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Abstract3

Estimating model parameters from experimental data is a common practice across various research fields. For4

nonlinear models the parameters are estimated using an optimization algorithm that minimizes an objective function.5

Assessing the certainty of these parameter estimates is crucial to address questions such as ”what is the probability6

the estimation error is smaller than 5%?”, ”is our experiment sensitive enough to estimate all parameters?”, and7

”how much can we change each parameter while still fitting the data accurately?”. Typically, the certainty levels are8

quantified using a linear approximation of the model. However, we show that in models that are highly nonlinear9

in their parameters or in the presence of large experimental errors, this method fails to capture the certainty levels10

accurately. To address these limitations, we present an alternative method based on the Hessian approximation of11

the objective function. We show that this method captures the certainty levels more accurately and can be derived12

geometrically. We demonstrate the efficacy of our approach through a case study involving a nonlinear hyperelastic13

material constitutive model and an application on a nonlinear model for the conductivity of electrolyte solutions.14

Despite its higher computational cost, we recommend adopting the Hessian approximation when accurate certainty15

levels are required in highly nonlinear models.16

Keywords: Confidence regions, Experimental errors, Hessian-based approximation, Indifference regions, Nonlinear17

models, Parameter estimation18

1. Introduction19

Estimating model parameters is an important step in model analysis, serving as a foundation for subsequent in-20

vestigations. Commonly, the goal of parameter estimation is to find a unique set of parameters that fits a model to the21

data. Ideally, it ensures these parameters can predict new, untested scenarios. When done well, for given experimen-22

tal data and a chosen model, certain parameter sets will make the model’s behavior match the data, increasing their23

likelihood. The certainty in these parameter estimates is equally important. Quantifying parameter certainty provides24

insights into the reliability and robustness of the model predictions.25

The task of estimating the parameters and the certainty in them becomes particularly challenging in highly non-26

linear models (e.g., hyperelastic solid material models, adsorption isotherm models, and growth of microorganisms27

models). The nonlinearity and lack of analytical solutions complicate the parameter estimation process. In such cases,28

we often need to compare experimental data with numerical predictions iteratively to find the model parameters. This29

process presents additional challenges in the parameter estimation [1]. This scenario is explored further in section 3.30

The least squares method is frequently employed to determine material parameters and is widely regarded as31

the gold standard in the literature. This method obtains parameters that are normally distributed around the true32

parameters with minimal standard deviations [2]. This approach is based on the assumption that the measurement33

errors are uncorrelated and normally distributed, which is usually a reasonable approximation for many quantitative34

experiments.35

The process of estimating model parameters begins with a model of the problem36

y = f (x1, ..., xm; θ1, ...θp)
= f (x; θ)

(1)
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relating a response f (such as force reaction, deformation, yield of product) with values of explanatory variables x37

(such as pressure, temperature, time) and unknown model parameters θ. We then proceed to evaluate n > p different38

states of x to determine the p model parameters θ.39

1.1. Problem statement40

We consider the unweighted least squares estimation method, which is widely used for parameter estimation41

[3, 4, 5]. This method requires defining the model’s deviation from experimental data. Mathematically, this is achieved42

by formulating an objective function F(θ) that we aim to minimize:43

F(θ) =
n∑

i=1

[yi − f (xi; θ)]2 (2)

The objective function is defined as the sum over all n data points of the squared difference between the experimentally44

measured results yi, and the predicted results f (xi; θ), where xi is a vector of n different combinations of explanatory45

variables. If θ is close to the unknown true model parameters θ∗, and the model f (xi; θ) is exact, the value of F(θ)46

will approach a minimum [6].47

Using numerical optimization algorithms to minimize the objective function obtains the best-fit parameters θ̂. As-48

suming normally distributed experimental errors, the parameters θ̂ obtained are also the maximum likelihood estimates49

[7]. Optimization algorithms typically yield precisely repeatable parameters, and so for an objective function with a50

single unique minimum, the differences in estimated θ̂ are small, regardless of the initial guess. The true uncertainty51

in the parameter bounds arises from measurement errors in yi, which in turn create uncertainty in F(θ). In this sense,52

if a parameter set θ̃ , θ̂ results in F(θ̃) that is only slightly larger than F(θ̂), considering the measurement errors, then53

both θ̂ and θ̃ can be considered reasonable estimations of the parameters. Let ∆F > 0 represent the largest difference54

above the minimum objective value we consider insignificant. Therefore, we can consider θ̂ as likely as any other55

value of θ for which56

Ω∆F ≜ {θ ∈ Θ : F(θ) ≤ ∆F} (3)

where Θ is the parameter space. This gives the confidence (also known as certainty or indifference) region in Θ.57

Regions that satisfy (3) are called exact confidence regions. We will now limit our attention to regions with no local58

minima other than θ̂ ∈ Θ. When F is continuous and θ̂ is its unique unconstrained minimum, the confidence region is59

a simply connected space surrounding θ̂ in the p-dimensional θ space. This region is bounded by F(θ) = F(θ̂) + ∆F,60

which is a p-dimensional hypersurface. Choosing the value of ∆F is not trivial, but once chosen, the analysis remains61

consistent.62

For example, ∆F can be calculated from the data distribution for a large enough number of data points n [7, 8, 9].63

Through statistical estimation of the data distribution we obtain64

∆F =
(
1 +

p
n − p

F1−α
p,n−p

)
F(θ̂) (4)

where we use a value from the F-distribution, denoted F1−α
p,n−p, with p and n − p degrees of freedom. This value65

determines the certainty region, which is the range where we expect our estimates to fall with a certain level of66

confidence 100 · (1 − α)% [8, p. 25]. However, from (4) we know that ∆F depends on the minimum value of our67

objective function. Consequently, we can only assess ∆F after determining θ̂. Having established the problem and the68

need for accurate parameter estimation, we now focus on the approximations of the estimated parameters’ confidence69

regions.70

1.2. Approximations of confidence regions of the estimated parameters71

Finding the exact confidence region boundaries is extremely computationally heavy, as it requires mapping out72

the entire objective function space. Consequently, we aim to use approximations for the objective function. In this73

section, we explore the classical approximation for the confidence region. Since most optimization algorithms use74

a local second-order approximation [10], it was deemed appropriate to use a second-order Taylor expansion of the75
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objective function about θ̂ to approximate it [6, 8]. Considering the fact that the unconstrained minimum of F is at θ̂,76

then ∂F
∂θ j

∣∣∣
θ̂
= 0, and77

F(θ j) = F(θ̂ j) +
1
2

(θk − θ̂k)
∂2F
∂θ j ∂θk

∣∣∣∣∣
θ̂
(θ j − θ̂ j) + ... (5)

To simplify the approximation further, a classic linear approximation for the term of second derivatives, the Hes-78

sian H = ∂2F
∂θ j ∂θk

, was proposed [8, 9, 11], and implemented in solid mechanics (e.g. [12, 13]), ecology (e.g. [14, 15]),79

chemistry (e.g. [16, 17]) and more, suggesting that80

∂2F
∂θ j ∂θk

= 2
n∑

i=1

[
∂ fi
∂θ j

∂ fi
∂θk
− (yi − fi)

∂2 fi
∂θ j ∂θk

]

≈ 2
n∑

i=1

∂ fi
∂θ j

∂ fi
∂θk
= 2J(θ)T J(θ) = 2V(θ)

(6)

where J(θ) = ∂ fi
∂θ j

is the n × p Jacobian matrix of the model function. This approximation is based on at least one of81

two considerations: (a) if the model is linear in the parameters, then the Hessian of the model vanishes ( ∂
2 fi

∂θ j ∂θk
= 0)82

and (6) is an equality; (b) we expect (yi − fi) to be very small around θ̂, thus the second term is negligible. It has been83

shown that (6) can be related to the covariance matrix [2, 4, 7, 9, 11], leading to the approximate confidence bounds84

of each parameter:85

θi = θ̂i ±

√
∆FV−1

ii (θ̂) (no summation on i) (7)

In cases where both assumptions do not hold, this approximation may lead to wrong confidence estimation. In86

this work, we consider models that are both nonlinear in their parameters, and do not capture the results extremely87

accurately.88

To address this challenge, we propose using the actual Hessian matrix instead of the linear approximation. The89

Hessian coefficients can be obtained either theoretically, by differentiating the expressions for F(θ) twice with respect90

to the parameters, or numerically, by evaluating the sum of squares for a set of (at least) Nc = (k + 1)2 · p(p − 1)/2 ∼91

O(p2k2) values, where k is the order of accuracy in the second order numeric derivation. We note that a numeric92

Hessian calculation is more computationally expensive than the numeric Jacobian approximation, which only requires93

Nc = (k + 1) · p ∼ O(pk) model evaluations.94

2. Confidence bounds by Hessian approximation95

To address models that are both nonlinear in the parameters and do not capture the results very accurately due96

to either poor model definition or poor experimental results, we propose the Hessian approximation method. In this97

section, we derive the certainty region bounds for each parameter using geometrical considerations. The classical98

method to estimate parameter certainty, as shown in (7), is derived from statistical and algebraic considerations [6, 8]99

and relies on a linear approximation, which is invalid in our analysis.100

Let F(θ̂) be the minimum of the objective function’s hyperplane. Since we assume a quadratic approximation of101

the objective function, then F(θ̂) is situated at the minimum of a p + 1-dimensional elliptic paraboloid. Consequently,102

(3) defines the surface of a p-dimensional hyperellipsoid with its center at θ̂. From a geometrical standpoint, the103

certainty in each parameter can then simply be defined as the projection of the hyperellipsoid on each of the parameter104

axes. e define the curvatures around θ̂ by the second derivative of the objective function with respect to the parameters,105

∂2F
∂θ j ∂θk

= H [8, 14]. Since F(θ̂) is a minimum, H(θ̂) is definite positive. Consequently, H(θ̂) is invertible, and we can106

consider the eigenvalues of the matrix as the main curvatures, with the eigenvectors representing their direction [18].107

Now to compute the size of the projections, we start by translating the center of the hyperellipsoid to the origin,108

for simplicity of analysis. The equation describing an axis-aligned canonical hyperellipsoid is given by109

x2
1

a2
1

+
x2

2

a2
2

+ ... +
x2

n

a2
n
= 1 (8)
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and in matrix notation it can be represented as110

xT Dx = 1 (9)

where111

D =


1
a2

1
0 . . .

...
. . .

0 1
a2

n

 , x =


x1
...

xn

 (10a,b)

To represent the problem’s general hyperellipsoid, we will apply a rotation operation on D. In this case, we use the112

objective function’s Hessian matrix eigendecomposition to inform the rotation. Let H = QκQT , so that the general113

hyperellipsoid will be defined by xT QDQT x = 1, or simply114

xT Ax = 1 (11)

Here, the matrix A1 represents the hyperellipsoid in the parameters’ coordinate system. The lengths of the hyperel-115

lipsoid’s semi-axes are retrieved from the main curvatures of the objective function κi around the target point θ̂, and116

are defined as the opening of the parabolic bowl at a certain height s2 > F(θ̂). Therefore, for a parabolic function117

p(xi) = κi2 x2
i , the semi-axes lengths are118

ai =

√
2s2

κi
(12)

Note that s2 = ∆F−F(θ̂). Since we aim to find the minimum and maximum values of the hyperellipsoid projection on119

each axis, we will utilize Lagrange multipliers. Mathematically, we look for the extrema of the function h(x) = eT
i x,120

where eT
i = (0, ..., 0, 1, 0, ..., 0) is the parameter axis on which we project the hyperellipsoid. The constraint is the121

surface of the hyperellipsoid g(x) = xT Ax − 1 = 0. To maximize h(x) subject to the constraint g(x) we find the zero122

of the derivative of the Lagrangian function123

∇
[
eT

i x + λ(xT Ax − 1)
]
= 0

eT
i · I + λ · 2Ax = ei + 2λAx = 0

(13)

Solving for x we get x = − 1
2λ A−1ei = αA−1ei. By substituting this into g(x) we obtain124

xT Ax = αeT
i A−1 AαA−1ei = α

2eT
i A−1ei = 1 (14)

which implies125

α2 =
1

eT
i A−1ei

(15a)

⇒ x = ±
A−1ei√
eT

i A−1ei

(15b)

Hence, the projection of the hyperellipsoid on each axis is126

xi = eT
i x = ±

√
eT

i A−1ei = ±

√
A−1

ii (no summation on i) (16)

From the Hessian eigendecomposition, it is evident that κ = QT HQ. So by substituting (12) into (9), we can now127

express D using the diagonal matrix of curvatures κ:128

D =
1

2s2 κ =
1

2s2 QT HQ (17)

from which we relate the generalized ellipsoid (11) to the Hessian. Therefore, A = QDQT = 1
2s2 H, so A−1 = 2s2H−1.129

And finally, we substitute this into (16). We obtain that the confidence bounds of each parameter i is estimated by130

θi = θ̂i ± s
√

2H−1
ii (θ̂) (no summation on i) (18)

1It is worth noting that the matrix A is both positive definite and symmetric. It is positive definite because its diagonal matrix is constructed of
only positive values, and it is symmetric because AT = (QDQT )T = Q(QD)T = QDQT = A.
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2.1. Alternative algebraic method131

We present two alternative methods to derive the bounds of the confidence region. First, we follow the statistical132

approach using the linear approximation as a basis [14, 9], by simply substituting (6) into (7) we get133

V−1 ≈ 2H−1 (19)

θi = θ̂i ±

√
2∆FH−1

ii (θ̂) (no summation on i) (20)

Using the fact that F(θ̂) might be substantial, unlike the approximation done in (7), we will use s2 instead of ∆F to134

get (18). This method is more of a heuristic rather than a rigorous proof. Second, we follow the algebraic proposal135

derived by Bard (1974) [6, p. 171] in which he presents (3) with136

|F(θ) − F(θ̂)| ≤ s2 (21)

By substituting in (5) the confidence region is approximately defined by137 ∣∣∣∣∣∣12(θk − θ̂k)
∂2F
∂θ j ∂θk

∣∣∣∣∣
θ̂
(θ j − θ̂ j)

∣∣∣∣∣∣ ≤ s2 (22)

Since H(θ̂) is at a minimum, it is definite positive and (22) becomes138

δθk H jk(θ̂)δθ j ≤ 2s2 (23)

We can now determine how much a parameter θi can be varied from θ̂i under this inequality. If we allow change only139

in one parameter, Equation (23) reduces to140

Hii(θ̂)δθ2i ≤ 2s2 (24)

so by rearranging we get yet again (18). We note that this proof is valid only after isolating the change in one parameter,141

which limits its generality and restricts application to other scenarios. To illustrate the ability of this method to predict142

the certainty region, we now look at a specific example.143

3. Numerical examples144

In this section, we present a couple of numerical examples to illustrate the application and effectiveness of the145

different certainty approximation methods in various models. We aim to compare the Hessian-based and classical146

parameter uncertainty approximations across different scenarios, highlighting their strengths and limitations. We147

begin with a comparative analysis in hyperelastic material models, followed by an application to the conductivity of148

electrolyte solutions.149

3.1. Comparing confidence approximations in hyperelastic models150

We first investigate the relative merits of (18) and (7), as approximations of the confidence regions. Generally, we151

realize that:152

1. The difference between these approximations and the exact confidence regions is typically small, as even non-153

linear models behave linearly sufficiently close to the minimum [9].154

2. When the model accurately captures the experiments, no substantial difference is expected between these ap-155

proximate confidence regions.156

Therefore, we expect both estimations to be relatively close to each other, in many cases. However, there may be157

cases where the linear approximation does not accurately represent the exact region. To showcase such scenarios, we158

plot an example problem from the open dataset provided in Oddes and Solav (2023) [18]. In their paper, they studied159

the identifiability of the parameters of hyperelastic models estimated from indentation force-depth data. This problem160
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Figure 1: The indentation-force vs. indentation-depth curve results of Oddes and Solav (2023) [18] from a simulation using the Ogden material
model with the true parameters θ∗. The shaded area represents the range of added random noise to the results.

Figure Random error θ̂ H estimation (18) V estimation (7) F(θ̂)

2a 1.9% θ1 1.04 27 ± 2.8 kPa 27 ± 2.9 kPa 0.0025
θ2 0.89 17 ± 5.3 17 ± 5.3

2b 7.0% θ1 0.85 22 ± 3.7 kPa 22 ± 4.1 kPa 0.0099
θ2 1.32 25 ± 11 25 ± 12

2c 7.9% θ1 0.85 22 ± 47 kPa † 22 ± 8.7 kPa † 0.0438
θ2 1.26 24 ± 155 † 24 ± 25 †

2d 9.4% θ1 1.19 31 ± 7.4 kPa † 31 ± 8.1 kPa † 0.0226
θ2 0.53 10 ± 8.5 † 10 ± 10.1 †

Table 1: Numerical values of confidence ranges for varying noises on the simulated force data. The table lists the values shown in figures 2a, 2b,
2c, 2d. We compare the resulting estimations to the true values θ∗ = {26 kPa, 19}. † Values are the unconstrained estimations, as the error exceeds
the range of the parameter space.

involves a highly nonlinear two-parameter Ogden hyperelastic material model. The constitutive relation between161

stresses and strains in the Ogden model is obtained using the strain-energy density function162

ΨOG =
θ1

θ22

(
λθ21 + λ

θ2
2 + λ

θ2
3 − 3

)
(25)

where λi is the stretch in the i-direction. For each combination of the two parameters Oddes and Solav (2023) [18]163

computed the force reactions from different indentation depths using a finite element simulation. The aim of the164

inverse analysis, in this case, is to estimate the Ogden material parameters from a given indentation depth-force165

response.166

We use the center values of the parameter space, θ∗ = {26 kPa, 19}, as the true values. To simulate different167

experimental results, we add a normally distributed random error of up to ±0.36 N to the force results obtained by the168

true material parameters, using MATLAB’s rand function. This produces noisy yi values to be used in the objective169

function (2) calculations. The baseline force response is shown in Figure 1 with the range of the noise responses in the170

shaded area. We then use the dataset of the simulated force reaction results to plot the entire objective function over171

the selected parameter space. There are in total 51× 37 available simulation results in the dataset. Since we only have172

force values at discrete parameter sets, the Hessian and Jacobian matrices are calculated numerically using a central173

difference scheme with an accuracy of k = 4. Additionally, to find the global minimum we simply use MATLAB’s174

min function In all simulations, the global minimum value F(θ̂) is greater than zero, which allows us to construct175

exact and approximate confidence regions based on the desired confidence level (4).176

To make a comparison between two parameters that don’t share units, we present in Figure 2 a normalized param-177

eter space {θ̄1, θ̄2} = θi/θ∗i , with their normalized true values at θ̄∗ = {1, 1}. We use the Hessian at the minimum of178
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(a) Objective function values with small deviations of yi from the true force values.
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(b) Objective function values with large deviations of yi from the true force values.
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(c) Objective function of poor model fitting, with a large minimum value.
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(d) Objective function values with very large deviations of yi from the true force
values, but good model fitting.

Figure 2: Contour plots depicting the objective function (2) using the force measurement values as reported for the Ogden material in Oddes and
Solav (2023) [18] with an added random error. The white curve indicates the isoline representing a 95% certainty in the parameters. The magenta
ellipse is the confidence region estimation using the Hessian H (18), and the green ellipse is the estimation using the Jacobian V (7). The ⊗ symbol
marks the global minimum θ̂, and the ⊙ symbol marks the true parameters θ̄∗ = {1, 1}. The numerical values of the certainty ellipses are summarized
in Table 1.

the parameter space, θ̂ = {θ̂1, θ̂2}, to determine the relative certainty in each parameter. To quantify the approximate179

certainty in each parameter we use (7) and (18) with the value of ∆F computed for 95% certainty. The parameter180

estimations and certainty bound results are summarized in Table 1.181

Each sub-figure in Figure 2 presents a randomly generated objective function space, handpicked to highlight182

different comparisons between the two certainty region approximations. In Figure 2a we present a small relative error183

between the generated yi values and the true force reaction with an average error of 1.9%. As expected, both models184

are very good at approximating the exact confidence region when the discrepancies are small. In Figure 2b we note that185

at the larger approximate error of around 7.0%, the Hessian-based approximation more accurately captures the exact186

confidence region compared to the classical approximation, which slightly overestimates the uncertainty. For very187

large relative errors, where the exact confidence region is no longer elliptical, we observe either an underestimation of188

the confidence region by the classical approximation, as shown in Figure 2c, or an overestimation, as shown in Figure189

2d. The two cases mainly differ by the minimal value of the objective function. In both cases, the Hessian-based190

confidence region approximation capture the exact confidence more precisely. Collectively, our results highlight the191
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Figure 3: Experimental variation of conductivity κ with salt molality m at different temperatures T as reported by Zhang et al. (2020) [19]. Solid
markers denote experimental data points, while the curves represent the model predictions from equation (26) with various parameter sets θ. The
red curves represent the best-fit parameters θ̂ = {2.800,−663.3, 319.8,−635.4, 0.977}, and the blue dashed curves represent an arbitrary parameter
set within the certainty bounds θ̃ = {2.800,−663.3, 160,−160, 0.977}.

Method θ1 θ2 θ3 θ4 θ5 F(θ̂)

H estimation (18) 2.80 ± 0.06 −663 ± 18 - - 0.977 ± 0.029 744V estimation (7) 2.80 ± 0.16 −663 ± 50 319 ± 252 −635 ± 748 0.977 ± 0.034

Table 2: Certainty bounds for the parameters of the model given the results of the CaCl2-wPC-H2O system with w = 0.0425. Dashed values
indicate complete parameter insensitivity due to imaginary bound results.

strength of the Hessian based approximation in capturing the exact confidence regions.192

3.2. Application to electrolyte solution conductivity193

Having demonstrated the effectiveness of the Hessian method with a hyperelastic model, we now show an appli-194

cation. Zhang et al. (2020) [19] investigated the concentration and temperature dependence of the conductivity of195

electrolyte solutions. The relevant nonlinear model is196

κ(m,T ) = (θ1T + θ2)mθ5 exp
(
−
θ3m

T − θ4

)
(26)

where κ is conductivity, m is electrolyte concentration, and T is temperature.197

When quantifying the certainty, we symmetrically center the parameter space around the parameters that minimize198

the objective function, θ̂, as identified by Zhang et al. (2020) [19]. We use the experimental results reported for the199

CaCl2-wPC-H2O system, with w = 0.0425 data. We use this data to calculate the residual value of the objective200

function at the minimum, F(θ̂), to quantify the certainty of each reported parameter. The Hessian and Jacobian201

matrices are calculated numerically using a central difference scheme with an accuracy of k = 4. Initially, we evaluate202

the theoretical conductivity, and the objective function values over this 5-dimensional parameter space. To optimize203

computation time, the objective function is evaluated at Nc = (4 + 1)2 · 5(5 − 1)/2 = 250 discrete points used in the204

Hessian calculations. To quantify the approximate certainty in each parameter we use (7) and (18), with ∆F computed205

for 95% confidence. The experimental dataset comprised 54 results, each measured three times, resulting in n = 54 ·3,206

with p = 5. We summarize the parameter estimates and their certainty bounds in Table 2.207

The absence of values for the parameters θ3 and θ4 in the Hessian approximation of the certainty bounds is partic-208

ularly noteworthy. This is a result of negative values in the square root of equation (18), indicating insensitivity of the209
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Figure 4: Two-dimensional slice of the objective function around the minimum shown in the {θ3, θ4} plane.

objective function to these parameters. An analysis of the resulting eigenvectors and eigenvalues of the Hessian ma-210

trix confirms that the model exhibits insensitivity to a linear combination of these two parameters. Geometrically, this211

implies that the confidence hyperellipsoid is elongated along that direction. Figure 4 presents a two-dimensional slice212

of the objective function in the θ3, θ4 plane, revealing a ”valley” structure that explains the unidentifiability of these213

parameters. This observation is consistent with the classical approximation, which assigns exceedingly large certainty214

bounds to θ3 and θ4, rendering their specific values effectively meaningless. Zhang et al. (2020) [19] reported large215

inconsistent variability in these two parameters across different systems, reinforcing our observation regarding their216

certainty. Figure 3 demonstrates this in practice, comparing the fit using the best-fit parameters reported by Zhang et217

al. (2020) [19] with a fit obtained by arbitrarily varying the insensitive parameters. Additionally, the model’s nonlin-218

earity introduces significant discrepancies between the estimations derived from the two methods. The Hessian-based219

certainties are tighter, suggesting that the classical approximation overestimates the true bounds.220

4. Discussion221

In this study, we investigate methods to quantify the certainty bounds of the estimated parameters in highly non-222

linear models. For relatively small errors, we observe the classical method of approximating certainty regions aligns223

with the full Hessian method, even for highly nonlinear models. This alignment explains why the classical approach,224

which relies on a linear approximation of the Hessian, has been widely adopted: it is computationally efficient and225

relatively accurate. However, our results show that as experimental errors increase, this method falls short. In contrast,226

the full Hessian matrix approximation provides a more accurate estimation of parameter uncertainties, particularly in227

those cases where the model is highly nonlinear and the residuals are significant.228

We show in Equation (6) that the classical method of approximating certainty regions relies strictly on the model,229

disregarding any information from the actual experimental results. This implies that only the sensitivity of the model230

to the parameters is determined. If the model fit is not perfect, a Hessian approximation must be used, as it also231

incorporates possible model errors into the analysis of the certainty region. Additionally, the example in section 3.1,232

which assumes the model is exact, demonstrates the advantages of the Hessian approximation in those cases as well.233

Consequently, our analysis further highlights the Hessian approximation’s reliability in parameter bound estimation.234
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To quantify the bounds, we must address probability. The largest insignificant difference in the objective function235

value, ∆F, is crucial for giving meaning to the confidence region. The smaller it is, the greater the certainty. We236

note that ∆F decreases with the increase of the number of measurements n. Examining Equation (4), while the F-237

distribution value is relatively stable for large numbers of n (around 3-3.5 at 95% confidence), the ratio (p/(n − p))238

significantly impacts the overall value. Therefore, sufficient data collection is important in increasing certainty in the239

parameters. Notably, the Hessian approximation, which incorporates more of this data, benefits more from repeated240

tests than the classical approach, though at a higher computational cost.241

In some cases, the certainty bounds of two or more parameters are extensive. This does not imply that any com-242

bination of these parameters will yield statistically insignificant results from one another, but rather that there exists243

a broad range within which these parameters may be applicable. For instance, Figure 4 demonstrates that while not244

every combination in the parameter space is viable, selecting one parameter at random allows the second to be deter-245

mined through a linear combination, thereby producing results comparable to the best-fit parameters. Although the246

presented method cannot identify these combinations, it highlights the need for further investigation. We recommend247

consulting the works of Gamage et al. (2011) [20] and Oddes and Solav (2023) [18], which explain the optimality248

criterion of the H or V matrices through their eigendecomposition.249

The primary limitation of the Hessian estimation method is the need for the Hessian matrix to be invertible.250

Though θ̂ should be at least in some neighborhood of the minimum [6], making the Hessian definite positive, this251

condition is not always met. Particularly when the model includes parameters with minimal influence on the results. In252

such cases, alternative strategies may be needed. These include excluding problematic data or using other experiments253

to obtain reliable parameter estimates [4].254

One more difficulty in real situations is to choose the optimal increment for the finite differences approximating255

the second derivative. In most cases an analytical objective function is not available, and this issue must be addressed.256

However, given that this work focuses on an exemplary situation, a detailed discussion on this matter is unnecessary257

here. Nevertheless, the numerical accuracy of any approximation can be determined through various methods (e.g.258

[14, 21]). Addressing these difficulties will give better results from the Hessian method.259

Lastly, the Hessian method works well for estimating parameter certainty when measurement errors are random,260

as it can handle these fluctuations and provide reliable estimates. However, it struggles with systematic errors, which261

consistently skew results due to biases in the measurement process or equipment. To address systematic errors, it’s262

important to use thorough calibration and validation experiments.263

5. Conclusion264

In conclusion, we explore methods to determine the confidence in estimated parameters of highly nonlinear mod-265

els, with statistical significance. We focus on the relative advantages of the Hessian approximation over the classical266

linear approximation method. Our findings demonstrate that while the classical method is effective for small discrep-267

ancies and low experimental errors, it fails as errors increase. The Hessian approximation, on the other hand, con-268

sistently provides more accurate and reliable confidence regions, particularly in complex, nonlinear models. Further,269

this approach not only enhances the reliability of the predictions but also provides deeper insights into the material270

properties. However, it is important to note that the Hessian approximation is more computationally intensive.271
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