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Abstract

This paper presents an analytical derivation of the path generation process for time-optimal convexified Reeds—Shepp
paths on a sphere. Specifically, a sufficient list of 23 optimal path types for this problem was derived in [1]; we focus here
on the explicit construction of candidate paths using inverse kinematics. Given an initial configuration, a desired terminal
configuration, and a specified maximum turning rate Upqaz, closed-form expressions for the segment angles corresponding
to each path type in the sufficient list are derived. These expressions enable efficient and accurate generation of feasible
time-optimal paths on the sphere. The results are used for the implementation at https://github.com/sixuli97/Optimal-
Spherical-Convexified-Reeds-Shepp-Paths.

1 Derivation of Closed-Form Expressions for Paths on a Sphere
The spherical convexified Reeds-Shepp model [1]:

dXy

= v Ty(), (1)
TH0 = oK) + g (N (1), (2)
T = —u (.0, )
R(0) =15, R(T) = Ry, (4)

where v € [—1,1] and ug € [~Unmaz; Umas|, R(t) = [Xy (1), Ty (t), Ny (t)] € SO(3) and Ry is the desired terminal configuration.
Note that the model is equivalent to:
dR(t) 0 —-v 0
= 0o - .
Wl =R (p 0 ®)

Q

Since v and u4 remain constant on each segment, the solution of (5) on each segment is
R(t) = R(t;)e! 79, (6)

where t; denotes the initial time of the i*" segment. It is simpler to deal with arc angles instead of time; hence, we define

¢ =w(t—1t;) = /v?+ul(t—t;), where ¢ represents the arc angle, and w denotes the angular frequency. Let 0= \/1;21+7qu
We define M(¢) := e = (t=t)2, Substituting specific values of v and ug, M(¢) for each type of segment can be calculated
using the Euler-Rodriguez formula. Hence, we obtain

c(¢p) —s(¢p) O
Mg+ (¢) = ( S%ﬁ; cgﬁ)) (1) ) ; (7)
mi —rs(¢)  ms
Mp+(r,¢) = TS c —1)23 ’ 8
eo=(io B ) ®
11 —rs(p) —ms
Mg+ (r, ¢) = < rg((ﬁ) C(qg) ) 177273 ) , 9)
—1N13 —123 7133
1 0 0
Mo(¢) = <0 cgcbg 8(¢)> : (10)
0 s(¢p) c(9)
M- (¢) = Mg+ (9), (11)
M, - (r,¢) = Mg+ (r,9), (12)
MR— (T7 ¢) = M}:‘F (T7 ¢)7 (13)
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Mo (¢) = M7o(¢), (14)

whore s = 1= (1 el@)r®, iy = (1= )V T= 2 = s(OVT =77,y = )+ (1= () f9) = con(9), and

The corresponding axial vectors are ug+ := [0,0,1]7, up+ == [V1—72,0,7]7, ugs = [-V1—72,0,7]", upo := [1,0,0]7,
ug- :=1[0,0,-1)7, up- :==[-vV1—-72,0,—7]", up- = [v1—-7r2,0,—r]7, ugo :=[-1,0,0]T.

The sufficient list of optimal paths is characterized as follows [1]:

Theorem 1. For Uy, > 1 (orr < %), the optimal path may be restricted to the following types, together with their
symmetric forms:

C,G,T,CC,GC, C|C, TC,

CCylC, CGC, C|CsG, CTC,

C|CyCyl|C, CGC|C, CC,|C,.C,

C|CsGCslC, C|CL.CulCC, CCLICCuC,.C,

where 0 < 9 < arctan( + 2, B=arctan(——=—=)+ 2, and 0 < pu < arctan(%) +

-1 -1
Y Uf‘nw—l) Uhaz—1 Uhaw—

Here, C represents a tight turn with radius » = ————, G represents a great circular arc, and T represents a turn-in-place
VI+UZa. ’

vl

motion.
Given the sufficient list above, for each path, candidate solutions must be generated using inverse kinematics, based on an

initial configuration, a desired terminal configuration, and a U,,q, (or 7). In this note, we employ rotation matrices and their
associated axial vectors to derive closed-form expressions for the angles of each path in the sufficient list.

1.1 (' Paths

1.1.1 L% Paths

For a L;fl path, the equation to be solved is:

o= (8 A8) w
Pre-multiplying (15) with u’,, and post-multiplying ug-:
(r2 - 1) cos(¢1) — r? = —ass3, (16)
which gives
cos(¢1) = T;—iaf?’, (17)

and yields two solutions of ¢;.

1.1.2 R" Paths
For a Rzl path, the equation to be solved is:

Qg1 Q12 Q13

Mg+ (r,¢1) = (0421 Q22 0623) (18)

a3l Q32 Q33
Pre-multiplying (18) with u’. and post-multiplying ug-:
(r2 —1) cos(¢1) — = —ass, (19)

which gives
’I“2 — (33
r2—1"

cos(¢1) = (20)

and yields two solutions of ¢.

1.1.3 R~ Paths
For a R;l path, the equation to be solved is:

Q11 Q12 Qa3
Mo = (33 8% &) en
Pre-multiplying (21) with ug+ and post-multiplying ug-:
(7"2 - 1) cos(¢1) — r? = —aass, (22)
which gives
2 J—
cos(1) = "5, (23)

and yields two solutions of ¢;.



1.1.4 L~ Paths
For a L;l path, the equation to be solved is:

Qa1

M- (r, ¢1) = (ggi

Pre-multiplying (24) with ug+ and post-multiplying ug-:

Q12
Q32

Q13
Q23
Q33.

(1"2 — 1) cos(¢1) — r? = —azs,

which gives

’/‘2 — (33

1

cos(¢1) =

and yields two solutions of ¢;.

1.2 G Paths
1.2.1 Gt Paths

For a G(‘;l path, the equation to be solved is:

Mg+ (¢1) = (31

31

Pre-multiplying (27) with u?, and post-multiplying uy,-:

(1—7%)cos(¢1) —r° = — (a11 (r* = 1)) =7 (a13\/1 — 72 —amV/1 -2+ a337’) )

which gives

cos(¢1) = a11 +

r2 —

12
Q32

Q13
Q23
Q33.

7 (o1svV1 =712 —amV1 — 12+ (azs — 1) 1)

and yields two solutions of ¢ .

1.2.2 G~ Paths
For a G;l path, the equation to be solved is:

a1

M- (¢1) = (21

31

Pre-multiplying (30) with ul, and post-multiplying uy-:

(1- r2) cos(¢n) — 1% = — (a1 (7’2 -1)—r <a13\/1 —r2 —azV/1—7r2+ O¢337“) )

which gives

cos(¢1) = a1 +

r2—1 ’
Q12 Q13
Q22 (23
Q32 (33.

r (algm— a31m+ (O¢33 — 1)7”)

and yields two solutions of ¢;.

1.3 7T Paths
1.3.1 L° Paths

For a Lgl path, the equation to be solved is:

a11

Mo(é1) = (021

Q31

Pre-multiplying (33) with ug+ and post-multiplying ug-:

r2 —1 ’
Q12 Q13
Q22 Q23
033 Q33.

cos(¢1) = auss,

and yields two solutions of ¢;.

1.3.2 R° Paths
For a Rgl path, the equation to be solved is:

Mpgo(¢1) = (géi

Q31

Pre-multiplying (35) with u’,, and post-multiplying ug-:

Q12
Q32

COS(¢1) = (33,

and yields two solutions of ¢;.

Q13
Q23
Q33.

(24)

(25)

(26)

(30)

(31)

(32)



1.4 CC Paths
1.4.1 L+tRT Paths

For a L;fl R;ﬁ path, the equation to be solved is:

2
a11 12 Q13

ML+(T,¢1)MR+(T,¢2)=(g§} Q22 332;)

Pre-multiplying (37) with u’,_ and post-multiplying ug+:
—2r3 +2 (r2 —1)rcos(¢1) + 7 =as1V1—r?— assr,

which gives

—2r% —ag1V/1 — 12 + Qs + 71
2r — 2r3 ’

cos(¢1) =

and yields two solutions of ¢;.
Pre-multiplying (37) with ul, and post-multiplying ug-:

—2r 42 (r2 —1)rcos(¢2) + 1= ai3 (—\/1 — 1"2) — Quaar,

which gives
—2r% + o131 — r2 4 asar + 1
2r — 2r3 ’

cos(¢2) =

and yields two solutions of ¢,.

1.4.2 R*TLT Paths
For a RLLL path, the equation to be solved is:

a1 Q12 Q13 )
Q32  (33.

Mp+(r, 91)M 1 (1, ¢2) = (gg% Qa2 Qa3
Pre-multiplying (42) with ug_ and post-multiplying uy +:
—2r® 42 (r2 —1)rcos(¢1) + 7= as (—\/1 — 1"2) — Quaar,

which gives
—2r° + a;VI —r? + agsr + 7
2r — 2r3 ’

cos(¢1) =

and yields two solutions of ¢.
Pre-multiplying (42) with u%, and post-multiplying ug-:

—2r3 12 (7'2 — 1) rcos(¢2) +r = a3/ 1 —r2 — assr,

which gives

—2r% —aisV1 — 12 + Qs + 1
2r — 2r3 ’

cos(¢2) =

and yields two solutions of ¢s.

1.4.3 R~ L~ Paths
For a R;l L;Q path, the equation to be solved is:

a1 12 13

MR*(7’7¢1)ML—(7“,¢2)=(6¥21 Q22 azs)

Q31 32 (33.
Pre-multiplying (47) with u’,, and post-multiplying up,-:
—2r3 12 (7"2 — 1) rcos(¢1) +r = as1V/1—r2 — assr,

which gives

—2r% —ag1V/1 — 12 + Q33 + 1

cos(¢1) = 2r — 23

and yields two solutions of ¢;.
Pre-multiplying (47) with ug_ and post-multiplying ug+:

—2r 42 (r2 —1)rcos(¢2) + 1= i3 (—\/1 — 1"2) — Quaar,

which gives
2% + 13Vl — r2 + aszr + 7
2r — 2r3 ’

cos(¢2) =

and yields two solutions of ¢s.

(37)

(38)

(39)

(45)

(46)



1.4.4 L~ R~ Paths
For a L;l R;Q path, the equation to be solved is:

a1 Q12 Q13

My (r,01)Mp-(r,02) = (931 433 033) (52)

Q31 Q32 (33,
Pre-multiplying (52) with ug+ and post-multiplying ugp-:
o349 (r2 — 1) rcos(é1) +r = asi (,\/1 - 1"2) — s, (53)

which gives
—2r° + a;VI —r? + agsr + 7

cos(61) = M , (54)
and yields two solutions of ¢;.
Pre-multiplying (52) with uf, and post-multiplying ug+:
—2r® 42 (r2 —1)rcos(¢2) + 7= a13v/1 —r? — assr, (55)
which gives
_9p3 _ V1 =12

cos(gn) = —— L tasrdr (56)
and yields two solutions of ¢,.
1.5 GC Paths
1.5.1 GVLT Paths
For a GLL;; path, the equation to be solved is:

a1 12 Q13
Me+ (1)Mp+ (r, ¢2) = (33% q22 ggg.) (57)

Pre-multiplying (57) with u?_ and post-multiplying uz+:

(1—7r*)cos(¢r) — 7% = — (a1 (r* = 1)) —r (a13 (—\/ﬁ) +azV1—1r2+ 04337"> ) (58)

which gives

r(oas (—vV1—72) + asivVl—7r2 + (ass — 1)7)

cos(¢1) = a1 + FCR) , (59)
and yields two solutions of ¢ .
Pre-multiplying (57) with ug+ and post-multiplying ug-:
(r* — 1) cos(¢p2) — 1° = —as, (60)
which gives
7'2 — (x33
cos(¢2) = oS (61)
and yields two solutions of ¢5.
1.5.2 GTR' Paths
For a G:;l R;‘z path, the equation to be solved is:
@11 Q12 Q13
Mg+ (¢1)Mp+ (1, ¢2) = (33% Q22 3323%) (62)

Pre-multiplying (62) with u?_ and post-multiplying ug-:

(r* — 1) cos(¢1) —r° = a1 (r° — 1) +r (a13 V1—72+asi/1—r2— aggr) , (63)

which gives

7 (13V1 =12+ asiV1 — 12 — assr +7)

cos(¢1) = ar1 + 21 ) (64)
and yields two solutions of ¢ .
Pre-multiplying (62) with u’, and post-multiplying ug-:
(1"2 — 1) cos(¢z2) — = —ass, (65)
which gives
’I“2 — (33
cos(¢2) = o (66)

and yields two solutions of ¢s.



1.5.3 G~ R~ Paths
For a G;l R;2 path, the equation to be solved is:

Mg- (¢1)Mp- (7, ¢2) = (g%} axs g%%)

Q31 (32 (33.

Pre-multiplying (67) with u?, and post-multiplying ug-:

(r* = 1) cos(¢1) —r° = an (r* = 1) —r (a13\/1 —r2+azV1—712+ aggr) ,

which gives

T (013m+ az1vV1 — 12 + (azz — 1) 7”)

cos(¢1) = a1 —

r2—1 ’
and yields two solutions of ¢;.
Pre-multiplying (67) with u’,_ and post-multiplying ug-:
(r2 - 1) cos(¢p2) — r? = —ass3,
which gives
7"2 — (33
COS(¢2) = 7'2 -1 I

and yields two solutions of ¢s.

1.5.4 G~ L~ Paths
For a G;l L;Q path, the equation to be solved is:

Mo (oM, = (85 84)

Q31 (32 (33.

Pre-multiplying (72) with u€+ and post-multiplying uy-:

(1- r2) cos(¢n) — 1% = — (a1 (7’2 -1)—r <a13\/1 —r2 —azV/1—7r2+ O¢337“) )

which gives

r (a13\/1 —7r2 —az1V1—1r2 + (CM33 - 1)7’)

cos(¢1) = a1 +

r2 —1 ’
and yields two solutions of ¢;.
Pre-multiplying (72) with ug, and post-multiplying ug+:
(r* — 1) cos(¢2) — ° = —as,
which gives
r? —ags
cos(gn) = 5,

and yields two solutions of ¢s.

1.6 C|C Paths
1.6.1 L*|L~ Paths

For a L;fl |L;2 path, the equation to be solved is:

M+ (7”7 ¢’1)ML— (7", ¢12) = (g%% g%% gég)

Q31 Q32  (33.

Pre-multiplying (77) with ug, and post-multiplying uy-:
r (27"2 -1)—2r (1"2 — 1) cos(¢1) = azsr — az1v/1 —r2,

which gives

—2r® —az1vV1 —r2 +assr+r
2r — 2r3 ’

cos(¢1) =

and yields two solutions of ¢;.
Pre-multiplying (77) with u€+ and post-multiplying ug+:

7 (=2 (r* = 1) cos(¢2) + 2r° — 1) = a1z/1 — 2 + assr,

which gives
—2r% + aisV1 — 12 + Qs + 7
2r — 2r3 ’

cos(¢2) =

and yields two solutions of ¢s.

(68)

(69)

(70)

(71)

(73)

(74)

(80)

(81)



1.6.2 RT|R~ Paths

For a Rgl |R;52 path, the equation to be solved is:

11 Q12 13
M T Mg (r = (a21 Q22 0623)
rt (1 @1)Mp-(r,¢2) = (21 Q22 Qs

Pre-multiplying (82) with ug_ and post-multiplying ug-:
r (27"2 - 1) —2r (7"2 - 1) cos(¢1) = as1vV/1 — r2 + assr,

which gives
—2r® +az V1 —r2 +assr+r
2r — 2r3 ’

cos(¢1) =

and yields two solutions of ¢;.
Pre-multiplying (82) with u£+ and post-multiplying ug+:

r (27‘2 —1)—2r (r2 — 1) cos(¢2) = azsr — a1z 1 —r2,
which gives

—2r% —aisvV1 —r2 +agsr + 7
2r — 2r3 ’

cos(¢2) =

and yields two solutions of ¢,.

1.6.3 R~ |R" Paths
For a R;l |R:g2 path, the equation to be solved is:

Mpg- (7, ¢1)Mg+(r, ¢2) = (gﬁ 633 352)

Q31 (32 (33.
Pre-multiplying (87) with ug+ and post-multiplying ug+:
r (27‘2 —1)—2r (r2 —1) cos(¢1) = azsr — az1y/1 —r2,

which gives

—2r% — az1V1 — 72 + azar +
cos(¢n) = 2r — 213 :

and yields two solutions of ¢.
Pre-multiplying (87) with ug, and post-multiplying ug-:

r (27‘2 — 1) — 27 (r2 — 1) cos(¢2) = a3V 1 — r2 4+ assr,

which gives
—2r% + a1svV1 — 12 +agsr + 7
2r — 2r3 ’

cos(¢2) =

and yields two solutions of ¢,.

1.6.4 L~ |L* Paths

For a L(;l |L;§2 path, the equation to be solved is:

MLf(T,¢1)ML+(T,¢2):(g%} a3 g;g)

Q31 (32 (33.

Pre-multiplying (92) with ug+ and post-multiplying uz+:
r (27‘2 — 1) — 27 (r2 — 1) cos(¢1) = as1vV/1 —r2 4+ assr,

which gives
—2r% + as1vV1 — 12 +agsr + 7
2r — 2r3 ’

cos(¢1) =
and yields two solutions of ¢.
Pre-multiplying (92) with u?_ and post-multiplying ug-:
r(2r® — 1) — 2r (r? — 1) cos(¢2) = assr — 13/ 1 — 12,

which gives
—2r% — sVl — 12 +assr + 1
2r — 2r3 ’

cos(¢2) =

and yields two solutions of ¢s.



1.7 TC Paths
1.7.1 L°L* Paths

For a Lgngz path, the equation to be solved is:

Mpo(¢p1)Mp+(r, ¢2) = (g% as3 g%%)

Q31 (32 (33.

Pre-multiplying (97) with ug_ and post-multiplying uy+:

which gives
[e%:
cos(¢1) = ass + 377

and yields two solutions of ¢;.
Pre-multiplying (97) with uzo and post-multiplying ug-:

rv/1—12(cos(¢2) — 1) = —aus,

Q13

112

which gives
cos(pa) =1—

and yields two solutions of ¢5.

1.7.2 L°L~ Paths
For a LglL;2 path, the equation to be solved is:

Myo(61)My- (r o) = (831 033 @35)

Q31 (32 (33.

Pre-multiplying (102) with ug_ and post-multiplying uy,-:

recos(¢1) = aszr — az1 V1 — 12,

which gives

31V 1-— 7’2
cos(¢1) = azz — B —

and yields two solutions of ¢;.
Pre-multiplying (102) with u?, and post-multiplying ug-+:

rv1—12(cos(¢h2) — 1) = aus,

which gives

and yields two solutions of ¢,.

1.7.3 R°R~ Paths
For a RglR;Q path, the equation to be solved is:

Qi1 Q12 Qi3
M \Y . = (Ot21 Q22 0423)
ro(01)Mp- (1, ¢2) = (Q21 Q22 Qa3

Pre-multiplying (107) with ul,; and post-multiplying ug-:

which gives
cos(¢1) = asz + Vo T

and yields two solutions of ¢ .
Pre-multiplying (107) with ugo and post-multiplying ug+:

rv1—r2(cos(¢2) — 1) = —aus,

which gives

and yields two solutions of ¢s.

(97)

(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)

(110)

(111)



1.7.4 R°R* Paths
For a RglefQ path, the equation to be solved is:

Mo (61)Mpe (r,62) = (931 @28 a33) (112)
Pre-multiplying (112) with ul, and post-multiplying up-+:
recos(¢1) = assr —az1V/1—r2, (113)
which gives
A1 — 2
cos(é1) = agz — V- i =, (114)
and yields two solutions of ¢;.
Pre-multiplying (112) with uk, and post-multiplying ug-:
V1= r2(cos(¢h2) — 1) = s, (115)
which gives
cos(¢n) = —2 41 (116)
rv1—r? ’
and yields two solutions of ¢s.
1.8 CCy|C Paths
1.8.1 LTRf|R™ Paths
For a L;fl R:ﬂR;Z path, the equation to be solved is:
My (r, 1M (r,¥)Mpg- (r,62) = (33 Q33 633) (117)

Pre-multiplying (117) with uf, and post-multiplying ug-:

4r? (7“2 — 1) cos(y) — (1 — 27"2)2 = a11 (r2 — 1) —7r (0513\/ 1—-r24+azv1—7r2+ a33r> , (118)

which gives
—on1 + 4r* + a11r? — assr? — a1V — 72r —asivV1 — r2r —4r? 4+ 1

cos() = 42 (r2 — 1)

(119)

and yields two solutions of .
Pre-multiplying (117) with ul,_ and post-multiplying with up-:

rsin(¢1) (2sin(y) — 2r? sin(y)) +r (4r4 —4 (r2 -1) 2 cos(1h) — 4r° + 1) —4r (2r4 —3r% 4 1) sin’ (%) cos(¢1)

=a31V 1 — r2 + Q33T (120)

For 0, this equation can be used to solve for ¢;. Multiplying both sides with L
v ?é d 91 PLYILS \/7‘2(2 sin(y)—2r2 sin(d)))2+(4r(2r473r2+1) siHQ(%))Z

r(2 sin(y)—2r2 sin(w))
\/r2(2 sin(y)—2r2 sin(w))2+(4r(2r4737"2+1) sin? (%))2

4r(2r4—3r2+1) sin2(%)
\/7"2(2 sin(vy)—2r2 sin(w))2+(4r(2r473r2+1) sinZ(%’))2 ’

and defining cos~y := siny :=

It is obtained that
) r?cos(y) — (1 — 2r2)2) +azV/1—1r2
4\/71“2 (r2 —1)*sin® (%) (=2r* +2(r2 — 1) r2 cos(¥) + 2r2 — 1)
g s (_ r <a33 +4 (r2 — 1) r? cos(y) — (1 — 27“2)2) + azv1—r? ) ! < 2r(sin(¢)) — r? sin(v)) > 7
4y/=r2 (12 = 1) sin® (%) (=274 + 2 (r2 — 1) 12 cos() + 202 — 1) 4r (2rt = 3r2 + 1)sin® (37)

cos( + ¢1) = — (121)

2
(122)
which yields two solutions for each value of 1.
Pre-multiplying (117) with u?, and post-multiplying with ug-+:
rsin(gp2) (2r2 sin(y) — 2sin(y)) + (41"4 -4 (r2 -1) 2 cos(1h) — 4r° + 1) —4r (2r4 —3r% 4 1) sin” (%) cos(¢2)

=ay3y 1 — r2 + 33T, (123)



Similarly, multiplying both sides with L =, it is obtained that
\/7‘2 (2sin(v¢)—2r2 sin(w))2+(4r(2r473r2+1) siHQ(%))

(a33+4(r2 1) r? cos(¥) — (1 —2r?) ) + a13v1 —r2
cos (s — ) = — (124)
4\/ 2 (r2 — 1)° sin? (¥) (—2r% +2(r2 — 1) 72 cos(¥) + 272 — 1)
¢ . T (0133 + 4 (7”2 1) 7‘2 COS( 1 — 27" 2) + 13 1-— 7”2 1 ( 27’(8111(’1#) _ 7,2 SlIl(d})) >
= @2 = COS — + tan - ,
4\/77’2 (r2 — 1) sin? (%) (=2r++2(r2 — 1) r2cos(¢p) + 2r2 — 1) 4r (2t = 3r2 + 1)sin® (§)
(125)
which yields two solutions for each value of .
1.8.2 L™ R, |R" Paths
For a L;l le’%g2 path, the equation to be solved is:
« (0% (0%
My (7, 1)Mp- (r,¥)Mps (r,62) = (931 033 033 (126)

Pre-multiplying (126) with ug, and post-multiplying ug+:

4r? (7’2 — 1) cos(¢) — (1 — 27“2)2 = 11 (7“2 — 1) +r (a13\/1 —r2 4+ az1V/1—1r2— a33r) , (127)

which gives

—a11 4+ 4r* + a117? — assr? + a13vV1 — r2r + as1V1 — r2r — 4r? + 1

cos(v) = 4r2 (r2 — 1)

(128)

and yields two solutions of .
Pre-multiplying (117) with ug+ and post-multiplying with ug+:

rsin(¢1) (2sin(y) — 2r°sin(y)) +r (47" — 4 (r® — 1) 7% cos(yp) — 4% + 1) — 4r (2r* — 3r% 4 1) sin® (%) cos(¢1)
=337 — 31V 1-— 7’2. (129)

For 1) # 0, this equation can be used to solve for ¢;. Multiplying both sides with 1

\/7*2 (2sin(vp)—2r2 sin(w))2+(4r(2r4—3r2+1) sinQ(%))2
47’(27’ —3r +1) sin (‘é) . L r(25in(¢)—2r2 sin(w))
f =, siny 1= — f )
\/T‘Z(Zsin(’lb)72’l‘ sin(v))? (47‘(27‘473r2+1)sin2(%)) \/7‘2(251]1(’(#)727‘2 sin(e))2+ (47‘(2r4 3r241) sin? (%))

and defining cos~y :=
It is obtained that

r (s +4(r? = 1) r?cos(®) - (1-2r%)%) — auvT =72
4y/=r2 (r2 = 1) sin? (%) (=20 +2(r2 — 1) r2 cos(y)) + 202 — 1)

rom 402D rteosw) - (1-2Y)) a2 ) < 2r(sin(4) — r* sin(y)) ) ,
4\/71"2 (r2 — 1) sin? (%) (=2r*+2(r2 — 1) r2cos(¢p) + 2r2 — 1) 4r (2t = 3r2 + 1)sin® ()

cos(y + ¢1) = — (130)

— ¢ = cos (—
(131)
which yields two solutions for each value of .
Pre-multiplying (117) with u?_ and post-multiplying with ug-:
rsin(¢p2) (27"2 sin(y) — 2sin(y)) + 7 (4r4 —4 (r —1)r % cos(y) — 4r® + 1) —4r (2r4 —3rf 4+ 1) sin’ (%) cos(¢p2)
=Q33"7T — 13V 1-— 7’2. (132)

Similarly, multiplying both sides with 1 =, it is obtained that
\/7‘2 (2sin(vy)—2r2 sin(i/)))2+(4r(2r4 3r2+1) sin® (%))

(0‘33 +4 (TQ 1) r? cos(t) — (1 - 27’2)2) — o3Vl —12
4\/ 2 (r2 — 1)° sin? )
ass +4 (r> — 1) r? cos —(1-2r%)7) - aizy/1—r2 . 2 .
e ( + ( ) (%) ( ) ) 4+ tan-! < 2r(s41n(17/)); r sn.l(if))w > 7
4\/—1«2 (r2 — 1) sin? (%) (=2r% +2(r2 — 1) 2 cos(¥) + 2r2 — 1) 4r (2r* — 3r2 4 1)sin® (¥)

cos (g2 —7) = — (133)

—

L) (=2r* +2(r2 — 1) r2 cos(p) + 2r2 — 1)

(134)

which yields two solutions for each value of 1.
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1.8.3 R L,|L* Paths

For a R;lL;|L$2 path, the equation to be solved is:

My (r, 61)M- (r, )My (r,¢2) = (931 @38 @33

Q11 Ql2 Q13 )
135
Q31 Q32 Q33 (135)

Pre-multiplying (135) with u’,_ and post-multiplying uz+:

4r? (r2 — 1) cos(¢) — (1 — 27"2)2 = a11 (r2 — 1) —7r (0513\/1 —r2 4+ anVv1—r2+ a33r) , (136)

which gives
—a1 4+ 4r* + annr? — azar? — a13V1 — 2 — aziV/1 — r2r — 407 4 1
4r2 (r2 — 1)

cos() =

and yields two solutions of .
Pre-multiplying (135) with ug+ and post-multiplying with uy+:

(137)

rsin(¢1) (2sin(y) — 2r? sin(y)) +r (4r —4 ('r —1)r % cos() — 4r® + 1) —4r (27’4 -3’ + 1) sin’ (%) cos(¢1)
=a31V 1 — 12 + asar. (138)

For 1) # 0, this equation can be used to solve for ¢;. Multiplying both sides with L

\/T2(2sin(w)—2r2 sin(w))2+(4r(2r4—3r2+1) SiHQ(%))2
47"(27" —3r +1) sin (‘é) . L T(QSin(w)—Qrz sin(w))
. . ol 2) Slnfy T . . 2 . o( Y 2°
\/r2(25m(1b)72r sin(v))? (47‘(27‘4737‘2+1) sin (5)) \/rz(Qsm(w)erz sin(v)) +(47‘(2r473r2+1) sin (7))

and defining cos~y :=
It is obtained that
)72 cos(v) — (1= 2r%)°) + aqa VI =72
4\/71«2 (r2 — 1)?sin? (L) (=274 + 2 (r2 — 1) r2 cos(yp) + 2r2 — 1)
r2eos(y) — (1-2r%)") + ag VI =12 ) . < 2 (sin(1) — % sin(1)) > |
D ar

-1)
= ¢1 = cos - -
1 ( 4\/—7"2 (r2 — 1) sin? (%) (=2r* +2(r2 — 1) r2cos(¢) + 2r2 — (2r* = 3r2 + 1) sin” (%)
(140)

(139)

which yields two solutions for each value of .
Pre-multiplying (135) with ug_ and post-multiplying with ug-:
rsin(¢p2) (27‘2 sin(y) — 2sin(y)) + (4r4 —4 (r -1)r % cos(1p) — 4r° + 1) —4r (2 rt—3r® + 1) sin (%) cos(¢2)
=aqy3y 1 — r2 4+ 337, (141)

Similarly, multiplying both sides with L =, it is obtained that
\/r2 (2 sin(3p) —272 sin(9))?+ (4r(2r4 —3r2+1) sin? ( % ))

cos (g2 — ) = — (142)

(a33 +4 (7“2 1) r? cos(¢ (1 — 21"2) ) + a1 =12
4\/—7"2 (r2 —1)*sin? () (—=2r4 +2(r2 — 1) r2 cos(¢)) + 2r2 — 1)
N " (a33 +4 ( * 1) r¥eos(y) - (1-2r%) 2) +oasVI—r? + tan-! 2r(sin(y) — r? sin(¢)))

( 2 ) 4r ’

4\/_T2 (r? —1)*sin® (%) (=2r* +2(r2 — 1) 7% cos(¢)) + 2r% — 1 (2rt = 3r2 + 1) sin® (%)
(143)
which yields two solutions for each value of .
1.8.4 RYL{|L™ Paths
For a R;LfﬂL;z path, the equation to be solved is:
o « Q13
M (1, 61)Mps ()M - (ry62) = (031 @28 a33) (144)

Pre-multiplying (144) with u%. and post-multiplying uy,-:

4r? (r2 — 1) cos(¢) — (1 — 27'2)2 = a11 (r2 — 1) +r (alg,\/l —r2+azv1—1r2— 0533T) , (145)

which gives
—on1 + 4r* + a11r? — assr? + a1V — 2+ asivl — r2r —4r? 4+ 1

cos) = 472 (r2 — 1)

(146)
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and yields two solutions of .
Pre-multiplying (144) with ug_ and post-multiplying with uy,-:

rsin(¢1) (2sin(y) — 2r? sin(y)) +r (4r4 —4 (7“2 -1) r? cos(¢) — 4r® + 1) —4r (27“4 —3r2 4+ 1) sin® (%) cos(¢1)
=337 — 31V 1-— 7”2. (147)

For 1 # 0, this equation can be used to solve for ¢;. Multiplying both sides with L
\/r2 (2sin(¢)—2r2 sin(w))2+(4r(2r473r2+1) sinz(%))2
4r(2r*—3r°+1) sin®( %) sin~y = r(2sin(yp)—2r” sin(y))
\/7‘2(2 sin(y)—2r2 sin(w))2+(4r(2r4—3r2+1) sinz(%))2 ’ \/r2(2 sin(y)—2r2 sin(w))2+(4r(2r4—37“2+1) sinz(%))2

and defining cosvy =

It is obtained that

r(a33+4(r271)r2c0s( (1—2r%) 2)70431\/17742
2

cos(y +¢1) = — (148)
4\/—1“2 (r2 —1)%*sin? (¥) (=2r4 +2(r2 — 1) r2 cos(¢)) + 2r2 — 1)
r(ass+4(r? =1)r?cos —(1—2r —az31V1—1r2 : 2 -
gy e [ e 402 - Dot - (1-27)°) - e o ( 2r(sin(y) =2 i) ) )
4\/—7“2 (r2 —1)*sin? (£) (—2r* +2(r2 — 1) r2 cos(¢)) + 2r2 — 1) 4r (2r* = 3r2 +1)sin® (3)

which yields two solutions for each value of .
Pre-multiplying (144) with u%, and post-multiplying with ug-:

rsin(¢p2) (27"2 sin(y) — 2sin(y)) +r (4r Y4 (r -1)r % cos() — 4r® + 1) —4r (2r4 -3’ 4 1) sin’ (%) cos(¢2)
=a33r — a3V 1 — r2. (150)

Similarly, multiplying both sides with L —, it is obtained that
\/r2 (2sin(¢p) —272 sin(h)) 2+ (47"(21“4 —3r2+1) sin? ( % ))

(0433 +4 (1" ) r cos(w) - (1 - 27"2)2) —a13v1 —1r?
cos (2 —7) = — : (151)
4\/ 2(r2 — 1)*sin? (£) (=2r* + 2 (r2 — 1) r2 cos(p) + 2r2 — 1)

2
. ¢ . 5_1 (Ot33+4( 1) 7‘2 COS (1 —2r ) ) —0113\/1 — 72 ta . ( 27’(81[1(’(#) _7,,2 SlIl(l/))) >
5 = COS _ I N )
4\/77’2 )2 sin? (%) —2rt +2(r2 — 1) r2cos(¢)) + 2r2 — 1) dr (2rt = 3r2 4 1) sin® (%)
(152)
which yields two solutions for each value of .
1.9 CGC Paths
1.9.1 L*TGTLT Paths
For a L;fl G;ﬁg L$3 path, the equation to be solved is:
[0 « «
My (r, 61)Mg+ (92)My+ (r,6a) = (931 032 33) (153)
Pre-multiplying (153) with u€+ and post-multiplying uy+:
(= cos(¢a)) + r° + cos(¢p2) = 7 (oz13\/1 —r24+asV1—r2+ a33r) —an (7“2 -1), (154)
which gives
— — _ 20 2
cos(¢s) = a1 + a11r? — azzr? arlsx_/ll r2r — aziV1 — r2r + 12 (155)
and yields two solutions of ¢5.
Pre-multiplying (153) with ug, and post-multiplying with uy+:
—r® 4 sin(¢1) (r sin(¢2) — sin(¢2)) + 2 (7"2 — 1) rcos(¢1) sin’ (%) + (r2 — 1) rcos(¢2) = oz (—\/1 - r2> — Qu3ar. (156)
For ¢5 # 0, this equation can be used to solve for ¢;. Multiplying both sides with L >
\/(T2 sin(d)z)7sin(¢2))2+(2(7‘271)rsinQ(%"))
2_1)r sin? 22 2 g —ai
and defining cos~y := 2o’ (%) _, siny := r” sin(d2)—sin(62) _. It is obtained
\/(’r‘2 sin(gﬁg)7sin(¢2))2+(2(r271)r sinz(%)) \/(r2 sin(¢2)fsin(¢2))2+(2(r271)1” sinz(%))
that
cos(ér — ) = 7 (—ass +17?(—cos(¢2)) + 1 + cos(¢2)) — az1v/1— 12 (157)
\/(1"2 -1)2 (4r2sin* (22) + sin?(¢2))
— ¢1 =cos " r(—oss + (- cos(2)) + 17 + cos(@2)) — amvI - v + tan ™" < . S2in(¢>2) 7~Sizn(ﬁz) ) ’ (158)
\/(r2 — 1) (4r2sin* () + sin®(¢2)) 2(r? —1)rsin® ()
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which yields two solutions for each value of ¢s.
Pre-multiplying (153) with u?, and post-multiplying with ug-:
o

—r® 4 sin(¢3) (7‘2 sin(¢2) — sin(¢2)) + 2 (7‘2 — 1) rcos(¢s) sin’ (7) + (r2 — 1) rcos(p2) = ous (,\/1 — r2> — Qu3ar. (159)

Similarly, multiplying both sides with 1 =, it is obtained that
\/(7’2 sin(¢a)—sin(¢2))2+ (2(7“2 —1)rsin? ( (2—2))

7 (—ass + r2(— cos(¢2)) + 1 + cos(¢2)) — arsv1 —r2

cos (3 — ) = (160)
\/(r2 — 1)2 (47’2 sin? (%) + sin2(¢2))
= ¢3 = cos ' r(zass +17(— cos(gn)) + 17 + cos(dz) — arsV1 -1 + tan ™" < e ) (161)
3 = . )
\/(7‘2 —1)? (4r2 sin* (%) + sin®(¢2)) 2(r2 — 1) rsin® (%)
which yields two solutions for each value of ¢,.
1.9.2 RTG'R' Paths
For a RL G;f2 R;B path, the equation to be solved is:
Mg+ (r, 91)Mg+(¢2)Mp+ (1, ¢3) = (%i gég §§§) (162)

Pre-multiplying (162) with u%, and post-multiplying ug+:

TQ(— cos(¢2)) + r? + cos(¢p2) =7 (am (—\/ 1-— r2) —azV1—7r2+ Oégg?") — a1 (7"2 — 1) , (163)

which gives

cos(é) —aq1 + a1r? — assr? 4+ a1svV1 — 721 4+ as1 V1 — 72 4+ 12
2) = 2 )

r2—1

and yields two solutions of ¢s.
Pre-multiplying (162) with ug, and post-multiplying with ug+:

(164)

—r® 4 sin(¢1) (r2 sin(¢2) — sin(¢2)) + 2 (r2 — 1) rcos(¢1) sin’ (%) + (r2 —1)rcos(¢2) = az1V/1 —r? — asar. (165)

1
V(7 sin(2) —sin(92))? +(2(r2 ~Lyrsin? () )°
r2—1)rsin?( 22 2 in Cain . .
2 ) () 5, Siny =  sin(dz) —sin(é2) ~. It is obtained
\/(7"2 sin(¢z)—sin(¢z))2+(2(r2_1)rsinZ(%)) \/(rz sin(¢2)—sin(¢2))2+(2(T2_1)TSinz(%))

For ¢o # 0, this equation can be used to solve for ¢,. Multiplying both sides with

and defining cosvy :=
that

cos(¢y — ) = r (—ass +7%(— cos(¢2)) + 1 + cos(¢2)) — az1vV/1— 12 .

\/(r2 —1)? (4r2sin (22) + sin?(¢2))

by = cos~! r (—ass 4+ r2(— cos(¢2))) + r* + cos(¢2)) — as1v/1— 12 + tan~! ( 72 sin(¢g) — sin(¢z) ) (167)
\/(7"2 —1)? (472 sin* (22) + sin(¢2)) 2(r* = 1) rsin® (%)
which yields two solutions for each value of ¢o.
Pre-multiplying (162) with u’, and post-multiplying with ug-:
—r® 4 sin(¢3) (r2 sin(¢2) — sin(¢2)) + 2 (r2 — 1) rcos(¢s) sin® (%) + (7’2 — 1) rcos(¢2) = a13v/1 —r? — aasr. (168)
Similarly, multiplying both sides with L =, it is obtained that
\/(7‘2 sin(¢2)fsin(¢2))2+(2(r271)rsin2(¢2—2))
cos (s — ) = 1708+ (= cos(@2) + 17 4 cos(2)) — gV 72 (169)
\/(r2 —1)% (4r2sin* (22) + sin?(¢2))
= ¢3 =cos ' r(zass 4 r7(— cos(gn)) + 17 + cos(da) — sVl — 7 +tan”! < T ) (170)
\/(r2 —1)% (4r2sin* (%) +sin®(¢2)) 2(r2 — 1) rsin® (%)

which yields two solutions for each value of ¢s.
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1.9.3 R G~ R~ Paths
For a R;l G;2 R;3 path, the equation to be solved is:

a a a
M- (r, 61)Mg- (62)Mp- (r, 6) = (31 @28 @33) (171)
Pre-multiplying (171) with ug_ and post-multiplying ug-:
7“2(— cos(¢2)) + r2 4+ cos(p2) =7 (0413\/1 —r2 +az1V/1—1r2+ aggr) — a1 (r2 — 1) , (172)
which gives
—on1 + anr’ —agsr’® + a3Vl —r?r + as V1 — r2r 407
cos(¢2) = (173)

r2—1 ’
and yields two solutions of ¢5.
Pre-multiplying (171) with uf, and post-multiplying with up-:

—r® 4+ sin(¢1) (r?sin(¢2) — sin(¢2)) + 2 (r? — 1) r cos(¢1) sin’ (%) + (r? = 1) rcos(¢2) = as: (—\/ 1— 7’2) — azar. (174)

1

For ¢o # 0, this equation can be used to solve for ¢,. Multiplying both sides with =
\/(r2 sin(cf)g)7sin(¢2))2+(2(r271)rsinz(%z))

. 2(r271)rsin2(%) . r? sin(¢2)—sin(¢2) : :
and defining cosvy := =, siny := =. It is obtained
\/(7"2 sin(ng)—sin(¢2))2+(2(r2—1)7“ sinz(%)) \/(7'2 sin(¢2)—sin(¢2))2+(2(7“2—1)7“ sinz(%))
that
cos(¢1 — ) = 7 (—ass +7*(—cos(¢2)) +1* + cos(¢2)) + az V1 — 12 (175)
\/(7“2 —1)? (4r2 sin* (‘%2) + sin®(¢2))
= ¢1 =cos ' r(zass + (= cos(¢a)) + 17 + cos(d)) + amvI— 72 +tan~! < e ) (176)
\/(r2 —1)% (4r2sin* (£2) + sin?(¢2)) 2(r2 — 1) rsin® (%)
which yields two solutions for each value of ¢s.
Pre-multiplying (171) with ug, and post-multiplying with ug+:
—r® 4 sin(¢3) (r2 sin(¢2) — sin(¢2)) + 2 (7"2 — 1) 7 cos(¢ps) sin’ (%) + (r2 — 1) rcos(¢2) = aus (—\/ 1-— r2> — Q33T (177)
Similarly, multiplying both sides with L =, it is obtained that
\/(7“2 sin(¢2)—sin(¢2))2+(2(r2—1)7"sin2(¢2—2))
cos (g3 —7) = r (—ass +1°(—cos(¢2)) +1* + cos(¢2)) + 13V — 12 (178)
\/(7"2 —1)? (4r2 sin* (%) + sin®(¢2))
= ¢3 =cos ! r(zass + (= cos(¢a)) + 17 + cos(9)) + argvI— 72 +tan~! < e ) (179)
\/(r2 —1)% (4r2sin* (£2) + sin?(¢2)) 2(r2 — 1) rsin® (%)

which yields two solutions for each value of ¢s.

1.9.4 LG~ L~ Paths
Fora L, G, L, path, the equation to be solved is:

M- (1, 1)Mg- (62)M, - (r.¢0) = (331 Q32 G35 (180)

Q31 (32 (33.

Pre-multiplying (180) with u?_ and post-multiplying up,-:

(= cos(¢a)) + r° + cos(¢p2) =7 (a13 (f\/ 1- r2) —az1V1—1r2+ a337’) —an (7"2 -1), (181)

which gives
cos(da) = —an1 + onr? — assr® + a3Vl —r?r + asivV1 —r?r+0°
2) — 2 )
rd—1

and yields two solutions of ¢s.
Pre-multiplying (180) with ul, and post-multiplying with uy,-:

(182)

—r® 4 sin(¢1) (r2 sin(¢2) — sin(¢2)) + 2 (r2 —1) rcos(¢1) sin’ (%) + (7’2 — 1) rcos(¢2) = as1v/1 —r? — assr. (183)
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1
(r2 Sin(d,z),sin(¢2))2+(2(r271)7‘ sin?("b—zr"))2

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with \/

2_1)rsin?( 22 2 gj —si
and defining cos~y := 207 roin’ (%) _, siny := r” sin(d2)—sin(62) _. It is obtained
\/(’I"2 sin(g{)g)7sin(¢2))2+(2(r271)r sinz(%)) \/(r2 sin(¢2)fsin(¢2))2+(2(r271)1” sinz(%))
that
cos(ér — ) = 7 (—ass + 1r?(—cos(¢2)) + 1 + cos(pz2)) + az1v/1— 12 (184)
\/(r2 —1)? (472 sin* (22) + sin?(¢2))
= ¢1 =cos " r(zass + 13— cos(¢a)) + 17 + cos(g)) + amvI— 72 +tan " < . Sjﬂ(@) _-Si;((iz) > ' (185)
V2 = 12 (4r2sin (%) + sin?(62)) 2(r? — 1) rsin® (%)

which yields two solutions for each value of ¢5.
Pre-multiplying (180) with uz, and post-multiplying with ug+:

w‘wﬁ

—r® 4 sin(¢3) (r2 sin(¢2) — sin(¢2)) + 2 (r2 — 1) rcos(¢s) sin’ ( ) + (r2 —1)rcos(¢2) = aus\/1 —r? — asar. (186)

Similarly, multiplying both sides with 1 =, it is obtained that
\/(7’2 sin(¢a)—sin(¢2))?+ (2(7“2 —1)rsin? ( (2—2))

r (—0433 + T2(— COS(¢2)) + 7"2 —+ COS(¢2)) + a13v1 —r?

cos (¢ — ) = (187)
\/(r2 —1)2 (4r2 sin* (%) + sin®(¢2))
e by = cos~! 7 (—ass 4+ r*(—cos(¢2)) + r* + cos(¢2)) + arsv/1 — r2 +tan! < r? sin(¢2) — sin(¢2) ) (188)

\/(7"2 —1)? (4r2 sin* (%) + Sin2(¢2)) 2(r? — 1) rsin® (%)

which yields two solutions for each value of ¢s.

1.9.5 LT*G*R" Paths

For a L;fl G;[Q R;; path, the equation to be solved is:
My (r, 61)Mgt (92)Mps (r,6) = (31 Q23 G33) (189)

Pre-multiplying (189) with uEJr and post-multiplying ug+:

(r2 — 1) cos(¢2) + r? = a1 (7“2 — 1) +7r (alg V1—-1r2—a31V1-—-1r2+ aggr) , (190)

which gives

2 2 2
—a11 + o117 + a33r® + a3V —7’27“ — 31V 1 —’I“2’f’—’l“
)

cos(¢2) = " (191)
and yields two solutions of ¢5.
Pre-multiplying (189) with ug, and post-multiplying with ug+:
(r— r3) cos(¢a) — 1 + sin(¢) (sin(¢2) — 7 sin(¢2)) + 2 (r2 — 1) rcos(¢r) cos’ (%) =as1V1—1r2— assr. (192)
For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with L =
\/(r2 sin(¢2)—sin(¢2))2+(2(7‘2—1)7‘cos2(%2))
r2—1)rcos? (22 in —7r“ sin : :
and defining cos vy := clGid)) () =, siny := sin(da) 17 sin(da) —. It is obtained
\/(7‘2 sin(¢2)—sin(¢2))2+(2(r2—1)r 0052(%)) \/(7‘2 sin(¢2)—sin(¢2))2+(2(r2—1)7‘ COSQ((PTQ))
that
3 3 — 2 _
cos(1 — ) = r° cos(¢2) + 1° + az1v/1 — 72 — azsr — r cos(¢p2) (193)

\/(7-2 —1)? (472 cos* (%2) + sin’(¢2))
Gy = cos! % cos(p2) + r° 4+ asz1v/1 — r2 — assr — r cos(¢z) + tan-! ( sin(¢2) — 72 sin(¢2) ) 7 (194)
( \/(T‘Q - 1) (4r2 cos? (%) + sin®(¢2)) 2(r? — 1) rcos? ()

which yields two solutions for each value of ¢,.
Pre-multiplying (189) with u’, and post-multiplying with ug-:

—r® — (7"2 — 1) sin(¢2) sin(¢s) + 2 (7“2 -1) rcos’ (%) cos(¢p3) — (r2 — 1) rcos(¢z2) = 13 (—\/ 1- 7"2) — Q33T (195)
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Similarly, multiplying both sides with L =, it is obtained that
\/(7‘2 sin(¢2)fsin(¢v2))2+(2(r271)r sin2(¢2—2))

7 (—ass + (= cos(¢2)) + 7% + cos(¢2)) — arsV1 — r?

cos (g3 — ) = (196)
\/(7'2 -1) (472 cos* (22) + sin(¢2))
= ¢3 =cos | r(zass & 17(— cos(gn)) + 17 + cos(¢z)) — sVl — 1 +tan”™" ( Smg@) . Slzl(f’ 2 > (197)
\/(7’2 —1)? (4r2 cos* ( 2) + sin?(¢2)) 2(r2 = 1)rcos? (%)
which yields two solutions for each value of ¢s.
1.9.6 RYGTLT Paths
For a RZL G’;‘QL;; path, the equation to be solved is:
My (1, 61) M (62)M s (r,60) = (931 622 G35 ) (198)

Pre-multiplying (198) with u£+ and post-multiplying uy+:

(7’2 — 1) cos(¢2) + r? = an (r2 — 1) +7r (a13 <f\/ 1-— 7‘2) +a3z1V1—1r2+ aggr) , (199)

which gives
2 2 2
—ai1 + anr” + assr® —aisvV1l —r2r +asivV1—rir—r

r2 —1 ’

cos(¢2) =

and yields two solutions of ¢,.
Pre-multiplying (198) with ug, and post-multiplying with ur+:

(200)

(r— 7“3) cos(¢p2) — 1 + sin(¢n) (sin(¢2) — r? sin(¢2)) + 2 (7’2 — 1) rcos(¢1) cos’ (%) = as1 (—\/ 1- 7“2) — a3 (201)

1

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with >
\/(1'2 sin(¢2)—sin(¢2))2+(2(r2—1)r0052(%2))

_ ¢ S 4
and defining cos~y := ‘ 2(? 1); cos* (%) ——, siny = . hfn(¢2)_2r2 sin(¢s) ——. It is obtained
V(2 sin(2) —sin(92))>+(2(r2—1)r cos? () V/(r? sin(@2) —sin(62))2+ (2(r2 ~r cos? (2 )
that
cos( — ) = 73 cos(p2) + 1 — az1v/1 — 12 — azsr — rcos(¢p2) (202)
\/(7“2 —1)% (472 cos* (£2) + sin?(¢2))
Gy = cos! 7% cos(¢2) + 13 — az1vV/1 — 72 — azzr — 7 cos(do) + tan-"! ( sin(¢2) — r?sin(¢2) > (203)
V2 = 1 (4r2 cost (%) + sin®(6)) 2(r? = 1)rcos® (%)
which yields two solutions for each value of ¢,.
Pre-multiplying (198) with u£+ and post-multiplying with ug-:
S (r2 — 1) sin(¢2) sin(¢s) + 2 (7"2 —-1) rcos” <%> cos(¢ps) — (7"2 — 1) rcos(¢2) = ausV/ 1 — 12 — assr. (204)
Similarly, multiplying both sides with \/( Py ))21+( e (¢>2))2’ it is obtained that
72 sin(¢2)—sin(¢o 7 sin
cos (5 — ) = 3 cos(p2) + 13 4+ a13vV/1 — 72 — azar — rcos(¢2) (205)
\/(7'2 —1) (472 cos* (22) + sin(¢2))
s 65 = cos~! 3 cos(p2) + r® 4+ aizv/1 — 12 — azar — rcos(¢z) 4 tan—] ( sin(¢2) — r? sin(¢2) ) (206)
\/(7’2 —1)% (472 cos* (22) + sin®(¢2)) 2(r2 — 1) rcos? (%)

which yields two solutions for each value of ¢s.
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1.9.7 R G~ L~ Paths
For a R;l G;2 L;B path, the equation to be solved is:

Qa1 Q12 0513) (207)

M- (r, 61)Mg- (62)M - (r, ) = (G231 Q23 033

Q31 32 Qa33.
Pre-multiplying (207) with ug, and post-multiplying uy,-:
(r2 — 1) cos(¢2) + r? = a1 (r2 — 1) +7r (0413 V1—1r2 —a3iV1—1r24+ aggr) , (208)

which gives

—an1 + a11r? + assr? + a3Vl — r2r — aziV/1 — r2r — 12

cos(¢2) = O] (209)
and yields two solutions of ¢,.
Pre-multiplying (207) with u’,; and post-multiplying with up,-:
(r— 7“3) cos(¢p2) — 1 + sin(¢n) (sin(¢2) — r? sin(¢2)) + 2 (7"2 — 1) rcos(¢1) cos’ <%) =az1V1—71%— assr. (210)
For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with L
\/(7‘2 sin(¢2)—sin(¢2))2+ (2(r2 1)7 cos? (¢2 ))
and defining cosy := 22— )r o (F) _, siny = sin(g2) 1 sin(6) ~. It is obtained
N \/(rz sin(¢2)fsin(¢2))2+(2(r271)7" cosz(%)) \/(7‘2 sin(¢2)7sin(¢2))2+(2(r271)7”6052(%))
that
cos(dr — ) = 3 cos(p2) + 73 + aziv/1 — 72 — azzr — rcos(¢p2) (211)
\/(r2 —1)? (4r2 cos* (%2) + sin®(¢2))
— ¢1 =cos r2cos(da) 1%+ amv1 - 12 — assr - reos(d) + tan™" ( Smg@) - Sl?(‘i : ) (212)
\/(7“2 —1)% (4r2 cos* (%) + sin?(¢2)) 2(r? = 1)rcos? (%)

which yields two solutions for each value of ¢5.
Pre-multiplying (207) with ug, and post-multiplying with ug+:

—r = (r2 — 1) sin(¢2) sin(¢3) + 2 (7’2 -1) rcos” (%) cos(¢s) — (7‘2 — 1) rcos(¢z2) = a1 (—\/ 1- r2) — asar. (213)

Similarly, multiplying both sides with 1 =, it is obtained that
\/(r2 sin(¢2)—sin(¢2))%+ (2('r2 —1)rsin? ( 2—2))

r3 cos(¢p2) + 3 — a13v1 — 172 — as3r — r cos(p2)
\/(TQ —1)2 (472 cos* (22) + sin?(¢2))

[ Pcos(d2) + r* — a1sv/1 — 12 — assr — rcos(¢z) 1 ( sin(¢a) — r?sin(¢2) >
— ¢3 = cos + tan (215)
( \/(7“2 —1)% (4r2 cos* (£2) + sin?(¢2)) ) 2(r2 = 1) rcos? (%)

which yields two solutions for each value of ¢5.

cos (g3 —7) =

(214)

1.9.8 L G~ R™ Paths
For a L(;l G;Q R;a path, the equation to be solved is:

Qa1 Q12 Q13

M, (r.é)Mg- (6)Mp-(r.6s) = (34 88 83%) (216)

Pre-multiplying (216) with u?_ and post-multiplying ug-:

(7’2 — 1) cos(¢2) + r? = a1 (r2 — 1) +r (a13 <f\/ 1-— 7‘2) +az1V1—1r2+ aggr) , (217)

which gives
—an1 + an17r? + assr? — a3Vl — r2r +aziV1 — 2 — 12
cos(pa) = " ,

and yields two solutions of ¢,.
Pre-multiplying (216) with ul,, and post-multiplying with ug-:

(218)

(r— r3) cos(¢a) — 1 + sin(¢n) (sin(¢2) — r? sin(¢2)) + 2 (7“2 — 1) rcos(¢1) cos’ (%) = as1 (—\/ 1-— 7“2) — Q33T (219)
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1
\/(7‘2 sin(¢2)—sin(¢2))? (2(r2 1)7 cos? (¢2))

2_1)rcos?( %2 i —r2si
and defining cosy := . 2.(T D) (%) _, siny = ‘ an(m) 2 sin(2) ——. It is obtained
\/(rz 51n(¢2)751n(¢2))2+(2(7"271)7" 0052(72)) \/(7‘2 51n(¢2)7sm(¢2))2+(2(r271)7” 6052(72))

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with

©

that
3 cos(¢2) + 1% — az1vV/1 — 72 — auzzr — 1 cos(o2)
\/(r2 -1)? (472 cos* (22) + sin?(¢2))
s gy = cos! 3 cos(¢2) + 13 — az1vV/1 — 72 — aazr — 1 cos(do) + tan—! ( smggzﬁg) -7 m;(d; 2) > (221)
\/(7“2 —1)% (4r2 cos* (£2) + sin?(¢2)) 2(r* = 1) rcos® (%)

which yields two solutions for each value of ¢o.
Pre-multiplying (216) with u?_ and post-multiplying with ug-:

cos(1 — ) =

(220)

—r® — (r* — 1) sin(¢2) sin(¢p) + 2 (r* — 1) 7 cos” (%) cos(¢s) — (7’2 — 1) rcos(¢z2) = a3 (—\/ 1-— 7“2) — asar. (222)

Similarly, multiplying both sides with L =, it is obtained that
\/(7‘2 sin(¢2)fsin(¢v2))2+(2(r271)r sin2(¢2—2))

r3 cos(¢p2) + 4+ a13v1 — 72 — as3r — rcos(¢2)
\/(r2 —1)% (4r2 cos* (£2) + sin®(¢2))
gy = cos~t [ 1oc08(B2) 17 0usVT - amer —reos(da) |y ( Singég) - Sill(f!‘;) ) , (224)
\/(T‘Q —1) (4r2 cos? ( 2) + sin?(¢2)) 2(r2 —1)rcos? (%)
which yields two solutions for each value of ¢s.

1.10 C(|CsG Paths
1.10.1 L*|L G~ Paths

cos (s — ) =

(223)

For a L; |L/§G;2 path, the equation to be solved is:

My (r, 00)M - (1, M- (62) = (G363 a33) (225)
Pre-multiplying (225) with ug_ and post-multiplying ug-:
2r* + sin(¢1) (7’ sin(B) — sin(B)) — % + cos(¢p1) (727"4 +2r% + (27’4 —3r° 4 1) cos(B)) + (27’2 - 21"4) cos(f) = ass, (226)
This equation can be used to solve for ¢;. Multiplying both sides with NIRRT 2T41+2T2+(2T4 Py and
defining cos~y : Z2rt42r? 4 (2rt 3 41) cos(B) siny = r? sin(8)—sin(8)

\/(7 sin(B)—sin(B))2+(—2r4+2r2+(2r+—3r2+1) cos(8))2’ V/(r2 sin(8)—sin(8)) 2 +(—2r4+2r2 +(2r1—3r2+1) cos(8))?

It is obtained that
ass + 17 (2 (r? — 1) cos(B) — 2r* + 1)

cos(¢p1 —7) = (227)
\/('r‘2 _ 1)2 (6r% + 2 (r2 — 1) 72 cos(28) — 2r2 + (4r2 — 8r4) cos(B) + 1)
= ¢ =cos ' ( ass +1° (2 (r* — 1) cos(B) — 2r? 4 1) )
\/(7"2 _ 1)2 (6r4 4+ 2 (r2 — 1) r2 cos(28) — 2r2 + (4r2 — 8r4) cos(B) + 1)

_1 r?sin(B) — sin(B)
+tan <—2r4 +2r2 + (2rt —3r2 + 1) cos(ﬂ)) ’ (228)

which yields two solutions.
Pre-multiplying (225) with u€+ and post-multiplying with uy+:

2 (r2 — 1) rsin(B) sin(¢2) — 2 (r2 -1) r? cos(B) + (27’2 -1) % + cos(¢pz) (27’ -2 (r - 1) r? cos(B) — 3r° + 1)

=r (0113 vV 1-— 7‘2 + as31y\ 1-— 7”2 + 04337‘) — 11 (7”2 — 1) . (229)

1
\/(2(7"271)7"sin(ﬁ))2+(27‘472(r271)r2 cos(ﬁ)73r2+1)2’
27“4—2(7“2—1)7'2 cos(B)—3r241 . . 2(7~2—1)7-sirl(,6)
2_ i 2 4_9(p2_1)p2 _ 372 2 sinf := 2_ i 2 4_9(p2_1)p2 _ 302 27
\/(2(7“ 1)rsin(B))°+(2r*—2(r2—1)r2 cos(B)—3r2+1) \/(2(7“ 1)rsin(B))?+(2r*—2(r2—1)r2 cos(B)—3r2+1)

Similarly, multiplying both sides with and defining

cosf :=
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it is obtained that
T (2r3 cos(B) — 21 + a13v1 — 2 + asivV1 — r2 + assr — 2r cos(B) + r) — a11 (r2 - 1)

cos (p2 — 0) = (230)
V(2 = 1)2 (471 cos2(8) + 4r2sin® (8) + (1 — 202)° + (472 — 8r1) cos(5))
— b —cos! (r (2r3 cos(B) — 21 + a13v1 — 12 + as1vV1 — 12 + assr — 2r cos(B) + r) — 11 (r2 — 1)) (231)
\/(7’2 —1) (4rtcos?(B) + 4r? sin®(8) + (1 — 2r2)% 4 (412 — 8rt) cos(B))

1 2 (r* — 1) rsin(B)
+tan (2r4 —2(r2 1) r2cos(B) —3r2 + 1) (232)

which yields two solutions.

1.10.2 R*|R;G~ Paths

For a Rdfl |REG;2 path, the equation to be solved is:

My (1, 1)Mp- (r, H)Mo- (¢2) = (831 033 @35 (233)
Pre-multiplying (233) with ul,_ and post-multiplying ug-:
2r* + sin(¢1) (7“2 sin(B) — sin(B)) — 7 + cos(¢1) (—2r4 +2r% + (27“4 —3r° 4 1) cos(B)) + (27“2 — 2r4) cos(f) = ass, (234)

L and
V/(r2 sin(8) —sin(B)) > +(—2r1+2r2+(2r1—3r2+1) cos(8))?
72T4+27‘2+(27‘4737‘2+1) cos(B) ‘in’y — r2 sin(B) —sin(B) )
\/(r2 sin(B)—sin(B))2+(—2r4+2r24(2r4—3r2+1) cos(8))?

This equation can be used to solve for ¢;. Multiplying both sides with

deﬁnlng cosTy = \/(r2Sin(ﬁ)—sin(ﬁ))z+(—2T4+2r2+(2r4—3r2+1)cos(ﬁ))z’

It is obtained that
ass + 17 (2(r? —1) cos(B) — 2r* +1)

cos(p1 — ) = (235)
\/(r2 _ 1)2 (6r* + 2 (r2 — 1) 72 cos(28) — 2r2 + (4r2 — 8r4) cos(B) + 1)
= ¢ =cos ' ( azz 72 (2 (r? — 1) cos(B8) — 2r° + 1) )
\/(T2 — 1)2 (614 +2(r2 — 1) 72 cos(28) — 2r2 + (4r2 — 8r4) cos(B) + 1)
-1 r?sin(f) — sin(pB)
e <72r4 +2r2 + (2rt = 3r2 4-1) cos(ﬂ)) ’ (236)

which yields two solutions.
Pre-multiplying (233) with u£+ and post-multiplying with ug+:

2 (7’2 — 1) rsin(B) sin(¢2) — 2 (7’2 -1) % cos(B) + (27“2 -1) % + cos(¢p2) (27“4 -2 (r2 -1) 72 cos(B) — 3r° + 1)

=r (a13 (7\/ 1— 7‘2) —az1V1—r2 4+ a337’) — o1 (r2 — 1) . (237)

. . . . . 1

Similarly, multiplying both sides with o D O T e e
27’4—2(7’2—1)7’2 cos(B)—3r24+1 5 L 2(r2—1)rsin(ﬁ)

V@2 —1)rsin(8))2+(2ri—2(r2—1)r2 cos(8)—3r2+1)%’ T /@@ —D)rsin(B))2+(2r*—2(r>— 1)r2 cos(8) —3r2+1)2 |

it is obtained that

and defining

cosb := iné

7 (2r® cos(B) — 2r® — ansV1 — 1% — az1v/1 — 12 + asar — 2rcos(B) + 1) — any (1> — 1)

cos (¢2 —0) = - - (238)
\/(r2 —1)% (4r* cos?(B) + 4r2sin?(B) + (1 — 2r2)” + (4r2 — 8r*) cos(3))
— b o (r (2r3 cos(B) — 2r% — a13v1 — 12 — az1vV1 — 12 + assr — 2r cos(B) + r) — a1t (7"2 — 1)) (239)
\/(r2 —1) (4r* cos?(B) + 4r2 sin®(B) + (1 — 2r2)? 4 (4r2 — 8r4) cos(B))

1 2 (7"2 — 1) rsin(B)
+ tan (27,4 —2(r2 — 1) 2 cos(B) — 3r2 + 1) ) (240)

which yields two solutions.
1.10.3 R™|R{G* Paths
Fora R, |RZ§G;’2 path, the equation to be solved is:

a1 Q12 alB) (241)

MR—(T7¢1)MR+(T>B)MG+(¢2):(ggi Qa2 Qa3
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Pre-multiplying (241) with ul, and post-multiplying ug-:

2r* + sin(¢1) (r° sin(B) — sin(B)) — 7> + cos(¢r) (=2 +2r° + (2r* — 3r> + 1) cos(B)) + (2r® — 2r*) cos(B) = ass, (242)

L and
V/(r2 sin(8) —sin(B)) > +(—2r4+2r2+(2r1—3r2+1) cos(8))?
72r4+27‘2+(2r473r2+1) cos(B) N~ = r2 sin(8)—sin(B)
v \/(r2 sin(8)—sin(B))2+(—2r4+2r2+(2rt—3r2+1) cos(B))?

This equation can be used to solve for ¢;. Multiplying both sides with

deﬁnlng cosy = \/(r2 sin(ﬁ)—sin(ﬂ))2+(—2r4+2r2+(2r4—3r2+1)cos(ﬂ))z’ S
It is obtained that

ass + 17 (2 (r? = 1) cos(B) — 2r* + 1)

cos(¢pr — ) = (243)
\/(T2 _ 1)2 (6r4 42 (r2 — 1) r2 cos(28) — 2r2 + (412 — 8r) cos(B) + 1)
= ¢1 =cos ' ( ass + 77 (2 (r* = 1) cos(8) — 2r* +1) )
\/(7“2 = 1)%(6r1 +2(r2 — 1) r2 cos(26) — 2r% + (472 — 8r*) cos(5) + 1)
-1 r?sin(B) — sin(B)
o <—2’“4 +2r2 4 (2r4 = 3r2 +1) cos(5)> ’ (244)

which yields two solutions.
Pre-multiplying (241) with ug_ and post-multiplying with ug-:

2 (r* — 1) rsin(B) sin(p2) — 2 (r* — 1) r? cos(8) + (2r® — 1) 7% + cos(¢2) (2r* — 2 (r* — 1) r* cos(B) — 3r° + 1)

=r (a13\/1 —r2 4+ az1V/1—r2+ aggr) — a1 (r2 — 1) . (245)

1

\/(2(7"271)7" sin(B))24(2r4—2(r2—1)r2 cos(B) —3r2+1)? ’
2r4—2(r2—1)7'2 cos(B)—3r2+1 5 L 2(7~2—1)rsin(,ﬁ)

V22 —1)rsin(8))2+(2ri—2(r2—1)r2 cos(8)—3r2+1)%’ T /@@ —1)rsin(B))2+(2r*—2(r2—1)r2 cos(8) —3r2+1)2 |

it is obtained that

Similarly, multiplying both sides with and defining

cosf := ind

r (2r3 cos(B) — 2r% + a13vV1 — 72 + asiV1 — 72 + assr — 2r cos(B) + r) — a1 (r2 — 1)

cos (p2 — 0) = (246)
\/(r2 —1)% (47 cos?(B) + 4r2sin?(B) + (1 — 2r2)® + (42 — 8r4) cos(B))
s gy —cos~) r(2r® cos(B) — 2r® + a1sv1 — 12 + az1v/1 — 12 + assr — 2rcos(B) + 1) — ann (r? — 1) (247)
\/(r2 —1)2 (4rtcos?(B) + 4r? sin®(8) + (1 — 2r2)® 4 (412 — 8rt) cos(B))
1 2 (r* — 1) rsin(B)
+tan (27"4 Z2(? —1)r2cos(B) — 3> +1)° (248)
which yields two solutions.
1.10.4 L7|L;G" Paths
For a L |L2§GI2 path, the equation to be solved is:
o « «
M, (r, 61)My+ (r, 8)Mo- (¢2) = (931 032 033) (249)
Pre-multiplying (249) with ul,; and post-multiplying ug-:
2r* + sin(¢1) (7“2 sin(B) — sin(B)) — 7 + cos(¢p1) (—2r4 +2r% + (27“4 —3r° 4 1) cos(B)) + (27"2 — 2r4) cos(f) = ass, (250)

1
d
\/(r2 sin(B)—sin(B))24(—2r4+2r24(2r4—3r2+1) cos(8))? an
. — r? sin(B)—sin(f3)
Sy \/(7‘2 sin(f) —sin(B))24(—2r4+2r24(2r4—372+1) cos(8))? ’

This equation can be used to solve for ¢,. Multiplying both sides with

definine cos~y = —27~4+2r2+(2r4—37"2+1) cos(B)
I bg z h_ \/(T2 sin(B)—sin(B))24(—2r4+2r24(2r4 —372+1) cos(ﬁ))27
t is obtained that

ass + 17 (2 (r? = 1) cos(B) — 2r* + 1)

cos(¢r — ) = (251)
V(2 = 1) (6r1 +2(r2 — 1) 12 cos(28) — 22 + (472 — 8r1) cos(B) + 1)
— 1 —cos~ ! ( ass +1° (2 (r? — 1) cos(B) — 2r* + 1) )
(rz — 1)2 (6r+ 42 (r2 —1)r2cos(28) — 2r2 + (4r2 — 8rt) cos(B) + 1)
—1 r?sin(B) — sin(B)
-t <—2T4 +2r2 + (2rt — 3r2 + 1) cos(ﬁ)) ’ (252)

which yields two solutions.
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Pre-multiplying (249) with u’_ and post-multiplying with up-:

2 (r2 — 1) rsin(B) sin(¢z) — 2 ('r2 -1) 2 cos(B) + (27‘2 -1) % + cos(¢pz) (2r4 -2 (7‘2 -1) r? cos(B) — 3r° + 1)

= (a13 (—\/ 1-— 7"2) —az1V1—1r2+ aggr) — o1 (r2 — 1) . (253)

1
( ) V(@2(r2=1)rsin(8))>+(2ri—2(r2—1)r2 cos(ﬁ)—SrQ-El)z’ )
2r*—2(r2—1)r? cos(8)—3r2+1 . 2(r2—1)rsin(B)
0:=
b \/(2((ir2£1)rSin(ﬁ))2+(2r4—2(r2—1)r2 cos(B)—3r2+1)2 » St \/(2(7“2—1)7"sin(ﬁ))2+(2r4—2(r2—1)r2 cos(ﬁ)—3T2+1)27
it is obtained that

Similarly, multiplying both sides with and defining

cosf :=

7 (2% cos(B) — 2r° — a1sV1 — 12 — azi V1 — 12 + assr — 2rcos(B) +r) — an (r* — 1)

cos (py —0) = (254)
\/(r2 —1)% (47 cos?(B) + 4r2sin?(B) + (1 — 2r2)® + (472 — 8r4) cos(B))
— 4 o (r (27’3 cos(B) — 2r® — a13v1 — 12 — az1vV1 — 72 + assr — 2r cos(B) + r) — a1t (r2 — 1)) (255)
\/(r2 -1) (4rt cos?(B) + 4r? sin®(B) + (1 — 2r2)% 4+ (472 — 8r4) cos(B))

a1 2 (r2 — 1) rsin(fB)
+tan (27"4 —2(r2 =1)r2cos(B) —3r2 + 1) ’ (256)

which yields two solutions.

1.11 CTC Paths
1.11.1 LTL°L~ Paths

For a L;gl LgQ L(;S path, the equation to be solved is:

Q11 Q12 a13) (257)

My (r,61)Mpo(92)My- (. 90) = (931 033 o33

Q31 Q32 (33.

Pre-multiplying (257) with u€+ and post-multiplying uy,-:

r2(— cos(¢p2)) — 2l =— (a11 (r2 — 1)) —r (a13 V1—72—a31V1—1r2+ a337“) , (258)

which gives

2 2 2
—an1 + a117? + assr? + a3Vl — r2r —as; V1 —r2r —r? £ 1
2 )

,

cos(¢p2) =

and yields two solutions of ¢5.
Pre-multiplying (257) with ug_ and post-multiplying with uy-:

(259)

—rv/1—r2sin(¢2) sin(¢sz) + r cos(¢s) (7‘2(— cos(¢p2)) — r° + cos(¢pz2) + 1) +r (7"2 cos(¢o) + 1% — 1) = ausV/1— 72 + assr. (260)
1
V/r?(1=r2) sin? (g2)+(2(r? —D)r cos? (2 ) )

—rv1-rZsin(¢2) _. It is obtained that
r?(1-r2) sin? (¢2)+(2(r>—1)r cos? (2 ))

For ¢5 # 0, this equation can be used to solve for ¢;. Multiplying both sides with and

_2(7«2—1)71052(%2)
r2(1=r2) sin? (¢2)+ (2(r2~1)r cos? (%))
7 (—ass + 7% cos(¢2) +7° — 1) + as vl -2

cos(én —) = - (261)
V24/72 (r2 — 1) cos? (22) (r2 cos(¢2) + 12 — 2)

defining cos~y := ,siny 1=
% %

_ 2 2 -1 1— 2 _ — 2
e —cos | - 7 (—ass + 1% cos(¢2) + 1 ) +asivVl—r +tan! ( r;/l T smgqsgg? > 7 (262)
V24/72 (r2 — 1) cos? (£2) (r2 cos(¢2) + 12 — 2) —2(r? = 1)rcos® ()
which yields two solutions for each value of ¢5.
Pre-multiplying (257) with u€+ and post-multiplying with ug+:
r (,\/1 — r2sin(¢2) sin(¢s) — 2 (r2 -1) cos’ (%) cos(¢3) + 12 cos(¢pa) + 17 — 1) = ai13V1—12+ assr. (263)
Similarly, multiplying both sides with L =, it is obtained that
\/1"2(1—1"2)sinz(¢2)+(2(7’2—1)7’ cosz(d’—f))
3(_ _ .3 —_ 2
cos (5 — 7) = r°(—cos(¢2)) — r° + a13vV1 — 12 + agsr +r (264)
\/5\/7"2 (r2 — 1) cos? (£2) (r2 cos(¢2) + 72 — 2)
V24/72 (12 — 1) cos? (%2) (r2 cos(¢p2) +1r2 — 2) ~2(r? = 1)rcos? (¢)

which yields two solutions for each value of ¢s.
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1.11.2 RTR°R~ Paths
For a R; Rg)Q R;s path, the equation to be solved is:

(e} (6% (6%
Mg+ (r, 91)Mpgo(¢2)Mp-(r, ¢3) = (O‘%% as) aég)

Q31 (32 (33.

(266)

Pre-multiplying (266) with uk, and post-multiplying up-:

r2(—cos(¢>2)) 1= (a11 (r2 — 1)) —7r (a13 (—\/1 — r2) +a31V1—7r2+ 04337“) , (267)

which gives

2 2 2
—a11 + a11r” + aszsr® —aisvV1l —r?r+asivV1—r2r—r +1
b

COS(¢2) = 2 (268)
and yields two solutions of ¢5.
Pre-multiplying (266) with ug, and post-multiplying with up-:
—rv/1 —r2sin(¢1) sin(¢2) — 2r (r2 — 1) cos(¢1) cos’ (%) +r (7“2 cos(¢2) +1° — 1) = as1V/1— 72 + aasr. (269)
For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with L = and
\/r2(17r2) sin2(¢2)+(2(7’271)7‘c052(%))
—2(r?—1)rcos®( %2 —ry/1—r2sin . .
defining cosy := 2071 (%) =, sinvy := Lor” sin(¢s) —. It is obtained that
\/rz(l—rz)sin2(¢2)+(2(r2—1)rcosz(%)) \/TZ(l—TZ)sin2(¢2)+(2(r2—1)rcos2(¢72))
3(_ _ .3 — 2
cos(r — ) = ———CS(P2)) 7 Famvl - rT Fassr b (270)
\/ﬁ\/rz (r2 — 1) cos? (%) (r2 cos(¢2) + 12 —2)
3(_ _ .3 — 2 _ — 2
s 6y = cos! r°(—cos(¢2)) — r° + as1vV1—r2 +assr+r 4 tan—1 ( 7"\2/1 r sm£¢>2¢)2 ) ’ (271)
V24/72 (12 — 1) cos? (22) (r2 cos(¢2) + 2 — 2) —2(r? = 1)rcos® (Z)
which yields two solutions for each value of ¢o.
Pre-multiplying (266) with u£+ and post-multiplying with ug+:
r (f\/ 1 — r2sin(¢2) sin(¢sz) — 2 (r2 —1) cos” (%) cos(¢3) + 72 cos(¢pa) + 17 — 1) = azar — a3/ 1 —r2. (272)

Similarly, multiplying both sides with L =, it is obtained that
\/rz(lfrz) sin2(¢2)+(2(r271)r COSz(LZZ))

cos (2 — ) = 2w H i cosBa) o 1) Fensvil - (273)
ﬁ\/ﬂ (r2 — 1) cos? (£2) (r2 cos(¢2) + 12 — 2)

— ¢3=cos ' | — ! (_a33 + 1 cos(ge) 477 — 1) oVl + tan~ ' ( et ( > (274)
\/5\/1“2 (r2 — 1) cos? (£2) (r2 cos(¢2) + 12 — 2) —2(r* = 1)reos* (F)
which yields two solutions for each value of ¢s.
1.11.3 R~ R°R* Paths
For a R;l RgQ R;ﬁs path, the equation to be solved is:
M- (1, 61)Mpo (62)Mps (1 é) = (331 Q33 a33) (275)

Pre-multiplying (275) with ug, and post-multiplying ug+:

rz(— cos(¢2)) — 2l =— (a11 (7“2 — 1)) —7r (alg V1—72 —a31V1—-1r2+ aggr) , (276)

which gives

2 2 2
—a1 + a1 + assr® + oVl —r2r — a1 —rir—r° 41
2 )

cos(¢2) = . (277)
and yields two solutions of ¢5.
Pre-multiplying (275) with ul, and post-multiplying with up-+:
—rv/1 —r2sin(¢1) sin(¢2) — 2r (r2 — 1) cos(¢1) cos® (%) +r (7"2 cos(¢a) + 1% — 1) = azsr — as1 /1 —r2. (278)
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1
\/rz(lfr ) sin?(¢2)+ (2(7‘271)7‘0052(%))2
—2(r2=1)rcos?( L2 —r/1—rZ si
27 reos’ (%) _, siny 1= rv1-vsin(da) _. It is obtained that
\/’I"z(lf’l"z)Sin2(¢2)+(2(1”271)7”c052(%)) \/r2(17r2)sin2(¢2)+(2(r271)rcosz(¢72))

and

For ¢ # 0, this equation can be used to solve for ¢;. Multiplying both sides with

defining cosy :=

2 2 /
cos(n — ) = — Aot cos(ba) 7 1) Fanv o (279)

\/5\/1“2 (r2 — 1) cos? (%) (r2 cos(¢2) + 12 —2)

= ¢1 =cos r (s +ricos(de) +77 — 1) + oyl - v + tan ™" ( S Dret ) (280)
1 — - 5
V24/72 (r2 — 1) cos? (£2) (r2 cos(¢2) + 12 — 2) ~2(r? = 1)rcos? (%)
which yields two solutions for each value of ¢,.
Pre-multiplying (275) with ug, and post-multiplying with ug-:
r (,\/1 — r2sin(¢2) sin(¢sz) — 2 (r2 -1) cos” <%) cos(¢3) + 12 cos(¢pa) + 17 — 1) = a3V 1—r2+ assr. (281)
Similarly, multiplying both sides with \/7_2(1_7'2)51112((#2):( =T ))2, it is obtained that
c0s (¢ — ) = r3(—cos(¢2)) — r* + aizvV/1 — r2 + azsr +r (282)
\/5\/7"2 (r?2 — 1) cos? (%2) (r2 cos(¢p2) + 12 —2)
= ¢3 = cos r(—cos(da)) = 1%t ousVT— 7+ asyr f 7 + tan™" < S Tyreot (2 ) (283)
VE\[r? (12 — 1) cos? (%) (12 cos(¢n) + 72 —2) 2 = reos? ()

which yields two solutions for each value of ¢s.

1.11.4 L~ L°L* Paths
For a L;l Lg52 L;fs path, the equation to be solved is:

Qa1 Q12 Q13

ML—(ra¢1)ML0(¢2)ML+(T»¢3):(g%% a2 ggg_) (284)

Pre-multiplying (284) with uz, and post-multiplying uy+:

r?(—cos(¢a)) —r’ +1=— (o1 (r2 -1))—r (a13 <f\/ 1- 7‘2) +osivV1—1r2+ aggr) , (285)

which gives

2 2 2
—a11 + a1 + assr® —oasv1l —r2r+ a1 —rir—r 41

cos(¢2) = 2 ) (286)
and yields two solutions of ¢s.
Pre-multiplying (284) with ul,, and post-multiplying with uy+:
—rv/1 —r2sin(¢1) sin(¢2) — 2r (r* — 1) cos(¢1) cos” (%) +7 (r® cos(p2) +r° — 1) = as1V/1 — 12 + assr. (287)
1 and

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with >
\/r2(17r2)sin2(¢2)+(2(r271)rcosz(%))

—2(r2—1)r cos?( %2 —ryv1— i
2(r*—1) (%) _ siny = V112 sin(éz) —. It is obtained that
\/rz(l—rz)sin2(¢2)+(2(1’2—1)rCOSQ(%)) \/TZ(l—TZ)Sin2(¢2)+(2(7°2_1)TC052(¢72))

r3(—cos(4[2)) — 1 4+ az1vV1 — 12 + azsr +r

defining cos~y :=

cos(¢1 — ) = (288)
V24 /72 (r2 — 1) cos? (%‘2) (r2 cos(¢|2) +r2 — 2)
—_ 3 —r2 _ — 124
= cos! —cos(9|2)) = r° + azivV1 —r2 +assr+ 7 4 tan-"! ( - r;/l 1r s1n§¢2¢32 ) 7 (289)
\[\/ — 1) cos? (%‘2) (r2 cos(¢|2) + 12 — 2) —2(r? = 1)reos® (F)
which yields two solutions for each value of ¢s.
Pre-multiplying (284) with u?_ and post-multiplying with ug-:
T (—\/ 1 — r2sin(¢2) sin(¢sz) — 2 (r2 -1) cos’ (%) cos(¢3) + 12 cos(¢2) 4+ r° — 1) = assr — a1z 1 —r2. (290)
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Similarly, multiplying both sides with L =, it is obtained that
\/7‘2 (1—r2) sin2(¢2)+(2(r271)r cos? (%2))

2_ J—
cos (65 — ) = 1 (Fass i eos(@l2) + 78 —1) +ausvT -7 (201)

f\/rQ r2 — 1) cos? %) (r2 cos(¢2) + 12 —2)

2 2 V1=1r2 —r/1 = 72si
— 3 =cos ™' | — r(zass 17 cos($f2) 77 1) + s " | +tan? ( T21 d Sm§¢2¢32 ) : (292)
\/5\/7’2 — 1) cos? (£2) (r2 cos(¢z) + 12 — 2) —2(r? —1)rcos? ()
which yields two solutions for each value of ¢s.
1.11.5 LTL°L* Paths
For a L;fl L(a)ﬁz L;fs path, the equation to be solved is:
a1 12 Q13
M+ (r,¢1)Mpo(¢2)Mp+ (1, ¢3) = (gg} a2 332;) (293)
Pre-multiplying (293) with u?, and post-multiplying uy+:
r?cos(¢a) —r*+1=r (a13\/1 —r2 4 anV1-r2+ aggT) — 11 (r2 -1), (294)
which gives
a11 — a11T2 + CM331”2 =+ 13V 1-— 7”27‘ + a31\/1 — 7”27” —+ 7”2 -1
cos(¢2) = ) (295)

’I"2
and yields two solutions of ¢5.
Pre-multiplying (293) with ug, and post-multiplying with uy+:

rv/ 1 —r2sin(¢1)sin(¢2) — 2r (r2 — 1) cos(¢1) sin’ (%) +r (7‘2(— cos(¢a)) +r° — 1) = s (—\/1 — 1"2) — Q33T (296)

For ¢5 # 0, this equation can be used to solve for ¢;. Multiplying both sides with L = and
\/7‘2(177‘2)sin2(¢>2)+(2('r271)rsin2(¢2—2))

—2(r2—1)rsin?( 22 V1= i
defining cos~y := 21 (%) _, siny 1= rv1-r®sin(éo) _. It is obtained that
\/rz(l—rz)sin2(¢2)+(2(r2—1)rsinz(%)) \/r2(1—r2)sin2(¢2)+(2(r2—l)r sinz(%))
cos(1 — ) = 3 cos(p2) — r® — az1V/1 — 12 —agzzr 4+ 7 (297)
V24y/ =72 (r2 — 1) sin (¢2) (r2cos(¢2) — 2 +2)
3 a3 — 2 — 2
g = cos—! r cos(ng) r az1V1—r as3r + 7 + tan—! < r\/21 r 511.1(;zﬁg)¢2 ) 7 (298)
f\/ 72 (r2 — 1) sin? (22) (r2 cos(¢2) — 72 + 2) =2(r? = 1) rsin® (2)

which yields two solutions for each value of ¢o.
Pre-multiplying (293) with u€+ and post-multiplying with ug-:

r <MSin(q§2) sin(gs) — 2 (r? — 1) sin’ (%) cos(ds) + 12 (— cos(¢2)) + 12 — 1) = aus (—m) — s (299)

Similarly, multiplying both sides with L =, it is obtained that
\/7‘2(177‘2) sin2(¢2)+(2('r271)r sin2(¢2—2))

r® cos(¢2) — ° — ausv/T = 1% — agar + 1
V=12 (12 — 1) sin® (%) (r2 cos(@2) — 2 +2)
— 3 = cos ™ r’ COb(¢ ) — 71 — a1Vl — 12 —assr+r 4 tan—? ( rv/1 — r2sin(¢
\f\/ 72 (r2 — 1) sin? (22) (r2 cos(¢2) — r2 +2) 2(r? = 1) rsin®

cos (s — ) =

(300)

2) 301
(@))’ o

which yields two solutions for each value of ¢s.

1.11.6 R*R°R* Paths
For a RJr RO R+ path, the equation to be solved is:

Qa1 Q12 O¢13)

MR+(T7¢1)MR0(¢2)MR+(T7¢3):(a21 Q22 Oo3

(302)
Q31 Q32 Q33.
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Pre-multiplying (302) with u%, and post-multiplying up+:

r? cos(¢p2) — Prl=r (a13 (—\/1 — 7"2) —a31V1—1r2+ 04337") — a1 (r2 — 1) , (303)

which gives

arr —anr? 4+ azsr? —asVl —r2r —asvV1l —r2r 402 -1

cos(¢2) = 2 ) (304)
and yields two solutions of ¢5.
Pre-multiplying (302) with ug, and post-multiplying with ug+:
rv/ 1 —r2sin(¢1) sin(¢2) — 2r (r2 — 1) cos(¢1) sin® (%) +r (7’2(— cos(¢a)) +r° — 1) = as1V/1—712 — assr. (305)
For ¢ # 0, this equation can be used to solve for ¢;. Multiplying both sides with L = and
\/r2(1—r2)sin2(¢2)+( 2(r2—1)rsin? ( 2))
—2(7‘2—1)7‘ sinz(%) . . rv1—r2sin(¢2)

defining cos~y :=

——, siny := —. It is obtained that
\/7‘2(177‘2)sin2(¢2)+(2(r271)rsinz(%)) \/r2(17r2)sin2(¢2)+(2(r271)r sin2(72))

3 cos(¢2) — 3 + az1vV1 — 12 — qzar 7
ﬂ\/—ﬂ (r2 — 1) sin® (22) (r2 cos(¢2) — 72 + 2)
— 1 = cos r’ COS(¢2) —rP 4t asivV1I—1r2—qsr+r 4 tan—! ( rv1 —r2sin(¢
\[\/ 72 (r2 — 1) sin® (22) (r2 cos(¢2) — r2 + 2) 2(r2 — 1) rsin’

which yields two solutions for each value of ¢,.
Pre-multiplying (302) with uk, and post-multiplying with ug-:

cos(é1 — ) = (306)

2) 307
<z>>’ (on

r <\/ 1 — 72 sin(¢2) sin(¢sz) — 2 (7“2 -1) sin® (%) cos(¢3) + 12(— cos(¢2)) +1° — 1) = a3V 1—1%2 — assr. (308)
Similarly, multiplying both sides with L =, it is obtained that
/72 (1=r2) sin?(g2)+(2(r2—Drsin? (%))
3 _ .3 — 2
cos (63 — 7) = rocos(¢2) — r° + @13Vl —r2 —aszr+r (309)
\/5\/77’2 (r2 — 1) sin? (¢2) (r2 cos(¢2) — 12 +2)
= ¢3 = cos ™" ll COS(¢2) —rl oyl r? e + tan~ "' ( e > (310)
\[\/ 2 (r2 — 1) sin? (22) (r2 cos(¢2) — r2 + 2) 2(r? — 1) rsin® (%)
which yields two solutions for each value of ¢s.
1.11.7 R R°R~ Paths
For a R R%QR;S path, the equation to be solved is:
Q11 Q12 Qa3
M- (1, 1)Mpo (62)Mp-(r,60) = (931 Q28 a33) (311)
Pre-multiplying (311) with ug_ and post-multiplying ug-:
r? cos(¢p2) — rP+l=r (a13 Vi—r24+any1-—r2+ a337‘) — a1 (7”2 — 1) , (312)
which gives
a11 — a117? + assr? + a3Vl — 2r + a1V —r2r+ 12 — 1
cos(¢z) = v , (313)

7'2
and yields two solutions of ¢s.
Pre-multiplying (311) with ug+ and post-multiplying with ug-:

rv 1 —r2sin(¢1) sin(¢2) — 2r (7’2 — 1) cos(¢1) sin’ (@) +r (7‘2(7 cos(d2)) 4+ r° — 1) = as: (,\/1 - r2) — Q33T (314)

2
For ¢9 # 0, this equation can be used to solve for ¢;. Multiplying both sides with L = and
\/rz(lf'r‘z)sin2(¢2)+(2(r271)rsinz(d;—?»
—2(r*—rsin () . ry/T=2 sin(62)

defining cos~y := =, siny := =. It is obtained that

\/7"2(1—7"2) sin2(¢2)+(2(r2—1)r sinz(%)) \/7>2(1—7>2) sin2(¢2)+(2(r2—1)r sin2(¢72)>

r3cos(p2) — 3 — az V1 — 12 — azar + 7

cos(¢p1 — ) = (315)
\/5\/77’2 (r2 — 1)sin? (£2) (r2 cos(¢2) — 2 + 2)
o r3cos(ga) — r® — azivV1 — 12 — azar + 7 1 ( rv/1 — r2sin(¢2) >
—> ¢1 = cos + tan 2 43 s (316)
(\/5\/—1"2 (r2 — 1)sin? (£2) (r2 cos(¢2) — 12 + 2)) 2(r2 — 1) rsin® (%)
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which yields two solutions for each value of ¢s.
Pre-multiplying (311) with ug_ and post-multiplying with ug+:

r (\/ﬁsm(@) sin(gs) — 2 (r> — 1) sin’ (%) cos(ds) + (= cos(¢a)) + 12 — 1) = ous (f\/ﬁ) — assr. (317)

Similarly, multiplying both sides with L =, it is obtained that
\/7’2 (1—-r2) sin2(¢g)+(2(r2—l)r sinz(i—z))

rs cos(¢p2) — 3 —aisvV1—12 —asgsr+r

cos (g3 —y) = (318)
\f\/—TQ — 1) sin? (¢2) (r2 cos(¢2) — 1?2 +2)
= ¢3 = cos™ ! r’ COS(¢2) —r’ —onavl—r? —amr 4 r +tan™! ( i 21 - 511.1(552)@ ) ) (319)
f\/ 72 (r2 — 1) sin? (%) (r2 cos(¢2) — 72 + 2) =2(r? = 1)rsin® (2)
which yields two solutions for each value of ¢s.
1.11.8 L~ L°L~ Paths
For a L;l LgQ L;S path, the equation to be solved is:
(0% [0 «
M- (r, 61)Myo(62)M - (r,00) = (931 933 033) (320)

Pre-multiplying (320) with u?_ and post-multiplying up,-:

r’ cos(¢p2) — Prl=r (am (—\/ 1-— r2) —a31V1—1r2+ aggr) — a1 (7’2 — 1) , (321)

which gives
a1 —a1r? 4+ assr? — asvV1 —r2r —asivVI—r2r4+r2 -1
cos(g2) = . ,

and yields two solutions of ¢,.
Pre-multiplying (320) with u’,; and post-multiplying with up,-:

(322)

rv/ 1 —r2sin(¢1) sin(¢2) — 2r (7“2 — 1) cos(¢1) sin (¢2) +r(r (= cos(¢2)) +1° — 1) = as1V/1—712 — assr. (323)

For ¢5 # 0, this equation can be used to solve for ¢;. Multiplying both sides with \/ - — 1( - %) and
r2(1—r2)sin?(¢2)+(2(r2—1)rsin?( 2
—2(r2—1)rsin?( %2 VI T si
defining cosy := 2(2 - 1)roin () _, siny 1= rv1—r?sin(és) _. It is obtained that
\/r2(177"2)sin2(¢2)+(2(r271)rsin2(%)) \/rz(lfrz)sin2(¢2)+(2(r271)r sinz(%))

(61 )= r cos(¢2) — 4+ az1vV1 —r2 —agar +r
V24y/ =72 (r2 — 1) sin (¢2) (r2 cos(¢pa) — r2 + 2)
— 1 = cos r COS(¢2) -1’ +onvl—r%—agr+r 4 tan~? ( /1 — 72 sin(¢
V2\/=1? (17 — 1) sin? (%) (12 cos(@2) — 12 +2) S2(2 1) rsin?

COs

(324)

2) 325
<¢;>>’ 20)

which yields two solutions for each value of ¢,.
Pre-multiplying (320) with u?_ and post-multiplying with ug-:

r <\/ 1 — 72 sin(¢2) sin(¢sz) — 2 (7“2 —-1) sin® (%) cos(¢3) + 12 (— cos(¢2)) +1° — 1) = a3V 1—1%2 — assr. (326)
Similarly, multiplying both sides with L =, it is obtained that

\/7'2(1—7'2) sin2(¢2)+(2(r2—1)r sin2(¢2—2))

3 cos(p2) — r° + 131 — 12 — assr + 7

cos (3 —y) = (327)
\/Q\/—ﬂ (r2 — 1) sin? (%) (r2 cos(¢p2) — 2 +2)
_ -1 rs COS(¢ ) — >+ o013Vl — 12 —assr +r -1 ( Tmsm((fm) >
—> ¢3 = cos + tan — e | (328)
(\f\/ r2 (r2 — 1) sin? (£2) (r2 cos(¢2) — r2 + 2)) —2(r2 —1)rsin® (¢)

which yields two solutions for each value of ¢s.
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1.12 C|C¢C¢‘C Paths
1.12.1 L*|L R |R* Paths

For a L;‘l |L;R;|R;‘2 path, the equation to be solved is:

11 12 Qa3

M+ (7, 61)M - (1, ) M- (r, )M (r,62) = (31 423 033) (329)

Pre-multiplying (329) with u’, and post-multiplying uz+:

12r% —20r* +10r° + 8 (r* — 1) r* cos® () — 4 (r* — 1) r* — 8 (2r® — 3r* +7%) cos(y) — 1
=a (r? = 1) +r (alg\/l — 72 —am;V/1—r2+ aggr) , (330)
which gives
475 —6rt 4 2r2 £ ﬂ\/r‘l (r2 = 1) (assr® + a13vV1 = r?r —asivV1l —r?r +an (r2 — 1) — 1)

cos(1p) = Y — , (331)

and yields four solutions of .
Pre-multiplying (329) with ul,_ and post-multiplying with ug+:

—12r" +20r° — 107® 4+ 2 (r® — 1) rsin(y) sin(p1) (2r° cos(¥) — 2r° + 1) — 4 (r* — 1) r° cos(24)
-2 (r2 — 1) rcos(¢1) ((8r4 —8r 4+ 1) cos(¢)) — (2r2 -1) (7"2 cos(2¢) + 3r® — 2)) +38 (27"4 —3rf 4+ 1) 3 cos(¥) + 7
=31V 1—17r2— Q33T (332)
For v # 0, this equation can be used to solve for ¢,. Multiplying both sides with \/ﬁ and defining sin~y := ﬁ,
cosy 1= ﬁ, where

A= (1"2 — 1) rsin(t) (27’2 cos(¢) — 2r° + 1) (333)
B=-2(r*=1)r((8" — 87 +1) cos(yp) — (2r* — 1) (r* cos(2¢)) + 3r* — 2)), (334)

it is obtained that
a31V1 — 12 — r (ass — 4r°® cos(2¢)) — 12r° 4 4r* cos(2¢) + 20r* — 10r% 4 8 (2r° — 3r* 4+ 1?) cos(¥) + 1)

COS(¢1 - ’Y) = \/m (335)
_1 [ asivVI =12 —r (ass — 4r° cos(2¢)) — 12r° + 4r* cos(2¢p) + 20r* — 10r® + 8 (2r® — 3r* + 7?) cos(y) + 1)
= ¢1 = cos
VAZ + B2
4 [A
+ tan ( 5 (336)

which yields two solutions for each value of 1.
Pre-multiplying (329) with u’, and post-multiplying with ug-:

—12r" 4+ 20r° — 10r® + 2 (r® — 1) rsin(¢) sin(¢2) (2r° cos(¥) — 2r° + 1) — 4 (r* — 1) r° cos(2¢))
-2 (r2 — 1) rcos(¢2) ((87“4 —8r 4+ 1) cos(¢)) — (27“2 -1) (7"2 cos(2¢) + 3r® — 2)) +8 (27“4 — 37 + 1) 3 cos(¥) + 7

=13 (—\/ 1- r2> — auzar (337)

Similarly, multiplying both sides with ﬁ, it is obtained that

ons (—v1—=12) — 1 (ass — (4r° — 4r*) cos(2¢) — 12r° 4+ 20r* — 10r* 4 8 (2r® — 3r* + r?) cos(¢)) + 1)

COS (¢2 - ’Y) = \/m (338)
_1 [eas (—V1=712) — 1 (ass — (4% — 4r*) cos(2¢) — 12r® + 20r* — 10r* + 8 (2r® — 3r* + r?) cos(¥) + 1)
= (o = cos
VA? + B?
1 (A
+ tan (E) , (339)

which yields two solutions for each value of .

1.12.2  R*|R;Lj|L* Paths
For a RL |R;L¥|L;§2 path, the equation to be solved is:

Qa1 12 Q13

M (7, 61)Mp- (1, )M - (1, )M (. 62) = (98 423 a3f) (840)

Q31 (32 (33.
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Pre-multiplying (340) with u%, and post-multiplying u+:

12r% —20r* +10r° + 8 (r* — 1) r* cos®(¢) — 4 (r* — 1) r* — 8 (2r® — 3r* +7%) cos(y)) — 1

=a (r? = 1) +r (als (—\/ 1- 7’2> +azV1—r2+4 04337") , (341)

which gives

4r® — 6r* 4+ 2r° £ v2(/7* (r2 — 1) (o3sr? — a1sV1 — r?r + s VI — r2r + o (r2 — 1) — 1)
drt (r2 = 1) ’

cos(¢) = (342)

and yields four solutions of .
Pre-multiplying (340) with ug, and post-multiplying with up+:

— 127" 4 20r° — 10r° 4 2 (7"2 — 1) rsin(¢) sin(¢1) (2r2 cos(¥) — 2r° + 1) —4 (7"2 -1) ° cos(21))
—2(r® = 1) reos(¢n) ((87" — 87 + 1) cos(¥)) — (2r® — 1) (r® cos(2¢)) + 3r* — 2)) + 8 (2r" — 3r® + 1) r’ cos(¢)) + 7

=31 (—\/ 1- 7“2) — Q33T (343)
For v # 0, this equation can be used to solve for ¢,. Multiplying both sides with ﬁ and defining sin~y := ﬁ,
cosy 1= ﬁ, where

A=2(r" = 1) rsin(¥) (2r° cos(y) — 2r° + 1) (344)
B=-2(r"—1)r ((8" — 8" + 1) cos(s) — (2r* — 1) (r? cos(2¢) + 3r* — 2)), (345)

it is obtained that
as1 (—V1 —12) —r (ass — (4r° — 4r*) cos(2¢) — 12r° + 20r* — 10r% 4 8 (2r° — 3r* 4+ 1?) cos(¥) + 1)

cos(p1 — ) = NI (346)
_1 [ast (—V1=712) —r (ass — (4r® — 4r*) cos(2¢) — 12r® +20r* — 10r® + 8 (2r® — 3r* + 7?) cos(y) + 1)
oo VT B
(A
= 347
+ tan (B) , (347)

which yields two solutions for each value of .
Pre-multiplying (340) with u£+ and post-multiplying with ug-:
—12r" +20r° — 107® 4+ 2 (r® — 1) rsin(y) sin(p2) (2r° cos(¥) — 2r° + 1) — 4 (r* — 1) r° cos(2¢))
-2 (r2 — 1) 7 cos(¢2) ((8r4 —8r 4+ 1) cos(¢)) — (2r2 -1) (7"2 cos(2¢) + 3r® — 2)) +8 (27"4 —3rf 4+ 1) 3 cos(¥) + 7

=13V 1—r2— Q33T (348)

Similarly, multiplying both sides with \/ﬁ, it is obtained that

a13vV/1 =12 — 1 (asz — (4r® — 4r*) cos(2¢) — 12r° + 20r* — 10r® + 8 (2r® — 3r* +7%) cos(y) + 1)

Ccos (¢2 - ’Y) = \/m (349)
_1 [ 013V1T =72 —r (asz — (4% — 4r*) cos(2¢)) — 12r® + 20r* — 10r° + 8 (2r® — 3r* + r?) cos(v) + 1)
P VT
1 (A
+ tan ( B) : (350)
which yields two solutions for each value of .
1.12.3 R™|R[LJ|L™ Paths
For a Ry |RjL{|L;, path, the equation to be solved is:
a11 a12 Q13
M- (r, 61)Mpe (r,0) My ()M - (r,62) = (31 423 033) (351)
Pre-multiplying (351) with ug_ and post-multiplying uy,-:
12r% = 20r* +10r° + 8 (r* — 1) r* cos®(¥) — 4 (r* — 1) r* — 8 (2r® = 3r" +7%) cos(¢) — 1
=a11 (7“2 — 1) +r (alg\/l —r2 — a3 \/1 —r2 4 04337’) , (352)
which gives
475 —6rt 4212 £ ﬂ\/r‘l (r2 = 1) (assr® + a13V1 = r?r —asivVl —r?r +ann (r2 — 1) — 1)
cos(v) = (353)

4t (12 — 1) ’
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and yields four solutions of .
Pre-multiplying (351) with ug+ and post-multiplying with uy,-:

—12r" 4 20r° — 10r° 4 2 (r2 — 1) rsin(¢) sin(¢1) (2r2 cos(¢) — 2r° + 1) —4 (7"2 -1) 5 cos(2¢)
-2 (7"2 — 1) rcos(¢1) ((87’4 — 8’ + 1) cos(¢) — (27’2 -1) (7"2 cos(21) + 3r° — 2)) +8 (2r4 -3’ + 1) 3 cos(ih) 4 7

=31V 1- 7’2 — (x33T. (354)
For ¢ # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin~y := \/ﬁ,
cosy = ﬁ, where

A=2(r* = 1) rsin(e) (2r® cos(¥) — 2r* + 1) (355)
B=-2(r" - 1r ((8r4 — 8 + 1) cos() — (21“2 -1) (7“2 cos(21) + 3r° — 2)), (356)

it is obtained that
as1V1—12 —r (ass — (4r° — 4r*) cos(2¢) — 12r° 4 20r* — 10r* + 8 (2r® — 3r* + %) cos(¢)) + 1)

cos(¢1 —7) = IR (357)
21 [svVT =12 — 1 (ass — (4r° — 4r*) cos(2¢) — 12r® +20r* — 10r® + 8 (2r® — 3r* 4 r?) cos(¥) + 1)
= ¢1 = cos
Ny
1 (A
ran (5, (359)

which yields two solutions for each value of .
Pre-multiplying (351) with ug, and post-multiplying with ug+:

—12r" 4+ 20r° — 10r° + 2 (r2 — 1) rsin(¢) sin(¢2) (2r2 cos(p) — 2r° + 1) —4 (7“2 -1) 5 cos(2¢)
-2 (r2 — 1) rcos(¢2) ((8r4 — 8 + 1) cos() — (2r2 -1) (7‘2 cos(2t) + 3r° — 2)) +8 (27’4 -3’ 4 1) 3 cos(ih) + 7

=13 (—\/ 1-— r2> — Q337 (359)

Similarly, multiplying both sides with \/ﬁ, it is obtained that

o3 (—V1 —12) —r (ass — (4r° — 4r*) cos(2¢) — 12r® + 20r* — 10r* 4 8 (2r® — 3r* 4+ r?) cos(¥) + 1)

—~) = 360
o _, [ aus (—\/1 — 7'2) —r (a33 — (4% — 4r*) cos(2¢p) — 12r® + 207* — 1072 + 8 (27"6 —3rt + 7"2) cos(y) + 1)
= cos
1 (A
+ tan (B) , (361)
which yields two solutions for each value of .
1.12.4 L7|LjR[|R™ Paths
Fora L, LIR;HR;Z path, the equation to be solved is:
« (0% (0%
M- (r, 1M (1, 6) Mg (r, )M (. 62) = (031 Q23 033) (362)

Pre-multiplying (362) with ug_ and post-multiplying ug-:

12r% — 200" +107% + 8 (r2 -1) r cos® (1) — 4 (r2 -1) rt—8 (21"6 -3 4 7"2) cos(¢p) — 1

=11 (r2 - 1) +r (alg (—\/ 1-— r2) +as1vV1—1r2+ 04331”) , (363)

which gives

4r% — 6r* +2r° £ V24 /14 (r2 = 1) (as3r? — aasvV1 — r2r + asivV1 — r2r +aq1 (r2 — 1) — 1)

cos(¢)) = 4r4 (r2 — 1) ’

(364)

and yields four solutions of .
Pre-multiplying (362) with ug+ and post-multiplying with ug-:

12r7 +20r° — 10r® 4+ 2 (r® — 1) rsin(y) sin(¢1) (2r° cos(¢p) — 2r° + 1) — 4 (r* — 1) r° cos(2¢)
-2 (7“2 — 1) rcos(¢1) ((87“4 —8r’ 4 1) cos(¢p) — (27“2 -1) (7"2 cos(2tp) + 3r? — 2)) +8 (27’4 —3r7 4 1) 3 cos(y) + 7

=as3 (—\/ 1-— 7"2) — Q3T (365)
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For ¢ # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin~y := \/ﬁ,
cosy = ﬁ, where

A=2 (1"2 — 1) rsin(t) (27’2 cos(¢) — 2r° + 1) (366)
B=-2(r"—1)r ((87" — 8 + 1) cos(¥)) — (2r* — 1) (r® cos(2¢) + 3r* — 2)) , (367)

it is obtained that
az1 (—vV1—=712) —r (ass — (4r° — 4r") cos(2¢) — 12r° 4 20r* — 10r° + 8 (2r® — 3r* + r?) cos(¢)) + 1)

cos(¢1 — ) = NreE (368)
_1 (s (—V1—712) — 7 (ass — (4% — 4r*) cos(2¢) — 12r° + 207" — 10r% + 8 (2r° — 3r* 4+ 1?) cos(¥) + 1)
= ¢1 = cos
VAZ + B2
(A
| tan (E) , (369)

which yields two solutions for each value of 1.
Pre-multiplying (362) with u’_ and post-multiplying with ug-+:

—12r" 4 20r° — 10r° 4 2 (r2 — 1) rsin(¢) sin(¢2) (2r2 cos() — 2r° + 1)—4 (7‘2 -1) ° cos(2t)
—2(r® = 1) rcos(¢2) ((87" — 87 + 1) cos(¥)) — (2r® — 1) (r® cos(2¢)) + 3r* — 2)) + 8 (2r" — 3r® + 1) r® cos(¢)) + 7

=3 (—\/ 1-— 7“2) — Q33T (370)

Similarly, multiplying both sides with ﬁ, it is obtained that

o13V1 — 12 —r (ass — (4r° — 4r*) cos(2¢) — 12r® + 20r* — 10r* + 8 (2r® — 3r* 4+ r?) cos(¥) + 1)

cos —v) = 371
(62— ) T ()
_1 [a13VT =72 — 1 (ass — (47° — 4r*) cos(2tp) — 12r° + 20r* — 10r% + 8 (2r® — 3r* 4+ r?) cos(¥) + 1)
= ¢2 = cos
Voo
1 (A
— 2
+ tan <B> , (372)

which yields two solutions for each value of .
1.13 CGCj|C Paths
1.13.1 L*GTL{|L~ Paths

For a L;g] G;‘z L;|L;3 path, the equation to be solved is:

11 Q12 011;3) (373)

ML+(T7¢1)MG+(¢2)ML+(7175)ML*(T7¢3):(gg% qaz Qa3

Pre-multiplying (373) with u’, and post-multiplying u-:
—2r* 42 (r2 — 1) rsin(B) sin(¢2) + 2 (r2 —-1) 2 cos(B) + 72 + cos(¢2) (27"4 -2 (7‘2 -1) r? cos(B) — 3r + 1)

= (au (7"2 — 1)) —r <a13\/ 1—1r2—as1V1—1r2+ aggr) , (374)

Sinie B is known, this equation can be utilized to calculate ¢o. Multiplying both sides with ﬁ and defining sin~y :=
.. __B
\/ﬁ’ COS7y 1= \/ﬁ’ where
A=2 (7"2 — 1) rsin(B) (375)
B=2r* -2 (r2 —1) r? cos(B) — 3r® + 1, (376)

it is obtained that

— (a11 (7"2 — 1)) —7r (27“3 cos(B) — 2r3 + a13v1 — 12 — az1V/1 — 12 + assr — 2 cos(B) + 7’)

COS(¢2 - 7) = \/m (377)
N (- (a11 (r2 — 1)) —r (2r3 cos(B) — 2r% + a13vV1 — 2 — as1vV1 — 12 + agsr — 2r cos(B) + r)
P VAZ1 B?
+tan (%) , (378)
and yields two solutions of ¢5.
Pre-multiplying (373) with ug, and post-multiplying with uy,-:
2r® —r? — (r2 — 1) rcos(¢1) (2cos(B) (r2 cos(¢a) — 12 + 1) — 2r? cos(¢ha) + 2r° — 2rsin(f3) sin(¢a) + cos(¢a) — 1)
+ (r? = 1) sin(¢1) (sin(¢2) (2r% cos(B) — 2r® + 1) + 2rsin(B) cos(¢2)) — 2 (r* — 1) r* sin(B) sin(¢2)
_ (2r5 -3 4+ r) cos(p2) — 4 (7"2 -1) 3 cos() sin® (%) = ag3r —az1V/1—r2. (379)
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For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,

cosf := \/%, where
C= (r2 — 1) (sin(¢2) (27‘2 cos(B) — 2r% + 1) 4 2rsin(B) cos(¢2)) (380)
D=—(r* —=1)r (2cos(B) (r* cos(¢2) — r* + 1) — 2r° cos(¢2) + 2r> — 2rsin(B) sin(¢2) + cos(p2) — 1), (381)

it is obtained that
7 (o3 + (27'4 —3r? + 1) cos(¢p2) + r (721"3 +2 (7’2 — 1) sin(B) sin(¢2) + 4 (7"2 —1)rcos(B) sin? (%) +7))

cos(¢p1 — 0) = D
CamV1-r? (382)
V5 D2
s by = cos~) 7 (ass + (2r* = 3r® + 1) cos(¢2) + 7 (—2r® + 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(B) sin” (%) + 7))
P V7T D?
Q31 1-— 7'2 —1 C
) (5)
which yields two solutions for each value of ¢s.
Pre-multiplying (373) with u?, and post-multiplying with ug-+:
2r® — 7% — (r? = 1) sin(¢s)(cos(B) sin(p2) + rsin(B)(cos(¢2) — 1)) — 2 (r? — 1) v sin(B) sin(¢2) — (2r° — 3r® + 1) cos(¢2)
_ (r2 — 1) cos(¢s) (sin(ﬂ) sin(¢g) + 2r® — 2r% sin(B) sin(¢z) — 2 (21"2 — 1) rcos(B) sin” <%) -2 (r2 -1) rcos(¢2))
—4 (7"2 — 1) r3 cos(B) sin? (%) = ai3vV' 1 — 72+ assr. (384)
For ¢o # 0, this equation can be used to solve for ¢3. Multiplying both sides with ﬁ and defining sino := ﬁ,
coso = %, where
E = — (r* — 1) (cos(B) sin(¢2) + 7 sin(8) (cos(¢2) — 1)) (385)
F=- (7"2 -1) (sin(ﬂ) sin(¢a) + 2r® — 2r% sin(3) sin(¢z) — 2 (2r2 — 1) rcos(B) sin” (%) -2 (7’2 -1) rcos(d)z)) , (386)

it is obtained that
7 (ass + (2r4 —3r? 4+ 1) cos(¢p2) + 1 (—2r® +2 (r2 — 1) sin(B) sin(¢2) + 4 ('r2 — 1) rcos(B) sin? (%) +7))

cos (g3 — o) =

VE? + F?
a3Vl —1r?
+ —— 387
VE? + F? (387)
o _1 (7 (ass+ (2r* = 3r® + 1) cos(¢2) +r (—2r® + 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(B) sin® (%) +7))
— COS
3 Nl
13V 1-— 7'2 1 E
Y > s (). o5%)
which yields two solutions for each value of ¢s.
1.13.2 RYGTR{|R™ Paths
For a RL G;‘QRg|R;3 path, the equation to be solved is:
« « «
M (1, 61)M-+ (62)Mps (1, B)Mp— (r, 6) = (31 @22 a33) (389)

Pre-multiplying (389) with uk, and post-multiplying up-:

—2r' 42 (r2 — 1) rsin(B) sin(¢2) + 2 (7‘2 —-1) % cos(B) + 72 + cos(¢2) (2r4 -2 (7"2 -1) 72 cos(B) — 3r° + 1)
= (a11 (7’2 — 1)) —r (alg (,\/1 — r2) +az1V/1—1r2+ a33r) , (390)
Since 3 is known, this equation can be utilized to calculate ¢o. Multiplying both sides with \/ﬁ and defining siny :=
where

—A__ cosyi= LB
Vazrpz (O = Ty

A=2 (r2 — 1) rsin(B) (391)
B=2r" -2 (r2 —-1) r? cos(B) — 3r® + 1, (392)
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it is obtained that

— (a11 (7‘2 — 1)) —r (2r3 cos(B) — 2r3 — a13v/1 — 12 + az1vV/1 — 12 + assr — 2 cos(B) + r)

cos(¢2 —7) = NI (393)
s (- (a11 (7"2 — 1)) —r (27"3 cos(B) — 2% — a13vV1 — 12 + az1v/1 — 12 + agzr — 2rcos(B) + 7")
= cos
’ VAt B?
+ tan ™" (g) , (394)
and yields two solutions of ¢s.
Pre-multiplying (389) with u’,_ and post-multiplying with ug-:
2r® — 3 — (7"2 — 1) rcos(¢1) (2cos(B) (7’2 cos(p2) — 12 + 1) - 2r? cos(¢2) + 2r° — 2rsin(f3) sin(¢2) + cos(¢a) — 1)
+ (r2 — 1) sin(¢1) (sin(¢2) (2r2 cos(B) — 2r° + 1) 4 2rsin(B) cos(¢z2)) — 2 (r2 —1) 2 sin(B) sin(¢z)
- (2r5 -3+ r) cos(¢z) — 4 (7‘2 -1) 3 cos(3) sin® (%) =as31V1—1r2+ assr. (395)
For ¢ # 0, this equation can be used to solve for ¢;. Multiplying both sides with \/ﬁ and defining sin @ := \/ﬁ,
cosf := ﬁ, where
C= (r2 — 1) (sin(¢2) (27‘2 cos(B) — 2r* + 1) 4 2rsin(B) cos(¢2)) (396)
D=—(r* = 1)r (2cos(B) (r® cos(¢2) — r* + 1) — 2r° cos(¢2) + 2r> — 2rsin(B) sin(¢2) + cos(p2) — 1), (397)

it is obtained that
ass + (2r' = 3r + 1) cos(¢2) + 7 (—2r® + 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(B) sin® (%) +7))

cos(¢p1 — 0) = r(

vC?% + D?
31V 1-— T2
+ W (398)
s gy = cos~! r(ass + (2r* = 3r® + 1) cos(¢2) + 7 (—2r® + 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(B) sin” (%) + 7))
1 = cos NE
az1vV1 —r? a1 (C
+ \;ﬁ) + tan E (5) 5 (399)

which yields two solutions for each value of ¢5.
Pre-multiplying (389) with u£+ and post-multiplying with ug+:

2r® — 3 — (r2 — 1) sin(¢3)(cos(B) sin(¢2) + rsin(B)(cos(p2) — 1)) — 2 (7"2 -1) % sin(B) sin(¢a) — (2r5 — 3%+ r) cos(¢2)
¢

— (r* = 1) cos(¢s) (sin(ﬂ) sin(¢2) + 2r® — 2r? sin(B3) sin(¢2) — 2 (2r* — 1) r cos(B) sin” (;) -2(r*-1) rcos(¢2))

—4 (7"2 -1) r? cos(3) sin® (%) = assr — a3/ 1 —r2. (400)

For ¢o # 0, this equation can be used to solve for ¢3. Multiplying both sides with \/E% and defining sino := \/%,

212

Ccos O = \/ﬁ, where
E = — (r® — 1) (cos(B) sin(¢2) + rsin(B)(cos(¢2) — 1)) (401)
F=- (r2 -1) (sin(ﬂ) sin(¢a) + 2r® — 2r% sin(3) sin(¢z) — 2 (27’2 — 1) rcos(B) sin” (%) -2 (r2 -1) rcos(qb)) , (402)

it is obtained that
r(ass + (2r* = 3r® + 1) cos(¢2) +r (—2r® 4+ 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(B3) sin® (%) +7))

cos (¢3 — o) = NiEw ]
—a13m
e gy = cos~! 7 (ass + (2r* = 3r® + 1) cos(¢2) + r (—2r® + 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(B) sin® (%) +7))
2T VE T+ F?
—a13v1—12 1 (E
) e (), o

which yields two solutions for each value of ¢5.
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1.13.3 R~ G R,|R" Paths

For a R;l Gd; RE|R¢T3 path, the equation to be solved is:

11 Q12 Q13

M- (r, 61)Mg- (62)Mp— (r, )M+ (1, 0s) = (931 032 @33) (405)

@31 (32 (33.
Pre-multiplying (405) with ug, and post-multiplying ug+:
—2r* 42 (r2 — 1) rsin(B) sin(¢2) + 2 (r2 —-1) 2 cos(B) + 72 + cos(¢2) (27" -2 (7‘ - 1) r? cos(B) — 3r° + 1)

= — (a11 (7"2 — 1)) —r (algx/ 1—7r2 —a3vV/1—1r2+ 04337”) , (406)

Since 3 is known, this equation can be utilized to calculate ¢o. Multiplying both sides with \/ﬁ and defining siny :=

A ._ __B
Tr5 CO8Y F oy where

A=2 (r —1) rsin(,@) (407)
B=2r"-2 (r L % cos(B) — 3r® + 1, (408)

it is obtained that

— (a11 (7"2 — 1)) —7r (27“3 cos(B) — 2r3 + a13v1 — 12 — az1vV/1 — 12 + assr — 27 cos(B) + 7’)

COS(¢2 - f)/) = \/m (409)
— (- (a11 (r2 — 1)) —r (2r3 cos(B) — 2r3 + a13vV1 — 2 — asivV1 — 12 + agsr — 2r cos(B) + r)
= cos
’ VAt B?
+tan (%) , (410)
and yields two solutions of ¢,.
Pre-multiplying (405) with u’,, and post-multiplying with ug+:
2r® — 7% — (r? = 1) rcos(¢1) (2cos(B) (r* cos(p2) — 7 + 1) — 2r° cos(p2) + 2r° — 2r sin(ﬁ) sin(¢2) + cos(¢2) — 1)
+ (r2 — 1) sin(¢1) (sin(¢2) (21"2 cos(B) — 2r° + 1) + 2rsin(B) cos(¢2)) — 2 (r L % sin(3) sin(¢2)
— (21"5 — 3%+ r) cos(¢2) — 4 (7"2 -1) 7 cos(B) sin® (%) = agsr —az1V/1—r2. (411)
For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,
cosf := \/%, where
( - 1) (sin( (27" cos(B) — 2r° + 1) 4 2rsin(B) cos(¢2)) (412)
( -1)r (2 cos(f (r cos(¢a) — 12 + 1) — 2r? cos(¢pz2) + 2r° — 2rsin(B) sin(¢2) 4 cos(¢a) — 1), (413)

it is obtained that
7 (o33 + (27"4 —3r? 4+ 1) cos(¢2) + r (727“3 +2 (r2 — 1) sin(B) sin(¢2) + 4 (r2 —1)rcos(B) sin? (%) +7))

cos(¢p1 — 0) =

vC? + D?
—Q31V 1-— T2
+ W (414)
s gy = cos~! r (ass + (2r* = 3r® + 1) cos(¢2) + 7 (—2r® + 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(B) sin” (%) + 7))
LT VD2
—Qa31V 1-— 7‘2 -1 C
+ m) + tan <5) s (415)

which yields two solutions for each value of ¢,.
Pre-multiplying (405) with u’,_ and post-multiplying with ug-:

2r® — 7% — (r? = 1) sin(¢s)(cos(B) sin(pz2) + rsin(B)(cos(¢2) — 1)) — 2 (r? — 1) v sin(B) sin(¢2) — (2r° — 3r° + 1) cos(¢2)
_ (7"2 — 1) cos(¢3) (sin(ﬁ) sin(¢a) + 2r® — 2r% sin(B) sin(¢z) — 2 (27" — 1) rcos(B) sin” (%) -2 (r2 -1) rcos(¢2))

—4 (7"2 — 1) r° cos(8) sin? (ﬁ) = a33r — 13V 1 — r2. (416)

2
For ¢o # 0, this equation can be used to solve for ¢3. Multiplying both sides with 7?% = and defining sino := 7?& =5
Ccos o = %, where
E = — (r* = 1) (cos(B) sin(¢2) + 7 sin(B)(cos(¢2) — 1)) (417)
F=— (1"2 —1) <sin(ﬂ) sin(¢o) + 2r® — 272 sin(3) sin(¢2) — 2 (27“2 — 1) rcos(B) sin® (%) -2 (7"2 -1) rcos(qbg)) , (418)
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it is obtained that
r (ass + (2r* —3r® + 1) cos(¢2) +r (—2r® 4+ 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(3) sin® (%) +7))

cos (g3 — o) = NioEw ]
13V 1-— 7'2
CEa (419)
s g = cos”! r (ass + (2r* —3r® + 1) cos(¢2) +r (—2r® + 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(B) sin® (%) +7))
° VET + F?
a3V 1 —r? 1 (E
) (2)

which yields two solutions for each value of ¢5.

1.13.4 L~ G Lg|L" Paths

ForaL, G, Ly \L;fg path, the equation to be solved is:

(421)

a1 Q12 CM13)
Q31 Q32  (33.

M- (r,61)Mo- (62)M- (r, B)My (r.60) = (33 438 @8
Pre-multiplying (421) with uz, and post-multiplying uz+:

—ort 2 (r2 — 1) rsin(B) sin(¢2) + 2 (r2 —1) r? cos(B) 4+ 12 + cos(¢2) (27"4 -2 (T2 -1) r? cos(B8) — 3r® + 1)

E— (a11 (r2 — 1)) —r (a13 (—\/ 1-— 7“2) 4+ az1vV/1—7r2+ 04337“> , (422)

Sinie £ is known, thi; equation can be utilized to calculate ¢o. Multiplying both sides with \/ﬁ and defining siny :=
\/ﬁ’ COS7y 1= \/ﬁ’ where
A=2(r*—1)rsin(B) (423)
B=2r" —2(r* — 1) r’cos(8) — 3r° + 1, (424)

it is obtained that

- (a11 (r2 — 1)) —7r (21"3 cos(B) — 213 — a13v1 — 12 + az1V/1 — 72 + assr — 27 cos(B) + r)

COS(¢2 - ’7) = \/m (425)
N - (a11 (7“2— 1)) —r(2r3 cos(f) — 273 —oe13\/1—r2+a31\/1—T2+a33r—2rcos(ﬂ)+r)
2T VA1 B2
+ tan™" (%) : (426)

and yields two solutions of ¢s.
Pre-multiplying (421) with ul,; and post-multiplying with u+:

2r® — o — (7"2 — 1) rcos(¢1) (2cos(B) (r2 cos(¢a) — 12 + 1) — 2r? cos(¢a) + 2r° — 2rsin(f3) sin(¢a) + cos(¢a) — 1)
+ (r2 — 1) sin(¢1) (sin(¢2) (27"2 cos(B) — 2r° + 1) + 2rsin(B) cos(¢2)) — 2 (7"2 —-1) 2 sin(B) sin(¢z)

— (2r® = 37 4+ 1) cos(¢2) — 4 (r* — 1) r* cos(B) sin® (%) =a31V1 —r24 azsar. (427)

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,
cosf := \/%, where

C = (r* — 1) (sin(¢2) (2r° cos(B) — 2r* + 1) + 2rsin(B) cos(¢z)) (428)

D=- (7'2 —1) 7 (2cos(B) (r2 cos(¢a) — 12 + 1) — 2r? cos(¢pz2) + 2r° — 2rsin(B) sin(¢2) + cos(¢2) — 1), (429)

it is obtained that
o (ass + (2r* — 3r® + 1) cos(¢2) + 7 (—2r® + 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) 7 cos(B) sin® () + 7))

cos(¢1 — 0) N
1V1—r?
+ % (430)
e g1 = cos 7 (ass + (2r* — 3r® 4+ 1) cos(¢2) + r (—2r® + 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(B) sin” (%) +7))
as1vV 1-— 7"2 1 C
JCZ + D2 > ran <5> ’ sy
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which yields two solutions for each value of ¢s.
Pre-multiplying (421) with u?_ and post-multiplying with ug-:

2% —r? — (7"2 — 1) sin(¢3) (cos(B) sin(¢2) + rsin(B)(cos(d2) — 1)) — 2 (r2 -1) 7% sin(B) sin(¢2) — (21"5 -3+ r) cos(¢2)

— (r* = 1) cos(¢s) (sin(ﬂ) sin(¢2) + 2r® — 2r? sin(B3) sin(¢2) — 2 (2r* — 1) r cos(B) sin” <%> -2(r* -1) rcos(@))

—4 (7'2 -1) 3 cos(3) sin® (%) = assr — a3/ 1 —r2. (432)
For ¢9 # 0, this equation can be used to solve for ¢3. Multiplying both sides with 7?21 — and defining sino := %Ei =5
coso = \/ﬁ, where

E = — (r* —1) (cos(B) sin(¢2) +rsin(f)(cos(¢2) — 1)) (433)

F=—(r*-1) <sin(ﬂ) sin(¢2) + 2r® — 2r? sin(B) sin(p2) — 2 (27> — 1) r cos(B) sin® (%) —2(r*-1) rcos(qbg)) , (434)

it is obtained that
r(ass + (2r* = 3r® + 1) cos(¢2) +r (—2r® + 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(B3) sin® (22)+7))

cos (@3 —0) = JET T B2
_0513m
s by = cos™] 7 (ass + (2r* — 3r® + 1) cos(p2) + 7 (—2r® + 2 (r* — 1) sin(B) sin(¢2) + 4 (r* — 1) r cos(B) sin® (£2) + 1))
°T VET + F?
—a13vV1 — 12 1 (E
+ %) +tan”} (f> (436)
which yields two solutions for each value of ¢s.
1.13.5 LTGTR}|R™ Paths
For a L;fl G;[Q R;ﬂR;g path, the equation to be solved is:
My (r, 61) Mg+ (02)Mpgs (r, B)Mg- (1, 6) = (331 633 033 ) (437)

Pre-multiplying (437) with u?, and post-multiplying ug-:

—ort -2 (7'2 — 1) rsin(B) sin(¢2) + 2 (7"2 —1) 2 cos(B) + 7% + cos(¢) (—27"4 +2 (7"2 —-1) r? cos(f) + 3r° — 1)

=an (r’ —1) —r (Ot13\/ 1—r?+azvV1-—r2+ 04337’) ; (438)

Since 3 is known, this equation can be utilized to calculate ¢o. Multiplying both sides with \/ﬁ and defining sin~y :=

where

—A__ cosyi= B
Vazrpz 08T = Uy

A=-2(r" = 1) rsin(B) (439)
B=—(2r" —2(r* = 1) r’ cos(B) — 3r* + 1), (440)

it is obtained that
a1l (7’2 — 1) —r (27'3 cos(B) — 213 + 131 — 12 + az1V/1 — 72 + assr — 2r cos(B) + r)

COS(QSQ - ’y) = \/m (441)
e = cos~! a1l (7"2 - 1) —-r (27"3 cos(B) — 2r® + a13v1 — 12 + az1 V1 — 72 + assr — 2r cos(B) + r)
2 VAZ 1 B?
+ tan~" (%) , (442)

and yields two solutions of ¢s.
Pre-multiplying (437) with ug, and post-multiplying with up-:

2r° —r® 4 (7"2 —1) 7 cos(¢1) (2cos(B) (r2 cos(¢pa) + 1% — 1) — 2r? cos(¢a) — 2r° — 2rsin(B) sin(¢a) + cos(¢a) + 1)
— (r2 — 1) sin(¢1) (sin(¢2) (21"2 cos(B) — 2r° + 1) + 2rsin(B) cos(¢2)) + 2 (r2 —-1) 2 sin(B) sin(¢z)
¢

+ (2r° = 3r® + 1) cos(¢2) — 4 (r* — 1) r® cos(B) cos? (5) =a31V 1 —1r2 4 assr. (443)
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For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,

cosf := \/%, where
C=- (r2 —1) (sin(¢2) (27’2 cos(B) — 2r% + 1) + 2rsin(B) cos(¢2)) (444)
D = (r* = 1) r (2cos(B) (r® cos(p2) + r* — 1) — 2r® cos(¢p2) — 2r* — 2rsin(B) sin(¢2) + cos(d2) + 1), (445)

it is obtained that

—2r® 43 4 (727"5 + 3 — 7") cos(p2) + (27"2 - 2r4) sin(B) sin(¢2) + 4 (r2 - 1) r3 cos(f) cos? (%—2) + azsr

cos(¢p1 — 0) = D
as31vV 1-— 7‘2
446
Iy (446)
— 1 [ =20 0%+ (=2r° + 38 — 1) cos(¢2) + (2r° — 2r?) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos® (%) + augsr
= cos
b VC? + D2
31V 1-— r2 —1 C
+ m) + tan (5) s (447)
which yields two solutions for each value of ¢s.
Pre-multiplying (437) with u?, and post-multiplying with ug-+:
2r® — 7% 4 (r? = 1) sin(¢s) (cos(B) sin(p2) + rsin(B)(cos(¢2) + 1)) + 2 (r? — 1) v sin(B) sin(¢2) + (2r° — 3r® + 1) cos(¢2)
+ (r2 — 1) cos(¢s) (sin(ﬂ) sin(¢g) — 2r® — 2r? sin(B) sin(¢z) + 2 (21"2 — 1) rcos(B) cos® (%) -2 (r2 -1) TCOS(¢2)>
—4 (7"2 — 1) 73 cos(8) cos’ (%) = 13V 1 — 12 + assr. (448)
For ¢o # 0, this equation can be used to solve for ¢3. Multiplying both sides with ﬁ and defining sino := ﬁ,
coso = %, where
E= (1"2 — 1) (cos(B) sin(¢2) + rsin(B)(cos(¢2) + 1)) (449)

F = (7"2 —-1) (Sin(ﬁ) sin(¢a) — 2r® — 2r% sin(3) sin(¢a) + 2 (27’2 — 1) rcos(B) cos’ (%) -2 (7"2 -1) rcos(¢>2)) , (450)

it is obtained that

—2r% 4+ 7% 4+ (=2r° 4+ 3r® — 1) cos(¢2) + (2r* — 2r*) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos® (4’2—2) + agsr

cos (¢ — o) =

VE? + F?
_ 2
vl (451)
VE? + F?
o 1 [ =204+ (=2r° +3r® — 1) cos(¢2) 4+ (2r° — 2r*) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos® (%) + assr
— COS
3 VEZ 1 F?
_ r2
" azVli—r 4 tan! (E) 7 (452)
VE? 4+ F? F
which yields two solutions for each value of ¢s.
1.13.6 RTG'Lj|L~ Paths
For a RL G;‘QLHL;S path, the equation to be solved is:
« « «
M (1, 61)Mo- (92)My (r, )My (1, 0) = (931 033 @33) (453)

Pre-multiplying (453) with u%, and post-multiplying uy,-:

—2rt -2 (r2 — 1) rsin(B) sin(¢2) + 2 (r2 —-1) 2 cos(B) + 72 + cos(¢2) (—27“4 +2 (r2 -1) 72 cos(f) + 3r° — 1)
=11 (r* —1) +r (am\/ =72+ anyV1l—r2— Oz337") ; (454)
Since 3 is known, this equation can be utilized to calculate ¢o. Multiplying both sides with \/ﬁ and defining siny :=
where

—A4__ cosyi= =B
Vazrpz (O = Ty

A=-2 (7‘2 — 1) rsin(B) (455)
B=-— (2r4 -2 (7”2 —-1) r? cos(B) — 3r° + 1), (456)
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it is obtained that

r(=r(ass+2(r* = 1) cos(B) —2r* + 1) + ausvV1 — r2 + az1vV1 —r2) + a1 (r* — 1)

COS(¢2 - 7) = \/m (457)
N o5 r (—T (0433 +2 (r2 — 1) cos(B) — 2r® + 1) + aisvV1 —1r2 4+ az1vV1 — 1"2) + a1 (7"2 — 1)
T VAt B?
+tan™! (%) , (458)
and yields two solutions of ¢s.
Pre-multiplying (453) with ul,_ and post-multiplying with uz-:
2r® — 3 4 (7"2 — 1) rcos(¢1) (2cos(B) (7’2 cos(da) + 12 — 1) - 2r° cos(¢2) — 2r° — 2rsin(B) sin(¢z) + cos(¢a) + 1)
— (r2 — 1) sin(¢1) (sin(¢2) (2r2 cos(B) — 2r° + 1) + 2rsin(B) cos(¢2)) + 2 (r2 —1) 2 sin(B) sin(¢z)
+ (2r5 -3+ r) cos(¢z) — 4 (7‘2 -1) % cos(B) cos” (%) = agsr —az1V1—r2 (459)
For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with \/ﬁ and defining sin @ := \/ﬁ,
cosf := ﬁ, where
C=- (r2 —1) (sin(¢2) (27’2 cos(B) — 2r% + 1) 4 2rsin(B) cos(¢2)) (460)
D= (r* = 1) r (2cos(B) (r® cos(p2) + r* — 1) — 2r* cos(¢2) — 2r* — 2rsin(B) sin(¢2) + cos(p2) + 1), (461)

it is obtained that

—2r% 4+ 7% 4+ (=2r° 4+ 3r® — 1) cos(¢2) + (2r* — 2r*) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos (“’2—2) + agsr

cos(¢p1 — 0) =

vC?% + D?
—Q31V 1-— 7‘2
RGeS (462)
e = cos! —2r% + 7% + (=2r° 4+ 3r® — 1) cos(¢2) + (2r* — 2r*) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos (%) + auzsr
e VCE T D2
—Oéglm -1 C
e ) ran (5). 1o

which yields two solutions for each value of ¢5.
Pre-multiplying (453) with u£+ and post-multiplying with ug+:

2’ — % 4 (r2 — 1) sin(¢3)(cos(B) sin(¢2) + rsin(B)(cos(d2) + 1)) + 2 (7"2 -1) % sin(B) sin(¢p2) + (2r5 — 3% + r) cos(¢2)

+ (7’2 — 1) cos(¢s) (sin(ﬂ) sin(¢g) — 2r® — 2r% sin(B) sin(¢z) + 2 (27"2 — 1) rcos(B) cos® (%) -2 (r2 —-1) Tcos(<z52))
—4(r* = 1) 7’ cos(B) cos® (%) = azsr — aizV/1 —r2. (464)
For ¢o # 0, this equation can be used to solve for ¢3. Multiplying both sides with \/ﬁ and defining sino := \/%,
cos o = \/ﬁ, where
E = (r* - 1) (cos(f) sin(¢2) + rsin(B)(cos(¢2) + 1)) (465)
F = (r2 —1) (Sin(ﬁ) sin(¢a) — 2r® — 2r% sin(3) sin(¢a) + 2 (27‘2 — 1) rcos(B) cos’ (%) -2 (r2 -1) rcos(¢2)) , (466)

it is obtained that

—2r% 4+ 7% 4+ (=2r° 4 3r® — 1) cos(¢2) + (2r* — 2r*) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos® (%2) + agsr

cos (g3 — o) = VEZ L P2
a1 — 72
4oVl (467)
VB P
1 [ =2 4%+ (=2r° + 30 — 1) cos(¢2) + (2r° — 2r*) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos® (%) + azsr
= ¢3 = cos
VE? + F?
a1 — 72
+ —asvl - +tan~! b , (468)
VE? 4+ F? F

which yields two solutions for each value of ¢5.
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1.13.7 R_G_L§|L+ Paths
For a R;l G;2L§|L$3 path, the equation to be solved is:

11 Q12 Oéls) (469)

M- (r, 61)Mg- (62)M - (r, M+ (r,60) = (931 033 033

@31 (32 (33.
Pre-multiplying (469) with ug, and post-multiplying uy+:
) (r2 — 1) rsin(B) sin(¢2) + 2 (r2 —-1) 2 cos(B) + 72 + cos(¢2) (727'4 +2 (r2 -1) 2 cos(f) + 3r° — 1)

=11 (7’2 — 1) - (a13v 1—r24+azyv/1—r2 +04337”) ) (470)

Since 3 is known, this equation can be utilized to calculate ¢o. Multiplying both sides with \/ﬁ and defining siny :=

A ._ __B
Tr5 CO8Y F oy where

A=-2 (r — 1) rsin(B) (471)
B:—(T —2(r —1)7" cos(ﬁ)—37“2—|—1)7 (472)
it is obtained that
a1l (7“2 — 1) —-r (27”3 cos(B) — 2r® + a13vV1 —r? + as1vV1 — r2 + assr — 2rcos(B) + 7“)

COS(¢2 - ’7) = \/m (473)
= cos! a1l (7‘2 — 1) —r (27‘3 cos(B) — 2% + a13v1 — 72 + asivV1 — r2 + assr — 2r cos(B) + r)
2 VAT + B2
+tan™" (%) , (474)

and yields two solutions of ¢,.

Pre-multiplying (469) with u’,, and post-multiplying with uz+:
2r° — 7% 4+ (r? = 1) rcos(¢1) (2cos(B) (r* cos(pz) + 7 — 1) — 2r° cos(p2) — 2r° — 2r sin(ﬁ) sin(¢2) + cos(¢2) + 1)
— (r2 — 1) sin(¢1) (sin(¢2) (21"2 cos(B) — 2r° + 1) + 2rsin(B) cos(¢2)) + 2 (r L % sin(3) sin(¢2)

+ (21"5 -3 4 r) cos(¢2) — 4 (7"2 -1) r? cos(B) cos® (%) = agsr —az1 V1 —r2. (475)

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,
cosf := \/%, where

(r —1) (sin(¢2) (21“2 cos(B) — 2r° + 1) + 2rsin(B) cos(¢2)) (476)

D = ( 2 —1) 7 (2cos(B) (r2 cos(¢a) + 1% — 1) — 2r? cos(¢p2) — 2r° — 2rsin(B3) sin(¢2) + cos(¢2) + 1), (477)

it is obtained that
207 4 (22 43 1) con() + (2" — 2r') sin(B) sn(6) + 4 (2 1) cos(B) cos® (%) + o

cos(¢p1 — 0) =

vC? + D?
31V 1 —r?
478
o2 (478)
T o+ 1% + (=2r° +3r% —r) cos(¢2) + (2r° — 2r*) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos” (%) + auzar
= ¢1 = cos m
31V 1-— r2 1 C
+ m) + tan (5) s (479)
which yields two solutions for each value of ¢,.
Pre-multiplying (469) with u’,_ and post-multiplying with ug-:
2r® — 3 4 (1"2 — 1) sin(¢s)(cos(B) sin(p2) + rsin(B)(cos(¢2) + 1)) + 2 (7"2 —1) 2 sin(B) sin(¢2) + (21“5 -3 + r) cos(¢2)
+ (7"2 — 1) cos(¢3) (sin(ﬁ) sin(¢a) — 2r® — 2r? sin(B) sin(¢z) + 2 (27"2 — 1) rcos(B) cos® (%) -2 (r2 -1) rcos(¢2))
—4 (7"2 — 1) r° cos(8) cos? (%) = a3V 1 — 72 + asar. (480)
For ¢o # 0, this equation can be used to solve for ¢3. Multiplying both sides with W and defining sino := ﬁ,
Ccos o = W’ where
= (r® — 1) (cos(B) sin(¢2) + rsin(B)(cos(¢2) + 1)) (481)

E
F = (r2 —1) (Sin(ﬁ) sin(¢g) — 2r® — 2r% sin(3) sin(¢2) + 2 (27"2 — 1) rcos(B) cos’ (%) -2 (1"2 —-1) rcos(d)z)) , (482)
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it is obtained that
—2r% 4+ 7% 4+ (=2r° 4 3r® — 1) cos(¢2) + (2r* — 2r*) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos® (%2) + ouar

cos (3 — o) =
(¢3 ) \/W
/T 12
4 a3 r (483)
VE? 4+ F?
o, =2r% 4+ 7% 4 (=2r° 4 3r® — 1) cos(¢2) + (2r* — 2r*) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos (%) + agsr
= ¢3 = cos
VE? + 2
2
povi—rt) (E) 7 (484)
VE? 4+ F? F

which yields two solutions for each value of ¢5.

1.13.8 L~ G~ Rj|R* Paths

For a L G;Q R,§|R(‘£3 path, the equation to be solved is:

(485)

a1 Q12 CM13)
Q31 Q32  (33.

M- (r,61)Mo- (62)Mp- (. 6)Mps (r 60) = (931 @38 038
Pre-multiplying (485) with uz, and post-multiplying ug+:

—2r* —2(r® — 1) rsin(B) sin(p2) + 2 (r* — 1) r’ cos(8) + 7 + cos(¢p2) (—2r* +2 (r* — 1) 7% cos(B) + 3r° — 1)

=an (r’ —1) +r (am\/ 1—r2+asV1—1r2— ocsgr) , (486)

Sinie £ is known, thi; equation can be utilized to calculate ¢o. Multiplying both sides with \/ﬁ and defining siny :=
\/ﬁ’ COS7y 1= \/ﬁ’ where
A=-2(r*—1)rsin(B) (487)
B=—(2r" —2(r* = 1) r’ cos(B) — 3r* + 1), (488)

it is obtained that

r(=r(ass +2(r* = 1) cos(B) —2r* + 1) + a1svV1 — 12 + az1v1 — r2) + aqq (r* — 1)

B VA? + B? (489)
= ¢ =cos ' 7 (=7 (ass +2(r* = 1) cos(B) — 2r* + 1) + a13vV1 — 12 + as1vV1 —12) + o1 (r? — 1)
- VAT B?
()

and yields two solutions of ¢s.
Pre-multiplying (485) with ul, and post-multiplying with up+:

2r® —r® 4 (7"2 — 1) rcos(¢1) (2cos(B) (r2 cos(¢) + 12 — 1) — 2r? cos(¢a) — 2r° — 2rsin(B) sin(¢a) + cos(¢a) + 1)
— (r2 — 1) sin(¢1) (sin(¢2) (27"2 cos(B) — 2r° + 1) + 2rsin(B) cos(¢2)) + 2 (7"2 —-1) 2 sin(B) sin(¢z)

+ (2r° = 3r® + 1) cos(¢2) — 4 (r* — 1) r® cos(B) cos? (%) = a33r — as1V/1 —r2. (491)

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,
cosf := \/%, where

C=- (7“2 —1) (sin(¢2) (27"2 cos(B) — 2r° + 1) + 2rsin(B) cos(¢2)) (492)

D= (7“2 —1) 7 (2cos(B) (r2 cos(¢a) + 1% — 1) — 22 cos(¢p2) — 2r° — 2rsin(B3) sin(¢2) + cos(¢2) + 1), (493)

it is obtained that
=275 4+ 7% + (=2r° 4+ 3r® — 1) cos(p2) + (2r® — 2r*) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos® (L) + assr

cos(¢1 — 0) = e
/T =72
n (1312 1 ;” (494)
vC?2+D
— Ly [ =20 3 4 (=20 + 30% — 1) cos(¢p2) + (2% — 2r*) sin(B) sin(d2) + 4 (r* — 1) 7% cos(B) cos® (£2) + assr
= cos
' JCr T D?
_ 2

asivV1l—r 1 tan~! c , (495)

VC? + D? D
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which yields two solutions for each value of ¢s.
Pre-multiplying (485) with u?_ and post-multiplying with ug-:

2r® —r® 4 (r — 1) sin(¢3) (cos(B) sin(¢2) + 7 sin(B)(cos(d2) + 1)) + 2 (r - 1) r”sin(B) sin(¢2) + (21"5 -3+ r) cos(¢2)

+ (r? = 1) cos(¢s) (sin(ﬂ) sin(¢2) — 2r® — 2r? sin(B) sin(¢2) + 2 (2r* — 1) r cos(B) cos” (%) -2(r*-1) rcos(¢2))
—4 (7‘ - 1) 3 cos() cos® (%) = azzr — a3y 1 —r2 (496)
For ¢o # 0, this equation can be used to solve for ¢3. Multiplying both sides with \/ﬁ and defining sino := \/%,
coso = \/ﬁ, where
E= ( —1) (cos(B) sin(¢z) + rsin(B)(cos(¢2) + 1)) (497)
F = ( —1) (sin(ﬁ) sin(¢g) — 2r® — 272 sin(3) sin(¢2) + 2 (27"2 — 1) rcos(B) cos’ (%) -2 (1"2 —-1) rcos(d)z)) , (498)

it is obtained that
=2r° 4+ 7% 4+ (=2r° 4+ 3r® — 1) cos(¢2) + (2r* — 2r*) sin(B) sin(¢2) + 4 (r* — 1) r® cos(B) cos (22) + assr

cos (¢3 —0) = JET T B2
—Oclgm
+ —F— 499
VE? + F? (499)
g _1 [ =20 4+ + (=2r° + 3% — 1) cos(¢2) + (2r° — 2r*) sin(B) sin(¢2) + 4 (r* — 1) 7% cos(B) cos® (£2) + assr
= cos
’ VET+ F?
—13V 1-— 7’2 —1 E
which yields two solutions for each value of ¢s.
1.14 CC,|C,C Paths
1.14.1 L*R}|R, L~ Paths
For a L;fl RI|R;L;2 path, the equation to be solved is:
My (r, )M e (1, )M (r, )M - (r, 62) = (931 @33 @33) (501)

Pre-multiplying (501) with u’, and post-multiplying u-:

—12r° 4 167" —8(7“ —1) 2 cos®(u )+4(r2—1)2r2—67“2—1—8(27“6—3T4+r2)cos(,u)+1

=— (a11 (r — 1)) —r (a13\/ 1—7r2 —as31V1—-r2+ 04331“) , (502)

which gives

4r — 67t 4+ 272 + \/i\/TQ (rz — 1)2 (a33r2 + a3Vl —r?r—asv1l—rr+ai1 (r2—1)+ 1)

cos(u) = e 7 (503)
and yields four solutions of p.
Pre-multiplying (501) with u’,_ and post-multiplying with uz-:
r <12r6 —16r* +2 (7“2 — 1) sin(u) sin(¢1) (2 (1"2 —1) cos(p) — 2r° + 1) +4 (r = 1) 2 cos(2u) + 617
-2 (r2 — 1) cos(¢) ((21"2 -1) ((r2 — 1) cos(2u) + 3r? — 1) + (787'4 + 8% — 1) cos(p)) — 8 (2 rt =37 1 r cos( 1)
=Q337T — 31V 1—r2, (504
For p # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin~y := \/A‘fﬁ
cosy 1= ﬁ, where
A=2r (r — 1) sin(u) (2 (7‘2 —1) cos(p) — 2r® + 1) (505)
B=-2r(r—1) ((2r* = 1) ((r* = 1) cos(2p) + 3r> — 1) + (—8r"* + 8% — 1) cos(p)) , (506)
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it is obtained that

—12r7 +16r° — 61% — az1vV/1 —12 — 4 (r — 1) T cos(2,u) +8 (2r —3r° 47 ) cos(u) + assr +r

COS(¢1 - fY) = \/m (507)
. —1277 +167° —67° — a1 VI —12 — 4 (r — 1) r cos(2,u) +8 (2r7 —3r° + r3) cos(u) + assr +r
= 1= cos Nyt
(A
+ tan <B , (508)

which yields two solutions for each value of .
Pre-multiplying (501) with u?r and post-multiplying with ug+:

r <127‘6 —16r* +2 (7‘2 — 1) sin(p) sin(¢2) (2 ('r2 —1) cos(p) — 2r® + 1)+4 (r - 1) 2 cos(2u) + 6r°

—2(r* = 1) cos(p2) ((2r® — 1) ((r® — 1) cos(2p) + 3r® — 1) + (=8r" +8r® — 1) cos(p)) — 8 (2r® — 3r* + 17 cos(u) — 1)

=013V 1 — 12 + aaar. (509)
Similarly, multiplying both sides with \/ﬁ, it is obtained that
—12r" +16r° — 6r® + a1z3vV1 — 12 — 4 (r* — 1) % cos(2u) + 8 (2r" — 3r® 4+ 1?) cos(p) + assr + 1
cos (p2 —y) = (510)
VAT B
1 —12r7 +167° — 61° + a1zV/1 — 12 — (7‘ — 1) r Cos( u)+ 8 (2r7 —3r° + r3) cos(u) + assr +r
= ¢o = cos
VA% 4+ B?
1 (A
+ tan <B , (511)

which yields two solutions for each value of u.

1.14.2 R*LfﬂL; R~ Paths
For a RL L:\L;R;2 path, the equation to be solved is:

a11 Q12 Q13

My (1, 10)M o (r, )M - ()M (r,62) = (@31 @28 a3) (512)

Q31 (32 (33.

Pre-multiplying (512) with u£+ and post-multiplying up-:

—12r6+16r4—8(r2—1)2r2c032(u)+4( 2 1)2 =62 +8(2r° = 3r" +7%) cos(p) + 1

E— (a11 (7"2 — 1)) <a13 ( V13— 7“2) 4+ as1vV/1—7r2+ 04337") (513)

which gives

4r8 — 6r* + 2r% £ \/5\/7“2 (rz —1)? (as3r? — a1Vl —r2r + as V1 —r2r + o1 (r2 = 1) + 1)
472 (r2 — 1)? ’

cos(u) = (514)

and yields four solutions of p.
Pre-multiplying (512) with ug_ and post-multiplying with ug-:

r <12r6 — 167" +2 (r2 — 1) sin(p) sin(¢1) (2 (r2 — 1) cos(p) — 2r% + 1) +4 (7“2 — 1)2 2 cos(2u) + 612

-2 (r2 — 1) cos(¢1) ((2r2 —-1) ((r2 — 1) cos(2p) + 3r® — 1) + (—87"4 + 877 — 1) cos(p)) — 8 (27"4 -3 + 1) 72 cos(u) — 1)
(

=a31V'1— 172+ assr. 515)
For p # 0, this equation can be used to solve for ¢;. Multiplying both sides with W and defining sin~y := ﬁ,
cosy 1= ﬁ, where

A=2r (7"2 — 1) sin(u) (2 (7“2 —1) cos(p) — 2r + 1) (516)
B=-2r (r2 -1) ((2r2 -1) ((r2 — 1) cos(2u) + 3r? — 1) + (781"4 + 877 — 1) cos(p)) , (517)
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it is obtained that

—12r7 +16r° — 67% + as1vV/1 —12 — 4 (r — 1) T cos(2,u) +8 (2r —3r° 47 ) cos(u) + assr +r

cos(¢1 — ) = \/m (518)
. —1277 +167° — 67 + az1VI —12 — 4 (r — 1) r cos(2,u) +8 (2r7 —3r° + r3) cos(u) + assr +r
= 1= cos Nyt
A
tan™! [ = 519
+ tan <B) s ( )

which yields two solutions for each value of .
Pre-multiplying (512) with u£+ and post-multiplying with ug+:

r <127‘6 —16r* +2 (7‘2 — 1) sin(p) sin(¢2) (2 ('r2 —1) cos(p) — 2r® + 1)+4 (r - 1) 2 cos(2u) + 6r°

—2(r* = 1) cos(p2) ((2r® — 1) ((r® — 1) cos(2p) + 3r® — 1) + (=8r" +8r® — 1) cos(p)) — 8 (2r® — 3r* + 17 cos(u) — 1)

=azsr — a3V 1 — 12, (520)
Similarly, multiplying both sides with \/ﬁ, it is obtained that
—12r" +16r° — 6r® — arzvV1 — 12 — 4 (r* — 1) % cos(2u) + 8 (2r" — 3r® 4+ 1?) cos(p) + assr + 1
cos (p2 —y) = (521)
VAT B
1 —12r7 +167° — 61° — auzV/1 — 12 — (7‘ — 1) r Cos( u)+ 8 (2r7 —3r° + r3) cos(u) + assr +r
= ¢o = cos
VA? + B?
1 (A
+ tan <B , (522)

which yields two solutions for each value of u.

1.143 R L, |L+RJr Paths
For a R;l L;|LZR$2 path, the equation to be solved is:

a11 Q12 Q13

M- (1, 01)My - (r, )M (r, )M (r,62) = (@31 @28 a3) (523)

Q31 (32 (33.

Pre-multiplying (523) with u%, and post-multiplying ug+:

—12r% + 160" — 8 (1* — 1)2 r?cos® () +4 (r* — 1)2 r? —6r? +8 (2r® — 3r" +7%) cos(p) + 1

=— (a1 (r*=1)) —r (Oé13\/ 1—72—asv1—-712+ 04337“> , (524)

which gives

4r8 — 6r* + 2r% £ \/5\/7“2 (rz —1)? (assr? + a1Vl —r2r — as V1 —r2r + o1 (r2 = 1) + 1)
472 (r2 — 1)? ’

cos(u) = (525)

and yields four solutions of p.
Pre-multiplying (523) with ug+ and post-multiplying with ug+:

r <12r6 — 167" +2 (r2 — 1) sin(p) sin(¢1) (2 (r2 — 1) cos(p) — 2r% + 1) +4 (7“2 — 1)2 2 cos(2u) + 612

-2 (r2 — 1) cos(¢1) ((2r2 —-1) ((r2 — 1) cos(2p) + 3r® — 1) + (—87"4 + 877 — 1) cos(p)) — 8 (27"4 -3 + 1) 72 cos(u) — 1)
(

=Q33"7T — 31V 1-— 7‘2. 526)
For p # 0, this equation can be used to solve for ¢;. Multiplying both sides with W and defining sin~y := ﬁ,
cosy 1= ﬁ, where

A=2r (7"2 — 1) sin(u) (2 (7“2 —1) cos(p) — 2r + 1) (527)
B=-2r (r2 -1) ((2r2 -1) ((r2 — 1) cos(2u) + 3r? — 1) + (781"4 + 877 — 1) cos(p)) , (528)
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it is obtained that

—12r7 +16r° — 61% — az1vV/1 —12 — 4 (r — 1) T cos(2,u) +8 (2r —3r° 47 ) cos(u) + assr +r

cos(¢1 — ) = \/m (529)
. —1277 +167° —67° — a1 VI —12 — 4 (r — 1) r cos(2,u) +8 (2r7 —3r° + r3) cos(u) + assr +r
= 1= cos Nyt
A
tan™! [ = 530
+ tan <B) s ( )

which yields two solutions for each value of .
Pre-multiplying (523) with ug, and post-multiplying with ug-:

r <127‘6 —16r* +2 (7‘2 — 1) sin(u) sin(¢2) (2 ('r2 —1) cos(p) — 2r® + 1) +4 (r - 1) 2 cos(2u) + 6r°

—2(r* = 1) cos(p2) ((2r® — 1) ((r® — 1) cos(2u) + 3r® — 1) + (=8r" +8r® — 1) cos(n)) — 8 (2r° — 3r" +1?) cos(u) — 1)

=a13V 1 — 12 + assr. (531)
Similarly, multiplying both sides with \/ﬁ, it is obtained that
—12r" +16r° — 6r® + a1z3vV1 — 12 — 4 (r* — 1) % cos(2u) + 8 (2r" — 3r® 4+ 1?) cos(p) + assr + 1
cos (p2 —y) = (532)
VAT B
1 —12r7 +167° — 61° + a1zV/1 — 12 — (7‘ — 1) r Cos( u)+ 8 (2r7 —3r° + r3) cos(u) + assr +r
= ¢o = cos
VA% 4+ B?
1 (A
can () (533)

which yields two solutions for each value of u.

1.14.4 L*R;|R:[L+ Paths
For a L;l R;|RIL$2 path, the equation to be solved is:

a11 12 Q13

M- (7, ¢1)Mp- (1, )M (r, )M (r,02) = (@31 @28 a3d) (534)

Q31 (32 (33.

Pre-multiplying (534) with uz, and post-multiplying uy+:

—12r6+16r4—8(r2—1)2r2c032(u)+4( 2 1)2 =62 +8(2r° = 3r" +7%) cos(p) + 1

E— (a11 (7"2 — 1)) <a13 ( V1-— 7“2) 4+ as1vV/1—7r2+ 04337") (535)

which gives

4r8 — 6r* + 2r% £ \/5\/7“2 (rz —1)? (as3r? — a1Vl —r2r + as V1 —r2r + o1 (r2 = 1) + 1)
472 (r2 — 1)? ’

cos(u) = (536)

and yields four solutions of p.
Pre-multiplying (534) with ug+ and post-multiplying with uy+:

r <12r6 — 167" +2 (r2 — 1) sin(p) sin(¢1) (2 (r2 — 1) cos(p) — 2r% + 1) +4 (7“2 — 1)2 2 cos(2u) + 612

-2 (r2 — 1) cos(¢1) ((2r2 —-1) ((r2 — 1) cos(2p) + 3r® — 1) + (—87"4 + 877 — 1) cos(p)) — 8 (27"4 -3 + 1) 72 cos(u) — 1)
(

=a31V 1 — r2 4 a33T. 537)
For p # 0, this equation can be used to solve for ¢;. Multiplying both sides with W and defining sin~y := ﬁ,
cosy 1= ﬁ, where

A=2r (7"2 — 1) sin(u) (2 (7“2 —1) cos(p) — 2r + 1) (538)
B=-2r (r2 -1) ((2r2 -1) ((r2 — 1) cos(2u) + 3r? — 1) + (781"4 + 877 — 1) cos(p)) , (539)
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it is obtained that

—12r7 +16r° — 67% + as1vV/1 —12 — 4 (r — 1) T cos(2,u) +8 (2r —3r° 47 ) cos(u) + assr +r

COS(¢1 - fY) = \/m (540)
. —1277 +167° — 67 + az1VI —12 — 4 (r — 1) r cos(2,u) +8 (2r7 —3r° + r3) cos(u) + assr +r
= 1= cos Nyt
(A
+ tan <B , (541)

which yields two solutions for each value of .
Pre-multiplying (534) with u?_ and post-multiplying with ug-:

r <127‘6 —16r* +2 (7‘2 — 1) sin(u) sin(¢2) (2 ('r2 —1) cos(p) — 2r® + 1) +4 (r - 1) 2 cos(2u) + 6r°

—2(r* = 1) cos(p2) ((2r® — 1) ((r® — 1) cos(2u) + 3r® — 1) + (=8r" +8r® — 1) cos(n)) — 8 (2r° — 3r" +1?) cos(u) — 1)

=azsr — a3V 1 — 12, (542)
Similarly, multiplying both sides with \/ﬁ, it is obtained that
cos (2 — ) = —12r" +16r° — 6r® — arzvV1 — 12 — 4 (r* — 1) % cos(2u) + 8 (2r" — 3r® 4+ 1?) cos(p) + assr + 1 (543)
VAT B
— 1 —12r7 +167° — 61° — auzV/1 — 12 — (7‘ — 1) r Cos( u)+ 8 (2r7 —3r° + r3) cos(u) + assr +r
= cos
2 VA + B2
+ tan ™" <%) , (544)
which yields two solutions for each value of u.
1.15 C|C3GCs|C Paths
1.15.1 LJF|L/;G*L/;|LJr Paths
For a L;fl |L[§G;2 L§|th'3 path, the equation to be solved is:
a a a
M+ (7, ¢1)My- (r, B)Mg- (62)My - (1, B)Mp (. ¢s) = (@31 033 @33) (545)
Pre-multiplying (545) with uEJr and post-multiplying uy+:
4 (7"2 — 1) rsin(B) sin(¢2) (27"2 cos(B) — 2r° + 1)+4 (7“2 )2 r? cos®(B) + 4 (1-— 27"2) (r —1)r % cos(B) + (1-— 27’2)2 r?
— (7‘2 — 1) cos(¢2) (61"4 —6r° + (47‘2 — 81"4) cos(f) +2 (r4 + 7“2) cos(28) + 1)
=r (alg\/l —r2 4+ as \/1 —7r2 4 aggT) — a11 (r2 - 1) , (546)

Since (3 is known, this equation can be utilized to calculate ¢o. Multiplying both sides with ﬁ and defining sin~y :=
A B
W’ COS7y 1= ﬁ, where

A=14 (r — 1) rsin(B) (2r Cos(ﬁ) —2r% 4 1) (547)
B=—(r - 1) (67" —6r° 4 ( —8r ) cos(B) +2 (r4 + r2) cos(28) + 1), (548)

it is obtained that

r (r (agg — (2 (7"2 — 1) cos(B) — 2r? 4+ 1)2) + ai3vV1 =12+ anv1— r2> — a1 (7“2 — 1)

e VAT B (549)
[T (7’ (Oz33 —(2(r* — 1) cos(B) — 2r° + 1)2) +on3vVI =12 4+ az V1= TQ) o (P2 1)
= ¢p2 = cos ——
+ tan™" (%) , (550)

and yields two solutions of ¢5.
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Pre-multiplying (545) with ul,_ and post-multiplying with uy+:
— 4T 4’ —r® — 4 (7"2 —-1) r* sin(26) sin(¢2) + 4 (2r4 —3r? 4+ 1) 2 sin(B) sin(¢z)
+ (7‘2 — 1) rcos(¢2) (6r4 —6r% + (41“2 — 8r4) cos(B) + 2 (7“4 + 1"2) cos(28) +1) — 4 (r2 — 1)2 3 cos®(B)
+4 (27“7 —3r° + r3) cos(B) + sin(¢1)( (r5 +r) sin(28) — (r2 — 1) sin(¢2) (cos(B) — 2r? cos(B) + 2r° cos(28))
+rsin(B) ((2r* — 3r® + 1) (cos(p2) — 1) — 2cos(B) ((r* — 1) cos(p2) + 2r%)) ) + cos(¢1)(4r7 — 6r° — 6r sin(20) sin(¢2)
+2r® 42 (r® — 1)2 (2r? = 1) rcos®(B) + (r* — 1) rcos(ez) ((87* — 8r® + 1) cos(8) — (2r* — 1) ((r* +1) cos(28) + 3 (r* — 1)))
+ (—87"7 +16r° — 9r° + r) cos(B) + sin(B) sin(¢p2) (—87“6 +16r* —9r* +4 (27"6 + r2) cos(B) +1) ) = —auasr — a1 — 12 (551)

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,

cosf := \/%, where
C = (r° +r)sin(28) — (r* — 1) sin(¢2) (cos(8) — 2r” cos(B) + 2r* cos(28))
+ rsin(f) ((27"4 -3 + 1) (cos(¢2) — 1) — 2 cos(B) ((r4 — 1) cos(¢2) + 27"2)) (552)
D =4r" — 6r° — 6r* sin(28) sin(¢2) + 2r° + 2 (7"2 — 1)2 (27"2 -1) rcos ()
+ (r2 — 1) rcos(¢z) ((87‘4 — 8% 4 1) cos(B) — (2r2 -1) ((r2 + 1) cos(28) + 3 (r2 -1)))
+ (781“7 +16r° — 9r° + r) cos(B) + sin(B) sin(¢2) (781”6 +16r* —9r® +4 (27"6 + rz) cos(B) + 1), (553)
it is obtained that
4rT —4r® + 1% — az1 V1 — 12 + 4 (r* — 1) r*sin(B) sin(¢2) (2r* cos(B) — 2r* + 1)

cos(é1 =) = NFy
Lo (r* — 1) rcos(¢2) (6r* — 61> + (47> — 8r*) cos(B) + 2 (r* +r°) cos(28) + 1) + 4 (r* — 1)2 r® cos?(B)
A /CQ + D2
4(1—=2r%) (r* = 1) r® cos(B) — assr
T D? (554)
s gy = cos”! 4r" —4r® + 1% — as V1 — 12 + 4 (r* — 1) r? sin(B) sin(¢2) (2r? cos(B) — 2r> + 1)
o J/C? + D?

— (r* = 1) rcos(¢z) (6r* — 6r> + (47> — 8r*) cos(B) + 2 (r* +r*) cos(2B8) + 1) +4 (r* — 1)2 r3 cos?(B)

- VD7
2\ (,.2 3

+ 4 (1 —2r ) (T ;Qlj)LTDQCOS(/B) — a33r> +tan~? (%) , (555)

which yields two solutions for each value of ¢,.
Pre-multiplying (545) with u’, and post-multiplying with ug-:

— " 4’ —r® — 4 (7"2 -1) 72 sin(3) sin(¢z) (2r2 cos(B) — 2r* + 1)

+ (r® = 1) rcos(pz) (6r* — 677 + (4r° — 8r*) cos(B) + 2 (r* +7) cos(28) + 1) — 4 (r* — 1)2 3 cos®(B)

+4(2r" = 3r° +7%) cos(B) + sin(¢3)( (r® +7)sin(28) — (r* — 1) sin(¢2) (cos(B) — 2r* cos(B) + 2r* cos(28))

+ rsin(f) ((2r4 -3+ 1) (cos(¢2) — 1) — 2cos(B) ((r4 — 1) cos(¢2) + 2r2)) ) + cos(¢3)(4r7 — 6r° — 61" sin(28) sin(¢p2)

+2r* 42 (r2 — 1)2 (21“2 -1) rcos’(B) + (1"2 — 1) rcos(¢2) ((8r4 — 8 + 1) cos(B) — (27"2 -1) ((7"2 + 1) cos(28) + 3 (7"2 -1)))

+ (=877 + 167" — 9r° + 1) cos(B) + sin(B) sin(¢2) (—87° + 161" — 9r® + 4 (2r° +r?) cos(B) + 1) ) =3 (—\/1 - 7"2) — azsr. (556)
Similarly, multiplying both sides with ﬁ, it is obtained that

4rT —4r® + 1% —a1sv/1T— 12 + 4 (r* — 1) r*sin(B) sin(¢2) (2r* cos(B) — 2r® + 1)

cos (3 —0) =

Vo D
L (r* = 1) rcos(¢2) (6r* — 6r® + (4r* — 8r*) cos(B) + 2 (r* + %) cos(28) + 1) + 4 (r* — 1)2 3 cos?(B)
4(1—=2r%) (r* = 1) r® cos(B) — assr o
+ T = (557)
e b = cos! (47’7 —4r® 4 7% — a13VT — 72 + 4 (r? — 1) 72 sin(B) sin(¢2) (2r% cos(B) — 2r? + 1)
VCET DR
Lz (r* = 1) rcos(¢z2) (6r* — 6r° + (47> — 8r*) cos(B) + 2 (r* + %) cos(28) + 1) +4 (r* — 1)2 3 cos?(B)
C? + D2
2 2 3
LA (@ gQIj)L’“D;?OS(ﬁ) - a33’"> + tan™! (%) : (558)

which yields two solutions for each value of ¢o.
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1.15.2 R'|R;G™R;|R* Paths

For a RL |R§G;2 RE|R$3 path, the equation to be solved is:

(0551 Q12 a3

My (1, 1) Mp- (7, 8)Mo - (62)Mp- (r, A)Mps (r,6a) = (q21 033 038 (559)

Q31 (32 (33.
Pre-multiplying (559) with u%, and post-multiplying ug+:
4(r* — 1) rsin(B) sin(ga) (2r2 cos(8) — 2r> + 1) +4 (r2 = 1)* 12 cos?(8) + 4 (1 — 2r?) (r* = 1) r2cos(8) + (1 — 2*)1?
— (7'2 — 1) cos(¢2) (61“4 —6r + (47"2 — 8r4) cos(B) + 2 (7"4 + r2) cos(28) + 1)

=r (a13 (—\/ 1-— r2) —a31V1—7r24+ a33r) — a1 (r2 — 1) , (560)

Since S is known, this equation can be utilized to calculate ¢o. Multiplying both sides with ﬁ and defining sin~y :=

\/ﬁ, cosy 1= \/ﬁ, where
A=4(r*—1)rsin(B) (2r* cos(8) — 2r* + 1) (561)
B=—- (r — 1) (67‘4 —6r° + (4r2 — 87“4) cos(B) + 2 (7“4 + 7’2) cos(28) + 1) , (562)

it is obtained that
r (7‘ ((2 (r* — 1) cos(B) — 2r* + 1)2 — a33) + a3Vl —r2+azvl— 7“2) +an (r?—1)

cos(gp2 —y) = — Ny (563)
) r (r ((2 (r* = 1) cos(B) — 2r* + 1)2 - a33) + a13vV1 —r2 + azV1 — r2) +an (r*—1)
= ¢2 =cos | — T
+tan_1 (%) s (564)

and yields two solutions of ¢5.
Pre-multiplying (559) with ug, and post-multiplying with ug+:
— 4 4+ 4r® —r® 4 (7"2 -1) r* sin(23) sin(¢2) + 4 (27“4 —3r7 4 r % sin(3) sin(¢2)
+ (r* = 1) rcos(¢2) (6r" — 6r% + (47 — 87*) cos(B) + 2 (r* + ) cos(28) + 1) — 4 (r* — 1) 3 cos® ()
+4 (21"7 —3r° + r3) cos(B) + sin(¢1)( (1"5 +r) sin(28) — (r2 — 1) sin(¢2) (cos(B) — 2r° cos(B) + 2r° cos(28))
+ rsin(f) ((2r4 -3’ + 1) (cos(¢p2) — 1) — 2cos(B) (('r4 —1) cos(¢2) + 27‘2)) ) + cos(¢1) (4r7 — 6r° — 6r* sin(28) sin(¢2)
+2r% 4 2(r2 = 1) (21 = 1) rcos®(8) + (r* — 1) rcos(2) ((8r* = 8r2 +1) cos(B) — (2r2 — 1) ((r* + 1) cos(28) + 3 (r* — 1)))
+ (=87 + 167" — 9r® 4 1) cos(B) + sin(B) sin(¢2) (—8r° + 16r* — 9r? + 4 (2r° + ) cos(B) + 1) ) =azV1—17%— assr. (565)

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with \/ﬁ and defining sin 6 := \/%,

cosf := \/%, where

C = (r° +r)sin(28) — (r* — 1) sin(¢2) (cos(8) — 2r” cos(B) + 2r* cos(28))
+ rsin(f) ((27"4 -3 + 1) (cos(¢p2) — 1) — 2 cos(p) ((7"4 —1) cos( 2) + 27"2)) (566)
D =4r" — 6r° — 6r* sin(23) sin(¢a) + 2r° + 2 (7“2 — 1)2 (27" —1)rcos 2(B)
+ (r2 — 1) rcos(¢z) ((8r4 — 8% 4 1) cos(B) — (2r2 — ) ((r + 1) cos( ZB )+ 3( -1)))
+ (787’7 +16r° — 9r° + r) cos(B3) + sin(B) sin(¢2) (— 8r% +16r* — 9r® 44 (2r +r ) os(B) + 1), (567)
it is obtained that

4r" —4r® + 7% + az V1 — 12 + 4 (r* — 1) r? sin(B) sin(¢2) (2r? cos(B) — 2r* + 1)

cos(¢r — 0) = NecES
—(r* = 1) rcos(ez2) (6r* — 6r° + (4r° — 8r*) cos(B) + 2 (r* + %) cos(28) + 1) + 4 (r* — 1) 7 cos®(B)
Vo D?
4 (1 — 21"2) (7“ — 1) r cos(ﬂ) — Q33T
NSy (568)
s b = cos™! <4r7 —4r® + 7% + az1vV/1— 12 + 4 (r* — 1) r*sin(B) sin(¢2) (2r® cos(B) — 2r° + 1)
VCE i D2
— (r* = 1) rcos(¢2) (6r* — 6r> + (4r° — 8r*) cos(B) + 2 (r* 4+ r?) cos(28) + 1) + 4 (r* — 1) 3 cos? ()
pAZ2 W?FTDQCOS(B) am) + tan~" (%) , (569)

46



which yields two solutions for each value of ¢s.
Pre-multiplying (559) with u£+ and post-multiplying with ug-:

— 4T 4’ —r® — 4 (7"2 -1) 2 sin(B) sin(¢pz2) (2?2 cos(B) — 2r° + 1)

+ (r2 — 1) rcos(¢z) (6r4 —6r° 4 (4r2 — 81"4) cos(B) +2 (r4 +r ) cos(28) +1) —4 (r - 1) 3 cos®(B)

+4 (27‘7 —3° + r3) cos(B) + sin(d)g)( (7'5 +r) sin(28) — (r2 — 1) sin(¢2) (cos(B) — 2r? cos(B) + 2r* cos(2))

+rsin(B) ((2r" — 3r% + 1) (cos(p2) — 1) — 2cos(B) ((r* — 1) cos(¢2) + 2r%)) ) + cos(¢3) (47“7 — 6r° — 6r” sin(23) sin(¢2)

+2r° 42 (r2 — 1)2 (27"2 —1) rcos®(B) + (r2 — 1) 7 cos(¢2) ((87‘ —8r 4+ 1) cos (2r -1) ((r2 + 1) cos(28) + 3 (r2 -1)))

+ (78r7 +16r° — 9r° + 7) cos(3) + sin(B) sin(¢2) (787'6 +16r" —9r° +4 (2r6 +r ) cos(B) + 1) ) = a3V 1—12— assr. (570)
Similarly, multiplying both sides with ﬁ, it is obtained that

4rT —4r® + 7% + aasV/1 — 12 + 4 (r* — 1) r*sin(B) sin(¢2) (2r® cos(8) — 2r® + 1)

cos (¢3 — 0) = JCE 1 D2
— (r* = 1) rcos(¢z) (6r* — 6r° + (4r° — 8r*) cos(B) + 2 (r* +r?) cos(28) + 1) + 4 (r* — 1)2 3 cos?(B)
2 VCET DR
4(1—-2 —1 -
N ( r?) (r* — 1) r® cos(B) — assr (571)
V(o2
— 1 (4T —4r® 4+ + ansVT — 12 + 4 (r® — 1) r? sin(B) sin(2) (2r® cos(B) — 2r® + 1)
3 = COS
’ JCE 1 D?
Lo (r* = 1) rcos(¢z2) (6r* — 6r° + (47> — 8r*) cos(B) + 2 (r* +r°) cos(28) + 1) +4 (r* — 1) 3 cos?(B)
V1 D2
+ 4 (1 — 27’2> (7"2 _ l) 3 Cos(ﬂ) — 33T n tan_1 (g) ’ (572)
vC? + D? D
which yields two solutions for each value of ¢5.
1.15.3 R™|R{GTRf|R™ Paths
For a R |R+G+ R+|R path, the equation to be solved is:
a1« a
M- (7, 61)Mg+ (1, B)Me+ (62)Mpe (r, B)Mp- (r,00) = (@31 028 a33) (573)
Pre-multiplying (573) with ug_ and post-multiplying ug-:
4 (r2 — 1) rsin(B) sin(¢2) (27“2 cos(B) — 2r° + 1) +4 (r — 1) r? cos®(B) + 4 (1- 2r2) (r -1)r % cos(B) + (1- 27‘2)2 r?
— (r2 — 1) cos(¢2) (67"4 —6r° + (47‘2 - 87"4) cos(fB) + 2 ( +r ) cos(28) + 1)
—r (alg\/l —r2 4+ as \/1 —7r2 4+ 01337") — o1 (r2 — 1) , (574)

Since S is known, this equation can be utilized to calculate ¢o. Multiplying both sides with ﬁ and defining sin~y :=

ﬁ, cosy 1= ﬁ, where
A=4 (r —1) rsin(B) (27"2 cos(B) — 2r* + 1) (575)
B=—(r’—1) (6r* — 6r° + (4r® — 87*) cos(B) + 2 (r* + r*) cos(28) + 1), (576)

it is obtained that

r (r (a33 - (2 (r2 - 1) cos(B) — 2r? + 1)2) + ai3vV1 =12 + azv1— r2> — a1t (r2 - 1)

cos(¢2 —7) = e (577)
B ( (7 (a5 = 2(* = 1) cos(8) = 2* +1)°) + auavT = + 4 VT =17) —anr (1* ~ 1) )
= ¢2 = cos
VA? + B?
+ tan™" <%) , (578)

and yields two solutions of ¢s.
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Pre-multiplying (573) with ul. and post-multiplying with up-:
— 4T 4 4r® —r® — 4 (7"2 —-1) r* sin(23) sin(¢9) + 4 (2r4 —3rf 4+ 1) 2 sin(B) sin(¢z)
+ (7“2 — 1) rcos(¢2) (6r4 —6r* + (4r2 — 8r4) cos(B) + 2 (7“4 + r2) cos(28) +1) —4 (r2 — 1)2 3 cos®(B)
+4 (27“7 -3 + r3) cos(B) + sin(dn)( (7“5 +r) sin(28) — (r2 — 1) sin(¢2) (cos(B) — 2r? cos(B) + 2r° cos(28))
+rsin(B) ((2r* — 3r® + 1) (cos(p2) — 1) — 2cos(B) ((r* — 1) cos(p2) + 2r%)) ) + cos(¢1)(4r7 — 6r° — 6r sin(28) sin(¢2)
+2r® 42 (r® — 1)2 (2r? = 1) rcos®(B) + (r® — 1) rcos(ez) ((87* — 8r® + 1) cos(8) — (2r* — 1) ((r* +1) cos(28) + 3 (r* — 1)))
+ (—87‘7 +16r° — 9r° + r) cos(B) + sin(B) sin(¢p2) (—87"6 +16r* —9r* +4 (27"6 + r2) cos(B) +1) ) = asi (—M) — aar. (579)

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,

cosf := \/%, where
C = (r° +r)sin(28) — (r* — 1) sin(¢2) (cos(8) — 2r” cos(B) + 2r* cos(28))
+ rsin(f) ((27"4 -3 + 1) (cos(¢2) — 1) — 2 cos(B) ((r4 — 1) cos(¢2) + 27"2)) (580)
D =4r" — 6r° — 6r* sin(28) sin(¢2) + 2r° + 2 (7"2 — 1)2 (27"2 -1) rcos ()
+ (r2 — 1) rcos(¢z) ((87‘4 — 8% 4 1) cos(B) — (2r2 -1) ((r2 + 1) cos(28) + 3 (r2 -1)))
+ (781“7 +16r° — 9r° + r) cos(B) + sin(B) sin(¢2) (781”6 +16r* —9r® +4 (27"6 + rz) cos(B) + 1), (581)
it is obtained that
4rT —4r® + 1% — az1 V1 — 12 + 4 (r* — 1) r*sin(B) sin(¢2) (2r* cos(B) — 2r* + 1)

cos(é1 =) = NFy
Lo (r* — 1) rcos(¢2) (6r* — 61> + (47> — 8r*) cos(B) + 2 (r* +r°) cos(28) + 1) + 4 (r* — 1)2 r® cos?(B)
A /CQ + D2
4(1—=2r%) (r* = 1) r® cos(B) — assr
T D? (582)
s gy = cos”! 4r" —4r® + 1% — as V1 — 12 + 4 (r* — 1) r? sin(B) sin(¢2) (2r? cos(B) — 2r> + 1)
o J/C? + D?

— (r* = 1) rcos(¢z) (6r* — 6r> + (47> — 8r*) cos(B) + 2 (r* +r*) cos(2B8) + 1) +4 (r* — 1)2 r3 cos?(B)

- VD7
2\ (,.2 3

+ 4 (1 —2r ) (T ;Qlj)LTDQCOS(/B) — a33r> +tan~? (%) , (583)

which yields two solutions for each value of ¢,.
Pre-multiplying (573) with u’,_ and post-multiplying with ug-:

— " 4’ —r® — 4 (7"2 -1) 72 sin(3) sin(¢z) (2r2 cos(B) — 2r* + 1)

+ (r® = 1) rcos(pz) (6r* — 677 + (4r° — 8r*) cos(B) + 2 (r* +7) cos(28) + 1) — 4 (r* — 1)2 3 cos®(B)

+4(2r" = 3r° +7%) cos(B) + sin(¢3)( (r® +7)sin(28) — (r* — 1) sin(¢2) (cos(B) — 2r* cos(B) + 2r* cos(28))

+ rsin(f) ((2r4 -3+ 1) (cos(¢2) — 1) — 2cos(B) ((r4 — 1) cos(¢2) + 2r2)) ) + cos(¢3)(4r7 — 6r° — 61" sin(28) sin(¢p2)

+2r* 42 (r2 — 1)2 (21“2 -1) rcos’(B) + (1"2 — 1) rcos(¢2) ((8r4 — 8 + 1) cos(B) — (27"2 -1) ((7"2 + 1) cos(28) + 3 (7"2 -1)))

+ (=877 + 167" — 9r° + 1) cos(B) + sin(B) sin(¢2) (—87° + 161" — 9r® + 4 (2r° +r?) cos(B) + 1) ) =3 (—\/1 - 7"2) — azsr. (584)
Similarly, multiplying both sides with ﬁ, it is obtained that

4rT —4r® + 1% —a1sv/1T— 12 + 4 (r* — 1) r*sin(B) sin(¢2) (2r* cos(B) — 2r® + 1)

cos (3 —0) =

Vo D
L (r* = 1) rcos(¢2) (6r* — 6r® + (4r* — 8r*) cos(B) + 2 (r* + %) cos(28) + 1) + 4 (r* — 1)2 3 cos?(B)
4(1—=2r%) (r* = 1) r® cos(B) — assr o
+ T = (585)
e b = cos! (47’7 —4r® 4 7% — a13VT — 72 + 4 (r? — 1) 72 sin(B) sin(¢2) (2r% cos(B) — 2r? + 1)
VCET DR
Lz (r* = 1) rcos(¢z2) (6r* — 6r° + (47> — 8r*) cos(B) + 2 (r* + %) cos(28) + 1) +4 (r* — 1)2 3 cos?(B)
C? + D2
2 2 3
LA (@ gQIj)L’“D;?OS(ﬁ) - a33’"> + tan™! (%) : (586)

which yields two solutions for each value of ¢o.

48



1.15.4 L~|L;GTLS|L~ Paths
For a L |L+G$2LE|L;3 path, the equation to be solved is:

a11 Q12 Q13

M- (7, )M+ (1, B)Mor (62) M (r, )M, - (r 6) = (@8 433 aif) (587)

Q31 (32 (33.
Pre-multiplying (587) with u?_ and post-multiplying u; -:
L

4 (r® — 1) rsin(B) sin(¢2) (2r° cos(8) — 2r* +1) +4 (r* — 1)2 r?cos®(B) +4 (1 —2r%) (r? = 1) r® cos(B) + (1 — 2r2)2 r?
— (7'2 — 1) cos(¢2) (61“4 —6r + (47"2 — 8r4) cos(B) + 2 (7"4 + r2) cos(28) + 1)

=r (a13 (—\/ 1-— r2) —a31V1—7r24+ a33r) — a1 (r2 — 1) , (588)

Since S is known, this equation can be utilized to calculate ¢o. Multiplying both sides with ﬁ and defining sin~y :=

\/ﬁ, cosy 1= \/ﬁ, where
A=4(r*—1)rsin(B) (2r* cos(8) — 2r* + 1) (589)
B=-— (r -1) (67‘4 —6r° + (4r2 — 87“4) cos(B) + 2 (7“4 + 7’2) cos(28) + 1), (590)

it is obtained that
r (7‘ ((2 (r* — 1) cos(B) — 2r* + 1)2 — a33) + a3Vl —r2+azvl— 7“2) +an (r?—1)

cos(gp2 —y) = — Ny (591)
) r (r ((2 (r* = 1) cos(B) — 2r* + 1)2 - a33) + a13vV1 —r2 + azV1 — r2) +an (r*—1)
= ¢2 =cos | — T
+tan_1 (%) s (592)

and yields two solutions of ¢5.
Pre-multiplying (587) with ug+ and post-multiplying with uy-:
— 4" 4 4r® —® 4 (7"2 -1) r* sin(23) sin(¢2) + 4 (27“4 —3r7 4 r % sin(3) sin(¢2)
+ (r* = 1) rcos(¢2) (6r" — 6r% + (47 — 87*) cos(B) + 2 (r* + ) cos(28) + 1) — 4 (r* — 1) 3 cos® ()
+4 (21"7 —3r° + r3) cos(B) + sin(¢1)( (1"5 +r) sin(28) — (r2 — 1) sin(¢2) (cos(B) — 2r? cos(B) + 2r° cos(28))
+ rsin(f) ((2r4 -3’ + 1) (cos(¢2) — 1) — 2cos(B) (('r4 — 1) cos(¢2) + 27‘2)) ) + cos(¢1) (4r7 — 6r° — 6r* sin(28) sin(¢2)
+2r% 4 2(r2 = 1) (21 = 1) rcos®(8) + (r* — 1) rcos(2) ((8r* = 8r2 +1) cos(B) — (2r2 — 1) ((r* + 1) cos(28) + 3 (r* — 1)))
+ (=87 + 167" — 9r® 4 1) cos(B) + sin(B) sin(¢2) (—8r° + 16r* — 9r? + 4 (2r° + ) cos(B) + 1) ) =azV1—17%— assr. (593)

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with \/ﬁ and defining sin 6 := \/%,

cosf := \/%, where

C = (r° +r)sin(28) — (r* — 1) sin(¢2) (cos(8) — 2r” cos(B) + 2r* cos(28))
+ rsin(f) ((27"4 -3 + 1) (cos(¢p2) — 1) — 2 cos(p) ((7"4 —1) cos( 2) + 27"2)) (594)
D =4r" — 6r° — 6r* sin(23) sin(¢a) + 2r° + 2 (7“2 — 1)2 (27" —1)rcos 2(B)
+ (r2 — 1) rcos(¢z) ((8r4 — 8% 4 1) cos(B) — (2r2 — ) ((r + 1) cos( ZB )+ 3( -1)))
+ (787’7 +16r° — 9r° + r) cos(B3) + sin(B) sin(¢2) (— 8r% +16r* — 9r® 44 (2r +r ) os(B) + 1), (595)
it is obtained that

4r" —4r® + 7% + az V1 — 12 + 4 (r* — 1) r? sin(B) sin(¢2) (2r? cos(B) — 2r* + 1)

cos(¢r — 0) = NecES
—(r* = 1) rcos(ez2) (6r* — 6r° + (4r° — 8r*) cos(B) + 2 (r* + %) cos(28) + 1) + 4 (r* — 1) 7 cos®(B)
Vo D?
4 (1 — 21"2) (7“ — 1) r cos(ﬂ) — Q33T
NSy (596)
s b = cos™! <4r7 —4r® + 7% + az1vV/1— 12 + 4 (r* — 1) r*sin(B) sin(¢2) (2r® cos(B) — 2r° + 1)
VCE i D2
— (r* = 1) rcos(¢2) (6r* — 6r> + (4r° — 8r*) cos(B) + 2 (r* 4+ r?) cos(28) + 1) + 4 (r* — 1) 3 cos? ()
pAZ2 W?FTDQCOS(B) am) + tan~" (%) , (597)
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which yields two solutions for each value of ¢s.
Pre-multiplying (587) with u?_ and post-multiplying with ug-+:

— 4T 4 4r® —r® — 4 (7"2 -1) 2 sin(B) sin(¢p2) (2?2 cos(B) — 2r° + 1)

+ (r2 — 1) rcos(¢z) (6r4 —6r° 4 (4r2 — 81"4) cos(B) +2 (r4 +r ) cos(28) +1) —4 (r - 1) 3 cos®(B)

+4 (27‘7 —3° + r3) cos(B) + sin(d)g)( (7'5 +r) sin(28) — (r2 — 1) sin(¢2) (cos(B) — 2r? cos(B) + 2r* cos(28))

+rsin(B) ((2r" — 3r% + 1) (cos(p2) — 1) — 2cos(B) ((r* — 1) cos(¢2) + 2r%)) ) + cos(¢3) (47“7 — 6r° — 6r” sin(2) sin(¢2)

+2r° 42 (r2 — 1)2 (27"2 —1) rcos®(B) + (r2 — 1) 7 cos(¢2) ((87‘ — 8 + 1) cos (2r -1) ((r2 + 1) cos(28) + 3 (r2 -1)))

+ (78r7 +16r° — 9r° + 7) cos(3) + sin(B) sin(¢2) (787'6 +16r" —9r° +4 (2r6 +r ) cos(B) + 1) ) = a3V 1—12— assr. (598)
Similarly, multiplying both sides with ﬁ, it is obtained that

4rT —4r® + 7% + aasV/1 — 12 + 4 (r* — 1) r*sin(B) sin(¢2) (2r® cos(8) — 2r® + 1)

cos (¢3 — 0) = JCE 1 D2
— (r* = 1) rcos(¢z) (6r* — 6r° + (4r° — 8r*) cos(B) + 2 (r* +r?) cos(28) + 1) + 4 (r* — 1)2 3 cos?(B)
2 VCET DR
4(1—=2r%) (r* = 1) 7’ cos(B) — assr
599
i VC? + D? (599)
s s = cos~! 4r" —4r® + 7% + a13V1 — 12 + 4 (r? — 1) r? sin(B) sin(¢2) (2r? cos(B) — 2r> + 1)
’ JCE 1 D?
Lo (r* = 1) rcos(¢z2) (6r* — 6r° + (47> — 8r*) cos(B) + 2 (r* +r°) cos(28) + 1) +4 (r* — 1) 3 cos?(B)
VC?% + D2
4(1—=2r%) (r* = 1) r®cos(B) — assr L (C
+ Ve + tan (5) , (600)
which yields two solutions for each value of ¢5.
1.15.5 L*|L;G™R,;|R" Paths
For a L; |L§G;2 RE|R$3 path, the equation to be solved is:
a a a
M+ (1, 1 )M - (1, B)Mg— (62)Mp- (1, B)Mpe (. é0) = (931 423 033 (601)
Pre-multiplying (601) with u€+ and post-multiplying ug+:
(2r — 1) + cos(¢2) (—4 (r2 -1) (2r — 1) 2 cos(B) + 4 (r2 -1) r* cos®(B) + (r2 -1) (47’4 + 2r% cos(28) — 617 + 1))
+ (4r ( -1) - 4r? (r2 1)) cos®(B) + (4r (r -1) - 8r? (7"2 —1)) cos(B)
+ sin(¢2) (47 (r* — 1) (2r® — 1) sin(8) — 8r° (r* — 1) sin(B) cos(S3))
=11 (r2 - 1) +r (0413\/ 1—7r2 —a31V/1—7r2+ aggr) , (602)

Since 3 is known, this equation can be utilized to calculate ¢o. Multiplying both sides with and defining siny :=

1
VAT B

\/ﬁ, COS7y = \/ﬁ, where
A=dr(r*—1) (2r® — 1) sin(B) — 8r° (r® — 1) sin(B) cos(B) (603)
B=-4 (7’2 -1) (27"2 -1) r? cos(8) + 4 (7"2 —-1) r* cos?(8) + (7’2 -1) (4r4 + 2r% cos(28) — 6% + 1), (604)

it is obtained that

r (r (a33 — (2 (7"2 — 1) cos(B) — 2r% + 1)2) + ai3vV1 =12 — az1v/1 — r2> + a1 (7"2 — 1)

cos(g2 —y) = NoCEs (605)
T (r (agg —(2(r* = 1) cos(B) — 2r* + 1)2) + a3Vl —1r2 — azV/1 — r2) +an (r? —1)
= ¢o = cos NP EE::
+ tan~! ( % ) 7 (606)

and yields two solutions of ¢s.

50



Pre-multiplying (601) with ul,_ and post-multiplying with up+:
—4r" +4r® —r® 44 (r® — 1) r* sin(2B) sin(¢p2) — 4 (2" — 3r° + 1) r” sin(B) sin(¢2)
— (r® = 1) rcos(¢2) (6r* — 61" + (47> — 8r*) cos(B) + 2 (r* +r7) cos(28) + 1) — 4 (r* — 1)2 r? cos® ()
+4(2r" = 3r° +7%) cos(B) + sin(d)l)( (r° + 1) sin(28) + (r* — 1) sin(¢2) (cos(B) — 2r* cos(B) + 2r* cos(28))
+ rsin(B) (2 cos(B) ((7“4 —1) cos(¢2) — 2r2) - (2r4 —3r% 4 1) (cos(¢2) + 1)) ) + cos(¢1)(4r7 — 6r° + 61" sin(28) sin(¢p2)
+2r% 42 (7’2 — 1)2 (27’2 -1) rcos’(B) + (r2 — 1) rcos(¢2) ((27’2 -1) ((7’2 +1) cos(2B) + 3 (7’2 -1)) + (—8r4 + 8% — 1) cos(B))

+ (=877 + 167" — 9r° + 1) cos(B) + sin(B) sin(¢2) (8r° — 161" + 9r* — 4 (2r° +7%) cos(B) — 1) ) = az1V/1—r2 — assr. (607)
For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,

cosf := ﬁ, where

C = (r° +r)sin(28) + (r* — 1) sin(¢2) (cos(8) — 2r” cos(B) + 2r* cos(28))
+ rsin(B3) (2 cos(B) ((r4 — 1) cos(¢2) — 27“2) — (27"4 —3r7 4 1) (cos(¢2) + 1)) (608)
D =4r" — 6r° 4 61" sin(23) sin(¢2) + 2r° + 2 (r2 — 1)2 (27"2 -1) rcos” ()
+ (r2 — 1) rcos(¢2) ((27"2 —1) ((r2 + 1) cos(28) + 3 (r2 -1)) + (—8r4 + 87 — 1) cos(B))
+ (781"7 +167° — 9r° + r) cos(B) + sin(B) sin(¢2) (8r6 —16r* +9r* — 4 (2r6 + 7"2) cos(B) — 1), (609)
it is obtained that

4r” —4r® 4% + s V1 — 12 — 4 (r® — 1) r* sin(28) sin(¢2)

cos(¢p1 — 0) = N3]
N (r* — 1) rcos(p2) (6r* —6r° +2 (r* +7°) cos(28) + 1) +4 (r* — 1)2 r® cos?(B)
NoEws
N 4 (2r® — 3r" + r?) sin(B) sin(¢2) — 8 (2r* — 3r* + 1) r® cos(B) cos® (£2) — assr (610)
Vo P
s gy = cos~! <4r7 —4r® +7r° + az1vV1 —r2 — 4 (r* — 1) r*sin(23) sin(¢2)
NeEs
N (r* — 1) rcos(¢2) (6r* — 6r° + 2 (r* + %) cos(28) + 1) +4 (r* — 1) % cos?(B)
6 442\ @ : “ IDZ 2 3 2 (oo
N 4 (2r® = 3r* + r?) sin(B) sin(¢2) 86(27"+ Djr + 1) r® cos(B) cos® (22) aggr) + tan~! (%) 7 (611)

which yields two solutions for each value of ¢s.
Pre-multiplying (601) with u?, and post-multiplying with ug-:
— 47"+ 4r° —r® 44 (r* — 1) r? sin(B) sin(¢2) (2r° cos(B) — 2r* + 1)
— (r2 — 1) rcos(¢2) (67"4 —6r° + (47“2 — 87"4) cos(B) +2 (T4 + r2) cos(28) +1) — 4 (r2 — 1)2 2 cos?(8)
+4 (2r7 —3r° + r3) cos(B) + Sin(¢3)( (7"5 + ) sin(28) + (7’2 — 1) sin(¢2) (cos(B) — 2r° cos(B) + 2r° cos(2))
+ rsin(B) (2cos(B) ((r4 — 1) cos(¢2) — 2r ) (27" —3r% 4 1) (cos(¢2) + 1)) ) + cos(¢3) (41"7 — 6r° + 61" sin(28) sin(¢2)
+2r® 42 (r® - 1)2 (2r? = 1) rcos?(B) + (r® — 1) 7 cos(¢2) (( > —1) ((r* +1) cos(28) + 3 (r* = 1)) + (—=8* + 8° — 1) cos(B))
+ (—87"7 +16r° — 9r® + r) cos(B) + sin(B) sin(¢p2) (87" —16r* +9r% — (27" +r ) cos(B) — 1) ) = ai3 (—\/ 1- r2) — agar. (612)

Similarly, multiplying both sides with ﬁ, it is obtained that

4r" —4r® 4% — o131 — 12 — 4 (r* — 1) r* sin(2B) sin(¢2)
vC? 4+ D?
n (r* — 1) rcos(¢2) (6r* — 6r° +2 (r* +7%) cos(28) + 1) +4 (r* — 1) r® cos®(B)
NoeEwse
n 4(2r® = 3r* + r?) sin(B) sin(¢2) — 8 (2r* — 3r* + 1) * cos(B) cos” (“’2—2) — Quar
NoeEwse
4rT —4r® + 1% — a3v/1— 12 — 4 (r* — 1) r* sin(23) sin(¢2)
Nz
n (r* — 1) rcos(¢2) (6r* —6r° +2 (r* + %) cos(28) + 1) +4 (r* — 1) 3 cos?(B)
VCT T D?
N 4 (2r® = 3r* + r?) sin(B) sin(¢2) — 8 (2r* — 3r? 4 1) * cos(B) cos® (%) — oc337“> 4 tan-! <C’
Nz

cos (¢3 — 0) =

(613)

= ¢3 = cos <

which yields two solutions for each value of ¢o.
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1.15.6 R*|R;G~L;|L* Paths
For a RL |R§G;2 L5|L;§3 path, the equation to be solved is:

11 2 0413) (615)

MR+(T7¢1)MR*(Tvﬁ)MG*(¢2)ML*(T7ﬂ)ML+(T7¢3):(gg% Qa2 Qa3

Pre-multiplying (615) with u%,, and post-multiplying up+:
r? (27"2 — 1) + cos(¢2) (— (7‘ — 1) (2r -1)r % cos(B) + 4 (r2 -1) r* cos®(B) + (7‘2 -1) (4r4 + 2r% cos(28) — 61r° + 1))
+ (4t (r® = 1) —4r® (r* = 1)) cos®(B) + (47® (r* — 1) — 8" (r* — 1)) cos(B)
+ sin(¢2) (4r (r -1) (2r —1)sin(B) — 8r® (7“2 — 1) sin(B) cos(B))
=a11 (7“2 —1)+r (a13 (—\/ 1- 7“2) +aziV/1—7r2+ a337“) , (616)

Since 3 is known, this equation can be utilized to calculate ¢o. Multiplying both sides with \/ﬁ and defining sin~y :=

ﬁ, cosy 1= \/ﬁ, where
A=4r(r* —1) (2r* - 1) sm(,e) — 8% (r? — 1) sin(B) cos(B) (617)
B=-4 (r -1) (27" — 1) r~cos(B) +4 (7"2 —-1) r*cos®(B) + (r2 -1) (4r4 + 2r? cos(28) — 61% + 1), (618)

it is obtained that
r (r (0433 —(2(r* = 1) cos(B) — 2r* + 1)2) + a1z (—V1—72) + az V1 — r2) +an (r?—1)

cos(gp2 —y) = NoEE (619)
B T (r (a33 — (2 (7‘2 — 1) cos(B) — 2r2 4+ 1)2) + a3 (—\/1 — r2) + a31vV1 — 7'2) + a1 (7"2 — 1)
= ¢2 = cos NoCE::
+tan~" (%) , (620)

and yields two solutions of ¢s.
Pre-multiplying (615) with ug_ and post-multiplying with uy+:
— 4" 4 4r® = 44 (7“2 -1) rsin(28) sin(¢2) — 4 (2r4 -3’ + 1) 2 sin(B) sin(¢pz)
- (r2 — 1) rcos(¢2) (6r4 —6r° 4 (4r2 — 8r4) cos(fB) +2 (r4 + r2) cos(28) +1) —4 (r - 1) 3 cos®(B)
+4 (27‘7 —3r° + r3) cos(B) + sin(d)l)( (7‘5 + 1) sin(28) + (r e 1) sin(¢2) (cos(B) — 2r? cos(B) + 2r° cos(28))
+7sin(B) (2cos(8) ((r* — 1) cos(p2) — 2r°) — (2r* — 3r® + 1) (cos(¢2) + 1)) ) + cos(¢1)( r’ — 6r° 4 6r' sin(23) sin(¢2)
+2r° 42 (r2 — 1) (2r —1) rcos 2(8) + (r2 — 1) 7 cos(¢2) ((2r — 1) ((r + 1) cos(28) + 3 (r -1)) + (—87“4 + 877 — 1) cos(B))
+ (f8r7 +16r° —9r° + 7) cos(3) + sin(B) sin(¢2) (8r6 —16r* +9r* — 4 (27“ +r ) cos(B) — 1) ) = a3 (f\/ 1- r2) —aszr.  (621)

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,

cosf := ﬁ, where
C = (1"5 + T) sin(2p) + (7'2 — 1) sin(¢2) (COS(B) — 2 cos(B) + 272 cos(25))
+ rsin(B) (2 cos(B) ((r4 —1) cos(¢2) — 27’2) - (2r4 -3’ + 1) (cos(¢2) + 1)) (622)

D =477 — 6r° 4 61" sin(23) sin(¢2) + 2r° + 2 (r2 - 1)2 (2r2 -1) rcos” ()
+ (r2 — 1) rcos(¢z) ((2r2 —-1) ((r2 + 1) cos(28) + 3 (r2 -1))+ (—87"4 + 8% — 1) cos(B))
+ (=8r" + 167" — 9r® + 1) cos(B) + sin(B) sin(¢2) (87° — 167" + 9r® — 4 (2r° 4+ 7?) cos(8) — 1), (623)
it is obtained that
4r" —4r® 4% — az V1 —r2 — 4 (r® — 1) r* sin(28) sin(¢2)

cos(p1 — 0) = N
N (r* = 1) rcos(¢z2) (6r* —6r° +2 (r* + %) cos(28) + 1) +4 (r* — 1) 3 cos?(B)
Vo1 D7
4 (2r® = 3r* + r?) sin(B) sin(¢2) — 8 (2r* — 3r* 4 1) 7* cos(B) cos® (%) — asr
+ N Ew] (624)
s 1 = cos~! <47’7 —4r® + 7% — az1vV/1— 12 — 4 (r® — 1) 7 sin(23) sin(¢2)
VCET DR
n (r* — 1) rcos(¢2) (6r* — 6r° +2 (r* +7%) cos(28) + 1) + 4 (r* — 1) % cos?(B)
6 442\ . < i_ v 2 3 2 (oo
N 4 (27’ Irt 47 )sm(ﬂ) sin(¢2) 8C(§T+ D23r + 1) r° cos(B) cos ( 2 ) a33r> +tan! (%) 7 (625)
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which yields two solutions for each value of ¢s.
Pre-multiplying (615) with u£+ and post-multiplying with ug-:

— 4T 4 4r® —r® 44 (r2 -1) 2 sin(B) sin(¢p2) (2r2 cos(B) — 2r® + 1)

- (r2 — 1) rcos(¢z) (67"4 —6r° 4 (4r2 — 8r4) cos(B) +2 (r4 + r2) cos(28) +1) —4 (r - 1) 3 cos®(B)

+4 (27‘7 —3° + r3) cos(B) + sin(d)g)( (7'5 +r) sin(28) + (r2 — 1) sin(¢2) (cos(B) — 2r? cos(B) + 2r* cos(2))

+7sin(B) (2cos(8) ((r* — 1) cos(p2) — 2r°) — (2r* — 3r® + 1) (cos(¢2) + 1)) ) + cos(¢3)(4r7 — 6r° + 6r sin(23) sin(¢2)

+2r° 42 (r2 — 1)2 (2r2 —1) rcos®(B) + (r — 1) 7 cos(¢2) ((2r — 1) ((r +1) cos(28) + 3 (r -1)) + (—87“4 + 877 — 1) cos(B))

+ (f8r7 +16r° — 9r° + 7) cos(B3) + sin(B) sin(¢2) (8?6 —16r* +9r° — (2r +r ) cos(B) — 1) ) = a3V 1—r2—assr (626)
Similarly, multiplying both sides with ﬁ, it is obtained that

4r" —4r® + 7% + ansv/1 — 12 — 4 (r* — 1) 7* sin(23) sin(¢2)

cos (g3 — 0) = NoEw
N (r* = 1) rcos(¢2) (6r* — 6r° +2 (r* + %) cos(28) + 1) + 4 (r* — 1)2 3 cos?(B)
VC? + D2
N 4 (2r® — 3r* +7%) sin(B) sin(¢2) — 8 (2r* — 3r% + 1) 7° cos(B) cos® (£2) — assr (627)
VC? + D2
e g = cos! 4r" —4r® +7° + o131 —r2 — 4 (r® — 1) r* sin(28) sin(¢2)
VC? + D?
N (r* — 1) rcos(¢2) (6r* —6r° +2 (r* + %) cos(28) + 1) + 4 (r* — 1) 3 cos?(B)
VC? + D?
N 4(2r% — 3r* +7?) sin(B) sin(¢2) — 8 (2r* — 3r% + 1) r¥ cos(B) cos® (L) — assr +tan? (C 7 (628)
VC?2 + D? D
which yields two solutions for each value of ¢5.
1.15.7 R™|R{GVL}|L™ Paths
For a R |R+G+ L+|L path, the equation to be solved is:
a1« a
M- (7, 1)Mg+ (1, B)Me+ (62)My+ (r, M, - (r,60) = (931 032 @33) (629)

Pre-multiplying (629) with ug_ and post-multiplying uy,-:

(21" — 1) + cos(¢2) (—4 (r i 1) (2r — 1) r? cos(B) + 4 (r2 —-1) r* cos®(B) + (7“2 -1) (4r4 + 2r? cos(28) — 6r° + 1))
+ (4r ( -1) - 4r° (r2 -1)) cos®(B) + (4r (r -1) - 8rt (7"2 —1)) cos(B)
+sin(¢2) (47 (r* — 1) (2r* — 1) sin(8) — 8r° (r* — 1) sin(B) cos(B3))

=11 (7"2 - 1) +r (a13 V1—r2 —azV1-—7r2+ aggr) , (630)

Since 3 is known, this equation can be utilized to calculate ¢o. Multiplying both sides with \/ﬁ and defining siny :=

ﬁ, cosy 1= \/ﬁ, where
A=4r (r2 -1) (27’2 — 1) sin(B) — 8r? ('r2 — 1) sin(B) cos(B) (631)
B=—4(r"—1) (2r" = 1)r°cos(B) + 4 (r* — 1) r* cos®(B) + (r* — 1) (4r* + 2% cos(28) — 61" + 1), (632)

it is obtained that

r (r (agg - (2 (7‘2 - 1) cos(B) — 2r? + 1)2) + ai3vV1 =12 — azv/1 — r2> + a1 (r2 - 1)

cos(g2 —y) = NoCE:s (633)
T (7“ (0433 - (2 (r2 - 1) cos(B) — 2r% + 1)2> + a3Vl —12 — a3 V1 — 7"2) + a1 (7"2 - 1)
= ¢o = cos NP CE::
+ tan~" (%) , (634)

and yields two solutions of ¢s.
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Pre-multiplying (629) with ul, and post-multiplying with uy,-:
—4r" +4r® —r® 44 (r® — 1) r* sin(2B) sin(¢p2) — 4 (2" — 3r° + 1) r” sin(B) sin(¢2)
— (r® = 1) rcos(¢2) (6r* — 61" + (47> — 8r*) cos(B) + 2 (r* +r7) cos(28) + 1) — 4 (r* — 1)2 r? cos® ()
+4(2r" = 3r° +7%) cos(B) + sin(d)l)( (r° + 1) sin(28) + (r* — 1) sin(¢2) (cos(B) — 2r* cos(B) + 2r* cos(28))
+ rsin(B) (2 cos(B) ((7“4 —1) cos(¢2) — 2r2) - (2r4 —3r% 4 1) (cos(¢2) + 1)) ) + cos(¢1)(4r7 — 6r° + 61" sin(28) sin(¢p2)
+2r% 42 (7’2 — 1)2 (27’2 -1) rcos’(B) + (r2 — 1) rcos(¢2) ((27’2 -1) ((7’2 +1) cos(2B) + 3 (7’2 -1)) + (—8r4 + 8% — 1) cos(B))

+ (=877 + 167" — 9r° + 1) cos(B) + sin(B) sin(¢2) (8r° — 161" + 9r* — 4 (2r° +7%) cos(B) — 1) ) = az1V/1—r2 — assr. (635)
For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,

cosf := ﬁ, where

C = (r° +r)sin(28) + (r* — 1) sin(¢2) (cos(8) — 2r” cos(B) + 2r* cos(28))
+ rsin(B3) (2 cos(B) ((r4 — 1) cos(¢2) — 27“2) — (27"4 —3r7 4 1) (cos(¢2) + 1)) (636)
D =4r" — 6r° 4 61" sin(23) sin(¢2) + 2r° + 2 (r2 — 1)2 (27"2 -1) rcos” ()
+ (r2 — 1) rcos(¢2) ((27"2 —1) ((r2 + 1) cos(28) + 3 (r2 -1)) + (—8r4 + 87 — 1) cos(B))
+ (781"7 +167° — 9r° + r) cos(B) + sin(B) sin(¢2) (8r6 —16r* +9r* — 4 (2r6 + 7"2) cos(B) — 1), (637)
it is obtained that

4r” —4r® 4% + s V1 — 12 — 4 (r® — 1) r* sin(28) sin(¢2)

cos(¢p1 — 0) = N3]
N (r* — 1) rcos(p2) (6r* —6r° +2 (r* +7°) cos(28) + 1) +4 (r* — 1)2 r® cos?(B)
NoEws
N 4 (2r® — 3r" + r?) sin(B) sin(¢2) — 8 (2r* — 3r* + 1) r® cos(B) cos® (£2) — assr (638)
Vo P
s gy = cos~! <4r7 —4r® +7r° + az1vV1 —r2 — 4 (r* — 1) r*sin(23) sin(¢2)
NeEs
N (r* — 1) rcos(¢2) (6r* — 6r° + 2 (r* + %) cos(28) + 1) +4 (r* — 1) % cos?(B)
6 442\ @ : “ IDZ 2 3 2 (oo
N 4 (2r® = 3r* + r?) sin(B) sin(¢2) 86(27"+ Djr + 1) r® cos(B) cos® (22) aggr) + tan~! (%) 7 (639)

which yields two solutions for each value of ¢s.
Pre-multiplying (629) with ug, and post-multiplying with ug+:
— 47"+ 4r° —r® + 4 (r* — 1) r? sin(B) sin(¢2) (2r° cos(B) — 2r* + 1)
— (r2 — 1) rcos(¢2) (67"4 —6r° + (47“2 — 87"4) cos(B) + 2 (T4 + r2) cos(28) +1) — 4 (r2 — 1)2 2 cos?(8)
+4 (21"7 —3r° + r3) cos(B) + Sin(¢3)( (7"5 + ) sin(28) + (7’2 — 1) sin(¢2) (cos(B) — 2r° cos(B) + 2r° cos(28))
+ rsin(B) (2cos(B) ((r4 — 1) cos(¢2) — 2r ) (27" — 3% 4 1) (cos(¢2) + 1)) ) + cos(¢3) (41"7 — 6r° + 61" sin(28) sin(¢p2)
+2r® 42 (r® - 1)2 (2r? = 1) rcos®(B) + (r® — 1) 7 cos(¢2) (( > —1) ((r® +1) cos(28) + 3 (r* = 1)) + (=8r* + 8° — 1) cos(B))
+ (—87"7 +16r° — 9r® + r) cos(B) + sin(B) sin(¢p2) (87" —16r* +9r% — (27" +r ) cos(B) — 1) ) = ai3 (—\/ 1- r2) — azar. (640)

Similarly, multiplying both sides with ﬁ, it is obtained that

4r" —4r® 4% — o131 — 12 — 4 (r* — 1) r* sin(2B) sin(¢2)
vC? 4+ D?
n (r* — 1) rcos(¢2) (6r* — 6r° +2 (r* +7%) cos(28) + 1) +4 (r* — 1) r® cos®(B)
NoeEwse
n 4(2r® = 3r* + r?) sin(B) sin(¢2) — 8 (2r* — 3r* + 1) * cos(B) cos” (“’2—2) — Quar
NoeEwse
4rT —4r® + 1% — a3v/1— 12 — 4 (r* — 1) r* sin(23) sin(¢2)
Nz
n (r* — 1) rcos(¢2) (6r* —6r° +2 (r* + %) cos(28) + 1) +4 (r* — 1) 3 cos?(B)
VCT T D?
N 4 (2r® = 3r* + r?) sin(B) sin(¢2) — 8 (2r* — 3r? 4 1) * cos(B) cos® (%) — oc337“> 4 tan-! <C’
Nz

cos (¢3 — 0) =

(641)

= ¢3 = cos <

which yields two solutions for each value of ¢o.
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1.15.8 L~|L;GTRj|R™ Paths

Fora L, |LgG$2 RE|R;3 path, the equation to be solved is:

11 Q12 (13

M- (1, 1)My+ (1, B)Mo+ (62) Mg+ (1, B)Mp- (r,63) = (331 423 033) (643)

Pre-multiplying (643) with u?_ and post-multiplying up-:
r? (27"2 — 1) + COS(¢2) (- (7‘ — 1) (2r -1)r % cos(B) + 4 (r2 -1) r* cos®(B) + (7‘2 -1) (4r4 + 2r% cos(28) — 617 + 1))
+ (47 (r* = 1) —4r® (r* — 1)) cos?*(B) + (4r (r* — 1) — 8r* (r* — 1)) cos(B)
+ sin(¢2) (47 (r -1)(2 r? — 1) sin(B) — 8r® (7“2 — 1) sin(B) cos(B))
=a11 (7“2 —1)+r (a13 ( VvVi-—r ) +aziV/1—7r2+ a337“) , (644)

Since 3 is known, this equation can be utilized to calculate ¢o. Multiplying both sides with \/ﬁ and defining sin~y :=

ﬁ, cosy 1= \/ﬁ, where
A=4r(r* —1) (2r* - 1) sm(,e) — 8% (r? — 1) sin(B) cos(B) (645)
B=-4 (r -1) (27" — 1) r~cos(B) +4 (7"2 —-1) r*cos®(B) + (r2 -1) (4r4 + 2r? cos(28) — 61% + 1), (646)

it is obtained that
r (r (0433 —(2(r* = 1) cos(B) — 2r* + 1)2) + a1z (—V1—72) + az V1 — r2) +an (r?—1)

cos(gp2 —y) = NoEE (647)
B T (r (a33 — (2 (7‘2 — 1) cos(B) — 2r2 4+ 1)2) + a3 (—\/1 — r2) + a31vV1 — 7'2) + a1 (7"2 — 1)
= ¢2 = cos NoCE::
+tan~" (%) , (648)

and yields two solutions of ¢s.
Pre-multiplying (643) with ug+ and post-multiplying with ug-:
— 4" 4 4r® = 44 (7“2 -1) r*sin(28) sin(¢2) — 4 (2r4 -3’ + 1) 2 sin(B) sin(¢pz)
- (r2 — 1) rcos(¢z) (6r4 —6r° 4 (4r2 — 8r4) cos(fB) +2 (r4 + r2) cos(28) +1) —4 (r - 1) 3 cos®(B)
+4 (27‘7 —3r° + r3) cos(B) + sin(d)l)( (7‘5 +r) sin(28) + (r e 1) sin(¢2) (cos(B) — 2r? cos(B) + 2r* cos(28))
+7sin(B) (2cos(8) ((r* — 1) cos(p2) — 2r®) — (2r* — 3r® + 1) (cos(¢2) + 1)) ) + cos(¢1) (47“7 — 6r° + 6 sin(23) sin(¢2)
+2r° 42 (r2 — 1)2 (2r —1) rcos 2(8) + (r — 1) 7 cos(¢2) (( r? — 1) ((r + 1) cos(28) + 3 (r -1)) + (—87“4 +8r% — 1) cos(B))
+ (f8r7 +16r° — 9r° + 7) cos(B3) + sin(B) sin(¢2) (8r6 —16r* +9r* — 4 (27“ +r ) cos(B) — 1) ) = a3 (f\/ 1- r2) —aszzr.  (649)

For ¢o # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sin 6 := ﬁ,

cosf := ﬁ, where
C = (1"5 + T) sin(2p) + (7'2 — 1) sin(¢2) (COS(B) — 2 cos(B) + 272 cos(25))
+ rsin(B) (2 cos(B) ((r4 —1) cos(¢2) — 27’2) — (2r4 -3’ + 1) (cos(¢2) + 1)) (650)

D =477 — 6r° 4 61" sin(23) sin(¢2) + 2r° + 2 (r2 - 1)2 (2r2 -1) rcos” ()
+ (r2 — 1) rcos(¢z) ((2r2 —-1) ((r2 + 1) cos(28) + 3 (r2 -1))+ (—87"4 + 8% — 1) cos(B))
+ (=8r" + 167" — 9r® + 1) cos(B) + sin(B) sin(¢2) (87° — 167" + 9r® — 4 (2r° 4+ 7?) cos(8) — 1), (651)
it is obtained that
4r" —4r® +r® —az VT —r2 — 4 (r® — 1) r* sin(28) sin(¢2)

cos(p1 — 0) =

VT DR
N (r* = 1) rcos(¢z2) (6r* —6r° +2 (r* + %) cos(28) + 1) +4 (r* — 1) 3 cos?(B)
V7T D?
N 4 (2r® = 3r* + r?) sin(B) sin(¢2) — 8 (2r* — 3r* 4 1) 7* cos(B) cos® (%) — asr (652)
VC? £ D2
s 1 = cos~! (47’7 —4r® + 7% —az1 V1 — 12 — 4 (r* — 1) r* sin(23) sin(¢2)
VET DR
n (r* — 1) rcos(¢2) (6r* — 6r° +2 (r* +7%) cos(28) + 1) +4 (r* — 1) 3 cos? ()
7 5,3 3 202 B ]-?f . .
N 4r 4r° 4+ 0431\/1;;2 +4;(2r 1) r*sin(23) s1n(¢2)> +tan! (%) 7 (653)
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which yields two solutions for each value of ¢s.
Pre-multiplying (643) with u?_ and post-multiplying with ug-+:

— 4T 4 4r® —r® 44 (r2 -1) 2 sin(B) sin(¢p2) (2r2 cos(B) — 2r® + 1)

- (r2 — 1) rcos(¢z) (67"4 —6r° 4 (4r2 — 8r4) cos(B) +2 (r4 + r2) cos(28) +1) —4 (r - 1) 3 cos®(B)

+4 (27‘7 —3° + r3) cos(B) + sin(d)g)( (7'5 +r) sin(28) + (r2 — 1) sin(¢2) (cos(B) — 2r? cos(B) + 2r* cos(2))

+7sin(B) (2cos(8) ((r* — 1) cos(p2) — 2r°) — (2r* — 3r® + 1) (cos(¢2) + 1)) ) + cos(¢3)(4r7 — 6r° + 6r sin(23) sin(¢2)

+2r° 42 (r2 — 1)2 (2r2 —1) rcos®(B) + (r — 1) 7 cos(¢2) ((2r — 1) ((r +1) cos(28) + 3 (r -1)) + (—87“4 + 877 — 1) cos(B))

+ (f8r7 +16r° — 9r° + 7) cos(B3) + sin(B) sin(¢2) (8?6 —16r* +9r° — (2r +r ) cos(B) — 1) ) = a3V 1—r2—assr (654)
Similarly, multiplying both sides with ﬁ, it is obtained that

4r" —4r® + 7% + ansv/1 — 12 — 4 (r* — 1) 7* sin(23) sin(¢2)

cos (g3 — 0) = NoEw
N (r* = 1) rcos(¢2) (6r* — 6r° +2 (r* + %) cos(28) + 1) + 4 (r* — 1)2 3 cos?(B)
VC? + D2
N 4 (2r® — 3r* +7%) sin(B) sin(¢2) — 8 (2r* — 3r% + 1) 7° cos(B) cos® (£2) — assr (655)
VC? + D2
e g = cos! 4r" —4r® +7° + o131 —r2 — 4 (r® — 1) r* sin(28) sin(¢2)
’ VO D2
N (r* — 1) rcos(¢2) (6r* —6r° +2 (r* + %) cos(28) + 1) + 4 (r* — 1) 3 cos?(B)
VC?% + D2
N 4(2r% — 3r* +7?) sin(B) sin(¢2) — 8 (2r* — 3r% + 1) r¥ cos(B) cos® (L) — assr +tan? (g 7 (656)
VC?2 + D? D
which yields two solutions for each value of ¢5.
1.16 C|C,C,|C,C Paths
1.16.1 L*|L, R, |R}L* Paths
For a L;fl |L;R;|R:L;f2 path, the equation to be solved is:
M+ (r, 61)Mp— (r, )M (1) Mg (1, ))M o (r, 62) = (831 633 a3 (657)

Pre-multiplying (657) with u’, and post-multiplying uz+:

16r° — 32r° + 24r* — 87> + 1+ (=161 + 32r° — 16r") cos® (u) + (48r° — 967° + 561 — 8r%) cos® (1)
+ (—487"8 + 96r° — 64r" + 167"2) cos(u)

=7 (alg\/ 1-— 7‘2 —+ 31 vV 1-— T2 + Oé33’f') — 11 (T2 — 1) 5 (658)

which is a cubic polynomial of cos(u) and yields three solutions of it, hence leading to six solutions of t.
Pre-multiplying (657) with ug, and post-multiplying with ur+:
r(=40r% 4 80r° = 52r* 48 (1 = 1) 7 sin® () sin(u0) sin(é1) (2 (r = 1) cos(u) — 207 +1) + 12r°
+8 (7"2 -1) sin® (g) cos(¢1) ((7"2 -1) (6r4 + (27"2 —1) r? cos(2u) — 3r° + 1) — r? (87"4 —12r° + 5) cos(p))
+4 (7‘2 — 1)2 r* cos(3p) + 4 (15r6 —30r* +197° — 4) 2 cos(u) — 4 (67‘6 —12rt + 7? — 1) 2 cos(2p) — 1)

=31 (—\/ 1-— 7“2) — (x33T. (659)
For p # 0, this equation can be used to solve for ¢;. Multiplying both sides with \/ﬁ and defining sinf := ﬁ,
cosf := \/ﬁ, where
A=8(r* —1)r°sin® (%) sin(p) (2 (r® — 1) cos(p) — 2r% + 1)
B =8 (r2 —1) 7sin’ (%) ((r2 —1) (6r4 + (2r2 —1) % cos(2u) — 3r° + 1) — 7 (87‘4 —12r* + 5) cos()) (660)
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it is obtained that
40r° — 80r" + 52r° — 12r® — as V1 — 12 — 4 (r* — 1)2 r® cos(3p) — 4 (15r° — 30r* + 197 — 4) ° cos(u)

cos(¢p1 — 0) =

VA? + B2
4 (6r® —12r* +7r® — 1) r® cos(2p) — assr + 7 (661)
NoreEny:
_1 (40r° —80r" +52r° — 12r® — as1 V1 — 12 — 4 (r* — 1)2 7% cos(3p) — 4 (15r° — 30r* + 197 — 4) r° cos(u)
= ¢1 = cos
VA? + B?
4 (6r5 — 12r* 4+ 7r% — 1) 73 cos(2u) — azar +
N (6r r r ) r® cos(2u) — assr + 7 +tan! (é)7 (662)
VA2 + B2 B
which yields two solutions for each value of p.
Pre-multiplying (657) with u’, and post-multiplying with ug-:
7"( — 40r® + 807° — 52r* — 8 (r* — 1) sin? (%) sin(u) sin(g2) (2r% cos(u) — 2r% +1) + 120 + 4 (r* — 1)° r* cos(3u)
+ 8 (7’2 —1) sin’ (%) cos(¢p2) (r2 (6r4 —or? 4+ (2r4 -3+ 1) cos(2p) +4) + (—8r6 + 12" — 507 + 1) cos(p))
4 (15r6 —30r* +197% — 4) 2 cos(p) — 4 (6r6 —12rt + 7% — 1) 2 cos(2u) — 1) = ai3 (—\/1 - rQ) — Qa3 (663)

For p # 0, this equation can be used to solve for ¢o. Multiplying both sides with ﬁ and defining sino := ﬁ,

coso = ﬁ, where
C=- (r —-1) ®rsin (g) 2r2 cos(p) — 2r° + 1) (664)
D =8 (r2 —1) rsin (%) (r2 (6 -9 4 (2 rt —3r% 4 1) cos(2u) +4) + (—87"6 +12r* — 50 + 1) cos(p)) , (665)

it is obtained that
40r° — 80r" +52r% — 120° — asv/T — 12 — 4 (12 — 1)* % cos(3u) — 4 (157° — 301 + 1912 — 4) 1 cos(y)

cos (¢2 = 0) = NeEg
4(6r° —12r* +7r® — 1) r® cos(2p) — assr + 7 (666)
VC? + D?
1 [(40r° — 801 4 527 — 12¢° — angV/T — 12 — 4 (1 — 1)* 7 cos(3u) — 4 (157° — 30rt + 1972 — 4) 73 cos(p)
= ¢2 = coS
VC? + D?
n 4 (61"6 — 1274 + T2 1) 3 cOS(Q,u) — 33T+ 7T n tan_l (g) 7 (667)
VC?2 + D? D
which yields two solutions for each value of .
1.16.2 R*|R,L,|LR" Paths
For a R:gl R, L, |L+R+ path, the equation to be solved is:
11 12 Qa3
M (1, 61) M- (r, )M - (r, )My (r, )M g (r, 62) = (931 08 @33 (668)

Pre-multiplying (668) with u£+ and post-multiplying up+:

16r° — 32r° + 24r* — 8% + 1+ (—16r° + 32r° — 16r*) cos® (u) + (48r° — 96r° + 560 — 8r%) cos® (1)
+ (—48r® + 967° — 641" + 16r%) cos(u)

(Oé13 ( v1i- T2) —azV1—r2+ Oé337“) — a1 (7“ -1), (669)

which is a cubic polynomial of cos(x) and yields three solutions of it, hence leading to six solutions of u.
Pre-multiplying (668) with ug_ and post-multiplying with ug+:
r( — 40r® 4 80r° — 52r* + 8 (r2 -1) 7% sin’ (%) sin(u) sin(¢1) (2 (r2 — 1) cos(p) — 2r? + 1)+ 12r°
+8 (r2 —1) sin? (%) cos(¢1) ((r2 —1) (6r4 + (2r2 —1) 2 cos(2u) — 3r% + 1) - r? (87"4 —12r7% + 5) cos(u))
2

+4 (7’ - 1) r* cos(3p) + 4 (157" —30r* + 197 — 4) 1% cos(p) — 4 (67'6 —12rt +7? — 1) 2 cos(2u) — 1)

=31V 1-— ’I“2 — (¥33T. (670)
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For 1 # 0, this equation can be used to solve for ¢;. Multiplying both sides with \/ﬁ and defining sin 6 := \/ﬁ,

cosf := \/ﬁ, where

A =8 (7'2 —1) 3 sin® (%) sin(p) (2 (r2 —1) cos(p) — 2r® + 1)

B =8 ( —-1) 1) rsin® (%) ((7"2 —-1) (67'4 + (2r2 —-1) r? cos(2u) — 3r® + 1) — r? (87"4 —12r° 4 5) cos()) (671)
it is obtained that
40r° — 80r" + 52r° — 12r® + as V1 — 12 — 4 (r* — 1) r° cos(3p) — 4 (15r° — 30r* + 197 — 4) r° cos(u)

—9) =
cos(¢1 = 6) Vi
4 (6r6 — 127t + 712 — 1) r3 cos(2u) — assr +r (672)
VA? + B?
_1 (40r° —80r" +52r° — 12r® + as1 V1 — 12 — 4 (r® — 1) 7% cos(3p) — 4 (15r° — 30r* + 197 — 4) r° cos(u)
= ¢1 = cos
VA? + B?
4(6r° — 120" 4+ 7r® — 1) r® cos(2p) — assr +
(6r r r ) r® cos(2u) — assr + 7 +tan! (é)7 (673)
VA2 + B2 B
which yields two solutions for each value of p.
Pre-multiplying (668) with u£+ and post-multiplying with ug-:
7"( — 40r® + 80r° — 52r* — 8 (2 — 1)” sin? (%) sin(y1) sin(¢) (2r% cos(u) — 2> + 1) + 120 + 4 (r2 — 1) r* cos(3p)
+ 8 (7’2 —1) sin’ (%) cos(¢p2) (r2 (6r4 -9 4+ (2r4 -3+ 1) cos(2u) +4) + (—8r6 + 12" — 507 + 1) cos(p))
4 (15r6 —30r* +197% — 4) 2 cos(p) — 4 (6r6 —12rt + 7% — 1) 2 cos(2u) — 1) = a3V 1—12— assr. (674)
For p # 0, this equation can be used to solve for ¢o. Multiplying both sides with ﬁ and defining sino := ﬁ,
. __D
COSO = —m—ps) where
C=— (r -1) ®rsin (g) 2r2 cos(p) — 2r + 1) (675)
D=8 (* = 1)rsin® (5) (¢ (6r — 0 + (20" — 3r% + 1) cos(2u) + 4) + (=87° + 120" — 5% + 1) cos(n)) , (676)

it is obtained that

40r° — 80r" +52r% — 120 4 asv/T — 12 — 4 (12 — 1)* % cos(3p) — 4 (157° — 301 + 1912 — 4) 1 cos(y)

cos (¢2 = 0) = VT D?
4(6r° — 127" +7r® — 1) r® cos(2p) — assr + 7 (677)
VC? + D2
o ((40r° —80r7 4 52r° — 12r% + ansv/T — 12 — 4 (r? — 1) 15 cos(3u) — 4 (15r° — 301" + 1972 — 4) r cos(u)
= ¢2 = coS
VC? + D?
n 4 (67"6 _ 127"4 + 77"2 _ 1) 7‘3 cOS(Q/.L) —as3r+7r n tan_l (g) 7 (678)
VC?2 4+ D? D
which yields two solutions for each value of .
1.16.3 R7|RIL}|L, R~ Paths
For a R |R;LZ|L;R;2 path, the equation to be solved is:
Q11 Q12 Qa3
M- (r, 61)M e (r, )M (r, )M - (r, )M (1, 90) = (931 033 033 ) (679)

Pre-multiplying (679) with ug, and post-multiplying ug-:

16r° — 32r° + 24r* — 8r® + 1+ (=160 + 32r° — 16r*) cos® (u) + (48r° — 96r° + 560 — 8r%) cos® (1)
+ (—487"8 +96r°% — 64r* + 167"2) cos(p)

= (a13\/ 1—r24+a31V1—7r24+ 04337“) — a1l (r2 — 1) , (680)

which is a cubic polynomial of cos(u) and yields three solutions of it, hence leading to six solutions of p.
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Pre-multiplying (679) with ul. and post-multiplying with up-:

r( —40r® +80r° — 52r* + 8 (r2 —1) 2 sin® (g) sin(u) sin(¢1) (2 (r2 — 1) cos(p) — 2 + 1) + 12r°
+8(r® — 1) sin (%) cos(p1) ((r* — 1) (6r* + (2r® — 1) r? cos(2u) — 3r% + 1) —r* (8r* — 12r® +5) cos(p))
+4 (7"2 — 1)2 r* cos(3u) + 4 (15r6 —30r" 4+ 19r° — 4) r? cos(p) — 4 (67"6 —12rt 4+ 7% — 1) 2 cos(2u) — 1)

=as1 (f\/ 1-— 7"2) — 33T (681)

For p # 0, this equation can be used to solve for ¢;. Multiplying both sides with ﬁ and defining sinf := ﬁ,

cosf := ﬁ, where

A=8 (" = 1) 1*sin” (&) sin(u) (2 (r* = 1) cos(n) — 20” + 1)

B =8 (" = 1) rsin’ (£) (= 1) (6r* + (2r = 1) 17 cos(2u) = 31" + 1) =1 (87" = 120 + 5) cos(n)) (682)
it is obtained that
40r° — 8077 + 5215 — 127 — az1vT — 12 — 4 (r2 = 1) r% cos(3u) — 4 (157° — 30r* + 1912 — 4) 7 cos(u)

cos(¢p1 —0) =
($.=6) VA D
4(6r° — 12r* +7r* — 1) r° cos(2p) — assr + 7 (683)
VA? + B2
_1 [ 40r° —80r" +52r° — 12r® — agsivV1 — 12 — 4 (r* — 1) 7% cos(3p) — 4 (157° — 30r* + 197 — 4) % cos(u)
= ¢1 = cos
VA? + B2
4 (67"6 — 1294 + 2 1) 3 cOS(Q,u) —aas33r+7r n tan_l (é) 7 (684)
VA2 4+ B2 B
which yields two solutions for each value of .
Pre-multiplying (679) with ug, and post-multiplying with ug+:
( —40r° 4 80r° — 52r* — 8 (r* — 1) sin (%) sin(p) sin(¢2) (2% cos(p) — 2r° + 1) + 12r° +4 (r* — 1) r* cos(3u)
+8 (r —1) sin (g) cos(¢2) (r2 (6r —9r° + ( -3’ + 1) cos(2p) +4) + (787"6 + 127" — 50 + 1) cos(p))
+4 (15r° — 30r* +19r° — 4) 7% cos(p) — 4 (6r° — 120" + 7r® — 1) % cos(2u) — 1) = ai3 (—\/1 - 7“2) — assr. (685)
For 1 # 0, this equation can be used to solve for ¢o. Multiplying both sides with \/ﬁ and defining sino := \/%,
S o— D
COSO = e where
C=-8(r*—1)"rsin (g) (202 cos(p) — 2r% + 1) (686)
D =8 (r —1) rsin® (g) (r2 (6 —9r? 4+ (2r —3r? 4+ 1) cos(2p) +4) + (— 8r® + 120" — 502 + 1) cos(p)) , (687)
it is obtained that
40r° — 8077 +52r° —12r% — q13vV1 — 12 — 4 (7“ — 1) r cos(S,u) —4 (151" —30r* +19r2 — 4) r cos(,u)
cos (pa — o) =
VCr D
4(6r° —12r* 4+ 7r® — 1) r® cos(2u) —
n ( r r* 4+ Tr ) r° cos(2u) — agsr + 7 (688)
T+ D?
1 40r° — 8077 +52r° — 12r% — a3Vl — 12 — 4 (7“ — 1) r cos(3p) —4 (15r —30r* +19r2 — ) 4)r? cos(p)
= ¢2 = cos
NeESE
N 4 (67"6 —12rt + 7% — 1) r3 cos(2u) — agsr +r +tan! <g> ’ (689)
VC?% + D2 D
which yields two solutions for each value of u.
1.16.4 LﬂL*RﬂR;Li Paths
Fora L, |L+R+|R L, path, the equation to be solved is:
a1 a12 Q13
M- (r, 1)Mp+ (7, p)Mpe+ (r; ) Mp- (1, )M - (7, $2) = (3%1 az 332;) (690)
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Pre-multiplying (690) with u’_ and post-multiplying uy-:

167° — 32r° 4 247" —87® +1 + (—167‘8 + 32r° — 167“4) cos” () + (48r8 —96r° + 561" — 87‘2) cos® (1)
+ (7487'8 +967° — 641" + 167’2) cos(p)

= (a13 (—\/1 — 7"2) —az1V1—12+ oz337") — a1t (T2 — 1) , (691)

which is a cubic polynomial of cos(u) and yields three solutions of it, hence leading to six solutions of .
Pre-multiplying (690) with ug+ and post-multiplying with uy,-:

r( —40r® +80r° — 52r* + 8 (7“2 -1) r? sin® (g) sin(u) sin(¢1) (2 (7“2 — 1) cos(p) — 2 + 1) + 12r°
+38 (7‘ —1) sin (ﬁ) cos(¢1) ((7‘2 -1) (6r4 + (27‘2 -1) % cos(2p) — 3r° + 1) — r? (87‘4 —12r% + 5) cos(p))

2
+4 (r — 1) r* cos(3u) + 4 (157’ —30r* +19r% — 4) r? cos(p) — 4 (6r6 — 127t + 7% — 1) 2 cos(2u) — 1)
=az1V1—12 —assr (692)
For pu # 0, ]tghis equation can be used to solve for ¢;. Multiplying both sides with \/ﬁ and defining sin 6 := \/ﬁ,
cosf = ﬁ, where

A =8 (r2 —-1) % sin’ (g) sin(p) (2 (r2 —1) cos(p) — 2r® + 1)

B =8 (7'2 —1) rsin® (% ((7'2 —1) (67"4 + (27’2 -1) 2 cos(2u) — 3r% + 1) — r? (87’4 —12r° 4 5) cos(u)) , (693)
it is obtained that
40r° — 807 + 5215 — 127% + a1 v1T — 12 — 4 (r2 = 1) 1% cos(3p) — 4 (157° — 30r* 4 19r2 — 4) 7 cos(p)

cos(p1 —0) =
(1 =6) VB
4 (67’6 —127* + 7% — 1) r3 cos(2p) — agsr +r (694)
VA2 + B2
o (4070 — 80r" 4 52r% — 121 4+ agiv/T — 72 — 4 (12 — 1)2 77 cos(3p) — 4 (157° — 301 + 1972 — 4) 3 cos(p)
= ¢1 = cos
VA2 + B2
n 4 (67"6 _ 127"4 + 7r2 _ 1) 'r3 cos(2,u) — 33T+ 71 n tan_l <é) 7 (695)
VA2 4+ B? B
which yields two solutions for each value of p.
Pre-multiplying (690) with u’_ and post-multiplying with ug-+:
7“( —40r® +80r% — 52r* — 8 (r — 1) sin (g) sin(p) sin(¢2) (21"2 cos(p) — 2r° + 1) + 12r° +4 (r — 1) r* cos(3u)
+8 (" = 1) sin® (5) cos(@2) (r? (6* — 99" + (20" = 31 + 1) cos(2p2) +4) + (=8r° + 12r* — 51 + 1) cos(n))
+4 (157“6 —30r* +197° — 4) r? cos(p) — 4 (6r6 — 12t 4+ 7% — 1) 2 cos(2u) — 1) = a3 (—\/1 — r2) — Q33T (696)
For p # 0, this equation can be used to solve for ¢o. Multiplying both sides with W and defining sino := ﬁ,
. D
COSO 1= s where
C=-8(r"-1) ®rsin (%) (2% cos(p) — 2r° + 1) (697)
D =8 (r2 —-1) rsin® (%) (r2 (6 —9r° + ( -3 + 1) cos(2p) +4) + (787"6 + 127" — 577 + 1) cos(p)) , (698)
it is obtained that
40r° — 80r" + 52r° — 121 + ansvV/1 — 12 — 4 (r® — 1) 7% cos(3u) — 4 (15r° — 30r* + 197 — 4) r° cos(u)
cos (2 — o) =
NiecEwz
n 4 (67“6 — 127t 7% — 1) 3 cos(2u) — assr +r (699)
VO D7
_y (4077 — 80r™ 4+ 52r° — 12r® + ayzv1 —r2 — 4 (r® — 1) r® cos(3p) — 4 (15r° — 30r* + 197 — 4) r* cos(u)
= ¢o = cos
VC? +D?
4 (6r° — 12r* 4+ 7r® — 1) r® cos(2p) — aussr +
(6r r r ) r® cos(2u) — assr + 7 +tan! <g) ’ (700)
vC? + D2 D

which yields two solutions for each value of p.
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117 cc,C,C,|C,C Paths
117.1 L*RH|R;L.|LR* Paths
For a L;‘l RYR, L, \L;‘;RL path, the equation to be solved is:

11 Q12 13

M+ (7, 61) Mg (7, )M (r, i) M- (r, )M (r, )M (ry 62) = (931 @28 a33)

Pre-multiplying (701) with u’, and post-multiplying ug+:

(701)

320" — 647° + 56r° — 32r* + 10r% + (32r'% — 96r° + 96r° — 32r") cos (1) + (—1287"° + 352r° — 320r° + 961*) cos® ()

+ (192r'% — 480r° + 4087° — 1361 + 167%) cos®(u) + (—128r'° + 288r° — 240r° + 104r* — 24r%) cos(p) — 1

=11 (r2 — 1) +r (alg\/ 1—r2 —a31V1—-—1r24+ 04337') ,

which is a quartic polynomial of cos(i) and yields four solutions of it, hence leading to eight solutions of .
Pre-multiplying (701) with ug_ and post-multiplying with ug+:

— 140r'" + 340r° — 29677 + 112r° 18r +8(r* —1)" (4r% = 3) ¥ cos(3p)

—4 (r2 - 1)3 r° cos(4p) + 16 (r —-1) ®rsin’ (g) ( ) sin ¢)1)(6r +2 (r2 -1) 2 cos(2p) — 4r°
+ (61“2 —8r )cos( )+ 1) +2 (r — 1) rcos( )( — 167° cos(3p) + 2r° cos(4u) + 70r® 4 367° cos(3)
— 57 cos(4u) — 135r° — 257" cos(3u) + 4 cos(4 ) + 88r* + 517 cos(3u) — 7% cos(4u) — 22r°

+ (—112r + 2207% — 1437% + 3502 — 2) cos (56r — 1167° + 760t — 1702 + )cos(?,u) + 2)

+38 (28r8 —69r° 4 60r* — 22r° + 3) r cos(u) —4 (28r8 —72r% + 63r" — 2177 + 2) 3 cos(2u) + 7

=31V 1-— 7‘2 — (x33T.

For p # 0, this equation can be used to solve for ¢;. Multiplying both sides with \/ﬁ

cosf := \/ﬁ, where

A =16 (r" — 1)2 rsin® (‘;) cos ( ) (67" +2(r® — 1) 7% cos(2u) — 4r° + (6r° — 8r") cos(p) + 1)
B =2 (r2 —1) 7‘( —167° cos(3p) + 2r° cos(4p) + 70r° + 361° cos(3p) — 5r° cos(4p) — 135r° — 251 cos(3p)
+ 4r* cos(4p) + 887" + 5r” cos(3p) — r? cos(4p) — 2207 + (=112r° + 220r° — 143r* + 35r% — 2) cos(y)
+ (561" — 116r° + T6r* — 17” 4 1) cos(2p) + 2),
it is obtained that

14071 — 340r° + 29617 — 1127 + 187 + asiv/T — 12 — 8 (2 — 1) (472 — 3) 7 cos(3p)

cos(¢p1 — 0) =

e
4 (r — 1) 5 cos(4p) — 8 (287‘ — 69r% + 60rt — 22r% + 3)r 3 cos(p)
" NIy
4 (287 — 72r° 4+ 63r* — 217% + 2) r® cos(2u) — azsT — 7
VB
e by — cos! (1407’11 — 3407 4 29617 — 1127 4 187 + asv/T — 72 — 8 (r2 — 1)* (4% — 3) 1 cos(3p)
VB
4(r* - 1) 7% cos(4p) — 8 (28r® — 69r° + 60r* — 22r* + 3) r® cos(u)
- ooy
4(287% — 72r° 4 63r" — 217% + 2) r® cos(2u) — assr — r> + tan~! (é)
Ve B)

which yields two solutions for each value of p.
Pre-multiplying (701) with u’, and post-multiplying with ug-:

2

— 1407 + 3407 — 29677 + 1127° — 187 + 8 (r* —1)” (47 — 3) r° cos(3p) — 4 (r? — 1) r cos(4p)
+16 (r* —1)° rsin® (%) cos (g) sin(éz) (6r4 +2(r? = 1) 7% cos(2u) — 4r% + (67> — 8) cos(u) + 1)

+2 (7“2 -1) rcos(qbg)( —167° cos(3p) + 2r° cos(4u) + 70r° + 361° cos(3u) — 57° cos(4p) — 135r° — 251 cos(3p)

+ 4r* cos(4p) + 88r* 4 512 cos(3u) — 72 cos(4p) — 22r% + (—112r8 +220r% — 143r* 4+ 357> — 2) cos(p)
+ (56r° — 1167° + 767" — 177% + 1) cos(2u) + 2) +8(28r° — 69r° + 60r* — 22 + 3) r* cos(p)

—4 (28r8 —72r® +63r* — 2172 + 2) r’ cos(2u) + 7 = ais (—\/ 1-— r2) — Q337
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and defining sinf :=

(702)

(703)

A

VA L B?

(704)

(705)

(706)

(707)



For 1 # 0, this equation can be used to solve for ¢o. Multiplying both sides with ﬁ and defining sino :=

CcoSo = where

D
C =16 (r* — 1)2 rsin® (%) cos (g) (6r4 +2(r® — 1) 7% cos(2u) — 4r° + (6r° — 8r*) cos(n) + 1)
D =2 (7"2 —-1) r( —167° cos(3p) + 2r® cos(4p) + 70r® + 361° cos(3p) — 5r° cos(4p) — 135r° — 25r* cos(3p)
+ 4r* cos(4u) + 88r* + 5r° cos(3p) — r° cos(4p) — 22r° + (—1127’8 +220r% — 143r* + 3572 — 2) cos(p)
+ (56r" — 116r° + 767" — 170 + 1) cos(2p1) +2),
it is obtained that

1407 — 340r° +206r7 — 1127° + 18r® — ar3v/T — 2 — 8 (r2 — 1) (472 — 3) ® cos(3p)

cos (g2 — o) = oD
4(r2 —1)% 7% cos(4p) — 8 (28r° — 69r° + 60r* — 222 + 3) r® cos(u)
" V7§ D?
4 (28r® — 72r° + 63r* — 2177 4 2) r® cos(2u) — assr —
N VT D? 2
s o — cos~! (1407“11 —340r +296r" — 112r° 4+ 18r° — ausv/1 — 12 — 8 (r* = 1)” (4r® — 3) r° cos(3p)
VC? 4+ D?
4(r* = 1)3 r® cos(4p) — 8 (28r® — 69r° + 60r* — 22r* + 3) r* cos(u)
i V=S
N 4 (287“8 — 7275 + 63r* — 2172 + 2) 73 cos(2p) — aszr — r> +tan-? (g)
VC?+ D2 D)’

which yields two solutions for each value of .

117.2 R*L|L:R;|RL* Paths
For a RLLZ\L;RHR:LL path, the equation to be solved is:

« « Q1
M (1, )M ()M - (1 )M (7 )M ()M (ry62) = (931 038 633

a3zl Q32  (33.

Pre-multiplying (712) with u£+ and post-multiplying uy+:

C

VoD

(708)

(709)

(710)

(711)

(712)

320" — 647° + 56r° — 32r* + 10r° + (32r'% — 96r° + 96r° — 32r") cos (1) + (—1287"° + 352r° — 320r° + 961*) cos® ()

+ (192r'% — 480r° + 4087° — 1361 + 167%) cos®(u) + (—128r'° + 288r° — 240r° + 104r* — 24r%) cos(p) — 1

=a11 (r2 —1)+r (a13 (—\/1 — 7"2) + asiV1—r2+ 04337") ,

which is a quartic polynomial of cos(i) and yields four solutions of it, hence leading to eight solutions of .
Pre-multiplying (712) with ug_ and post-multiplying with uy+:

— 1400 4 3407° — 29677 + 112r° — 18r% + 8 (r2 — 1)” (47 — 3) 17 cos(3u) — 4 (r2 — 1) 17 cos(4p)

+ 16 (7”2 - 1)2 rsin® (g) cos (%) sin(¢1) (67"4 +2 ('r2 -1) 2 cos(2p) — 4r° + (67‘2 - 8r4) cos(p) + 1)

+2(r* —1) rcos(¢1)< — 167° cos(3u) + 2r° cos(4p) + 70r® 4 361° cos(3p) — 5r° cos(4u) — 135r° — 251 cos(3)

+ 47" cos(4p) + 881" 4 512 cos(3u) — 7 cos(4p) — 22r° + (7112r8 + 220r% — 1437 + 351% — 2) cos(p)
+ (56r° — 1167° + 76r* — 177% + 1) cos(2u) + 2) +8(28r° — 69r° + 60r* — 22r% + 3) r® cos(y)

—4 (287"8 —72r% +63r* — 217% + 2) rcos(2u) + 7 = as (—\/ 1-— 7'2) — Q3T

1

For p # 0, this equation can be used to solve for ¢;. Multiplying both sides with T

cosf := \/ﬁ, where

A =16 (r* — 1)2 rsin® (g) cos (%) (67"4 +2(r® — 1) 7% cos(2u) — 4r° + (6r° — 8r") cos(p) + 1)

B =2 (r2 —1) r( —167% cos(3p) + 2r° cos(4p) 4 70r° + 361° cos(3u) — 57° cos(4p) — 135r° — 251 cos(3p)
+ 4r* cos(4p) + 887" + 517 cos(3p) — ¥ cos(4p) — 2207 + (=112r° 4 220r° — 143r* + 35r% — 2) cos(y)
+ (56r° — 1160° + 760" — 17r° + 1) cos(2u) + 2),
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and defining sinf :=

(713)

(714)

__A
JAZ1 B2

(715)



it is obtained that
14071t — 340r° + 29677 — 112r° + 187% — a1 vV/T — 12 — 8 (r2 — 1)” (41 — 3) r® cos(3p)
Nyerw:s
4(r* - 1)3 7° cos(4p) — 8 (28r® — 69r° + 60r* — 22r% 4 3) r® cos(p)
" Vo
4 (287"8 —72r% +63r* — 2172 + 2) r3 cos(2u) — agsr —r
’ VAT B?
140r't — 340r° + 29677 — 112r° + 187% — a1 v/T — 12 — 8 (r2 — 1)” (41 — 3) r® cos(3p)
VAT B
4(r* - 1)3 7% cos(4p) — 8 (28r® — 69r° + 60r* — 22r* + 3) 7% cos(u)
NoEs
4 (28r8 —72r% +63r* — 2172 + 2) r3 cos(2u) — assr — r> 1 <A
+ + tan

cos(¢p1 — 0) =

(716)

== ¢1 = cos ! <

VAT B 5) (717)

which yields two solutions for each value of p.
Pre-multiplying (712) with uk, and post-multiplying with ug-:

—140r'" 4 340r° — 29677 + 112r° — 187° + 8 (7"2 — 1)2 (47"2 —3) ° cos(3u) — 4 (7“2 — 1)3 r° cos(4p)

+ 16 (7’2 — 1)2 rsin® (%) cos (g) sin(¢2) (6r4 +2 (7“2 -1) r? cos(2u) — 4r° + (67“2 — 87"4) cos(u) + 1)

+2 (7‘2 -1) rcos(¢2)( — 167° cos(3p) + 2r° cos(4u) + 70r® + 361° cos(3u) — 57° cos(4p) — 135r° — 251 cos(3p)

+ 4r? cos(4p) + 887" + 5r% cos(3u) — 1 cos(4p) — 22r° + (—112r° + 220r° — 143r" + 35r% — 2) cos(u)

+ (56r° — 1167° + 767" — 177% + 1) cos(2u) + 2) +8 (28r° — 69r° 4 60r* — 22r% + 3) r® cos(p)

—4(287° — 72r° + 631 — 217% + 2) r® cos(2u) + 7 = a13V/1 — 12 — assr (718)
For p # 0, this equation can be used to solve for ¢5. Multiplying both sides with ﬁ and defining sino := ﬁ,

CcosSo = where

D
_ 2 \2_ .3 (H Jad 4 2 2 42 2 o 4
C =16 (r* — 1)  rsin (2) cos (2) (6r +2(r® — 1) r*cos(2u) — 4r° + (6r° — 8r") cos(u) + 1) (719)
D =2 (r2 —-1) r( —16r° cos(3p) + 2r® cos(4p) 4 70r° + 361° cos(3u) — 57° cos(4p) — 135r° — 251 cos(3u)
+ 47" cos(4pu) + 887 + 512 cos(3p) — 12 cos(4p) — 22r° + (—1127‘8 +220r° — 143r" + 350 — 2) cos(p)
+ (56r® — 116r° + 761" — 17r% + 1) cos(2p) + 2), (720)
it is obtained that
14071 — 340r° + 20677 — 1127 + 187° 4 apsv/T — 12 — 8 (2 — 1)* (47 — 3) 7 cos(3p)

CcOos —0) =
(¢2 ) \/W
N 4(r* - 1)3 7% cos(4p) — 8 (28r® — 69r° + 60r* — 227> + 3) 7% cos(p)
\/C? 5 D
L4 (287 — 72r% + 63r* — 217% + 2) 7% cos(2p) — azsr — 7 (721)
JoE T D?
_y (1407 — 340r° + 29617 — 11205 + 187° + ausv1 — 72 — 8 (r2 — 1)? (4r2 — 3) 5 cos(3p)
= ¢p2 = co8
Vo=
n 4(r* = 1)3 r° cos(4p) — 8 (28r® — 69r°® + 60r* — 22r* + 3) r° cos(u)
\C? + D2
4 (28r® — 72r° 4+ 63r* — 21r° + 2) ® cos(2p) — -
N ( T r° + 63r r 4+ )7’ cos(2u) — agsr — r +tan? (g)7 (122)
VC?2 + D? D
which yields two solutions for each value of p.
1.17.3 R L, |LfRf|R; L~ Paths
Fora Ry L, |L}RY|R, Ly path, the equation to be solved is:
Qa1 Q12 Q13
Mp- (r, ¢1)Mp- (r, )My (7, )My (r, ) Mp - (r; )) M - (7, $2) = (ggi Q22 ggg) (723)
Pre-multiplying (723) with ug, and post-multiplying uy,-:
327" — 64r° + 56r° — 32r" + 10r% + (32r'° — 967° + 96r° — 32r") cos® (u) + (—128r'% + 352r° — 320r° + 961") cos® (1)
+ (192r"° — 480r° + 408r° — 1367 + 167%) cos®(u) + (—128r'% + 2887° — 240r° + 104r* — 247%) cos(n) — 1
=1 (7‘2 — 1) +7r (Ot13\/ 1—r2 —a31V1—1r24+ 04337') s (724)
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which is a quartic polynomial of cos(i) and yields four solutions of it, hence leading to eight solutions of .
Pre-multiplying (723) with ug+ and post-multiplying with uy,-:

— 1407 + 340r° — 29677 + 1127° — 187 + 8 (r* —1)” (472 — 3) ° cos(3p)

—4(r* - 1)3 r° cos(4p) + 16 (r* — 1) 7 sin’ ( cos (g) sin(¢é1) (67“4 +2(r® — 1) r% cos(2u) — 4r°
—+ (61“2 — 8r4) cos(u) + 1) +2 (1"2 —1) rcos(¢1 )( — 167° cos(3p) + 2r° cos(4u) + 70r® 4 367° cos(3p)
— 5r° cos(4,u) 135r% — 251" cos(3p) + 4r* cos(4u) + 88 + 5r° cos(3u) — r° cos(4u) — 22r°

+ (—112r° + 220r° — 143r" + 35r° — 2) cos u) + (56r° — 1167° + 767" — 17r% + 1) cos(2p) + 2)

+38 (281“ —69r° 4 60r* — 221" + 3) r°cos(p) — 4 (28r8 —72r% + 63r* — 2177 + 2) 3 cos(2u) + 7

=az V1 =12 —assr. (725)

For 1 # 0, this equation can be used to solve for ¢;. Multiplying both sides with \/ﬁ and defining sin 6 := ﬁ,

(r
ol
2

cosf := \/ﬁ, where

A=16 (* = 1) rsin® (£ ) cos (5) (60" +2 (* — 1) 1 cos(2p) — 4r” + (6” — 81) cos(ys) + 1)
B =2 (r2 —1) 7‘( —167° cos(3p) + 2r° cos(4p) 4 70r° + 361° cos(3u) — 57° cos(4p) — 135r° — 251 cos(3p)
+ 4r* cos(4p) + 887" + 5r” cos(3p) — r? cos(4p) — 2207 + (—112r° 4+ 220r° — 143r* + 35r% — 2) cos(y)
+ (56r° — 1160° + 760" — 17r° + 1) cos(2u) + 2), (726)

it is obtained that

14071 — 340r° + 29617 — 1127 + 18 + asv/T — 12 — 8 (2 — 1) (472 — 3) 7 cos(3p)
\/W
4(r* - 1) 7% cos(4p) — 8 (28r® — 69r° + 60r* — 22r% + 3) r® cos(u)
VA2 + B?
4 (287 — 72r° 4 63r* — 21r% + 2) r® cos(2u) — azsT — 7
VAT + B?
e b —cos ! (1407"11 —340r° + 29617 — 11215 + 187 + az1v1 — 2 — 8 (r2 — 1)* (4r2 — 3) r° cos(3p)
VAT + B?
4(r? - 1) 77 cos(4p) — 8 (28r® — 69r° + 60r* — 22r* + 3) r® cos(u)
VA2 + B?
4 (28r® — 72r% 4 631" — 2102 4 2) 1 cos(2u) — azar — r> - (é) 7 (728)
VAZ 1 B2 B

cos(¢p1 — 0) =

(727)

which yields two solutions for each value of .
Pre-multiplying (723) with u’,_ and post-multiplying with ug-+:

— 407" 4 340r° — 29617 + 112¢° — 18r° + 8 (r2 — 1)” (47 — 3) 1% cos(3p) — 4 (r* — 1)° ¥ cos(4p)

+16 (r* — 1)2 7 sin® (%) cos (g) sin(¢2) (67"4 +2(r® — 1) 7% cos(2u) — 4r® + (6r° — 8r") cos(n) + 1)

+2 (r2 -1) rcos(dn)( —167° cos(3p) + 2r° cos(4u) + 70r° + 361° cos(3u) — 57° cos(4p) — 135r° — 251 cos(3p)

+ 47" cos(4p) + 887" + 517 cos(3p) — % cos(4p) — 2207 + (—112r° + 220r° — 143r* + 35r% — 2) cos(y)

+ (56r° — 1167° + 760" — 17r% + 1) cos(2u) + 2) + 8 (287° — 69r° + 60r" — 22r% + 3) r® cos(u)

—4 (28r8 —72r® +63r* — 2172 + 2) r’ cos(2u) + 7 = ais (,M) — Q33T (729)

For p # 0, this equation can be used to solve for ¢5. Multiplying both sides with ﬁ and defining sino := ﬁ,

CcosSo = where

D
VC2+D?’
C =16 (r2 — 1)2 rsin® (,u) cos ( ) (6r +2 (r -1)r % cos(2u) — 4r° + (6r2 - 8r4) cos(p) + 1) (730)
2 2
D =2 (r -1)r ( —16r° cos(3p) + 2r® cos(4p) 4 70r° + 361° cos(3u) — 57° cos(4p) — 135r° — 251 cos(3p)

+ 47" cos(4p) + 887 + 51 cos(3p) — 12 cos(4p) — 22r° + (—1127"8 +220r° — 143r* + 350 — 2) cos(p)
4 (56r" — 116r° + 767" — 170 + 1) cos(2p1) +2), (731)
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it is obtained that
1407t — 3407 4 20617 — 112° 4 187° — arsv/T — 12 — 8 (12 — 1)* (4% — 3) 75 cos(3u)

cos —0) =
(¢2 ) m
N 4(r* = 1)3 7° cos(4p) — 8 (28r® — 69r® + 60r* — 227> + 3) r* cos(u)
vC? + D?
N 4(28r% — 72r° 4 63r* — 21r° + 2) r® cos(2p) — auzsT — 7 (732)
JCT ¥ D?
1 (14071 — 340r° + 29677 — 11215 + 187% — ausv/T — 2 — 8 (r® — 1)° (4% — 3) 7 cos(3p)
= (o = cos
JCE 5 D?
N 4(r? —1)° 15 cos(4p) — 8 (28r° — 69r° + 60r* — 22r2 + 3) 7 cos(u)
VG D?

4 (287% — 72r5 +63r* — 2172 + 2) r® cos(2u) — azzr — 7

+ ( ) (211) 2 + tan ™" (g) , (733)

VC? + D2 D

which yields two solutions for each value of p.
117.4 L~ R;|RtL:|L; R~ Paths
Fora L, R,/|R};L}|L, R, path, the equation to be solved is:

a11 12 alS) (734)

M- (7, ¢1)Mp- (r, W) Mgt (r, )Myt (7, p)Mp- (1, p)Mp - (7, $2) = (ggi Qa2 Qo
Pre-multiplying (734) with u?_ and post-multiplying ug-:
32r'% — 64r® 4+ 56r° — 32r* + 100" + (327" — 96r° + 967° — 32r") cos® (1) + (—1287'° + 352r® — 320r° + 961" cos® (1)
+ (1920 — 480r° + 408r° — 136r* + 16r°) cos® (1) + (—128r'% + 288r° — 240r° + 104r* — 247%) cos(p) — 1

=qq1 (r2 — 1) +r (CX13 (—\/ 1-— r2) +az1V1—1r2+ aggr) , (735)

which is a quartic polynomial of cos(u) and yields four solutions of it, hence leading to eight solutions of .
Pre-multiplying (734) with ul. and post-multiplying with up-:

— 1407 + 34017 — 2967 +112r° — 18r° 4+ 8 (7“2 — 1)2 (47"2 -3) 7° cos(3p) — 4 (r2 — 1)3 70 cos(4p)

+ 16 (r2 — 1)2 rsin® (%) cos (g) sin(¢1) (61"4 +2 (7’2 -1) 2 cos(2u) — 4r° + (67’2 — 8r4) cos(p) + 1)

+2(r* —1) rcos(¢1)( — 167° cos(3u) + 2r° cos(4p) + 70r° + 367° cos(3p) — 5r° cos(4p) — 135r° — 251 cos(3p)
+ 4r* cos(4pu) + 881" + 517 cos(3p) — 1% cos(4p) — 22r° + (—1127‘8 + 2207 — 1437* + 350 — 2) cos(p)

+ (56r° — 1167° + 76r* — 177% + 1) cos(2u) + 2) +8(28r° — 69r° 4 60r* — 22r% + 3) r* cos(p)

— 4 (280 — 72r% 4 637" — 21r% 4+ 2) r° cos(2u) + 7 = o (—\/1 — 7"2) — qaar. (736)
For 1 # 0, this equation can be used to solve for ¢;. Multiplying both sides with \/ﬁ and defining sin 6 := ﬁ,

cosf := \/ﬁ, where
n

A =16 (r* — 1)2 rsin® (5) cos (%) (61"4 +2(r® — 1) 7% cos(2u) — 4r® + (6r° — 8r") cos(p) + 1)
B =2 (r2 —1) r( —167% cos(3p) + 2r° cos(4u) 4 70r° + 361° cos(3u) — 57° cos(4p) — 1357° — 251 cos(3u)

+ 4r* cos(4p) + 88" + 517 cos(3u) — % cos(4p) — 2217 + (—112r° + 220r° — 143r* + 35r% — 2) cos(y)
+ (561" — 116r° + T6r" — 17% 4 1) cos(2p) + 2), (737)

it is obtained that
14071t — 340r° + 29677 — 112r° + 187% — a1 v/1 — 12 — 8 (r2 — 1)* (47 — 3) r® cos(3p)

cos(¢pr — 0) =
(¢1-6) NZEE
N 4(r* - 1)3 7% cos(4p) — 8 (287 — 69r° + 60r* — 227% + 3) 7® cos(u)
/A2 + BQ
N 4 (28r® — 72r° + 63r* — 217% 4+ 2) r® cos(2u) — assr — 7 (738)
VA2 1 B2
1 (1407 — 3407° + 29617 — 112r° + 187 — aiv/1 — 72 — 8 (r2 = 1)* (4r2 — 3) 5 cos(3p)
= ¢1 = cos
/A2 + B2
N 4 (r2 — 1)3 r® cos(4p) — 8 (281"8 — 697 4 60r* — 2212 4 3) 7 cos(u)
VA2 4+ B2
L 4 (281"8 —72r% +63r* — 2177 + 2) r3 cos(2u) — assr —r 4+ tan—! <é) 7 (739)
VA2 + B? B
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which yields two solutions for each value of u.
Pre-multiplying (734) with u?_ and post-multiplying with ug-+:

— 1407 + 340r° — 2967 +112r° — 18r° 4+ 8 (7“2 — 1)2 (47"2 -3) 7° cos(3p) — 4 (r2 — 1)3 70 cos(4p)

+ 16 (r2 - 1)2 rsin® (g) cos (g) sin(¢2) (61"4 +2 (r2 -1) 2 cos(2p) — 4r° + (6r2 — 8r4) cos(p) + 1)

+2(r* 1) rcos(¢2)( — 167° cos(3u) + 2r% cos(4p) + 70r° + 367° cos(3p) — 5r° cos(4p) — 135r° — 251 cos(3p)

+ 47" cos(4p) + 881" 4 512 cos(3p) — 7° cos(4p) — 22r° + (—1127‘8 + 220r° — 1437 + 3517 — 2) cos(p)
+ (56r° — 1167° + 76r* — 177% + 1) cos(2u) + 2) +8(28r° — 69r° + 60r* — 22r% + 3) r® cos(p)
—4 (28r8 —72r% + 630" — 2172 + 2) rs cos(2u) + 7 = a1z 1 —r? — assr.

For 1 # 0, this equation can be used to solve for ¢o. Multiplying both sides with \/ﬁ and defining sino :

CoS O = where

D
VG2 D2’
C =16 (r* — 1)2 rsin® (g) cos (g) (67“4 +2(r® — 1) 7% cos(2u) — 4r® + (6r° — 8r") cos(n) + 1)
D =2 (r2 —1) 7‘( —167° cos(3p) + 2r° cos(4p) + 70r° + 361° cos(3p) — 5r° cos(4p) — 135r° — 251 cos(3)
+ 4r* cos(4p) + 887" + 5r” cos(3p) — ¥ cos(4p) — 2207 + (=112r° 4 220r° — 143r* + 35r% — 2) cos(y)
+ (56r° — 116r° 4 76r* — 17r° + 1) cos(2u) + 2),
it is obtained that
14071 — 340r° + 20677 — 1127 + 187° + ausv/T — 12 — 8 (r? — 1)* (47 — 3) 7 cos(3p)

COS —0) =
(02 =) VeTy D?
N 4(r* - 1)3 7% cos(4p) — 8 (28r® — 69r° + 60r* — 22r* + 3) 7% cos(u)
‘ VvC? + D?
N 4 (287r% — 72r° 4 63r* — 21r° + 2) r® cos(2p) — auzsT — 7
V(2 + D2
_y (1407 — 340r° + 29617 — 11205 +187° + a13v1 — 72 — 8 (r2 = 1)* (4r2 — 3) 5 cos(3p)
= (2 = cos
VC? + D2
N 4(r* - 1)3 % cos(4p) — 8 (28r® — 69r° + 60r* — 22r% + 3) r® cos(u)
VC? + D?
4 (287r% — 72r% 4 63r* — 21r° + 2) r® cos(2p) — auzsT — 7 1 (c)
+ + tan — 1],
VC? 4+ D? D

which yields two solutions for each value of p.
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