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Abstract

Hypernetworks connect multiple nodes via hyperedges, modeling higher-order group relationships. SuperHy-
perNetworks build on this by drawing nodes and edges from nested powersets, capturing multi-level hierarchies
with weighted links. A feedforward artificial neural network is a layered model in which neuron activations
flow unidirectionally through weighted pairwise connections. In this paper, we introduce two extensions of this
model using HyperGraph and SuperHyperGraph theory: the Artificial Neural HyperNetwork and the Artifi-
cial Neural SuperHyperNetwork. The Artificial Neural HyperNetwork replaces standard edges with weighted
hyperedges, allowing activations to propagate nonlinearly through multi-neuron groupings across layers. The
Artificial Neural SuperHyperNetwork further generalizes this approach by using nested superhyperedges to
transmit activations through hierarchically grouped neurons over multiple layers.

Keywords: HyperGraph, SuperHyperGraph, Neural Network, Neural HyperNetwork, Neural SuperHyperNet-
work

1 Preliminaries

In this section, we summarize the key definitions and notions that form the basis for the material discussed
herein. Throughout this paper, unless otherwise noted, all structures are assumed to be finite, and the empty set
is taken to be a subset of every set. Additionally, n will denote a nonnegative integer unless stated otherwise.
For more in-depth treatments of any particular topic or operation, the reader is encouraged to consult the
referenced sources.

1.1 SuperHyperGraph

Graph theory studies combinatorial properties and relationships of graphs—mathematical structures of vertices
connected by edges [1,2]. In classical graph theory, a hypergraph generalizes a standard graph by allowing
edges—called hyperedges—to connect more than two vertices, thereby facilitating representation of higher-
order relationships [3H7]. A SuperHyperGraph takes this idea further by incorporating iterated powerset
constructions into the hypergraph framework. This notion has been proposed and analyzed in recent works
[8H14]. Below, we lay out the associated definitions and related concepts.

Definition 1.1 (Base Set). A base set S is the foundational set from which complex structures such as powersets
and hyperstructures are derived. It is formally defined as:

S = {x | x is an element within a specified domain}.
All elements in constructs like P (S) or $,,(S) originate from the elements of .

Definition 1.2 (Powerset). The powerset of a set S, denoted P (S), is the collection of all possible subsets of
S, including both the empty set and S itself. Formally, it is expressed as:

P(S)={A| ACS}.
Definition 1.3 (n-th Powerset). (cf. [10,/15])

The n-th powerset of a set H, denoted P,,(H), is defined iteratively, starting with the standard powerset. The
recursive construction is given by:

Pi(H) = P(H), Pu+1(H)=P(P,(H)), forn>1.
Similarly, the n-th non-empty powerset, denoted P}, (H), is defined recursively as:
P{(H) = P*(H), P,,,(H) =P (P,(H)).

Here, P*(H) represents the powerset of H with the empty set removed.



Definition 1.4 (Hypergraph). [3L[16] A hypergraph H = (V(H), E(H)) consists of:

* A nonempty set V(H) of vertices.

e A set E(H) of hyperedges, where each hyperedge is a nonempty subset of V(H), thereby allowing
connections among multiple vertices.

Unlike standard graphs, hypergraphs are well-suited to represent higher-order relationships. In this paper, we
restrict ourselves to the case where both V(H) and E (H) are finite.

Definition 1.5 (n-SuperHyperGraph). [9}/17]]
Let Vj be a finite base set of vertices. For each integer k > 0, define the iterative powerset by
PO(Vo) = Vo, P (Vo) = P(PH (W),
where P (-) denotes the usual powerset operation. An n-SuperHyperGraph is then a pair
SHT™ = (V,E),

with
VP (Vy) and E CP"(Vy).

Each element of V is called an n-supervertex and each element of E an n-superedge.

1.2 HyperNetwork and SuperhyperNetwork

A hypernetwork is a network where edges (hyperedges) connect multiple nodes, enabling modeling of higher-
order relationships, simultaneously capturing group interactions. A SuperHyperNetwork extends hypernet-
works by using nested powerset-based nodes and edges, representing multi-level hierarchical group relationships
with weighted dynamic connections. The definitions of HyperNetwork and SuperhyperNetwork are presented
below [18]].

Definition 1.6 (Hypernetwork). [18L|19] A hypernetwork is an ordered triple
H=(V,& w)

where

* V is a nonempty finite set of nodes;

e & C P(V)\ {0} is the set of hyperedges, each hyperedge ¢ € & being a nonempty subset of nodes
(allowing multi-node interactions);

e w: & — Ry is a weight or attribute function on hyperedges (omitted if unweighted).

A directed hypernetwork may be defined by replacing & C P (V) with a set of ordered tuples of nodes or by
equipping each e € & with a head-tail partition. One can further add a node-labeling {y : V — Ly and a
hyperedge-labeling {g : & — Lg to record types or properties.

Definition 1.7 (n-SuperHypernetwork). [18] Let Vj be a finite base set of nodes. Define the n-th iterated
powerset recursively by

POVo) =Vo, P (Vo) = P(PE(W)) (k= 0).

An n-superhypernetwork is a tuple
N = (v, & w)

where

e V C P"(Vp) is a finite set of n-supernodes;
o & C P"(V) is a finite set of n-superedges, each superedge e € & being a nonempty subset of V;
* w: & — Ry is an optional weight function assigning a nonnegative real weight (or confidence) to each

superedge.

In other words, both vertices and hyperedges of the network are drawn from the n-th powerset of the base node
set, capturing up to n levels of hierarchical grouping.



1.3 Feedforward Artificial Neural Network

A feedforward artificial neural network is a layered model in which neurons propagate activations unidirec-
tionally from input to output through weighted connections [20-29]. Related concepts include graph neural
networks [30-36] and the like. The definition of a Feedforward Artificial Neural Network is provided below.

Definition 1.8 (Feedforward Artificial Neural Network). A feedforward artificial neural network (ANN) is a
function
fiR" — R™

determined by the following components:

* A positive integer L (the number of layers of the network).

* A sequence of positive integers {ng}gzo, where ng is the number of units (neurons) in layer €. In
particular, ng is the dimension of the input space and ny, is the dimension of the output space.

e Foreachlayer £ =1,2,...,L:

— A weight matrix
W(f) — [W(f)] € R™MXne-1
ij ’

()

where Wi is the weight connecting the j-th neuron of layer (£ — 1)

to the i-th neuron of layer £.

— A bias vector
O = [bl@] € R™, where bE” is the bias of the i-th neuron in layer €.
— An activation function
c:R — R (applied component-wise).
The network computes its output via the following feedforward rules: given an input vector x = a® e R,
define for each layer £ = 1,2,...,L
20 = WO 4 pO = [O] e r™, (1)

a0 = U(w(zm) = [0 (9)] e r™ 2
1 2

where:

o 20 s called the pre-activation vector for layer ¢.
+ a0 is called the activation vector (output) of layer .

« The activation function o(©) acts on each coordinate of z(*) independently; that is,

/ T
rOEO) = (OE), s OC), . OO

Finally, the output of the network is
fx) = a'P) = O.(L)(W(L) a4 b(L>).
Thus f is the composition

flx) = (U(uo(x — W(L)x+b(L))) o (O'(L_l)o(x — W(L_l)x+b(]‘_1))) 00 (Umo(x s W(1>x+b<1>))_



2 Result: Feedforward Artificial Neural HyperNetwork
A feedforward artificial neural hypernetwork integrates weighted hyperedge-based connections among neurons,
propagating activations iteratively nonlinearly through multi-node groupings across layers.

Definition 2.1 (Feedforward Artificial Neural HyperNetwork). A feedforward artificial neural hypernetwork
(FANHyperNetwork) is a tuple

H = (L, {neyrg {8, Aw Oy, (b O}, {0 DY),

where:

e L € Z. is the total number of layers.

e Foreach¢ =0,1,...,L, ng € Z- is the number of neurons in layer ¢. In particular, ng is the dimension
of the input space and ny is the dimension of the output space.

e Foreach{=1,2,...,L,
&0 c P({1.2.....ne1}) \ {0}

is a finite set of nonempty hyperedges at layer €. Each hyperedge ¢ € &) is a nonempty subset

e € {1,2,...,n¢-1} indicating a multi-input grouping from layer £ — 1.
e Foreach{=1,2,...,L,

w80 5 R

is a weight function assigning a real weight wgf) to each hyperedge e € &),

e Foreach{=1,2,...,L,
b = O], € rY

is the bias vector for layer £. Here b;f) denotes the bias of the i-th neuron in layer £.

e Foreach{=1,2,...,L,
R — R

is the activation function applied component-wise in layer £.

Given an input vector x = a® e R™, the network propagates feedforward in layers £ = 1,..., L as follows.
Denote by all=V = [aﬁ.f_l)];fi’ll € R the activations of layer £ — 1. Then for each neuroni = 1,2,...,n,
in layer ¢, define its pre-activation
14 ¢ -1 ¢
ZE): Z wg)l—[aﬁ. )+b§), 3)
ee&W0) 1 is target of e Jjee

where “i is target of e” means that hyperedge e in layer ¢ contributes to neuron i. The activation of neuron i in
layer ¢ is
@& _ (),
a;”’ = o'9(z").

ne
i=1’

o5 WO ) a0 e oo

ec&W0): jtarget of e jee

Equivalently, writing 20 = [z§6)1?£1 and a'©) = [al@] we have

where o(©) acts entrywise on the vector z(*). The final output of the network is f(x) = a) er™.

Example 2.2 (Simple Feedforward Artificial Neural HyperNetwork). Consider a feedforward artificial neural
hypernetwork H with the following specifications:

L=2, ny = 2, ny =2, ny = 1.
Thus the network has three layers: an input layer of dimension 2, one hidden layer of dimension 2, and an
output layer of dimension 1.
Layer 1 (Input to Hidden). Let the input neurons be labeled 1, 2. We define the hyperedges at layer 1 by

e = {{1,2}, {1}}.
That is:



» Hyperedge eil) = {1, 2} connects both input neurons to the first hidden neuron.

* Hyperedge eél) = {1} connects only the first input neuron to the second hidden neuron.

Choose a weight function w'": &(1) — R and biases b1 € R? by

0.1
n  _ (1 _ _ (1 _
Wiigy = 0.8, Wiy = 0.5, b\ = [0.21 .

Let the activation function on layer 1 be the ReLU:

o) = max{0, u}.

Layer 2 (Hidden to Output). Label the hidden-layer neurons by indices 1, 2 (within layer 1). We define

&® = {1} {1.2}},

so that:

* Hyperedge 652) = {1} connects the first hidden neuron (layer 1) to the output neuron.

» Hyperedge eéz) = {1, 2} connects both hidden neurons (layer 1) to the output neuron.

Choose weights and bias for layer 2 by

@ _ @ _ @ = [-
wip =12, wil, =06 »®=[-03].

Let the activation function on layer 2 be the sigmoid:

1

@) () -
o) l4+eu’

. . . T
Feedforward Computation. Given an input vector x = a® = [aio), aéo)] e R?, we compute layer 1
pre-activations and activations as follows:

z(ll) =w'l) (a(o) 'aéo)) + bgl) = O.8a§0) aéo) + 0.1, a(ll) = 0-(1)(1(11))

(1,2} \*1 max{0, 0.8 aio) aéo) +0.1},

2y =wl)) (af”) + b = -054{ + 02, al’ =W (z!) = max{0, -0.54\" +0.2}.

Next, using these hidden activations a® = [ail), aél) ] T, we compute layer 2:

2) _ (2) (1) (2) (1) (1) 2
@ = Wi (a;’) + Wy (a;’ay’) +b?

1

@ - Oy = -
“ v (Z ) l+e 22"

from hyperedge {1} from hyperedge {1,2}

_ (1) (1 (1)
—1.2a1 + 0.6(al a, ) - 0.3,

Hence the final output of the network is f(x) = a? eR.

Theorem 2.3. The FANHyperNetwork defined above generalizes the standard feedforward artificial neural
network.



Proof. Recall that a standard feedforward ANN (Definition in classical form) uses, for each layer ¢, a weight
matrix W) e R"*"-1 and bias vector b(©) € R™, with the linear step

Zlgt’) _ rf Wi(,? a;@-]) + bl@’ al(t’) — o0 (Zlgf))_
j=1
To recover this from the FANHyperNetwork formulation, choose for each ¢:
eV = {{jy:j=1L2...n1},
i.e. each hyperedge is a singleton {;}. Define

wifj)} = Wffj) and bl@ as in the standard ANN.
Then in formula (3), the product over j € e (which is a singleton) becomes [] ;¢ aj.f_l) = a;.[_l) . Hence

ne-1

¢ £) (-1 ¢ £) (£-1 ¢
{0 = S w0 O = Y WO 4 0,
e={j}e&W:itargetof e Jj=1
Thus the FANHyperNetwork reduces exactly to the standard feedforward ANN. Therefore, the standard ANN
is a special case of the FANHyperNetwork. O

Definition 2.4 (Underlying Neuron HyperNetwork). Let H = (L, {n;}, {&©}, (w O}, (6D}, {c'D}) be a
FANHyperNetwork. Define its underlying neuron hypernetwork as the ordered triple

Hpeurons = (V’ &, Wall)’
where:
e V= |_|[L=0{ (¢,i) |i=1,2,...,n¢} is the disjoint union of neuron-indices across all layers, so that each
neuron in layer ¢ is labeled by (¢, 1).
e &= |_|(If:] { er X {(¢,0)} ’ er 8D i=1,2,... ,ng}, where
eex{(L,D)} = {(L=1,j) | jee} U {(Li)}

is the hyperedge in Hpeyrons that connects all neurons {(£ — 1, ) | j € e¢} in layer £ — 1 to the single
neuron (¢, i) in layer €.

* The weight function wyy : & — R is defined by
wan(ee X {(£,)}) == wl), foreach e, x {(£,i)} € &.

Theorem 2.5. The underlying neuron structure Hyeurons 0f a FANHyperNetwork is a (directed) HyperNetwork
in the sense of Definition 1 (Hypernetwork).

Proof. We check the three components required by Definition 1 for Hyeyrons = (V, &, wan):

1. V is a nonempty finite set of nodes, since there are finitely many layers £ = 0, ..., L, each with a finite
L
number n; of neurons. Hence V = |_|{(€, i) | 1 <i < ne}is finite and nonempty.
£=0

2. & C P(V)\{0}. Indeed, each hyperedge in & has the form e, X {(£,0)} = { ({—1,j) | j € e, }U{(£,0)},
which is a nonempty subset of V. Moreover, & is finite because each &(¢) is finite and there are finitely
many layers { = 1,...,L and neuronsi = 1,...,ny. Thus & C P(V) \ {0}.

3. The function wy;: & — R assigns each hyperedge e, X {(£,i)} the real weight wg). Hence wyj is a
valid weight function on hyperedges.

Since all the requirements of Definition are satisfied, Hpeurons 1S @ (directed) hypernetwork whose nodes are
the network’s neurons and whose hyperedges encode each layer’s multi-input connections. Therefore, the
FANHyperNetwork indeed carries the structure of a hypernetwork on its neurons. O

6



3 Result: Feedforward Artificial Neural SuperHyperNetwork
A feedforward artificial neural superhypernetwork employs nested iterated-superhyperedge connections to
propagate activations complexly through hierarchically grouped neurons across multiple layers.
Definition 3.1 (Feedforward Artificial Neural n-SuperHyperNetwork). A feedforward artificial neural n-
superhypernetwork (FANnSHN) is a tuple

7—((”) = (L, { nf}é‘:()’ { 8(["1) }§:17 { W([’n) }élzla { b([) }é‘:]’ {0—([) }é‘:l)»

where:

e L € Z. is the total number of layers.

e Foreach¢ =0,1,...,L, ng € Z¢ is the number of neurons in layer £. In particular, ng is the dimension
of the input space and ny is the dimension of the output space.

e Foreachlayer £ =1,2,...,L:

- Let V&-D = {1,2,...,np-1} denote the set of neuron-indices in layer £ — 1. Define the n-fold
iterated powerset recursively by

POVED) = v, PRIy < p(ph (D)) (k2 0).

-&ln ¢ P"(V(E_l)) \ {0} is a finite set of nonempty n-superhyperedges at layer €. Each
n-superhyperedge e € &™) is a nonempty subset e C P”_I(V([_l)), whose elements are
themselves (n — 1)-supernodes.

—wm . gln 5 Riga weight function assigning a real scalar wgg’") to each n-superhyperedge
e

- = [bf[) ]21 € R™ is the bias vector for layer £, where bl@ is the bias of the i-th neuron in
layer ¢.

- 0. R — Ris the activation function applied componentwise in layer ¢.

Given an input x = a®) € R™, the activations propagate layer-by-layer. Suppose at layer £ — 1 we have
activation values ‘™! = [a;.[_l)];fi’ll € R"'. We define recursively a value function Val(-; a“_l)) on
PE(VED) for 0 < k < nby:

Val(j ; a([_l)) = aﬁ.[_l), for each j € V1),
and for any nonempty S € P* (V1) with k > 1,

Val($; alD) = 1—[ Val(T'; a'“~D).
TeS

Thus if k = 1, then § € VD and Val(S) = []cs a}[_l). If k > 1,each T € S is itself a (k — 1)-supernode
and we multiply its recursively defined value.

For each neuroni = 1,2, ..., n, in layer ¢, its pre-activation is
77 = > Wl val(es aV) + b0, )
ec&tn).
iis target of e

The corresponding activation is
¢ ¢
a(l.) = 0'(5)(15 ).
Equivalently, letting 20 = [zgf)]:.lil and a'¥) = [agf)]:il,
n n
Z([) = [Z(l.g)].F1 = [ Z ng,n) Val(e; a([_l)) + b}f)]_[ . (l([) = 0'“)(2([)),
i=

=1
ec&tm): '
i is target of e

we write

where o(©) acts entrywise. The final output of the network is f (x) = at) e R,



Example 3.2 (Feedforward Artificial Neural 2-SuperHyperNetwork). Consider a feedforward artificial neural
2-superhypernetwork H ) with:

L=2, ny =2, ny =2, ny, = 1.

Thus there are three layers: input (dimension 2), one hidden layer (dimension 2), and output (dimension 1).
We setn = 2.

Layer 1 (Input — Hidden). Label the input-layer neuron indices by V(®) = {1,2}. Then
PIVOY = {{1}, 2}, {1,2}}, P*(VD) = P(P (V).
Explicitly,
P2VO) = {{{1} {21 ({121 (L 20 (054123} ({2312}, {{1), {2}, {1,.2}}}
We choose two 2-superhyperedges in layer 1:
e = {2}, Y = {12

Thus:

e}l’z) c P1(V®) has elements {1} and {2}.

eél’z) c P1(V(®) has the single element {1, 2}.

Define weights and biases for layer 1:

0.1
W(l(’,22)> =0.5, W(l(,lzg) _—r p(D = _
@ «’ —0.2

Let the activation function on layer 1 be o (4) = max{0, u} (ReLU).

Layer 2 (Hidden — Output). Label the hidden-layer neuron indices by V(1) = {1,2}. Then
P (V) = {1}, {21 {121, PPV = PP (V™).

We choose two 2-superhyperedges in layer 2:

e = {1y}, PP ={01}, 23}
Define weights and bias for layer 2:

w2 =10, w?2) =04, @ =][0.0].

22 (22
€

1

Let the activation function on layer 2 be the sigmoid o? (u) = oo
e

O 4O17
* 2

Value Function Definitions. At layer 1, given activations a® = [a1 , we define

Val({1}; @) =a!”, val({2}; a®) = al”,  val({1,2}; a®) = a\” a{”.
Then for each 2-supernode § € P1(V(®),

Val(s; a®) ]—[Val (T; a'?).
TeS

Hence:



* Val(e!"; a©) = Val({1}; @) - Val({2}; a @) = a\” a{.

. Val(eél’z); a®) =val({1,2}; a?) = aio) aéo).

Layer 1 Computation. For hidden neuroni = 1, 2,

D= Z wil?) Val(e; a ) + b(l.l).

i
ec&12):
i is target of e

Assume both hyperedges eihz) and eél’z) target each hidden neuron i. Then

2=05@"a”) - 07@”ad”) + 01 = (-02)a”a” + 0.1,

2=05@"a”) - 07" - 02 = (-02)a”al” - 02.

Thus
M _ () (Y _ 0) (0) (1)
a;’ =ocW(}’) =max{0, (-0.2)a;" a5’ +b}"}.

Layer 2 Computation. Given ¢! = [ail), aél)]T, we define
1 1 1
val({1}; aV) = alV, val({2); aV) =&l val({1},2); aV) = alV &V,
For the single output neuron i = 1,
2@ = Z w22 Val(e; aV) + b@.

ecE2D);
1 is target of e

(2,2)

Assume both e” (2.2)

and e,”" contribute to the output. Then
@ =1.0a" +04@"al") + 0=a" + 044" al".

Finally,

1
@ = ;@ (@) = _
a 7 (Z ) l+e (ail)+0.4af')aél))

Hence the network’s output is f(x) = a® € R.

Example 3.3 (Feedforward Artificial Neural 3-SuperHyperNetwork: Medical Triage System). Consider a
medical triage application for early sepsis detection using three vital-sign inputs:

Heart Rate (HR), Blood Pressure (BP), Body Temperature (Temp).
We build a feedforward artificial neural 3-superhypernetwork H ) with:
L =2, ng = 3, n =2, no=1, n=23.

Thus there are three layers: input (dimension 3), one hidden layer (dimension 2), and output (dimension 1).

Layer 1 (Input — Hidden). Label the input-layer neuron indices by
v©O = {1,2,3},
where 1 corresponds to HR, 2 to BP, and 3 to Temp. We compute:
PL V@) = {{1}, {2}, (3} {1.2}, {1.3}, {23}, {1,2,3}},
P2VO) = {{{ (20 {3 ({121, ({131, {4230 {412,300 {111 423 -, {410, 423, £33, {1, 2,313},
PIVO) = p(P2V®)).
We select two 3-superhyperedges in layer 1 as follows:

MV S [ Bl Y = {en)

Here:



851’3) C P2(V®) has the three 2-supernodes {{1}}, {{2}}, {{3}}, each isolating a single vital sign.
. e§1’3) c P2(VD) has the single 2-supernode {{1,2}}, representing the combined interaction of Heart

Rate and Blood Pressure.

Define weights and biases for layer 1:

0.2
W(](133)) =038, W(](,133>) =-05, b = ’
e’ -0.1

Let the activation function on layer 1 be ReLU:

o) = max{0, u}.

Layer 2 (Hidden — Output). Label the hidden-layer neuron indices by
v = {1, 2}.
Then
PHVD) = {1}, 21 (L2, P2 (VD) =PIV D)), P(V) = PP (VD))

We choose two 3-superhyperedges in layer 2:

e =t} M = {2}
Define weights and bias for layer 2:

w”(f; =12, w%) =06 @ =][00].

€

Let the activation function on layer 2 be sigmoid:

1

@ -
o (w) l+e v

Value Function Definitions (Layer 1). At layer 1, given input activations ¥ = [a§0) aéO), éo)]T, define:
0 0 0
val({{1}}; @) =a\”, val({{2}}; @) =al”,  Val({{3}}; a ) = al”,
. 40y = .0y = ,(0) (0)
Val({{1,2}}; @) = Val({1,2}; ") = a; " a, .
Then for any 2-supernode T € P! (V(0),

Val(T; o) = ]—[Val (S; a?).
SeT

Finally, for each 3-supernode E C PZ(V(O)),

Val(E; a©) = ﬂ Val(T; a?).
TeE

Hence:
Val(eim); a®) = val({{1}}; a'?) Val({{2}}; a'?) Val({{3}}; a'V) = ago) aéo) aéo),

Val(eél,:’)); a(O)) — Val({{l,Z}}, d(o)) — aio) aéo).

10



Layer 1 Computation. For each hidden neuroni = 1,2,

2V = Z wi val(e; ) + b(il).

1
ec&L3).
i is target of e
(1,3) (1,3) i
Assume both e, and e, target each hidden neuron. Then
=08 @00 - 05 @) + 02
D =08 @) - 05@a?) - 0.

Thus
a(l.l) = U(l)(z(il)) = max{ 0, O.Sago)aéo)ago) - 05 aio)aéo) + b(l.l)}.

Layer 2 Computation. Given hidden activations al = [agl), aél)]T, define:
val({{1}}; aV) = !, val({{2}}; aV) = al",  val({{1},{2}}; aV) = @V a{V.
For the single output neuron i = 1,

@ = Z w3 Val(e; a) + p®.

ee&2:
1 is target of e

Assuming both e and e

§2’3) contribute, we get:

(2,3)
2

@ =124" + 06@"al") +0=12a" + 064" al".

Finally,
1

1+exp(-[1.2a!" +0.6a"al 1)’

a® = @ (;®) =

Hence the network’s output is
fx) = a® e R.

In this medical-triage example, a?) represents the model’s sepsis-risk score based on hierarchical interactions
among heart rate, blood pressure, and temperature.

Theorem 3.4. A feedforward artificial neural n-superhypernetwork (FANnSHN) with n = 1 coincides with
the feedforward artificial neural hypernetwork (FANHyperNetwork).

Proof. When n = 1, the iterated powerset P! (V(¢=1) is simply P (V(“~D), and a I-superhyperedge e €
g ¢ P(V(‘)‘”) \ {0} is an ordinary hyperedge. The value function then satisfies

. (-1 _ (€-1) (€-1)
Val(e; a ) = l—[aj , foreache CV )
Jjee
Hence the pre-activation formula (@) becomes
¢ 2,1 -1 ¢
ZE): Z wé )na; )+b(i),
ecgt:): Jjee

i is target of e

which matches exactly the definition of a feedforward artificial neural hypernetwork (Definition of FANHyperNetwork).
Therefore, setting n = 1 recovers the standard hypernetwork case. O

Definition 3.5 (Underlying Neuron n-SuperHyperNetwork). Let H") = (L, {n¢}, (@MY (w&my (b Oy, (O })
be a FANnSHN. Its underlying neuron n-superhypernetwork is the ordered triple

H[Sggrons = (V’ &, Wall),
defined as follows:

11



eV = |_|§=0{ (¢,i) | i = 1,...,n¢} is the disjoint union of neuron labels, so that (£,7) denotes the i-th
neuron in layer £.

 For each layer £ = 1,2, ..., L and each neuroni = 1,.. ., n¢, each n-superhyperedge
ee &6 ¢ pr(yh)
corresponds to a neuron-level hyperedge
ex{(t0)} = {(t-1))|jee} U { (LD},

where { ({ —1,j) | j € e} C V is a subset of (£ — 1)-layer neurons, and {(¢,7)} is the target neuron.
Collecting all such edges across all layers and target neurons gives

L
& = U{ex{(f,i)} | ec&“m i=1,...,n}.
=1

Each element of & is a nonempty subset of V.

* The weight function w,;: & — R is given by
wan(e x {(6,0)}) = wil™  foreach e x {(£,i)} € &.

Theorem 3.6. The underlying neuron n-superhypernetwork Héggmns is a (directed) n-superhypernetwork in
the sense of Definition 2 (n-SuperHypernetwork).

Proof. We verify that H,gggmns = (V, &, wan) satisfies the three requirements of an n-superhypernetwork:

L
1° V= |_|{(€, i) | 1 <i < ng}is a finite, nonempty set, since each layer £ has n, neurons and there are

=0
finitely many layers.

2° Each element of & has the form
ex {0} = {(t-1,)) | jee} U {(6D},

where e € & ¢ Pr(VED) Since V1 = {1,...,n,_1}, each e is a nonempty element of
Pr(VE=D) Thus e itself is a subset of =1 (V(¢=1)), and so the set { (£ — 1, j) | j € e} is a nonempty
subsetof { (£ —1,1),...,(€—=1,n,-1)} C V. Adding (¢,i) yields a nonempty subset of V. Hence each
e x {(£,i)} € & is a nonempty subset of V. As &™) is finite for each ¢ and there are finitely many
neurons i per layer, & C P(V) \ {0} is finite.

3° The function wyy : & — R is defined by
wai(e x {(£,0)}) = wi",

which is a valid assignment of nonnegative weights (or real weights) to each hyperedge. Thus wyy is a
well-defined weight function on &.

Since V is finite and nonempty, & C P (V) \ {0} is finite, and wyy assigns a real number to each edge,
all conditions of an n-superhypernetwork (Definition 2) are satisfied. Therefore, H,g;’gmns is a directed n-
superhypernetwork whose nodes correspond to neurons and whose n-superhyperedges encode each multi-level
grouping in the feedforward architecture. O

4 Conclusion and Future Works

In this paper, we introduced two extensions of the feedforward neural model using HyperGraph and Super-
HyperGraph theory: the Artificial Neural HyperNetwork and the Artificial Neural SuperHyperNetwork. In
future work, we plan to explore further extensions of these concepts using frameworks such as Fuzzy Sets [37],
Intuitionistic Fuzzy Sets [38]], Neutrosophic Sets [39]], Picture Fuzzy Sets [40]], Hesitant Fuzzy Sets [41]], and
Plithogenic Sets [42].
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