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Abstract— This paper presents a novel approach for improv-
ing the performance of digital-to-analog converters (DACs) us-
ing moving-horizon optimal quantisation (MHOQ) with optimal
noise-shaping filters and digital calibration. DACs have reduced
performance due to non-linearities; principally quantisation
and element mismatch. The proposed method integrates an
optimal noise-shaping filter for a given reconstruction filter
with MHOQ to minimise quantisation error at the filter output.
In addition, by including a digital calibration model of the
measured element mismatch, the modified MHOQ is able to
mitigate the distortion caused by this effect. Simulation results
are provided that demonstrate that the approach significantly
improves the signal-to-noise-and-distortion ratio (SINAD).

I. INTRODUCTION

In digital signal processing systems, the conversion be-
tween physical signals and their digital representations re-
lies on two key components: analogue-to-digital converters
(ADCs) and digital-to-analogue converters (DACs). These
are enabling technologies with a wide range of applications,
including digital audio and video recording [14], adaptive op-
tics [4], interferometry [1], scanning probe microscopy [11],
lithography systems [6], and metrology [19].

ADCs convert analogue signals to a digital representation
by time-sampling and value-quantisation — and DACs re-
verse this process. Due to the Nyquist-Shannon sampling
theorem [27], anti-aliasing and reconstruction filters are
required to reduce artifacts due to time-sampling. Value-
quantisation can result in information loss, contributing er-
rors in the reconstructed output signal. The reconstruction
filter also helps to mitigate the effect of quantisation error
in DACs. Another significant source of error in the recon-
structed signal stems from element mismatch, due to im-
perfections in the physical implementation. This introduces
another static non-linear effect, typically represented by a
function called the integral non-linearity (INL).

Since DACs are widely used in high-precision applica-
tions, improving their performance becomes increasingly
important. A promising method for reducing the effect of
quantisation error is moving horizon optimal quantisation
(MHOQ) [16], which formulates the quantisation problem
as a quadratic optimal control problem. MHOQ applies
feedback and control input constrained to a finite set us-
ing the moving horizon principle to minimise the error.
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This method significantly reduces the quantisation error, but
the assumption of uniform quantisation is quite limited as
all practical DACs exhibit element mismatch. The MHOQ
method is extended to include a model of the element
mismatch in [2]. Since element mismatch is a large source
of error, its inclusion into the model provides significant
performance gains.

Another method that is closely related to the MHOQ
method is noise-shaping quantisation (NSQ) [26]. Using
over-sampling and a feedback filter, or noise-shaping filter
(NSF), the spectral distribution of the quantisation error can
be controlled, constrained by the Bode sensitivity integral
and an empirical limit on feedback gain, referred to as Lee’s
rule [26], [24]. The gain limit is due to the discontinuous
nature of the quantiser, and stability can only be determined
in a few special cases [15]. The typical use is to shift
the error power frequencies higher than the bandwidth of
the desired signal; to be attenuated by the reconstruction
filter. Techniques like noise-shaping with digital calibration
(NSQD) [8] address element mismatch by incorporating a
model that consists of measured quantisation levels.

The authors in [16], [3] have shown that the NSQ and
MHOQ with prediction horizon N = 1 behave identically
for uniform quantisation and provide a relation between
the NSF and reconstruction filter. This equivalence indi-
cates that MHOQ inherently performs noise-shaping while
determining the control signal that minimise quantisation
error power after the reconstruction filter. Simulation results
using a psychoacoustically optimal noise-shaping filter [29]
show significant performance improvement. However, further
simulations with a other noise-shaping filters reveal that the
performance of MHOQ is highly dependent on the choice
of this filter. This highlights the need for a method to
consistently find the best performing filter.

In this paper, we propose an MHOQ method that achieves
the performance level obtained in [16] for a general class
of filters by optimising the noise-shaping filter for the given
reconstruction filter. For the given reconstruction filter, we
first design an optimal noise-shaping filter that minimises
the error power, or variance, using noise-shaping quantisation
via the method from [25]. A filter is then derived from the
optimal noise-shaping filter to be used in MHOQ. Addition-
ally, the measured element mismatch is incorporated into the
quantiser model as in [2], leading to improved DAC output
estimates that further enhances the performance.

The design of optimal noise-shaping filter that minimise
the variance of the error in the signal of interest has been
studied in [7], [25]. A crucial factor in designing a stable



NSQ is limiting the magnitude of the feedback signal [26],
[24]. Consequently, the optimisation problem is formulated
as minimising the error variance while imposing a constraint
on the norm of the feedback signal. The H, and H ., — norms
are used to capture the error effects, which characterises
the variance and maximum absolute value of the error,
respectively. These norms are commonly represented in the
form of bilinear matrix inequalities (BMIs) which are non-
convex and NP-hard to solve. To address this challenge,
the BMIs are transformed into linear matrix inequalities
(LMIs) through a change of variables [22]. Since, the LMIs
are convex and they can be solved using solvers such as
SDPT3 [28] or MOSEK [23] via YALMIP [21] or CVX [17].

One might question the necessity of applying MHOQ after
NSQ, given that both cases are identical for a prediction
horizon of N = 1 and that increasing the horizon does
not provide substantial performance improvements [2]. How-
ever, it is important to note that model-based methods like
MHOQ can capture the dynamics of DACs in ways that
noise-shaping quantisation cannot. Other sources of error,
such as glitches [12] and slewing effects [13], adversely
impact the performance of DACs. This approach serves as a
stepping stone for modelling these non-idealities for further
performance gains.

The paper is organised as follows: Sec. II outlines the
quantisation and error modelling. Secs. III and IV intro-
duce moving horizon optimal quantisation and noise-shaping
quantisation, respectively. Sec. V provides the method to
synthesise an optimal noise-shaping filter. Sec. VI present the
implementation method. Sec. VII present simulation results
and Sec. VIII concludes the paper.

A. Notations

The set of the real (symmetric) matrices of dimension m x
n (n x n) is denoted by R™*™ (S™). The transpose of the
matrix X is denoted as X T. For a symmetric matrix X,
positive definiteness is indicated by X > 0.

II. QUANTISATION AND ERROR MODELLING
A. Uniform quantisation

Let w = w(t) be the input signal, y = y(¢t) be the
quantised output signal, and Q represent the quantisation
operation performed by the quantiser. Moreover, let 4 be the
quantiser step size. An ideal DAC is modelled by Q, and
0 corresponds to the least significant bit (LSB), as DACs
typically use binary encoding. For a word-size B (number
of bits), a DAC has 28 quantisation levels and the step-size
is determined by § = A/(28 —1), where A is the full-
scale output range of the DAC. A higher number of levels
translates to a smaller quantisation error, but word-size is
limited by several practical aspects. The uniform quantiser is
defined as having equidistant levels and a mid-tread quantiser
Q can be defined using the truncating operator £ = T'(w) as

y = Qw) = 8¢ = 6T(w) := 5“; T ;J REG)

where |- | denotes the floor operator and ¢ is referred to as the
level (corresponding to the input w). In the sequel, operation
performed by the quantiser Q will be referred as direct
quantisation (DQ). The quantisation of a signal introduces
quantisation error, defined as

q=Q(w) —w 2

which is always constrained to be within +46/2. Typically,
due to the non-linear behaviour of quantiser due to the
truncation operator as shown in equation (1), quantisation
is modelled as an additive, zero-mean, and uniformly dis-
tributed white noise signal [5], independent of w as follows,

y=w+gq 3)
where w is the input signal and ¢ is the quantisation error.

B. Non-linear quantiser
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Fig. 1. DAC transfer function: Ideal and non-ideal (actual).

Practical DACs have element mismatch that causes the
actual levels to deviate from the ideal, equidistant levels of
the uniform quantiser, as illustrated in Fig. 1. This is known
as integral non-linearity (INL). Let y be the ideal and g be the
actual level of a DAC, then INL(¢) represent the deviation
at the level ¢ € N (a static non-linearity), that is,

g(€) = y(£) + 0INL(¢) = 6¢ + SINL(Y). 4
The integral non-linearity INL(¢), can be represented as

— 6L

INL(f) = 20 = 9¢ : 5)

The effect of the non-linearity n(w) on the output y due to
the input w can be defined as

n(w) = 0INL({)[¢=1(w) = §(T(w)) = 6T (w). ~ (6)

Note that the non-linearity n(w) is a discontinuous function
due to the truncation operator.

The performance of the DAC is affected by quantisa-
tion errors and static non-linearity, among other factors.
Therefore, it is essential to mitigate the effects of these



behaviours to enhance DACs performance. The MHOQ is
one approach that mitigates the effect of quantisation noise
[16] and INL [2] using an optimisation-based method, which
will be discussed in the following sections.

III. MOVING HORIZON OPTIMAL QUANTISATION

In the moving horizon optimal quantiser, the quantisation
problem is cast into the multi-horizon optimisation setting.
As the quantiser itself lacks dynamics, the filter is incorpo-
rated into the model as shown in Fig. 2, to represent the
quantisation problem using optimisation framework.
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Fig. 2. Incorporation of filter H|[z]

Consider a n—th order stable time-invariant linear filter
H(z] = Dy, + Cp (21 — Ay)"'By, (7

where the matrices 4;, € R"*", B, € R**! (), € R*",
and Dy, € R are related to the impulse response h(i) = Dy,
for i = 0 and h(i) = CLA} 'By for i > 0 of the filter.
Then, the system setup in Fig. 2 leads to a system where
the quantised output y is the input to the filter H|z] and the
output e is the filtered difference between the input signal
w and y. The system can then be represented in state-space
form as follows,

2t +1) = Ape(t) + Bu(y(t) — w(t)) ®)
e(t) = Crae(t) + Du(y(t) —w(®)). )

Since w is a given reference signal, the quantised output y
is here considered as a control input and restricted to belong
to the finite set

s Ynu } (10

with y; < y;41 € Rand ¢ = 1,2,...ny — 1. The optimal
control problem is then set up as finding the optimal values
of y while minimising the given performance criterion.

Next, let us define the performance criterion at ¢ = k as
a quadratic cost,

U:{ylay27"'

k+N-—-1

Vn= > €

t=k

(1)

where e(t) is the error defined in (9). The cost function
depends on N future values of the control input y(¢). For
the given state x(k), we seek the optimising sequence of the
present and future values of the control input as

y*(z) :=arg min Vy(z,y(k)) (12)
y(k)eUN

where
y(k)
vy =| YEFD | v _ux.. . xu
gk + N — 1)

Thus the problem of finding the optimal quantisation level is
re-cast into a moving horizon optimal quantisation problem
where the input to the reconstruction filter has to be chosen
from the finite constrained set U. In other words, the objec-
tive is to minimise the quadratic cost function (11) such that
input belongs to the finite constrained set (10) and satisfies
the dynamics (8)-(9).

In order to address the effect of the INL in the signal
of interest, we can incorporate INL into the MHOQ, as
demonstrated in [2]. INL, which represents the deviation of
the actual levels from the ideal ones, is static in nature and
can be measured in advance. This data can then be organized
into a lookup table that corresponds to the ideal quantisation
levels. Then in moving horizon implementation, we optimise
over the finite horizon of length N to obtain the optimal
values y* (k) = [y*(k),...,y*(k+ N —1)]T. Then we add
the INL corresponding to each level from the lookup table
to obtain the actual values that are g(k),...,5(k+ N —1).
That is,

y(k) = y* (k) + SINL(y™ (k). (13)

As with the moving horizon implementation, we apply the
first control (k) and move the optimisation to the next time
horizon (see Fig. 5).

Although the MHOQ method provides significant perfor-
mance improvements, it has limitations regarding the types
of filters that can be used as plant models and get the desired
performance improvements. In [16], a psychoacoustically
optimal noise-shaping filter [29] is employed to validate the
effectiveness of the MHOQ method. However, this approach
does not yield similar improvements for all filter choices
which is shown in the simulation results.

Next, we propose a method that uses the knowledge of
the reconstruction filter H[z] to design the optimal noise-
shaping filter [26] based on the result of [25]. But first,
let us introduce a noise-shaping quantisation method and its
relation with the MHOQ.

IV. NOISE-SHAPING QUANTISER

Noise-shaping quantisers can reduce the effective quanti-
sation error by moving quantisation noise to higher frequen-
cies through oversampling and feedback. The reconstruction
filter is then used to attenuate the frequency-shaped quantisa-
tion noise. It operates by estimating the uniform quantisation
error and employing a feedback filter to shape the noise
power at the output of the DAC. A block diagram for a noise-
shaping quantiser is shown in Fig. 3 where the feedback filter
Fz] is called as noise-shaping filter (NSF).

The non-linear behaviour of the quantiser makes the
analysis of NSQ difficult to tackle and the common approach
involves approximation by the linearised architecture, i.e.,
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Fig. 3. Noise-shaping quantiser

the additive model (3). Using the additive model allows us
to decompose the output of the NSQ in Fig. 3 as follows,

y=w+ (1 — Flz])e. (14)

Ideally, we want the output of the NSQ to be unaltered and
identical to the input, however the output in (14) shows it
is effected by the quantisation noise. The term (1 — F[z]) is
know as the noise-transfer function (NTF) and we define it
as follows,

R[z] :=1- F[z]. (15)
The noise-shaping filter F[z] is typically choosen such
that the noise transfer function R[z] is a high-pass filter,
which shifts noise to higher frequencies outside the signal
bandwidth. This enables the noise to be effectively removed
by a low-pass filter.

The MHOQ also perform a noise-shaping in obtaining
the optimal quantisation by optimally switching between the
quantisation levels. Moreover, the MHOQ with prediction
horizon N = 1 and the noise-shaping quantisation behave
identically in the uniform quantisation case. It is shown in the
moving horizon implementation of the quantisation [16], that
the filter H[z] and the noise-shaping filter F[z] are related
as follows,

(16)

Next, we present a method to synthesize an optimal noise-
shaping filter F'[z] for the filter H[z] based on the method
from [25]. Then, using the relationship (16), we obtain the
modified filter and use it in the MHOQ implementation.

V. SYNTHESIS OF OPTIMAL NOISE-SHAPING FILTER

In this section, we present a method to synthesise an opti-
mal noise-shaping filter for a given reconstruction filter H [z]
which mitigates the effect of quantisation noise at the output.
The objective is to design an optimal noise-shaping function
that minimises the variance of the filtered quantisation error e
in the output. However, the design criteria impose constraints
on the NTF ie., R[z] to ensure that the NSQ operation
achieves optimal performance. Therefore, we reconfigure the
NSQ using the R[z] along with the reconstruction filter H|z],
as illustrated in the Fig. 4.

E=Y—U

1-R|[z]

Fig. 4. Noise-shaping quantiser with reconstruction filter H [z].

Then from equations (14) and (15), the NSQ output is
y = w + R[z]e and from Fig. 4 the filtered output using the

reconstruction filter H[z] is
Hlzly = H[z|w + H[z|R|z]e. (17)

Let us denote the error between the filtered input and the
quantized output signal by e, defined as follows:

e:= H[z](y — w). (18)
Then, from equations (17) and (18), we have,
e = H[z]R|z]e. (19)

The equation (19) shows that the error in the output signal
due to quantisation noise can be reduced by designing the
filter R[z] with the knowledge of filter H|[z]. Recall that the
e in (18) is identical to the error defined in (9) in Sec. III.

If the quantisation error € is modelled as a uniform random
variable with zero mean and variance o2 and the error is
i.i.d., then the variance of the error at the output is

o2 = |H[z|R[2]||507. (20)

Moreover, the practical realisation of the NSQ requires at
least one clock-period delay which implies that R[z] is proper
and rational. Furthermore, in order to prevent the overloading
of the quantiser and render it unstable, the practical designs
tend to rely on an empirical rule based on [9], [26] that limits
the gain of the NTF as follows,

[R[z]llo0 < - @D

The Lee criterion requires the value of the constant -, to be
less than 2 and is typically set at 1.5 for practical purpose
[9]. Thus, the objective is to design an optimal noise-transfer
function R[z| that minimise the variance of the error at output
(20) while satisfying the constraint (21).

A. Optimisation Problem

The optimisation problem is set as minimising the upper
bound of the error ||e||2 subject to the constraint on the noise
transfer function || R|[z]||ec as follows,

min e (22)
R[z]€RHo
subject to
[H[z]R[2]ll2 < e (23)
[R[z]lloc < g 24)



where RH, is the set of proper stable rational transfer
functions. This setup allows us to represent the constraints
in the optimisation problem (22)-(24) using bilinear matrix
inequalities (BMlIs). These BMIs can then be converted to
linear matrix inequalities (LMIs) using a change of variables.
First, recall the state space representation of H[z] from
Sec. I and let the state-space representation R[z] be de-
noted by (A,., B, C.., 1), respectively. Let us define Hg :=
H|[z]R[z] and in the sequel we only use Hp to represent the
composite system. Then, the state-space realization of Hp, is

Hy x(k+1) = Az(k) + Be(k) (25)
e(k) = Cz(k) + De(k)
where
_ Ah thr 2nx2n _ Bh 2nx1
A_[O AT]ER ,B_[RJER , (26)

C=[C, DyC,] eRY™", D=Dy€eR. 27)

where z € R".

From (20) and (25), we see that the variance of the error
e is given in terms of the Hy-norm of the system Hp. If
A is Schur (stable), then there exists a positive semi-definite
matrix P € S?” such at

P=A"PA+BB" (28)
and the Hs-norm can be calculated as follows,
|HR|3=CPCT +DDT. (29)

Moreover, using (28) and (29), the Ho performance of
the systems Hp can be characterised using the following
Lemma.

Lemma 1 (Ho — Performance): ||Hg|2 < 7. if and
only if there exists a matrix P € S?” such that

[ P PA PB

ATP P 0| =0, (30)
B'"P 0 1

[pwe C D

CT P 0| =0, p=nr2 (31)
DT 0 1

The H condition requires the matrix A to be Schur since
the fundamental Lyapunov inequality appears in the matrix
inequality in (30).

Lemma 2 (Ho — Performance): ||Hg|lsx < 7. if and
only if there exists a matrix P € S?” such that

P PA PB 0
ATP P 0 C(CT 2
BTP 0 Lhe DT =0, He = Ve -
0 C D e
If we set C, = 0 and Dy, = 1, we get, H[z] = 1. Thus
the constraint (24) is satisfied if and only if there exists a
positive definite matrix P such that [25]

P PA PB 0
ATP P o CT
B'™P 0 pu, 1

0 c 1 py

(32)

=0 (33)

where C = [0 C,] and p,, = 2.

The matrix inequalities (30) and (33) are bilinear matrix
inequalities (BMI) due to the product between the system
matrix P with A and B, respectively. BMIs are not convex
and NP-hard to solve, but they can be converted to convex
LMIs and can be solved numerically. The non-convex BMIs
can be converted to convex LMIs using a change of variables
[22] as follows:

1) Change of Variables:: Let the order of H|z] be n and
the set of nxn positive define matrices be denoted by PD(n).
Denote by P the set of variables P = {P;, P,, W;, W,, L}
where Py € PD(n), P, € PD(n), Wy € R'*", W, € R"*1,
and L € R™ ™. Then define the following matrix values
function on P:

_ |AwPr +ByW; Ay | Bn
Ma = [ L P, Ay Mp =y
P 1,
Mg = [C}LPf + Dy Wy Ch] , Mp = I P
n g
34)
Next, define
—1._ |Ps 5S¢ _ P In b bl
P '_[Sf S; , T = S, 0 , Spi=Pp— P (= 0)
(35)
then we have,
Mp =T"PT. (36)
If the matrices (A, B;, C,) are given by
[Bth — (L P AhPf)} S
= [Bn - Py i ] (37)
CT = Wfo_
then (A, B, C) satisfy,
My =T"PAT, Mgp=T'PB, (38)
Mc=CT, Mp=T"PT and Ms=CT. (39)

Now, we multiply (30) with the transformation matrix
diag(T,T,I) on the right and its transpose on the left, we
multiply (31) by diag(Z, T, I) on the right and its transpose
on the left and we multiply (33) by diag(7,7,I,I) on the
right and by its transpose on the left. Then, we obtain the
following optimization problem equivalent to (22)-(24)

R, @
subject to

[Mp M, Mg

My Mp 0 | =0, (41)
(M5 0 I

[ pe Mg D

ML Mp 0] =0, (42)
DT 0 I

'MI; My Mp 0T

%ﬁr Aﬁp (I) MIc 0. (43)
| 0 My I Hn




where p. = 72 and p, = ~;. Substituting the val-
ues of Mp, Ms, Mg, Mo and Mgx, BMIs are converted
to LMIs and the LMIs are solved for the variables
{Py, Py, Wy, Wy, Wy, L}. Then from the optimal solution,
the noise-shaping filter can be reconstructed using the ex-
pression in (37) and using the relation in (15).

VI. IMPLEMENTATION

This section presents the MHOQ implementation using
the optimal noise-shaping obtained in Sec. V. For a given
reconstruction filter H|[z], let us denote the optimal noise-
transfer function obtained solving the optimisation problem
(40)-(43) as R*[z] and equivalently the optimal noise-shaping
filter as F™*[z] using equation (15). Then, the corresponding
filter obtained using the relationship in equation (16) is
denoted as H*[z]. Then, the block diagram showing the
implementation of the MHOQ is shown in Fig. 5.
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Fig. 5. Implementation of the MHOQ.

VII. SIMULATION RESULTS

In this section, we present numerical simulations that
illustrates the merits of the proposed method above. The
MHOQ that minimise the error (11) with the state con-
straints (8)-(9) is formulated as a mixed integer quadratic
programming problem (MIQP). The state variable x € R" is
continuous whereas the control variable y is integer valued
and constrained to belong to the finite set {0,1,2,.,25 —1},
where B is word-size (number of bits) of the DAC. The
MIQP problem is then solved numerically using the Gurobi
optimizer [18]. As discussed in [20], a general figure-of-merit
for DAC:s is the signal-to-noise-and-distortion ratio (SINAD)
defined as

SINAD = 201og,, (U) dB
O

where o, is the standard deviation of the input signal w and
o 1s the standard deviation of the noise and distortion in the
output signal. The standard deviations are usually found via
a power spectral density estimate. Note that the theoretical
value of SINAD for an over-sampled signal is [20]

SINAD = 6.02B + 1.76 + 10log,,(OSR) dB  (44)

where OSR = F;/2BW is an oversampling ratio defined as
the ratio of the sampling frequency F; and desired bandwidth
BW for the input signal w.

The simulation was carried out using a 8-bit DAC, thus
the control variable y is restricted to belong to the set
{1,2,...,255}. The reference signal is w(t) = Asin(27 ft),
with signal frequency f = 1 kHz, the signal amplitude
A = 2B and the sampling frequency F, = 1 MHz. A
second-order Butterworth filter H[z] with cut-off frequency
F. = 100 kHz is used as a reconstruction filter. Other
notations follows as described in Sec. VI. The quantisation
methods in the simulations which are abbreviated as follows:

DQ: direct uniform quantisation (Sec. II),
NSQ: noise-shaping quantisation (Sec. IV)
MHOQ: moving horizon optimal quantisation (Sec. III)

The MHOQ is performed for different prediction horizon
N = 1,2,3,4. Moreover, the simulations were performed
for the DACs with and without the INL denoted as DAC-
INL and DAC-Ideal, respectively. The DAC-INL represent
the DAC devices that are effected by the element-mismatch
where the actual levels are deviated from the ideal ones. The
INL used in the simulation is measured from the actual DAC
and stored in the lookup table.

It is worth noting that the prediction horizon of 1 is
particularly important in power electronics and signal pro-
cessing applications and widely employed in such application
[10]. This is because the associated optimization problem
is non-convex, as the input signal is constrained to a finite
set, which increases the computational burden with a larger
prediction horizon. Therefore, in the simulation results, the
unit prediction horizon will be used as a reference for
assessing the performance of the proposed method.

20
SINAD_TH = 79.9 dB
B0 e e e e
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(N=3)

T T
MHOQ MHOQ
(N=1) (N=2)

Linearisation methods

Fig. 6. SINAD for DAC-Ideal using different linearisation methods: H [z]
vs H*[z].

The simulations were carried out using the H[z] and H*|z]
as the model for the optimiser in Fig. 5 and the results are
shown for the ideal and non-ideal DACs in Fig. 6 and Fig. 7,
respectively. The theoretical SINAD value of SINADy, =
79.9 dB is obtained using the expression in (44) where B =
8, and OSR = F, /(2 x f) = 1e6/(2e3).
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Fig. 7. SINAD for DAC-INL using different linearisation methods: H|[z]
vs H*[z].

In the SINAD plots in both Fig. 6 and Fig. 7, the
performance decrease at N = 1 with the use of H|[z]. It
improves for increase in prediction horizon but it is well
below the one reached using the NSQ. However, the use
of H*[z] shows the significant performance improvement in
both the ideal and non-ideal case. Moreover, the NSQ and
MHOQ (N = 1) behave identically, as mentioned in Sec. IV,
with the use of the optimal noise-shaping filter.

The simulation results show that the use of an opti-
mal noise-shaping filter in moving horizon implementation
improves the performance significantly. Most notably, the
performance at horizon length N = 1 improves significantly.
Recall that for application in signal process unit prediction
horizon is adopted. The simulation using higher prediction
horizons are also performed but the results shows that there
is no significant improvement in the performance.

VIII. CONCLUSIONS

The effectiveness of combining moving horizon optimal
quantization with an optimal noise-shaping filter to re-
duce the quantisation error in digital-to-analogue converters
(DACs) was demonstrated. This comes in addition to the
performance increase seen by incorporating a model of the
element mismatch seen in practical DACs. Simulation results
validated the performance improvements across different
filter configurations. The performance level appears to be
marginally better than more traditional noise-shaping quanti-
sation, but the moving horizon framework allows for models
of other non-linear effects seen in DACs, such as glitches and
slewing, to be included. Future work will extend the DAC
model to account for additional effects, further enhancing the
applicability of this approach in high-precision applications.
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