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Breaking spatial symmetries can induce interactions between disparate physical fields, which manifest in
the macroscopic properties of materials as cross-coupling terms. Prominent examples include Willis terms in
phononics and bianisotropic terms in photonics. However, the development of analogous cross-couplings in
heat conduction remains limited and incomplete; here, we close this knowledge gap. To this end, we introduce
an exact, universal method for describing the macroscopic dynamics of various physical processes. For heat
conduction and thermodynamics, the method shows that thermal bianisotropy emerges through the intentional
design of spatial asymmetry. The resulting macroscopic description eliminates the infinite heat speed paradox
inherent in Fourier’s law of conduction. We support the exact theory with examples based on heuristic homoge-
nization of a canonical scattering problem. These results may benefit the design of thermal metamaterials with

asymmetric response.

Metamaterials are composite materials architectured to ex-
hibit extraordinary effective properties, either in value or in
nature [1]]. A route to calculate and design such properties is
via homogenization theories, aimed at extracting the macro-
scopic features of materials with microstructure. Willis [2H5]]
developed an exact homogenization theory for elastodynam-
ics, revealing several metamaterial features, perhaps the most
notable being the unusual macroscopic coupling between mo-
mentum and strain. The advent of metamaterials revived inter-
est in this theory [6H11]], mainly since these cross-couplings
provide additional mechanisms for wave manipulation [12-
18].

The applicability of the homogenization framework de-
veloped by Willis goes beyond elastodynamics. In electro-
magnetics, it predicts bianisotropic response, even when con-
stituent materials have no magnetoelectric couplings [19], a
conclusion that was obtained by the electromagnetics com-
munity using other means [20H22]). A generalization of the
theory by Shmuel and Pernas-Salomén [23] to piezoelectric
media led to the discovery of metamaterial coupling between
momentum and electric field [24H28]], earning the name ‘elec-
tromomentum coupling’.

Here, we adapt these homogenization schemes to heat con-
duction and thermodynamics. This adaptation is not trivial,
owing to the difference in the equations that govern heat con-
duction relative to other transport phenomena. Specifically,
classical heat conduction is governed a parabolic-type par-
tial differential equation, whereas the type of equations that
govern elastodynamics, electromagnetics and piezoelectricity
is hyperbolic. Nevertheless, we find that the unusual cross-
couplings appear also in the macroscopic response of thermal
media, now between heat flux and temperature; and between
entropy and temperature gradient.

A closely related coupling was previously introduced by
Torrent et al. [29] and Xu et al. [30], who coined the name
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thermal Willis coupling. Our conclusions are different and
substantially broader, as we detail next. To do so, we re-
call that Ref. [30] begins with the statement “Willis coupling
generically stems from bianisotropy or chirality in wave sys-
tems. Nevertheless, those schemes are naturally unavailable
in diffusion systems described by a single constitutive rela-
tion governed by the Fourier law”. With this belief, to realize
thermal Willis coupling Refs. [29] 30] modulated the consti-
tutive properties of the medium both in time and space, which
is an extremely challenging design task. However, we prove
that spatial asymmetry is sufficient and employ Willis’ ho-
mogenization schemes originally developed for elastodynam-
ics. In doing so, we interpret the relation between entropy
and temperature as a constitutive equation; it is this consti-
tutive equation that was missing in Refs. [29] [30]. As a re-
sult, we also provide an expression for the mean entropy that
is absent in Refs. [29, [30], There is also a difference in the
macroscopic heat equation in Ref. [29] and in Ref. [30]]. This
is an outcome of ambiguity in defining the nonlocal effective
relations within their Bloch-Floquet framework. Simply put,
since spatial and temporal derivatives become products with
wavenumber and frequency, respectively, they are mixed up in
their transformed domain [8,24]. As a result, there are differ-
ent possibilities to invert the effective relations back into the
spatiotemporal domain. Following Fietz and Shvets [31] and
Willis [[19]], here we eliminate this ambiguity by introducing a
residual field which acts as additional source [10] and renders
the mean field variables independent. Finally, our homoge-
nization is broader in that it applies to three-dimensional me-
dia which may be periodic or random, finite or infinite, while
the homogenization schemes in Refs. [29, [30] are limited to
infinite one-dimensional media modulated in one direction.

Before we proceed to the analysis, we highlight a major
implication of our homogenization scheme: in effect, the na-
ture of the heat equation for certain composites is no longer
parabolic and terms that are nonlocal in space and time now
dictate thermal relaxation. In the spatially-local approxima-
tion, examples show that these terms eliminate the unrealistic
prediction of infinite speed of thermal signals in classical heat
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conduction theory. Formulating heat conduction theories with
finite speed [32]] (so-called second sound [33]]) is the focus nu-
merous works which date back to Cattaneo’s pioneering paper
[35]. Notably, we arrive at a reminiscent result without
postulating from the outset a dependency on the history of the
temperature; rather, it is an inevitable outcome of our homog-
enization scheme.

We begin by recalling the equations that govern heat con-
duction. Using Gibbs relations, we write the energy balance
equation as

Or+V-q=r, D

where 7 and r are the entropy and heat source per unit vol-
ume, respectively, q is the heat flux per unit area and 6y is
the reference temperature. Fourier’s law, q = —x V0, states
that q is coupled with the gradient temperature change V6 by
the thermal conductivity tensor . In addition, the tempera-
ture and entropy are coupled by the specific heat ¢ such that
Orn = cB. Recognizing the latter as a constitutive equation
is key in adapting Willis’ homogenization method [[19] from
electromagnetics and elastodynamics to heat conduction. We
provide the complete details of the scheme in a companion
paper [36]], and summarize here its key principles and main
results. The method uses ensemble averaging in order to de-
fine the effective fields, such that they identically satisfy the
macroscopic equations. The method also employs a residual
kinematic field which delivers a unique definition of effective
relations. After some work using Green’s functions and ad-
joint equations, we are able to express the effective heat flux
and entropy in terms of the effective temperature and its gra-
dient. These effective relations are nonlocal in space and time
and take bianisotropic form
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where (-) denotes ensemble averaging, ¢ is the residual tem-
perature gradient and x and é are bianisotropic vector terms
that are absent from the microscopic constitutive relations.
The structure of the kernel in Eq. (Z) suggests the following
alternative form
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where é and % f are an adjoint pair if the microscopic relations
are self-adjoint. To demonstrate the implication of Eq. (2)
in the simplest way, we substitute its local limit in the one-
dimensional case into the macroscopic heat equation, and then
set ( = 0. We obtain

RO2(0) = 0 (0) + ()0, (0) + (€~ €T) 0u (). &)

In some of the examples that we provide ¢ > 0, thus imply-
ing finite the speed of macroscopic thermal disturbances. In

o> N>
o m>

the local limit of a reciprocal solid, the contributions of the
bianisotropic terms cancel each other out in the wave equa-
tion since f = é f, and the equation takes the form of the
Telegrapher’s equation. Nevertheless, the cross-couplings still
modify the thermal impedance Z = 6/q and thus break the
symmetry of heat conduction. Specifically, the characteristic
thermal impedance in the +x direction in the presence of a

heat source with time-dependency ¢! is
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where k = v/ iwé/Fk and evidently é introduces a direction-
dependent phase shift.

Motivated by the insights gained by the exact homogeniza-
tion method, we proceed to quantify this symmetry breaking
in a 1D scattering problem and develop a heuristic homoge-
nization scheme in the long-wavelength limit. To this end, we
consider a setting in which the heterogeneous medium acts as
a thermal scatterer in-between two homogeneous semi-infinite
slabs with specific heat ¢y and thermal conductivity xq (Fig.
[I). The slabs support leftward- and rightward evanescent so-
lutions of the form 0 (z,t) = © (x) ¢!, where

x < —1/2,
x>1/2,
(6)
ko = +/iwco/kKo is the wavenumber and some of the co-
efficients {aLR} may vanish, depending on the excitation.
Specifically, if the only heat source is within the finite
medium, then a;" and a; must vanish for the temperature to
be finite at +00. However, if heat sources exist in the semi-
infinite slabs, a; and a; admit nonzero values owing to in-
coming heat from the sources to the scatterer. In any case, the
continuity of the temperature and heat flux at the interfaces
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between the slabs and the scatterer couples a, = (a;", a;)

\T . . .
and ag = (ag,ag ) by the scattering matrix K. We detail
the derivation of its components in the companion paper [36]],
noting here that K has the form
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Figure 1. Heterogeneous scatterers in-between two homogeneous
semi-infinite slabs. Red lines in panels (a) and (b) denote planar
heat sources at the left- and right slabs (d). Homogeneous scatterer
with effective bianisotropic terms that generates that same scattering
response as the heterogeneous scatterer.




such that r1, and ¢, (rg and tR) are the reflection and trans-
mission coefficients owing to a source in the left (right) slab,
respectively. We find that ¢}, = tr as reciprocity requires,
however r, # rg; it is this asymmetry that is captured by
the effective bianisotropic terms, as we show in the numerical
examples to follow.

Our heuristic homogenization aims at replacing the hetero-
geneous scatterer by a fictitious homogeneous medium that
generates the same measurable fields, that is the same scatter-
ing matrix K. At the outset, we note that since K has three
independent components (rr,, rg and {;, = tg), any attempt
to reproduce it using standard constitutive relations with only
two material parameters (¢ and k) will inevitably lead to in-
consistencies. To proceed with the homogenization process,
we derive the transfer matrix that relates the temperature and
heat flux at both ends of a fictitious bianisotropic medium,
which is governed by the local form of Eq. (2). We obtain the
following expressions for the effective properties by requiring
that the transfer matrix of the bianisotropic medium matches
that of the heterogeneous scatterer:
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where the transfer matrix of the heterogeneous scatterer is
T = M. Since det T = 1, it follows that trM = 0 and
hence x = iw€.

We proceed to evaluate numerical examples, and begin with
a bilayer made of SiO, and diamond, each layer having thick-
ness 25 nm [Fig. [T(a)]. Fig. 2] shows the effective properties
in the frequency domain calculated with Eq. (8). We ob-
serve that £ and ¢ are complex-valued functions that recover
the harmonic- and arithmetic means, respectively, in the low-
frequency limit. Both the real- and imaginary parts of these
effective functions increase with frequency. The parameter ¢
is obtained by subtracting from ¢ the arithmetic mean of c.
The real part of ¢ is an even function. It is of order w? as
w — 0, reducing to a linear dependence at larger frequency.
It contributes a modest amount of dispersion. The imaginary
part of ¢ is very closely proportional to iw, corresponding to
the second derivative of (f) in Eq. (). Importantly, ¥ is purely
imaginary and equal to iw€. For the entire range of frequency
plotted, £ is constant and thus Y is linear in w.

The second example considers symmetric trilayer made of
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Figure 2. Effective (a) specific heat and (b) thermal conductiv-
ity properties of a bilayer made of SiO2 and diamond. Solid blue
and dashed red curves denote real and imaginary parts, respectively.
Dashed black lines denote the harmonic and arithmetic means. (c)
Effective bianisotropic terms £ (dashed red) and x/iw (solid blue).

a diamond layer in-between two SiO, layers, where the thick-
ness of each layer is 16.67 nm [Fig. [T{b)]. Fig. [3] mirrors
Fig. 2} now for the trilayer. Here again, / and ¢ are complex
functions which recover the harmonic and arithmetic means,
respectively, in the low-frequency limit. However, the imag-
inary part of ¢ is negative at small w. It displays a minimum
around 3 Grad/s and thereafter increases. We have confirmed
that this increase is linear in w over a substantial range beyond
the minimum, which is sufficient to deliver to a good approxi-
mation of the second derivative term in Eq. @), with the lower
frequencies contributing to the dissipation. Notably, x and §
are identically zero, as expected due to the symmetry of the
scatterer. The effective properties in Fig. ] are obtained by re-
placing the material of the left layer with copper [Fig. [Ifc)]
symmetry breaking that yields nonzero x and &, like in Flg .
Cross-coupling terms of the asymmetric trilayer are greater
than those of the bilayer, demonstrating that it is possible to
optimize thermal bianisotropy by microstructure design.

The magnitude of £is directly related to the asymmetry in
the reflection properties. To illustrate this relation, we plot
in Fig. 5] the magnitude ratio and phase difference between
between the reflection coefficients (r;, and rr) as functions
of frequency, for the different scatterers shown Figs. 2{fd] We
observe that a larger magnitude of 3 corresponds to a greater
relative phase between 71, and rg.

To conclude, we have derived a formal expression for
the effective response of heat-conducting composites, show-
ing that this response inevitably must display thermal bian-
isotropy, and have supported this observation with simple ex-
amples based on heuristic homogenization of subwavelength
elements in canonical gedanken scattering experiments. Our
demonstration of thermal bianisotropy opens avenues for
novel designs of thermal metamaterials, akin to how Willis
materials have expanded the design space for elastic and elec-
troelastic metamaterials. It also sets the stage for our future
work on thermomomentum Willis-type couplings in thermoe-
lastic materials, mirroring the the electromomentum effect in
piezoelectric materials.
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Figure 3. Effective properties of a symmetric trilayer made of a di-
amond layer in-between two SiO; layers. Legend same as in Fig.[2]
The bianisotropic terms are null, owing to the symmetry of the scat-
terer.
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Figure 4. Effective properties of a trilayer made of SiO, diamond
and copper layers. Legend same as in Fig. 2}
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