
1 
 

 Softening and Stiffening Size Effects in Free Flexural Vibration of Small-

scale Cracked Beams + 

Akbar Hassanpour, Hossein Darban1 

 Institute of Fundamental Technological Research, Polish Academy of Sciences, Pawińskiego 5B, 
02-106 Warsaw, Poland 

 

 

Abstract  

Studying the dynamics of small-scale beams with cracks is crucial for damage detection and 

maintenance in micro- and nano-electromechanical systems. This paper studies the size-dependent 

free transverse vibration of miniaturized cracked beams using a local/nonlocal stress-driven 

gradient elasticity model. A key novelty of this model is its ability to simulate both softening and 

stiffening behaviors at small scales, unlike other stress-driven nonlocal models in the literature.  

The effect of cracks on the vibration of beams is modeled by introducing rotational and 

translational springs at the cracked cross-sections. The analysis considers a Timoshenko small-

scale beam with an arbitrary number of cracks. To solve the problem, the beam is divided into sub-

beams at the cracked cross-sections, and the higher-order equations of motion are solved for each 

sub-beam individually. The frequencies and associated mode shapes are derived by solving the 

eigenvalue problem constructed by the imposition of the standard variationally consistent and non-

standard constitutive boundary and continuity conditions. The accuracy of the model is verified 

against experimental, molecular dynamics, and analytical results from the literature. The 

formulated model is further used to investigate the frequencies of intact and cracked beams with 

different boundary conditions. The effects of shear rigidity, boundary conditions, nonlocal 

parameters, crack length and location, and multiple cracks on frequencies and mode shapes are 

systematically analyzed.  

 Keywords: Frequency shift; Defect; Nonlocal gradient elasticity; size-dependence; MEMS; 

NEMS. 
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1. Introduction 

Smart devices incorporating nanostructures are characterized by exceptional mechanical 

performance, high precision, and low energy consumption [1]. They are being utilized across 

various fields of science and technology, such as bioscience, materials engineering, and 

mechanical engineering [2]. In some of the Micro-electromechanical systems (MEMS) and nano-

electromechanical systems (NEMS), electrical elements are integrated with small-scale structures 

such as beams, tubes, shells, and plates to function as mass sensors, accelerometers, energy 

harvesters, and actuators [3–5]. 

The study of the mechanical responses of micro- and nanostructures is complicated by the size 

effect, which is not considered in the models based on classical continuum mechanics. Ignoring 

the size effect can lead to inaccurate modeling and design of small-scale structures. To address 

this shortcoming, various models based on nonclassical continuum mechanics theories have been 

developed to incorporate size-dependence effects in modeling miniaturized structures [6–10]. 

An accurate and computationally cost-effective approach for addressing size-dependence in the 

mechanical response of small-scale structures is based on the nonlocal theory of elasticity, 

originally proposed by Eringen [11]. Based on Eringen’s nonlocal strain-driven model, the 

constitutive equation relates stress at a point to the strains at all points of the body. This theory is 

originally expressed in an integral form, which is challenging to solve. To address this problem, 

the integral formulation was transformed into a set of partial differential equations. However, a 

paradox has emerged between the integral and differential formulations in structural theories based 

on Eringen’s nonlocal elasticity theory [12]. For instance, in [13], a size-independent solution was 

obtained for the bending behavior of Bernoulli-Euler small-scale cantilever beams. 

To resolve this issue in beam formulations, the stress-driven nonlocal theory of elasticity was 

introduced by modifying Eringen's nonlocal constitutive equation. In this approach, the strain at 

each point is expressed as an integral convolution of the stresses at all points in the body, using a 

kernel function [14]. Although the stress-driven model is well-posed, it cannot model the softening 

behavior observed at micro and nanoscales, e.g., in [15]. To overcome this limitation, the model 

was extended to a local/nonlocal stress-driven gradient (SDGE) model [16]. By incorporating 

gradient length scale and mixture parameters, the SDGE model can capture both softening and 

stiffening behaviors in miniaturized structures. This model has gained attention and is applied to 
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study the mechanical responses of structures at micro and nanoscales, such as vibration [17], 

bending [18,19] and buckling [20,21]. 

Micro- and nanostructures may develop cracks due to manufacturing defects, severe loading, and 

environmental conditions, among other factors, which can significantly change their mechanical 

response. Numerous studies have explored the effects of cracks on the dynamics of micro- and 

nanoscale structures, such as free transverse vibrations analyses of Bernoulli-Euler [22] and 

functionally graded Timoshenko [23] cracked nanobeam. Furthermore, torsional vibration [24], 

forced vibration [25], thermal vibration [26], and wave power transmission [27] of cracked 

nanobeams have been also studied. It is significant to highlight that the examination of cracked 

micro- and nanobeams using the original version of SDGE model encountered challenges because 

of the absence of essential mathematical continuity conditions needed to solve the resulting 

boundary value problem. This obstacle was overcome when a set of kinematic continuity 

conditions associated with the integral form of the constitutive equation of the SDGE model was 

derived in [18]. 

To the best of the authors' knowledge, no previous study has investigated the free transverse 

vibrations of cracked miniaturized structures using the SDGE model. The significance of applying 

this model lies in its capacity to analyze both stiffening and softening behaviors exhibited by 

micro- and nanostructures. 

In this study, the free transverse vibration of both Timoshenko and Bernoulli-Euler cracked micro- 

and nanobeams are investigated using the SDGE model. The structure of the present paper is as 

follows. Section 2 introduces the problem under consideration. In section 3, the SDGE model is 

developed based on Timoshenko beam theory to examine the free transverse vibrations of 

miniaturized beams with an arbitrary number of cracks. Section 4 details the method for solving 

the governing differential equations and determining the natural frequencies. The results are then 

presented and discussed in Section 5. This section also analyzes the effects of crack length and 

location on the free transverse vibrations of miniaturized beams, explores the influence of nonlocal 

parameters in the SDGE model on natural frequencies, and examines the impact of multiple cracks. 

Additionally, a brief discussion in this section addresses the observed trend of increasing natural 

frequencies with increasing crack length for specific values of nonlocal parameters. Finally, 

section 6 summarizes the key findings of the study. 
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2. Problem definition, assumptions 

Free transverse vibration of a small-scale beam with a rectangular cross-section containing 𝑛 − 1 

edge cracks is considered, as illustrated in Fig. 1. The beam has an in-plane thickness of h, out-of-

plane width of b, length of L, and cross-section area of 𝐴.  A Cartesian coordinate system 𝑥 − 𝑦 is 

established at the mid-thickness of the beam, with the origin at the left end. A generic crack has a 

length 𝑎௞ and is located at the position 𝑥௞ (𝑘 = 1, … , 𝑛 − 1) along the length of the beam. The 

local elastic compliance of the beam is given by 𝐶 = 1/𝐸𝐼, where 𝐸 is the Young's modulus and 

𝐼 is the second moment of the area. Additionally, 𝐺 is shear modulus, 𝑘ఛ is shear correction factor 

and 𝜌 is the density of the material from which the beam is made. 

 

Fig. 1 Micro- or nanobeam containing multiple cracks. 

 

In vibration studies of  cracked beams, it is common to assume that cracks remain open throughout 

the vibration process [28–30]. This assumption simplifies the analysis by avoiding the 

complexities introduced by the non-linear behavior of breathing cracks [31]. In this paper, the 

same assumption is adopted to facilitate the calculations. Additionally, it is assumed that the cracks 

are sufficiently spaced apart, so their local crack tip stress fields do not interact. 

The elastic spring model, depicted in Fig. 2, is frequently employed to study the impact of cracks 

on the mechanical behavior of structural elements such as beams and plates [32–36]. In this 

approach, the cracked beam is segmented into two sub-beams connected at the cracked cross-

section by rotational and translational springs. 
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Fig. 2 Modeling crack by elastic springs. 

 

The impact of the crack on the free transverse vibrations of cracked structures is modeled by 

introducing discontinuities in the cross-section rotation (𝜃) and transverse displacement (𝑦) at the 

crack location. These discontinuities are proportional to the bending moment (𝑀) and shear force 

(𝑄) transmitted across the crack: 
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where 𝐶ெ and 𝐶ொ represent the crack compliances of the rotational and translational springs, 

respectively. In this paper, the closed-form solutions derived in [37] for crack compliances in a 

beam with a rectangular cross-section under plane stress conditions are utilized (see the Appendix).  

 

3. Problem formulation 

This section presents the SDGE model in its integral form, along with the mathematically 

equivalent differential equations and the required constitutive boundary and continuity conditions. 

Subsequently, the governing equations for free transverse vibrations of small-scale beams are 

derived using the equations of motions of the Timoshenko beam.  

3.1. Local/nonlocal stress-driven gradient elasticity (SDGE) model 

According to the local/nonlocal stress-driven gradient elasticity (SDGE) model presented in [16], 

the constitutive laws for a Timoshenko small-scale beam, which establishes the relationships 
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between the elastic curvature (𝜒) and the bending moment (𝑀), as well as between the shear strain 

(𝛾) and the shear force (𝑄), are expressed by the following integral equations: 
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where 𝐶 is the local compliance, 𝐺 shear modulus, 𝑘ఛ shear correction factor, and A the cross-

section area. The SDGE model incorporates three nonlocal parameters 𝐿௖, 𝐿௟ and 𝛼. The parameter 

𝐿௖ represents the material length scale contributing to the stiffening behavior at micro- and 

nanoscales. In contrast, 𝐿௟ is a gradient length scale parameter associated with the softening 

behavior of small-scale structures. The first two terms on the right-hand side of the integral forms 

of the constitutive laws, which involve the mixture parameter 𝛼, represent a combination of local 

and nonlocal contributions. The relative weight of these contributions is controlled by 𝛼, which 

ranges between 0 and 1. When 𝛼 = 0, the local contribution vanishes, resulting in a fully nonlocal 

response within the SDGE model. As the value of 𝛼 approaches 1, the nonlocal contribution 

diminishes while the local contribution becomes more pronounced.  

In Eq.(3) and Eq.(4),  𝜙௅಴
 is a kernel function which depends on the length scale parameter 𝐿௖ and 

often defined as: 
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For nanobeams with internal discontinuities, such as the one considered in this paper, the integral 

form of the SDGE model over the entire nanobeam length must be reformulated into a set of partial 

differential equations for each sub-beam, subject to mathematically consistent boundary and 

continuity conditions. This approach is detailed in [18], and the equations are presented below. 

The integral representations of the constitutive laws in Eq.(3) and Eq.(4) are mathematically 

equivalent to the following differential equations for sub-beam 𝑘 [18]: 
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for 𝑘 = 1, … . 𝑛. For simplicity, 𝐶௦ = 1/𝑘ఛ𝐺𝐴 is assumed. Here and throughout the paper, 𝑘 

subscript on the right side of a quantity denotes association with the section 𝑘. 

This transformation of the constitutive laws leads to the following constitutive boundary 

conditions at both ends of small-scale beams [18]: 
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and constitutive continuity conditions at each cracked cross-section [18]: 
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for 𝑘 = 1, … . 𝑛. For the first section (𝑘 = 1), at its left end, the constitutive continuity conditions 

(12) and (13) reduce to the constitutive boundary conditions as given by Eq.(8) and Eq.(9). 
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Similarly, for the last section (𝑘 = 𝑛), at its right end, the constitutive continuity conditions (14) 

and (15) take the forms of the constitutive boundary conditions presented in Eq.(10) and Eq.(11). 

Therefore, Eqs.(12)-(15) present 4(𝑛 − 1) non-standard constitutive continuity conditions 

necessary to solve the boundary value problem. 

 

3.2. Governing differential equations for small-scale beams 

According to the Timoshenko beam theory, the relationship between the shear strain 𝛾(𝑥, 𝑡), 

transverse displacement 𝑦(𝑥, 𝑡), cross-section rotation 𝜃(𝑥, 𝑡) and the elastic curvature of the beam 

𝜒(𝑥, 𝑡) are as follows: 
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The dynamic equilibrium equations for the free transverse vibration of sub-beam k based on the 

Timoshenko beam model are: 
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where 𝜌 is the density. Throughout this paper, the symbol 𝑋̈ represents the second time derivative 

of a given parameter 𝑋. 

By taking the first derivative of Eq.(19) to define /kQ x  , and replacing the expression into 

Eq.(18), the following equation for the second derivative of the bending moment is obtained: 
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To obtain the equation for the bending moment, equations (17) and (20) are substituted into Eq.(6): 
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Additionally, taking the first derivative of Eq.(18), results in the following expression for the 

second derivative of the shear force: 

 

2

2

( , ) ( , )k kQ x t y x t
A

x x


 


 


 (22) 

 

By substituting equations (16) and (22) in Eq.(7) the equation for shear force is obtained as: 
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Next, taking the second derivative of Eq.(21) with respect to 𝑥 and substituting it into Eq.(20) 

results in the first governing equation for the vibration of sub-beam k in terms of the displacement 

functions: 
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Using Eq.(19), the expressions for ( , )kQ x t is given by: 
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Finally, by taking the first derivative of Eq.(21) to defined /kM x  , and substituting it into (25) 

to define kQ and substituting it into Eq. (23), the second differential governing equation of sub-

beam k in terms of the displacement functions is derived as: 
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Note that the equations of motion (24) and (26) are coupled and need to be first decoupled. 

 

4. Solution technique 

The solution of the differential governing equations (24) and (26) starts by decomposing them into 

a harmonic time-dependent part and a spatial differential equation. Next, the equations are 

transformed into their dimensionless forms, and the governing equations are then decoupled. 

Assuming a harmonic solution, the displacement functions are:  
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where 𝜔 is the frequency. 

Substituting Eq.(27) into the first and second differential governing equations, i.e. Eq.(24) and 

Eq.(26), results in the following spatial form of governing equations:  

 

5 3 3 2
2 2 2 2 2 2 2 2

5 3 3 2

2

( ) ( )

0

k k k k k
C C l C l

k

d d d d d
L IC L L IC AC L L

dx dx dx dx dx

AC

           

  

     

 
 (28) 
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3 2 2 4 2
2 2 2 2 2

3 2 2 4 2

2

( ) ( ) ( ) ( )

0

k k k s k k k
C k C s C l

s k

d d d C d d d
L L I C L L

dx dx dx C dx dx dx

I C

        

  

      

 
 (29) 

 

Using the dimensionless variables given by: 

 

2

22

3

1; ; ; ; ; ; ;

; ; ; ; QC l M
C l M Q

s

L h x
L h x L AC

L L L L L
CL L k GAL CCL

C C
L L C EI CL CL



       

  

       

     
 

 

(30) 

and by substituting 𝐼 = 𝑏ℎଷ/12 and 𝐴 = 𝑏ℎ, the spatial form of governing equations (28) and (29) 

can be expressed in dimensionless form as: 

 

5 3 3 2
2 2 2 2 2 2 2 2 2 2

5 3 3 2

2

1 1
( ) ( )

12 12

0

k k k k k
C C l C l

k

d d d d d
h h

dx dx dx dx dx

             

 

     

 
 

 

(31) 

3 2 2 4 2
2 2 2 2 2 2

3 2 2 4 2

2 2

1 1
( ) ( ) ( ) ( )

12

1
0

12

k k k k k k
C k C C l

k

d d d d d d
h

dx dx dx dx dx dx

h

           
 

 


      

 
 (32) 

 

Equations (31) and (32) are coupled, as each equation includes both 𝜙ത௞ and 𝜈̅௞. To solve the system 

of differential equations and simplify the numerical solution process, the two governing 

differential equations are decoupled. Through a lengthy manipulation, the decoupled equations are 

derived as: 
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2 8 6 4 22 2
2 3 4 1 4

2 48 6 4 2
5

6 4 22 2
2 3 4 1 4

2 46 4 2
5

2 2 4 22 2 2
2 2 4

2 2 4 2

12
( ) ( )

12

121
( ) ( )

12

1
( )

12 12

C k k k k
C

k k k
C k

k k k k
C k C

d d d dh

dx dx dx dx

d d dh

dx dx dx

d d d dh h

dx dx dx dx

          
 

         
 

      
  

  
   

 
  

    
 

      0k 

 (33) 

 

7 5 32 2
2 3 44 1 4

2 42 7 5 3
5

2 5 3 32 2
4

2 5 2 3 2 3

12
( ) ( )

12

1

12 12

k k k k
k C

C k k k k

d d d dh

dx dx dx dx

d d d dh h

dx dx dx dx

           
  

    
  

  
    

 

   
 (34) 

 

where: 

2 2 2 2 2

1 2

2 2

2 2

2 2 2 2

3

2 2 2
4

2 2 2 2 2

5 2

12 12 ( )

12

12

12

( ) 12

12

( )

( )

C C l

C

C

C l

C l

C l C

C

h

h

h

     


 

 
 

   

    

     




  





 


 

 


 

(35) 

Equation (33) is a differential equation of order eight. Therefore, the solution of the cross-section 

rotation of sub-beam k, k , depends on eight unknown constants. Once defined, k  will be 

substituted in the algebraic equation (34) to determine the transverse displacement of the sub-beam 

k. Therefore, for a small-scale beam with n – 1 cracks, the solution of the equations of motion 

depends on 8n unknown constants. 

Additionally, applying the dimensionless variables to Eq.(21) and Eq.(23) yields the dimensionless 

form of the bending moment and shear force as follows: 
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3
2 2 2 2 2 2 2 2

3

1
( ) ( )

12
k k k k

k C C l C l ki t

CLM d d d
M h

e dx dx dx

  
                 (36) 

 

2 3 2
2 2 2 2

3 2
( ) ( ) ( )k k k k

k k C C l ki t

CL Q d d d
Q

e dx dx dx

  
                (37) 

 

Furthermore, the dimensionless forms of the constitutive boundary and continuity conditions, as 

given in Eqs.(8)-(15), are: 

 

2
2 2 21 1 1

12
( ) 0 0C C C l C

d d dM
M at x

dx dx dx

              (38) 

2
2 2 21 1 1 1

1 12

1 1
( ) ( ) ( ) 0 0C C C l C

d d d dQ
Q at x

dx dx dx dx

         
 

         (39) 

2
2 2 2

2
( ) 0 1n n n

C C C l C n

d d dM
M at x

dx dx dx

 
             (40) 

2
2 2 2

2

1 1
( ) ( ) ( ) 0 1n n n n

C C n C l C n

d d d dQ
Q at x

dx dx dx dx

  
       

 
         (41) 

and 

1

1 1

2 1
2 2

12
1

1
2

1

(1 ) ( )

( ) ( )
0

i

C

i

i

C C

i k

xxk
k k k

C C C C k i k
i x

x xx xk
i k

l
i x x

d d dM
M e M d at x x

dx dx dx

dM dMd d
e d e d

dx d dx d




 
 

 
        

   
 



 

 




   



 
      

  
 

   
  

 

  
 (42) 

 



15 
 

1

1 1

2
2 2

2

1

1
1

1
2

1

1 1
( ) ( )

1
(1 ) ( )

( ) ( )1
0

i

C

i

i

C C

i k

k k k k
C C k C C k

xxk

i k
i x

x xx xk
i k

l
i x x

d d d dQ
Q

dx dx dx dx

e Q d at x x

dQ dQd d
e d e d

dx d dx d




 
 

        
 

  


   
  



 

 




   



    

 
   

  
 

   
  

 

  

 (43) 

 

1

1

2
2 2

2
1

2

1

(1 ) ( )

( ) ( )
0

i

C

i

k i

C C

i

xxn
k k k

C C C C k i k
i k x

x xx xn
k i

l
i kx x

d d dM
M e M d at x x

dx dx dx

dM dMd d
e d e d

dx d dx d




 
 

 
        

   
 







 

 

 

 
      

  
 

   
  

 

 
 (44) 

 

1

1

2
2 2

2

1

2

1

1 1
( ) ( )

1
(1 ) ( )

( ) ( )1
0

i

C

i

k i

C C

i

k k k k
C C k C C k

xxn

i k
i k x

x xx xn
k i

l
i kx x

d d d dQ
Q

dx dx dx dx

e Q d at x x

dQ dQd d
e d e d

dx d dx d




 
 

        
 

  


   
  







 

 

 

    

 
   

  
 

   
  

 

 

 (45) 

for 𝑘 = 1, … . 𝑛. 

For the first section (𝑘 = 1), the constitutive continuity conditions (42) and (43) at its left end 

simplify to the constitutive boundary conditions given by Eq.(38) and Eq.(39). Likewise, for the 

last section (𝑘 = 𝑛), the constitutive continuity conditions (44) and (45) at its right end reduce to 

the constitutive boundary conditions shown in Eq.(40) and Eq.(41). 

Moreover, the variationally consistent continuity conditions at each cracked cross-section, 

expressed in terms of the dimensionless parameters, are: 
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1

1

1

1

( ) ( )

( ) ( )

k k Q k crack k

k k M k crack k k

k k

k k

C Q

C M at x x

M M

Q Q

 

 








 

  





 (46) 

for 𝑘 = 1, … . 𝑛 − 1. 

Finally, the dimensionless boundary conditions at both ends of the beam, determined by the type 

of supports, are as follows: 

 

Table 1 

The variationally consistent boundary conditions in dimensionless form. 

Type of boundary Boundary conditions 
at 𝑥̅ = 0 at 𝑥̅ = 1 

 
 
simply-supported 

 

1

1

0

0M

 


 

 

           
0

0
n

nM

 


 

 
 
fully-clamped 

 

1

1

0

0







 

 

 
0

0
n

n







 

 
 
cantilever 

 

1

1

0

0







 

 

 
0

0
n

n

Q

M




 

 
 
clamped-pinned 
 
 

 

1

1

0

0







 

 
0

0
n

nM

 


 

 

 

As mentioned above, the solution of the equations of motion depends on 8n unknown constants. 

Solving these equations requires 8𝑛 boundary and continuity conditions, which consist of: 

 4(𝑛 − 1) constitutive continuity conditions at 𝑛 − 1 cracked cross-sections, given in 

Eqs.(42)-(45), 
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 4(𝑛 − 1) variationally consistent continuity conditions at 𝑛 − 1 cracked cross-sections, 

given in Eq.(46), 

 4 constitutive boundary conditions at both ends of the beam, given in Eqs.(38)-(41), 

 4 variationally consistent boundary conditions at both ends of the beam, given in table 1. 

This results in a homogeneous system of 8𝑛 algebraic equations for 8𝑛 unknown constants. The 

non-trivial solution exists only if the determinant of the coefficient matrix vanishes, which leads 

to the determination of the natural frequencies of the cracked Timoshenko micro- or nanobeam. 

Note that the formulated model reduces to a Bernoulli-Euler beam formulation for very large values of 

shear rigidity, 𝛽 → ∞. 

 

5. Results and discussion 

The developed SDGE model is employed to investigate free transverse vibrations of both 

Timoshenko and Bernoulli-Euler cracked small-scale beams under various boundary conditions, 

including simply-supported, fully-clamped, cantilever, and clamped-pinned. Natural frequencies 

are numerically calculated using the method described in Section 4 considering the presence of 

single and multiple cracks. 

The model is first verified by comparing its results with experimental, theoretical, and molecular 

dynamics (MD) data available in the literature for both intact and cracked small-scale beams. Next, 

the impact of shear rigidity on the natural frequencies is explored. Following this, the effects of 

crack length and location are investigated. The influence of nonlocal parameters is then examined, 

along with the effect of multiple cracks on the natural frequencies. Finally, a discussion on the 

distinct trend of increasing natural frequencies with increasing crack length within the SDGE 

model is presented. In this section, 𝜔௜ represents the i-th natural frequency.  

 

5.1. Verification 

In Fig. 3, the results of the present model for Bernoulli-Euler beam formulation (𝛽 → ∞) are 

compared with the experimental data from [38] for a large-scale cantilever beam with a thickness-

to-length ratio of ℎത = 0.039 and containing a single crack. The ratios between the first three 

natural frequencies of the cracked large-scale beam and the corresponding frequencies of the intact 

beam (𝜔௜௡௧௔௖௧) with varying dimensionless crack length (𝜉ଵ = 𝑎ଵ/ℎ) are presented for different 
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dimensionless crack locations (𝑥̅ଵ). For the first mode, the crack is located at 𝑥̅ଵ = 0.2, while for 

the second and third mode, it is positioned at 𝑥̅ଵ = 0.025. 

By setting the dimensionless nonlocal parameters to  𝜆௟ = 0 and 𝛼 = 1, the SDGE model can also 

be applied to study the free transverse vibrations of large-scale (local) beams. As the diagrams 

indicate, the results of the SDGE model are in good agreement with the experimental data for the 

first three modes of free transverse vibrations. In line with the experimental observations at the 

macroscale, the SDGE model accurately captures the trend of decreasing natural frequencies with 

increasing crack length for all vibration modes. 

 

Fig. 3 The ratios between the first three natural frequencies of cracked and intact Bernoulli-Euler beam 

with varying crack length 𝜉ଵ. The results of the SDGE model with 𝜆௟ = 0, 𝛼 = 1 and 𝛽 → ∞ are compared 

with the experimental data reported by [38] for a large-scale cantilever beam with ℎത = 0.039. (a) first 

natural frequencies for a crack located at 𝑥̅ଵ = 0.2, (b) second natural frequencies for a crack located at 

𝑥̅ଵ = 0.025, (c) third natural frequencies for a crack located at 𝑥̅ଵ = 0.025. 
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In Fig. 4, the MD results reported in [39] for the free transverse vibrations of an intact small-scale 

cantilever beam with varying lengths are used to verify the formulated SDGE model. The 

nanobeam in the MD simulations has a square cross-section with ℎത = 1/6, and is composed of a 

single-crystal silicon, oriented along the [100] lattice direction, with Young's modulus of 𝐸 =

99.16 GPa, density of 𝜌 = 2330
kg

mଷൗ  and Poisson's ratio of 𝜈 = 0.28. Using these dimensions 

and material properties, the dimensionless shear rigidity is calculated as 𝛽 = 140. 

To perform this comparison, the first natural frequencies obtained from MD simulations were used 

to calibrate the current SDGE model, as shown in Fig. 4. This calibration involved testing various 

values for the nonlocal parameters 𝐿஼, 𝐿௟, and 𝛼 and comparing the obtained results with those 

from the MD simulations. 
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Fig. 4 First natural frequencies of an intact small-scale cantilever beam with varying beam length 𝐿. The 

results of SDGE model with 𝛽 = 140 and various nonlocal parameters (𝐿஼, 𝐿௟ and 𝛼) are compared against 

those of the local beam and MD simulations reported in [39]. The MD results refer to a single-crystal silicon 

beam with a square cross-section and ℎത = 1/6, oriented along the [100] lattice direction, with Young's 

modulus of 𝐸 = 99.16 GPa, density of 𝜌 = 2330
kg

mଷൗ  and Poisson's ratio of 𝜈 = 0.28. 

 

As shown in the diagram, different values of the nonlocal parameters lead to predictions of 

different behaviors at the nanoscale. For instance, with 𝐿஼ = 4.950 nm, 𝐿௟ = 1.282 nm, and 𝛼 =

0.25, a stiffening behavior is observed, as the natural frequencies in this case are higher than those 

of the local beam. For example, for a nanobeam with a length of 6.52 nm, the first natural frequency 

obtained by the SDGE model is 𝜔ଵ = 236.28 Grad/s, which is 42.5% greater than that of the local 

beam, 𝜔ଵ = 165.80 Grad/s. 

Conversely, a softening behavior is evident for the cases with 𝐿஼ = 0.462 nm, 𝐿௟ = 5.942 nm, 

𝛼 = 0.87 and 𝐿஼ = 0.118 nm, 𝐿௟ = 6.396 nm, 𝛼 = 0.95, where the natural frequencies in these 

cases are lower than those of the local beam. Notably, the SDGE model with 𝐿஼ = 0.462 nm, 𝐿௟ =

5.942 nm, 𝛼 = 0.87 more accurately captures the MD results, as demonstrated in the diagram. 

The results in Fig. 4 demonstrate the capabilities of the SDGE model to accurately predict the 

natural frequencies of intact nanobeams predicted by the MD simulations. 

As shown in Fig. 4, the size effect is more pronounced in shorter nanobeams. For instance, for a 

nanobeam with a length of 6.52 nm, the first natural frequency obtained from the calibrated SDGE 

model is 𝜔ଵ = 111.75 Grad/s, which is 32.6% lower than that of a local beam. Additionally, as 

the length of the nanobeam increases, the natural frequencies gradually converge to the first natural 

frequencies of an intact local cantilever beam. This suggests that the size effect diminishes with 

increasing nanobeam length. 

The accuracy of the current model is evaluated by comparing its results with those reported in [40], 

which employed the SDGE model to study the free transverse vibrations of Bernoulli-Euler small-

scale beams without cracks. By setting the dimensionless shear rigidity parameter to infinity (𝛽 →

∞), the present model can be applied to the Bernoulli-Euler beams at the micro- and nanoscale.  

Fig. 5 presents the normalized natural frequencies of a fully-clamped Bernoulli-Euler small-scale 

intact beam with ℎത = 0.1, for 𝜆௟ = 0.1 and 𝛼 = 0, as well as for 𝜆௟ = 0.5 and 𝛼 = 0, with varying 

dimensionless length scale parameter 𝜆஼. The natural frequencies are normalized by computing 
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the ratio of the first natural frequency of the small-scale beam to the corresponding frequency of 

the local beam, denoted as (𝜔ଵ)௅௢௖. The diagrams clearly show that the normalized natural 

frequencies calculated using the presented SDGE model for Timoshenko beams with  𝛽 → ∞ align 

very well with those obtained using the SDGE model for Bernoulli-Euler intact beams in [40]. 

As observed, increasing the dimensionless length scale parameter 𝜆஼ leads to an increase in the 

normalized natural frequencies. This is attributed to the stiffening behavior exhibited by micro- 

and nanostructures as 𝜆஼ increase. For instance, with 𝜆௟ = 0.1 and  𝛼 = 0, when 𝜆௖ increases from 

0.2 to 0.6, the frequency ratio in Fig. 5 increases from 1.5956 to 3.650, indicating a significant 

increase of 128.75 %. 

Conversely, the dimensionless gradient length parameter 𝜆௟ has the opposite effect. As 𝜆௟ 

increases, it causes a softening behavior in small-scale structures, resulting in a decrease in the 

normalized natural frequencies. For example, with 𝜆௖ = 0.6 and 𝛼 = 0, increasing 𝜆௟ from 0.1 to 

0.5 results in a reduction of the frequency ratio in Fig. 5 from 3.650 to 1.3118, representing a 

decrease of 64 %. 
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Fig. 5 The ratios between the first natural frequencies of an intact small-scale beam and intact local beam 

with varying dimensionless length scale parameter 𝜆஼. The results of SDGE model with 𝛽 → ∞ are 

compared with the results reported in [40] for a fully-clamped Bernoulli-Euler beam with ℎത = 0.1, and 

dimensionless nonlocal parameters (a) 𝜆௟ = 0.1 and 𝛼 = 0 and (b) 𝜆௟ = 0.5 and 𝛼 = 0. 

 

By setting the dimensionless gradient length parameter and the mixture parameter to zero (𝜆௟ = 0 

and 𝛼 = 0) and 𝛽 → ∞, the formulated SDGE model simplifies to a Bernoulli-Euler stress-driven 

model. The results of the SDGE model for the first three modes of free transverse vibration of a 

Bernoulli-Euler miniaturized beam with ℎത = 0.1 and clamped-pinned boundary conditions, 

including a crack of varying length located at 𝑥̅ଵ = 0.3, are compared, as shown in Fig. 6 , with 

those of the stress-driven model reported in [41]. The results are presented for the dimensionless 

nonlocal parameters 𝜆஼ = 0.5, 𝜆௟ = 0 and 𝛼 = 0, and 𝛽 → ∞. 

The SDGE model then depends solely on the dimensionless length scale parameter 𝜆஼, which only 

captures the stiffening behavior in small-scale structures. As can be seen, the results of both models 

are in good agreement. The minor differences, particularly for the third mode, are attributed to the 

inclusion of the rotary inertia term in the derivation of the SDGE model in this paper, a term that 

was not considered in [41]. The results show that increasing the crack length reduces all the natural 

frequencies, with a more significant decrease observed in the second and third dimensionless 

natural frequencies. 
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Fig. 6 The first three dimensionless natural frequencies of a Bernoulli-Euler small-scale beam with varying 

crack length 𝜉ଵ. The results of the SDGE model with 𝛽 → ∞ are compared with the results reported in [41] 

for a clamped-pinned beam including a crack located at 𝑥̅ଵ = 0.3 with ℎത = 0.1, and the dimensionless 

nonlocal parameters 𝜆஼ = 0.5, 𝜆௟ = 0 and 𝛼 = 0. 

 

In Fig. 7, the first dimensionless natural frequencies derived from the stress-driven model in [41] 

are compared with those obtained using the present model for a Bernoulli-Euler cantilever beam 
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with ℎത = 0.1, containing two cracks located at 𝑥̅ଵ = 0.1 and at 𝑥̅ଶ = 0.2. The results are presented 

for the dimensionless nonlocal parameters 𝜆஼ = 0.25, 𝜆௟ = 0 and 𝛼 = 0, and 𝛽 → ∞. 

While the length of the first crack is constant at 𝜉ଵ = 0.7, the length of the second crack varies. As 

evident from the figure, both models predict very similar results. For the considered case, when 

the length of the second crack is 𝜉ଶ = 0.6, the natural frequency is 11.8 % lower than that of the 

beam without a second crack. 

 

 

Fig. 7 First dimensionless natural frequencies of a Bernoulli-Euler small-scale beam with two cracks. The 

first crack is located at 𝑥̅ଵ = 0.1 with the length of 𝜉ଵ = 0.7, and the second crack is located at 𝑥̅ଶ = 0.2 

with varying length 𝜉ଶ. The results of SDGE model with 𝛽 → ∞ are compared with the results reported in 

[41] for a cantilever beam with ℎത = 0.1, and dimensionless nonlocal parameters 𝜆஼ = 0.25, 𝜆௟ = 0, 𝛼 = 0. 

 

Additionally, the results from the stress-driven model presented by [41] are compared with those 

from the SDGE model, in Fig. 8, for a Bernoulli-Euler small-scale beam with ℎത = 0.1 and simply-

supported boundary conditions, containing three cracks. The first and second cracks, located at 
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𝑥̅ଵ = 0.2 and at 𝑥̅ଶ = 0.5, respectively, have the same length of 𝜉ଵ = 𝜉ଶ = 0.4, while the third 

crack at 𝑥̅ଷ = 0.7 has a varying length of 𝜉ଷ. The results are presented for the dimensionless 

nonlocal parameters 𝜆஼ = 0.5, 𝜆௟ = 0 and 𝛼 = 0, and 𝛽 → ∞. 

It is evident from the diagram that as the length of the third crack increases, natural frequencies 

decrease. For the considered case, increasing the length of the third crack to 𝜉ଷ = 0.6 results in a 

26.6% reduction in natural frequency compared to a beam without this crack. 

Finally, the accuracy of the SDGE model has been verified by comparing its results for the free 

transverse vibrations of large-scale Timoshenko cracked beams, showing good agreement with the 

results reported in [28].  

 

 

Fig. 8 First dimensionless natural frequencies of a Bernoulli-Euler small-scale beam with three cracks 

located at 𝑥̅ଵ = 0.2, 𝑥̅ଶ = 0.5  and 𝑥̅ଷ = 0.7. The first two cracks have a length of 𝜉ଵ = 0.4 and 𝜉ଶ = 0.4, 

while the third crack has a varying length 𝜉ଷ. The results of SDGE model with 𝛽 → ∞  are compared with 

those reported in [41] for a simply-supported beam with ℎത = 0.1, and dimensionless nonlocal parameters 

𝜆஼ = 0.5, 𝜆௟ = 0 and 𝛼 = 0.  
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5.2. Effects of dimensionless shear rigidity parameter 𝜷 

Fig. 9 illustrates how the Timoshenko beam theory reduces to the Bernoulli-Euler beam theory for 

a small-scale intact beam as the dimensionless shear rigidity 𝛽 approaches infinity. The natural 

frequencies are normalized by calculating the ratio of the first natural frequency of the Timoshenko 

small-scale beam to the corresponding frequency of the Bernoulli-Euler small-scale beam denoted 

as (𝜔ଵ)஻.ா.஻. The diagrams of normalized natural frequencies for small-scale beams under various 

boundary conditions show that as 𝛽 increases, the natural frequencies rise and gradually approach 

the values predicted by the Bernoulli-Euler beam theory. 

Among the four boundary conditions examined, the natural frequencies of cantilever beams are 

closer to those of Euler-Bernoulli beams across all sets of nonlocal parameters. For instance, with 

𝜆஼ = 0.5, 𝜆௟ = 0.5, 𝛼 = 0.5 and 𝛽 = 16, the frequency ratio in Fig. 9 is 0.867. In contrast, the 

fully-clamped beam exhibits the lowest frequency ratio equal to 0.534 for the corresponding 

values. 

The nonlocal parameters also influence the effect of shear rigidity on the natural frequencies. For 

example, at 𝛽 = 16, the frequency ratio  for the fully-clamped miniaturized beam is 0.478 when 

𝜆஼ = 0.5, 𝜆௟ = 0 and 𝛼 = 0.5 (Fig. 9(c)), showing a 10.5% reduction compared to the case with 

the same length scale and mixture parameters but 𝜆௟ = 0.5 (Fig. 9(a)). This suggests that 

decreasing the dimensionless gradient length parameter 𝜆௟ intensifies the effect of shear 

deformation. 

Furthermore, the dimensionless length scale parameter 𝜆஼ significantly impacts the influence of 

shear rigidity. For instance, at 𝛽 = 16, with 𝜆஼ = 0, 𝜆௟ = 0.5 and 𝛼 = 0.5 (Fig. 9(d)), the 

frequency ratio for  the fully-clamped beam is 0.671, which is 25.65% higher than in the case 

where 𝜆஼ = 0.5, 𝜆௟ = 0.5, and 𝛼 = 0.5 (Fig. 9(a)). This implies that increasing the dimensionless 

length scale parameter 𝜆஼ increases the effect of shear deformation. The mixture parameters 𝛼 has 

a minor effect on the change in natural frequencies with varying 𝛽 as can be seen by comparing 

the curves in Fig. 9(a) and Fig. 9(b). 
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Fig. 9 Ratios of natural frequencies to those of a Bernoulli-Euler beam for a small-scale intact beam with 

ℎത = 1
6ൗ , and varying dimensionless shear rigidity 𝛽, for different boundary conditions and dimensionless 

nonlocal parameters (a) 𝜆஼ = 0.5, 𝜆௟ = 0.5, 𝛼 = 0.5, (b) 𝜆஼ = 0.5, 𝜆௟ = 0.5, 𝛼 = 0, (c) 𝜆஼ = 0.5, 𝜆௟ = 0, 

𝛼 = 0.5, and (d) 𝜆஼ = 0, 𝜆௟ = 0.5, 𝛼 = 0.5.  

 

Fig. 10 shows the impact of dimensionless shear rigidity 𝛽 on the variation of the first natural 

frequencies of a small-scale cracked beam with ℎത = 1
6ൗ  as the crack length 𝜉ଵ increases. The 

analysis is conducted for the dimensionless nonlocal parameters 𝜆஼ = 0.75, 𝜆௟ = 0.25 and 𝛼 =

0.5, considering four types of boundary conditions with different crack locations 𝑥̅ଵ. 

As can be seen, the smallest variation in natural frequencies as the crack length increases occurs 

for the fully-clamped small-scale beam when 𝛽 = 10. The first dimensionless natural frequency 

without a crack is 𝜔ഥଵ = 11.5426, and it decreases to 𝜔ഥଵ = 10.5515 when a crack with a length 
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of 𝜉ଵ = 0.6 is introduced at 𝑥̅ଵ = 0.05, representing a modest reduction of 8.6%. In contrast, the 

most significant variation in natural frequencies is observed for the Bernoulli-Euler cantilever 

small-scale beam (𝛽 → ∞). In this case, the first dimensionless natural frequency drops from 𝜔ഥଵ =

4.2730 for the intact beam to 𝜔ഥଵ = 2.0587 when a crack with a length of 𝜉ଵ = 0.6 is located at 

𝑥̅ଵ = 0.2, resulting in a substantial decrease of 51.82%. 

Additionally, as the crack length increases, the curves for different values of dimensionless shear 

rigidity 𝛽 gets closer to each other in all cases. This suggests that the shear rigidity has a lower 

influence on the natural frequencies as the crack length increases. 
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Fig. 10 First dimensionless natural frequencies of a small-scale cracked beam with ℎത = 1
6ൗ , and varying 

crack length 𝜉ଵ. The results are presented for dimensionless nonlocal parameters 𝜆஼ = 0.75, 𝜆௟ = 0.25, 

𝛼 = 0.5, and different values of dimensionless shear rigidity 𝛽 for (a) a fully-clamped beam with a crack 

located at 𝑥̅ଵ = 0.05, (b) a simply-supported beam with a crack located at 𝑥̅ଵ = 0.5, (c) a cantilever beam 

with a crack located at 𝑥̅ଵ = 0.2, and (d) a clamped-pinned beam with a crack located at 𝑥̅ଵ = 0.6.  
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5.3. Effects of length and location of crack 

The effects of location and length of crack on the first three natural frequencies of a miniaturized 

Timoshenko beam with cantilever and simply-supported boundary conditions are illustrated in Fig. 

11 and Fig. 12, respectively, for the dimensionless nonlocal parameters 𝜆஼ = 0.5, 𝜆௟ = 0.5 and 

𝛼 = 0.5. The small-scale beam has a Poisson's ratio of 𝜈 = 0.3, and a height-to-length ratio of ℎത =

0.1. Based on these values, the dimensionless shear rigidity is calculated as 𝛽 = 385. 

For the first mode, the dimensionless natural frequency of an intact micro- and nanocantilever 

beam is 𝜔ഥଵ = 3.8851. However, this value decreases when a crack is present in the beam, and 

depending on the location and length of the crack, this reduction can be significant. As shown in 

Fig. 11(a), the minimum value of the first natural frequencies for a small-scale cantilever beam, 

when the crack is positioned at 𝑥̅ଵ ∈ {0.1, 0.2, … , 0.9}, occurs at 𝑥̅ଵ = 0.1 with a crack length of 

𝜉ଵ = 0.6. This frequency, 𝜔ഥଵ = 2.1361, is 45% lower than that of the intact beam. This notable 

reduction is due to the significantly higher bending moment near the clamped end in a cantilever 

beam during the first mode of vibration, as illustrated in Fig. 11(b). This figure shows the 

distribution of dimensionless bending moments along the longitudinal direction of the intact 

miniaturized beam for the first vibration mode.  

For the second mode, the value of the dimensionless bending moment for the intact miniaturized 

cantilever beam is relatively high at 𝑥̅ଵ = 0.6, as shown in Fig. 11(d). As a result, the second 

natural frequency of the small-scale beam with a crack at 𝑥̅ଵ = 0.6 is at its lowest compared to 

other positions. For a crack length of 𝜉ଵ = 0.6 this value is 𝜔ഥଶ = 13.7234 which is 20.6% lower 

than the corresponding value for the intact beam. 

As Fig. 11(e) shows, the third dimensionless natural frequency of the miniaturized cantilever beam 

without a crack is 𝜔ഥଷ = 47.6882 . When a crack is present, the minimum value is 𝜔ഥଷ = 35.9963, 

which is 24.5% lower than that of the intact beam. This frequency is observed when the crack is 

located at 𝑥̅ଵ = 0.7 with a length of 𝜉ଵ = 0.6. 

Looking at Fig. 12, it is clear that for the simply-supported boundary conditions, there is symmetry 

in all natural frequencies with respect to the midspan of the beam. This symmetry arises from the 

symmetric bending moment distribution along the length of the simply-supported intact micro- 

and nanobeam. 
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As shown in Fig. 12(b), for the first mode, the bending moment reaches its maximum at 𝑥̅ଵ = 0.5. 

Consequently, the first natural frequency significantly decreases at this point, dropping from 𝜔ഥଵ =

8.7340 for an intact beam to 𝜔ഥଵ = 6.1718 for a beam with a crack length of 𝜉ଵ = 0.6.  

In Fig. 12(d), it is observed that for the second mode, the bending moment is maximum at 𝑥̅ଵ =

0.25 and 𝑥̅ଵ = 0.75. As a result, the second natural frequency is minimized when a crack is located 

at any of these locations. For a small-scale simply-supported beam with a crack length of 𝜉ଵ =

0.6, the second dimensionless natural frequency is 𝜔ഥଶ = 25.0351, indicating a 19.7% reduction 

compared to the 𝜔ഥଶ = 31.1918 obtained for an intact beam. 

For the third mode of free transverse vibration, as Fig. 12(e) illustrates, the dimensionless natural 

frequency for the small-scale beam without a crack is 𝜔ഥଷ = 64.9443. However, in the presence 

of a single crack, it decreases, reaching a minimum value of 𝜔ഥଷ = 53.6756 when the crack is 

located at 𝑥̅ଵ = 0.1 and 𝑥̅ଵ = 0.9 with a crack length of 𝜉ଵ = 0.6. 

The insights gained in this section about the effects of crack length and location on frequencies 

align with the findings reported in [41]. 
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Fig. 11 First three dimensionless natural frequencies of a Timoshenko small-scale cantilever beam 

with 𝜈 = 0.3, ℎത = 0.1 and 𝛽 = 385 as a function of crack length 𝜉ଵ and crack location 𝑥̅ଵ for the (a) first 

mode, (c) second mode, (e) third mode. The dimensionless bending moments along the length of the 

miniaturized beam, without a crack, are shown in (b), (d), and (f), respectively. The results are presented 

for the dimensionless nonlocal parameters 𝜆஼ = 0.5, 𝜆௟ = 0.5 and 𝛼 = 0.5. 



33 
 

 

Fig. 12 First three dimensionless natural frequencies of a Timoshenko small-scale simply-supported beam 

with 𝜈 = 0.3, ℎത = 0.1 and 𝛽 = 385 as a function of crack length 𝜉ଵ and crack location 𝑥̅ଵ for the (a) first 

mode, (c) second mode, (e) third mode. The dimensionless bending moments along the length of the 

miniaturized beam, without a crack, are shown in (b), (d), and (f), respectively. The results are presented 

for the dimensionless nonlocal parameters 𝜆஼ = 0.5, 𝜆௟ = 0.5 and 𝛼 = 0.5. 
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5.4. Effects of nonlocal parameters 

The effects of nonlocal parameters on the free transverse vibrations of small-scale Timoshenko 

beam including a crack located at the midspan with the length of 𝜉ଵ = 0.5, are illustrated in Fig. 

13. The miniaturized beam has a height-to-length ratio of ℎത = 0.1 and the dimensionless shear 

rigidity 𝛽 = 385. The results are presented for the fully-clamped and clamped-pinned boundary 

conditions. 

In general, it is clear that increasing the dimensionless length scale parameter 𝜆஼ leads to higher 

natural frequencies for both fully-clamped and clamped-pinned beams. This is because a higher 

𝜆஼ makes the small-scale beam stiffer, resulting in increased  natural frequencies. For instance, for 

the fully-clamped cracked beam with 𝜆௟ = 0.6, 𝛼 = 0, and 𝜆஼ = 0.2, the first dimensionless 

natural frequency is 𝜔ഥଵ = 11.4023. When 𝜆஼ is increased to 0.8, the frequency increases to 𝜔ഥଵ =

32.2089, representing a significant increase of 182.5 %. Similarly, for the clamped-pinned beam, 

the corresponding values are 7.5105 and 17.5494, respectively, which indicates a rise of 133.7 %. 

On the other hand, an increase in the dimensionless gradient length parameter 𝜆௟ results in a 

reduction of natural frequencies, demonstrating a softening behavior. For example, the first 

dimensionless natural frequency of the fully-clamped cracked beam with 𝜆஼ = 0.2, 𝛼 = 0, and 

𝜆௟ = 0.2  is 𝜔ഥଵ = 22.2849. When 𝜆௟ is increased to 0.6, the frequency decreases by 48.8 %, falling 

to 𝜔ഥଵ = 11.4023. Similarly, for the clamped-pinned beam, the corresponding values are 14.5617 

and 7.5105, respectively, indicating a decrease of 48.4 %. 

Additionally, the mixture parameter, which controls the nonlocality in the SDGE model, affects 

the natural frequencies, particularly when 𝜆஼ has high values. Increasing 𝛼 further lowers the 

natural frequencies by intensifying the local contribution to the model. For example, in the case of 

a fully-clamped beam, the ratio of the first natural frequency with dimensionless nonlocal 

parameters 𝜆஼ = 0.2, 𝜆௟ = 0.8 and 𝛼 = 0.5, to that with 𝜆஼ = 0.2, 𝜆௟ = 0.8 and 𝛼 = 0 is 0.94. 

However, when the dimensionless length scale parameter 𝜆஼ is increased to 0.8, the ratio of the 

first natural frequency with 𝛼 = 0.5 and 𝜆௟ = 0.8, to that with 𝛼 = 0 and 𝜆௟ = 0.8 decreases 

significantly to 0.65. For clamped-pinned boundary conditions, the ratio between the first natural 

frequency with dimensionless nonlocal parameters 𝜆஼ = 0.2, 𝜆௟ = 0.8 and 𝛼 = 0.5 and that with 

𝜆஼ = 0.2, 𝜆௟ = 0.8 and 𝛼 = 0 is 0.98. When the dimensionless length scale parameter 𝜆஼ is 

increased to 0.8, the ratio of the first natural frequency with 𝛼 = 0.5 and 𝜆௟ = 0.8, to that with 

𝛼 = 0 and 𝜆௟ = 0.8 reduces to 0.81. 
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Based on the comparisons made for each of the parameters 𝜆஼ , 𝜆௟ and 𝛼, it can be concluded that 

the type of boundary conditions also affects the impact of the nonlocal parameters on the 

frequencies. 

 

Fig. 13 First dimensionless natural frequencies of a small-scale Timoshenko beam with variations in the 

dimensionless nonlocal parameters 𝜆஼, 𝜆௟ and 𝛼 The results are presented for (a) fully-clamped beam, (b) 

clamped-pinned beam with 𝜈 = 0.3, ℎത = 0.1 and 𝛽 = 385, including a crack with the length of 𝜉ଵ = 0.5 

located at 𝑥̅ଵ = 0.5. 

 

 

5.5. Effects of multiple cracks 

The developed SDGE model can be readily applied to study the free transverse vibration of 

miniaturized beams with an arbitrary number of cracks. In this section, the impact of two and three 

cracks on the first natural frequencies of small-scale beams is examined. 

Fig. 14 illustrates how the first natural frequencies of a small-scale Timoshenko beam with  ℎത =

0.1 and 𝛽 = 385 vary under fully-clamped and clamped-pinned boundary conditions as the length 
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of the second crack at 𝑥̅ଶ = 0.4 increase. The first crack is fixed at 𝑥̅ଵ = 0.2 with a constant length 

of 𝜉ଵ = 0.5. 

 

 

Fig. 14 First dimensionless natural frequencies of a Timoshenko small-scale beam with two cracks at 𝑥̅ଵ =

0.2 with the crack length of 𝜉ଵ = 0.5, and at 𝑥̅ଶ = 0.4 with varying crack length 𝜉ଶ. The results are 

presented for (a), (b) fully-clamped, and (c), (d) clamped-pinned beam, with 𝜈 = 0.3, ℎത = 0.1 and 𝛽 =

385. 
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In general, the values of the nonlocal parameters have a significant impact on how the increasing 

length of the second crack affects the natural frequencies. For both fully-clamped and clamped-

pinned boundary conditions, the variation in natural frequencies is more notable when the 

dimensionless nonlocal parameters are 𝜆஼ = 0.5, 𝜆௟ = 0 and 𝛼 = 0. This indicates that for these 

nonlocal parameters, the natural frequencies of the small-scale beam are highly dependent on the 

length of the second crack. For the fully-clamped beam with the abovementioned nonlocal 

parameters, the first dimensionless natural frequency is 𝜔ഥଵ = 65.7652 when only the first crack 

is present. However, with the addition of the second crack with a length of 𝜉ଶ = 0.6, the frequency 

decreases to 𝜔ഥଵ = 29.4001, representing a 55.3% reduction. In the case of the clamped-pinned 

beam, the decrease is 28.6% with the frequency dropping from 𝜔ഥଵ = 27.1545 for the beam with 

only the first crack to 𝜔ഥଵ = 19.3798 when the second crack with a length of 𝜉ଶ = 0.6 is 

introduced. 

Additionally, as the mixture parameter 𝛼 increases to 0.5, the variation in natural frequencies for 

the case with 𝜆஼ = 0.5 and 𝜆௟ = 0 is still highlighted compared to other cases with different 

nonlocal parameters. However, the decrease in in natural frequencies is less significant than in the 

case where 𝜆஼ = 0.5, 𝜆௟ = 0 and 𝛼 = 0 for both fully-clamped and clamped-pinned boundary 

conditions. 

In other cases, the second crack has a weaker effect on the natural frequencies. For a fully-clamped 

local beam, introducing a second crack reduces the natural frequency from 𝜔ഥଵ = 20.8574 for a 

beam with only the first crack to 𝜔ഥଵ = 17.1954 when a second crack with the length of 𝜉ଶ = 0.6 

is present, indicating a reduction of 17.6 %. For a local beam with clamped-pinned boundary 

conditions, the natural frequencies decrease from 14.5360 to 12.4215, representing a reduction of 

14.5 %. For all cases with 𝜆஼ = 0.5 and 𝜆௟ = 0.5, as shown in Fig. 14, the second crack has a 

negligible impact on the natural frequencies for both fully-clamped and clamped-pinned boundary 

conditions, with only slight variation observed as the crack length changes. 

Fig. 15 illustrates the variations in the first natural frequencies of a small-scale beam with  ℎത =

0.1 and 𝛽 = 385, containing three cracks. The first crack is located at 𝑥̅ଵ = 0.25 and has a varying 

length 𝜉ଵ, while the second and third cracks are positioned at 𝑥̅ଶ = 0.5 and 𝑥̅ଷ = 0.75, respectively, 

each with the fixed lengths of 𝜉ଶ = 𝜉ଷ = 0.5. 

 



38 
 

 

Fig. 15 First dimensionless natural frequencies of a Timoshenko small-scale beam with 𝜈 = 0.3, ℎത =

0.1 and 𝛽 = 385, containing three cracks located at 𝑥̅ଵ = 0.25, 𝑥̅ଶ = 0.5  and 𝑥̅ଷ = 0.75. The first crack 

has a varying length of 𝜉ଵ, while the length of the second and third cracks are 𝜉ଶ = 𝜉ଷ = 0.5. The results 

are presented for (a) cantilever beam, and (b) simply-supported beam. 

 

For a small-scale intact cantilever beam, the bending moment at 𝑥̅ଵ, located near the clamped end, 

is high, causing the crack at this position to significantly impact the natural frequencies. When the 

dimensionless nonlocal parameters are set to 𝜆஼ = 0.5, 𝜆௟ = 0.1 and 𝛼 = 0.5, the natural 

frequencies are higher compared to other scenarios. Additionally, the variation in natural 

frequencies becomes more pronounced as the length of the first crack increases under these 

parameters. For example, with 𝜆஼ = 0.5, 𝜆௟ = 0.1 and 𝛼 = 0.5, the natural frequency decreases 

from 𝜔ഥଵ = 3.7076, in the absence of the first crack, to 𝜔ഥଵ = 2.4892 when the first crack has a 

length of 𝜉ଵ = 0.6, representing a reduction of 32.9%. The corresponding decreases due to 

introducing the first crack with a length of 𝜉ଵ = 0.6 are 32.7% for the case with dimensionless 
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nonlocal parameters 𝜆஼ = 0.5, 𝜆௟ = 0.5, 𝛼 = 0.5, and 24.7 % for the case with 𝜆஼ = 0.1, 𝜆௟ =

0.5, 𝛼 = 0.5. Additionally, for a local beam, this reduction is 27.9%. 

For the simply-supported beam, the impact of the first crack on the natural frequencies is notably 

less compared to the cantilever beam. This is due to the relatively low bending moment at 𝑥̅ଵ =

0.25 for the simply-supported beam. In the case with dimensionless nonlocal parameters 𝜆஼ = 0.5, 

𝜆௟ = 0.1 and 𝛼 = 0.5, the natural frequency decreases by 13.8% due to the introduction of the first 

crack with a length of 𝜉ଵ = 0.6. The corresponding reductions for a local beam and small-scale 

beams with dimensionless nonlocal parameters 𝜆஼ = 0.5, 𝜆௟ = 0.5, 𝛼 = 0.5 and 𝜆஼ = 0.1, 𝜆௟ =

0.5, 𝛼 = 0.5 are 12.5 %, 11.4 %, and 7.2 % respectively. 

The first three mode shapes for the free transverse vibration of a Timoshenko cantilever beam with 

three equally spaced cracks, each with a length of 𝜉ଵ = 𝜉ଶ = 𝜉ଷ = 0.5, are shown in Fig. 16. As 

observed, the mode shapes change with varying values of the nonlocal parameters, with these 

differences being more highlighted in the second and third modes. Consequently, the locations of 

maximum deflection along the beam experience slight shifts.  

Moreover, as shown in Fig. 16(a), for the first mode of vibration in all cases, the first crack at 𝑥̅ଵ =

0.25 has the most significant effect on the mode shape. In the second mode, the second crack at 

𝑥̅ଶ = 0.5 has a more considerable influence on the mode shape. For the third mode, both the first 

crack at 𝑥̅ଵ = 0.25 and third crack at 𝑥̅ଷ = 0.75 have the most notable impact on the mode shape. 
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Fig. 16 The first three mode shapes of a Timoshenko small-scale cantilever beam with  𝜈 = 0.3, ℎത =

0.1 and 𝛽 = 385, containing three cracks located at 𝑥̅ଵ = 0.25, 𝑥̅ଶ = 0.5  and 𝑥̅ଷ = 0.75. The lengths of 

all cracks are equal, with 𝜉ଵ = 𝜉ଶ = 𝜉ଷ = 0.5. 

 

6. Conclusions 

We have investigated the size-dependent free transverse vibration of small-scale cracked 

Timoshenko beams. The effect of cracks on the vibration behavior is modeled by treating the sub-

beams between cracks as being connected by rotational and translational springs. Size-dependence 

is incorporated using the integral form of the constitutive equations from the local/nonlocal stress-

driven gradient elasticity (SDGE) model. Since these integral constitutive equations apply over the 
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entire beam, they are first converted into a set of differential constitutive equations, applicable to 

each sub-beam and subjected to a set of non-standard constitutive boundary and continuity 

conditions. The differential constitutive equations are then used to reformulate the equations of 

motion in terms of displacement functions. These equations are decoupled and solved, and both 

standard variationally consistent and non-standard constitutive boundary and continuity conditions 

are imposed to construct the eigenvalue problem. The natural frequencies and mode shapes, 

including higher-order modes, are determined by numerically solving the eigenvalue problem. 

We have provided several verifications for the formulated model by comparing its predictions with 

experimental, molecular dynamics, and theoretical results available in the literature. In all cases, 

the predictions of the model are in agreement with those in the literature. The formulated model 

was then applied to study the effect of different parameters on the natural frequencies and mode 

shapes of small-scale cracked beams. First, it was shown that the effect of shear deformation on 

the natural frequencies depends on the nonlocal parameters and the presence of the crack. 

Generally, the effect of shear deformation is more pronounced in small-scale intact beams than in 

those with cracks. The results confirm the expected small-scale effect of the nonlocal parameters 

of the SDGE model, even for cracked beams: higher values of the length scale parameter and lower 

values of the mixture and gradient parameters increase the frequencies. As noted in previous 

studies, the crack has the greatest effect on natural frequencies when located at a cross-section with 

a high bending moment.  
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Appendix A 

To calculate the crack compliances, linear elastic fracture mechanics (LEFM) was employed. A 

widely-used method, introduced by [37], applies to rectangular beams with edge cracks under 
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plane stress conditions and subjected to both bending moment and shear force. This method yields 

the following expressions for the crack compliances: 

2

0

4

3
0

12 ( ) 0 0.6

0.923 0.199(1 sin )
2( ) tan

2 cos
2

1
2.6535 0.6 1

(1 )

M M

M

M

C C h F d for

F

C C h d for





  


 

 


  

   
  

 
 

  






 (A1) 

 

3 2

0

2 3 4

1 1
( ) 0 1

6 1

( ) 1.993 4.513 9.516 4.482

Q Q

Q

C Ch F d for

F



  


    

  


   


 (A2) 

 

where the dimensionless parameter 𝜉 is defined as the ratio of the crack length to the height of the 

beam, 𝜉 = 𝑎/ℎ. 
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