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Abstract

Velocity profile relaxation is commonly believed to be a cause of jet breakup. This claim is critically reevaluated in
this work. Contrary to common belief, laminar liquid jets with parabolic velocity profiles are actually more stable
than laminar jets with flatter velocity profiles. This is shown using prior theory and experiments. For turbulent jets,
the influence of the velocity profile is more difficult to determine. Previous experimentalists claimed to show that the
velocity profile has an effect by varying the nozzle length. The claim is that the boundary layer thickness grows with
nozzle length, and that the larger the boundary layer, the less stable the jet. In this work, nozzle length is shown to be a
poor proxy for velocity profile effects because the turbulence intensity also increases as the nozzle length increases.
Studies with this confounding were ignored in this work. Thinner boundary layers have greater shear, yet experiments
have shown that if the boundary layer were made thinner (all else constant), the jet often is more stable. This is termed
the “shear paradox”. A potential resolution to the shear paradox is developed by considering that the area with shear
also decreases as the boundary layer thickness is decreased, and by non-dimensionalizing the turbulent production rate
by the dissipation. This theory shows an interaction between the integral scale and velocity profile relaxation which has
not been previously discussed. The theoretical prediction that a smaller integral scale leads to more stable jets (due
to increased turbulent dissipation) is shown to be somewhat consistent with the limited experimental and DNS data
available.
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Introduction

Velocity profile relaxation has been proposed as a
cause of jet breakup since the early work of Schweitzer [|1]
in 1937, and independently a few years later by Littaye [2]
in 1942. The present explanation is that non-uniform ve-
locity profiles have excess energy, which can accelerate the
breakup process [3H7]], though the details of the physical
mechanism remain vague. This effect could alternatively
be called a boundary layer or shear instability [}, 9]

McCarthy and Molloy [5} p. 7] proposed the velocity
profile kinetic energy coefficient as a measure of the
tendency for velocity profile relaxation to cause breakup:
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Above, the 0 subscript refers to a quantity located at

the nozzle exit plane, Uy is the (local) mean axial velocity
at the nozzle exit, Ay is the nozzle exit area (Ag = ﬂdg /4,

where dj is the nozzle diameter), and Uo is the mean
plane-averaged axial velocity at the nozzle exit.

The larger the kinetic energy coefficient is, the
stronger breakup due to velocity profile relaxation is ac-
cording to McCarthy and Molloy. The kinetic energy coef-
ficient « is smallest (@ = 1) for a uniform/flat velocity pro-
file, and largest for a parabolic profile (¢ = 2). For a fully
developed turbulent pipe velocity profile @ ~ 1.06 10l
p. 21917 which, if the criteria is true, suggests that fully
developed turbulent pipe flows are not likely to see major
velocity profile relaxation effects. (Note that this does
mean that turbulent flows in general won’t see velocity
profile relaxation effects.) McCarthy and Molloy justified
this with figure [T} which shows jets which are identical
aside from changing the nozzle length, which changes the
velocity profile from relatively flat to more parabolic as the
flow develops. The flow is initially laminar in each case
shown, though it likely would be turbulent for the fully
developed case as the Reynolds number is 4750. In this
work, the Reynolds number is denoted Re,o = Uodg/ Ve,
where dj is the nozzle diameter and v, is the liquid viscos-

ity. Similarly, the Weber number is Weyy = p[ﬁédo /o,
where py is the liquid density and o is the surface tension.

To avoid velocity profile relaxation and consequently
enhance the stability of turbulent liquid jets, special noz-
zles have been designed to produce flat velocity profiles [8|
11]], and these efforts appear to produce more stable jets.
Additionally, the largest breakup lengths I am aware of,
(xp) = O(1000), were obtained with short nozzles (nozzle
orifice length Ly = dp) [12, fig. 4] which produce rela-
tively flat velocity profiles [13| fig. 4, p. 283]. However,

McCarthy and Molloy [5} p. 7L] incorrectly suggest that « is in
the range of 1.1 to 1.2, but direct computation indicates lower. This
suggests that a barely changes at all with nozzle length in the turbulent
case.

there are flaws in this narrative.

McCarthy and Molloy’s photographs are qualitative
at best. Objective measurements of the breakup length are
necessary to validate the theory. The apparent worst-case-
scenario, a parabolic velocity profile, appears to be more
stable than previously thought. Linear stability analysis
for laminar jets shows that parabolic velocity profiles
are actually more stable than uniform [14-16]. Indeed,
the experimental data shows that for laminar jets, as the
orifice (development) length increases (again, changing
the velocity profile from roughly flat to parabolic), the
breakup length increases by 309?} qualitatively consistent
with linear stability theory. See figure 2} For this plot I
compiled data from Arai et al. [[12] for breakup length as
a function of nozzle length, and interpolated the data to
get lines of constant Weber number. Each line is also a
constant, but different, Reynolds numbelﬂ The trend is
not as expected for the two laminar cases — the breakup
length is roughly constant as the nozzle aspect ratio Ly /dp
increases, and slightly increasing for the lowest Reynolds
number case. Here, L is the length of the nozzle orifice.
A longer nozzle aspect ratio for the laminar case would
indicate that the velocity profile is closer to parabolic. If
velocity profile relaxation were so catastrophic for laminar
jets as McCarthy and Molloy [5] claim, then why is the
this not observed in this experiment?

Clues come from the nozzle aspect ratios and hy-
drodynamic regime in the example used by McCarthy
and Molloy [5| fig. 5]. The example of McCarthy and
Molloy is for an initially laminar but transitional jet at
high Weber number (Wegy ~ 1.5 - 10*), which is close
to the Weyo = 1 - 10* case in figure @l For this case,
as the nozzle aspect ratio increased, the breakup length
decreases through Ly/dy =~ 10, which is the longest aspect
ratio considered by McCarthy and Molloy. The trend
McCarthy and Molloy observed applies only for high
Weber number liquid jets with Ly/dy < 10. The breakup
length trend at higher nozzle aspect ratios is slightly in-
creasing, contrary to what one might expect from reading
McCarthy and Molloy. Indeed, Debler and Yu [15] exam-
ine only Ly/dp 2 10 and come to the opposite conclusion
as McCarthy and Molloy at lower Reynolds numbers.

An alternative mechanism can explain the observed
trends. The transitional and turbulent data of McCarthy
and Molloy [5]] and Arai et al. [[12]] both suffer from con-

2The difference appears to be statistically significant. Arai et al. [12]
provide no uncertainty estimates, but assuming the statistical uncertainty
is negligible for electrical conductivity measurements (as they are
essentially a large number of pulses), the main source of uncertainty
is the precision of the length measurement. If the experimental setup
of Arai et al. was similar to that of Phinney and Humphries [[17} p. 9],
the measurement was within 2mm. Then for Ly/dy = 1, {(xp)/dy =
72.4 £ 6.7, and for Ly/dy = 50, (xp)/dy = 93.8 +6.7.

3See the caption of figure [2|for the precise Reynolds numbers.

4Also compare the Reynolds numbers: Regg = 4750 for McCarthy
and Molloy [5} fig. 51, 16000 in figure[2]



founding between the turbulence intensity and velocity
profild’ (A “plane-averaged” turbulence intensity in this

work is defined as Tug = +/2ko/ (36(2)) where kg is a plane-
averaged turbulent kinetic energy.) I discuss confounding
in detail in another paper at this conference [18]. Essen-
tially, both the turbulence intensity and velocity profile are
changing when the nozzle length changes [19]. McCarthy
and Molloy [, p. 10] do not seem to be aware of this
given that they state that “these jets, on issuing from the
nozzles, differ from each other only in the value of a”
(the emphasis is my own). An increase in disturbances
in the flow as measured by turbulence intensity would
obviously affect the stability of the jet and its transition
to turbulence. Others agree on this point — at higher
Reynolds numbers Debler and Yu attribute McCarthy and
Molloy’s observations to the onset of turbulence. To be
clear, both the turbulence intensity and velocity profile
are factors, but the relative contributions of each can not
be determined based on the experiments of McCarthy and
Molloy and Arai et al.

The case where the breakup length (xp) in Arai et al.
[[12]] was O(1000) likely had low turbulence intensity as
the diameter contraction ratio was di,/dy = 10. Large
contractions tend to reduce the turbulence intensity [20]].
As the nozzle length increases, the turbulence intensity
at the nozzle exit increases due to the effects of the shear
at the wall§¥ The increase in breakup length as the
nozzle length increases from Ly/dy = 10 to 50 could be
explained by turbulence transition moving to inside the
nozzle as nozzle becomes basically a fully developed pipe
flow. Turbulence transition inside the nozzle appears to
stabilize jets, as will be discussed more below.

An unambiguous test would try to maintain the tur-
bulence intensity as close as possible between the two
velocity profiles tested to isolate the effect of the velocity
profile. Likely the breakup lengths were much longer
for shorter nozzle aspect ratios in the data of Arai et al.
due to the low turbulence intensity for their short nozzles.
Including other studies, the data for short nozzle aspect
ratios seems to vary greatly, likely due to the turbulence
intensity being a strong function of the inflow. See, for
example, that the breakup lengths reported by Chen and
Davis [22] for their short nozzles are much lower than

sJets which will remain laminar even in the fully developed state,
e.g., the cases for which Rego < 2000 in figure 2] do not suffer from
this confounding problem because the disturbances introduced from the
wall are damped by viscosity. Hence the low Reynolds number (always
laminar regardless of Ly/dy) case mentioned earlier does not suffer
from this confounding.

6The nozzle design approach of Theobald [11] came from Whitehead
etal. [21]], and suffers from a similar problem. In addition to having a flat
velocity profile, Whitehead et al. also avoid boundary layer separation
to keep the turbulence intensity low. Consequently, the apparent success
of Theobald’s nozzle design is not necessarily due to the velocity profile
relaxation effects discussed in Theobald [11].

those of Arai et al. [12].

A qualitative unambiguous test was conducted by Wu
etal. [9]. The turbulence intensity was low in this case, but
not quantified. While breakup lengths were not measured,
the photographs show that breakup was suppressed when
the boundary layer was thinner. The DNS study of Sander
and Weigand [23| fig. 11], and it makes clear that breakup
at least qualitatively is influenced by the velocity profile.

The early studies of Eisenklam and Hooper [3]] (at
Regp ~ 3000 to 12000) and Rupe [4} fig. 4, p. 12] (at
Re¢g = 2100) have photos showing initially laminar jets
with near complete breakup occurring over a short distance.
While these researchers suggested that the parabolic ve-
locity profile was responsible for this observation, as was
previously detailed, laminar jets with parabolic velocity
profiles show no particular inclination towards instability
at Reynolds numbers below the critical Reynolds number.
Instead, I hypothesize that turbulence transition outside of
the nozzle causes the strong breakup, and that turbulence
transition is sensitive to the velocity profile. The Reynolds
numbers where this form of breakup occurs coincides
well with where transition to turbulence occurs in fully
developed pipe flowg’} This idea is consistent with the
observations of Hoyt and Taylor [8| p. 96L] who suggest
that when a liquid jet transitions to turbulence after it has
exited the nozzle, the transition is more violent than if the
jet were already turbulent. Further, Hoyt and Taylor pro-
pose that reducing boundary layer thickness at the nozzle
exit can reduce these effects, which again, is consistent
with the idea that the velocity profile influences turbulence
transition. The earlier mentioned DNS study of Sander
and Weigand [23] showed a clear sensitivity to the velocity
profile. Sander and Weigand used low Reynolds numbers
from 3000 to 7000, which are roughly in the transitional
range for fully developed pipe flows, ultimately consistent
with the idea that turbulence transition can cause strong
breakup and also can be influenced by the velocity profile.

The reader is referred to Portillo et al. [25] and
Umemura [26]] for the latest experimental and theoretical
research on transitional liquid jets, including detailed
explanations of the transition mechanism which may be
useful for nozzle design in this regime. More research is
needed to explain why transitional liquid jets appear so
unstable. The criteria developed later in this paper may
explain why transition can produce such violent breakup,
but the fit with the transitional breakup data available at
present (which is largely qualitative) is mixed.

Note that many of the trends discussed previously
seem to apply only at low ambient densities, i.e., density

7Some readers may believe that a Reynolds number of 12 000 is far
too high to be transitional, but laminar fully developed pipe flows have
been maintained at Reynolds numbers as high as 100 000 depending
on the quality of the experimental setup [24, p. 7]. Indeed, Reynolds
himself was able to establish laminar pipe flow at a Reynolds number of
13.000.



ratios p¢/pg > 500. The data of Arai et al. [12, fig. 7]
seems to suggest that at high ambient densities and mod-
erate jet velocities, nozzle length has little effect, but at
higher jet velocities, longer nozzles have much longer
breakup lengths than shorter nozzles. At present I can not
explain these trends. This paper focuses only on the low
ambient density case.

Physics of turbulent velocity-profile-induced breakup

The mechanism by which the velocity profile con-
tributes to turbulent breakup has so far not been detailed.
For turbulent jets, if turbulent fluctuations are indeed a
major cause of breakup, then velocity profile relaxation
destabilizes jets by increasing the transverse RMS tur-
bulent velocity v/ (= m) at the surfac The most
natural mechanism is turbulent production. Consider a
jet where (U) is the mean convective velocity, (V) is
the mean radial velocity, and (W) = 0 (no swirl). The
production terms for the u RMS velocity, u#’, and v RMS
velocity, v/, are [28] appendix 5%

Py = —2(u?) % - 2(uv) %
P, = -2(uv) % -2(v%) %
(8D an). o

where the subscript on P refers to the direction.

Velocity profile relaxation is often claimed to work
through the creation of radial velocity components [4}
p- 13L, [29, p. 3385R, 6, p. 512L], which is possible,
however, the process is not direct. The production of
v’ term, P,, is not a direct function of d(U)/dr|ps. No
other terms allow for energy transfer from the mean axial
velocity (U) to the turbulent radial velocity v’ through
variation in r. Consequently, in turbulent velocity profile
relaxation, u’ is produced first and then the energy is
redistributed to v’, leading to breakup.

Rather than model the redistribution process, I will
solely examine the amount of production of u’ for simplic-
ity. To determine an appropriate dimensionless group for
the velocity gradient, I normalized the production rate for
u’ by the dissipation rate, as production will need to ex-

80ne goal of this work is to put all of turbulent breakup theory into
a more consistent framework. As turbulent velocity fluctuations are
the generally accepted cause of turbulent breakup, I prefer explanations
using turbulent fluctuations rather than stability theory or wave-based
arguments, even if the alternatives are in some sense equivalent. See
Trettel [27]] for my earlier theoretical work on turbulent breakup.

9The single-phase production is used here because I am assuming
that when velocity profile relaxation is occurring, breakup is not yet
significant, so the two phases are separate. Favre averaged equations
would be more general.

ceed dissipation for turbulence to be generated from shear.
If T use the common dissipation model & « v(’)3 /Ao, the
expression for the production of u” (equation[2) neglecting
all terms other than the mean radial gradient term, and
assume that (uv) « v(’)2 (a common turbulence modeling
approximation [30, p. 121]), then I obtain:

’2
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The u subscript on # has been dropped for brevity.
Instead of thinking in terms of velocity gradients, it is com-
mon in the jet breakup literature to think in terms of bound-
ary layer thickness. Let’s use the notation d(U)/dr|os
to refer to the liquid velocity gradient located at the
nozzle exit plane (0) and free surface (s). If I assume
that d(U)/drlos ~ Ug/8y where & is a measure of the
boundary layer thickness at the nozzle exit then
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Consequently, (Tugdg/Ag)~" would presumably need to
be minimized to prevent velocity profile relaxation effects.
However, this criteria leads to a paradox.

Shear instability paradox

Shear can cause instability in fluid flows and generate
turbulent kinetic energy. The larger the velocity gradient,
the stronger the production. Equation [5|agrees with this
view. Or equivalently: the thinner the boundary layer,
the stronger the production. This seems to be in direct
contradiction with the common suggestion in the literature
to reduce the boundary layer thickness to improve stability.
The experiments of Wu et al. [9] are clear: a nozzle
designed to have thinner boundary layers while changing
nothing else does seem to result in more stable liquid jets.
So why does the theory suggest the opposite?

One possibly resolution of this paradox is that the
overall level of production is reduced with thinner bound-
ary layers because the total area with gradients is smaller.
One might expect the two effects to roughly cancel each
other out. That would seem to lead to another problem
about why thinner boundary layers would be better.

I attempt to resolve the paradox by estimating the ratio
of the plane-averaged production to the plane-averaged dis-
sipation. This ratio is motivated by the fact that production
needs to exceed dissipation for turbulent kinetic energy to
increase. A plane average is used to take into account the
fact that the region of high production shrinks as the bound-
ary layer shrinks, ultimately reducing the total amount of
production. The plane-averaged production is relevant
because the turbulence naturally becomes more homo-
geneous downstream, distributing the production over
the entire jet cross section. Unfortunately, this approach



appears to be sensitive to the modeling approximations
used. Most approximations lead to infinite production
as the boundary layer thickness decrease{™ Those ap-
proximations were rejected as implausible as empirically,
thinner boundary layers do not appear to cause extreme
instability in these jets. The simplest specification which
is stable uses the Reynolds stress model {(uv) = C,,k
(which Durbin and Pettersson Reif [[30, p. 121] notes is
acceptable in the log law region of the boundary layer) and
the dissipation model € = Cgv_(’]3 /Ap. Talso approximate
the velocity profile as linear in the boundary layer, with
velocity U, in the flat center region:

U ifr < %—50
W)Y =y u. (do do (6)

— |=-r| ifr>—-2a.

oo \ 2 2

This form is particularly convenient as the production will
be zero in the center region of the flow, so that only one
integral is required in the computation of the production.
The plane-averaged velocity Ug can be computed as

So\ 4 (d)\°
-2 2+ (2
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Considering only the r gradient of (U) for simplicity,
applying the (uv) model, and assuming that ky equals its
plane-averaged value k( everywhere, the plane-averaged
production is

/(uv)o U dA
50 — A 6}"

Up = U, ) (7

ﬂd§/4
8Cuvko /d0/2 U,
=— —rdr
d;  Jay-sy 6
4CL£VZOUC 50
=—|1-—]. 8
2 (1-2) ®)

Applying the € model, the overall production-dissipation
ratio is

& _ Cuy %& - @ )
g0 Cs v do do
D)
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10]n particular, an eddy viscosity model was unstable in all cases I
tried, including one where k increased quadratically from zero at the
wall to take into account the no-slip condition. I had thought that would
kill any instability, but it did not.
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Equation will be termed the “overall production-
dissipation ratio”. Contrary to equation [} this criteria
does suggest that thinner boundary layers have less pro-
duction and consequently lead to liquid jets which are
more stable. However, this analysis would suggest that in
the limit as the boundary layer thickness approaches zero,
production would not go to zero. This seems unusual and
may be the result of unrealistic modeling assumptions. It
also suggests that velocity profile relaxation is relatively
weak in turbulent jets as the 1 term is always essentially
much larger than &g/dp. This conclusion is consistent
with the experiments of Durbin et al. [31], who found that
having a thin boundary layer is less important than having
low turbulence for reducing jet breakup. Additionally, the
overall production-dissipation ratio is controlled by more
than the boundary layer thickness (or equivalently, the
velocity profile), as will be discussed in the next sections.

The effect of the turbulence intensity on velocity pro-
file relaxation

The production-dissipation ratio theory would sug-
gest that flows with low turbulent RMS velocities v(’) (.e.,
laminar or nearly laminar flows) would tend to have pro-
portionally worse production of turbulence than flows with
higher turbulence intensities. This is consistent with the
observation that velocity profile relaxation seems strongest
for transitional flows (which have low turbulence intensity)
and is weakened for completely turbulent flows. However,
the trend shown by McCarthy and Molloy [5/ fig. 5] does
not seem to obviously confirm the theory. Typically the
turbulence intensity increases as nozzle length increases
(unless the inflow was particularly turbulent). The theory
would predict that a slight increase in turbulence inten-
sity should result in less, not dramatically more, breakup.
Possibly the turbulence intensity increase is small if even
measurable as the nozzle length increases from Ly/dy = 0
to 10 and the flow remains laminar. In that case, the
boundary layer thickness increase may indeed explain the
dramatic increase in breakup, amplified by the fact that
the turbulence intensity is low. This hypothesis needs
experimental validation.

Some researchers have reported that when the tur-
bulence intensity is low, increasing turbulence intensity
can lead to increased stability of liquid jets, contrary to
the suggestion that increased turbulence intensity only de-
creases jet stability. This has been shown experimentally
for both circular [32]] and flat [[33H35] nozzle geometries.
The researchers have hypothesized that velocity profile
relaxation occurs more quickly in these instances because
turbulent diffusion would smooth out the velocity profile,



in turn reducing total production. The overall production-
dissipation ratio theory developed here also can explain
how increasing turbulence intensity can stabilize liquid
jets in special circumstances using a different mechanism
(turbulent dissipation). Both mechanisms are present in
liquid jet breakup.

In future work I will examine the evolution of turbu-
lence in the jet to develop a criteria taking into account
turbulent diffusion as well. It seems most reasonable to
develop an estimate for the maximum turbulence kinetic
energy in the jet and use that as a measure of the tendency
for velocity profile relaxation to cause breakup. Turbu-
lence production is countered by not only dissipation but
also turbulent diffusion.

The effect of the integral scale on velocity profile re-
laxation

Previous researchers have speculated about integral
scale effects, most often in the form of using the inte-
gral scale Ag in place of the nozzle diameter dj in an
equation [36] [37]]. While likely part of the picture, that
assumption misses the role of the integral scale in dissi-
pation. In the common dissipation model & o« k3/2/A,
it’s clear that smaller integral scales would lead to greater
dissipation. The greater dissipation would reduce the
overall production dissipation ratio, /€, as can be seen
as the integral scale is reduced in equation [T}

This has not been recognized in the turbulent jet
breakup literature, but it is consistent with the experiments
of Durbin et al. [31]. Durbin et al. compared the breakup
of turbulent liquid (sheet) jets produced by nozzles with
and without a screen placed immediately upstream. The
addition of a screen reduced surface fluctuations [31}
fig. 11, p. 317], which presumably are a proxy for breakup.
They concluded was that the screen reduced turbulence
intensity, leading to reduced breakup. However, the
integral scale also changes appreciably as the screen
is removed. To first-order, the integral scale will be
proportional to the mesh size of the screen. Durbin et
al. [31} p. 310] state that the honeycomb in their nozzle
immediately upstream of the screen has 0.32 cm diameter
openings. The screens have openings of width 0.51 mm,
which would suggest that the integral scale immediately
after the screen is about 6 times smaller than without the
screen. Unfortunately this is unlikely to represent the
change in integral scale at the nozzle as approximately 15
nozzle thicknesses pass before entering the contraction.
The integral scale presumably also increases over this
distance, so this experiment is not entirely conclusive.

Fortunately, the DNS study of Sander and Weigand
[23| fig. 11], where the integral scale was specified pre-
cisely, qualitatively shows the stabilizing effect of reducing
the integral scale. However, the effect appears to be weak.
The later DNS study of Salvador et al. [38]] looks further

into the effect of the integral scale. Salvador et al. 38|
fig. 7] shows qualitatively that a reduced integral scale
leads to a more stable jet. A plot of axial mass concentra-
tion Salvador et al. [38], fig. 7], which is analogous to the
breakup length, also shows that a smaller integral scale is
more stable. The number of droplets generated from the jet
(a measure of how much the jet has broken up) increases
as the integral scale increases [38), fig. 11a]. The droplet
size distribution changes relatively little as the integral
scale is increased from O to 0.17d, with other variables
held constant or approximately so [38], fig. 11a], though
this may not be clear in the original work. As an example,
using the droplet size histograms given by Salvador et al.,
I computed that for Ag/dy = 0, D3y = 9.17 um, and for
Ao/dy = 0.17dy, D3 = 9.45um. This contradicts the
hypothesis that characteristic droplet sizes (e.g., D3;) are
proportional to the integral scale in turbulent breakup, as
stated by Huh et al. [[37]]. The turbulence intensity in these
cases was set to that of a fully developed pipe flow, which
is not low, so the destabilizing effects of low turbulence
intensity are not seen in these cases.

Ultimately, these integral scale results are prelimi-
nary. Further detailed computations and experiments are
required to make clear conclusions.

Conclusions

When strongly stable liquid jets are desired, one
frequently reads recommendations to make the velocity
profile as flat as possible. This design criteria should be
reevaluated.

For laminar liquid jets, parabolic velocity profiles are
more stable than flat velocity profiles, contrary to common
belief.

For liquid jets which are laminar at the nozzle exit but
transition to a turbulent state downstream, the transition
can be particularly violent, leading to strong breakup. Hoyt
and Taylor [8]] recommend that if stable jets are desired, it
is better to bring the transition point into the nozzle than
to allow the jet to transition outside of the nozzle. The
transition process appears to be sensitive to the boundary
layer thickness. The turbulent theory I developed may help
explain certain aspects of the transitional breakup process
including why transitional breakup is so strong, but it does
not explain whether or where a jet will transition.

For liquid jets which are turbulent at the nozzle exit,
the following criteria may characterize how much velocity
profile relaxation contributes to breakup (higher means
more breakup, all else equal):

—-1Ag )
Tuy — 1+ —].
w5 (149 am
The overall production-dissipation ratio, equation [T} ap-
pears to explain the qualitative trends observed in the
velocity profile relaxation literature (why thinner bound-



ary layers are more stable, why transitional breakup is
so strong), including some lesser known effects (stabi-
lization at moderate turbulence intensities, integral scale
effects). However, the theory is still only a hypothesis
as no quantitative data is available to fully validate the
theory at present. New experiments and detailed com-
putations directly testing this hypothesis are encouraged.
The sensitivity to the overall production-dissipation ratio
is at present unknown, but I believe for most breakup
quantities the Weber number and turbulence intensity are
more important.

The theory in this paper is preliminary. Future work
will improve the theory with more accurate turbulence
modeling approximations. As much of the present data is
qualitative or vague, new experimental and computational
studies are also needed to better examine the role of the
velocity profile and its interactions with the integral scale
in turbulent jet breakup.
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Nomenclature
A area
D3,  Sauter mean diameter
do nozzle exit diameter
Ly nozzle orifice length
k = %(u’2 +1"2 + w’?), turb. kinetic energy
k plane-averaged turbulent kinetic energy
P turbulent production
Rey,y = Uodo /ve, liquid Reynolds number
r radial coordinate
Tu = u’/U, local turbulence intensity
Tuy = +/2ko/ (3ﬁ(2)), turbulence intensity
using plane-averaged k
U velocity in the x direction
u = U — (U), U velocity fluctuation
u = +/(u?), u RMS velocity
Vv velocity in the r direction
% =V —(V), V velocity fluctuation
v = /(v2), v RMS velocity
w velocity in the ¢ direction
w =W — (W), W velocity fluctuation
w’ = +/(w?), w RMS velocity

Weyg = pgvgdo /o, liquid Weber number
X axial coordinate
(xp)  average breakup length
a kinetic energy coefficient, equation
0 boundary layer thickness
& turbulent dissipation rate
A integral scale of turbulence
Ve liquid kinematic viscosity
o} azimuth
Pg gas mass density
¥ liquid mass density
o surface tension
Operators
x =( /A xdA)/A, plane average of x
(x) ensemble average of x
Subscripts
0 at nozzle exit
g using gas properties
4 using liquid properties
s at free surface
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Figure 1: Figure 5 from McCarthy and Molloy [5]]: Effect of nozzle design on the stability of glycerol-water jets.
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Jet velocity 20ms~! (approx.)
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\section*{Introduction}
\label{sec:introduction}

Velocity profile relaxation has been proposed as a cause of jet breakup since the early work of \citet{schweitzer_mechanism_1937} in \citeyear{schweitzer_mechanism_1937}, and independently a few years later by \citet{littaye_contribution_1942} in \citeyear{littaye_contribution_1942}. The present explanation is that non-uniform velocity profiles have excess energy, which can accelerate the breakup process~\cite{eisenklam_flow_1958,rupe_dynamic_1962,mccarthy_review_1974,birouk_liquid_2009,lefebvre_atomization_2017}, though the details of the physical mechanism remain vague. This effect could alternatively be called a boundary layer or shear instability~\cite{hoyt_effect_1985,wu_effects_1995}.
% MAYBE: Change citation list to \cites[p.~14]{eisenklam_flow_1958}[p.~13]{rupe_dynamic_1962}[p.~7]{mccarthy_review_1974}[pp.~511--512]{birouk_liquid_2009}[p.~30]{lefebvre_atomization_2017}

\citet[p.~7]{mccarthy_review_1974} proposed the velocity profile kinetic energy coefficient as a measure of the tendency for velocity profile relaxation to cause breakup:
\begin{equation}
   \alpha \equiv \frac{\int_{A_0} U_0^3 \dif A}{\Ubar_0^3 A_0}. \label{eqn:velocity profile kinetic energy coefficient}
\end{equation}

Above, the $0$ subscript refers to a quantity located at the nozzle exit plane, $U_0$ is the (local) mean axial velocity at the nozzle exit, $A_0$ is the nozzle exit area ($A_0 = \pi d_0^2 / 4$, where $d_0$ is the nozzle diameter), and $\Ubar_0$ is the mean plane-averaged axial velocity at the nozzle exit.

The larger the kinetic energy coefficient is, the stronger breakup due to velocity profile relaxation is according to \citeauthor{mccarthy_review_1974}. The kinetic energy coefficient $\alpha$ is smallest ($\alpha = 1$) for a uniform/flat velocity profile, and largest for a parabolic profile ($\alpha = 2$). For a fully developed turbulent pipe velocity profile $\alpha \approx 1.06$~\cite[p.~219]{benedict_fundamentals_1980}\footnote{\citet[p.~7L]{mccarthy_review_1974} incorrectly suggest that $\alpha$ is in the range of \numrange{1.1}{1.2}, but direct computation indicates lower. This suggests that $\alpha$ barely changes at all with nozzle length in the turbulent case.}, which, if the criteria is true, suggests that fully developed turbulent pipe flows are not likely to see major velocity profile relaxation effects. (Note that this does mean that turbulent flows in general won't see velocity profile relaxation effects.) \citeauthor{mccarthy_review_1974} justified this with \figref{mccarthy_review_1974_fig_5}, which shows jets which are identical aside from changing the nozzle length, which changes the velocity profile from relatively flat to more parabolic as the flow develops. The flow is initially laminar in each case shown, though it likely would be turbulent for the fully developed case as the Reynolds number is \num{4750}. In this work, the Reynolds number is denoted $\Relo \equiv \Ubar_0 d_0 / \nul$, where $d_0$ is the nozzle diameter and $\nul$ is the liquid viscosity. Similarly, the Weber number is $\Welo \equiv \rhol \Ubar_0^2 d_0 / \sigma$, where $\rhol$ is the liquid density and $\sigma$ is the surface tension.

% NOTE: Fig. 1 was here.

% Nozzle designers have used techniques to ensure that the velocity profile is as flat as possible to enhance stability~\cite{theobald_effect_1981,hoyt_effect_1985}.
To avoid velocity profile relaxation and consequently enhance the stability of turbulent liquid jets, special nozzles have been designed to produce flat velocity profiles~\cite{theobald_effect_1981,hoyt_effect_1985}, and these efforts appear to produce more stable jets. Additionally, the largest breakup lengths I am aware of, $\xbavg = \mathcal{O}(\num{1000})$, were obtained with short nozzles (nozzle orifice length $L_0 = d_0$)~\cite[fig.~4]{arai_break-up_1985} which produce relatively flat velocity profiles~\cite[fig.~4, p.~283]{quinn_upstream_2006}. However, there are flaws in this narrative.
% DONE: Mention how sharp-edge orifices don't give flat velocity profiles. Actually seems to be curved up on the sides.
% quinn_upstream_2006 fig. 4, p. 283
% abdel-rahman_review_2010 fig. 16, p. 268 (same plot as quinn_upstream_2006)

% NOTE: Fig. 2 was here.

%Velocity profile relaxation does not appear to necessarily contribute to breakup for laminar jets with parabolic velocity profiles.
% DONE: Discuss how McCarthy and Malloy's photos are qualitative at best.
\citeauthor{mccarthy_review_1974}'s photographs are qualitative at best. Objective measurements of the breakup length are necessary to validate the theory. The apparent worst-case-scenario, a parabolic velocity profile, appears to be more stable than previously thought. Linear stability analysis for laminar jets shows that parabolic velocity profiles are actually \textit{more stable than uniform}~\cite{leib_generation_1986,debler_break-up_1988,ibrahim_instability_2000}. Indeed, the experimental data shows that for laminar jets, as the orifice (development) length increases (again, changing the velocity profile from roughly flat to parabolic), the breakup length increases by 30\%\footnote{The difference appears to be statistically significant. \citet{arai_break-up_1985} provide no uncertainty estimates, but assuming the statistical uncertainty is negligible for electrical conductivity measurements (as they are essentially a large number of pulses), the main source of uncertainty is the precision of the length measurement. If the experimental setup of \citeauthor{arai_break-up_1985} was similar to that of \citet[p.~9]{phinney_stability_1970}, the measurement was within \SI{2}{mm}. Then for $L_0/d_0 = 1$, $\xbavg/d_0 = 72.4 \pm 6.7$, and for $L_0/d_0 = 50$, $\xbavg/d_0 = 93.8 \pm 6.7$.}, qualitatively consistent with linear stability theory. See \figref{breakup length nozzle aspect ratio effect}. For this plot I compiled data from \citet{arai_break-up_1985} for breakup length as a function of nozzle length, and interpolated the data to get lines of constant Weber number. Each line is also a constant, but different, Reynolds number\footnote{See the caption of \figref{breakup length nozzle aspect ratio effect} for the precise Reynolds numbers.}. The trend is not as expected for the two laminar cases --- the breakup length is roughly constant as the nozzle aspect ratio $L_0/d_0$ increases, and slightly increasing for the lowest Reynolds number case. Here, $L_0$ is the length of the nozzle orifice. A longer nozzle aspect ratio for the laminar case would indicate that the velocity profile is closer to parabolic. If velocity profile relaxation were so catastrophic for laminar jets as \citet{mccarthy_review_1974} claim, then why is the this not observed in this experiment?

%Intuitively, this makes sense because flatter profiles would tend to have large gradients at their edges, and gradients tend to contribute to instabilities.
% lin_breakup_2003 p. 116: summary of leib_generation_1986
% > The velocity relaxation appears to prevent the disturbance from penetrating upstream.
% soderberg_experimental_1998
% This is exactly the opposite trend \citeauthor{mccarthy_review_1974} and other researchers suggest occurs. To my knowledge no previous researchers plotted the data in a way that makes this clear. 

% MAYBE: Have a plot specifically for the case McCarthy examines?
Clues come from the nozzle aspect ratios and hydrodynamic regime in the example used by \citet[fig.~5]{mccarthy_review_1974}. The example of \citeauthor{mccarthy_review_1974} is for an initially laminar but transitional jet at high Weber number ($\Welo \approx \num{1.5e4}$), which is close to the $\Welo = \num{1e4}$ case in \figref{breakup length nozzle aspect ratio effect}\footnote{Also compare the Reynolds numbers: $\Relo = \num{4750}$ for \citet[fig.~5]{mccarthy_review_1974}, \num{16000} in \figref{breakup length nozzle aspect ratio effect}.}. For this case, as the nozzle aspect ratio increased, the breakup length decreases through $L_0/d_0 \approx 10$, which is the longest aspect ratio considered by \citeauthor{mccarthy_review_1974}. The trend \citeauthor{mccarthy_review_1974} observed applies only for high Weber number liquid jets with $L_0/d_0 \lesssim 10$. The breakup length trend at higher nozzle aspect ratios is slightly increasing, contrary to what one might expect from reading \citeauthor{mccarthy_review_1974}. Indeed, \citet{debler_break-up_1988} examine only $L_0/d_0 \gtrsim 10$ and come to the opposite conclusion as \citeauthor{mccarthy_review_1974} at lower Reynolds numbers.

% DONE: mccarthy_review_1974 actually is transitional. The turbulence intensity explanation is not right. They do not give the contraction ratio, but the jet appears to be initially laminar.
An alternative mechanism can explain the observed trends. The transitional and turbulent data of \citet{mccarthy_review_1974} and \citet{arai_break-up_1985} both suffer from \textit{confounding} between the turbulence intensity and velocity profile\footnote{Jets which will remain laminar even in the fully developed state, e.g., the cases for which $\Relo < \num{2000}$ in \figref{breakup length nozzle aspect ratio effect} do not suffer from this confounding problem because the disturbances introduced from the wall are damped by viscosity. Hence the low Reynolds number (always laminar regardless of $L_0/d_0$) case mentioned earlier does not suffer from this confounding.}. (A ``plane-averaged'' turbulence intensity in this work is defined as $\Tubar_0 \equiv \sqrt{2 \kbar_0 / (3 \Ubar_0^2)}$ where $\kbar_0$ is a plane-averaged turbulent kinetic energy.) I discuss confounding in detail in another paper at this conference~\cite{trettel_improving_2019}. Essentially, both the turbulence intensity and velocity profile are changing when the nozzle length changes~\cite{klein_review_1981}. \citet[p.~10]{mccarthy_review_1974} do not seem to be aware of this given that they state that ``these jets, on issuing from the nozzles, differ from each other \textit{only} in the value of $\alpha$'' (the emphasis is my own). An increase in disturbances in the flow as measured by turbulence intensity would obviously affect the stability of the jet and its transition to turbulence. Others agree on this point --- at higher Reynolds numbers \citeauthor{debler_break-up_1988} attribute \citeauthor{mccarthy_review_1974}'s observations to the onset of turbulence. To be clear, both the turbulence intensity and velocity profile are factors, but the relative contributions of each can not be determined based on the experiments of \citeauthor{mccarthy_review_1974} and \citeauthor{arai_break-up_1985}.

The case where the breakup length $\xbavg$ in \citet{arai_break-up_1985} was $\mathcal{O}(\num{1000})$ likely had low turbulence intensity as the diameter contraction ratio was $d_\text{in} / d_0 = \num{10}$. Large contractions tend to reduce the turbulence intensity~\cite{hussain_effects_1976}. As the nozzle length increases, the turbulence intensity at the nozzle exit increases due to the effects of the shear at the walls\footnote{The nozzle design approach of \citet{theobald_effect_1981} came from \citet{whitehead_contracting_1951}, and suffers from a similar problem. In addition to having a flat velocity profile, \citeauthor{whitehead_contracting_1951} also avoid boundary layer separation to keep the turbulence intensity low. Consequently, the apparent success of \citeauthor{theobald_effect_1981}'s nozzle design is not necessarily due to the velocity profile relaxation effects discussed in \citet{theobald_effect_1981}.}. The increase in breakup length as the nozzle length increases from $L_0/d_0 = \num{10}$ to \num{50} could be explained by turbulence transition moving to inside the nozzle as nozzle becomes basically a fully developed pipe flow. Turbulence transition inside the nozzle appears to stabilize jets, as will be discussed more below.
% WON'T: Add better citation for large contractions reducing turbulence level?

An unambiguous test would try to maintain the turbulence intensity as close as possible between the two velocity profiles tested to isolate the effect of the velocity profile. Likely the breakup lengths were much longer for shorter nozzle aspect ratios in the data of \citeauthor{arai_break-up_1985} due to the low turbulence intensity for their short nozzles. Including other studies, the data for short nozzle aspect ratios seems to vary greatly, likely due to the turbulence intensity being a strong function of the inflow. See, for example, that the breakup lengths reported by \citet{chen_disintegration_1964} for their short nozzles are much lower than those of \citet{arai_break-up_1985}.

A qualitative unambiguous test was conducted by \citet{wu_effects_1995}. The turbulence intensity was low in this case, but not quantified. While breakup lengths were not measured, the photographs show that breakup was suppressed when the boundary layer was thinner. The DNS study of \citet[fig.~11]{sander_direct_2008}, and it makes clear that breakup at least qualitatively is influenced by the velocity profile.
% MAYBE: The scaling would suggest wu_effects_1995's study set up precisely where the dimensionless production would be largest. Also note that Wu's integral scale should be roughly constant too.

The early studies of \citet{eisenklam_flow_1958} (at $\Relo \approx$ \numrange{3000}{12000}) and \citet[fig.~4, p.~12]{rupe_dynamic_1962} (at $\Relo \approx$ \num{2100}) have photos showing initially laminar jets with near complete breakup occurring over a short distance. While these researchers suggested that the parabolic velocity profile was responsible for this observation, as was previously detailed, laminar jets with parabolic velocity profiles show no particular inclination towards instability at Reynolds numbers below the critical Reynolds number. Instead, I hypothesize that turbulence transition outside of the nozzle causes the strong breakup, and that turbulence transition is sensitive to the velocity profile. The Reynolds numbers where this form of breakup occurs coincides well with where transition to turbulence occurs in fully developed pipe flows\footnote{Some readers may believe that a Reynolds number of \num{12000} is far too high to be transitional, but laminar fully developed pipe flows have been maintained at Reynolds numbers as high as \num{100000} depending on the quality of the experimental setup~\cite[p.~7]{mullin_experimental_2011}. Indeed, Reynolds himself was able to establish laminar pipe flow at a Reynolds number of \num{13000}.}. This idea is consistent with the observations of \citet[p.~96L]{hoyt_effect_1985} who suggest that when a liquid jet transitions to turbulence after it has exited the nozzle, the transition is more violent than if the jet were already turbulent. Further, \citeauthor{hoyt_effect_1985} propose that reducing boundary layer thickness at the nozzle exit can reduce these effects, which again, is consistent with the idea that the velocity profile influences turbulence transition. The earlier mentioned DNS study of \citet{sander_direct_2008} showed a clear sensitivity to the velocity profile. \citeauthor{sander_direct_2008} used low Reynolds numbers from \numrange{3000}{7000}, which are roughly in the transitional range for fully developed pipe flows, ultimately consistent with the idea that turbulence transition can cause strong breakup and also can be influenced by the velocity profile.

The reader is referred to \citet{portillo_measurements_2011,umemura_model_2014} for the latest experimental and theoretical research on transitional liquid jets, including detailed explanations of the transition mechanism which may be useful for nozzle design in this regime. More research is needed to explain why transitional liquid jets appear so unstable. The criteria developed later in this paper may explain why transition can produce such violent breakup, but the fit with the transitional breakup data available at present (which is largely qualitative) is mixed.

Note that many of the trends discussed previously seem to apply only at low ambient densities, i.e., density ratios $\rhol / \rhog > \num{500}$. The data of \citet[fig.~7]{arai_break-up_1985} seems to suggest that at high ambient densities and moderate jet velocities, nozzle length has little effect, but at higher jet velocities, longer nozzles have much longer breakup lengths than shorter nozzles. At present I can not explain these trends. This paper focuses only on the low ambient density case.

% DONE: Note that I am only focusing on the low atmospheric density case. Sterling and Sleicher apparently make conclusions relevant to the high atmospheric density case; check that and if true/relevant, note that in the paper too. ==> No, not true.

%\citet{yoon_categorizing_2003} review jet stability theories based on boundary layer instability applicable to initially laminar jets. They use the photographs of \citet{mccarthy_review_1974} to validate their model's instability wavelength predictions. While I question that \citeauthor{mccarthy_review_1974}'s photographs have sufficient resolution to accurately measure the instability wavelengths, the comparison between the predictions and measurements is good. This is not the entire picture, however. The theory reviewed by \citeauthor{yoon_categorizing_2003} does not explain the transition length, spray angle, or breakup length, only the instability wavelength.
% DONE: Discuss portillo_measurements_2011 and gong_experimental_2016. Won't refer to Gong as their paper doesn't seem to do much Portillo does not.

\section*{Physics of turbulent velocity-profile-induced breakup}

The mechanism by which the velocity profile contributes to turbulent breakup has so far not been detailed. For turbulent jets, if turbulent fluctuations are indeed a major cause of breakup, then velocity profile relaxation destabilizes jets by increasing the transverse RMS turbulent velocity $v^\prime$ ($\equiv \sqrt{\savg{v^2}}$) at the surface\footnote{One goal of this work is to put all of turbulent breakup theory into a more consistent framework. As turbulent velocity fluctuations are the generally accepted cause of turbulent breakup, I prefer explanations using turbulent fluctuations rather than stability theory or wave-based arguments, even if the alternatives are in some sense equivalent. See \citet{trettel_conditional_2018} for my earlier theoretical work on turbulent breakup.}. The most natural mechanism is turbulent production. Consider a jet where $\savg{U}$ is the mean convective velocity, $\savg{V}$ is the mean radial velocity, and $\savg{W} = 0$ (no swirl). The production terms for the $u$ RMS velocity, $u^\prime$, and $v$ RMS velocity, $v^\prime$, are~\cite[appendix~5]{morse_axisymmetric_1980}\footnote{The single-phase production is used here because I am assuming that when velocity profile relaxation is occurring, breakup is not yet significant, so the two phases are separate. Favre averaged equations would be more general.}:
\begin{align}
   \mathcal{P}_u &\equiv -2 \savg{u^2} \dpd{\savg{U}}{x} - 2 \savg{u v} \dpd{\savg{U}}{r} \notag \\
   &\qquad - 2 \frac{\savg{u w}}{r} \dpd{\savg{U}}{\theta}, \label{eqn:u production} \\
   \mathcal{P}_v &\equiv -2 \savg{u v} \dpd{\savg{V}}{x} - 2 \savg{v^2} \dpd{\savg{V}}{r} \notag \\
   &\qquad- 2 \frac{\savg{v w}}{r} \left(\dpd{\savg{V}}{\theta} - \savg{W}\right), %\\
   %\mathcal{P}_w &\equiv -2 \savg{u w} \dpd{\savg{W}}{x} - 2 \savg{v w} \dpd{\savg{W}}{r} - 2 \frac{\savg{w^2}}{r} \left(\dpd{\savg{W}}{\theta} + \savg{V}\right),
\end{align}
where the subscript on $\mathcal{P}$ refers to the direction.

Velocity profile relaxation is often claimed to work through the creation of radial velocity components~\cites[p.~13L]{rupe_dynamic_1962}[p.~3385R]{mansour_turbulence_1994}[p.~512L]{birouk_liquid_2009}, which is possible, however, the process is not direct. The production of $v^\prime$ term, $\mathcal{P}_v$, is not a direct function of $\ipd{\savg{U}}{r}|_\text{0s}$. No other terms allow for energy transfer from the mean axial velocity $\savg{U}$ to the turbulent radial velocity $v^\prime$ through variation in $r$. Consequently, in turbulent velocity profile relaxation, $u^\prime$ is produced first and then the energy is redistributed to $v^\prime$, leading to breakup.

%Consequently, if velocity profile relaxation is a major effect, it would need to act first through production of $u^\prime$ and then be redistributed to $v^\prime$ to contribute to turbulent primary breakup.
%The energy transfer from velocity profile relaxation would have to go through turbulent redistribution suggests that velocity profile relaxation in turbulent jets is unlikely to cause the essentially immediate transition induced breakup mentioned earlier.
% LATER: Why does cites not work? \cites[p.~13L]{rupe_dynamic_1962}[p.~3385R]{mansour_turbulence_1994}[p.~512L]{birouk_liquid_2009}
% DONE: Add citations for believe that velocity profile relaxation creates radial velocity components.
% Rupe
% mansour_turbulence_1994 p. 3385R: > In the Reynolds number range between 6000 and 9000 it is observed that $u^\prime_x$ becomes less than $v^\prime_r$; $u^\prime_x/v^\prime_r$ varies between 0.8 and 1. Possibly this is due to the jet relaxation process. The decay of the axial velocity profile leads to the creation of radial velocity components. Possibly the radial velocity component leads to an increase of the radial RMS above the axial RMS at the lower Reynolds number conditions.
% birouk_liquid_2009 p. 512L

%\section*{Dimensionless criteria for velocity-profile-induced breakup}

Rather than model the redistribution process, I will solely examine the amount of production of $u^\prime$ for simplicity. To determine an appropriate dimensionless group for the velocity gradient, I normalized the production rate for $u^\prime$ by the dissipation rate, as production will need to exceed dissipation for turbulence to be generated from shear. If I use the common dissipation model $\varepsilon \varpropto {v^\prime_0}^3 / \Lambda_0$, the expression for the production of $u^\prime$ (\eqref{u production}) neglecting all terms other than the mean radial gradient term, and assume that $\savg{u v} \varpropto {v^\prime_0}^2$ (a common turbulence modeling approximation~\cite[p.~121]{durbin_statistical_2010}), then I obtain:
\begin{equation}
   \frac{\mathcal{P}}{\varepsilon} \appropto \frac{\savg{u v}}{\varepsilon} \dpd{\savg{U}}{r} \varpropto \frac{{v^\prime_0}^2}{{v^\prime_0}^3 / \Lambda_0} \dpd{\savg{U}}{r} = \frac{\Lambda_0}{v^\prime_0} \dpd{\savg{U}}{r}.
\end{equation}
% Old: The liquid surface velocity gradient was scaled in a way suggested by the weak-equilibrium assumption using the LRR-IP Reynolds stress transport model~\cite[pp.~448--450]{pope_turbulent_2000}. In this model, the anisotropy tensor $b_{ij}$ (selected here to know the relative strength of radial fluctuations compared against axial) is partly a function of the production rate divided by the dissipation rate $\mathcal{P}_{ij} / \varepsilon$.

% Removed for brevity.
%\citet[p.~58]{dundurs_liquid_1954} non-dimensionalized the velocity gradient using the nozzle diameter $d_0$ instead of $\Lambda_0$ and the plane-averaged nozzle velocity $\Ubar_0$ instead of the turbulent RMS velocity $v^\prime_0$. However, these choices were made arbitrarily, and were not motivated by any suspected physical mechanism.

The $u$ subscript on $\mathcal{P}$ has been dropped for brevity. Instead of thinking in terms of velocity gradients, it is common in the jet breakup literature to think in terms of boundary layer thickness. Let's use the notation $\ipd{\savg{U}}{r}|_\text{0s}$ to refer to the liquid velocity gradient located at the nozzle exit plane (0) and free surface (s). If I assume that $\ipd{\savg{U}}{r}|_\text{0s} \approx \Ubar_0 / \delta_0$ where $\delta_0$ is a measure of the boundary layer thickness at the nozzle exit then
\begin{equation}
   \frac{\Lambda_0}{v^\prime_0} \dpd{\savg{U}}{r}\bigg|_\text{0s} \approx \frac{\Lambda_0 \Ubar_0}{v^\prime_0 \delta_0} = \frac{\Lambda_0}{\delta_0} \Tu_0^{-1} = \left(\Tu_0 \frac{\delta_0}{\Lambda_0}\right)^{-1}. \label{eqn:dimensionless production BL thickness}
\end{equation}
%which suggests that the parameter $\delta_0 / \Lambda_0$ also provides a similar characterization of the effects of the velocity profile.
Consequently, $(\Tu_0 \delta_0 / \Lambda_0)^{-1}$ would presumably need to be minimized to prevent velocity profile relaxation effects. However, this criteria leads to a paradox.

% DONE: Discuss the contradiction between a low BL thickness stabilizing jets and high velocity gradients destabilizing jets.
% How is this resolved? How quickly the BC changes at the nozzle exit?
\section*{Shear instability paradox}
% DONE: Does velocity profile theory use uniform RMS velocity profile? Yes.

Shear can cause instability in fluid flows and generate turbulent kinetic energy. The larger the velocity gradient, the stronger the production. \Eqref{dimensionless production BL thickness} agrees with this view. Or equivalently: the thinner the boundary layer, the stronger the production. This seems to be in direct contradiction with the common suggestion in the literature to reduce the boundary layer thickness to improve stability. The experiments of \citet{wu_effects_1995} are clear: a nozzle designed to have thinner boundary layers while changing nothing else does seem to result in more stable liquid jets. So why does the theory suggest the opposite?

One possibly resolution of this paradox is that the \textit{overall} level of production is reduced with thinner boundary layers because the total area with gradients is smaller. One might expect the two effects to roughly cancel each other out. That would seem to lead to another problem about why thinner boundary layers would be better.

% Catastrophic cancellation?

% Removed: \footnote{This is not the first work to consider how turbulent dissipation affects breakup. Some previous researchers have proposed that breakup causes dissipation or that dissipation leads to breakup~\cite{monk_viscous_1952,baatard_verification_1954,subramaniam_spectral_1998,trubaev_determining_2000,schmitz_turbulence-based_2011}. This, however, is false, as the energy is not necessarily dissipated, rather, it can be added to the surface energy.}
I attempt to resolve the paradox by estimating the ratio of the plane-averaged production to the plane-averaged dissipation. This ratio is motivated by the fact that production needs to exceed dissipation for turbulent kinetic energy to increase. A plane average is used to take into account the fact that the region of high production shrinks as the boundary layer shrinks, ultimately reducing the total amount of production. The plane-averaged production is relevant because the turbulence naturally becomes more homogeneous downstream, distributing the production over the entire jet cross section. Unfortunately, this approach appears to be sensitive to the modeling approximations used. Most approximations lead to infinite production as the boundary layer thickness decreases\footnote{In particular, an eddy viscosity model was unstable in all cases I tried, including one where $k$ increased quadratically from zero at the wall to take into account the no-slip condition. I had thought that would kill any instability, but it did not.}. Those approximations were rejected as implausible as empirically, thinner boundary layers do not appear to cause extreme instability in these jets. The simplest specification which is stable uses the Reynolds stress model $\savg{u v} = C_{uv} k$ (which \citet[p.~121]{durbin_statistical_2010} notes is acceptable in the log law region of the boundary layer) and the dissipation model $\overline{\varepsilon} = C_\varepsilon {\vprimebar{0}}^3 / \Lambdabar_0$. I also approximate the velocity profile as linear in the boundary layer, with velocity $U_\text{c}$ in the flat center region: %, as has been done by previous liquid jet breakup researchers~\cite{marmottant_spray_2004}.:
\begin{equation}
   \savg{U}(r) = \begin{cases}
      \displaystyle U_\text{c} & \displaystyle \text{if~} r \leq \frac{d_0}{2} - \delta_0 \\
      \displaystyle \frac{U_\text{c}}{\delta_0} \left(\frac{d_0}{2} - r\right) & \displaystyle \text{if~} r \geq \frac{d_0}{2} - \delta_0.
   \end{cases}
\end{equation} % See handwritten notes (green notebook) on 2018-09-11.
This form is particularly convenient as the production will be zero in the center region of the flow, so that only one integral is required in the computation of the production. The plane-averaged velocity $\Ubar_0$ can be computed as
\begin{equation}
   \Ubar_0 = U_\text{c} \left[1 - 2 \left(\frac{\delta_0}{d_0}\right) + \frac{4}{3} \left(\frac{\delta_0}{d_0}\right)^2\right].
\end{equation}

Considering only the $r$ gradient of $\savg{U}$ for simplicity, applying the $\savg{u v}$ model, and assuming that $k_0$ equals its plane-averaged value $\kbar_0$ everywhere, the plane-averaged production is
\begin{align}
   \overline{\mathcal{P}}_0 &= \frac{\displaystyle \int_A \savg{u v}_0 \dpd{\savg{U}}{r} \dif A}{\pi d_0^2 / 4} \notag \\
   &= \frac{8 C_{uv} \kbar_0}{d_0^2} \int_{d_0/2 - \delta_0}^{d_0/2} \frac{U_\text{c}}{\delta} r \dif r \notag \\
   &= \frac{4 C_{uv} \kbar_0 U_\text{c}}{d_0} \left(1 - \frac{\delta_0}{d_0}\right).
\end{align}
Applying the $\overline{\varepsilon}$ model, the overall production-dissipation ratio is
\begin{align}
   \frac{\overline{\mathcal{P}}_0}{\overline{\varepsilon}_0} &= \frac{6 C_{uv}}{C_\varepsilon} \frac{U_\text{c}}{v^\prime_0} \frac{\Lambdabar_0}{d_0} \left(1 - \frac{\delta_0}{d_0}\right) \\
   &\varpropto \frac{\displaystyle \frac{\Ubar_0}{\vprimebar{0}} \frac{\Lambdabar_0}{d_0} \left(1 - \frac{\delta_0}{d_0}\right)}{\displaystyle 1 - 2 \left(\frac{\delta_0}{d_0}\right) + \frac{4}{3} \left(\frac{\delta_0}{d_0}\right)^2},
\end{align}
so
\begin{equation}
   \frac{\overline{\mathcal{P}}_0}{\overline{\varepsilon}_0} \appropto \Tubarexp{-1} \frac{\Lambdabar_0}{d_0} \left(1 + \frac{\delta_0}{d_0}\right) \quad \text{for small}~\frac{\delta_0}{d_0}. \label{eqn:overall production ratio BL thickness}
\end{equation}
\Eqref{overall production ratio BL thickness} will be termed the ``overall production-dissipation ratio''. Contrary to \eqref{dimensionless production BL thickness}, this criteria does suggest that thinner boundary layers have less production and consequently lead to liquid jets which are more stable. However, this analysis would suggest that in the limit as the boundary layer thickness approaches zero, production would not go to zero. This seems unusual and may be the result of unrealistic modeling assumptions. It also suggests that velocity profile relaxation is relatively weak in turbulent jets as the $1$ term is always essentially much larger than $\delta_0/d_0$. This conclusion is consistent with the experiments of \citet{durbin_initial_2007}, who found that having a thin boundary layer is less important than having low turbulence for reducing jet breakup. Additionally, the overall production-dissipation ratio is controlled by more than the boundary layer thickness (or equivalently, the velocity profile), as will be discussed in the next sections.

\section*{The effect of the turbulence intensity on velocity profile relaxation}

The production-dissipation ratio theory would suggest that flows with low turbulent RMS velocities $\vprimebar{0}$ (i.e., laminar or nearly laminar flows) would tend to have proportionally worse production of turbulence than flows with higher turbulence intensities. This is consistent with the observation that velocity profile relaxation seems strongest for transitional flows (which have low turbulence intensity) and is weakened for completely turbulent flows. However, the trend shown by \citet[fig.~5]{mccarthy_review_1974} does not seem to obviously confirm the theory. Typically the turbulence intensity increases as nozzle length increases (unless the inflow was particularly turbulent). The theory would predict that a slight increase in turbulence intensity should result in less, not dramatically more, breakup. Possibly the turbulence intensity increase is small if even measurable as the nozzle length increases from $L_0/d_0 = 0$ to $10$ and the flow remains laminar. In that case, the boundary layer thickness increase may indeed explain the dramatic increase in breakup, amplified by the fact that the turbulence intensity is low. This hypothesis needs experimental validation.

Some researchers have reported that when the turbulence intensity is low, increasing turbulence intensity can lead to increased stability of liquid jets, contrary to the suggestion that increased turbulence intensity only decreases jet stability. This has been shown experimentally for both circular~\cite{sauerwein_theoretische_1992} and flat~\cite{heukelbach_influence_2001,heukelbach_influence_2002,scholz_influence_2003} nozzle geometries. The researchers have hypothesized that velocity profile relaxation occurs more quickly in these instances because turbulent diffusion would smooth out the velocity profile, in turn reducing total production. The overall production-dissipation ratio theory developed here also can explain how increasing turbulence intensity can stabilize liquid jets in special circumstances using a different mechanism (turbulent dissipation). Both mechanisms are present in liquid jet breakup.

In future work I will examine the evolution of turbulence in the jet to develop a criteria taking into account turbulent diffusion as well. It seems most reasonable to develop an estimate for the maximum turbulence kinetic energy in the jet and use that as a measure of the tendency for velocity profile relaxation to cause breakup. Turbulence production is countered by not only dissipation but also turbulent diffusion.

\section*{The effect of the integral scale on velocity profile relaxation}

% For example, the popular study of \citeauthor{wu_primary_1992}~\cite{wu_primary_1992,wu_aerodynamic_1993,wu_onset_1995} takes that approach.
Previous researchers have speculated about integral scale effects, most often in the form of using the integral scale $\Lambda_0$ in place of the nozzle diameter $d_0$ in an equation~\cite{wu_onset_1995,huh_diesel_1998}. While likely part of the picture, that assumption misses the role of the integral scale in dissipation. In the common dissipation model $\varepsilon \varpropto k^{3/2} / \Lambda$, it's clear that smaller integral scales would lead to greater dissipation. The greater dissipation would reduce the overall production dissipation ratio, $\overline{\mathcal{P}} / \overline{\varepsilon}$, as can be seen as the integral scale is reduced in \eqref{overall production ratio BL thickness}.

% DONE: Changed from durbin_assessment_2005 to durbin_initial_2007. As the latter seems to be a later version of the same work.
This has not been recognized in the turbulent jet breakup literature, but it is consistent with the experiments of \citet{durbin_initial_2007}. \citeauthor{durbin_initial_2007} compared the breakup of turbulent liquid (sheet) jets produced by nozzles with and without a screen placed immediately upstream. The addition of a screen reduced surface fluctuations~\cite[fig.~11, p.~317]{durbin_initial_2007}, which presumably are a proxy for breakup. They concluded was that the screen reduced turbulence intensity, leading to reduced breakup. However, the integral scale also changes appreciably as the screen is removed. To first-order, the integral scale will be proportional to the mesh size of the screen. \citet[p.~310]{durbin_initial_2007} state that the honeycomb in their nozzle immediately upstream of the screen has \SI{0.32}{\centi\meter} diameter openings. The screens have openings of width \SI{0.51}{\milli\meter}, which would suggest that the integral scale immediately after the screen is about 6 times smaller than without the screen. Unfortunately this is unlikely to represent the change in integral scale at the nozzle as approximately 15 nozzle thicknesses pass before entering the contraction. The integral scale presumably also increases over this distance, so this experiment is not entirely conclusive.

%However, these changes in the integral scale are merely assumed as the integral scale was not measured.
%That is also consistent with \citeauthor{durbin_initial_2007}'s suggestion that reducing turbulence intensity is more important than having a thin boundary layer.
Fortunately, the DNS study of \citet[fig.~11]{sander_direct_2008}, where the integral scale was specified precisely, qualitatively shows the stabilizing effect of reducing the integral scale. However, the effect appears to be weak. The later DNS study of \citet{salvador_analysis_2018} looks further into the effect of the integral scale. \citet[fig.~7]{salvador_analysis_2018} shows qualitatively that a reduced integral scale leads to a more stable jet. A plot of axial mass concentration~\citet[fig.~7]{salvador_analysis_2018}, which is analogous to the breakup length, also shows that a smaller integral scale is more stable. The number of droplets generated from the jet (a measure of how much the jet has broken up) increases as the integral scale increases~\cite[fig.~11a]{salvador_analysis_2018}. The droplet size distribution changes relatively little as the integral scale is increased from $0$ to $0.17 d_0$ with other variables held constant or approximately so~\cite[fig.~11a]{salvador_analysis_2018}, though this may not be clear in the original work. As an example, using the droplet size histograms given by \citeauthor{salvador_analysis_2018}, I computed that for $\Lambda_0/d_0 = 0$, $D_{32} = \SI{9.17}{\micro\meter}$, and for $\Lambda_0/d_0 = 0.17 d_0$, $D_{32} = \SI{9.45}{\micro\meter}$. This contradicts the hypothesis that characteristic droplet sizes (e.g., $D_{32}$) are proportional to the integral scale in turbulent breakup, as stated by \citet{huh_diesel_1998}. The turbulence intensity in these cases was set to that of a fully developed pipe flow, which is not low, so the destabilizing effects of low turbulence intensity are not seen in these cases.
% It is worth noting that the number density of the large droplets increases by a factor of about 3 as the integral scale increases from $0 d_0$ to $0.1 d_0$ and appears constant as the integral scale increases to $0.17 d_0$. Perhaps increasing the integral scale increases the number density of large droplets, though there were so few large droplets in this case that the result is not likely statistically significant.

%There is one experimental paper examining the evolution of the integral scale in a square jet~\cite[\S~4.2.4,~p.~227-237]{wolf_turbulent_1993}, and another examining the evolution in a plane jet bounded below by the jet fluid and above by the atmosphere~\cite{swean_anisotropy_1991}. More recent studies measured how the integral scale varied with gas density and injection pressure~\cite{yokogawa_analysis_2015,kobashi_flow_2018}. However, none of these studies examine the effect of independently varying the integral scale on the jet breakup.
% MAYBE: Readd this if I have space? Varying the integral scale experimentally independent of other variables is challenging. Merely changing the nozzle diameter does change the integral scales, however, it does not appreciably change the non-dimensional integral scale ($\Lambdabar_0/d_0$), which is what actually matters\footnote{Another way to think about this is that the integral scale and nozzle diameter are confounded.}. This invalidates conclusions from researchers like~\citet{kurman_integral_2014} who attempt to use nozzle diameter as a proxy for the integral scale. The previously mentioned screens have been suggested multiple times in the literature as a way to control the integral scale independent of the nozzle diameter~\cites[p.~197]{chen_disintegration_1964}{durbin_initial_2007}. As discussed, this also changes the turbulence intensity. % LATER: Discuss how screens increase the turbulence intensity close to the grid and decrease later. You can cite one of the articles you cite in the turbulent Bernoulli paper.
% Chen citation was \citet[pp.~52-53]{chen_mechanics_1962}, but I changed it to a more recent one to reduce the bibliography length.

Ultimately, these integral scale results are preliminary. Further detailed computations and experiments are required to make clear conclusions.

\section*{Conclusions}

% DONE: Conclusion outline:
% 1. laminar --- Linear stability analysis suggests that parabolic velocity profiles are more stable. Experiments suggest that parabolic velocity profiles are slightly more stable.
% 2. transitional --- Transition is known to be particularly violent (cite Hoyt and others). Breakup due transition and ``bursting breakup'' may be identical, as bursting breakup seems to occur only at transition. Thus, it is not necessarily the velocity profile that is causing the breakup, rather, it is the transition. Criteria related to the velocity profile like Rayleigh's theorem and Squire's theorem are obviously relevant to whether transition occurs, though transition is notoriously difficult to predict. That's not to say that the typical criteria is irrelevant. The \alpha criteria may provide an upper limit on the energy which can be converted into turbulence, though how likely the worst case scenario is has yet to be determined. After transition, consider turbulent velocity profile criteria and Tu.
% 3. turbulent --- turbulent velocity profile criteria

When strongly stable liquid jets are desired, one frequently reads recommendations to make the velocity profile as flat as possible. This design criteria should be reevaluated.

For laminar liquid jets, parabolic velocity profiles are more stable than flat velocity profiles, contrary to common belief.

For liquid jets which are laminar at the nozzle exit but transition to a turbulent state downstream, the transition can be particularly violent, leading to strong breakup. \citet{hoyt_effect_1985} recommend that if stable jets are desired, it is better to bring the transition point into the nozzle than to allow the jet to transition outside of the nozzle. The transition process appears to be sensitive to the boundary layer thickness. The turbulent theory I developed may help explain certain aspects of the transitional breakup process including why transitional breakup is so strong, but it does not explain whether or where a jet will transition.

For liquid jets which are turbulent at the nozzle exit, the following criteria may characterize how much velocity profile relaxation contributes to breakup (higher means more breakup, all else equal):
\begin{equation}
   \Tubarexp{-1} \frac{\Lambdabar_0}{d_0} \left(1 + \frac{\delta_0}{d_0}\right). \tag{\ref{eqn:overall production ratio BL thickness}}
\end{equation}
The overall production-dissipation ratio, \eqref{overall production ratio BL thickness}, appears to explain the qualitative trends observed in the velocity profile relaxation literature (why thinner boundary layers are more stable, why transitional breakup is so strong), including some lesser known effects (stabilization at moderate turbulence intensities, integral scale effects). However, the theory is still only a hypothesis as no quantitative data is available to fully validate the theory at present. New experiments and detailed computations directly testing this hypothesis are encouraged. The sensitivity to the overall production-dissipation ratio is at present unknown, but I believe for most breakup quantities the Weber number and turbulence intensity are more important.

The theory in this paper is preliminary. Future work will improve the theory with more accurate turbulence modeling approximations. As much of the present data is qualitative or vague, new experimental and computational studies are also needed to better examine the role of the velocity profile and its interactions with the integral scale in turbulent jet breakup.
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\section*{Nomenclature}

\begin{tabular}{ll}
$A$           & area \\
$D_{32}$      & Sauter mean diameter \\
$d_0$         & nozzle exit diameter \\
$L_0$         & nozzle orifice length \\
$k$           & $\equiv \tfrac{1}{2} ({u^\prime}^2 + {v^\prime}^2 + {w^\prime}^2)$, turb.\ kinetic energy \\
$\kbar$       & plane-averaged turbulent kinetic energy \\
$\mathcal{P}$ & turbulent production \\
$\Relo$       & $\equiv \Ubar_0 d_0 / \nul$, liquid Reynolds number \\
$r$           & radial coordinate \\
$\Tu$         & $\equiv u^\prime/U$, local turbulence intensity \\
$\Tubar_0$    & $\equiv \sqrt{2 \kbar_0 / (3 \Ubar_0^2)}$, turbulence intensity \\ 
              & using plane-averaged $k$ \\
$U$           & velocity in the $x$ direction \\
$u$           & $\equiv U - \savg{U}$, $U$ velocity fluctuation \\
$u^\prime$    & $\equiv \sqrt{\savg{u^2}}$, $u$ RMS velocity \\
$V$           & velocity in the $r$ direction \\
$v$           & $\equiv V - \savg{V}$, $V$ velocity fluctuation \\
$v^\prime$    & $\equiv \sqrt{\savg{v^2}}$, $v$ RMS velocity \\
$W$           & velocity in the $\phi$ direction \\
$w$           & $\equiv W - \savg{W}$, $W$ velocity fluctuation \\
$w^\prime$    & $\equiv \sqrt{\savg{w^2}}$, $w$ RMS velocity \\
\end{tabular}
\begin{tabular}{ll}
$\Welo$       & $\equiv \rhol \Ubar_0^2 d_0 / \sigma$, liquid Weber number \\
$x$           & axial coordinate \\
$\xbavg$      & average breakup length \\
$\alpha$      & kinetic energy coefficient, \eqref{velocity profile kinetic energy coefficient} \\
$\delta$      & boundary layer thickness \\
$\varepsilon$ & turbulent dissipation rate \\
$\Lambda$     & integral scale of turbulence \\
$\nul$        & liquid kinematic viscosity \\
$\phi$        & azimuth \\
$\rhog$       & gas mass density \\
$\rhol$       & liquid mass density \\
$\sigma$      & surface tension \\
& \\
\multicolumn{2}{l}{\textit{Operators}} \\
$\overline{x}$ & $\equiv (\int_A x \dif A) / A$,  plane average of $x$ \\
$\savg{x}$ & ensemble average of $x$ \\
& \\
\multicolumn{2}{l}{\textit{Subscripts}} \\
$0$    & at nozzle exit \\
g      & using gas properties \\
$\ell$ & using liquid properties \\ 
s      & at free surface \\
%& \\
%\multicolumn{2}{l}{\textit{Superscripts}} \\
%$\prime$ & root mean square value
\end{tabular}
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\onecolumn
\begin{figure}
   \centering
   \includegraphics[width=9.45cm]{../../data/mccarthy_review_1974/mccarthy_review_1974_fig_5.jpg}
   \caption{Figure 5 from \citet{mccarthy_review_1974}: Effect of nozzle design on the stability of glycerol-water jets.}
   \begin{tabular}{ll}
   Jet viscosity       & \SI{11}{\centi\Poise} \\
   Jet velocity        & \SI{20}{\meter\per\second} (approx.) \\
   Nozzle diameter     & \SI{2.54}{\milli\meter} \\
   Jet Reynolds no.    & \num{4750} \\
   Jet Ohnesorge no.   & \num{0.026} \\
   Exposure            & \SI{30}{\micro\second} \\
   Nozzle aspect ratio & $L_0/d_0 =$ \numlist{0;1;5;10} (left to right)
   \end{tabular}
   \label{fig:mccarthy_review_1974_fig_5}
\end{figure}

\begin{figure}
   \centering
   \aspellNoCheckInput{aspect_ratio_effect.tex} \\[1em]
   \caption{Effect of nozzle aspect ratio ($L_0/d_0$) on dimensionless breakup length ($\xbavg/d_0$) from the data of \citet{arai_break-up_1985}.}
   %The conversions are as follows:\\
   %\begin{tabular}{cc}
   %$\Welo$   & $\Relo$ \\
   %\hline
   %\num{5e1} & \num{1118}  \\
   %\num{1e2} & \num{1581}  \\
   %\num{1e3} & \num{5000}  \\
   %\num{1e4} & \num{16000} \\
   %\num{1e5} & \num{50000}
   %\end{tabular}
   % WON'T: Recreate plot with matplotlib.
   \label{fig:breakup length nozzle aspect ratio effect}
\end{figure}
% WON'T: Plot the laminar case by itself.
% DONE: Change to \Welo in the legend. The Octave version uses l instead of \ell.
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