2. Ifwe freeze time to a single value t = to, then fi(ty, x) C [0, 1] describes a standard HyperNeutrosophic
Set (with no time dependence).

Proof. (1) Suppose each fi(t,x) is a singleton set. Then for each (f,x) € T x X, there is exactly one triple
(T,,x, It x, Ft,x). This precisely recovers the definition of a Nonstationary Neutrosophic Set.

(2) Conversely, if we consider a time domain consisting of a single time instant fo, then fi(fo,x) € [0, 1] for
each x. This yields exactly the definition of a HyperNeutrosophic Set A with membership A(x) = fi(to,x).
Hence the Nonstationary HyperNeutrosophic structure generalizes both concepts. O

Definition 2.4 (Nonstationary n-SuperHyperNeutrosophic Set). Let X be a non-empty set and let 7" be a time
domain (continuous or discrete). A Nonstationary n-SuperHyperNeutrosophic Set A,, is defined as a mapping

An : TXPu(X) — Pu([0.1]%),

subject to:

* P,(X) is the n-th powerset of X, recursively constructed via:

PIX) =P, Penn(X) =P(PL(X). k> 1.

* P,([0,1]%) is the n-th powerset of the unit cube [0, 1]°.
e Foreach (1, A) € T X Py (X),

An(t,A) € Pa([0,11%).
¢ All neutrosophic membership triples (T(,, A Lia), Fa, A)) € [0, 1] must satisfy

0 < Tua + Iga) + Fea < 3.

Moreover, each membership assignment AL,,(t, A) C P,([0,1]%) can vary with time ¢ € T, making the set
nonstationary.

Theorem 2.5 (Nonstationary n-SuperHyperNeutrosophic Set Generalizes Both Nonstationary HyperNeutro-
sophic Set and n-SuperHyperNeutrosophic Set).
1. By restricting n = 1 in Definition[2.4] we obtain a Nonstationary HyperNeutrosophic Set.

2. Byrestricting the time domain T to a single value t, we obtain a standard (n—SuperHyperNeutrosophicSet)
with no time dependence.

Proof. (1)Ifn =1, then P;(X) = P(X) and P; ([0, 1]%) = P ([0, 1]3). Thus the mapping
AL TxP(X) — 2([0,11%)
coincides with the definition of a Nonstationary HyperNeutrosophic Set in Definition [2.2]
(2) If we fix a single time instant ty € T, then for each A € P, (X), we assign
An(t0,4) € Pa([0,11%).
Hence the membership is no longer time-dependent, becoming
Ay(A) = Au(t0, ).

This is precisely the definition of an (n — SuperHyperNeutrosophicSet) that maps P, (X) into P, ([0, 1]3.
Therefore, the Nonstationary dimension is removed, and we recover the stationary case. O
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Theorem 2.6 (Time-Frozen or Hyper-Frozen Slices). Let fin be a Nonstationary n-SuperHyperNeutrosophic
Set.

1. Time-Frozen Slices: Foreachfixedt € T, the structure fin (¢, ) yields an ordinary (n—SuperHyperNeutrosop hicSet)
on P, (X).

2. Hyper-Frozen Slices: For each fixed sub-collection C C P, (X) restricted to singletons or first-level
sets, we recover a Nonstationary (but not superhyper) membership arrangement, akin to a Nonstationary
Neutrosophic Set or Nonstationary HyperNeutrosophic Set.

Proof. (1) Follows directly from Theorem part (2). (2) If we restrict the hyper operation such that only
single-level or single-subset outputs are allowed, the superhyper approach collapses to a simpler hyper or non-
hyper structure, preserving the time dependence. The details align with the usual embeddings from superhyper
to hyper or classical sets. O

2.2 Type-m Neutrosophic Set

A Type-m Neutrosophic Set hierarchically represents truth, indeterminacy, and falsity memberships by re-
cursively nesting Type-(m — 1) Neutrosophic Sets for m > 1 [44]. Related concepts include the Type-2
Neutrosophic Set [1}/18}/55/63]], Type-2 Fuzzy Set [12,/19-21,53}/64}/66,66,69.(70L72,/92-94], Type-3 Fuzzy
Set [[14-H171|711[74], and Type-m Fuzzy Set [2,75H77,91,/105]. The definition is provided below.

Definition 2.7 (Type-m Neutrosophic Set). [44] Let X be a non-empty universe of discourse, and let m > 1.
A Type-m Neutrosophic Set (TMS) A on X is defined by three membership functions

Ta, Ia, Fa: X — M,_1[0,1],

where M,;,—1[0, 1] denotes the set of all Type-(m — 1) Neutrosophic Sets whose truth, indeterminacy, and
falsity memberships lie in [0, 1]. Formally,

A = {(x, Ta(x), Ia(x), Fa(x)) | x € X}.
Moreover, at any terminal level (i.e. when m = 1), the membership functions become
Ta(x), Ia(x), Fa(x) € [0,1],

subject to the constraint
0 < Takx) +Ig(x) + Fa(x) < 3.

This recursion implies that each (T, [ 4, F#) at the (m — 1)-level is itself a Type-(m — 1) Neutrosophic Set,
until the recursion terminates at m = 1.

2.3 Subset-Valued Neutrosophic Set

Subset-Valued Neutrosophic Set (SSVNS) represents truth, indeterminacy, and falsity as subsets of [0, 1],
satisfying bounded sum constraints [30]].

Definition 2.8 (Subset-Valued Neutrosophic Set). [86L[88] Let X be a space of elements, where x € X
represents a generic element. A Subset-Valued Neutrosophic Set (SSVNS) A is characterized by the following
membership functions:

 The truth membership function T4 (x),
* The indeterminacy membership function 14(x),

¢ The falsity membership function F4(x),
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where each function satisfies the conditions:
Ta(x),1a(x), Fa(x) € [0,1], VxeX,

and
0 < sup(Ta(x)) +sup(Ia(x)) +sup(Fa(x)) < 3.

Definition 2.9 (Subset-Valued HyperNeutrosophic Set (SV-HNS)). Let X be a non-empty set, and denote
P.0( [0,1]) as the set of all non-empty subsets of [0, 1]. We define

P3,([0,1]) = {(T,I,F) | T,I,Feﬂ@([o,l])},

the space of non-empty subset-triples. A Subset-Valued HyperNeutrosophic Set (SV-HNS) Aisa mapping
g:X — P(PL([0,1)\ {2},
where for each x € X,

i(x) {(T,I, F) | TUITUF C [0,1], sup(T) + sup(I) + sup(F) < 3},

and i(x) # @. Equivalently, each f1(x) is a set of subset-triples (T, I, F), each triple satisfying

e T,I,F C [0,1] (non-empty),
e sup(T) +sup(I) +sup(F) < 3.

Remark 2.10. » This definition generalizes the standard hyperneutrosophic notion by replacing each
numerical triple (7, I, F) € [0, 1]? with subset-triples (T, I, F) with each of T, I, F C [0, 1].

* The output of x(x) is not a single subset-triple; it is a set of such subset-triples. This is the essence of
the hyper notion: one element in X can be mapped to multiple membership descriptions simultaneously.

Theorem 2.11 (Subset-Valued HyperNeutrosophic Set generalizes Subset-Valued Neutrosophic Set). If for
each x € X, the hyperneutrosophic mapping [i(x) contains exactly one subset-triple (Ta(x), [a(x), Fa(x)),
then we recover the standard Subset-Valued Neutrosophic Set from Definition.

Proof. In Subset-Valued HyperNeutrosophic structure, we allow u(x) € Pim( [0, 1]). If we force u(x) to be a
singleton for all x, i.e.

f(x) = { (Ta(x), 14 (x), Fa(x)},

then there is exactly one triple of subsets describing the membership for each x. This precisely recovers
the Subset-Valued Neutrosophic Set, where each x is assigned a unique triple (Ta(x), 1a(x), Fa(x)). Hence,
restricting the hyper notion to singletons collapses the mapping to a single triple per x, i.e., the standard
subset-valued membership approach. O

Definition 2.12 (Subset-Valued n-SuperHyperNeutrosophic Set (SV-nSHNS)). Let X be a non-empty set, and
let P1(X) = P(X), Prs1(X) = P(Pr(X)) for k > 1. Also define a similar iterative process for subset-triples
in [0, 1]. A Subset-Valued n-SuperHyperNeutrosophic Set (SV-nSHNS) is a map

Bu: PaX) — Pa( P2 (10.10)),

subject to:

* Foreach A € P,,(X), An(A) € Po(P2,([0,11)),
« Each element of A, (A) (call it a hyper-element) must be a set of subset-triples (T, I, F) that satisfy

T,I,F C[0,1], TUIUF C[0,1], sup(T)+sup(l)+sup(F) < 3.
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Equivalently, each A (A) is a (possibly large) set whose elements are themselves collections of subset-based
membership triplets, arranged in up to n-level nested hyper-structures.

Remark 2.13. e This structure is both subset-valued (since each membership is a triple of subsets of
[0, 1]) and n-superhyper (since we are mapping from #,,(X) to an n-level powerset of subset-triples).

» It significantly generalizes the standard n-SuperHyperNeutrosophic Set from £, (X) to P, ([0, 1]).

Theorem 2.14 (Subset-Valued n-SuperHyperNeutrosophic Set generalizes Subset-Valued HyperNeutrosophic
Set). Let A,, be a Subset-Valued n-SuperHyperNeutrosophic Set (Definition . If n = 1, we recover the
Subset-Valued HyperNeutrosophic Set (SV-HNS) from Definition

Proof. If n =1, then P;(X) = P(X), and P, (Pim([(), 1)) = P(Pi@([(), 1])). Thus the mapping
AP0 — P(P4(0.1D)\ (2},

But £(X) in the domain is effectively the set X if we interpret each singleton {x} € £ (X) as an element.
By identifying each A € P (X) with a single point x € X, we replicate the Subset-Valued HyperNeutrosophic
approach. More rigorously, the standard hyperneutrosophic definition from Definition 2.9 uses a map

X > P(P,(10,1])),

where each u(x) C Piw([O, 1]). Setting n = 1 identifies each element x € X with the subset {x} € P(X).
Hence the domain collapses to first-level subsets, and we precisely recover the Subset-Valued HyperNeutro-
sophic Set structure. O

Theorem 2.15 (Subset-Valued HyperNeutrosophic Set generalizes Subset-Valued Neutrosophic Set). If each
mapping u(x) C Pio ([0, 1]) is restricted to exactly one triple of subsets, we recover the standard Subset-Valued
Neutrosophic Set.

Proof. This was essentially Theorem [2.11] restated. When the hyper mapping is forced to be a singleton for
each x, we get a single subset-triple (T (x), Za(x), Fa(x)). That exactly matches Definition. O

Theorem 2.16 (Subset-Valued n-SuperHyperNeutrosophic Set extends standard n-SuperHyperNeutrosophic
Set). By imposing that each membership triple (T, 1, F) € [0, 1] be single-valued subsets (i.e., each is a
single-point subset), a Subset-Valued n-SuperHyperNeutrosophic Set reduces to an n-SuperHyperNeutrosophic
Set as defined in prior works.

Proof. In a Subset-Valued n-SuperHyperNeutrosophic Set A,, each membership hyper-value is an element in
Pu(P*([0,11)),

where P*([0, 1]°) denotes the power set of [0, 1] excluding the empty set. If we impose the condition that
each subset {T', I, F} C [0, 1] is a singleton (i.e., for each coordinate T, I, F, the subset contains exactly one
element), then any membership triple (T, I, F) effectively becomes {(7,t,¢)} C [0, 1]?, where (7,1, ¢) is a
single point in the unit cube.

This restriction collapses the subset-based membership values to single-point numerical values. Consequently,
the mapping domain P, (X) to P, ([0, 1]3) of the Subset-Valued n-SuperHyperNeutrosophic Set coincides
with the mapping used in a standard n-SuperHyperNeutrosophic Set. Thus, the subset-based approach is a
generalization of the numerical-based approach. O

2.4 Single-Valued Complex Refined Neutrosophic Set
Single-Valued Complex Refined Neutrosophic Set (SVCRNS) refines truth, indeterminacy, and falsity into
sub-functions with real (amplitude) and imaginary (phase) components [|86]

Definition 2.17 (Single-Valued Complex Refined Neutrosophic Set (SVCRNS)). [86] Let X be a space of
elements, with x € X representing a generic element. A Single-Valued Complex Refined Neutrosophic Set
(SVCRNS) A is defined as follows:
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Characteristics

1. p-Sub-truth Membership Functions: Each truth membership function is expressed in complex form:
Ta1 e ™™, T @)e T, Ty @)ear ™,

where T4;(x) € [0, 1] represents the real part (amplitude), and Tfh. (x) € [0, 2n] represents the imaginary
part (phase).

2. r-Sub-indeterminacy Membership Functions: Each indeterminacy membership function is expressed in
complex form:

IAl(x)eiIfl“(x), 1A2(x)€”fl‘2(x), cee IAr(x)eiIfl‘"(x),

where 14;(x) € [0, 1] and If‘j (x) € [0,2n].
3. s-Sub-falsity Membership Functions: Each falsity membership function is expressed in complex form:
Far(x)eTat) Fuo(x)eTat) L Fag(x)eFas),

where Far(x) € [0, 1] and Fik(x) € [0,2n].

Conditions

1. Real Part Condition (Amplitude): For all x € X, the real parts satisfy:

0<

)4 r K
Tai(x) + Z Iaj(x) + Z Far(x) < p+r+s.
i=1 j=1 k=1
2. Imaginary Part Condition (Phase): For all x € X, the imaginary parts satisfy:
)4 r K
0< ) Th(x)+ D Iy (0) + Y Fapx) < 2n(p +7+5).
i=1 j=1 k=1
3. Parameter Constraints: The integers p,r, s > 0, and at least one of p, r, s satisfies > 2:

max(p,r,s) > 2.

Explanation

* The real part (or amplitude) Ta;(x), I4;(x), Fax(x) represents the intensity or degree of truth, indeter-
minacy, and falsity for each sub-membership function.

¢ The imaginary part (or phase) Téi (x),1 z{lj (x), F i « () introduces a cyclic or periodic component, extend-

ing the membership functions into the complex domain.

* The refinement into p +r+s sub-functions allows for a more detailed and multidimensional representation
of truth, indeterminacy, and falsity.

Definition 2.18 (Single-Valued Complex Refined HyperNeutrosophic Set (SVCR-HNS)). Let X be a non-empty
set. Denote by Cp, s the set of all possible refined complex membership tuples

ol ol . 7l
(Tle’Tl,...,TpelTP Leth, . el

I sl
Fle’Fl,...,Fse’FS)

satisfying the amplitude-phase constraints in Definition. A Single-Valued Complex Refined HyperNeutrosophic
Set (SVCR-HNS) H is a mapping _
H: X — P(Cprs)\ {2}

where for each x € X,
H(x) C {(TAl (0)eTA | Fag(x)e'Fhs () : satisfying refined constraints},
and H(x) # . In other words, H(x) is a (possibly large) set of complex refined membership tuples, each

composed of p-sub-truth values, r-sub-indeterminacy values, and s-sub-falsity values in the complex plane,
subject to amplitude < 1 and phase < 2x.
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Theorem 2.19 (SVCR-HNS generalizes SVCRNS). If for each x € X, H (x) is restricted to exactly one refined
complex membership tuple { (Ta; (x)eingl(x), s )} then the SVCR-HNS reduces to a Single-Valued Complex
Refined Neutrosophic Set from Definition.

Proof. By definition, an SVCR-HNS H(x)is a non-empty set of possible refined membership tuples. If we
force H(x) to be a singleton for each x € X, then each element has exactly one (p, r, s)-refined membership
tuple, which is precisely the single-valued mapping in the original sense. The amplitude-phase constraints
remain the same, so we get back to a single, refined complex membership assignment. O

Definition 2.20 (Single-Valued Complex Refined n-SuperHyperNeutrosophic Set (SVCR-nSHNS)). Let X be
a non-empty set, and define:

Pi(X)=P(X), Pr(X)=P(Pr(X)) fork>1.
Similarly, define a space of refined complex membership structures:
Cp.r.ss
and iteratively:
P(Cp.ris) =P (- P)(Cprs)) )

——
n times

A Single-Valued Complex Refined n-SuperHyperNeutrosophic Set (SVCR-nSHNS) is defined as a mapping:
Hy: Pu(X) — Pu(Cprs) \ {2},

where each image H,(A) (for A € #,(X)) is a non-empty subset of Cp.r,s arranged in up to n-level nested
hyper-structures. Each membership tuple within H,,(A) must satisfy the following conditions:

Tai(A), 14j(A), Fak(A) € [0, 1],
T4 (A), I} (A), FA, (A) € [0,27],

0 iTAi(A)"‘Zr:IAj(A)"‘ZY:FAk(A)
=1 = k=1

IA
IA

p+r+s,

(e}
IA
A

p r s
ZTii(A)"'Zlij(A)"‘zFék(A) < 2n(p+r+s).
i=1 =1 k=1

j=

Hence, the domain is £, (X), and the codomain is P, (Cp.r s)-

Theorem 2.21 (SVCR-nSHNS generalizes SVCR-HNS). If n = 1 in Definition [2.20) we recover the Single-
Valued Complex Refined HyperNeutrosophic Set (SVCR-HNS) from Definition[2.18|

Proof. By setting n = 1, we have P (X) = P(X) and P (Cp.r.s) = P(Cp.r.s). Thus the map
Hi: P(X) — P(Cp,s)\ {2}

becomes precisely the SVCR-HNS definition, except each element of #(X) is identified with a single point
x € X. Indeed, a standard identification is that each x € X is in one-to-one correspondence with {x} € P(X).
Thus the domain effectively reduces to X in the sense of hyperneutrosophic structures, and we get the SVCR-
HNS. .

Theorem 2.22 (SVCR-HNS generalizes SVCRNS). If each H (x) in an SVCR-HNS is restricted to a singleton
refined complex membership tuple, then we recover the Single-Valued Complex Refined Neutrosophic Set
(SVCRNS) from Definition.

Proof. This was established in Theorem but restated here for completeness. Imposing a single membership
tuple per element collapses the hyper-based approach to the single-valued approach. O

242



Theorem 2.23 (SVCR-nSHNS generalizes all simpler forms). An SVCR-nSuperHyperNeutrosophic Set can be
specialized to any of:

1. An SVCR-HNS (by setting n = 1),
2. An SVCRNS (by setting n = 1 and forcing singletons in the hyper sense),

3. A standard n-SuperHyperNeutrosophic set (by ignoring the complex and refined sub-components, i.e.
setting p =r = s = 1 with zero phase).

Proof. (1) n =1 yields SVCR-HNS: Directly from Definition P1(X) = P(X) and the codomain is
P1(Cp,r,s). This matches the hyper definition for single-layer. (2) Singleton restriction yields SVCRNS: If
each set in the codomain has exactly one refined complex membership tuple, then the hyper notion collapses,
leaving a single complex refined membership triple per element (Theorem 2.22). (3) Setting p =r =s =1
and phases to zero yields the standard real-valued superhyperneutrosophic approach: If each amplitude
=T,1,F € [0, 1] and each phase = 0, then each sub-truth membership is just a single real number in [0, 1].
Summation constraints revert to the standard T+I+F < 3. The superhyper aspect remains in domain and
codomain recursion, but the refined complex perspective is gone. O
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Chapter 10
Hyperfuzzy Hypersoft set and Hyperneutrosophic Hypersoft set

Takaaki Fujita ' *
! Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan.

Abstract

Concepts such as Fuzzy Sets, Neutrosophic Sets, and Soft Sets are well-known for addressing uncertainty,
with numerous applications explored in various fields. These concepts can be extended to Hyperfuzzy Sets,
Hyperneutrosophic Sets, and Hypersoft Sets using hyperstructures (based on power sets).

In this paper, we define the Hyperneutrosophic Hypersoft Set and the Hyperfuzzy Hypersoft Set, and explore
their mathematical structures and related properties.

Keywords: Neutrosophic Set, Hyperfuzzy set, Hypersoft set, Fuzzy Set, Soft Set, HyperNeutrosophic Set

1 Preliminaries and Definitions

This section provides an introduction to the foundational concepts and definitions required for the discussions
in this paper.

1.1 Hyperfuzzy Set

Intuitively, hyperfuzzy Set extends the idea of fuzzy sets [[71479] into hierarchical structures, allowing for a
more nuanced and flexible representation of uncertainty. The formal definition is provided below. A hyperfuzzy
set generalizes the traditional fuzzy set framework [[10,/17,/19[25}32,/33,[361{41}/46,/50L(65].

Definition 1.1 (Set). [31]] A set is a well-defined collection of distinct objects, called elements. If x is an
element of a set A, it is written as x € A. Sets are typically represented using curly braces.

Definition 1.2. [71,[76] A fuzzy set T in a non-empty universe Y is a mapping 7 : ¥ — [0, 1]. A fuzzy relation
onY is a fuzzy subset 6 in Y X Y. If 7 is a fuzzy set in Y and ¢ is a fuzzy relation on Y, then ¢ is called a fuzzy
relation on 7 if

6(y,z) <min{7r(y),7(z)} forally,z €Y.

Example 1.3. LetY = {q, b, ¢, d} represent a set of objects, e.g., four fruits:
Y = {Apple, Banana, Cherry, Date}.
Define a fuzzy set 7 to represent the “degree of ripeness” of each fruit, with values assigned as follows:
7:Y — [0,1], 7(y) = degree of ripeness of y.
For example:
7(Apple) = 0.8, 7(Banana) =0.6, 7(Cherry) =0.9, 7(Date)=0.3.
The fuzzy set T can be expressed as:
7 = {(Apple, 0.8), (Banana, 0.6), (Cherry, 0.9), (Date, 0.3)}.

Definition 1.4 (Powerset). (cf. [15,/62]]) The powerset of a set S, denoted as P(S), is the collection of all
subsets of S, including the empty set and S itself:

P(S)={A| ACS}.

Definition 1.5 (HyperFuzzy Set). [10.[19,32,41,65] Let X be a non-empty set. A mapping /i : X — P([0,1])
is called a hyperfuzzy set over X, where P([0, 1]) denotes the family of all non-empty subsets of the interval
[0, 1].
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Example 1.6. Let X = {Car, Bike, Bus, Train} represent a set of transport modes(cf. [3;|69]). Define a
hyperfuzzy set fi to represent “levels of environmental friendliness” of each transport mode. Instead of
assigning a single value, it assigns a subset of [0, 1], reflecting uncertainty or variability in the assessment:

fi: X — P([0,1]),
where P([0, 1]) denotes the collection of all non-empty subsets of [0, 1]. For example:
f(Car) ={0.2,0.4}, [i(Bike) ={0.8,1.0}, f(Bus)={0.5,0.7}, j(Train) ={0.6,0.9}.
The hyperfuzzy set /i can be expressed as:

i ={(Car, {0.2,0.4}), (Bike, {0.8, 1.0}), (Bus, {0.5,0.7}), (Train, {0.6,0.9}) }.

1.2 Neutrosophic and HyperNeutrosophic Sets

Neutrosophic Sets extend Fuzzy Sets by introducing the concept of indeterminacy, which accounts for situ-
ations that are neither entirely true nor entirely false [34,)55-59,/63}/64]]. As an advanced generalization, the
HyperNeutrosophic Set has been developed, offering a more comprehensive framework for handling complex
uncertainty [[13}|16]]. The relevant definitions are provided below.

Definition 1.7 (Neutrosophic Set). [56] Let X be a given set. A Neutrosophic Set A on X is characterized by
three membership functions:

Ta:X = [0,1], I:X—[0,1], Fa:X — [0,1],

where for each x € X, the values T4(x), 14(x), and F4(x) represent the degree of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0 <Ta(x)+1a(x)+ Fa(x) < 3.

Example 1.8. Let X = {Paper, Plastic, Metal, Glass} represent a set of waste materials. Define a neutrosophic
set A to represent the “recyclability” of each material (cf. [35,/43/44])), characterized by three membership
functions: T (x) (truth), 74 (x) (indeterminacy), and F4(x) (falsity). For example:

To: X —>[0,1], I4:X—>][0,1], Fa:X—[0,1].
Assign membership values as follows:

Ta(Paper) = 0.9, [4(Paper) =0.05, F4(Paper)=0.05,
Ta(Plastic) = 0.6, [4(Plastic) =0.2, Fa(Plastic) =0.2,
Ta(Metal) = 0.8, I4(Metal) =0.1, Fs(Metal)=0.1,
Ta(Glass) = 0.7, 14(Glass) =0.2, Fa(Glass)=0.1.

The neutrosophic set A can be expressed as:
A= {(Paper, (0.9,0.05,0.05)), (Plastic, (0.6,0.2,0.2)), (Metal, (0.8,0.1,0.1)), (Glass, (0.7,0.2, 0. 1))}.

Definition 1.9 (HyperNeutrosophic Set). [12,[16] Let X be a non-empty set. A mapping i : X — P([0,1]%)
is called a HyperNeutrosophic Set over X, where P([0, 1]%) denotes the family of all non-empty subsets of the
unit cube [0, 1]3. For each x € X, ji(x) C [0, 1]? represents a set of neutrosophic membership degrees, each
consisting of truth (7'), indeterminacy (/), and falsity () components, satisfying:

O0<T+I+F <3.

Example 1.10. Let X = {Paper, Plastic, Metal, Glass} represent the same set of waste materials. Define a
hyperneutrosophic set A to represent the “recyclability” of each material. Unlike the neutrosophic set, each
membership value is a subset of [0, 1]3, reflecting a range of possible truth (7)), indeterminacy (/), and falsity
(F) values. For example:

a:X — P([0,1]%).
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Assign membership subsets as follows:

ji(Paper) = {(0.85,0.05,0.1), (0.9,0.05,0.05)},
ji(Plastic) = {(0.55,0.2,0.25), (0.6,0.2,0.2)},
ji(Metal) = {(0.75,0.15,0.1), (0.8,0.1,0.1)},
ji(Glass) = {(0.65,0.25,0.1), (0.7,0.2,0.1)}.

The hyperneutrosophic set A can be expressed as:
A = {(Paper, {(0.85,0.05,0.1), (0.9,0.05,0.05)}), (Plastic, {(0.55,0.2,0.25), (0.6,0.2,0.2)}),

(Metal, {(0.75,0.15,0.1), (0.8,0.1,0.1)}), (Glass, {(0.65,0.25,0.1), (0.7,0.2,0.1) ) }.

1.3 Hypersoft Set

A Soft Set offers a simplified framework for parameterized decision-making by mapping attributes or parameters
to subsets of a universal set, effectively addressing uncertainty in a straightforward manner [7,8,20}21}37}
39,42,|68]]. Building on this concept, a Hypersoft Set enhances multi-attribute decision analysis by mapping
combinations of multiple attributes to subsets of a universal set, allowing for a more nuanced and flexible
approach [2/41|5}/14,(18L27}40,49L60].

A concise definition of the Hypersoft Set is provided below.

Definition 1.11 (Soft Set). [37,39] Let U be a universal set and A be a set of attributes. A soft set over U is a
pair (¥, S), where S C Aand ¥ : S — P(U). Here, P(U) denotes the power set of U. Mathematically, a soft
set is represented as:

(7.5) ={(a,F(a)) [a € S, F () € P(U)}.
Each a € S is called a parameter, and ¥ («) is the set of elements in U associated with a.

Example 1.12. Let U = {Car A, Car B, Car C, Car D} represent a universal set of cars, and let
A = {Color, Fuel Type, Price}

be a set of attributes. Define a soft set (F,S), where S = {Color, Fuel Type} C A, and ¥ : S — P(U). The
mapping ¥ is given as:
¥ (Color) = {Car A, Car C},

¥ (Fuel Type) = {Car B, Car D}.
The soft set (¥, S) can be expressed as:

(F,S) = {(Color, {Car A, Car C}), (Fuel Type, {Car B, Car D})}.

Here:

* ¥ (Color) represents the set of cars with a specific color.
* ¥ (Fuel Type) represents the set of cars with a specific fuel type.

Definition 1.13 (Hypersoft Set). [60] Let U be a universal set, and let A, A», . . ., A, be attribute domains.
Define C = A; X Ay X - -+ X Ay, the Cartesian product of these domains. A hypersoft set over U is a pair
(G,C), where G : C — P(U). The hypersoft set is expressed as:

(G.C)={(».G(») |y €C.G(y) e P(U)}.

For an m-tuple v = (y1,¥2,...,¥m) € C, where y; € A; fori = 1,2,...,m, G(y) represents the subset of U
corresponding to the combination of attribute values yy, y2, . .., ¥Ym.
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Example 1.14. Let U = {Car A, Car B, Car C, Car D} be the universal set of cars. Define attribute domains
A = {Red, Blue}, A, = {Petrol, Diesel}, and A3 = {Expensive, Affordable}. The Cartesian product of these
domains is:

C = ..7[1 X ﬂz X ﬂ3.

Define a hypersoft set (G, C), where G : C — P (U). The mapping G is given as:

G (Red, Petrol, Expensive) = {Car A},
G (Blue, Diesel, Affordable) = {Car B, Car D},
G (Red, Diesel, Affordable) = {Car C}.

The hypersoft set (G, C) can be expressed as:
(G,C) ={

((Red, Petrol, Expensive), {Car A}),
((Blue, Diesel, Affordable), {Car B, Car D}),
((Red, Diesel, Affordable), {Car C})}.

Here:

G (Red, Petrol, Expensive) represents the set of cars that are red, petrol-fueled, and expensive.

G (Blue, Diesel, Affordable) represents the set of cars that are blue, diesel-fueled, and affordable.

G (Red, Diesel, Affordable) represents the set of cars that are red, diesel-fueled, and affordable.

1.4 Fuzzy Hypersoft Set and Neutrosophic Hypersoft Set

A Fuzzy Hypersoft Set is a concept that combines the features of Fuzzy Sets and Hypersoft Sets, enabling it to
handle uncertainties in multi-attribute decision-making scenarios [6,9,(1 1,47/4870|]. Similarly, a Neutrosophic
Hypersoft Set integrates the characteristics of Neutrosophic Sets and Hypersoft Sets, allowing it to address
indeterminate and conflicting information in addition to uncertainties [|1,26}30L38L{45L|51H54].

The definitions are presented below.

Definition 1.15 (Fuzzy Hypersoft Set (FHSS)). [11,/48,(70] Let K be a non-empty universal set, and let
1,1, 13, ..., 1, be determining factors with distinct character traits corresponding to the sets G 1, G2, G3, . . ., G,
respectively. Assume that G;NG; =0 fori # j, where i, j € {1,2,...,n}. Define L = G; X G2 X --- X G,
as the Cartesian product of these sets. A Fuzzy Hypersoft Set (FHSS) over K is a pair (0, L), where:

®:L - P(K)
is a mapping such that ®(g) € K for every g € L.

Here:

¢ O(g) represents a fuzzy subset of K corresponding to a combination g € L.
e L =G XGyX--- X G, represents the Cartesian product of all determining factor subsets.

Example 1.16. Let
K = {Laptop 1, Laptop 2, Laptop 3, Laptop 4}

be a non-empty universal set, representing different laptop models(cf. [22,24]]). Suppose we have three
determining factors with distinct character traits:

* t1: Brand (with possible values G| = {BrandA, BrandB}),
* tp: CPU Type (with possible values G, = {Intel, AMD}),
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* t3: Price Category (with possible values G3 = {Premium, Budget}).

Assume each G; is disjoint, i.e. G; NG = @ fori # j. Define
L = G| xXGy XxGs,
the Cartesian product of these sets. For instance,

L = { (BrandA, Intel, Premium), (BrandB, AMD, Budget), ... }.

A Fuzzy Hypersoft Set (O, L) over K is then defined by a mapping
0:L — PK).
Concretely, let us define:

O (BrandA, Intel, Premium) = {Laptop 1 + 0.9, Laptop 2 + 0.2, Laptop 3 +— 0.1, Laptop 4 — 0.0},
©(BrandB, AMD, Budget) = {Laptop 1 — 0.0, Laptop 2 — 0.7, Laptop 3 — 0.4, Laptop 4 — 0.2},
O(BrandA, AMD, Budget) = {Laptop 1 + 0.3, Laptop 2 +— 0.1, Laptop 3 + 0.8, Laptop 4 — 0.6},

etc. (for all other tuples in L).

Here, each ©(g) represents a fuzzy subset of K by assigning a membership degree in [0, 1] to each laptop.
For instance, ®(BrandA, Intel, Premium)(Laptop 1) = 0.9 indicates Laptop I matches “BrandA + Intel +
Premium” with a fuzzy membership of 0.9.

Definition 1.17 (Neutrosophic Hypersoft Set (NHSS)). [51}/52]] Let & be the universal set, and let P(£) denote
the power set of £. Consider [y, 1,13, ...,1, for n > 1, to be n-well-defined attributes. The corresponding
attributive values are the sets Ly, Ly, L3, ..., L,,, where:

LinL; =0, fori#j,i,je{l,2,...,n}.
Define the Cartesian product of these sets as:
L=L{xXLyx---XL,.
A Neutrosophic Hypersoft Set (NHSS) over ¢ is a pair (¥, L), where:
F:L—> P,

is a mapping such that:

F(L) = {&, T(F (L), [(F (L)), F(F (L)) | x € £},

where:

e T:¢&£—[0,1],1:€&—[0,1], F: & — [0, 1] are membership functions representing:

— T: Truth membership value,
— I: Indeterminacy membership value,

— F': Falsity membership value.
* For each x € ¢, the membership values satisfy:
0<T(F(L)+I(F(L))+F(F(L)) <3.

Example 1.18. Let
& = {Customer A, Customer B, Customer C, Customer D}

be the universal set representing different customers. Suppose we define three well-defined attributes:

* [y: Payment Method with possible values L; = {CreditCard, Cash},
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* [ Delivery Speed with possible values L, = {Express, Standard},

* [3: Promotion Type with possible values L3 = {Discount, Coupon}.

Assume L; N L; = ( fori # j. Define
L = L XLyX L3.

A Neutrosophic Hypersoft Set (F, L) over ¢ is then defined by a mapping
F:L — P&,

and foreach A € L,
F(4) = | T(F(A), 1(7(A), F(FA) | x e,

where T, I, F : ¢ — [0, 1] are truth, indeterminacy, and falsity membership functions satisfying0 < T+I+F <
3.

For instance, let us define:

¥ (CreditCard, Express, Discount) = {(Customer A, 0.8, 0.1, 0.1), (Customer B, 0.2, 0.3, 0.5),...},
¥ (Cash, Standard, Coupon) = {(Customer A, 0.0, 0.7, 0.3), (Customer C, 0.5, 0.2, 0.3),.. .},
etc. (for all other tuples in L).

Here,
* ¥ (CreditCard, Express, Discount) (Customer A) indicates Customer A has truth membership 0.8, inde-
terminacy membership 0.1, and falsity membership 0.1 under the attribute-combination

(CreditCard, Express, Discount)

e The sum T + [ + F for each customer in each combination does not exceed 3.

2 Results of This Paper

In this paper, we propose new definitions for various types of sets and briefly examine their relationships with
existing concepts.

2.1 HyperFuzzy Hypersoft Set (HFHSS)

A HyperFuzzy Hypersoft Set (HNHSS) is a set-theoretic concept that combines the principles of HyperFuzzy
Sets and Hypersoft Sets. The definition and related concepts are presented below.

Definition 2.1 (HyperFuzzy Hypersoft Set (HFHSS)). Let K be a non-empty universal set, and let ¢, 5, .. ., #,
be determining factors with distinct sets of attributive values G, G, . .., G,, each pairwise disjoint. Define
the Cartesian product

L=GiXGyX---XGy.

A HyperFuzzy Hypersoft Set (HFHSS) over K is a pair (Y, L), where:
Y:L — P([0,1]),

and foreach € € L, Y(£) C [0, 1]. In other words, the mapping Y assigns a set of membership degrees for each
multi-attribute combination £ € L.

In more detail:
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e Foreach¢ = ({1,062, ...,¢8,) € L, Y({) is a hyperfuzzy subset of K, meaning that each x € K is associated
with a ser of membership values C [0, 1], reflecting the uncertainty or variability in membership.

e {; € G; indicates the chosen value for the i-th attribute.

Example 2.2. Suppose we have a universal set
K = {Mobile A, Mobile B, Mobile C}

representing different smartphone models(cf. [23]]). Let us consider two determining factors (attributes), each
with distinct sets of possible values:

e t1 : Camera Quality with possible values G| = {BasicCam, ProCam},

* tp : Memory Size with possible values G, = {64GB, 128GB, 256GB}.

Assume G| N G, = 0. Define the Cartesian product

L = Gy xG, = {(BasicCam, 64GB), (ProCam, 128GB), (ProCam,256GB),...}.

A HyperFuzzy Hypersoft Set (Y, L) over K is then defined by a mapping
Y:L — P([0,1]),

which assigns to each multi-attribute combination ¢ € L a set of membership degrees in the interval [0, 1].
Concretely, let us specify a few values of Y:

Y (BasicCam, 64GB) = {Mobile A — {0.2,0.5}, Mobile B — {0.1}, Mobile C - {0.0,0.3,0.7}},
Y (ProCam, 128GB) = {Mobile A — {0.6}, Mobile B — {0.8,0.9}, Mobile C {0.1,0.2}},
Y (ProCam, 256GB) = {Mobile A - {0.4}, Mobile B - {0.5,0.6,0.7}, Mobile C - {0.0}},

and so forth for any other pair ({1, ;) € L.

Here, for example, Y (BasicCam, 64GB)(Mobile A) = {0.2,0.5} means that Mobile A belongs to the attribute
combination (BasicCam,64GB) with a set of membership degrees {0.2,0.5} C [0, 1], reflecting uncertainty or
variability in how strongly Mobile A matches those attributes.

Theorem 2.3. The following holds.

(1) HFHSS extends Fuzzy Hypersoft Set: If each set of membership degrees in Y (£) is restricted to be a singleton
in [0, 1], then an HFHSS reduces to an FHSS.

(2) HFHSS extends Hyperfuzzy Set: If n = 1 and we collapse the multi-attribute domain G to a single attribute,
then an HFHSS reduces to a Hyperfuzzy Set for that attribute’s domain.

Proof. Part (1). Consider an HFHSS (Y, L). By definition, each Y (¢) is a set of membership values. Impose
the constraint:
Y(€) = {us} €[0,1], asingleton for each ¢.

Hence, each multi-attribute combination ¢ yields exactly one membership degree in [0, 1]. This is precisely
the structure of a Fuzzy Hypersoft Set, where the mapping from ¢ € L to a single membership function
e » K — [0, 1]. Therefore, under that restriction, an HFHSS merges into an FHSS.

Part (2). Letn = 1. The domain L = G has a single attribute with values in G . Then the pair (Y, G1) assigns
to each g € G a subset Y(g) C [0, 1], i.e., a hyperfuzzy subset. But this is nothing but a Hyperfuzzy Set
G — P([0,1]) if we identify G| = X. Conclusively, HFHSS generalizes the single-attribute Hyperfuzzy
concept. O

253



2.2 HyperNeutrosophic Hypersoft Set (HNHSS)

A HpyperNeutrosophic Hypersoft Set (HNHSS) is a set-theoretic concept that combines the principles of
HyperNeutrosophic Sets and Hypersoft Sets. The definition and related concepts are presented below.

Definition 2.4 (HyperNeutrosophic Hypersoft Set (HNHSS)). Let £ be a universal set, and let {l, 1>, ...,[,}
be n-well-defined attributes with attributive values {L, L», ..., L,}, each pairwise disjoint. Define

L=L{XLyx---XL,.

A HyperNeutrosophic Hypersoft Set (HNHSS) over £ is a pair
),

r:L — P([0,11%).

Hence, foreach £ € L,T'(¢) C [0, 1]° is a set of neutrosophic membership triplets (T, I, F) with 0 < T+I+F <
3. This extends the notion of a Neutrosophic Hypersoft Set by allowing hyper-subsets of membership triplets
rather than single membership triplets.

where

Concretely,

» Each ¢ € L corresponds to a combination of attributive values.

« I'(¢) C [0, 1]? indicates possible (T, I, F) triplets for each x € &. Typically, one can think of I'(£) as
a hyperneutrosophic mapping that assigns multiple (7, I, F)-vectors, reflecting further uncertainty or
gradation of truth, indeterminacy, and falsity.

Example 2.5. Let
¢ = {Customer 1, Customer 2, Customer 3}

represent different customers. Suppose we have two attributes:

* [y : Payment Option with L| = {Credit, Debit},

* [ : Shipping Mode with L, = {Express, Regular}.

Define the Cartesian product

L = L; x L, = {(Credit, Express), (Credit, Regular), (Debit, Express), (Debit, Regular)}.

A HyperNeutrosophic Hypersoft Set (I', L) over ¢ is then defined by
r:L — 2([0,1),

where for each (£, 6,) € L, T'(£1,6,) C [0,1]%is aset of (T, I, F) triplets with 0 < T+ I + F < 3. Concretely,
let us illustrate:

I'(Credit, Express) = {Customer 1+~ {(0.8,0.1,0.1),(0.5,0.3,0.2)},
Customer 2 — {(0.0,0.7,0.3)},
Customer 3  {(0.4,0.3,0.3)}},

I'(Debit, Regular) = {Customer 1+ {(0.6,0.2,0.2)}, Customer2 — {(0.2,0.5,0.3),(0.3,0.4,0.3)},
Customer 3 — {(0.1,0.1,0.8)}},

and so on for the other combinations.

For instance, I'(Credit, Express) (Customer 1) = {(0.8,0.1,0.1), (0.5,0.3,0.2)} indicates two possible neutro-
sophic memberships for Customer 1 under the combination (Credit,Express). Each triplet (T, I, F) satisfies
T + 1+ F < 3. This structure extends the standard Neutrosophic Hypersoft Set to a hyper-level, capturing
multiple (7', I, F)-membership evaluations under each multi-attribute scenario.
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Theorem 2.6. The following holds.

(1) HNHSS extends Neutrosophic Hypersoft Set: If each subset of neutrosophic membership triplets is restricted
to a single element, the HNHSS reduces to an NHSS.

(2) HNHSS extends HyperNeutrosophic Set: If n = 1 and we collapse the domain L to a single attribute, the
HNHSS reduces to a standard HyperNeutrosophic Set, where each element is mapped to a set of (T, 1, F)-
triplets.

Proof. Part (1). Suppose we have an HNHSS (I, L). By definition, each I'(¢) C [0, 1]° is a set of possible
neutrosophic triplets. Impose the restriction:

() = { (Te, Ir, Fe) } € [0,1]%,  asingleton.

Hence, foreach ¢ € L, we have exactly one triplet (T,g, Iy, Fg). This is precisely the structure of a (single-valued)
Neutrosophic Hypersoft Set, in which the triple (T, I, F) satisfies 0 < T + I + F < 3. Therefore, under that
restriction, HNHSS collapses to NHSS.

Part (2). Let n = 1. Then the set of attributive values is L;, so the Cartesian product L = L;. The
mapping I' : L — P([0, 1]%) essentially assigns to each g € Ly a set of triplets (T, I, F). This is exactly a
HyperNeutrosophic Set if we identify g € L with each element of the original universe. Conclusively, HNHSS
generalizes the single-attribute hyperneutrosophic concept. O

Theorem 2.7. Let (I', L) be a HyperNeutrosophic Hypersoft Set over a universe ¢, as in Definition. If
we require that the indeterminacy coordinate I is always zero within every neutrosophic membership subset
['(¢) € [0,1]3, then (T, L) reduces to a HyperFuzzy Hypersoft Set (HFHSS). Conversely, any HFHSS can be
embedded into a HyperNeutrosophic Hypersoft framework by assigning zero indeterminacy.

Proof. Let (', L) be a HyperNeutrosophic Hypersoft Set (HNHSS). By definition, each I'(¢) is a non-empty
set of neutrosophic membership triplets

(T,1,F) € [0,1]° with 0 < T+ 1+ F < 3.
Consider imposing the additional condition that indeterminacy is always zero:
Y(T,I,F)eI((), I=0.

Under this restriction, each triplet (7,0, F) must still satisfy 7 + F < 3. In fact, for many classical fuzzy or
semi-fuzzy contexts, we often require 7 + F' < 1. Even if we allow up to < 3, one can re-normalize or interpret
T as a membership subset in [0, 1]. Concretely:

 Since I = 0, the only meaningful degrees are T (representing membership) and F (representing non-
membership).

s IfT'(¢) € {(T,0,F) : T,F € [0,1], T+ F < 1}, we directly get a hyperfuzzy subset in [0, 1] by
identifying each (7', 0, F) with the single membership value 7 (and possibly some interpretation for F).

* As aresult, each element of I'(£) can be seen as a set of membership degrees in [0, 1], which is precisely
the structure of an HFHSS (see Definition |2.1)).

Thus, under the no-indeterminacy constraint / = 0, the HyperNeutrosophic Hypersoft Set (I', L) degenerates
into a HyperFuzzy Hypersoft Set.

Conversely, suppose (Y, L) is a HyperFuzzy Hypersoft Set, where each Y(¢) C [0,1]. We embed Y into a
HyperNeutrosophic Hypersoft Set by defining

r(e) = {(T,o, F)e[0,11>: T € Y(¢), F =1 T (or similar) }

Hence we set the indeterminacy coordinate to zero and interpret membership 7 from the original HFHSS. The
resulting structure I' : L — 2 ([0, 1]3) is a valid hyperneutrosophic mapping, thus embedding any HFHSS
into an HNHSS. This shows the strict generalization: HNHSS extends HFHSS.

Hence, HyperNeutrosophic Hypersoft Sets strictly generalize HyperFuzzy Hypersoft Sets. O
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3 Future Tasks of this Research

Extensions utilizing concepts such as the SuperHypersoft Set [[61}|80], Hypersoft Rough Set [66,/67], and
Hypersoft Expert Set [28]29] are considered as potential future directions for this research.
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Chapter 11
Short Review of SuperFuzzy, SuperNeutrosophic, and SuperPlithogenic Set

Takaaki Fujita ' *
! Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan.

Abstract

Concepts such as Fuzzy Sets [21,43]], Neutrosophic Sets [29,30]], and Plithogenic Sets [33]] have been extensively
studied to address uncertainty, with diverse applications across numerous fields. Building upon the Plithogenic
Set, the HyperPlithogenic Set and SuperHyperPlithogenic Set have also gained significant attention [[16].

In this paper, we examine SuperFuzzy Sets, Super-Intuitionistic Fuzzy Sets, Super-Neutrosophic Sets, Super-
Quadripartitioned Neutrosophic Sets, Super-Pentapartitioned Neutrosophic Sets, Super-Heptapartitioned Neu-
trosophic Sets, and SuperPlithogenic Sets. This work serves as a reconsideration and extension of studies such
as those in [[16132].

Keywords: Plithogenic Set, HyperPlithogenic Set, n-SuperhyperPlithogenic Set, Plithogenic Cubic Set

1 Preliminaries and Definitions

This section introduces the fundamental concepts and definitions necessary for the discussions and analyses
presented in this paper.

1.1 Plithogenic Set and Uncertain Set

The Plithogenic Set provides a mathematical structure designed to accommodate multi-valued degrees of
membership and contradiction, enabling its effective application to complex decision-making scenarios. Its
properties and potential applications have been extensively studied in works such as [|11|{14}[26-28}36L39].

Further extending its utility, related constructs like the Plithogenic Graph have also been examined in vari-
ous contexts [[12,{18]]. The Plithogenic Set serves as a unifying framework, generalizing numerous existing
mathematical constructs, including:

* Fuzzy Sets: Developed as a means to handle imprecision and uncertainty [43,/44].

e Intuitionistic Fuzzy Sets: Extending Fuzzy Sets by incorporating degrees of non-membership [2,4].
* Vague Sets: A framework with two bounds for truth and falsehood [7}/19].

* Neutrosophic Sets: Introducing degrees of truth, indeterminacy, and falsehood 3043 1.

* Picture Fuzzy Sets: Incorporating positive, negative, and neutral opinions [9}25,/38]].

* Bipolar Neutrosophic Sets: Allowing positive and negative degrees of truth [11,42].

* Hesitant Fuzzy Sets: Accounting for multiple potential membership values [40,/41].

The ability of the Plithogenic Set to encapsulate these diverse frameworks highlights its adaptability and broad
applicability in modeling uncertainty and multi-valued reasoning.

The definitions of existing concepts, including Fuzzy Sets, Intuitionistic Fuzzy Sets, Neutrosophic Sets,

Quadripartitioned Neutrosophic Sets, Pentapartitioned Neutrosophic Sets, Heptapartitioned Neutrosophic Sets,
and Plithogenic Sets, are presented below.
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Definition 1.1 (Base Set). A base set S is the foundational set from which complex structures such as powersets
and hyperstructures are derived. It is formally defined as:

S = {x | x is an element within a specified domain}.
All elements in constructs like P (S) or £, (S) originate from the elements of S.

Definition 1.2 (Powerset). [15,24] The powerset of a set S, denoted P (), is the collection of all possible
subsets of S, including both the empty set and S itself. Formally, it is expressed as:

P(S)={A|ACS).

Definition 1.3 (Fuzzy set). [43L/45] A fuzzy set T in a non-empty universe Y is a mapping 7 : ¥ — [0,1]. A
fuzzy relation on Y is a fuzzy subset 6 in Y X Y. If 7 is a fuzzy set in Y and ¢ is a fuzzy relation on Y, then ¢ is
called a fuzzy relation on t if

6(y,z) < min{r(y),7(z)} forally,z €Y.

Definition 1.4 (Intuitionistic Fuzzy Set). [2-4] An Intuitionistic Fuzzy Set (IFS) A in a universe of discourse
X is defined as a set of ordered pairs:

A= {(x, ua(x), va(x)) | x € X, ua(x),va(x) € [0, 1], ua(x) +va(x) < 1},

where:

e ua(x) is the degree of membership of x in A,
* v4(x) is the degree of non-membership of x in A,
e ma(x) =1 — pa(x) — va(x) represents the degree of indeterminacy or hesitation.

Definition 1.5 (Neutrosophic Set). [31] Let X be a given set. A Neutrosophic Set A on X is characterized by
three membership functions:

To:X—>[0,1], In:X—>][0,1], Fa:X—[0,1],

where for each x € X, the values T4(x), 14(x), and F4(x) represent the degree of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0<Ta(x)+1a(x)+Fa(x) <3.

Definition 1.6 (Quadripartitioned Neutrosophic Set (QNS)). (cf. [[8,/10,20]) Let X be a universe of discourse.
A Quadripartitioned Neutrosophic Set (ONS) on X is given by

ONS ={(x,T(x),C(x),U(x), F(x)) | x € X},
where each of T'(x), C(x), U(x), F(x) lies in [0, 1], satisfying
0 < Tx)+Cx)+Ux)+F(x) < 4.

Definition 1.7 (Pentapartitioned Neutrosophic Set (PNS)). (cf. [5,[22]])) Let X be a universe of discourse. A
Pentapartitioned Neutrosophic Set (PNS) on X is given by

PNS = {{x,T(x),C(x),R(x),U(x), F(x)) | x € X},
where each of T'(x), C(x), R(x), U(x), F(x) € [0, 1], satisfying
0 < TxX)+Cx)+R(x)+U(x)+F(x) < 5.

Definition 1.8 (Heptapartitioned Neutrosophic Set). [6l/23]] A Heptapartitioned Neutrosophic Set (HNS) on a
universe X is defined as:

HNS = {{(x,T(x),C(x),R(x),U(x), F(x),G(x),L(x)) | x € X},
where T (x), C(x), R(x),U(x), F(x),G(x), L(x) € [0, 1], and

0<TxX)+C(x)+R(x)+U(x)+F(x)+G(x)+L(x) <.
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Definition 1.9 (Plithogenic Set). [34l35] Let S be a universal set, and P C S. A Plithogenic Set PS is defined
as:

PS = (P,v, Pv, pdf, pCF)

where:

* v is an attribute.

* Pv is the range of possible values for the attribute v.

e pdf : Px Pv — [0, 1]° is the Degree of Appurtenance Function (DAF)E]
e pCF : Pv X Pv — [0, 1]! is the Degree of Contradiction Function (DCF).

These functions satisfy the following axioms for all a, b € Pv:

1. Reflexivity of Contradiction Function:
pCF(a,a) =0

2. Symmetry of Contradiction Function:

pCF(a,b) = pCF(b,a)

2 Results in This Paper

This paper presents the results derived through the study conducted herein. It serves as a reconsideration of
the work discussed in [|32]].

2.1 SuperFuzzy, SuperIntuitionistic Fuzzy, and SuperNeutrosophic Sets

The definitions of SuperFuzzy, SuperIntuitionistic Fuzzy, and SuperNeutrosophic Sets are provided below [32].
These concepts are extensions of the Fuzzy Set, Intuitionistic Fuzzy Set, and Neutrosophic Set, respectively.

Additionally, related concepts such as the SuperHyperFuzzy Set and SuperHyperNeutrosophic Set are also
known in the literature [[13}/16}/17}32].

Definition 2.1. [32] A Superfuzzy Set is defined as a function:
7:P(A) — [0,1],

where P(A) is the powerset of a non-empty set A, and 7(S) for S € P(A) represents the degree of membership
(truth) of the subset S in A.

Example 2.2. For example:
7({a1,a2}) =0.9

indicates that the subset {1, a,} as a whole has a membership degree of 0.9 in A.

!t is important to note that the definition of the Degree of Appurtenance Function varies across different papers. Some studies define
this concept using the power set, while others simplify it by avoiding the use of the power set [37]. The author has consistently defined the
Classical Plithogenic Set without employing the power set.
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Example 2.3 (Superfuzzy Set for Group Travel Plans). Consider a set A of possible tourist destinations:
A = {Paris, Rome, Berlin}.
The powerset P(A) contains all possible subsets of destinations, such as {Paris, Rome} or {Berlin}, etc.

We define a superfuzzy set 7 to capture how feasible each combination of destinations is within a certain travel
budget. Let us assume:

7(0) = 0.0 (no destination is not considered feasible),
7({Paris}) = 0.9 (Paris alone is quite feasible),
7({Rome}) = 0.7 (Rome alone is moderately feasible),
7({Berlin}) = 0.8,

7({Paris, Rome}) = 0.5,

7({Paris, Berlin}) = 0.6,

7({Rome, Berlin}) = 0.4,

7({Paris, Rome, Berlin}) = 0.2.

Here, 7({Paris, Rome}) = 0.5 means that traveling to both Paris and Rome together has a 0.5 feasibility degree
under the budget constraints, while the subset {Paris, Rome, Berlin} has an even lower feasibility (0.2).

Definition 2.4. [32]] A Superintuitionistic Fuzzy Set is defined as a function:
71 P(A) — [0,1]%,

where P(A) is the powerset of a non-empty set A, and 7(S) = (u(S), v(S)) for S € P(A) represents:

e u(S): degree of membership (truth) of the subset S,

¢ v(S): degree of non-membership (falsehood) of the subset S.

These values satisfy:
u(S) +v(S) < 1.

Example 2.5. For example:
({a1,a2}) = (0.5,0.7)

indicates u({aj,a>}) = 0.5 and v({a;,az}) = 0.7.

Example 2.6 (Superintuitionistic Fuzzy Set for Joint Purchase Decision). Suppose A = {Laptop, Tablet}.
Think of A as potential tech items a family might buy. The powerset P(A) includes 0, {Laptop}, {Tablet}, and
{Laptop, Tablet}.

We define a superintuitionistic fuzzy set 7 to represent:

7(8) = (u(S), v(9)),

where u(S) is the “confidence that the subset S is a good purchase choice,” and v(S) is the “confidence that S
is a poor choice.” They satisfy u(S) + v(S) < 1. For instance:

7(0) = (0.0,0.8)  (no purchase is almost certainly a bad idea: x4 =0,v = 0.8),
7({Laptop}) = (0.6,0.2), (fairly good idea; somewhat not),

7({Tablet}) = (0.4,0.3), (mixed feelings about just a tablet),

7({Laptop, Tablet}) = (0.7,0.2).

In 7({Laptop}) = (0.6,0.2), we see the family’s membership is 0.6 (a fairly good choice) and non-membership
is 0.2 (some negative doubts). These sum to 0.8, which is < 1.
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Definition 2.7. [32[] A Superneutrosophic Set is defined as a function:
71 P(A) > [0, 1],
where P(A) is the powerset of a non-empty set A, and 7(S) = (T(S), I(S), F(S)) for S € P(A) represents:

e T(S): degree of truth of the subset S,
e I(S): degree of indeterminacy of the subset S,
o F(S): degree of falsehood of the subset S.

These values satisfy:
0<T(S)+I(S)+F(S)<3.

Example 2.8. For example:
7({a1,az}) = (0.8,0.1,0.3)
indicates T ({ai,a>}) = 0.8, I({a1,a2}) = 0.1, and F({ay,a>}) = 0.3.

Example 2.9 (Superneutrosophic Set for Project Collaborations). Let A = {Team A, Team B, Team C} repre-
sent potential teams. We examine subsets of A for a hypothetical collaboration project.
Define 7(S) = (T(S), I(S), F(S)):

7(0) = (0.0, 0.3, 0.0), (no team chosen: uncertain but not “false” nor “true”),
7({Team A}) = (0.8, 0.0, 0.1), (very likely a good partner, low falsehood, no major indeterminacy),
7({Team B}) = (0.6, 0.3, 0.2), (some uncertainty about B, moderate truth, small falsehood),
7({Team C}) = (0.2, 0.7, 0.1), (C is mostly unknown, so high indeterminacy),

7({Team A, Team B}) = (0.7, 0.2, 0.5), (cooperation might be more complicated; sum = 1.4),
7({Team A, Team C}) = (0.6, 0.9, 0.4), (lots of unknowns; sum = 1.9),
7({Team B, Team C}) = (0.5, 0.7, 0.6), (still feasible but uncertain; sum = 1.8),

7({Team A, Team B, Team C}) = (0.9, 0.3, 0.8).

For example, 7({Team A, Team C}) = (0.6, 0.9, 0.4) implies we see a relatively positive truth-value of 0.6, yet
a high indeterminacy (0.9), and a somewhat large falsehood (0.4). The sum = 1.9 < 3 remains within allowed
bounds.

2.2 Super-Quadripartitioned, Pentapartitioned, Heptapartitioned Neutrosophic Set

The definitions of Super-Quadripartitioned, Super-Pentapartitioned, and Super-Heptapartitioned Neutrosophic
Sets are presented below.

Definition 2.10. A Super-Quadripartitioned Neutrosophic Set (Super-QNS) on X is:
Super-QNS = {(S,T(S),C(S),U(S),F(S)) | S € P(X)},
where T'(S), C(S),U(S), F(S) € [0, 1] satisfy
0 < TS+C(S)+US)+F(S) < 4

Example 2.11 (Super-QNS Example). Let X = {x1,x;}. We list several subsets S C X with illustrative values
of (T(S),C(S),U(S), F(S)). All values lie in [0, 1], so their sum is automatically < 4.

(0, 0.0, 0.0, 0.0, 0.0) (sum =0.0),
({x1}, 0.4, 0.2, 0.1, 0.3) (sum = 1.0),
({x2}, 0.8, 0.1, 0.1, 0.7) (sum = 1.7),
({x1,x2}, 0.9, 0.9, 0.9, 0.9) (sum = 3.6).

Hence, the corresponding Super-QNS (restricted to these four subsets) is:

Super-QNS = {(0,0.0,0.0,0.0,0.0), ({x1},0.4,0.2,0.1,0.3), ({x2},0.8,0.1,0.1,0.7), ({x1,x2},0.9,0.9,0.9,0.9)}.
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Definition 2.12. A Super-Pentapartitioned Neutrosophic Set (Super-PNS) on X is:
Super-PNS = {(S,T(S), C(S), R(S),U(S),F(S)) | S € P(X)},
where T'(S), C(S), R(S),U(S), F(S) € [0, 1] satisfy
0 < TS)+CS)+R(S)+US)+F(S) < 5.
Example 2.13 (Super-PNS Example). Let X = {x, xo}. Below, we assigna 5-tuple (T'(S), C(S), R(S),U(S), F(S))

for some subsets S. Since each value is in [0, 1], the total sum is < 5.

(0, 0.0, 0.0, 0.0, 0.0, 0.0) (sum = 0.0),
({x1}, 0.2, 0.2, 0.2, 0.1, 0.4) (sum = 1.1),
({x1,x2}, 0.9, 0.8, 0.3, 0.3, 1.0) (sum = 3.3).

Hence, a partial Super-PNS on X (for these three subsets) is:
Super-PNS = {((Z), 0,0,0,0,0), ({x1},0.2,0.2,0.2,0.1,0.4), ({x1,x2},0.9,0.8,0.3,0.3, 1.0)}.
Definition 2.14. A Super-Heptapartitioned Neutrosophic Set (Super-HNS) on X is:
Super-HNS = {(S,T(S), C(S), R(S),U(S), F(S),G(S),L(S)) | S e P(X)},
where T(S), C(S), R(S),U(S), F(S),G(S), L(S) € [0, 1] satisty
0 < TS +C(S)+R(S)+US)+F(S)+G(S)+L(S) < 7.
Example 2.15 (Super-HNS Example). Again, let X = {x,x,}. We exhibit three subsets, each with a 7-tuple

(r,C,R,U,F,G,L)in [0, 1]:

(0, 0,0,0,0,0,0,0) (sum =0),
({x1}, 0.5, 0.6, 0.1, 0.9, 0.0, 0.2, 0.0) (sum =2.3),
({x1,x2}, 1.0, 0.8, 0.7, 0.7, 0.4, 0.9, 0.5) (sum = 5.0).

Thus a partial Super-HNS (covering these subsets) is:

Super-HNS = {<<z>, 0,0,0,0,0,0,0), ({x1}, 0.5,0.6,0.1,0.9,0.0,0.2,0.0), ({x1,x2}, 1.0,0.8,o.7,o.7,o.4,o.9,o.5>}.

2.3 SuperPlithogenic Set

The definition of the SuperPlithogenic Set is provided below.

Definition 2.16 (SuperPlithogenic Set). Let X be a universal set, and let P(X) denote its powerset. Consider
an attribute v, whose possible values range over some set P,,. Define:

pdf : P(X)xP, — [0,1]°, pCF:P,xP, — [0,1],
where s and ¢ are positive integers determined by context (e.g., how many dimensions of membership or
contradiction we wish to encode). We require that for all @, b € P,:
1. Reflexivity of Contradiction Function:
pCF(a,a) =0,
2. Symmetry of Contradiction Function:

pCF(a,b) = pCF(b,a).
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Then a SuperPlithogenic Set (SPS) on X is defined by the 5-tuple
SPS = (P(X), v, Py, pdf, pCF).

Remark 2.17. The key difference from the classical Plithogenic Set [34}35] is that the degree of appurtenance
Sunction pdf now takes as input a subset S € X (instead of a single element x € X) and an attribute value
a € P,. Hence, any membership, truth, or contradiction measure can be assigned to a subset of X, rather than
to a single element.

Theorem 2.18. Let SPS = (P(X),v, Py, pdf, pCF) be any SuperPlithogenic Set. Suppose we only evaluate
pdf on singleton subsets {x} C X. Then the restriction of SPS to singletons coincides with a classical
plithogenic set

PS = (X,v,P,, pdf’, pCF),

where

pdf'(x,a) = pdf({x},a).

Proof. By assumption, the SuperPlithogenic structure is SPS = (P(X),v, P,, pdf,pCF). Consider the
restricted domain {{x} | x € X}, i.e., the collection of singleton subsets of X. Define

pdf’(x,a) := pdf ({x},a).

Because pdf was originally defined for all subsets S € P(X), it is in particular defined for singletons {x}.
Hence pdf’ is well-defined as a function

pdf’ : Xx P, — [0,1]°.

The contradiction function pCF remains unchanged; it was already defined to satisfy reflexivity and symmetry
over P,. Thus the 4-tuple (X, v, P,, pdf’, pCF) satisfies the original axioms for a (classical) Plithogenic
Set [34].

Therefore, restricting to singletons recovers the usual Plithogenic Set structure, demonstrating that the classical
Plithogenic Set is indeed a special case (or subsystem) of the SuperPlithogenic Set. O

Theorem 2.19. Let (P(X),v, Py, pdf, pCF) be any SuperPlithogenic Set with s = 1 and ignore pCF by
setting it identically to zero (or to any constant function if desired). Define

7(S) = pdf (S, ao)

for some chosen ag € P,,. Then v : P(X) — [0, 1] becomes a Superfuzzy Set.

Proof. Since s = 1, the output of pdf(S,a) is a single real value in [0, 1]. Pick any specific attribute value
ap € P,. Define

7(8) = pdf(S,ao).
By construction,
T: P(X) — [0,1].

Hence, by Definition of a Superfuzzy Set, 7 assigns to each subset S C X a single membership degree in [0, 1].
If we do not utilize the contradiction function pCF (e.g., set it identically to zero), the structure is effectively
capturing only “membership” degrees for subsets. Thus 7 is precisely a Superfuzzy Set as in the usual sense
(cf. the definition in the question). O

Theorem 2.20. Let SPS = (P(X),v, P,, pdf, pCF) be a SuperPlithogenic Set with output dimension s = 1
(for simplicity). Define for each S C X and a € P,,

u(S,a) :=pdf(S,a) € [0,1].
Suppose we have a continuous t-norm % and t-conorm ¢ on [0, 1]. Define new functions
uu(S,a) = u(S1USy, a) = u(S1,a) o u(Sz,a),
pn(S,a) = u(S1NS2, a) = u(Sy,a) x u(Ss,a).

Then the operations U and N induce well-defined membership values under % and ¢, yielding a plithogenic-based
union and intersection for subsets inside the SuperPlithogenic framework.
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Proof. Step 1. Well-Definition.
Given two subsets S, 5, € X and any a € P,,, we define

u(S1U Sy, a) = u(Sy,a) o u(Sz,a),

u(S1NSz,a) = u(S1,a) * u(S2,a).

Since x and ¢ are by definition binary operations on [0, 1] that remain within [0, 1], the results are indeed in
[0, 1].

Step 2. Consistency with T-norm/T-conorm Properties.

T-norms * and T-conorms ¢ satisfy properties such as commutativity, associativity, monotonicity, and identity
element existence. Hence, if we extend them to membership values of subsets (in the SuperPlithogenic
sense), the set-theoretic union and intersection remain consistent with the underlying fuzzy or plithogenic
interpretations.

Step 3. Conclusion.
Thus, any pair of subsets in P(X) can be combined via U, N in a manner that is internally consistent with
the membership assignments generated by the plithogenic-based function u(-, @). This shows that union and

intersection can be interpreted in the SuperPlithogenic environment using t-norms and t-conorms, ensuring the
standard fuzzy-lattice properties carry over. O
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Chapter 12
Superhypersoft Rough set, Superhypersoft Expert set, and Bipolar
Superhypersoft Set

Takaaki Fujita ' *
! Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan.

Abstract

Soft sets provide a robust framework for decision-making by mapping parameters to subsets of a universal
set, addressing uncertainty and vagueness. This paper explores advanced extensions of soft sets, including six
novel concepts: Superhypersoft Rough Set, Superhypersoft Expert Set, Bipolar Superhypersoft Set, Treesoft
Rough Set, Treesoft Expert Set, and Bipolar Treesoft Set, alongside their definitions and properties.

Keywords: Superhypersoft set, Rough set, Soft Set, Treesoft set, Hypersoft set

1 Short Introduction of this paper

1.1 Soft Sets and Rough Sets

Soft sets are mathematical tools designed for decision-making, providing a framework that maps parameters
to subsets of a universal set, effectively handling uncertainty and vagueness [77}/79]]. Over the years, various
extensions of soft sets have been developed, including Hypersoft Sets [107]], Superhypersoft Sets [[109}|118],
Treesoft Sets [20,84]], Fuzzy Soft Sets [[19,98)/125]], Neutrosophic Soft Sets [[13,14,17]], Soft Expert Sets [6102],
and Soft Rough Sets [34] (which integrate rough set [43,85H92] theory with soft sets), as well as Bipolar Soft
Sets. These extensions have been extensively studied and applied in numerous fields.

This paper focuses on Superhypersoft Sets and Treesoft Sets.

* Hypersoft Sets extend soft sets by mapping combinations of multiple attributes to subsets of a universal
set, thereby enhancing multi-attribute decision-making capabilities [2,61,107].

» Superhypersoft Sets further generalize hypersoft sets by mapping power set combinations of multiple
attribute values to subsets of a universal set, enabling higher-dimensional decision-making frameworks
[40L/67,/109L[116,/118].

* Treesoft Sets employ hierarchical attribute trees, mapping nodes and leaves of the tree structure to subsets
of a universal set, offering a structured approach for analyzing complex hierarchical data [20,84].

1.2 Our Contribution in This Paper
In this paper, we introduce and analyze the following concepts: Superhypersoft Rough Set, Superhypersoft
Expert Set, Bipolar Superhypersoft Set, Treesoft Rough Set, Treesoft Expert Set, and Bipolar Treesoft Set.

Each of these represents an extension of previously established set concepts. We anticipate that these advanced
structures will inspire further research, particularly in applications such as decision-making.

2 Preliminaries and Definitions

This section provides an introduction to the foundational concepts and definitions required for the discussions
in this paper.
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2.1 SuperHypersoft Set and Treesoft Set

This subsection introduces the concepts of Soft Sets, Hypersoft Sets, Treesoft Sets, and SuperHypersoft Sets,
which serve as foundational tools for advanced decision-making frameworks. A Soft Set provides a simplified
approach to parameterized decision modeling by mapping attributes, or parameters, to subsets of a universal set,
thereby addressing uncertainty in a straightforward manner [|551/77,79]. Expanding on this idea, a Hypersoft Set
facilitates enhanced multi-attribute decision analysis by mapping combinations of multiple attributes to subsets
of a universal set [2}5,/361/50./61,/83,99,[107]]. Treesoft Sets provide a structured framework for analyzing
hierarchical data. By utilizing hierarchical attribute trees, Treesoft Sets map both nodes and leaves of the
tree to subsets of a universal set, allowing for a detailed and organized representation of complex hierarchical
relationships [[111]. Further generalizing the principles of Hypersoft Sets, SuperHypersoft Sets extend their
functionality by mapping power set combinations of multiple attribute values to subsets of a universal set. This
approach enables higher-dimensional decision-making and accommodates complex interrelationships among
attributes [40,41152,67,[75L/109}114-116,(118}|142]]. The theoretical underpinnings and definitions of these
sets will be discussed in detail.

Definition 2.1 (Soft Set). [77,/79] Let U be a universal set and A be a set of attributes. A soft set over U is a
pair (¥, S), where S C Aand ¥ : S — P(U). Here, P(U) denotes the power set of U. Mathematically, a soft
set is represented as:

(F,9) ={(a,F (@) | @ € S,F(a) e P(U)}.

Each a € § is called a parameter, and ¥ («) is the set of elements in U associated with a.

Definition 2.2 (Hypersoft Set). [107] Let U be a universal set, and let A, Ay, . . ., A, be attribute domains.
Define C = A; X Ay X - -+ X Ay, the Cartesian product of these domains. A hypersoft set over U is a pair
(G,C), where G : C — P(U). The hypersoft set is expressed as:

(G,C) ={(»,G(y)) | y € C.G(y) e P(U)}.

For an m-tuple y = (y1,%2,...,¥m) € C, where y; € A; fori = 1,2,...,m, G(y) represents the subset of U
corresponding to the combination of attribute values y1,y2, ..., ¥m-

Definition 2.3 (SuperHyperSoft Set). [109] Let U be a universal set, and let #(U) denote the power set of U.
Consider n distinct attributes aq, a», . . ., a,, where n > 1. Each attribute a; is associated with a set of attribute
values A;, satisfying the property A; N A; = 0 foralli # j.

Define P (A;) as the power set of A; for eachi = 1,2, ..., n. Then, the Cartesian product of the power sets of
attribute values is given by:
C= P(A]) X P(Az) XX P(An)

A SuperHyperSoft Set over U is a pair (F, C), where:

F:C— P,

and F maps each element (ay,@s,...,a,;) € C (with a; € P(A;)) to a subset F(a,az,...,a,) C U.
Mathematically, the SuperHyperSoft Set is represented as:

(F.C)={(v.F(y)) |y € C.F(y) e P(U)}.

Here, y = (a1, a2, ...,a,) € C, where a; € P(A;) fori =1,2,...,n, and F(y) corresponds to the subset of
U defined by the combined attribute values a1, a», .. ., @;,.

Definition 2.4. [110] Let U be a universe of discourse, and let H be a non-empty subset of U, with P(H)
denoting the power set of H. Let A = {A|,A,,...,A,} be a set of attributes (parameters, factors, etc.), for
some integer n > 1, where each attribute A; (for 1 < i < n) is considered a first-level attribute.

Each first-level attribute A; consists of sub-attributes, defined as:

A ={Ai1,Aip, ...},
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where the elements A; ; (for j = 1,2, .. .) are second-level sub-attributes of A;. Each second-level sub-attribute
A; ;j may further contain sub-sub-attributes, defined as:

Aij={Aij1,Aij2 ...}

and so on, allowing for as many levels of refinement as needed. Thus, we can define sub-attributes of an m-th
level with indices A;, ;,.....i,,» Where each iy (for k = 1,...,m) denotes the position at each level.

This hierarchical structure forms a tree-like graph, which we denote as Tree(A), with root A (level 0) and
successive levels from 1 up to m, where m is the depth of the tree. The terminal nodes (nodes without
descendants) are called leaves of the graph-tree.

A TreeSoft Set F is defined as a function:
F : P(Tree(A)) — P(H),

where Tree(A) represents the set of all nodes and leaves (from level 1 to level m) of the graph-tree, and
P(Tree(A)) denotes its power set.

2.2 Hypersoft Rough Set

A hypersoft rough set uses lower and upper approximations over an approximation space to represent multi-
attribute uncertainty in sets. Note that an approximation space is a mathematical structure that models
uncertainty, consisting of a universe of objects and an equivalence relation, enabling the definition of lower
and upper approximations for subsets.

Definition 2.5 (Pawlak Approximation Space). [126l/127] Let U be a non-empty set, known as the universe of
discourse, and let R be an equivalence relation on U. The pair (U, R) is called a Pawlak approximation space.
The relation R induces a partition of U into equivalence classes, where each element in U is indiscernible from
others within its equivalence class.

Given a subset X C U, the lower approximation R(X) and the upper approximation R(X) of X with respect to
R are defined as follows:

 The lower approximation of X, denoted R(X), is the set of all elements u € U such that the equivalence
class [u]gr C X:
R(X)={ueU| [u]r € X}.

This set contains elements that are certainly in X based on the information provided by R.

* The upper approximation of X, denoted R(X), is the set of all elements u € U such that the intersection
[ulrNX +0: _
R(X)={ueU]|[ulrnX + 0}.

This set contains elements that possibly belong to X given the information provided by R.

The pair (R(X), R(X)) represents the rough set approximation of X within the Pawlak approximation space
(U,R).

Definition 2.6 (Soft Rough Set). (cf. [1,/4L31}/71,/74,/78,[104,/137]) Let U be a universal set, A a set of
parameters, and P(U) the power set of U. Let R be an equivalence relation on U, inducing a partition
U/R ={Y,Ys,...,Y,} into equivalence classes. A soft set (F, A) on U is definedas F : A — P(U).

For B C U, the Soft Rough Lower Approximation L(B) and Soft Rough Upper Approximation U(B) are given
by:
L(B) ={u € U | Je € A such that F(e) C B},

U(B) ={u € U | Je € A such that F(e) N B # 0}.

The Soft Rough Set is represented as the pair:
(L(B),U(B)),

where L(B) and U(B) are the approximations of B with respect to the soft set.
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Definition 2.7 (Hypersoft Rough Set). [69,120,[121]] Let (X, R) be a Pawlak approximation space, where R is
an equivalence relation on X. Given a Hypersoft Set (F, J) over X, the Hypersoft Lower Approximation F,(j)
and Hypersoft Upper Approximation F*(j) of F with respect to R are defined for each j € J as:

F.(j) ={x € X | [x]r € F(j)},
Fr(j) ={x e X | [x]r N F(j) # 0},

where [x]r denotes the equivalence class of x under R.

The Hypersoft Rough Set is then the pair (F, F*, J).

2.3 Hypersoft Expert Set

The following outlines the concept of the Soft Expert Set [6-9411,[12}/16,23L/58,|100H102]] and its extension,
the Hypersoft Expert Set [61-66].

Definition 2.8 (Soft Expert Set). (cf. [8,9,/11,/100]) Let U be a universal set, E a set of parameters, X a set of
experts, and O = {0, 1} a set of opinions. Define Z=E XX X O and A C Z.

A Soft Expert Set over U is a pair (F, A), where:

* F: A — P(U) is a mapping that assigns each @ € A a subset of U, with (U) denoting the power set
of U.

The Soft Expert Set is represented as:
(F,A) ={(e, F(@)) | @ € A, F(a) C U}.

Definition 2.9. (cf. [62H64]]) A Hypersoft Expert Set (HSE-Set) is a pair (¥, S) over a universe of discourse €,
where:

e ¥:S§ — P(Q) is a mapping such that ¥(a,d,c) C Q, where S CT =G x D x C, and:

- G =G| XGy X+ X Gy is the Cartesian product of n disjoint attributive sets G1, G, ..., Gy,
corresponding to attributes g1, g2, .. ., &n-
— D is a set of specialists (decision-makers).

— C is a set of conclusions, typically C = {0 (disagree), 1 (agree)}.
 Elements of S take the form (a, d, ¢), where:

— a € G represents an attribute combination (e.g., a = (g11, 821, £31))-
— d € D represents a specialist.

— ¢ € C represents a conclusion.

2.4 Bipolar Hypersoft Set

A Bipolar Soft Set represents positive and negative memberships, ensuring consistency by mapping parameters
to subsets of a universal set [10}26L[27,|59,/72,/122]]. A Bipolar Hypersoft Set extends Bipolar Soft Sets
by incorporating multi-attribute combinations for positive and negative memberships in decision-making
frameworks [22},80-82].

Definition 2.10 (Bipolar Soft Set). [26,27,/122]] A Bipolar Soft Set over a universal set U is a triple (F, G, A),

where:

e F: A — P(U) is the positive membership mapping,
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¢ G :-A — P(U) is the negative membership mapping,

* ACE,-~A=E\ A, where E is a set of parameters.

The mappings satisfy the consistency constraint:

F(e)NG(-e)=0, VecA.

A Bipolar Soft Set is represented as:
(F.G,A)={(e,F(e),G(me)) | e € A, F(e) N G(=e) = 0}

Definition 2.11 (Bipolar Hypersoft Set). [80-82[] A Bipolar Hypersoft Set (BHS-Set) is a triple (F, G, A) over
a universe of discourse U, where:

e F:A—- PU)and G : =A — P(U), with P (U) denoting the power set of U.
» The mappings satisfy the consistency constraint:

Fla)nG(-a) =0, VYaceA.

e A=A XAy X---XA,,where A; CE;and E=E|{ XEyX---XE,.
. —uA:—|A1><—|A2x~--><—|An,where—|Ai:Ei\Ai.

The BHS-Set (F, G, A) is represented as:

(F,G,A) ={(a,F(a),G(—a)) |« € Aand F(a) N G(-a) = 0}.

3 Results in This Paper

This paper introduces six new set concepts as significant results.

3.1 SuperHypersoft Rough Set

The SuperHypersoft Rough Set, which generalizes the Hypersoft Rough Set, is presented below.

Definition 3.1 (SuperHypersoft Rough Set). Let U be a non-empty universe and (U, R) be a Pawlak approxi-
mation space, where R is an equivalence relation on U. Suppose there are n distinct attributes ay, . . ., a,, each
having a set of possible values A; such that A; N A; = @ for all i # j. Define the Cartesian product of the
power sets:

C = P(A) X P(A2) x ---x P(Ay).

A SuperHypersoft Set is a mapping
F:C — PWU).

For each y € C, define the superhypersoft lower approximation F.(7y) and the superhypersoft upper approxi-
mation F*(y) as follows:

Futy) ={ucU | [Wlg cFM}, F'(y) = {ueU | [WlgnF(y) #a}.
Here, [u]g denotes the equivalence class of u under R. The SuperHypersoft Rough Set is the triple
(F., F*, C),
where F,, F* : C — P(U) are the lower- and upper-approximation mappings, respectively.

Theorem 3.2 (Generalization Property of SuperHypersoft Rough Set). A SuperHypersoft Rough Set generalizes
both the Hypersoft Rough Set and the SuperHypersoft Set.

Proof. We show the reduction of the SuperHypersoft Rough Set to each simpler case:
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(i) Generalizing the Hypersoft Rough Set. In a classical Hypersoft Rough Set, each attribute domain is
A;, and we form A} X Ay X --- X A, as the product of these domains. By restricting every $(A;) to consist
only of singletons, we effectively recover A; rather than P (A;). Hence C = P(A}) X --- X P(A,) collapses
to Aj X --- X A,. In that scenario, F(y) matches the usual Hypersoft mapping. The induced lower/upper
approximations F;(y), F*(y) then coincide with the definitions of a Hypersoft Rough Set.

(ii) Generalizing the SuperHypersoft Set. If R is taken to be the identity relation on U, then each equivalence
class [u]g is just {u}. It follows that

F(y)={ueU:[ulp CF(Y)}={ueU:{u} CF(y)}=F(y),
and similarly,
F'(y)={ueU:[ulgnF(y) 2#0}={ueclU: :{u}nF(y) # @} =F(y).

Thus the pair (F., F*, C) reduces to (F, C), which is the original SuperHypersoft Set without approximation.
a

3.2 SuperHypersoft Expert Set

The SuperHypersoft Expert Set, a generalization of the Hypersoft Expert Set, is defined as follows.

Definition 3.3 (SuperHypersoft Expert Set). Let Q be a universe of discourse. Suppose there are n attributes
&1, - - -5 8&n» each with a domain G;. Define the super-attribute domain

G = P(G1) X P(Ga) x ---x P(Gy).
Let D be a set of specialists (decision-makers) and C a set of conclusions (e.g., {0, 1}). Consider
T=GxDxC, ScT.

A mapping
¥Y:S — PQ)

assigns to each (y,d, c) € S a subset of Q. The pair (¥, S) is called a SuperHypersoft Expert Set.

Theorem 3.4 (Generalization Property of SuperHypersoft Expert Set). A SuperHypersoft Expert Set generalizes
both the Hypersoft Expert Set and the SuperHypersoft Set.

Proof. We show how each previously known structure is recovered from (¥, S):

(i) Generalizing the Hypersoft Expert Set. In the Hypersoft Expert Set, the attribute space is G| X - - - X G,.
Restrict each P (G;) to singleton subsets only, so (G;) = G;. Then G collapses to G| X - - - X G, and the pair
(W, S) becomes precisely the Hypersoft Expert Set over G| X - - - X G, with specialists in D and conclusions
inC.

(ii) Generalizing the SuperHypersoft Set. If we trivialize the expert dimension (D = {«}) and the conclusion
dimension (C = {x}), then each element of S is identified simply with y € G. Hence ¥(y, *, *) matches a
single mapping F(y) where F : G — P(Q). This is exactly the SuperHypersoft Set (F, G). O
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3.3 Bipolar SuperHypersoft Set

The Bipolar SuperHypersoft Set, a generalization of the Bipolar Hypersoft Set, is defined as follows.

Definition 3.5 (Bipolar SuperHypersoft Set). Let U be a universe, and let E1, . . ., E, be pairwise disjoint sets
of parameter values. Define
A = P(E)) X ---x P(Ey,).

Let A € A, and denote by —A its complement in A. A Bipolar SuperHypersoft Set (BSHS-Set) is a triple
(F,G,A) where
F:A—-PU), G:-A->PWU),

and for every a € A, the following consistency constraint holds:
F(a) N G(-a) = @.
Equivalently, we may write
(F,G,A) = {(&,F(a),G(-)) | @ €A, F(a)nG(-a) = 2}.
Theorem 3.6 (Generalization Property of Bipolar SuperHypersoft Set). A Bipolar SuperHypersoft Set gener-

alizes both the Bipolar Hypersoft Set and the SuperHypersoft Set.

Proof. We demonstrate how it specializes to each known framework:

(i) Generalizing the Bipolar Hypersoft Set. A Bipolar Hypersoft Set originally has A € EX- - - X E,,. Here,
A=P(E)) X---XP(E,). By restricting each P (E;) to singletons only, A reduces to E; X --- X E,,. Hence
(F,G, A) satisfies the same constraint F (@) N G(—a) = @ on that product, which is precisely the definition of
a Bipolar Hypersoft Set.

(ii) Generalizing the SuperHypersoft Set. If we remove the bipolar aspect by letting A = A (i.e. no genuine
complement subset) and effectively ignore G, we obtain a single mapping F : A — P (U). This is exactly the
usual SuperHypersoft Set. Thus the Bipolar SuperHypersoft Set unifies both concepts into one framework. O

3.4 TreeSoft Rough Set

The TreeSoft Rough Set, a generalization of the Soft Rough Set, is defined as follows.

Definition 3.7 (TreeSoft Rough Set). Let (U, R) be a Pawlak approximation space, and let (7', Tree(A)) be a
TreeSoft Set over U. For each X C Tree(A), define

T.(X) = {ucU|[ulg €T(X)}, T(X) = {uecU]|[ulgnT(X) + 0}.
Then the TreeSoft Rough Set is the triple
(T., T*, Tree(A)),
where T, and 7" map each X to subsets of U.

Theorem 3.8. A TreeSoft Rough Set generalizes both the TreeSoft Set and the Soft Rough Set.
Proof. (i) Generalizing the TreeSoft Set. Suppose R is the identity relation on U. Then [u]gr = {u} for each
u € U. Hence, for any X C Tree(A),

T.X)={ueU: ([ulr €TX)}={ueU: {u} cTX)}={ucU:uecT(X)} =T(X).
Similarly,

T"X)={ueU: [ulgnTX) 20} ={ucU: {u}nTX) 20} ={uclU:uecT(X)}=T(X).
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Thus T.(X) = T*(X) = T(X) for all X, so the rough-set structure collapses to the original TreeSoft Set.

(ii) Generalizing the Soft Rough Set. Now let Tree(A) be a single-level set A, meaning we ignore any sub-
attributes. The TreeSoft Set T reduces to a soft set F : A — P (U) by identifying T ({e}) with F(e). In that
case,

T.({e)) ={u e Ul [ulg CT({eD} ={u e Ul [ulr C F(e)},
T"({e}) ={ueU|[ulgnT{e}) # 0} ={u e U | [ulr N F(e) # 0},

which are precisely the soft lower and soft upper approximations for a Soft Rough Set.

Hence, a TreeSoft Rough Set includes both scenarios as special cases, proving the claim. O

3.5 TreeSoft Expert Set

The TreeSoft Expert Set, a generalization of the Soft Expert Set, is defined as follows.

Definition 3.9 (TreeSoft Expert Set). Let Tree(A) be as above, X a set of experts, and O = {0, 1} the set of
opinions. Define
D = P(Tree(A)) X X x O.

A TreeSoft Expert Set is a pair (0, S) where S C D and
0:5 - PU).
Each element of S is (Z,x, 0) with Z C Tree(A),x € X,0 € O.

Theorem 3.10. A TreeSoft Expert Set generalizes both the TreeSoft Set and the Soft Expert Set.

Proof. (i) Generalizing the TreeSoft Set. Take X = {x} (only one “expert”) and O = {x} (only one “opinion”).
Then
D = P(Tree(A)) X X x O = P(Tree(A)),

since (Z,*,*) can be identified with Z C Tree(A). Hence O(Z,*,*) = T(Z) for some TreeSoft Set T,
recovering the original TreeSoft mapping.

(ii) Generalizing the Soft Expert Set. If we collapse the tree to a single-level set A, we identify P (A) with A
(by restricting to singletons). Then
D=AXXXO0,

and O(q, x, 0) precisely matches the usual definition of a Soft Expert Set (F, A) where F : AXX X0 — P(U).

Thus both TreeSoft Set and Soft Expert Set appear as special cases, concluding the proof. O

3.6 Bipolar TreeSoft Set

The Bipolar TreeSoft Set, a generalization of the Bipolar Soft Set, is defined as follows.

Definition 3.11 (Bipolar TreeSoft Set). Let Tree(A) be a hierarchical attribute tree, and P (Tree(A)) its
power set. Let A C P (Tree(A)) and —A be its complement in P (Tree(A)). A Bipolar TreeSoft Set is a triple
(F,G,A) where

F:A—->%PWU), G:-A->%PWU),

subject to
FX)NG(=X)=9, VXeA.

Theorem 3.12. A Bipolar TreeSoft Set generalizes both the TreeSoft Set and the Bipolar Soft Set.
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Proof. (i) Generalizing the TreeSoft Set. If A = P (Tree(A)) (i.e., all subsets) and G is trivial (e.g., always
returns @), the constraint

FX)NG(=X)=02
becomes moot. We effectively have just one mapping F on all of P (Tree(A)), which is exactly the definition

of a TreeSoft Set.

(ii) Generalizing the Bipolar Soft Set. If the tree is replaced by a simple parameter set E, then P (Tree(A))
collapses to E. The definitions

F:A->PU), G:-A->PU), F(e)NnG(-e)=2,
reproduce the usual Bipolar Soft Set exactly.

Hence both structures are special cases, completing the proof. O

4 Future Directions

4.1 Hyperfuzzy Set, Hyperneutrosophic Set, and Hyperplithogenic Set

Looking ahead, this paper explores potential avenues for advancing existing concepts. Within the realm of soft
set theory [[77.79]], various extensions have been thoroughly developed, including Fuzzy Soft Sets [|60{123124]],
Neutrosophic Soft Sets [3,/70,/76], and Plithogenic Soft Sets [18]]. In the domain of rough set theory, extensions
such as Fuzzy Rough Sets [211[30L32]] and Neutrosophic Rough Sets [24}{140,/ 14 1]] have also gained widespread
recognition. Exploring further extensions of these established frameworks remains a promising direction for
future work.

Moreover, advanced generalizations of foundational concepts like Fuzzy Sets [|128-136], Neutrosophic Sets
[37539,144H48L{105,|106,/112,|{113]], and Plithogenic Sets [49,51,/108,|117] have led to the development of
Hyperfuzzy Sets [40,/54,/68}/119]], Hyperneutrosophic Sets [28,{40,42], and Hyperplithogenic Sets [35}40].
Investigating the feasibility and effectiveness of incorporating these advanced structures into new extensions
of soft and rough set theories presents a crucial opportunity for future research endeavors.

4.2 Hyperpolar Fuzzy Set

Another promising direction for future exploration is presented here. In this paper, we have discussed the
concept of the Bipolar Soft Set. A closely related concept, known as the Bipolar Fuzzy Set, is well-established
in the literature [29,33,[57,/103,/138./139].

It has been demonstrated that the Bipolar Fuzzy Set can be extended to Tripolar Fuzzy Sets [93-96]] and further
generalized to Multipolar (m-polar) Fuzzy Sets [[15,[25{53}/56,73L(97]].

An m-polar fuzzy set is defined as a mapping that assigns each element of a set X to an m-dimensional vector
in [0, 1]™, representing membership degrees [25]].

We are now considering extending this concept to hyperpolar fuzzy sets and n-superhyperpolar fuzzy sets.
Relevant definitions and related concepts are provided below.

We anticipate that future research will further advance the mathematical structures underlying these concepts
and explore their practical applications in various domains.

Definition 4.1. [25] Let X be a non-empty set and m € N be a positive integer. An m-polar fuzzy set is defined
as a mapping A : X — [0, 1], where:

* [0, 1]™ represents the m-dimensional unit hypercube:

[0, 11" ={v=(vi,va,...,vm) | vi € [0,1],¥Vi=1,2,...,m}.
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e Foreachx € X, A(x) = (A1(x), Ax(x),...,Am(x)) € [0, 1]™, where
A;i(x) € [0,1] forallie {1,2,...,m}.

In this context, each component A;(x) represents the degree of membership of x to the i-th attribute.

Definition 4.2 (Hyperpolar Fuzzy Set). Let X be a non-empty set. Suppose we have a finite collection of
positive integers 01, 02, . ..,d, € N. Define

A = ﬂ[o,1]5k = [0,1]% x [0,1]% x - -~ x [0, 1]°".
k=1

A hyperpolar fuzzy set on X is a mapping
H:X — A

In other words, for each x € X, H(x) is an n-tuple of vectors, where the k-th vector lies in [0, 1]%.

Remark 4.3.

e Ifn=1and §; = m, then H : X — [0, 1]™ coincides with the usual notion of an m-polar fuzzy set.
Hence every m-polar fuzzy set is a special case of a hyperpolar fuzzy set.

* One may view hyperpolar fuzzy sets as mappings to a product of multiple “fuzzy cubes,” each potentially
capturing different attribute groups or hierarchical dimensions.

Definition 4.4 (Superhyperpolar Fuzzy Set). Let X be a non-empty set, and let A be as in Definition[#.2] A
superhyperpolar fuzzy set on X is a mapping

S: X - P,

where P (A) is the power set of A. Equivalently, for each x € X, S(x) is a set of points in A (i.e., a set of
possible membership vectors).

Remark 4.5. By allowing S(x) to be a subset of A rather than a single vector in A, superhyperpolar fuzzy sets
generalize hyperpolar fuzzy sets in much the same way that superhypersoft sets generalize hypersoft sets. In
particular, if one identifies each singleton {v} with the vector v itself, any hyperpolar fuzzy set H : X — A can
be injected into a superhyperpolar fuzzy set S : X — P(A) by S(x) = {H(x)}.

Theorem 4.6.

1. Every m-polar fuzzy set is a special case of a hyperpolar fuzzy set.
2. Every hyperpolar fuzzy set is a special case of a superhyperpolar fuzzy set.

In symbols,

{m-polar fuzzy sets} C {hyperpolar fuzzy sets} C {superhyperpolar fuzzy sets}.
Proof.

(1) Let A : X — [0, 1]™ be an m-polar fuzzy set. Setn = 1 and §; = m in Definitiond.2] Then A = [0, 1]™,
and any mapping A : X — [0, 1]™ is trivially a mapping A : X — A. Hence A is a hyperpolar fuzzy set
with just one block of dimension m.

(2) Let H : X — A be a hyperpolar fuzzy set. Define S : X — P(A) by
S(x) = {H(x)} < A,

which is a singleton for each x. Thus S is a superhyperpolar fuzzy set (Definition[4.4)), and H is embedded
into S.

Since at least some superhyperpolar fuzzy sets assign more than one membership vector to a given x € X
(i.e., S(x) can be a larger subset of A), the inclusion is strict.
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Chapter 13

Short Survey on the Hierarchical Uncertainty of Fuzzy, Neutrosophic, and
Plithogenic Sets

Takaaki Fujita ' *
! Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan.

Abstract

This paper centers on Plithogenic Sets, a highly adaptable framework that extends concepts such as Fuzzy
Sets and Neutrosophic Sets, providing remarkable flexibility for modeling complex relationships. Addition-
ally, advanced extensions like Hyperplithogenic Sets and Superhyperplithogenic Sets have been introduced.
This study investigates and consolidates the relationships between these sets and other significant concepts,
including Intuitionistic Fuzzy Sets, Vague Sets, Picture Fuzzy Sets, Hesitant Fuzzy Sets, Neutrosophic Sets,
Quadripartitioned Neutrosophic Sets, and Pentapartitioned Neutrosophic Sets.

Keywords: Fuzzy set, Neutrosophic set, Hyperstructure, Plithogenic set, Hyperplithogenic set
MSC 2010 classifications: 03E72: Fuzzy set theory, 03B52: Fuzzy logic; logic of vagueness

1 Introduction

1.1 Fuzzy Sets, Neutrosophic Sets, and Plithogenic Sets

Set theory, a fundamental branch of mathematics, provides a robust framework for analyzing collections of
elements known as “’sets” [[48}/98,/109}/126,[236,237]]. This paper focuses on three prominent extensions of
classical set theory—Fuzzy Sets [251]], Neutrosophic Sets [[195]], and Plithogenic Sets [202]—and explores
their potential generalization into advanced frameworks such as Hyperfuzzy Sets [91]], HyperNeutrosophic
Sets [[71]], and Hyperplithogenic Sets [[71].

Fuzzy Sets extend classical sets by representing elements with degrees of membership, allowing partial truth
values that range continuously between 0 and 1 [251]. Neutrosophic Sets further generalize Fuzzy Sets
by introducing three independent parameters: truth, indeterminacy, and falsity, each ranging independently
between 0 and 1 [[194}/195]. These advancements enable more flexible and nuanced modeling of uncertainty,
making them applicable to a wide array of real-world problems.

The core focus of this paper is on Plithogenic Sets, a highly versatile concept that generalizes Fuzzy Sets and
Neutrosophic Sets, among others [[202,203]. Plithogenic Sets offer significant flexibility in modeling complex
relationships. We provide their formal definition along with illustrative real-world examples.

Definition 1.1. [202,203] Let S be a universal set, and P C S. A Plithogenic Set PS is defined as:

PS = (P,v, Pv, pdf, pCF)

where:

* v is an attribute.
¢ Pv is the range of possible values for the attribute v.
e pdf : Px Pv — [0, 1]° is the Degree of Appurtenance Function (DAF)[H

e pCF : Pv X Pv — [0, 1]’ is the Degree of Contradiction Function (DCF).

IPlease note that the definition of the Degree of Appurtenance Function may vary across different papers. Some papers define the
concept using the power set, while others simplify the definition by avoiding the use of the power set [231]]. The author has consistently
defined the Classical Plithogenic Set without utilizing the power set.
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These functions satisfy the following axioms for all a, b € Pv:

1. Reflexivity of Contradiction Function:
pCF(a,a) =0

2. Symmetry of Contradiction Function:
pCF(a,b) = pCF(b,a)

Example 1.2 (Plithogenic Set with s = 3 and ¢ = 1 Corresponding to a Neutrosophic Case). This example
illustrates how a Plithogenic Set can mirror the structure of a Neutrosophic Set, with the Degree of Appurtenance
Function (pdf) providing three distinct membership values (interpreted as truth, indeterminacy, and falsity)
and the Degree of Contradiction Function (pCF) consisting of a single component.

e Universal Set and Subset: Let S be a universal set, and let P = {Alice, Bob, Carol} C S be the subset of
interest (for instance, students or participants).

e Attribute: Define the attribute v as “opinion on a new policy.”

* Range of Possible Values: Let Pv = {support, neutral, oppose} be the set of possible values for the
attribute v.

* Degree of Appurtenance Function (pdf): Since s = 3, the function
pdf :PxPv — [0,1]3
assigns a triple (7, I, F) to each pair (x,y) € P X Pv, where:

— T represents the degree of truth (e.g., agreement or membership),
— I represents the degree of indeterminacy,

— F represents the degree of falsity (e.g., disagreement or non-membership).
For instance, one may define:

pdf (Alice, support) = (0.7,0.2,0.1),
pdf (Alice, neutral) = (0.3,0.5,0.2),
pdf (Alice, oppose) = (0.1,0.3,0.6),

pdf (Bob, support) = (0.8,0.1,0.1),

pdf (Bob, neutral) = (0.2,0.4,0.4),

pdf (Bob, oppose) = (0.0,0.2,0.8),
pdf (Carol, support) = (0.6,0.2,0.2),
pdf (Carol, neutral) = (0.3,0.5,0.2),

pdf (Carol, oppose) = (0.2,0.3,0.5).

These triples convey, for example, that pdf (Alice, support) = (0.7,0.2,0.1) indicates Alice is 70% in
favor (T'), 20% uncertain (1), and 10% against (F') when asked about her support for the policy.

e Degree of Contradiction Function (pCF): Since t = 1, define
pCF :PvxPv — [0,1],
returning a single contradiction value for each pair of possible values in Pv. For example,
pCF (support, support) = 0
pCF (support, neutral) = 0.3,
pCF (support, oppose) = 0.8,
pCF (neutral, oppose) = 0.5.

Here:
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— A higher value (e.g., 0.8) between “support” and “oppose” indicates a stronger contradiction.
— The axioms of Plithogenic Sets require reflexivity, pCF(a,a) = 0, and symmetry, pCF(a, b) =
pCF(b,a).

* Neutrosophic Interpretation: Interpreting (T, 1, F) as the degrees of truth, indeterminacy, and falsity,
respectively, shows that this Plithogenic Set behaves like a Neutrosophic Set. The single contradiction
value pCF quantifies how contradictory any two attribute values are.

* Summary: We thus obtain a Plithogenic Set
PS = (P, v, Pv, pdf, pCF)

with s = 3 and 7 = 1, illustrating that the usual Neutrosophic structure (7', I, F') can be embedded within
a Plithogenic framework. Each element-preference pair is assigned three membership degrees, and each
pair of preferences has a single contradiction measure, all respecting reflexivity and symmetry.

Example 1.3 (Plithogenic Set with s = 3 and # = 3 in a Marketing Context). Consider a more elaborate
situation involving multiple contradiction dimensions.

* Scenario: Suppose a small focus group is evaluating a new beverage. Let P = {Alice, Bob, Carol}. Each
participant can have varying degrees of preference: {like, neutral, dislike}. We also want to capture three
types of contradictions, for example: emotional, situational, and contextual.

* Defining the Plithogenic Set: We construct
PS = (P, v, Pv, pdf, pCF),
with s = 3 (three membership components) and ¢ = 3 (three-dimensional contradiction). Specifically:
— v is the attribute “preference for the new beverage.”
— Pv = {like, neutral, dislike}.
- pdf : P x Pv — [0,1]3. For instance, u(Alice, like) might be (0.8,0.1,0.1), indicating 80%
“like,” 10% “neutral,” and 10% “dislike.”

— pCF : Pv x Pv — [0, 1]3. Each pair of preferences gets a 3D contradiction vector, for example
(0.6,0.4,0.2). The first component could reflect emotional conflict, the second could represent
situational conflict, and the third could account for contextual conflict.

* Degree of Appurtenance (pdf) Example: Suppose:
pdf (Alice, like) = (0.8,0.1,0.1),
pdf (Alice, neutral) = (0.2,0.7,0.1),
pdf (Alice, dislike) = (0.0,0.3,0.7).

Similar assignments can be made for Bob and Carol.

Degree of Contradiction (pCF) Example: Define:

pCF(like, like) = (0,0,0), pCF(like, dislike) = (0.6,0.4,0.2), pCF(neutral, dislike) = (0.3,0.5,0.4), ...

By symmetry, pCF(a, b) = pCF(b, a), and by reflexivity, pCF (a,a) = (0,0,0).

Interpretation:

— Each participant’s preferences are captured by a 3D vector in [0, 1]°.

— Contradictions are split into three dimensions (e.g., emotional, situational, contextual).

— This approach provides a more refined view of how participants’ preferences may conflict across
multiple facets.

e Summary: A Plithogenic Set with s = 3 and ¢ = 3 offers greater nuance than models with fewer
contradiction dimensions. By distinguishing three distinct contradiction components, researchers can
analyze the complexity of participants’ attitudes and the multifaceted nature of any potential conflicts in
real-world studies.

This Plithogenic set can be extended into a HyperPlithogenic set and an n-SuperHyperPlithogenic set [71]]. The

n-SuperHyperPlithogenic set represents a concept designed to express hierarchical uncertainty. Whenn = 1, it
simplifies to a HyperPlithogenic set, and when n = 0, it reduces to a Plithogenic set.
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1.2 Our Contribution in This Paper

This subsection outlines our contributions in this paper. As previously mentioned, the plithogenic set is
particularly valuable due to its flexibility in managing uncertain sets. In this study, we revisit the relationships
between s, the number of uncertainty parameters, and t, which represents contradiction. These relationships
hold true even when properties such as hyper, superhyper, m-polar, interval-valued, off-condition, and dynamic
characteristics are incorporated into the plithogenic set framework.

The relationships between the plithogenic set and other types of sets are detailed in Table E]EI These
principles are not limited to sets but also extend to other mathematical structures, including Graphs, Topology,
and Algebra.

It should be noted that, while the classification of each set of uncertainties can be mechanically organized as
described above, it is equally important to understand the context and significance of the uncertainties being
addressed, as well as the parameters under given conditions. The author believes that such understanding is
essential for advancing applications and conducting meaningful mathematical research.

2 Preliminaries and Definitions

This section provides an introduction to the foundational concepts and definitions required for the discussions
in this paper. While we aim to present the core ideas, an exhaustive exploration of all terms is beyond the scope
of this work. Readers interested in further details are encouraged to consult the cited references for additional
insights.

2.1 Fundamentals of Set Theory

This subsection offers a concise overview of the basic principles of set theory. For a more detailed treatment,
we recommend established references such as [[100, 109,/111]].

Definition 2.1 (Set). [109] A set is a collection of distinct and clearly defined objects, called elements. For
any object x, it is possible to determine whether x belongs to a given set. If x is an element of a set A, this
is denoted as x € A. Sets are commonly represented using curly braces. For example, the set A = {1, 2,3}
contains the elements 1, 2, and 3.

Definition 2.2 (Subset). [109] A set A is said to be a subset of another set B, written as A C B, if every
element of A is also an element of B. This relationship can be expressed as:

ACB < Vx(xe A = x€B).
If A C Bbut A # B, A is referred to as a proper subset of B, denoted by A C B.

Definition 2.3 (Universal Set). [109] The universal set, denoted by U, represents the set of all objects under
consideration within a specific context. Any set A being analyzed is a subset of U. Formally:

A CU forany set A.

Definition 2.4 (Operation). [109] An operation is a function or rule that takes elements of a set S and produces
another element within S. Formally, an operation o on S is defined as:

0:Sx8§—S.
Examples include addition and multiplication, which are operations on the set of real numbers R.

Definition 2.5 (Binary Operation). [30] A binary operation on a set S is a function * : § X § — § that
combines two elements a, b € S to produce another element a * b € S. For example, addition and subtraction
are binary operations on R.

2If the target set type (e.g., Fuzzy or simple Neutrosophic) does not inherently track contradiction as a separate concept, t = 0 is
generally the simpler approach. Conversely, if the goal is to model or preserve a notion of conflict (as in certain Neutrosophic extensions
or uncertain approaches), ¢ = 1 is more suitable for capturing such nuances. Although the author has primarily focused on ¢ = 1 in their
work so far, adopting ¢ = 0 could also be a reasonable choice for simplification. While studies such as [55}/56}|58}|61-631/67,/68,/70\/77,/78\
80} 814841851231]] discuss ¢ = 1, it should be noted that regardless of the value of 7, classical uncertain sets (e.g., Fuzzy sets, Neutrosophic
sets) can always be generalized.

3 As noted in [218]], the Turiyam Set should be regarded as a Turiyam Neutrosophic Set. Furthermore, the study emphasizes that the
Quadripartitioned Neutrosophic Set may be a more appropriate framework for this concept.
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Type of Plithogenic Set

Fuzzy Set [251}[253H255]]
N-Set (cf. [119])

Hyperfuzzy Set [91}/114]

n-SuperHyperFuzzy Set [71]

Intuitionistic Fuzzy Set [[14-H21]],

Vague Set 31,37,/ 101]],

Pythagorean Fuzzy Set [96]]
(Paraconsistent Set [33,[52,,128.[243.[244]])

HyperVague Set [[71]]

[\

n-SuperHyperVague Set [[71]

Neutrosophic Set 11941195,
Hesitant Fuzzy Set [[232,233]],

Spherical Fuzzy Set [5}/92194]],

Picture Fuzzy Set [42,/190,222}245],

(Three-way Fuzzy Set [[102},241])),

(Ternary Fuzzy Set [240])

(Faillibilist Set, Dialethist Set, Paradoxist Set [|[197]))
(Pseudoparadoxist Set, Tautological Set [[197]])

HyperNeutrosophic Set [[71]

w

n-SuperHyperNeutrosophic Set [71]

Quadripartitioned Neutrosophic SetT25:35],
Double-Valued Neutrosophic Set [491|120,(123}134}246]],
(Ambiguous Set [[187,(188}/192]),

(Turiyam Neutrosophic Set [[86L(183])

(Fuzzy Quadrigeminal Set [9])

(Four-Valued Set [239])

Pentapartitioned Neutrosophic Set [45]

Hexapartitioned Neutrosophic Set

Heptapartitioned Neutrosophic Set [28; 147]]

Octapartitioned Neutrosophic Set

Nonapartitioned Neutrosophic Set

T \O 0| | N

MultiFuzzy Set

p+q

Multilntuitionistic Fuzzy Set

p+q+r

MultiNeutrosophic Set

S

Plithogenic Set [202/203]

S

HyperPlithogenic Set [[71]

S

Al Rl el Kl el Kl K Kl K R

B|—=OoooIoIooolo

SuperhyperPlithogenic Set [71]

Table 1: Examples of n-SuperHyperPlithogenic Sets based on parameters s, ¢, and n.

2.2 Hyperstructure and Superhyperstructure

This subsection explores the concepts of Hyperstructure and Superhyperstructure, which serve as advanced
mathematical frameworks for representing hierarchical systems. A Hyperstructure builds upon the notion of
a powerset, providing a way to model relationships within sets. Extending this idea, a Superhyperstructure
incorporates the n-th powerset, enabling the representation of multi-layered, hierarchical systems [|57,217,/219].

The formal definition of the n-th powerset is provided below.

Definition 2.6 (Base Set). A base set is a fundamental set S from which more advanced structures, such as

powersets and hyperstructures, are derived. It is formally defined as:

S = {x | x is an element within the specified domain}.

All elements in structures such as P(S) or P, (S) originate from the elements of S.

Definition 2.7 (Powerset).

[66L|171] The powerset of a set S, denoted P (S), is the set of all subsets of S,

including both the empty set and S itself. Formally, it is defined as:

P(S)={A|ACS).
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Definition 2.8 (n-th Powerset). (cf. [66L[191,217])

The n-th powerset of a set H, denoted by P, (H), is defined through an iterative process. Starting with the
standard powerset, the construction proceeds as follows:

P\(H) = P(H), Pu(H)=P(Py(H)), forn=>1.
Similarly, the n-th non-empty powerset, denoted by P;, (H), is recursively defined as:
Pi(H) = P"(H), P,,,(H)=P(P,(H)).

Here, P*(H) represents the powerset of H with the empty set excluded.

To provide a formal basis for the concepts of Hyperstructures and Superhyperstructures, we proceed with the
following definitions and propositions.

Definition 2.9 (Classical Structure). (cf. [191L217]]) A Classical Structure is a mathematical construct defined
on a non-empty set H, equipped with one or more Classical Operations that adhere to specified Classical
Axioms. Specifically:

A Classical Operation is a function of the form:
#o: H" - H,

where m > 1 is an integer, and H™ denotes the m-fold Cartesian product of H. Examples include addition and
multiplication, as found in common algebraic structures such as groups, rings, and fields.

Definition 2.10 (Hyperstructure). (cf. [66L/191L217]) A Hyperstructure extends the concept of a Classical
Structure by operating on the powerset of a base set. Formally, it is defined as:

H = (P(S),0),
where S is the base set, P (S) is its powerset, and o represents an operation defined on subsets within P(S).

Definition 2.11 (n-Superhyperstructure). (cf. [191,217]) An n-Superhyperstructure generalizes a Hyperstruc-
ture by utilizing the n-th powerset of a base set. It is formally represented as:

SHp = (Pn(S),0),

where S is the base set, £, (S) is the n-th powerset of S, and o is an operation defined on elements of P, (S).

Fuzzy Sets [[71.[911|114,229]], Neutrosophic Sets [71]], Plithogenic Sets [71]], Soft Sets [|1,/59,/83,/99.(106,/ 163}
177,/180L201,210], Rough Sets [[71}/75]], and Vague Sets [[71]] have all been extended using Hyperstructures and
n-SuperHyperstructures.

For example, in the case of Fuzzy Sets, these extensions are known as Hyperfuzzy Sets [54,/91}[114-116|
118L131}/136L{143}/150L[229] and SuperHyperfuzzy Sets [71]]. Similarly, for Neutrosophic Sets, the extensions
include HyperNeutrosophic Sets [[71]] and SuperHyperNeutrosophic Sets [[71]], while for Plithogenic Sets, they
include HyperPlithogenic Sets [[71]] and SuperHyperPlithogenic Sets [[71]. This paper examines these concepts
in detail. Readers interested in the underlying principles or further details about these concepts are encouraged
to consult relevant literature, such as [[71], as needed.

Furthermore, concepts beyond sets are also known as hyperstructures or superhyperstructures, such as hyper-
graphs [23}27]], superhypergraphs [64,/66L74,76L79}97,[204,[205]], superhyperalgebras [2}/125[191,207.{225],
superhyperdecision-making [56,/69]], Superhyper Z-Number [72f], superhyperautomata [84], and superhyper-
functions [211},216].
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2.3 Fuzzy Sets and Their Extensions: Hyperfuzzy and Superhyperfuzzy Sets

This section explores the foundational concept of Fuzzy Sets [251-258] alongside its advanced extensions,
Hyperfuzzy Sets [26,91114|/149,229] and Superhyperfuzzy Sets [71]]. These frameworks expand the traditional
notion of fuzziness into multi-layered structures, allowing for a deeper and more flexible characterization of
uncertainty. Detailed definitions are outlined in the following subsections.

Definition 2.12. [251}256] A fuzzy set T in a non-empty universe Y is a mapping 7 : ¥ — [0, 1]. A fuzzy
relation on Y is a fuzzy subset 6 in Y X Y. If 7 is a fuzzy set in ¥ and ¢ is a fuzzy relation on Y, then ¢ is called
a fuzzy relation on 7 if

0(y,z) <min{r(y),7(z)} forally,zeY.

Definition 2.13 (HyperFuzzy Set). [26,91,|114}/149,229] Let X be a non-empty set. A mapping g : X —
P([0,1]) is called a hyperfuzzy set over X, where P([0, 1]) denotes the family of all non-empty subsets of the
interval [0, 1].

Definition 2.14 (n-SuperHyperFuzzy Set). [71}[73]] Let X be a non-empty set. The n-SuperHyperFuzzy Set is
a recursive generalization of fuzzy sets, hyperfuzzy sets, and superhyperfuzzy sets. It is defined as:

M f)n(X) - 55,1([0, 1),

where:

s P1(X) =P(X), and for k > 2,
Pr(X) = P(Pr-1(X)),

represents the k-th nested family of non-empty subsets of X.
e $,([0,1]) is similarly defined for the interval [0, 1].

* ji, assigns to each element A € $,(X) a non-empty subset /i, (A) C [0, 1], representing the degrees of
membership associated with A at the n-th level.

2.4 Neutrosophic Sets and HyperNeutrosophic Sets

Neutrosophic Sets extend Fuzzy Sets by incorporating the concept of indeterminacy, which accounts for
situations that are neither entirely true nor entirely false [195]]. They have been extensively studied in numerous
research works [|60,/84}/85,(121},(193,(196,(198.[206,220,221,223,226|]. These sets can be further extended to
HyperNeutrosophic Sets and SuperHyperNeutrosophic Sets [[71]]. The relevant definitions are provided below.

Definition 2.15 (Neutrosophic Set). [195] Let X be a given set. A Neutrosophic Set A on X is characterized
by three membership functions:

Ta:X —> [0,1], Io:X—>[0,1], Fa:X— [0,1],

where for each x € X, the values T4 (x), 14(x), and F4(x) represent the degree of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0<Ta(x)+1a(x)+ Fa(x) <3.

Definition 2.16 (HyperNeutrosophic Set). [71,73] Let X be a non-empty set. A mapping i : X — P([0,1]%)
is called a HyperNeutrosophic Set over X, where P([0, 1]°) denotes the family of all non-empty subsets of the
unit cube [0, 1]3. For each x € X, ji(x) C [0, 1]? represents a set of neutrosophic membership degrees, each
consisting of truth (7'), indeterminacy (/), and falsity () components, satisfying:

0L<T+I+F <3.

Definition 2.17 (n-SuperHyperNeutrosophic Set). [71,73]] Let X be anon-empty set. Ann-SuperHyperNeutrosophic
Set is a recursive generalization of Neutrosophic Sets, HyperNeutrosophic Sets, and SuperHyperNeutrosophic
Sets. It is defined as:

Ay Pu(X) - Pu([0,1]%),

where:
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. ¢1(X) = @(X), and for k > 2, » [
Pk(X) ZP(Pk—l(X))a

represents the k-th nested family of non-empty subsets of X.
* $,([0,1]3) is similarly defined for the unit cube [0, 1]3.

» The mapping A,, assigns to each A € P, (X) asubset A, (A) C [0, 1]3, representing the degrees of truth
(T), indeterminacy (/), and falsity () for the n-th level subsets of X.

For each A € $,,(X) and (T, I, F) € A, (A), the following condition is satisfied:
0L<T+I+F <3,

where T, I, and F represent the truth, indeterminacy, and falsity degrees, respectively.

2.5 HyperPlithogenic Set

The HyperPlithogenic Set and SuperHyperPlithogenic Set are extensions of the Plithogenic Set, integrating the
concepts of hyperstructures and superhyperstructures. These sets can generalize Fuzzy Sets and Neutrosophic
Sets. The formal definition of the HyperPlithogenic Set is provided below.

Definition 2.18 (HyperPlithogenic Set). [71}73] Let X be a non-empty set, and let A be a set of attributes. For
each attribute v € A, let Pv be the set of possible values of v. A HyperPlithogenic Set HPS over X is defined
as:

HPS = (P, {vi} iy, {Pv; ?:1’{Pafi}?:1»PCF)

where:

e P C X is a subset of the universe.
* For each attribute v;, Pv; is the set of possible values.

 For each attribute v;, pZZfl- : P x Pyv; — P([0,1]%) is the Hyper Degree of Appurtenance Function
(HDAF), assigning to each element x € P and attribute value a; € Pv; a set of membership degrees.

« pCF : (UL, Pv;) x (U, Pv;) — [0, 1]" is the Degree of Contradiction Function (DCF).

The HyperPlithogenic Set has the following relationships with other sets.

Type of HyperPlithogenic Set
Hyperfuzzy Set

Hypervague Set
Hyperneutrosophic Set

W[ DN =«
ot | | |

Table 2: Classification of HyperPlithogenic Sets Based on Parameters s and ¢.
Next, the definition of the n-SuperHyperPlithogenic Set is provided below. This is an extended concept of the
HyperPlithogenic Set.

Definition 2.19 (n-SuperHyperPlithogenic Set). [71]73] Let X be a non-empty set, andletV = {v|,v,,...,v,}
be a set of attributes, each associated with a set of possible values P,,. An n-SuperHyperPlithogenic Set
(SHPS,) is defined recursively as:

SHPS, = (P,,V, {P"i ;‘:1’ {pafl(n) ?:1’pCF(n))’
where:

e Py C X,andfork > 2,
P =P (Pr-1),

represents the k-th nested family of non-empty subsets of P;.
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* For each attribute v; € V, P,, is the set of possible values of the attribute v;.

* For each k-th level subset Py, pZiff") : Py X P, — P ([0, 1]%) is the Hyper Degree of Appurtenance
Function (HDAF), assigning to each element x € P, and attribute value a; € P,, a subset of [0, 1]°.

« pCF™ : UL, Py, x UL, Py, — [0, 1]" is the Degree of Contradiction Function (DCF), satisfying:

1. Reflexivity: pCF" (a,a) =0 forall a € Uiz, Py
2. Symmetry: pCF™ (a,b) = pCF"™ (b,a) forall a, b € Ui, Py

* s and ¢ are positive integers representing the dimensions of the membership degrees and contradiction
degrees, respectively.

Definition 2.20. Plithogenic Set, HyperPlithogenic Set, and n-SuperHyperPlithogenic Set can be characterized
by the following conditions:

* Bipolar: The membership degrees are represented by two values: positive membership and negative
membership, each taking values in [0, 1] (cf. [7,|115{145L{146L|173L174]).

* m-Polar: The set allows for m-dimensional membership degrees, where each dimension represents a
specific perspective or attribute of membership (cf. [4}6,/89L90,/175\/176l182]). For m = 2, it corresponds
to bipolar; for m = 3, it is tripolar (cf. [166H168]]).

* Dynamic: A concept designed to enable the measurement of changes over time (cf. [[32}[129,|135]).

* g-Rung: Membership degrees are represented using a g-rung approach, ensuring compatibility with
higher levels of uncertainty (cf. [[47,/130L/133L/159.{165,[242]). For g = 2, it corresponds to Pythagorean
(cf. [[124,|141},/169,260L264])); for ¢ = 3, it corresponds to Fermatean (cf. [[110L{122,/160, 179]).

e Complex: Membership values are extended to the complex plane, allowing for richer representations
that include both magnitude and phase (cf. [[10}11},44/95./138]178L[228259]).

* Multi: The set accommodates multiple membership degrees simultaneously, often used for multi-criteria
decision-making or hierarchical systems (cf. [[12,[250]).

39 9

* Linguistic Set: Membership degrees are represented as linguistic terms (e.g., "low,” "medium,” high”)
rather than numerical values, providing an intuitive interpretation of uncertainty (cf. [87,/130L265.266]).

* Soft Set: A set characterized by parameterized approximations, where membership depends on a given
set of parameters [112}/139].

¢ Off Set: The range of the membership function values is not restricted to [0, 1] but can extend to [V, Q],
where ¥ < 0 and Q > 1 (cf. [1421|153}/199.[200L224])). The case where ¥ = 0 is referred to as an Over
Set (cf. [208},209L1238])), while the case where Q = 1 is called an Under Set (cf. [238])).

* Rough Set: A set representation based on approximations, defined by a lower and upper bound, which
capture incomplete or imprecise information [[154H158]].

It is known that n-SuperHyperPlithogenic Sets can be transformed as shown in Table[3|[58|/71]]. Sets expressible
by Classic Plithogenic Sets can be extended using the approach described below.

n Type of Plithogenic Set
Plithogenic Set

1 HyperPlithogenic Set
n > 1 | n-SuperHyperPlithogenic Set

Table 3: Classification of Plithogenic Sets Based on n

3 Result (Revisit)

This section introduces each set and examines the relationships between the sets.
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3.1 N-Set

An N-Set is a set defined using a negative-valued function. The formal definition is provided below (cf.
[34,117L[119L230]).

Definition 3.1. [[119] Let X be a non-empty set, and denote by F (X, [—1, 0]) the collection of all functions from
X to [—1,0]. Each function in F(X, [—1,0]) is called a negative-valued function (abbreviated as N-function)
on X. An N-structure is an ordered pair (X, p), where p is an N-function on X.

Theorem 3.2. A Plithogenic set with s=1 can be transformed into an N-Set.

Proof. This follows directly from the definition. O

3.2 Intuitionistic Fuzzy Set

Intuitionistic Fuzzy Sets extend fuzzy sets by incorporating both membership and non-membership degrees
[14,/15,/17,/19,21]. The definition is provided below.

Definition 3.3. [21[] An intuitionistic fuzzy set (IFS) A on a universal set E is defined as:
A= {{x,ua(x),va(x)) | x € E},

where:

e up: E — [0, 1] is the membership function, representing the degree to which x € E belongs to A.

e v4q : E — [0,1] is the non-membership function, representing the degree to which x € E does not
belong to A.

* For every x € E, the following condition holds:
0 < ualx)+valx) < 1.
The intuitionistic index ma(x), which represents the degree of hesitation or indeterminacy regarding the
membership of x, is given by:

ma(x) =1—=pua(x) —va(x), wherems(x)=0.

This hesitation index quantifies the uncertainty in assigning x to the set A.

Theorem 3.4. A Plithogenic set with s=2 can be transformed into an intuitionistic fuzzy set.

Proof. This follows directly from the definition. Refer to [70,82] for additional details if needed. O

3.3 Vague Set: Special Case of Intuitionistic Fuzzy Set

Vague Sets describe elements with truth and false membership functions, defining membership as a range
constrained by supporting and opposing evidence [31,37,[38L|53}|88L[101},1441247,248,261]]. It is known that
Vague Sets can be generalized to Intuitionistic Fuzzy Sets [31L{132].

Definition 3.5 (Vague Set). [37,/88] Let U be a universe of discourse, defined as U = {ui,us,...,u,}. A
vague set A in U is characterized by two functions:

ta:U—>[0,1] and f4:U — [0,1],

where:
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* 14 (u;) is the truth-membership function, providing a lower bound on the membership degree of u; based
on supporting evidence for u; € A.

o fa(u;) is the false-membership function, offering a lower bound on the negation of u; based on evidence
against u; € A.
These functions satisfy the constraint:

Z‘A(Mi) +fA(Mi) <1, forallu; €U.

The degree of membership of u; in the vague set A is thus constrained within a subinterval of [0, 1] defined by:

ta(ui) < pauy) < 1= fa(up),

where p 4 (u;) represents the true membership grade of u; in A. The interval [£4(u;), 1 — fa(u;)] indicates that,
although the exact membership degree may be uncertain, it is bound within this range.

If U is continuous, a vague set A can be represented as:

A= /U [Eaa), 1 = fa(u)] /.

In the case of a discrete universe U, A is expressed as:
n
A= [ealur), 1= faui)]/u;.
i=1
Theorem 3.6. A Plithogenic set with s=2 can be transformed into a vague set.
Proof. This follows directly from the definition. Refer to [70,(71,/82] for additional details if needed. |

3.4 Double-valued Neutrosophic Set

A Double-Valued Neutrosophic Set (DVNS) is an extension of the Neutrosophic Set, where the indeterminacy
degree is divided into two components: the indeterminacy leaning towards truth (/7) and the indeterminacy
leaning towards falsity (/r) [49,120L{123}/134,246].

Definition 3.7. [120] A Double-Valued Neutrosophic Set (DVNS) A on a universal set X is defined as:
A= {(x,Ta(x), IT(x), Ir (x), Fa(x)) | x € X},

where:

o Tp: X — [0, 1] is the truth membership function, representing the degree of truth of x.

e Iy : X — [0, 1] is the indeterminacy leaning towards truth membership function, representing the degree
of indeterminacy favoring truth.

e Irp : X — [0,1] is the indeterminacy leaning towards falsity membership function, representing the
degree of indeterminacy favoring falsity.

o Fp: X — [0,1] is the falsity membership function, representing the degree of falsity of x.

For each x € X, the following condition must hold:
0<Ta(x)+I1(x) +Ip(x) + Fa(x) < 4.

Theorem 3.8. A Plithogenic set with s=4 and t=1 can be transformed into a Double-Valued Neutrosophic Set.
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Proof. From the definition of a Plithogenic set, it is characterized by parameters s = 4 and ¢t = 1, where s
represents the dimensions of membership degrees, and ¢ represents the degree of contradiction.

A Double-Valued Neutrosophic Set A is defined with four membership functions: T4 (x), IT(x), Ir(x), and
F4(x), all mapping to [0, 1], and the constraint

0<Ta(x)+I7(x)+Ip(x)+ Fa(x) < 4

ensures their compatibility within a Plithogenic framework.

By setting the s = 4 membership dimensions of the Plithogenic set to T4 (x), I7(x), Ir(x), and F(x), and
the r = 1 contradiction measure as consistent with the definition of a DVNS (where no explicit contradiction
function is utilized), the Plithogenic set directly maps to a Double-Valued Neutrosophic Set.

Thus, the transformation is straightforward and valid. O

3.5 Quadripartitioned Neutrosophic Set

Quadripartitioned Neutrosophic Sets represent elements with four membership degrees: truth, contradiction,
ignorance, and falsity [36}/46}/104,/161L/164}176,|/181].

Definition 3.9. [104] A Quadripartitioned Neutrosophic Set (Q-NS) P over a universal set Q is defined as:
P={(q.Tr(9),Cpr(q).Gr(q),Fr(q)) | q € Q},

where:

e Tp : Q — [0, 1] is the truth membership function, representing the degree of truth of g.

e Cp : Q — [0, 1] is the contradiction membership function, representing the degree of contradiction of
q.

* Gp : Q — [0,1] is the ignorance membership function, representing the degree of ignorance or
indeterminacy of gq.

e Fp :Q — [0, 1] is the falsity membership function, representing the degree of falsity of ¢.

For each g € Q, the following condition holds:

0<Tp(q)+Cp(q)+Gp(q)+Fp(q) <4

Theorem 3.10. A Plithogenic set with s=4 can be transformed into a Quadripartitioned Neutrosophic Set.
Proof. This follows directly from the definition. Refer to [70,/71L[82] for additional details if needed. O

3.6 Three-way fuzzy set

Three-Way Fuzzy Sets define elements with three distinct membership functions mapping to lattices, capturing
nuanced membership degrees [40,/102}/103}[241,262].

Definition 3.11. [262] Let U be a universe, and let L, M, N be three lattices. A Three-Way Fuzzy Set (TFS) is
a triple (f, g, h), where:

e f: U — L is the first membership function,
* g : U — M is the second membership function,

* h:U — N is the third membership function.

A TFS A is represented mathematically as:

A ={(a, fala),ga(a), ha(a)) :a € U, fa(a) € L,ga(a) € M, ha(a) € N}.
Theorem 3.12. A Plithogenic set with s=3 can be transformed into a Three-way fuzzy Set.

Proof. This follows directly from the definition. Refer to [[71]] for additional details if needed. |
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3.7 Penta partitioned neutrosophic set

Penta Partitioned Neutrosophic Sets extend neutrosophic sets by incorporating five membership degrees:
membership, contradiction, ignorance, unknown, and non-membership [24,[29}/45,/65]/140,162]].

Definition 3.13. [140] Let X be a non-empty set. A Penta-Partitioned Neutrosophic Set A on X is defined as:

A = {(x, pa(x), o (x), 03 (x), 03 (x), ya(x)) : x € X},

where the functions:
pa(x), o (x), o3 (x), 05 (x), ya(x) 1 X — [0, 1],

represent the following degrees for each x € X:

ua(x): the degree of membership,

. crlA (x): the degree of contradiction,

0'{‘ (x): the degree of ignorance membership,

o$(x): the degree of unknown membership,

¢ ya(x): the degree of non-membership.

These values satisfy the condition:
0 < pa(x) + ot (x) + o3t (x) + o (x) +ya(x) <5, VxeX.

Theorem 3.14. A Plithogenic set with s=5 can be transformed into a Pentapartitioned Neutrosophic Set.
Proof. This follows directly from the definition. Refer to [70,/71,82] for additional details if needed. O

3.8 Hesitant Fuzzy Set

A Hesitant Fuzzy Set (HFS) allows multiple membership degrees for each element, addressing uncertainty and
hesitation in membership assignment [39L50L514{113}[127,/148L|152}/170,1232L233]249].

Definition 3.15. [233]] A Hesitant Fuzzy Set (HFS) on a reference set X is defined as a function:
h:X — P([0,1]),

where P([0, 1]) is the power set of the interval [0, 1], and for each x € X, i(x) is a subset of [0, 1], representing
the possible membership values of x.

Theorem 3.16. A Plithogenic set with s=3 can be transformed into a Hesitant Fuzzy Set.
Proof. This follows directly from the definition. Refer to [70,[71,82] for additional details if needed. O

3.9 Turiyam Neutrosophic Set and Ambiguous Set: Special Cases of the Quadripartitioned/Double-
valued Neutrosophic Set

A Turiyam Neutrosophic Set (TS) extends the concept of neutrosophic sets by representing elements using
four dimensions: truth, indeterminacy, falsity, and liberal membership values [86L|183}|184]. Ambiguous
Sets, on the other hand, represent elements with four membership functions: true, false, partially true, and
partially false [[107,(185}/186,|188}189.[227]. It is important to note that both Turiyam Neutrosophic Sets and
Ambiguous Sets are special cases of Quadripartitioned Neutrosophic Sets or Double-Valued Neutrosophic
Sets [[192,2121214,215,227]]. And Turiyam Neutrosophic Set is just the Quadruple Neutrosophic Set [218]].
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Definition 3.17 (Turiyam Neutrosophic Set). [86}/183./184] Let U be a universal set. A Turiyam Neutrosophic
Set T on U is defined as:

T = {{x, t7(x),ir(x), fr(x),Ir(x)) : x € U},

where:

e t7(x) : U — [0, 1] represents the truth membership value,
e ir(x) : U — [0, 1] represents the indeterminacy membership value,
e fr(x) : U — [0, 1] represents the falsity membership value,

e I7(x) : U — [0, 1] represents the liberal membership value.

These values satisfy the condition:
0<tr(x)+ir(x) + fr(x)+Ir(x) <4, VxeU.

Theorem 3.18. A Plithogenic set with s=4 and t=1 can be transformed into a Turiyam Neutrosophic Set.

Proof. This follows directly from the definition. Refer to [70,/71L[82] for additional details if needed. O

Definition 3.19. [188,[189] An Ambiguous Set (AS) is a mathematical construct defined over a universe U,
designed to capture ambiguity in membership degrees using four distinct functions: True Membership Function
(TMF), False Membership Function (FMF), Partially True Membership Function (PTMF), and Partially False
Membership Function (PFMF). Formally, an AS S for an element g € U is represented as:

S=1{g,¥:(g),¥r(g),¥iu(g), ¥ra(g) | g € U}

Here:

e ¥(g) : U — [0,1] represents the true membership degree, capturing the evidence supporting g
belonging to S.

* Yr(g) : U — [0, 1] represents the false membership degree, capturing the evidence against g belonging
to S.

* W,.(g) : U — [0,1] represents the partially true membership degree, capturing partial or uncertain
support for g in S.

* ¥ru(g) : U — [0, 1] represents the partially false membership degree, capturing partial or uncertain
evidence against g in S.

These functions satisfy the constraint:
0 < Wi (g) +Wr(g) +Wral(g) + Vralg) <2

Theorem 3.20. A Plithogenic set with s=4 can be transformed into a Ambiguous Set.

Proof. This follows directly from the definition. Refer to [70,[71,82] for additional details if needed. O
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3.10 Paraconsistent Set

A Paraconsistent Set allows both a € x and a ¢ x simultaneously, with truth values {0, 7, 1} [33,43//52/128[243|
244]). Tt is known that Paraconsistent Sets can be generalized to Neutrosophic Sets [197,223]]. The definition
is provided below.

Definition 3.21. [52,243|] Let M be a non-empty set. A Paraconsistent Set x € M is characterized as follows:

1. A pair of subsets ([x]},, [x];,) where:

representing the positive and negative extensions.

2. Membership relations:

aEyx & aclx]y, a¢mx & ac|x]y.
3. A truth function €y : M X M — {0,i,1}:

1, ifaepy xanda ¢y x =0,
em(a,x) =40, ifaéyxanda €y x=0,
i, ifaeyxanda ¢y x #0.

3.11 Four-Valued Set: Special Cases of the Quadripartitioned Neutrosophic Set

A Four-Valued Set allows truth values ¢, f,i, u (true, false, inconsistent, unknown) for elements x € U U =U
[22[239]. The Four-Valued Set is a special case of the Quadripartitioned Neutrosophic Set.

Definition 3.22. [22,239] Let U be a universe, and let B = {¢, f, i, u} be the set of truth values, where:

e f: true,
e f: false,
¢ [: inconsistent,

e u: unknown.

A Four-Valued Set A is any subset of U U —=U, where —U = {—x | x € U} represents the negation of elements
inU.

The membership function : U x 2VY"V — B is defined as:

t, ifxeAand—-x¢A,
i, ifxeAand-xe€ A,
u, ifx¢Aand-x¢A,
f, ifx¢ Aand -x € A.

X+A=

The complement of a four-valued set A is given by:
—-A={-x|x+ A}

Theorem 3.23. A Plithogenic set with s=4 and t=1 can be transformed into a Four-Valued Set.

Proof. This follows directly from the definition. O
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3.12 Faillibilist Set, Dialethist Set, Paradoxist Set, Pseudoparadoxist Set, and Tautological Set: Special
Case of Neutrosophic Set

In this subsection, we introduce the Faillibilist Set, Dialethist Set, Paradoxist Set, Pseudoparadoxist Set, and
Tautological Set. An overview of these concepts is provided below.

The Faillibilist Set, Dialethist Set, Paradoxist Set, Pseudoparadoxist Set, and Tautological Set are special cases
of the Neutrosophic Set [[196,/197223|].

1. Faillibilist Set: A set where elements have degrees of truth, indeterminacy, and falsity, with indeterminacy
strictly greater than zero.

2. Dialethist Set: A set allowing contradictions, where some elements are fully true, fully false, and
non-indeterminate simultaneously.

3. Paradoxist Set: A set with elements exhibiting overindeterminacy, where the indeterminacy value exceeds
one for certain elements.

4. Pseudoparadoxist Set: A set with overlapping truth and falsity degrees, satisfying 7'(x) + F(x) > 1 and
0<I(x)<l.

5. Tautological Set: A set where some elements are underindeterminate, represented by indeterminacy
values less than zero for certain elements.

Hereafter, the definitions of each set will be introduced.

Definition 3.24. [196}|197,[223] A Faillibilist Set A on a universe X is characterized by three membership
functions:
To:X—>[0,1], In:X—>][0,1], Fa:X—[0,1],

where T4 (x), I4(x), and F4(x) represent the degree of truth, indeterminacy, and falsity, respectively, for each
x € X, and these values satisfy:

Io(x) >0 (indeterminacy is non-zero).
Definition 3.25. [196}/197.[223]] A Dialethist Set B on X allows for contradictions, characterized by:
Tg: X — [0,1], Ig:X —[0,1], Fp:X — [0,1],

where Tg(x) = Fp(x) = 1 and Ip(x) = O for at least some x € X, allowing an element to simultaneously fully
belong to B and its complement.

Definition 3.26. [196\|197.223]] A Paradoxist Set C on X is defined by:
Tc : X —> [0,1], Ic:X—>[0,1], Fc:X — [0,1],
where /¢ (x) > 1 for some x € X, indicating overindeterminacy.
Definition 3.27. [196l197,223]| A Pseudoparadoxist Set D on X is defined by:
Tp : X - [0,1], Ip:X—[0,1], Fp:X —[0,1],
where 0 < Ip(x) < 1 and Tp(x) + Fp(x) > 1 for some x € X, indicating an overlap of truth and falsity.
Definition 3.28. [196l(197,223]] A Tautological Set E on X is characterized by:
T : X - [0,1], Ig:X —[0,1], Fg:X— [0,1],
where /g (x) < 0 for some x € X, representing an underindeterminate state.

Theorem 3.29. Let PS = (P, v, Pv, pdf, pCF) be a Plithogenic Set with s =3 and t = 1. Then PS can be
transformed into the following specialized sets:
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Faillibilist Set,

* Dialethist Set,

e Paradoxist Set,

* Pseudoparadoxist Set,

e Tautological Set.

Proof. To prove the theorem, we analyze the compatibility of the Plithogenic Set structure with the properties
of each specialized set.

1. Faillibilist Set: A Faillibilist Set is defined by three membership functions 7'(x), I(x), and F(x), where
I(x) > O for indeterminacy. With s = 3, the Degree of Appurtenance Function pdf provides three values
corresponding to 7'(x), I(x), and F(x). The contradiction function pCF ensures consistency since ¢ = 1
implies pCF(a, a) = 0. Thus, PS can represent a Faillibilist Set.

2. Dialethist Set: A Dialethist Set allows for elements where T'(x) = F(x) = 1 and I(x) = 0. By assigning
pdf (x) = (1,0, 1), the Plithogenic Set accommodates this property. The symmetric and reflexive nature of
pCF under t = 1 supports this configuration, making PS a valid Dialethist Set.

3. Paradoxist Set: A Paradoxist Set satisfies /(x) > 1 for some x. Although pdf is typically restricted to
[0, 177, its extension to values greater than 1 is consistent with the Plithogenic framework’s flexibility. This
enables PS to model overindeterminacy and represent a Paradoxist Set.

4. Pseudoparadoxist Set: A Pseudoparadoxist Set satisfies 0 < I(x) < 1 and T(x) + F(x) > 1 for some x. This
can be achieved by assigning pdf (x) values such that I(x) € (0, 1) and T(x) + F(x) > 1, while maintaining
pCF consistency for ¢ = 1. Hence, PS can serve as a Pseudoparadoxist Set.

5. Tautological Set: A Tautological Set is characterized by 7(x) < O for some x. Extending pdf to include
negative values for /(x) remains within the flexible structure of the Plithogenic Set. The reflexivity and
symmetry of pCF are unaffected by such extensions, allowing PS to represent a Tautological Set.

By verifying the compatibility of the Plithogenic Set with the defining properties of these specialized sets under
s =3 and ¢ = 1, the theorem is proven. O

3.13 MultiFuzzy Set, Multilntuitionistic Fuzzy Set, MultiNeutrosophic Set

The MultiFuzzy Set [12,263|], Multilntuitionistic Fuzzy Set [213]], and MultiNeutrosophic Set [8,213]] are
extensions of the Fuzzy Set, Vague Set, Intuitionistic Fuzzy Set, and Neutrosophic Set, respectively. Their
definitions are introduced below.

Definition 3.30. (cf. [[12]159,213}[250,[263]]) A MultiFuzzy Set (MFS) is a generalization of a fuzzy set where
the degree of membership of each element is evaluated by p sources.

Let X be a universe of discourse. A MultiFuzzy Set A on X is defined as:

A= {(.X,,IJ](.X),,UQ()C), v ’Mp(x)) X € X},

where 1 (x) : X — [0,1] for j = 1,2, ..., p represents the degree of membership assigned by the j-th source.
Here, p > 2 ensures the multiplicity of membership.

Definition 3.31. [213|] A Multilntuitionistic Fuzzy Set (MIFS) extends the concept of an intuitionistic fuzzy
set by allowing p evaluations for membership and g evaluations for non-membership.

Let X be a universe of discourse. A Multilntuitionistic Fuzzy Set B on X is defined as:

B = {(x, u1(x), u2(x), ..., p (x);v1(x), va(x), ..., vg(x)) : x € X},

where:
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e uj(x): X —[0,1] for j =1,2,..., p, are the degrees of membership,
e vi(x): X > [0,1] for! =1,2,...,q, are the degrees of non-membership,

e 0<puj(x)+vi(x) < 1forall j,l,x € X.

Here,p>1,g>1,andp+g > 3.

Definition 3.32. [_8,213|] A MultiNeutrosophic Set (MNS) is a generalization of a neutrosophic set where the
degrees of truth, indeterminacy, and falsehood are evaluated by p, r, and g sources, respectively.

Let X be a universe of discourse. A MultiNeutrosophic Set C on X is defined as:
C = {(x’ T] (x)7T2(x)’ LA ’Tp(x);ll (x)’ Iz(x)’ e ’Ir(x);Fl (x)’ Fz(x)’ e ,Fq(x)) ‘X € X}’

where:

e Ti(x): X = [0,1] for j = 1,2,..., p, are the degrees of truth,

e Iy(x) : X > [0,1] for k = 1,2, ...,r, are the degrees of indeterminacy,

Fi(x): X - [0,1] forl =1,2,...,q, are the degrees of falsehood,

0< Zf:l Tj(x)+22=1 [k(x)+zlq:1 Fl(x) <p+r+gq.

Here, p,r,q > 0, with at least one of p,r, g > 2 to ensure multiplicity.

Theorem 3.33. A Plithogenic Set with t = 1 can generalize MultiFuzzy Sets, Multilntuitionistic Fuzzy Sets,
and MultiNeutrosophic Sets.

Proof. A Plithogenic Set is defined with parameters s (dimensions of membership) and ¢ (dimensions of
contradiction). By fixing ¢ = 1, the following cases demonstrate its ability to generalize the given sets:

* MultiFuzzy Set: For s = p and ¢ = 1, the membership functions uy, ua, . .., pp of the MultiFuzzy Set
correspond to the membership dimensions of the Plithogenic Set. Contradiction is trivial and does not
affect the structure.

* Multilntuitionistic Fuzzy Set: For s = p + g and t = 1, the membership functions 1, uo, ..., u, and
non-membership functions vy, v2, . .., v, are mapped to the membership dimensions of the Plithogenic
Set. The contradiction degree handles potential conflicts between membership and non-membership.

* MultiNeutrosophic Set: For s = p +r + g and t = 1, the truth functions 771, 7>, ..., T, indeterminacy
functions Iy, I, . . ., I, and falsehood functions F7, F», . . ., F, correspond to the membership dimensions
of the Plithogenic Set. The contradiction degree captures inconsistencies among these dimensions.

3.14 Picture Fuzzy Sets

A Picture Fuzzy Set (PFS) extends fuzzy sets by defining degrees of positive, neutral, negative, and refusal
membership for each element [3,41,42,/151,|1721{190,222,245]].

Definition 3.34 (Picture Fuzzy Set). [42]] Let X be a non-empty universe of discourse. A Picture Fuzzy Set
(PFS) A on X is defined as:
A ={(x pa(x),na(x),va(x)) : x € X},

where:
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e ua(x) : X — [0, 1] is the degree of positive membership of x in A,
* 7a(x) : X — [0, 1] is the degree of neutral membership of x in A,

e va(x) : X — [0, 1] is the degree of negative membership of x in A.

These membership functions must satisfy:

UA(X) +na(x) +va(x) <1, VxeX.

The degree of refusal membership p o(x) is defined as:

pa(x) =1—=(ua(x) +na(x) +va(x)), VxeX.

Theorem 3.35. Let PS = (P,v, Pv, pdf, pCF) be a Plithogenic Set with s = 3. Then PS can be transformed
into a Picture Fuzzy Set (PFS) A on a universe X.

Proof. To prove this theorem, we analyze the structure of PS and show its compatibility with the definition of
a Picture Fuzzy Set.

e Structure of PS: The Plithogenic Set PS = (P, v, Pv, pdf, pCF) has the following components:

— P: A subset of a universal set.
— pdf : P X Pv — [0, 1]°: Degree of Appurtenance Function (DAF), where s = 3.
— pCF : Pv X Pv — [0, 1]": Degree of Contradiction Function (DCF), where ¢ = 1.

For s = 3, pdf(x) = (u(x),n(x), v(x)) provides three values for each x € P, corresponding to positive,
neutral, and negative membership degrees.

Compatibility with PFS Definition: A Picture Fuzzy Set A is defined as:

A ={(x, pa(x),na(x), va(x)) : x € X},
where 4 (x), n4(x), va(x) satisfy:

ua(x) +7a(x) +valx) <1, VxeX.
The degree of refusal membership is defined as:

pa(x) =1—(ua(x) +na(x) +va(x)).
The Plithogenic Set’s pdf (x) directly provides u(x), 7(x), and v(x) values, which satisfy:

p(x) +n(x) +v(x) <1,

due to the normalization constraints on pdf. Thus, pdf (x) matches the membership functions of PFS.

* Role of pCF: The Degree of Contradiction Function pCF with ¢+ = 1 ensures that contradictions
within Py are minimized or consistent. This property aligns with the PFS requirement that the sum of
membership degrees does not exceed 1, maintaining logical consistency.

e Conclusion: By mapping pdf(x) to (ua(x),na(x),va(x)), the Plithogenic Set PS can represent a
Picture Fuzzy Set A. The structural and functional properties of PS satisfy all the requirements of a PFS.
Therefore, PS can be transformed into a PFS.
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3.15 Ternary Fuzzy Set

A Ternary Fuzzy Set extends fuzzy sets by incorporating membership, non-membership, and indeterminacy
degrees [240]. This concept can be generalized to a Neutrosophic Set [222].

Definition 3.36. [240] Let X be a non-empty set. A Ternary Fuzzy Set A on X is defined as:
A= {(x, u7(x), vz(x), m7(x)) : x € X},

where the following functions are defined:

e uz: X — [0,1]: The degree of membership of x € X to A.

* vi: X — [0,1]: The degree of non-membership of x € X to A.

* 77 : X — [0,1]: The degree of indeterminacy of x € X with respect to A.

These degrees satisfy the following condition for all x € X:

0< ,u;(x) + v;(x) +7Tg(x) <1

Interpretation

* uz(x): Represents the positive support or membership degree.
* vz(x): Represents the opposition or non-membership degree.

* m3(x): Represents the abstention or indeterminacy degree.

Additionally, the following derived measures are defined:

e The candidate degree is given by:
pi(x) = pz(x) +vz(x).

e The non-candidate degree is:
mx(x).

e The remaining indeterminacy degree is:
T7(0) =1 - pz(x) —vz(x) —m7(x).

Theorem 3.37. A Plithogenic set with s=3 can be transformed into a Ternary Fuzzy Sets.
Proof. This follows directly from the definition. O

3.16 Spherical Fuzzy Sets

A Spherical Fuzzy Set (SFS) defines positive, neutral, and negative memberships for elements [[13}/93,94,/ 105}
108[137,234,235]].

Definition 3.38 (Spherical Fuzzy Set). [94] Let R # 0 be a universe of discourse. A Spherical Fuzzy Set
(SFS) J on R is defined as:
J={(r,Py(r),1;(r),N;(r)) : r € R},

where:

e Pyj(r): R — [0, 1] is the degree of positive membership,
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e I;(r) : R — [0, 1] is the degree of neutral membership,

* Nyj(r): R — [0, 1] is the degree of negative membership.

The membership functions satisfy the constraint:
Py(r)*+1;(r)>+N;(r)> <1, VreR.

Theorem 3.39. A Plithogenic set with s=3 can be transformed into a Spherical Fuzzy Sets.
Proof. This follows directly from the definition. Refer to [70.(71,/82] for additional details if needed. O

3.17 Heptapartitioned Neutrosophic Set

A Heptapartitioned Neutrosophic Set (HPNS) defines truth, contradiction, unknown, ignorance, and falsity
degrees for elements, satisfying specific sum constraints.

Definition 3.40 (Heptapartitioned Neutrosophic Set). [28l|147] Let U be a non-empty universe of discourse.
A Heptapartitioned Neutrosophic Set (HPNS) A is defined as:

A= {{x,Ta(x), Ma(x),Ca(x),Ua(x), Ia(x), Ka(x), Fa(x)) : x € U},

where:

e Ta(x) : U — [0, 1] is the truth membership degree of x in A,

* Ma(x) : U — [0, 1] is the relative truth degree of x in A,

¢ Ca(x) : U — [0, 1] is the contradiction degree of x in A,

e Us(x) : U — [0, 1] is the unknown membership degree of x in A,
e I4(x) : U — [0, 1] is the ignorance degree of x in A,

¢ Ka(x) : U — [0, 1] is the relative falsity degree of x in A,

e Fa(x) : U — [0, 1] is the absolute falsity degree of x in A.

These membership functions must satisfy the condition:
Ta(x)+ Ma(x)+Ca(x) +Upa(x) +Ia(x) + Ka(x) + Fa(x) <7, VxeU.

Theorem 3.41. A Plithogenic set with s=7 can be transformed into a Heptapartitioned Neutrosophic Set.

Proof. This follows directly from the definition. O

4 Conclusion: Relationships Among Various Uncertain Sets

From the discussions above, the relationships outlined in the introductory Table|l|are validated. Furthermore,
the concepts of HyperPlithogenic Sets and n-SuperHyperPlithogenic Sets can be understood in accordance
with Tables [ and
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s | t | Type of Hyper Set

1 | t | HyperFuzzy Set

t | Hyperlntuitionistic Fuzzy Set,
HyperVague Set,

HyperPythagorean Fuzzy Set

3 | t | HyperNeutrosophic Set,

HyperHesitant Fuzzy Set,
HyperSpherical Fuzzy Set,

HyperPicture Fuzzy Set

4 | t | HyperQuadripartitioned Neutrosophic Set,
HyperDouble-Valued Neutrosophic Set

5 | t | HyperPentapartitioned Neutrosophic Set
t | HyperHexapartitioned Neutrosophic Set
7 | t | HyperHeptapartitioned Neutrosophic Set

@)}

Table 4: Examples of Hyper Sets based on parameters s and 7.

s | t | Type of n-SuperHyper Set

1 | t | n-SuperHyperFuzzy Set

2 | t | n-SuperHyperIntuitionistic Fuzzy Set,
n-SuperHyperVague Set,
n-SuperHyperPythagorean Fuzzy Set

3 | t | n-SuperHyperNeutrosophic Set,
n-SuperHyperHesitant Fuzzy Set,
n-SuperHyperSpherical Fuzzy Set,
n-SuperHyperPicture Fuzzy Set

4 | t | n-SuperHyperQuadripartitioned Neutrosophic Set,
n-SuperHyperDouble-Valued Neutrosophic Set

5 | t | n-SuperHyperPentapartitioned Neutrosophic Set
n-SuperHyperHexapartitioned Neutrosophic Set
7 | t | n-SuperHyperHeptapartitioned Neutrosophic Set

(@)}
—

Table 5: Examples of n-SuperHyper Sets based on parameters s and ¢.
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