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Abstract

Graph theory investigates relationships among entities through mathematical structures composed of vertices
(nodes) and edges (connections) [1]. A hypergraph generalizes the classical graph by introducing hyperedges,
which can join any number of vertices rather than just two, thereby enabling the modeling of complex multi-way
relationships [2]. Building on this, the concept of a SuperHyperGraph has been proposed as a further extension
of hypergraphs and has recently become a subject of active research [3, 4].

Graph Neural Networks (GNNs) are among the most extensively studied frameworks in artificial intelligence
[5, 6]. The HyperGraph Neural Network (HGNN) extends GNNs by leveraging the expressive power of
hypergraphs to capture higher-order dependencies [7, 8]. More recently, SuperHyperGraph Neural Networks
have begun to emerge as an additional generalization [9]. Furthermore, these models have been augmented with
fuzzy logic, giving rise to Fuzzy Graph Neural Networks and Fuzzy HyperGraph Neural Networks(cf. [10]).

In this paper, we introduce and investigate the Fuzzy SuperHyperGraph Neural Network (F-SHGNN), a novel
framework that integrates and extends SuperHyperGraph Neural Networks, Fuzzy Graph Neural Networks,
and Fuzzy HyperGraph Neural Networks.

Keywords: HyperGraph, SuperHyperGraph, Graph Theory, Graph Neural Networks (GNNs), HyperGraph
Neural Network (HGNN), Fuzzy Graph Neural Networks, Fuzzy HyperGraph Neural Network

1 Preliminaries

This section provides an introduction to the foundational concepts and definitions required for the discussions
in this paper. Throughout this paper, all sets and structures are assumed to be finite. Unless otherwise stated,
the symbol 𝑛 denotes a non-negative integer.

1.1 SuperHyperGraph

A hypergraph generalizes a classical graph by introducing hyperedges, which can connect any number of
vertices—not just two—making it suitable for modeling complex, multi-way relationships [11–13]. A Super-
HyperGraph takes this concept even further. Recently introduced and actively studied in a growing body of
literature [3, 4, 14–19], the SuperHyperGraph incorporates recursive structures into hypergraphs through iter-
ated applications of the power set operation. Conceptually, a SuperHyperGraph can be viewed as a hierarchical
generalization of a hypergraph, in which both vertices and hyperedges are drawn from higher-order powersets
of a base vertex set. The formal definition is presented below.

Definition 1.1 (Powerset). Let 𝑆 be any set. The powerset of 𝑆, denoted P(𝑆), is the collection of all subsets
of 𝑆:

P(𝑆) = { 𝐴 | 𝐴 ⊆ 𝑆}.
In particular, ∅ ∈ P(𝑆) and 𝑆 ∈ P(𝑆).

Definition 1.2 (𝑛-th Powerset). (cf. [9, 20])

The 𝑛-th powerset of a set 𝐻, denoted 𝑃𝑛 (𝐻), is constructed iteratively. Beginning with the standard powerset,
the process is defined as:

𝑃1 (𝐻) = 𝑃(𝐻), 𝑃𝑛+1 (𝐻) = 𝑃(𝑃𝑛 (𝐻)), for 𝑛 ≥ 1.

In a similar manner, the 𝑛-th non-empty powerset, represented as 𝑃∗
𝑛 (𝐻), is recursively defined as:

𝑃∗
1 (𝐻) = 𝑃∗ (𝐻), 𝑃∗

𝑛+1 (𝐻) = 𝑃∗ (𝑃∗
𝑛 (𝐻)).

Here, 𝑃∗ (𝐻) refers to the powerset of 𝐻 excluding the empty set.
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Example 1.3 (Household Chore Scheduling via 𝑛-th Powerset). Let the set of daily household tasks be

𝐻 = {Dust, Vacuum, Mopping}.

First powerset (𝑛 = 1) gives all possible daily chore-sets:

𝑃1 (𝐻) =
{
∅, {Dust}, {Vacuum}, {Mopping}, {Dust,Vacuum},

{Dust,Mopping}, {Vacuum,Mopping}, {Dust,Vacuum,Mopping}
}
.

For example, {Dust,Vacuum} ∈ 𝑃1 (𝐻) represents “Dust and Vacuum scheduled on a single day.”

Second powerset (𝑛 = 2) yields all collections of daily schedules—i.e. a multi-day plan:

𝑃2 (𝐻) = 𝑃
(
𝑃1 (𝐻)

)
.

One element of 𝑃2 (𝐻) is {
{Dust,Vacuum}, {Mopping}, {Dust,Vacuum,Mopping}

}
,

which encodes a three-day cleaning plan:

• Day 1: Dust and Vacuum,

• Day 2: Mopping,

• Day 3: Dust, Vacuum, and Mopping.

Third powerset (𝑛 = 3) produces collections of multi-day plans—e.g. a seasonal schedule:

𝑃3 (𝐻) = 𝑃
(
𝑃2 (𝐻)

)
.

For instance, {
{{Dust}}, {{Vacuum,Mopping}, {∅}}

}
∈ 𝑃3 (𝐻)

could represent two weeks of plans, where in one week only Dust is done each day, and in another week there
is a day with no chores and a day with Vacuum & Mopping.

Thus, the 𝑛-th powerset 𝑃𝑛 (𝐻) models hierarchical scheduling:

• 𝑃1 (𝐻): daily task-sets,

• 𝑃2 (𝐻): multi-day (e.g. weekly) plans,

• 𝑃3 (𝐻): collections of weekly plans (e.g. monthly or seasonal schedules),

• and so on.

Definition 1.4 (Hypergraph [2, 21]). A hypergraph 𝐻 = (𝑉 (𝐻), 𝐸 (𝐻)) is a pair where:

• 𝑉 (𝐻): A non-empty set of vertices.

• 𝐸 (𝐻): A set of hyperedges, each of which is a subset of 𝑉 (𝐻).

This paper focuses exclusively on finite hypergraphs.
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Definition 1.5 (n-SuperHyperGraph). [4,22] Let 𝑉0 be a finite base set of vertices. For each 𝑘 ≥ 0, define the
iterative powerset P𝑘 (𝑉0) by

P0 (𝑉0) = 𝑉0, P𝑘+1 (𝑉0) = P
(
P𝑘 (𝑉0)

)
,

where P(·) denotes the power set. An n-SuperHyperGraph is a pair

SHT(𝑛) = (𝑉, 𝐸),

with
𝑉 ⊆ P𝑛 (𝑉0) and 𝐸 ⊆ P𝑛 (𝑉0).

Each element of 𝑉 is an n-supervertex, and each element of 𝐸 is an n-superedge.

Example 1.6 (2-SuperHyperGraph Modeling Cross-Department Projects). Let the base vertex set be

𝑉0 = {Alice, Bob, Carol, Dave}, 𝑛 = 2.

We form the nonempty 2nd-powerset

𝑃∗
2 (𝑉0) =

{
{{Alice}, {Bob}}, {{Carol}, {Dave}}, {{Alice}, {Bob}, {{Alice}, {Bob}}}, {{Carol}, {Dave}, {{Carol}, {Dave}}}

}
.

Choose the 2-SuperHyperGraph
SHT(2) =

(
𝑉 (2) , 𝐸 (2) )

with
𝑉 (2) =

{
𝑢1 = {{Alice}, {Bob}}, 𝑢2 = {{Carol}, {Dave}}

}
,

𝐸 (2) =
{
𝑒1 = { 𝑢1, 𝑢2}, 𝑒2 = { {{Alice}}, {{Bob}}, {{Carol}}}

}
.

Here:

• Each 2-supervertex 𝑢1 represents the “AB-Team” {Alice,Bob}, and 𝑢2 the “CD-Team” {Carol,Dave}.

• Hyperedge 𝑒1 models a cross-department initiative requiring both AB-Team and CD-Team.

• Hyperedge 𝑒2 models an ad-hoc working group of individual contributors Alice, Bob, and Carol.

Thus SHT(2) = (𝑉 (2) , 𝐸 (2) ) is a concrete 2-SuperHyperGraph describing both team-level and cross-team
collaborations in an organization.

1.2 Fuzzy 𝑛-Superhypergraph

A fuzzy set assigns to each element of a universe a membership degree in the interval [0, 1] [23, 24]. A fuzzy
graph extends this concept by equipping both vertices and edges of a graph with membership degrees [25–27]. A
fuzzy hypergraph further generalizes fuzzy graphs by allowing membership degrees on vertices and hyperedges
[28–31]. A fuzzy 𝑛-superhypergraph extends the idea to 𝑛-superhypergraphs, assigning membership degrees
to 𝑛-supervertices and 𝑛-superedges. The formal definition of a fuzzy 𝑛-superhypergraph is given as follows
(cf. [4, 19]).

Definition 1.7 (Fuzzy Hypergraph). [31–33] A fuzzy hypergraph 𝐺 = (𝑉, 𝐸, 𝜓, 𝑤) is a hypergraph where
vertices have fuzzy membership degrees in hyperedges, and each hyperedge has an associated weight. The
fuzzy hypergraph is defined as follows:

• 𝑉 is the set of vertices.

• 𝐸 is the set of hyperedges, where each hyperedge 𝑒 ∈ 𝐸 is a subset of 𝑉 .

• 𝜓 ∈ [0, 1] |𝐸 |× |𝑉 | is a matrix where 𝜓𝑒𝑖 represents the degree of membership of vertex 𝑖 ∈ 𝑉 in hyperedge
𝑒 ∈ 𝐸 , satisfying

∑
𝑖∈𝑉 𝜓𝑒𝑖 = 1 for each 𝑒 ∈ 𝐸 and

∑
𝑒∈𝐸 𝜓𝑒𝑖 > 0 for each 𝑖 ∈ 𝑉 .

• 𝑤 : 𝐸 → R+ assigns a positive weight 𝑤(𝑒) to each hyperedge 𝑒 ∈ 𝐸 .
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Here, the matrix 𝜓 serves as the incidence matrix of the fuzzy hypergraph, where each hyperedge quantifies
the participation of each vertex. The weight function 𝑤 provides a quantitative measure for the importance or
relevance of each hyperedge.

Example 1.8 (Fuzzy Hypergraph Modeling E-commerce Purchase Baskets). Consider an online store that sells
four products:

𝑉 = {Laptop, Smartphone, Headphones, Smartwatch}.

We observe two purchase baskets:
𝐸 = { 𝑒1, 𝑒2},

where

• Basket 𝑒1 contains a Laptop for $800 and Headphones for $200.

• Basket 𝑒2 contains a Smartphone for $600, a Smartwatch for $200, and Headphones for $200.

Define the fuzzy incidence matrix 𝜓 by assigning to each product 𝑖 in basket 𝑒 the fraction of that basket’s total
spend:

𝜓(𝑒, 𝑖) = price of 𝑖 in 𝑒∑
𝑗∈𝑉 price of 𝑗 in 𝑒

,

so that
∑
𝑖∈𝑉 𝜓(𝑒, 𝑖) = 1 for each 𝑒. Concretely:

𝜓(𝑒1,Laptop) = 800
1000 = 0.80, 𝜓(𝑒1,Headphones) = 200

1000 = 0.20,
𝜓(𝑒1, Smartphone) = 0, 𝜓(𝑒1, Smartwatch) = 0;

𝜓(𝑒2, Smartphone) = 600
1000 = 0.60, 𝜓(𝑒2, Smartwatch) = 200

1000 = 0.20,
𝜓(𝑒2,Headphones) = 200

1000 = 0.20, 𝜓(𝑒2,Laptop) = 0.

Assign each basket a weight equal to its total value:

𝑤(𝑒1) = 1000, 𝑤(𝑒2) = 1000.

Thus
𝐺 =

(
𝑉, 𝐸, 𝜓, 𝑤

)
is a fuzzy hypergraph in which:

• Vertices represent products.

• Hyperedges represent individual purchase baskets.

• 𝜓𝑒𝑖 gives the degree to which product 𝑖 contributes to basket 𝑒.

• 𝑤(𝑒) measures the overall importance (total spend) of basket 𝑒.

Definition 1.9 (Fuzzy 𝑛-Superhypergraph). (cf. [4, 19]) Let SHT(𝑛) = (𝑉, 𝐸) be an 𝑛-Superhypergraph. A
fuzzy 𝑛-Superhypergraph is a quadruple (

𝑉, 𝐸, 𝜎, 𝜇
)
,

where

• 𝜎 : 𝑉 → [0, 1] assigns to each 𝑛-supervertex 𝑣 a membership degree 𝜎(𝑣).

• 𝜇 : 𝐸 → [0, 1] assigns to each 𝑛-superedge 𝑒 a membership degree 𝜇(𝑒).

These functions satisfy the appurtenance constraint

𝜇(𝑒) ≤ min
𝑣∈𝑒

𝜎(𝑣), ∀ 𝑒 ∈ 𝐸.
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Example 1.10 (Fuzzy 2-Superhypergraph Modeling a Research Collaboration Network). Consider a small
research community with three base researchers:

𝑉0 = {Alice, Bob, Carol}, 𝑛 = 2.

We form the nonempty 2nd powerset

𝑃∗
2 (𝑉0) =

{
{Alice}, {Bob}, {Carol}, {{Alice}, {Bob}}, {{Bob}, {Carol}}

}
.

Define the fuzzy 2-superhypergraph

SHT(2) =
(
𝑉 (2) , 𝐸 (2) , 𝜎, 𝜇

)
by

𝑉 (2) = 𝑃∗
2 (𝑉0), 𝐸 (2) =

{
𝑒1 = {{Alice}, {Bob}, {{Alice}, {Bob}}}, 𝑒2 = {{Bob}, {Carol}, {{Bob}, {Carol}}}

}
.

Here:

• Single-researcher vertices represent individual contributions: {Alice}, {Bob}, {Carol}.

• Two-researcher supervertices represent joint subteams: {{Alice}, {Bob}} and {{Bob}, {Carol}}.

• Hyperedge 𝑒1 models “Project AB” involving Alice, Bob, and their subteam; 𝑒2 models “Project BC”.

Assign fuzzy membership degrees (e.g. reflecting reliability of contribution):

𝜎({Alice}) = 0.92, 𝜎({Bob}) = 0.85, 𝜎({Carol}) = 0.88,
𝜎

(
{{Alice}, {Bob}}

)
= 0.78, 𝜎

(
{{Bob}, {Carol}}

)
= 0.74.

By the appurtenance constraint, each superedge’s degree is

𝜇(𝑒1) = min{0.92, 0.85, 0.78} = 0.78, 𝜇(𝑒2) = min{0.85, 0.88, 0.74} = 0.74.

Thus the quadruple (
𝑉 (2) , 𝐸 (2) , 𝜎, 𝜇

)
is a fuzzy 2-superhypergraph capturing both individual and subteam reliabilities, with hyperedges modeling
collaborative projects and their overall confidence levels.

1.3 Hypergraph Neural Networks

Graph Neural Networks (GNNs) are neural architectures designed for graph-structured data, where node rep-
resentations are learned by aggregating information from adjacent vertices and edges [5, 34–36]. Hypergraph
Neural Networks (HGNNs) extend this paradigm to hypergraphs, leveraging hyperedges—subsets of vertices
that may connect more than two nodes—to capture higher-order relationships beyond simple pairwise inter-
actions [11, 37]. Owing to their expressive power and versatility, HGNNs have attracted significant interest
across a range of applications [38–40]. In what follows, we give a precise definition of the HGNN layer and
then present an illustrative example.

Definition 1.11 (Hypergraph Neural Network (HGNN)). [11] Let 𝐺 = (𝑉, 𝐸,𝑊) be a finite, undirected
hypergraph with

𝑉 = {𝑣1, . . . , 𝑣𝑛}, 𝐸 = {𝑒1, . . . , 𝑒𝑚}, 𝑊 = diag(𝑤1, . . . , 𝑤𝑚),

where each 𝑤 𝑗 > 0. Let
𝑋 ∈ R𝑛×𝑑

be the input feature matrix whose 𝑖-th row 𝑥𝑖 ∈ R𝑑 is the feature vector for vertex 𝑣𝑖 . Define:
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• The incidence matrix 𝐻 ∈ {0, 1}𝑛×𝑚 by

𝐻𝑖 𝑗 =

{
1, 𝑣𝑖 ∈ 𝑒 𝑗 ,

0, otherwise.

• The diagonal vertex-degree matrix 𝐷𝑉 ∈ R𝑛×𝑛 and hyperedge-degree matrix 𝐷𝐸 ∈ R𝑚×𝑚 by

(𝐷𝑉 )𝑖𝑖 =
𝑚∑︁
𝑗=1

𝐻𝑖 𝑗 𝑤 𝑗 , (𝐷𝐸) 𝑗 𝑗 =
𝑛∑︁
𝑖=1

𝐻𝑖 𝑗 .

• A learnable weight matrix Θ ∈ R𝑑×𝑐 and an activation function 𝜎(·) (e.g. ReLU).

A single HGNN convolutional layer updates 𝑋 to

𝑌 = 𝜎
(
𝐷

− 1
2

𝑉
𝐻𝑊 𝐷−1

𝐸 𝐻⊤ 𝐷
− 1

2
𝑉

𝑋 Θ
)
∈ R𝑛×𝑐 .

By stacking 𝐿 such layers, one obtains

𝑋 (𝑙+1) = 𝜎
(
𝐷

− 1
2

𝑉
𝐻𝑊 𝐷−1

𝐸 𝐻⊤ 𝐷
− 1

2
𝑉

𝑋 (𝑙) Θ(𝑙) ) , 𝑋 (0) = 𝑋.

For node classification, a final softmax readout produces

𝑌 = softmax
(
𝑋 (𝐿) ) ∈ R𝑛×𝐶 .

1.4 Fuzzy Graph Neural Network (F-GNN)

F-GNN combines fuzzy logic and graph neural networks, employing membership degrees to process and
adaptively propagate uncertain node–edge features hierarchically [41–47].

Definition 1.12 (Fuzzy Graph Neural Network (F-GNN)). (cf. [41–44]) An Fuzzy Graph Neural Network is
defined as a quintuple

F-GNN =
(
𝐺, 𝐹𝑉 , 𝐹𝐸 , 𝑅, 𝐷

)
,

where

• 𝐺 = (𝑉, 𝐸) is a (crisp) graph with vertex set 𝑉 and edge set 𝐸 .

• 𝐹𝑉 : 𝑋𝑉 → [0, 1]𝑀 and 𝐹𝐸 : 𝑋𝐸 → [0, 1]𝑀 are the fuzzification functions for vertices and edges,
respectively, mapping each attribute vector to an 𝑀-dimensional membership vector.

• 𝑅 is the rule layer, encoding a finite set of fuzzy inference rules of the form

IF 𝑣𝑖 ∈ 𝐴𝑚 ∧ 𝑢 𝑗 ∈ 𝐴𝑛 THEN 𝑦𝑘 = 𝑓𝑘 (𝑥𝑣𝑖 , 𝑥𝑢 𝑗
),

where each 𝐴𝑚, 𝐴𝑛 is a fuzzy subset and 𝑓𝑘 is a trainable function.

• 𝐷 is the defuzzification function, aggregating the normalized rule outputs into a crisp prediction.

2 Review: 𝑛-SuperHyperGraph Neural Network

In this section, we present the definition and illustrative examples of the 𝑛-SuperHyperGraph Neural Network
[9,48–50]. We hope that these concrete examples will serve as a foundation for further research and development
in the study of 𝑛-SuperHyperGraph Neural Networks.
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Definition 2.1 (n-SuperHyperGraph Neural Network (n-SHGNN)). [9] Let 𝐻 (𝑛) =
(
𝑉 (𝑛) , 𝐸 (𝑛) ) be an 𝑛-

SuperHyperGraph over a base vertex set 𝑉0, and let

𝐻′ =
(
𝑉0, 𝐸

′)
be its Expanded Hypergraph, where

𝐸 ′ =
{
𝑒′ ⊆ 𝑉0

�� 𝑒′ = ⋃
𝑣∈𝑒

𝑣, 𝑒 ∈ 𝐸 (𝑛)}.
Let

𝑋 ∈ R |𝑉0 |×𝑑

be the input feature matrix whose 𝑖-th row 𝑥𝑖 ∈ R𝑑 is the feature vector of base vertex 𝑣𝑖 ∈ 𝑉0. Define:

• The incidence matrix 𝐻′ ∈ {0, 1} |𝑉0 |× |𝐸′ | with entries

𝐻′
𝑖 𝑗 =

{
1, 𝑣𝑖 ∈ 𝑒′

𝑗
,

0, otherwise.

• The diagonal vertex-degree matrix 𝐷𝑉 ∈ R |𝑉0 |× |𝑉0 | and hyperedge-degree matrix 𝐷𝐸 ∈ R |𝐸′ |× |𝐸′ |

defined by

(𝐷𝑉 )𝑖𝑖 =
|𝐸′ |∑︁
𝑗=1

𝐻′
𝑖 𝑗 𝑤(𝑒′𝑗 ), (𝐷𝐸) 𝑗 𝑗 =

|𝑉0 |∑︁
𝑖=1

𝐻′
𝑖 𝑗 ,

where 𝑤(𝑒′
𝑗
) > 0 is a learnable weight for hyperedge 𝑒′

𝑗
∈ 𝐸 ′.

• A learnable hyperedge-weight matrix

𝑊 ∈ R |𝐸′ |× |𝐸′ | , Θ ∈ R𝑑×𝑐,

and a non-linear activation 𝜎(·) (e.g. ReLU).

Then one layer of the 𝑛-SHGNN is given by the convolution

𝑌 = 𝜎
(
𝐷

−1/2
𝑉

𝐻′𝑊 𝐷−1
𝐸 𝐻′⊤ 𝐷

−1/2
𝑉

𝑋 Θ
)
,

where 𝑌 ∈ R |𝑉0 |×𝑐 is the updated feature matrix.

Example 2.2 (One-Layer 2-SHGNN on a Simple 2-SuperHyperGraph). Let the base vertex set be

𝑉0 = {𝑣1, 𝑣2}, 𝑛 = 2.

We form the 2-superhypergraph
SHT(2) =

(
𝑉 (2) , 𝐸 (2) )

by choosing

𝑉 (2) =
{
{𝑣1}, {𝑣2}, {{𝑣1}, {𝑣2}}

}
, 𝐸 (2) =

{
{{𝑣1}, {𝑣2}}, {{𝑣1}, {{𝑣1}, {𝑣2}}}

}
.

The expanded hypergraph 𝐻′ = (𝑉0, 𝐸
′) is obtained by

𝐸 ′ =
{
𝑒′ ⊆ 𝑉0 | 𝑒′ =

⋃
𝑣∈𝑒

𝑣, 𝑒 ∈ 𝐸 (2)} =
{
{𝑣1, 𝑣2}, {𝑣1, 𝑣2}

}
.

Its binary incidence matrix is

𝐻′
𝑖 𝑗 =

{
1, 𝑣𝑖 ∈ 𝑒′

𝑗
,

0, otherwise,
𝐻′ =

(
1 1
1 1

)
.
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Choose a one-layer 2-SHGNN with:

𝑋 =

(
1 0
0 1

)
∈ R2×2, 𝑊 = 𝐼2, Θ = 𝐼2, 𝜎(𝑥) = 𝑥.

Compute the diagonal degree matrices:

𝐷𝐸 = diag
(
|𝑒′1 |, |𝑒

′
2 |
)
= 2 𝐼2, 𝐷𝑉 = diag

(∑︁
𝑗

𝐻′
1 𝑗 ,

∑︁
𝑗

𝐻′
2 𝑗

)
= 2 𝐼2.

Then the single-layer update is

𝑌 = 𝜎

(
𝐷

− 1
2

𝑉
𝐻′𝑊 𝐷−1

𝐸 𝐻′⊤ 𝐷
− 1

2
𝑉

𝑋 Θ

)
= 1

2

(
1 1
1 1

) (
1 0
0 1

)
=

(
0.5 0.5
0.5 0.5

)
.

Thus, each base vertex’s updated feature is the average of its two hyperedge aggregates.

3 Review: Fuzzy HyperGraph Neural Network (F-HGNN)

F-HGNN extends GNNs to fuzzy hypergraphs, using vertex and hyperedge membership degrees to build fuzzy
incidence matrices, apply inference rules, and defuzzify aggregated node features(cf. [10]).

Definition 3.1 (Fuzzy HyperGraph Neural Network (F-HGNN)). (cf. [10]) An Fuzzy HyperGraph Neural
Network is defined as a sextuple

F-HGNN =
(
𝐻, 𝐹𝑉 , 𝐹𝐸 , 𝑅, Ψ, 𝐷

)
,

where

• 𝐻 = (𝑉, 𝐸, 𝜓) is a finite fuzzy hypergraph with

𝜓 : 𝐸 ×𝑉 −→ [0, 1],
∑︁
𝑣∈𝑉

𝜓(𝑒, 𝑣) = 1 (∀𝑒 ∈ 𝐸).

• 𝐹𝑉 : 𝑋𝑉 → [0, 1]𝑀 and 𝐹𝐸 : 𝑋𝐸 → [0, 1]𝑀 are fuzzification functions mapping raw vertex/edge
attributes to 𝑀-dimensional membership vectors.

• 𝑅 = {𝑟𝑘}𝐾𝑘=1 is a finite set of fuzzy inference rules.

• Ψ ∈ [0, 1] |𝑉 |× |𝐸 | is the fuzzy incidence matrix, Ψ𝑖 𝑗 = 𝜓(𝑒 𝑗 , 𝑣𝑖).

• 𝐷 is a defuzzification function aggregating normalized rule outputs into crisp predictions.

A single convolutional layer updates the node feature matrix 𝐻 (ℓ−1) ∈ R |𝑉 |×𝑑 via

𝐻 (ℓ ) = 𝜎
(
𝐷

− 1
2

𝑉
Ψ𝑊 𝐷−1

𝐸 Ψ⊤ 𝐷
− 1

2
𝑉

𝐻 (ℓ−1) Θ(ℓ−1) ) ,
where 𝑊 ∈ R |𝐸 |× |𝐸 | and Θ(ℓ−1) ∈ R𝑑×𝑐 are learnable weights, 𝜎 is a nonlinear activation, and 𝐷𝑉 , 𝐷𝐸 are
diagonal degree matrices.

Example 3.2 (One-layer F-HGNN on a three-vertex fuzzy hypergraph). Consider the finite fuzzy hypergraph

𝐻 = (𝑉, 𝐸, 𝜓), 𝑉 = {𝑣1, 𝑣2, 𝑣3}, 𝐸 = {𝑒1, 𝑒2},

with fuzzy incidence function 𝜓 given by

𝜓(𝑒1, 𝑣1) = 0.6, 𝜓(𝑒1, 𝑣2) = 0.4, 𝜓(𝑒1, 𝑣3) = 0, 𝜓(𝑒2, 𝑣1) = 0, 𝜓(𝑒2, 𝑣2) = 0.3, 𝜓(𝑒2, 𝑣3) = 0.7.
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Hence the fuzzy incidence matrix is

Ψ =


0.6 0
0.4 0.3
0 0.7

 .
Let the initial node feature matrix and model parameters be

𝑋 =


1 0
0 1
1 1

 , 𝑊 = 𝐼2, Θ = 𝐼2, 𝜎(𝑥) = 𝑥.

For simplicity we choose trivial fuzzification functions 𝐹𝑉 (𝑥𝑣) = 𝑥𝑣 and 𝐹𝐸 (𝑥𝑒) = 𝑥𝑒.

Compute the diagonal degree matrices:

𝐷𝐸 =

(∑3
𝑖=1 Ψ𝑖1 0

0
∑3
𝑖=1 Ψ𝑖2

)
= 𝐼2, 𝐷𝑉 = diag(0.6, 0.7, 0.7).

A single convolutional update is

𝐻 (1) = 𝐷
− 1

2
𝑉

Ψ 𝑊 𝐷−1
𝐸 Ψ⊤ 𝐷

− 1
2

𝑉
𝑋 Θ =


0.600 0.371
0.671 0.657
0.700 1.000

 .
Thus the updated feature matrix 𝐻 (1) reflects fuzzy aggregation over hyperedges.

Theorem 3.3 (Generalization of F-GNN). If each hyperedge in 𝐻 is of size two and 𝜓(𝑒, 𝑣) ∈ {0, 1}, then
F-HGNN reduces exactly to the standard Fuzzy Graph Neural Network.

Proof. Under these restrictions, 𝐸 ⊆ {{𝑢, 𝑣}} and Ψ becomes the binary incidence matrix of a crisp graph.
The convolutional update and rule layer coincide term-by-term with those in F-GNN (Definition of F-GNN),
hence F-HGNN specializes to F-GNN. □

Theorem 3.4 (Fuzzy Hypergraph Structure). The convolutional operator of F-HGNN preserves and exploits the
fuzzy hypergraph structure by aggregating node features along hyperedges weighted by membership degrees.

Proof. By construction, Ψ𝑖 𝑗 = 𝜓(𝑒 𝑗 , 𝑣𝑖) encodes fuzzy membership of node 𝑣𝑖 in hyperedge 𝑒 𝑗 . The term
Ψ𝑊 𝐷−1

𝐸
Ψ⊤ thus aggregates contributions from all nodes in each hyperedge according to their membership,

and redistributes back to nodes, exactly reflecting the fuzzy hypergraph connectivity. □

4 Result: Fuzzy 𝑛-SuperHyperGraph Neural Network (F-𝑛SHGNN)

F-𝑛SHGNN integrates fuzzy logic with hierarchical 𝑛-level superhypergraphs, mapping base vertex features to
fuzzy membership, applying inference rules over supervertices and superedges, aggregating through defuzzi-
fication.

Definition 4.1 (Fuzzy 𝑛-SuperHyperGraph Neural Network (F-𝑛SHGNN)). Let 𝑉0 be a finite set of base
vertices and denote by 𝑃∗

𝑛 (𝑉0) the collection of all nonempty subsets obtained by applying the power-set
operator 𝑛 times to 𝑉0. A Fuzzy 𝑛-SuperHyperGraph Neural Network is specified by the data

F-nSHGNN =
(
SHT(𝑛) , 𝐹 (𝑛)

𝑉
, 𝐹

(𝑛)
𝐸

, 𝑅𝑛, 𝐷𝑛
)
,

where:
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(a) Fuzzy 𝑛-superhypergraph. SHT(𝑛) = (𝑉 (𝑛) , 𝐸 (𝑛) , 𝜎, 𝜇) with

𝑉 (𝑛) ⊆ 𝑃∗
𝑛 (𝑉0), 𝐸 (𝑛) ⊆ 𝑃∗

𝑛 (𝑉0), 𝜎 : 𝑉 (𝑛) → [0, 1], 𝜇 : 𝐸 (𝑛) → [0, 1],

satisfying the appurtenance constraint

𝜇(𝑒) ≤ min
𝑣∈𝑒

𝜎(𝑣), ∀𝑒 ∈ 𝐸 (𝑛) .

(b) Vertex fuzzification. 𝐹
(𝑛)
𝑉

: 𝑋𝑉 → [0, 1]𝑀 maps each raw vertex feature 𝑥𝑣 ∈ 𝑋𝑉 ⊆ R𝑑 to an
𝑀-dimensional membership vector

[
𝜇1 (𝑥𝑣), . . . , 𝜇𝑀 (𝑥𝑣)

]
.

(c) Edge fuzzification. 𝐹
(𝑛)
𝐸

: 𝑋𝐸 → [0, 1]𝑀 maps each raw (super)edge feature 𝑥𝑒 ∈ 𝑋𝐸 ⊆ R𝑝 to a
membership vector

[
𝜈1 (𝑥𝑒), . . . , 𝜈𝑀 (𝑥𝑒)

]
.

(d) Fuzzy rule layer. 𝑅𝑛 = {𝑟𝑘𝑛}𝐾𝑘=1 is a finite set of fuzzy inference rules of the form

IF 𝑥𝑣 ∈ 𝐴𝑘𝑣 ∧ 𝑥𝑒 ∈ 𝐴𝑘𝑒 THEN 𝑧𝑘 = 𝑓 𝑘 (𝑥𝑣 , 𝑥𝑒),

where each 𝐴𝑘𝑣 ⊆ 𝑉 (𝑛) and 𝐴𝑘𝑒 ⊆ 𝐸 (𝑛) are fuzzy antecedents, and 𝑓 𝑘 is a learnable function producing a
scalar output 𝑧𝑘 .

(e) Defuzzification. 𝐷𝑛 : [0, 1]𝐾 ×R𝐾 → R aggregates rule strengths 𝛼𝑘 and outputs 𝑧𝑘 into a crisp value,
for example

𝐷𝑛
(
𝛼, 𝑧

)
=

∑𝐾
𝑘=1 𝛼

𝑘 𝑧𝑘∑𝐾
𝑘=1 𝛼

𝑘
, 𝛼𝑘 = firing strength of 𝑟𝑘𝑛 .

Example 4.2 (One-Layer F-2SHGNN on a Simple Fuzzy 2-SuperHyperGraph). Let the base vertex set be

𝑉0 = {𝑣1, 𝑣2}, 𝑛 = 2.

The nonempty 2nd powerset is
𝑃∗

2 (𝑉0) =
{
{𝑣1}, {𝑣2}, {{𝑣1}, {𝑣2}}

}
.

We choose the fuzzy 2-superhypergraph

SHT(2) =
(
𝑉 (2) , 𝐸 (2) , 𝜎, 𝜇

)
with

𝑉 (2) = 𝑃∗
2 (𝑉0), 𝐸 (2) =

{
𝑒1, 𝑒2

}
,

where
𝑒1 = {{𝑣1}, {𝑣2}}, 𝑒2 = {{𝑣1}, {{𝑣1}, {𝑣2}}}.

Assign fuzzy membership degrees:

𝜎
(
{𝑣1}

)
= 0.9, 𝜎

(
{𝑣2}

)
= 0.7, 𝜎

(
{{𝑣1}, {𝑣2}}

)
= 0.8,

and, by the appurtenance constraint,

𝜇(𝑒1) = min(0.9, 0.7) = 0.7, 𝜇(𝑒2) = min(0.9, 0.8) = 0.8.

Choose trivial fuzzification:
𝐹

(2)
𝑉

(𝑥𝑣) = 𝜎(𝑣), 𝐹
(2)
𝐸

(𝑥𝑒) = 𝜇(𝑒).
Define a single fuzzy inference rule:

𝑟1 : IF 𝑣 ∈ 𝑉 (2) with degree 𝛼𝑣 ∧ 𝑒 ∈ 𝐸 (2) with degree 𝛼𝑒 THEN 𝑧 = 𝛼𝑣 · 𝛼𝑒 .

Thus the firing strength is 𝛼1 = min(𝛼𝑣 , 𝛼𝑒), and the rule output is 𝑧1 = 𝛼𝑣𝛼𝑒.

Defuzzification uses the weighted average:

𝐷2 ({𝛼𝑘}, {𝑧𝑘}) =
∑
𝑘 𝛼

𝑘 𝑧𝑘∑
𝑘 𝛼

𝑘
.
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Compute for each base vertex:

(i) Vertex {𝑣1}. It belongs to 𝑒1, 𝑒2. For 𝑒1:

𝛼1
1 = min(0.9, 0.7) = 0.7, 𝑧1

1 = 0.9 × 0.7 = 0.63.

For 𝑒2:
𝛼2

1 = min(0.9, 0.8) = 0.8, 𝑧2
1 = 0.9 × 0.8 = 0.72.

Defuzzified output:

𝑦1 =
0.7 · 0.63 + 0.8 · 0.72

0.7 + 0.8
=

0.441 + 0.576
1.5

= 0.678.

(ii) Vertex {𝑣2}. It belongs only to 𝑒1:

𝛼1
2 = min(0.7, 0.7) = 0.7, 𝑧1

2 = 0.7 × 0.7 = 0.49,

so
𝑦2 =

0.7 · 0.49
0.7

= 0.49.

Hence the one-layer F-2SHGNN produces the crisp outputs
[
𝑦1, 𝑦2

]
= [0.678, 0.49].

Example 4.3 (One-Layer F-2SHGNN on a 2-SuperHyperGraph with Three Base Vertices). Let the base vertex
set be

𝑉0 = {𝑣1, 𝑣2, 𝑣3}, 𝑛 = 2.

The nonempty 2nd powerset is

𝑃∗
2 (𝑉0) =

{
{𝑣1}, {𝑣2}, {𝑣3}, {{𝑣1}, {𝑣2}}, {{𝑣2}, {𝑣3}}

}
.

We choose the fuzzy 2-superhypergraph

SHT(2) =
(
𝑉 (2) , 𝐸 (2) , 𝜎, 𝜇

)
with

𝑉 (2) =
{
𝑢1 = {𝑣1}, 𝑢2 = {𝑣2}, 𝑢3 = {𝑣3}, 𝑢4 = {{𝑣1}, {𝑣2}}, 𝑢5 = {{𝑣2}, {𝑣3}}

}
,

𝐸 (2) = { 𝑒1 = {𝑢1, 𝑢4, 𝑢2}, 𝑒2 = {𝑢2, 𝑢4, 𝑢5, 𝑢3}}.

Assign membership degrees:

𝜎(𝑢1) = 0.90, 𝜎(𝑢2) = 0.80, 𝜎(𝑢3) = 0.60, 𝜎(𝑢4) = 0.70, 𝜎(𝑢5) = 0.65,

and by the appurtenance constraint

𝜇(𝑒1) = min{0.90, 0.70, 0.80} = 0.70, 𝜇(𝑒2) = min{0.80, 0.70, 0.65, 0.60} = 0.60.

Fuzzification and Rule:
𝐹

(2)
𝑉

(𝑥𝑢) = 𝜎(𝑢), 𝐹
(2)
𝐸

(𝑥𝑒) = 𝜇(𝑒),

One fuzzy inference rule applied per hyperedge:

𝑟𝑘 : IF 𝑢 has degree 𝛼𝑢 ∧ 𝑒𝑘 has degree 𝛼𝑒𝑘 THEN 𝑧𝑘 = 𝛼𝑢 𝛼𝑒𝑘 ,

with firing strength 𝛼𝑘 = min(𝛼𝑢, 𝛼𝑒𝑘 ).

Defuzzification:
𝐷2 ({𝛼𝑘}, {𝑧𝑘}) =

∑
𝑘 𝛼

𝑘 𝑧𝑘∑
𝑘 𝛼

𝑘
.
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Compute outputs for each 𝑢𝑖:

(i) 𝑢1 = {𝑣1}. Belongs only to 𝑒1:

𝛼1
1 = min(0.90, 0.70) = 0.70, 𝑧1

1 = 0.90 × 0.70 = 0.63,

𝑦1 =
0.70 · 0.63

0.70
= 0.63.

(ii) 𝑢2 = {𝑣2}. Belongs to 𝑒1, 𝑒2:

𝛼1
2 = min(0.80, 0.70) = 0.70, 𝑧1

2 = 0.80×0.70 = 0.56, 𝛼2
2 = min(0.80, 0.60) = 0.60, 𝑧2

2 = 0.80×0.60 = 0.48,

𝑦2 =
0.70 · 0.56 + 0.60 · 0.48

0.70 + 0.60
=

0.392 + 0.288
1.30

≈ 0.528.

(iii) 𝑢3 = {𝑣3}. Belongs only to 𝑒2:

𝛼2
3 = min(0.60, 0.60) = 0.60, 𝑧2

3 = 0.60 × 0.60 = 0.36,

𝑦3 =
0.60 · 0.36

0.60
= 0.36.

(iv) 𝑢4 = {{𝑣1}, {𝑣2}}. Belongs to both:

𝛼1
4 = min(0.70, 0.70) = 0.70, 𝑧1

4 = 0.70×0.70 = 0.49, 𝛼2
4 = min(0.70, 0.60) = 0.60, 𝑧2

4 = 0.70×0.60 = 0.42,

𝑦4 =
0.70 · 0.49 + 0.60 · 0.42

0.70 + 0.60
=

0.343 + 0.252
1.30

≈ 0.4577.

(v) 𝑢5 = {{𝑣2}, {𝑣3}}. Belongs only to 𝑒2:

𝛼2
5 = min(0.65, 0.60) = 0.60, 𝑧2

5 = 0.65 × 0.60 = 0.39,

𝑦5 =
0.60 · 0.39

0.60
= 0.39.

Thus the one-layer F-2SHGNN outputs the crisp vector
[
𝑦1, 𝑦2, 𝑦3, 𝑦4, 𝑦5

]
≈ [0.63, 0.528, 0.36, 0.458, 0.39] .

Theorem 4.4 (Simultaneous Generalization of F-GNN, F-HGNN, and 𝑛-SHGNN). The F-𝑛SHGNN framework
recovers the following as special cases:

• Fuzzy Graph Neural Network (F-GNN): set 𝑛 = 0, so𝑉 (0) = 𝑉0, 𝐸 (0) ⊆ 𝑉0×𝑉0, and restrict𝜎, 𝜇 ∈ {0, 1}.
Then 𝐹

(0)
𝑉

, 𝐹
(0)
𝐸

, 𝑅0, 𝐷0 coincide with those of F-GNN.

• Fuzzy HyperGraph Neural Network (F-HGNN): set 𝑛 = 1, so SHT(1) is a fuzzy hypergraph; the
fuzzification and inference reduce exactly to the F-HGNN definition.

• 𝑛-SuperHyperGraph Neural Network (𝑛-SHGNN): if 𝜎(𝑣) = 𝜇(𝑒) = 1 for all 𝑣, 𝑒, then fuzzification is
trivial and 𝑅𝑛, 𝐷𝑛 become crisp, yielding the classical 𝑛-SHGNN update.

Proof. (i) 𝑛 = 0. Here 𝑃∗
0 (𝑉0) = 𝑉0 and 𝐸 (0) consists of vertex–vertex pairs. Binary 𝜎, 𝜇 force all

membership degrees to 0 or 1, so the fuzzy components reduce to those in F-GNN by identification.

(ii) 𝑛 = 1. Then 𝑉 (1) , 𝐸 (1) recover a fuzzy hypergraph; the rule layer 𝑅1 and defuzzifier 𝐷1 thus match the
F-HGNN specification.

(iii) Trivial fuzzification. If 𝜎(𝑣) = 𝜇(𝑒) = 1 uniformly, then 𝐹
(𝑛)
𝑉

, 𝐹 (𝑛)
𝐸

output all-ones vectors and 𝑅𝑛, 𝐷𝑛
perform ordinary numerical aggregation, reproducing the crisp 𝑛-SHGNN equations.

Hence F-𝑛SHGNN indeed generalizes F-GNN, F-HGNN, and 𝑛-SHGNN. □
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5 Conclusion and Future Works

In this paper, we introduced and investigated the Fuzzy SuperHyperGraph Neural Network (F-SHGNN), a novel
framework that integrates and extends SuperHyperGraph Neural Networks, Fuzzy Graph Neural Networks,
and Fuzzy HyperGraph Neural Networks. In future work, we plan to explore further extensions based on
Neutrosophic Sets [51], Plithogenic Sets [52], and other advanced uncertainty frameworks.
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