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Abstract. Physics-Informed Neural Networks (PINNs) have emerged
as a powerful paradigm at the intersection of deep learning and scien-
tific computing, offering a novel approach to solving forward and in-
verse problems governed by partial differential equations (PDEs). By
embedding physical laws into the training of neural networks through
constrained loss formulations, PINNs unify data-driven learning with
mechanistic modeling. This survey provides an in-depth review of the
theoretical foundations, algorithmic advances, and practical applications
of PINNs across diverse scientific and engineering disciplines. We begin
by exploring the motivation and historical context for physics-informed
learning, contrasting it with traditional numerical methods and con-
ventional machine learning models. The core methodologies underlying
PINNs—including loss construction, network architecture design, op-
timization techniques, and extensions to stochastic and multi-physics
systems—are discussed in detail. A taxonomy of recent variants, such
as variational PINNs, probabilistic PINNs, domain-decomposed PINNs,
and operator-learning PINNS, is presented to highlight the rapid diversifi-
cation of the field. Representative applications in fluid dynamics, materi-
als science, geophysics, biomedical engineering, and climate modeling are
examined to demonstrate the real-world impact of PINNs. Despite their
promise, PINNs face several challenges, including optimization stiffness,
high computational cost, generalization limitations, sensitivity to noise,
and lack of theoretical guarantees. We provide a critical analysis of these
issues and survey emerging solutions. Looking ahead, we identify future
research directions such as foundation models for physics, self-supervised
learning, symbolic and probabilistic hybrid frameworks, scalable training
strategies, and autonomous scientific discovery. By systematically bridg-
ing the gap between data and physical laws, PINNs represent a founda-
tional step toward interpretable, generalizable, and trustworthy scientific
machine learning. This review aims to serve as a comprehensive reference
for researchers and practitioners seeking to understand and advance the
frontiers of physics-informed neural computation.
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1 Introduction

In recent years, the confluence of machine learning (ML) and scientific com-
puting has sparked transformative advances across a multitude of disciplines,
including computational physics, fluid dynamics, materials science, and biomed-
ical engineering. Among the emerging paradigms at the intersection of data-
driven modeling and physical law enforcement, Physics-Informed Neural Net-
works (PINNs) have garnered significant attention due to their unique capa-
bility to integrate governing physical equations—typically expressed as partial
differential equations (PDEs)—directly into the structure of learning algorithms.
PINNSs represent a subset of neural network-based models that leverage the ex-
pressive power of deep learning while embedding physical priors into the train-
ing process, thereby facilitating the solution of forward and inverse problems
with increased fidelity, interpretability, and data efficiency. Traditionally, the
numerical solution of PDEs has relied on classical methods such as the finite
difference method (FDM), finite volume method (FVM), and finite element
method (FEM), which are grounded in rigorous mathematical theory and well-
established numerical analysis frameworks. While these methods are powerful
and extensively validated, they are often computationally intensive, especially
for high-dimensional problems, complex geometries, or systems characterized by
multi-scale and multi-physics phenomena. Moreover, these methods may suf-
fer from issues such as the curse of dimensionality, difficulty in handling sparse
or noisy observational data, and challenges in model calibration and parame-
ter estimation in the presence of uncertainty [1]. In contrast, machine learning,
and particularly deep learning, has demonstrated remarkable capabilities in pat-
tern recognition, function approximation, and generalization from data. Neural
networks, especially those with deep and wide architectures, have been theo-
retically shown to serve as universal function approximators. This makes them
well-suited for modeling complex nonlinear mappings between inputs and out-
puts, as well as for capturing high-dimensional data manifolds. However, purely
data-driven ML models often lack the inductive biases necessary to enforce phys-
ical constraints, which may lead to unphysical predictions, poor extrapolation
behavior, and the need for large amounts of training data to ensure general-
ization. Physics-informed neural networks aim to bridge this gap by embedding
physical knowledge, such as conservation laws, boundary conditions, and con-
stitutive relationships, directly into the loss function of a neural network. This
is typically accomplished by leveraging automatic differentiation to evaluate the
residuals of the governing equations at collocation points sampled from the do-
main of interest [2]. The neural network is then trained to minimize a com-
posite loss function that includes both data misfit and physics residual terms.
The result is a model that not only interpolates observed data but also satis-
fies the underlying physical laws, even in regions where data may be scarce or
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entirely absent [3]. Since their inception, PINNs have been applied to a broad
spectrum of problems including, but not limited to, fluid flow governed by the
Navier—Stokes equations, heat conduction, wave propagation, solid mechanics,
electromagnetism, and reactive transport in porous media [4]. These models have
also been extended to handle stochastic differential equations, fractional-order
PDEs, and integro-differential systems [5]. Moreover, advances in neural network
architectures, such as recurrent neural networks (RNNs), convolutional neural
networks (CNNs), graph neural networks (GNNs), and transformers, have fur-
ther enriched the expressive capacity of PINNs, enabling them to tackle increas-
ingly complex and high-dimensional problems [6]. Beyond forward simulations,
PINNSs are particularly well-suited for inverse problems, where the goal is to in-
fer unknown parameters, source terms, or boundary conditions from indirect or
incomplete measurements [7]. In such settings, PINNs offer a natural framework
for data assimilation, model calibration, and uncertainty quantification [§]. They
are inherently flexible and can be adapted to incorporate Bayesian priors, varia-
tional inference schemes, and ensemble methods, thus providing a probabilistic
characterization of model predictions. Despite their promise, the application of
PINNs and ML-based physics solvers is not without challenges [9]. Issues such
as training instability, ill-conditioning, sensitivity to network initialization, and
difficulties in learning stiff or highly nonlinear systems remain active areas of re-
search. Efforts to overcome these limitations include the development of adaptive
sampling strategies, domain decomposition methods, hybrid physics-ML frame-
works, and transfer learning techniques. Additionally, the theoretical foundations
of PINNs, including their approximation capabilities, generalization bounds, and
convergence behavior, are subjects of ongoing investigation. This review aims to
provide a comprehensive overview of the current landscape of physics-informed
machine learning, with a primary focus on PINNs and their variants. We catego-
rize and synthesize the literature according to key methodological innovations,
application domains, and computational strategies. We also highlight open prob-
lems, benchmark studies, and prospective research directions that are poised to
shape the next generation of data-driven scientific computing [10]. Our goal is to
furnish researchers and practitioners with a rigorous yet accessible survey that
not only elucidates the state-of-the-art but also charts a roadmap for future
developments at the nexus of physics and machine intelligence [11].

2 Background

The integration of machine learning techniques with physical modeling has neces-
sitated a solid understanding of both the computational methods traditionally
used in scientific computing and the foundations of modern deep learning. In
this section, we provide an in-depth overview of the mathematical and algo-
rithmic underpinnings that form the basis for physics-informed neural networks
(PINNSs). This includes a discussion of differential equations in physical mod-
eling, traditional numerical solvers, key components of deep learning, and the
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evolution of hybrid physics-ML methodologies leading up to the development of
PINNS.

2.1 Differential Equations in Scientific Modeling

Most physical processes in nature and engineering can be described by a set
of governing equations derived from first principles, such as conservation laws,
constitutive relations, and empirical observations [12]. These governing laws are
commonly expressed in the form of ordinary differential equations (ODEs) and
partial differential equations (PDEs). For example, the conservation of mass,
momentum, and energy leads to the Navier-Stokes equations for fluid dynam-
ics, Maxwell’s equations for electromagnetism, and the Schréodinger equation for
quantum mechanics [13]|. Formally, a PDE is defined as:

Nu(x,t);A\] =0, xe 2, tel0,T], (1)

where N is a (potentially nonlinear) differential operator, u(x, t) is the unknown
solution field, A denotes physical parameters, and {2 is the spatial domain. Solv-
ing such equations requires appropriate initial and boundary conditions:

u(x,0) = ug(x), x € L2, (2)
u(x,t) = g(x,t), x € 0f214]. (3)

2.2 Traditional Numerical Methods

To solve PDEs, classical numerical techniques such as finite difference methods
(FDM), finite volume methods (FVM), and finite element methods (FEM) are
widely used. These methods discretize the domain and approximate derivatives
using algebraic representations [15]. While mature and robust, these methods
often face challenges including:

— High computational cost for high-dimensional or multi-scale problems.
— Complex mesh generation for irregular domains.

— Inflexibility when data is sparse or partially missing [16].

Difficulty incorporating noisy or uncertain measurements.

Furthermore, inverse problems — wherein unknown coefficients or source
terms are inferred from data — often lead to ill-posed optimization problems
that are sensitive to noise and regularization strategies.

2.3 Neural Networks and Deep Learning

Deep learning models, particularly artificial neural networks (ANNs), have be-
come central to modern machine learning due to their ability to learn complex
nonlinear mappings. A neural network can be represented as a composition of
functions:

a(x) = fo(x) = fH o fE o 0 fWD(x), (4)
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where each f() represents a layer with learnable parameters 8¢ [17]. Popu-
lar activation functions include ReLU, tanh, and sigmoid, and optimization is
typically performed using variants of stochastic gradient descent (SGD) or adap-
tive methods like Adam. The universal approximation theorem guarantees that,
under mild assumptions, neural networks can approximate any continuous func-
tion to arbitrary precision, given sufficient width and depth. This expressiveness,
along with automatic differentiation and GPU acceleration, makes deep networks
highly attractive for modeling complex systems.

2.4 From Data-Driven to Physics-Guided Learning

In classical supervised learning, the objective is to minimize a loss function that
quantifies the discrepancy between model predictions and observed data:

1 N
Laaa = 5 > [Ifo(xi) = mill*, (5)

=1

where {(x;,;)}Y, are the training data. However, in scientific applications,
data may be scarce, expensive to obtain, or corrupted by noise. In such settings,
incorporating prior physical knowledge into the learning process becomes crucial.
Physics-informed learning seeks to constrain the solution space by enforcing
known physical laws. This can be achieved through:

— Hard constraints, where physical properties are embedded into the archi-
tecture or parameterization of the model.

— Soft constraints, where physics is incorporated into the loss function as
penalty terms [18].

— Hybrid models, where data-driven and physics-based components are in-
tegrated.

These strategies pave the way for models that are both interpretable and
generalizable, with improved sample efficiency and robustness to noise.

2.5 Genesis of Physics-Informed Neural Networks

The formal concept of Physics-Informed Neural Networks was introduced by
Raissi, Perdikaris, and Karniadakis in 2019, building on early ideas of using
neural networks to solve differential equations. PINNs depart from black-box
ML by incorporating the residual of a governing PDE into the loss function:

LpiNN = Ldata + APDELphysics + LBC /105 (6)

where Lpnysics measures the violation of the PDE (via automatic differentiation),
and Lpc/1c enforces boundary /initial conditions. The weighting coefficient Appg
balances the influence of physical constraints versus empirical data. Since their
inception, PINNs have rapidly evolved, with extensions such as:
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Variational PINNs (VPINNSs) using weak-form residuals [19].

— Extended PINNs (XPINNSs) employing domain decomposition.

— Stochastic PINNs (SPINNSs) for uncertainty quantification.

Operator learning PINNs via DeepONets or Fourier neural operators
[20].

These innovations aim to address limitations such as training instability, poor
convergence in stiff regimes, and high computational demands for large-scale
problems.

2.6 Scope of This Survey

This review systematically explores the methodologies, applications, and open
challenges in the realm of physics-informed neural networks and physics-aware
machine learning [21]. We begin by analyzing the core algorithmic components
of PINNs and their theoretical justifications. Subsequently, we review prominent
application areas, including fluid dynamics, solid mechanics, climate modeling,
and biomedical systems. We also discuss recent advances in operator learning,
surrogate modeling, and multi-fidelity frameworks. Finally, we identify critical
bottlenecks and propose potential research directions for enhancing the scalabil-
ity, accuracy, and robustness of PINN-based approaches.

3 Methodology of Physics-Informed Neural Networks

Physics-Informed Neural Networks (PINNs) are designed to solve forward and
inverse problems governed by differential equations by embedding physical con-
straints directly into the learning process. In this section, we dissect the math-
ematical and algorithmic foundations of PINNs, describing how they are con-
structed, trained, and deployed for scientific inference. We begin with the canon-
ical formulation of PINNs for deterministic PDEs and then extend to advanced
variants that address limitations such as training stiffness, generalization to un-
seen regimes, and computational scalability.

3.1 Canonical PINN Framework

The fundamental idea of PINNs is to approximate the solution u(x,t) of a PDE
using a neural network wug(x,t) with parameters 8. The network is trained to
minimize a composite loss function consisting of data-fitting terms and physics-
informed residuals. Consider a general PDE of the form:

Nu(x, )] =0, (x,t) € 2x0,T], (7)
subject to initial and boundary conditions:

u(x,0) = up(x), x€ {2, (8)
u(x,t) = g(x,t), xe€df, tel0,T). 9)
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The corresponding PINN is trained to minimize the following loss:
Liotal = Laata + LrDE + LBC/IC, (10)
where:

— Ldata penalizes the difference between predicted and observed data [22].
— Lppg penalizes the residual of the PDE at collocation points [23].
— Lgc,1c enforces boundary and initial conditions.

3.2 Automatic Differentiation and Residual Evaluation

A key feature enabling PINNs is automatic differentiation (AD), which allows
efficient and exact computation of derivatives of the neural network output with
respect to its input [24]. This makes it possible to compute the PDE residual
Nug] symbolically at runtime. Let & = ug(x,t) be the neural network output.
Then, for a PDE of the form:

Nu) = 0y + F(u, Vu, V3u,...), (11)

we use AD to evaluate:

fx,) = Nug(x, 1)]. (12)

The loss term is then:

Lppg = Z

where {(ng)7 t;i))} are the collocation points sampled throughout the domain.

3.3 Boundary and Initial Condition Enforcement

The enforcement of initial and boundary conditions is critical for the well-
posedness of PDE problems [25]. PINNs typically enforce these through soft
penalties in the loss function:

No
i O ONE. i in|?
Lpc/ic = N Z‘Ue X, ,t()) g(xlﬁ),té))‘ +ﬁ02‘“9(x8)’0) — ug(x)
i=1
(14)
Alternatively, hard constraints can be applied by constructing neural network

architectures that intrinsically satisfy the constraints (e.g., via modified output
layers) [26].
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3.4 Inverse Problems and Parameter Identification

One of the compelling strengths of PINNs is their capability to solve inverse prob-
lems. These include identifying unknown coeflicients, source terms, or boundary
values from observed data. This is achieved by treating the unknown parameters
A as trainable variables, optimized jointly with the network weights:

‘Ctotal(07 A) = ﬁdata(o) + EPDE(O, )\) + LBC/IC(Q)[Z?]- (15)

The result is a physics-constrained regression problem where both the solu-
tion field and physical parameters are inferred simultaneously [28§].

3.5 Network Architecture and Sampling Strategies

While fully connected feedforward neural networks (FNNs) are commonly used,
recent efforts have explored the integration of more sophisticated architectures:

— ResNets and DenseNets: To improve gradient flow and reduce training
instability.

— Fourier feature embeddings: To capture high-frequency solutions more
effectively [29].

— Graph Neural Networks (GNNs): For PDEs on unstructured meshes or
manifolds.

— Transformers and Attention Mechanisms: For capturing long-range
dependencies in space-time.

Sampling strategies play a critical role in the accuracy and efficiency of
PINNSs. Uniform, Latin hypercube, and adaptive sampling are common. Adap-
tive methods iteratively refine collocation points based on residual magnitude or
gradient information to focus learning where the model underperforms.

3.6 Optimization and Training Dynamics

Training PINNs involves minimizing a composite loss, often requiring careful
balancing of its constituent terms [30]. Challenges include:

— Stiffness of PDEs: Sharp gradients or rapid temporal dynamics can de-
grade training stability.

— Loss imbalance: Physics loss may dominate or vanish due to scaling dis-
parities.

— Gradient pathologies: Vanishing or exploding gradients in deep networks|31].

Proposed remedies include:

— Curriculum learning: Progressively increasing complexity of training tasks.

— Gradient normalization and re-weighting: Techniques such as NTK-
based scaling and Sobolev training.

— Domain decomposition: Breaking large domains into smaller, indepen-
dently trained subdomains (e.g., XPINNs) [32].
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3.7 Advanced PINN Variants

To extend the applicability of PINNs to more complex scenarios, several ad-
vanced methodologies have been proposed:

— Variational PINNs (VPINNSs): Leverage weak forms of PDEs to reduce
regularity requirements.

— XPINNs and Domain-Decomposed PINNs: Train multiple PINNs over
subdomains with interface conditions [33].

— Bayesian PINNSs: Introduce uncertainty quantification via variational in-
ference or dropout ensembles [34].

— Multi-fidelity and Transfer Learning: Use coarse-resolution models to
accelerate fine-scale learning.

These developments highlight the adaptability of the PINN framework and
its capacity to incorporate ideas from variational methods, statistical inference,
and multi-resolution modeling.

3.8 Implementation Tools and Frameworks

A number of open-source tools have facilitated the adoption of PINNs, including;:

— DeepXDE and SciANN: Python libraries built on TensorFlow for defining
PINNs with symbolic PDEs.

— NeuralPDE (Julia): Integrated with the SciML ecosystem for scientific ML.

— Modulus by NVIDIA: An industrial-strength framework supporting multi-
physics and complex geometries.

These frameworks streamline development, enable large-scale deployments,
and integrate seamlessly with scientific workflows [35].

4 Applications of Physics-Informed Neural Networks

Physics-Informed Neural Networks (PINNs) have found widespread application
across diverse domains of science and engineering, driven by their ability to
seamlessly integrate domain knowledge with observational data [34]. This sec-
tion presents a detailed survey of key applications of PINNs, highlighting how
their core methodology adapts to domain-specific modeling challenges [36]. We
categorize these applications into fundamental fields including fluid dynamics,
solid mechanics, heat and mass transfer, bioengineering, electromagnetics, geo-
sciences, and emerging interdisciplinary frontiers.
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4.1 Computational Fluid Dynamics

In computational fluid dynamics (CFD), PINNs offer a mesh-free alternative for
solving the Navier—Stokes equations, which govern the motion of incompressible
and compressible fluids:

V- u=0, (16)
du+ (u-V)u=—Vp+vViu+ f[37]. (17)

Applications include laminar and turbulent flow modeling, boundary layer anal-
ysis, vortex dynamics, and flow control. Notable successes include:

— PINNs solving steady-state and transient flows around bluff bodies (e.g.,
cylinders, airfoils).

— Data assimilation from PIV (particle image velocimetry) measurements to
infer pressure fields.

— Learning Reynolds stress closures in turbulence modeling using hybrid PINN-
RANS frameworks [38].

Domain decomposition methods (e.g., XPINNs) are often employed for large
Reynolds number flows, while Fourier feature networks improve resolution in
boundary layers and high-gradient regions.

4.2 Solid Mechanics and Structural Analysis

Solid mechanics problems governed by elastostatic and elastodynamic equations
have been tackled using PINNs to solve both forward and inverse problems.
These involve:

V.o +b=pi, (18)

where o is the stress tensor, b is the body force, and u is the displacement
vector. Applications include:

— Identifying spatially varying elastic moduli in heterogeneous materials [39].

— Crack detection and fracture modeling via inverse PINNs.

— Real-time structural health monitoring using embedded PINNs trained on
vibration sensor data [40].

PINNs provide a differentiable surrogate that enables sensitivity analysis and
uncertainty quantification without reliance on traditional finite element meshes.

4.3 Heat Transfer and Thermo-Mechanical Coupling

Heat conduction, convection, and radiation phenomena are traditionally modeled
using the heat equation:
T = aV>T + Q, (19)

where T is temperature, « is thermal diffusivity, and @ is a source term [41].
PINNs have been applied to:
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— Estimating thermal diffusivity from surface temperature measurements.

— Modeling temperature fields in electronic cooling systems and battery packs
[42].

— Coupled thermo-mechanical simulations in additive manufacturing and weld-
ing [43].

Inverse heat conduction problems—known to be ill-posed—Dbenefit from the reg-
ularization effects of the embedded physics priors.

4.4 Bioengineering and Physiology

The complex, multiscale nature of biological systems has made them fertile
ground for physics-informed machine learning. Applications include:

— Inferring blood flow and pressure distributions in arteries using patient-
specific data.

— Modeling electrophysiological wave propagation in cardiac tissue using PINNs
governed by reaction-diffusion PDEs.

— Tumor growth modeling using coupled advection-reaction equations cali-
brated to MRI data.

In biomedicine, PINNs facilitate non-invasive estimation of quantities that are
difficult or impossible to measure directly, such as stress distributions within soft
tissues or conductivity maps in brain tissue.

4.5 Electromagnetics and Photonics

Maxwell’s equations govern the behavior of electromagnetic fields and are foun-
dational in optics, microwave engineering, and photonic device design:

V xE=-B, (20)
VxH=09D+J, (21)
V.D=p, (22)
V-B=0. (23)

PINNs have been successfully applied to:

— Inverse design of photonic devices with target field profiles.
— Subsurface radar imaging and inverse scattering problems [44].
— Time-harmonic electromagnetic field reconstruction in complex media [45].

These applications highlight the ability of PINNs to enforce divergence-free and
curl-free constraints directly within their architecture or via soft penalties.



12 Kishan Prakash, Karthika Nasir
4.6 Geophysics and Earth Science Modeling

Geophysical phenomena such as subsurface flow, seismic wave propagation, and
geothermal energy distribution are traditionally modeled using PDEs with com-
plex boundary conditions and multi-physics coupling. PINNs have been em-
ployed in:

— Seismic inversion and wavefield extrapolation using elastodynamic PINNs
[46].

— Modeling groundwater flow and contaminant transport in porous media.

— COq sequestration and reservoir simulation using data-constrained PINNs.

Uncertainty quantification and surrogate modeling of high-dimensional geosta-
tistical systems are facilitated by combining PINNs with generative models or
Gaussian process priors.

4.7 Climate Modeling and Environmental Science

The spatiotemporal dynamics of climate systems—governed by Navier—Stokes
equations on a rotating sphere with radiative-convective coupling—pose unique
challenges [47]. PINNs are emerging as a tool for:

— Learning reduced-order models of atmospheric or oceanic circulation [48].

— Inferring latent dynamics of carbon fluxes and greenhouse gas distributions
[49].

— Assimilating satellite observations into physically consistent climate simula-
tions [50].

Their ability to fuse sparse and heterogeneous data with known conservation
laws is especially beneficial for planetary-scale modeling.

4.8 Multiphysics and Coupled Systems

Real-world systems often involve the coupling of multiple physical phenom-
ena—such as thermo-fluid-structure interaction, electro-chemo-mechanical dy-
namics in batteries, or magnetohydrodynamics [51]. PINNs are increasingly used
to model such systems through:

— Multi-network architectures with shared latent representations [52].
— Coupled loss functions that enforce consistency across domains.
— Adaptive sampling to balance competing accuracy demands.

The modular and composable nature of neural networks lends itself to scal-
able, interpretable, and modular solutions for multiphysics problems.
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4.9 Comparison with Traditional Solvers

In many domains, PINNs are not intended to replace established numerical
solvers but rather complement them. Advantages include:

— Mesh-free computation and easy adaptation to irregular domains.
— Direct access to derivatives and gradients for sensitivity analysis.
— Natural treatment of inverse problems and data assimilation.

However, challenges remain in terms of training stability, computational cost,
and scaling to industrial-grade problems. Hybrid approaches combining PINNs
with finite element or finite volume methods are an active area of research.

4.10 Summary of Application Trends

The diversity of applications surveyed above highlights the versatility of PINNs
[63]. Broadly, their impact can be categorized into:

— Forward modeling: Solving PDEs directly from initial/boundary condi-
tions [24].

— Inverse problems: Inferring unknown fields or parameters from sparse ob-
servations [54].

— Surrogate modeling: Accelerating high-fidelity simulations in optimiza-
tion loops.

— Data assimilation: Reconciling physical models with sensor or experimen-
tal data.

In the next section, we critically evaluate the strengths and limitations of
PINNs across these applications, provide benchmarking insights, and explore
how ongoing methodological advances are addressing existing bottlenecks.

5 Benchmarking and Evaluation of PINNs

Benchmarking the performance of Physics-Informed Neural Networks (PINNs)
is critical to understanding their capabilities, limitations, and the contexts in
which they provide competitive advantages over traditional numerical methods
and alternative machine learning approaches. In this section, we explore the
criteria, metrics, and protocols used to evaluate PINNs [55]. We also provide an
overview of commonly used benchmark problems, examine comparative studies,
and analyze the trade-offs that affect model selection and performance [56].

5.1 Evaluation Metrics

The assessment of PINN performance typically involves a combination of phys-
ical, statistical, and computational metrics:
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— Relative L? error:

€12 = ||upred - utrue||L2 (24>
||utrueHL2

where upreq is the PINN prediction and e is the ground truth.
— Physics residual error: Measures the discrepancy of the predicted solution
with respect to the governing PDE at sampled collocation points:

Ny
1 o2
epDE:EZ]N[ue)](x}”,t?)) ‘ (25)
=1

Data mismatch error: Captures the fidelity of the model in fitting the
observational or experimental data.

— Computational efficiency: Includes training time, inference time, and

memory usage.

— Scalability and robustness: Evaluated in terms of performance degrada-
tion under increased problem complexity, noise, or dimensionality.
Generalization performance: Assesses how well a PINN trained on lim-
ited or localized data extrapolates to unseen regions or longer time horizons.

5.2 Canonical Benchmark Problems

A suite of well-understood PDEs and physical systems has emerged as standard
testbeds for evaluating PINNs. These include:

1D Burgers’ equation: A nonlinear PDE exhibiting shock formation and

viscous dissipation [57]. Used for testing robustness to sharp gradients and

nonlinearity [58].

Heat and diffusion equations: Often used in forward and inverse prob-

lems to assess temporal accuracy and identifiability of parameters [59].

— Navier—Stokes equations (2D): Used for steady and unsteady flow fields,
including canonical cases like lid-driven cavity flow, channel flow, and flow
past cylinders [60].

— Wave equations: Serve to evaluate PINNs under hyperbolic dynamics and
oscillatory solutions [61].

— Allen—Cahn and Cahn—Hilliard equations: Representative of phase-

field dynamics and multiscale pattern formation.

Laplace and Poisson equations: Widely used for elliptic PDEs and in-

verse coefficient identification problems.

These benchmarks facilitate reproducibility, enable quantitative comparison
across methodologies, and reveal systematic weaknesses in standard PINN im-
plementations.
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5.3 Comparative Studies with Traditional Solvers

PINNs are often compared with conventional solvers such as finite difference
(FD), finite element (FEM), and spectral methods [62]. The key findings across
studies include:

— Accuracy: For simple geometries and smooth solutions, traditional solvers
typically outperform PINNs in raw accuracy. However, PINNs are competi-
tive in inverse and data-limited settings.

— Flexibility: PINNSs offer significant advantages in handling irregular or mov-
ing boundaries, parameter inference, and hybrid data-model integration.

— Computation: PINNs incur higher upfront training cost but enable rapid
inference post-training [63]. They are attractive in applications requiring
many-query evaluations (e.g., optimization and uncertainty quantification).

— Mesh independence: As mesh-free solvers, PINNs avoid meshing com-
plexities and adapt naturally to high-dimensional problems.

Hybrid approaches, such as physics-constrained surrogate modeling or PINN-
augmented finite element methods, are emerging to leverage the strengths of both
paradigms.

5.4 Ablation Studies and Design Sensitivity

The performance of PINNs is influenced by numerous architectural and algo-
rithmic design choices. Ablation studies have identified several key factors:

— Network depth and width: Deeper networks may capture more complex
dynamics but are harder to train due to vanishing gradients and stiffness
[64].

— Activation functions: Sinusoidal (Fourier) or adaptive activation func-
tions have shown improved expressivity for PDEs with high-frequency com-
ponents.

— Loss balancing strategies: Dynamic weighting of physics and data losses,
gradient normalization, and multi-task learning approaches significantly im-
prove convergence.

— Sampling schemes: Adaptive and importance sampling based on residual
errors outperform uniform sampling in challenging domains.

Empirical evidence suggests that many PINNs underperform not due to fun-
damental limitations but due to suboptimal hyperparameter tuning and design
configurations [65].

5.5 Uncertainty Quantification Benchmarks

Quantifying uncertainty in PINN predictions is essential for scientific decision-
making. Benchmarks for probabilistic PINNs include:
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— Bayesian PINNs (B-PINNs): Evaluate predictive distributions against
known stochastic PDE solutions.

— Ensemble PINNs: Compare variance across model outputs and test for
calibration against ground truth uncertainties.

— Physics-guided dropout: Introduces stochastic regularization while re-
taining physical constraints [66].

Current benchmarks often use synthetic data generated from stochastic Galerkin

methods or Monte Carlo simulations to validate UQ performance.

5.6 Large-Scale and High-Dimensional Benchmarks

While many PINN benchmarks are low-dimensional, ongoing efforts aim to val-
idate scalability to:

— High-dimensional PDEs in finance and quantum mechanics.
— Complex geometries from biomedical imaging or additive manufacturing.
— Multiphysics systems requiring simultaneous solution of coupled equations.

These benchmarks necessitate advanced architectures (e.g., deep operators,
graph networks) and parallelized training via GPU clusters or distributed com-
puting frameworks.

5.7 Community Challenges and Open Datasets

To standardize evaluation practices, several community-driven initiatives have
emerged:

— PINNBench: A curated suite of benchmark problems, metrics, and baseline
models for reproducible evaluation.

— MLA4Science competitions: Public challenges hosted by institutions such
as NeurIPS and ICML focusing on PINNs and physics-based learning.

— Open datasets: Release of experimental datasets from fluid dynamics,
structural testing, and remote sensing to test real-world generalization [67].

These resources facilitate fair comparison, encourage innovation, and support
systematic benchmarking of next-generation PINNs.

5.8 Summary and Recommendations

Benchmarking PINNs remains an active and evolving field. While early successes
on idealized problems have demonstrated their promise, widespread adoption
depends on:

— Developing standardized, reproducible benchmarking protocols [68].
— Creating comprehensive suites of real-world test cases.
— Improving interpretability and quantifiability of errors and uncertainties [69].

A key recommendation is the use of multi-faceted evaluation metrics—combining

accuracy, physical consistency, computational cost, and robustness—to obtain a
holistic assessment of model performance.
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6 Challenges and Open Problems

Despite the growing popularity and demonstrated potential of Physics-Informed
Neural Networks (PINNs), several significant challenges hinder their broader
adoption and performance across real-world applications. This section explores
the key limitations of current approaches, identifies open research questions,
and outlines the theoretical and practical barriers that must be addressed to
achieve robust, scalable, and generalizable physics-informed machine learning
frameworks.

6.1 Optimization Difficulties and Gradient Pathologies

One of the most persistent challenges in training PINNs is the presence of ill-
conditioned optimization landscapes, which arise due to:

— Stiffness in the PDEs: Highly disparate temporal or spatial scales in the
underlying physics (e.g., reaction-diffusion or turbulent systems) lead to stiff-
ness in the loss landscape, resulting in vanishing or exploding gradients.

— Imbalanced loss terms: The multi-objective nature of PINNs, combining
data loss, boundary loss, and PDE residual loss, introduces scale disparities
that hinder effective optimization [70]. Dynamic weighting schemes (e.g.,
gradient normalization or adaptive loss balancing) have been proposed, but
no universal solution exists [71].

— Spectral bias: Neural networks tend to learn low-frequency components
first (known as the Frequency Principle or F-Principle), leading to slow con-
vergence for problems with sharp features or high-frequency dynamics.

These issues manifest in slow convergence, unstable training dynamics, and
poor reproducibility across trials and implementations [72].

6.2 Handling High-Dimensional and Complex Geometries

Scaling PINNs to high-dimensional PDEs remains a critical open problem. Chal-
lenges include:

— Curse of dimensionality: The number of required collocation points grows
exponentially with dimensionality, degrading performance in spatiotemporal
or stochastic domains.

— Complex boundaries: Many real-world problems involve intricate domain
geometries, moving interfaces, or multi-domain coupling. Embedding such
constraints into the network architecture or loss function is nontrivial.

— Inefficient sampling: Uniform random sampling is often inadequate for
resolving fine features or regions of high error, and adaptive methods can be
computationally expensive or require prior knowledge.

Recent work in domain decomposition (e.g., XPINNs), coordinate transfor-
mations, and graph-based methods provides partial solutions but introduces ad-
ditional complexity in model design and implementation.
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6.3 Interpretability and Reliability of Predictions

Unlike classical solvers grounded in numerical analysis, PINNs are data-driven
black-box models. This raises several concerns:

— Lack of interpretability: Neural networks do not inherently provide in-
sights into the learned physical mechanisms or causal relationships, making
them less trustworthy for critical scientific applications.

— Prediction failure modes: PINNs can produce physically plausible out-
puts that are numerically inaccurate or fail to generalize outside the training
distribution, especially in extrapolation regimes.

— Error certification: There is no systematic way to bound the error or
certify the convergence of PINN solutions, especially for inverse problems
with ill-posedness or noisy data [73].

Efforts to address this include physics-aware uncertainty quantification, post-
hoc sensitivity analysis, and hybrid interpretable-learning frameworks.

6.4 Data Quality and Noise Sensitivity

Although one of the strengths of PINNs is their ability to operate with limited
or sparse data, their performance is still highly dependent on:

— Noise robustness: Inverse PINNs are particularly susceptible to overfitting
noise in observational data, especially when combined with underconstrained
physics priors [7].

— Heterogeneous data integration: Combining disparate sources (e.g., sen-
sor data, images, time series) remains a challenge, both in terms of loss
formulation and network design.

— Missing data regions: Learning in partially observed domains (e.g., shadow
zones in tomography) often leads to biased solutions unless augmented with
strong priors or regularization.

Probabilistic PINNs, denoising autoencoders, and physics-informed gener-
ative models represent promising avenues to improve robustness in noisy and
incomplete data regimes.

6.5 Computational Cost and Scalability

Training PINNs, particularly for large-scale and high-fidelity problems, can be
computationally prohibitive:

— Training cost: Unlike traditional solvers that require only one forward sim-
ulation, PINNs require extensive gradient-based optimization and backprop-
agation through complex PDE operators.

— Hardware constraints: High-resolution PINNs often require large memory
footprints and GPU/TPU resources, limiting their applicability in resource-
constrained environments.
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— Parallelism: Efficient parallelization of PINN training remains underdevel-
oped compared to traditional numerical solvers|74].

Efforts such as transfer learning, model pruning, and acceleration using physics-
guided pretraining are being explored to mitigate these costs [75].

6.6 Lack of Theoretical Guarantees
Theoretical understanding of PINNs is still in its infancy. Open questions include:

— Convergence theory: What conditions guarantee convergence of PINNs
to the true PDE solution [76]? What is the role of network architecture, data
sampling, and PDE regularity?

— Approximation bounds: How accurately can neural networks represent
solutions of specific PDE classes, especially when solutions contain disconti-
nuities or singularities?

— Stability analysis: How do numerical and optimization instabilities interact
in dynamic systems [77]? Can we design PINNs with provable stability under
perturbations?

Rigorous theoretical analyses and connections to classical approximation the-
ory and numerical analysis are essential to bridge the gap between practice and
theory.

6.7 Multi-Physics and Multi-Scale Challenges

Modeling complex systems involving coupled physical processes at different scales
remains difficult:

— Coupling strategies: Integrating equations from distinct physical domains
(e.g., electro-thermo-mechanical models) into a single coherent framework is
challenging due to disparate time scales and spatial resolutions.

— Scale separation: PINNs often struggle to represent dynamics with local-
ized phenomena (e.g., shock fronts, phase transitions) alongside global effects
[78].

— Modeling interfaces and boundaries: Accurately resolving discontinu-
ities or material interfaces across physical domains is still an open challenge
[79].

Hierarchical models, operator networks, and multi-resolution architectures
offer partial solutions but require further validation and standardization.
6.8 Generalization and Transfer Learning

Generalizing PINNs to unseen domains or varying initial and boundary condi-
tions is essential for deployment in real-world scenarios:
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— Transfer across parameter spaces: How well do PINNs trained on one
instance of a PDE generalize to different parameter regimes or forcing con-
ditions?

— Domain adaptation: Can PINNs learn universal representations transfer-
able across geometries or boundary conditions?

— Pretraining and fine-tuning: Effective strategies for initializing networks
with prior physical knowledge or previously learned dynamics remain under-
explored [80].

Meta-learning, few-shot PINNs, and operator learning (e.g., DeepONets,
Fourier Neural Operators) represent promising directions for enhancing general-
izability [81].

6.9 Summary of Key Bottlenecks

Table 1 summarizes the major open challenges and ongoing efforts to address
them.

7 Future Directions and Emerging Trends

As Physics-Informed Neural Networks (PINNs) continue to evolve, a number
of research frontiers are emerging that aim to address existing challenges and
expand their applicability. These developments span algorithmic innovations,
theoretical foundations, novel architectures, integration with domain knowledge,
and applications in cutting-edge scientific domains[35]. In this section, we outline
promising directions that are shaping the future trajectory of PINNs and physics-
informed machine learning.

7.1 Operator Learning and Neural PDE Solvers

One of the most transformative ideas in this domain is the shift from solving indi-
vidual PDE instances to learning operators—mappings between function spaces.
Unlike traditional PINNs, operator learning methods aim to generalize across
different initial/boundary conditions, geometries, or source terms. Notable ap-
proaches include:

— Deep Operator Networks (DeepONets): Learn nonlinear operators by
decomposing them into a branch network (encoding input functions) and a
trunk network (representing the output domain) [82].

— Fourier Neural Operators (FNOs): Exploit fast Fourier transforms and
global convolutions in the spectral domain to learn spatially invariant oper-
ators efficiently.

— Multipole Graph Neural Operators: Extend operator learning to un-
structured meshes and complex topologies using message-passing frame-
works.

These models enable zero-shot prediction on new PDE configurations, mak-
ing them attractive for surrogate modeling, parametric studies, and real-time
control.
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7.2 Physics-Enhanced Foundation Models

Inspired by the success of large language models (LLMs), the field is moving
toward building foundation models for scientific machine learning. These are
large pretrained models that capture general-purpose physical knowledge and
can be fine-tuned for downstream tasks. Characteristics include:

— Multi-modal integration: Combining simulation data, empirical measure-
ments, symbolic equations, and textual descriptions.

— Transfer learning across physics domains: Enabling knowledge sharing
between disciplines such as fluid mechanics, electromagnetics, and materials
science.

— In-context learning: Using few-shot or zero-shot prompting for solving
new PDEs, without retraining.

Recent efforts such as SciFormer, GPT-PDE, and SymFormer are early in-
stances of this paradigm, paving the way for a new generation of generalist
scientific models [83].

7.3 Integration with Symbolic and Probabilistic Methods

Combining PINNs with symbolic computation and probabilistic reasoning offers
opportunities for enhancing interpretability and robustness:

— Symbolic regression hybrid PINNs: Use symbolic neural networks or
equation discovery tools (e.g., SINDy, AI Feynman) to extract interpretable
physical laws from trained models [84].

— Bayesian PINNSs: Incorporate uncertainty quantification by placing pri-
ors over neural network weights or residual functions, enabling principled
posterior inference.

— Physics-guided probabilistic graphical models: Combine causal struc-
tures and latent variable models with deep PINNs for modeling complex
systems with partial observability [85].

These approaches move toward explainable Al frameworks that not only
predict but also generate verifiable scientific hypotheses.

7.4 Self-Supervised and Unsupervised Physics Learning

As data labeling and ground truth solutions become increasingly scarce in com-
plex systems, self-supervised and unsupervised approaches are gaining traction:

— Physics-driven contrastive learning: Exploit invariances, symmetries, or
conservation laws to learn representations without explicit supervision [86].

— Energy-based models: Encode physical constraints as energy functions
and use unsupervised optimization to find minima consistent with observed
data.

— Consistency learning: Ensure agreement between forward and inverse
models or across multiple physical views (e.g., multi-fidelity data) [87].

These paradigms offer scalable alternatives to supervised PINNs, particularly
in high-dimensional or poorly instrumented settings.



22 Kishan Prakash, Karthika Nasir

7.5 Autonomous Scientific Discovery

The integration of PINNs with automated reasoning, experiment design, and
robotic systems opens the door to closed-loop scientific discovery pipelines:

— Active learning with physics priors: Guide data acquisition based on
epistemic uncertainty and physical constraints to maximize information gain
88|.

— gn\]ferse design and optimization: Use differentiable PINNs to compute
gradients with respect to design variables, enabling efficient optimization of
materials, structures, and control strategies [89].

— Human-in-the-loop physics modeling: Collaboratively refine PINNs based
on expert feedback or symbolic constraints provided during training.

This vision enables systems that can formulate, test, and refine physical
models autonomously, accelerating the pace of scientific innovation [90].

7.6 Scalable and Efficient Training Strategies

To scale PINNs to industrial applications and large-scale simulations, future
work must improve efficiency:

— Multigrid and multi-fidelity PINNs: Incorporate hierarchical resolu-
tions and fidelity levels to reduce training cost while maintaining accuracy
80|.

- [Cu]rriculum learning: Gradually introduce complexity in physics loss terms
or geometry to stabilize training and improve generalization [91].

— Hardware acceleration: Leverage novel hardware (e.g., FPGAs, neuro-
morphic chips) and parallel training algorithms to support real-time infer-
ence and deployment [92].

Techniques from scientific computing, such as model reduction and domain
decomposition, are expected to play a growing role in enhancing scalability.

7.7 Theoretical and Mathematical Advancements

To establish PINNs as reliable scientific tools, continued theoretical progress is
essential:

— Error bounds and convergence rates: Derive tight a priori and a pos-
teriori error estimates, possibly conditioned on PDE structure or network
architecture.

— Generalization theory for PINNs: Understand how inductive biases and
physics constraints affect generalization, especially in underdetermined or ill-
posed problems [93].

— Function space view of deep networks: Explore links between neural
networks and classical approximation spaces (e.g., Sobolev spaces, reproduc-
ing kernel Hilbert spaces).

These developments will provide rigorous foundations for model validation
and certification in high-stakes scientific domains [94].
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7.8 Ethical, Societal, and Educational Considerations

As PINNs enter broader scientific and engineering workflows, it is important to
reflect on their societal impact:

— Ethical deployment: Ensure fairness, transparency, and accountability in
high-impact applications such as climate modeling, biomedical systems, and
infrastructure design [95].

— Accessible tooling: Develop user-friendly libraries, documentation, and
educational platforms to democratize access to physics-informed learning.

— Interdisciplinary collaboration: Foster integration across Al, physics,
applied mathematics, and engineering disciplines to promote responsible in-
novation [96].

Promoting open science and reproducibility will be central to building trust
and impact in the broader scientific community.

7.9 Summary

The future of PINNS lies at the intersection of data, physics, and learning. With
continued advances in architecture design, optimization, theory, and application,
physics-informed machine learning has the potential to redefine how we model,
simulate, and understand complex systems [97]. By addressing current limita-
tions and embracing interdisciplinary innovation, the next generation of PINNs
will play a transformative role in computational science, engineering, and be-
yond.

8 Conclusion and Outlook

Physics-Informed Neural Networks (PINNs) represent a compelling paradigm
shift in the intersection of machine learning and scientific computing. By em-
bedding physical laws directly into the structure or training objective of neural
networks, PINNs offer a framework that is both data-efficient and physically con-
sistent—an appealing alternative to purely data-driven models that often lack
interpretability and robustness. Over the past few years, this hybrid approach
has witnessed a rapid surge in research activity, fueled by advancements in deep
learning, automatic differentiation, and numerical analysis.

This survey has provided an extensive overview of the core principles, al-
gorithmic innovations, representative applications, and emerging trends in the
PINNs landscape. We have traced the evolution of the field from classical PDE
solvers augmented with neural function approximators to more recent develop-
ments in operator learning, surrogate modeling, and physics-informed foundation
models. The application domains continue to diversify, spanning fluid dynamics,
electromagnetics, biomechanics, geophysics, climate science, and beyond. Fur-
thermore, the integration of PINNs with probabilistic reasoning, symbolic AI,
and multi-scale modeling frameworks signals a shift toward increasingly general
and robust systems for scientific inference and simulation.
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Despite these advances, significant challenges remain. Optimization difficul-
ties, poor generalization in high-dimensional settings, sensitivity to noise, and a
lack of theoretical guarantees continue to hinder widespread adoption. Address-
ing these bottlenecks will require not only algorithmic and architectural improve-
ments but also a deeper theoretical understanding of the interaction between
neural network expressivity and the structure of physical laws. The development
of rigorous error estimates, adaptive sampling techniques, and uncertainty-aware
formulations will be essential for building trustworthy and certifiable models.

Looking forward, the convergence of physics-informed learning with other
emerging paradigms—such as foundation models, graph neural operators, meta-
learning, and self-supervised learning—presents exciting opportunities. These
interdisciplinary intersections may yield novel architectures capable of gener-
alizing across PDE families, learning from unstructured scientific corpora, and
supporting real-time inference in complex environments. Furthermore, the con-
tinued integration of domain knowledge, whether through symbolic priors, sym-
metry constraints, or conservation laws, is expected to improve interpretability
and accelerate learning in data-scarce regimes.

Another promising direction lies in the automation of scientific discovery.
PINNs and related methods have the potential to serve as the computational
core of autonomous research systems—capable of designing experiments, infer-
ring hidden dynamics, and proposing new theories through iterative cycles of
modeling and validation. Coupled with advances in active learning, reinforce-
ment learning, and human-in-the-loop interfaces, such systems could democratize
access to high-fidelity modeling tools and catalyze discovery in underexplored
domains.

In summary, Physics-Informed Neural Networks are more than a computa-
tional tool—they represent a philosophical shift toward models that learn not
just from data, but also from our fundamental understanding of the physical
world. As this field matures, its impact will likely extend far beyond traditional
simulation tasks, influencing how we conceptualize and conduct scientific inquiry
itself. The future of PINNs is rich with potential, and realizing this potential will
require a collaborative effort across disciplines, uniting machine learning practi-
tioners, domain scientists, applied mathematicians, and engineers. By continuing
to bridge data and theory, PINNs promise to play a central role in the next gen-
eration of scientific computing.
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Challenge |Description Potential Solutions
Optimization |Gradient pathologies, loss imbal-|Adaptive weighting, curricu-
ance lum learning, second-order
methods
High- Curse of dimensionality, complex|Domain decomposition, la-
dimensionalityjdomains tent space modeling
Interpretabilitylack of insight into learned models|Explainable PINNs, sensi-

tivity and saliency analysis

Data quality

Sensitivity to noise and sparsity

Probabilistic modeling, ro-
bust training, generative pri-
ors

ComputationalExpensive training, poor scalability| Transfer learning, reduced-
cost order modeling, GPU opti-
mization

Theoretical |Lack of convergence/stability the-|PDE-specific approximation
guarantees ory theory, rigorous bounds
Multiphysics |Coupled, multiscale interactions Modular architectures, hy-
modeling brid modeling frameworks
Generalization Transfer to new problems/domains|Meta-learning, operator-

based PINNs
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Table 1: Summary of key challenges in PINNs and potential research directions.



