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Abstract

The free transverse vibration of miniaturized beams with multiple edge cracks is investigated using the
mixture unified gradient elasticity theory. The model captures both possible stiffening and softening size-
dependent behaviors at small scales. The problem is addressed using the Bernoulli-Euler beam theory,
with the domain partitioned into distinct sections at the locations of cracked cross-sections. To account
for the discontinuities in bending slope and deflection, rotational and translational springs are introduced
at these cracked cross-sections. The time-dependent variational functional associated with the mixture
unified gradient elasticity theory is rigorously established to derive variationally consistent and extra
non-standard boundary and continuity conditions. Natural frequencies are obtained by solving the
eigenvalue problem resulting from the imposition of boundary and continuity conditions. The model
predictions demonstrate excellent agreement with experimental data from the literature for large-scale
beams. Furthermore, as the crack length tends to zero, the results converge with those of crack-free

mixture unified gradient elastic beams reported in prior studies. The model is applied to examine the
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effects of gradient characteristic parameters, crack length and location, and boundary conditions on the
frequencies. Novel findings and discussions presented here hold significance for the design, condition

monitoring, and maintenance of miniaturized structures.

Keywords: Micro- and nanobeam; Frequency shift; Edge crack; Gradient elasticity; Resonator.

1. Introduction

Nowadays, cutting-edge technologies require devices to be as small as possible while consuming
minimal energy and having the capability of being self-powered. These compact, cost-effective devices
exhibit remarkable versatility and function effectively under diverse, sometimes challenging operational
conditions. Micro- and nano-scale beams are crucial components in sensors and actuators, which are
fundamental to micro- and nano-electromechanical systems (MEMS and NEMS). MEMS and NEMS
resonators find widespread applications in various fields, including sensing and biomechanics [1].
Ensuring the reliability and functionality of micro- and nanobeams throughout their operational lifespan
is paramount. However, they are prone to cracking due to manufacturing flaws, in-service loads, and
environmental factors. Hence, understanding the mechanical behavior of cracked micro- and nanobeams
is essential for advancing MEMS and NEMS technology. Moreover, this understanding is essential for
(1) monitoring and maintaining micro- and nano-devices by detecting cracks using methods such as
frequency shift measurements, and (ii) fostering innovative designs by intentionally introducing multiple
cracks into these devices to manipulate their mechanical responses and achieve specific frequencies.
Therefore, the present article aims to investigate the free transverse vibration of miniaturized cracked
beams.

Several experimental studies have shown that the mechanical behavior of small-scale structures varies
with size [2, 3]. As a result, applying structural theories based on the classical continuum mechanics to
structures at small scales becomes inadequate. While atomistic methods can capture size effects

accurately, their extensive computational requirements limit their practicality. Non-classical continuum
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mechanics-based theories, such as couple stress theory, micropolar theory, surface elasticity theory,
fractional calculus-based theories, modified couple stress theory, strain gradient theory, modified strain
gradient theory, and nonlocal elasticity theories, offer a feasible compromise between accuracy and
computational efficiency. Many models based on these non-classical continuum mechanics-based
theories have been developed in the literature to investigate the size-dependent mechanical behavior of
both crack-free and cracked structures at small scales [4—18].

Based on the available experimental results in the literature, the behavior of materials at small scales may
vary. More precisely, while some researchers reported a stiffer response as the dimension of structures
reduced [2, 3], some studies reported that normalized bending stiffness of micro- and nanobeams could
remain constant [19] or even decrease with decreasing dimensions [20, 21]. Therefore, it is of utmost
importance for a non-classical model to be able to capture both possible stiffening and softening
responses of structures at the small scales. However, this is not the case for the Eringen nonlocal and
strain gradient theories. While theories rooted in the strain gradient theory of elasticity primarily account
for the stiffening behavior (e.g. [22]), those based on Eringen’s nonlocal integral elasticity theory predict
only a softening behavior in structures at small scales. Thus, there is a growing interest in merging
concepts from various non-classical continuum mechanics-based theories to enhance their scope of
application. One such outcome of this endeavor is the nonlocal strain gradient theory [23], which
combines nonlocal elasticity and strain gradient theory. A more recent development is the introduction
of the mixture unified gradient theory of elasticity [24]. This theory integrates elements from the stress
gradient model, strain gradient model, and classical elasticity theory, enabling it to effectively capture
both stiffening and softening behaviors in small-scale structures. The mixture unified gradient theory has
been successfully applied to address size effect phenomena in various structural problems [24-26].

The mixture unified gradient theory of elasticity was originally formulated for micro- and nanobeams
featuring continuous field variables [24]. The model was further developed in [27] to address nanobeams

subjected to a concentrated load along their span, leading to the derivation of a set of non-standard
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interface conditions. Following [27] and given the potential of the mixture unified gradient theory to
address size-dependent mechanical responses in small-scale structures by capturing both stiffening and
softening effects, this theory is extended herein to accommodate scenarios where the beam contains
multiple edge cracks. In such instances, the beam domain needs to be partitioned into distinct sections,
and appropriate boundary and continuity conditions must be imposed. To achieve this, the time-
dependent functional associated with the mixture unified gradient theory of elasticity is decomposed at
the cracked cross-sections, and extra non-standard boundary and continuity conditions are derived
through rigorous mathematical procedures. These non-standard conditions, combined with the standard
variationally consistent boundary and continuity conditions, are then applied to calculate the natural
frequencies of small-scale beams with multiple edge cracks.

The article is structured as follows. Section 2 outlines the problem definition and formulation, along with
discussions on kinematic assumptions. Particularly, continuity conditions at cracked cross-sections are
established by introducing rotational and translational springs. Consequently, the bending slope and
deflection exhibit jumps at cracked cross-sections, proportional to the bending moment and shear force
transmitted through the cross-section. In the Section 3, the formulated model is applied to small-scale
beams with one and two cracks. Frequencies, up to the fourth mode of vibrations, are presented for beams
under different boundary conditions and characteristic parameters. Finally, Section 4 presents the

conclusions drawn from the study.

2. Problem Definition and Formulation

Consider the free transverse vibration of the small-scale slender beam depicted in Fig. 1(a). Cartesian
coordinate system x-z is established at the centroidal axis of the beam and its left end. Without loss of
generality, it is assumed that the beam features a rectangular cross-section /2 x b, and has n edge cracks

with lengths a. at specific locations denoted as X; fori =1 ..., n. The small-scale beam is composed of

an isotropic homogeneous material with Young’s modulus E. The flexural stiffness and length of the
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beam are defined by, respectively, EI = Ebh’ / 12 and L. The presence of n cracks partitions the beam

into n + 1 sections. Both cracks and sections are numbered from left to right. Here and throughout the

derivation, DFE and E define the quantity F associated with, respectively, the section j and the cracked

cross-section i. Moreover, the m-th derivative of the quantity F with respect to x is denoted by £ .

m times

Fig. 1 (a) Small-scale beam with n cracks. (b) Rotational and translational springs used to model the effect of the

crack.

2.1. Kinematic Assumptions
Since the considered small-scale beam is slender, shear deformations are neglected [28], and the
displacement field is described using the Bernoulli-Euler beam model:

(), :_Z(i)va(x)) O] :(i)v(x) ()

z

i)

where u, and (i)uz are, respectively, the axial and transverse displacements of section i. The first

derivative of the transverse displacement, @y, , denotes the bending slope.

The free transverse vibration of a cracked beam presents a complex nonlinear problem due to the periodic

opening and closing of the crack faces, known as the breathing phenomenon. Consequently, formulating



the problem analytically proves challenging. The aforementioned nonlinearity is addressed in Ref. [29]
by modeling it as a piecewise linear system. This approach enables the approximation of the natural
frequencies of a cracked beam by integrating the two extreme solutions obtained under the assumption
of either the crack always being open or always being closed. For the sake of obtaining analytical
solutions to the problem of a cracked beam, it is commonly assumed that the crack remains open
throughout the vibration [6, 30]. The same assumption is, thus, adopted in this study.

Assuming that the cracks are always open, the transverse displacement and the bending slope exhibit
discontinuities at the cracked cross-sections due to the local flexibilities of the cracks. In structural
analysis, these discontinuities are typically modeled by introducing elastic rotational and translational

springs at the cracked cross-sections [6, 16, 31], as illustrated in Fig. 1(b). Therefore, the kinematic

continuity conditions at the cracked cross-section located at x = x; are:

2)

fori=1, ..., n. The quantities M () and "% (x,) are, respectively, the bending moment and the shear

force acting on the cracked cross-section. The parameters ¢, and ¢ denote the compliances of the i-th

crack, which can correspond, respectively, to the mode I and mode II stress intensity factors induced by
the bending moment and the shear force. Closed-form expressions of the crack compliances in terms of
the crack length are provided in Appendix A for a rectangular beam with an edge crack under plane-

stress conditions.

2.2. Governing Equations



The time-dependent variational functional [P consistent with the Bernoulli-Euler beam model within the

framework of the mixture unified gradient theory reads [25]:
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as the time is denoted by ¢. The resultant moments M, and M, are defined as the dual fields of the

flexural curvature y =v, and its first-order derivative along the x-axis y, =V respectively.

Introductions of (i) the stress gradient characteristic length ¢, (ii) the strain gradient length-scale
parameter ¢, and (iii) the mixture parameter « address the significance of the corresponding gradient
theory of elasticity. More precisely, incorporating these gradient and mixture parameters, the mixture
unified gradient theory can capture both stiffening and softening effects at small scales. These parameters
can be calibrated using the experimental or atomistic results.

Taking the first variation of the functional while treating the kinematic and kinetic field variables

independently, and applying Green’s theorem on the kinetic field variables, we arrive at:
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The boundary terms can be released due to the heuristic assumption on the virtual kinetic test field

variables to have compact support on the domain boundary [24]. Prescribing the stationarity of the



introduced time-dependent variational functional, the constitutive laws of the resultant moments A, and

M, , valid for each section of the cracked small-scale beam [25], are determined as:

OM > DM, =—-EI Y,

OM,-c* M, =—EI (ac® +1*) N, ©)
fori=1, ..., n+ 1. Introducing the total bending moment DM as [24]:

Dpag = (!‘)]\40 _ (i)Ml’x (6)
the following equation can state both constitutive laws provided in Eq. (5) [25]:

OM —¢* M, =—EI (v, —(ac®+2*) Y, (7)

Following [27], the governing equations and the consistent boundary and continuity conditions at the

cracked cross-sections are, afterward, derived by prescribing the stationarity of the functional, 6P =0:

SP = j (M6, +M 6v,., )dx Zj)‘ (M v, +M v, )dx =
" (8)
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Given the first term in the right-hand side of the equation, the equation of motion governing the free
transverse vibration of the i-th section, fori =1, ..., n + 1, is derived by the application of the d’ Alembert

principle as follows [25]:
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with (1,,1,) = Lp(l,zz )dA = (m, mh2/12) , where m is the mass per unit length of the beam. The time

derivatives are shown by dots over the transverse displacement. Notably, the equation of motion has the

standard form of the Bernoulli-Euler beam model.

Substitution of "M » from Eq. (9) into (7) yields the following closed-form expression for the bending

moment [25]:

On =B (Y, ~(ac+ ) e (1,0 -1, ) (10)

The constitutive equation is of higher order than the one of the classical theory, which can be recovered
from Eq. (10) by setting ¢,/ —0.

An explicit expression can be obtained for U , by following straightforward mathematics [25]:
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The equation of motion in terms of the transverse displacement is derived by substituting the bending

moment Eq. (10) into the governing equation of motion Eq. (9):
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Using the standard method of the separation of variables and assuming the harmonic solution as

) v(x, t ) = (’)l// (x) ¢ , the characteristic equation, spatial equation of motion, for section i is derived as:
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fori =1, ..., n + 1. The derived dynamic equilibrium equation is a sixth-order differential equation,
noticeably distinct from the classical fourth-order equation consistent with the Bernoulli-Euler beam
theory. Along this school of thought, similar higher-order equations of motion have been derived in prior
studies for the dynamics of small-scale rods and beams, each employing distinct approaches to address
size effects. For instance, strain gradient theories developed in [32-34] for studying the size-dependent
dynamics of small-scale mass sensors yielded higher-order equations compared to classical formulations.
Analogous findings were observed in [35] when applying the stress-driven nonlocal theory to investigate
the vibration of small-scale cracked beams.

The solution of the dynamic equilibrium equation for section i, Eq. (13), depends on six unknown

integration constants. Therefore, when analyzing a small-scale beam with n cracks, the solutions to the

governing equations are expressed in terms of 6(n+1) unknown constants. The corresponding
eigenvalue problem is formulated by imposing 6(n+1) standard variational and extra non-standard

boundary and continuity conditions. From which, 2(11 +1) extra non-standard boundary and continuity

conditions are derived by prescribing the stationary of the introduced functional, i.e. vanishing the last

term on the right-hand side of Eq. (8):

DM, (x0,1) ="M, (x,,,,1)=0
M, (x,,t) ="M, (x,,1) (14)

1

Dy, (xl., t) =y, (xl.,t)

fori=1, ..., n. The non-standard boundary and continuity conditions presented above are consistent with
those derived in [27]. The remaining conditions are the 4 variationally consistent boundary conditions

2n kinematic compatibility conditions at the cracked cross-sections provided in Eq. (2),
10
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and 2n variationally consistent kinetic conditions on the continuity of the bending moment and shear

force at the cracked cross-sections:

OM (x,.1) = M (x,.1)

, . 15
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for i = 1, ..., n. All the above-mentioned 6(71+1) conditions can be solely stated in terms of the

transverse displacements of the sections, (i)l// (JC) , using the following equations for /M and “'M:
(Z)M = |:—EI ((i)wﬁxx _(aCZ +£2) (i)W7xxxx ) _Cza)z (]O (Z)W_IZ (i)l/jﬂxx )j|eial (16)
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The imposition of 6(n+1) conditions in terms of ([)l// (JC) yields a homogeneous system of algebraic

equations, whose nontrivial solution exists only if the determinant of the coefficient matrix vanishes. The
natural frequencies are, subsequently, determined by finding the roots of the determinant of the
coefficient matrix. The bisection method is used to find the roots numerically.

Last but not least, the solution approach implemented in this study is formulated in terms of kinematic
field variables. Meanwhile, alternative structural problems, featuring kinetic field variables, can be
treated by applying a series solution form [36, 37]. Dissimilar solution methodologies have been
proposed in the literature to seek every possibility for the structural characteristics of sophisticated

problems.
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3. Results and Discussions

The established size-dependent model is utilized in this section to investigate frequency shifts in small-
scale beams with one or two cracks. The effects of various parameters, including stress and strain gradient
characteristic lengths, the mixture parameter as well as crack length and location on the frequencies, are
thoroughly examined up to the fourth mode of vibration. Four typical boundary conditions, namely,
clamped-free, pinned-pinned, clamped-pinned, and clamped-clamped, are considered. The results are
presented using the following dimensionless parameters:

; h=—; @=wl’\Jm/EI (18)

h
L
3.1. Verification

Before presenting numerical results associated with the frequencies of mixture unified gradient elastic
beams with cracks, the validity of the established size-dependent model is assessed by comparing its
predictions for two limiting cases with available experimental and analytical solutions in the literature.
The first case refers to experimental work on the frequencies of a large-scale cracked clamped-free beam
as reported in [38]. Ratios between the first four frequencies of the cracked and crack-free beams

predicted by the present model for ¢,77 — 0, which reduces the model to a classical formulation, and

the corresponding experimental results, are depicted in Fig. 2. The mixture parameter loses its effect on
the results due to the vanishing gradient parameters. The geometrical characteristics of the beams are
described in the illustration caption. The figure illustrates an excellent agreement between the predictions
of the present model and the experimental results for the case of mesoscale cracked beams, even at higher

modes of vibrations and longer cracks.
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Fig. 2 Ratios between the (a) first, (b) second, (¢) third, and (d) fourth natural frequencies of a cracked clamped-
free beam with # =0.039 and those of a crack-free beam, as predicted by the present model for ¢,n—0.The

experimental data reported in [38] for mesoscale beams are also provided. The crack locations for the first to

fourth modes of vibrations are 0.2, 0.55, 0.3, and 0.5, respectively.

The results of the second verification case are depicted in Fig. 3. Small-scale clamped-free and clamped-
clamped beams with one crack located at the mid-span are considered, and the dimensionless
fundamental natural frequencies are presented by decreasing the crack length from a/h=0.6 to 0. The
thickness-to-length ratio is 4 =0.1732, and the gradient and mixture parameters are chosen as ¢ =0.6,
and n=a=0.5. As anticipated, the natural frequencies are higher for beams with shorter cracks. When

the crack length tends to zero, the predictions of the present model align with those reported in [25] for

a crack-free mixture unified gradient elastic beam.
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Fig. 3 Convergence of the fundamental natural frequencies predicted by the present model to the corresponding

data in [25] for a crack-free small-scale beam on reducing the crack length to zero. The results are presented for

the (a) clamped-free and (b) clamped-clamped small-scale beams with one crack at x; =0.5, h=0.1732 ,

=06,n=a=05.

3.2. One Crack

The fundamental natural frequencies are depicted in Fig. 4 for small-scale beams with various boundary
conditions. Beams have a thickness-to-length ratio of % =0.1 and one crack with a length of a/h=0.5,
located at mid-span. The mixture parameter is fixed at 0.5, and the results are displayed for different
stress and strain gradient parameters.

It has been observed in [25] that stress and strain gradient characteristic length parameters exhibit
softening and stiffening effects, respectively, on the response of crack-free mixture unified gradient
elastic beams. This behavior is similarly confirmed here for cracked beams when examining the results

in Fig. 4. As depicted in Fig. 4, an increase in the stress gradient parameter ( ¢') consistently decreases

the natural frequency irrespective of the boundary conditions. Conversely, increasing the strain gradient

parameter (77) consistently increases the natural frequency. The magnitude of the impact of gradient

parameters on natural frequencies significantly varies with boundary conditions. For instance, when the

strain gradient parameter increases from 0 to 0.9 in the absence of the stress gradient parameter, the
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natural frequency rises by 19%, 6%, 119%, and 82% for clamped-free, pinned-pinned, clamped-pinned,

and clamped-clamped small-scale beams, respectively.
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clamped-clamped small-scale beam with h =0.1 and one crack with a length of a/h=0.5 located at X, =0.5.

The mixture parameter is set equal to 0.5 and results are presented on varying the stress and strain gradient

parameters.

The ratios between fundamental natural frequencies of cracked and crack-free small-scale beams are
examined for various boundary conditions in Fig. 5. The beams have a thickness-to-length ratio of 0.1
and one crack at the mid-span. The mixture parameter is fixed at 0.5, and the results are illustrated while

changing the stress and strain gradient parameters for two different crack lengths.
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Two main trends are evident from the results presented in Fig. 5. Firstly, the impact of the crack on the
natural frequency depends on the stress and strain gradient parameters. Specifically, this effect is more
pronounced when the stress and strain gradient parameters are lower and higher, respectively. Secondly,
the influence of the stress and strain gradients on the frequency ratio intensifies with longer cracks. For
instance, increasing the strain gradient parameter from 0 to 0.9, while the stress gradient parameter is
fixed at 0.4, reduces the frequency ratio of the clamped-clamped beam by 15% and 54% for crack lengths

of 0.25 and 0.5, respectively.
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Fig. 5 Ratios between the fundamental natural frequencies of cracked and crack-free (a) clamped-free, (b)

pinned-pinned, (c¢) clamped-pinned, and (d) clamped-clamped small-scale beam with h =0.1 and one crack
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located at X, =0.5. The mixture parameter is set equal to 0.5 and results are presented on varying the stress and

strain gradient parameters for two crack lengths.

The impact of crack length and location on the fundamental natural frequencies of small-scale beams

with various boundary conditions is illustrated in Fig. 6. The results refer to small-scale beams with

h=0.1, =04, n=a=0.5. As anticipated, longer cracks consistently decrease the frequencies.

However, the influence of crack location on the frequencies is more intricate. Specifically, when the
crack is located at cross-sections experiencing higher bending moments, its effect is more pronounced.
For instance, in a clamped-free beam, the frequency reduction is more pronounced when the crack is
located closer to the fixed end. Conversely, when the crack is near the free end, even long cracks have
minimal effects on the frequency. Moreover, the crack exerts its maximum influence on the frequency
of pinned-pinned and clamped-clamped beams when positioned at the mid-span, where the bending
moment is maximized. However, in a clamped-clamped beam, if the crack is located around 0.25 or 0.75,
where the bending moment is negligible, its effect is minimized. The dependence of frequency on crack
length and location, as illustrated in Fig. 6, aligns with observations made by other researchers who have

applied various non-classical continuum mechanics-based theories to the same problem (e.g., [35]).
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Fig. 6 Fundamental natural frequencies of the (a) clamped-free, (b) pinned-pinned, (¢) clamped-pinned, and (d)
clamped-clamped small-scale beam with h=0.1, ¢ =04, n=a=0.5. The results are presented for the small-

scale beams with one crack varying its length and location.

As mentioned earlier, the effect of the crack on the natural frequencies is highly dependent on its location.
This dependence is well described by the following statement: the closer the crack is to cross-sections
with higher bending moments, the stronger its effect on the frequencies. Therefore, it is expected that the
effect of crack location on natural frequencies differs for various modes of vibration. This is
demonstrated in Fig. 7, where the natural frequencies of the first four vibration modes of a clamped-
clamped small-scale beam with 72 =0.1, =04, =a=0.5 are depicted. Results are presented by

varying the crack length and location. When the crack is positioned at the mid-span, its effect on the first
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natural frequency is maximized. However, the impact of a mid-span crack on the second frequency is
negligible due to the vanishing bending moment at the mid-span during the second mode of vibration.
Conversely, while cracks at 0.25 and 0.75 do not significantly affect the first frequency, they result in a
notable reduction in the second frequency. Note that the frequencies always decrease with increasing

crack length, regardless of the mode of vibration.
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Fig. 7 Frequencies of the (a) first, (b) second, (c) third, and (d) fourth mode of vibration of a clamped-clamped
small-scale beam with /& =0.1 , (=04, n=a=0.5. The results are presented for the small-scale beams with

one crack varying its length and location.

The effect of crack length and location also highly depends on the values of the gradient and mixture

parameters. Results in Fig. 8 refer to the fundamental natural frequencies of clamped-clamped small-
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scale beams with % =0.1. In Fig. 8(a), the strain gradient and mixture parameters are held constant at
n=0.5 and a=0, while frequencies are presented by varying the crack length and location for three
different values of the stress gradient parameter: 0, 0.3, and 0.6. The impact of crack length and location
on the frequency is more pronounced when the small-scale beam is stiffer, particularly when the stress
gradient parameter tends to zero. The same observation is also made in Fig. 8(b) and (c): the stiffer the
beam, the greater the effect of crack length and location on the frequency. Specifically, the frequencies
of small-scale beams with higher values of the strain gradient and mixture parameters are more sensitive

to the presence of the crack.

(a) (b)
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X SEE VA a / h
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Fig. 8 Fundamental natural frequencies of the clamped-clamped small-scale beams with h =0.1. The results

are presented for the cases with one crack on varying its length and location for (a) 7=0.5 and =0, (b)

¢=03 and a=0,and (c) =03 and 7=0.5.

3.3. Two Cracks

Application of the formulated model to small-scale beams with multiple cracks is straightforward. Here,
small-scale beams with two cracks, h=0.1 , ¢ =n=03,and a=0.5, are studied. Four different boundary
conditions are considered, and the fundamental natural frequencies are presented in Fig. 9, varying
lengths of the first and second cracks symmetrically located about the mid-span, at X, =0.35 and x, =0.65

. The effect of the second crack on the natural frequency of the clamped-free small-scale beam in Fig.
9(a) is weakened by the presence of the first crack, positioned closer to the fixed end with a higher
bending moment. Similarly, the effect of the first crack located at X, =0.35 on the natural frequency of
the clamped-pinned beam is shielded by the presence of the second crack. However, the effects of both
cracks, which are symmetrically located about the mid-span, on the natural frequencies of the pinned-

pinned and clamped-clamped beams are the same.
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Fig. 9 Fundamental natural frequencies of the (a) clamped-free, (b) pinned-pinned, (c¢) clamped-pinned, and (d)
clamped-clamped small-scale beam with h=0.1,¢=n=03,and @=0.5. The results are presented for the

small-scale beams with two cracks located at X, =0.35 and X, =0.65 on varying crack lengths.

4. Conclusions

The impact of multiple edge cracks on the first and higher natural frequencies of small-scale beams is
investigated. The mixture unified gradient elasticity theory is employed to capture size effects at small
scales, incorporating stress and strain gradient characteristic lengths along with a mixture parameter into
the formulation. Through rigorous mathematical treatment of the time-dependent variational functional,
variationally consistent, and extra non-standard boundary and continuity conditions are derived. The
natural frequencies are obtained by solving the eigenvalue problem constructed from the equilibrium

equations associated with the Bernoulli-Euler beam model at different sections of the beam between the
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edge cracks while imposing standard and extra non-standard boundary and continuity conditions.
Continuity conditions at the cracked cross-sections are established by introducing linear elastic rotational
and translational springs.

The accuracy of the formulated model is tested using two cases for which experimental and analytical
results are available in the literature. Initially, it is demonstrated that the model accurately predicts
experimental results regarding the frequencies of classical mesoscale cracked beams. Secondly, it is
illustrated that the predictions of the model align with those of crack-free mixture unified gradient elastic
beams as the crack length approaches zero. Subsequently, the model is employed to explore the impact
of gradient and mixture parameters in addition to the crack length and location on the first and higher
frequencies of nano-sized beams with various kinematic constraints. It is realized that the stress gradient
characteristic parameter induces a softening effect, leading to reduced frequencies of small-scale cracked
beams. Conversely, the strain gradient characteristic and mixture parameters contribute to a stiffening
effect, resulting in increased frequencies. The influence of gradient parameters on the frequency ratio
amplifies with longer cracks. Moreover, it is confirmed that frequencies consistently decrease with
increasing crack length. The effect of crack length and location on natural frequency varies according to
the prescribed values of stress and strain gradient parameters. Notably, this influence is more pronounced
with lower stress gradient parameters and higher strain gradient parameters. The insights gained from
the present study have potential implications for innovative design and damage detection in small-scale

beams.
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Appendix A

Regarding mesoscale beams, there exists ample literature supporting the adoption of the simplified spring
model in Eq. (2) for dynamic analyses of cracked beams. For instance, by utilizing the internal and
external potential energies associated with the crack to establish the energy release rate as the negative
derivative of the total potential energy concerning crack length, and establishing the connection between
the energy release rate and the stress intensity factors, the crack compliances can be expressed in terms
of the stress intensity factors and, consequently, directly in terms of the crack lengths [39, 40]. The crack
compliances are determined in [40] for a rectangular mesoscale beam with an edge crack under plane

stress conditions:

¢ =12Ch[" F2(p)dp,  for0<p <06

p 0.923+0.199{1—sm7ff}
Fy (B)=y[tan—> B, (A1)

COos

¢ =265335Ch[" ——ap  for0.6<p <1

" (1-£)

and
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P BN A | 5
c. =—Ch —F Vd B for0< B <1
e S ALY B

(A.2)
F, (8)=1.993p +4.5138>-9.5163° +4.4823°

where [ =a,/h is the relative length of the i-th crack with respect to the nanobeam thickness, and

C= 1/ (EI ) Furthermore, natural frequencies of mesoscale cracked beams obtained using the elastic

spring model have shown excellent agreement with experimental findings, even for higher vibration
modes [40]. Therefore, it is reasonable to assert that conducting vibration analysis on mesoscale cracked
beams using the conditions outlined in Egs. (2), (A.1), and (A.2) yields accurate results.

The closed-form expressions for the crack compliances in Egs. (A.1) and (A.2) are derived based on
local fracture mechanics, and therefore, may not necessarily be applicable at small scales. Particularly at
the atomistic level, van der Waals forces between atoms positioned at the surfaces of the crack tend to
induce closure, potentially affecting the kinematic compatibility conditions. Nonetheless, these equations
are applied in this study to define the crack compliances in terms of crack length. Even if Egs. (A.1) and
(A.2) are required to be improved, the conclusions of the present study remain valid.

It is also assumed that the cracks do not propagate during vibration and are sufficiently distant from each
other, ensuring that their local crack tip stress fields remain undisturbed. Consequently, the model does
not account for crack interactions that may result in stress amplification or shielding. However, assuming
non-interacting cracks enables the definition of the local compliance of each crack based on its length
using Egs. (A.1) and (A.2), and allows for investigating the impact of a system of » cracks on natural

frequencies.

Data Availability

Data will be made available on request.
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