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Abstract

Graph theory provides a foundational framework for modeling pairwise relationships through vertices and
edges [1, 2]. Hypergraphs extend this paradigm by allowing edges to connect any subset of vertices, capturing
higher-order interactions [3], and SuperHyperGraphs introduce hierarchical structure via iterated powerset
constructions [4, 5]. In systems engineering, specialized graph models—Entity–Relationship Graphs for
database schema design, Service Dependency Graphs for incident impact analysis, Change Impact Graphs for
assessing configuration-change risks, and ITIL Workflow Graphs for process automation—are widely used.
In this paper, we show how each of these models can be formulated and enriched as hypergraphs and 𝑛-layer
SuperHyperGraphs, thereby enabling multi-way relationships and multi-scale hierarchical analysis.
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1 Introduction

1.1 From Graphs to SuperHyperGraphs

Standard graphs capture only pairwise relationships by connecting two vertices with an edge [2, 6]. However,
many real-world systems—such as group communications or multi-party collaborations—require modeling
interactions among more than two entities at once. Hypergraphs address this need by allowing each hyperedge
to join an arbitrary nonempty set of vertices in a single relation [7–9]. To represent nested or multi-scale
structures (for example, communities within communities), SuperHyperGraphs go further: they iteratively
apply the powerset operator to the vertex set, creating successive layers of vertices and hyperedges and yielding
a hierarchical, multi-layer network [10–14].

1.2 Graph Models in Systems Engineering

In systems engineering [15–17], four specialized graph models are particularly important:

• Entity–Relationship Graphs: Represent database schemas with entities as nodes and relationships as
edges, supporting normalization and query planning [18–20]. A related concept is the Entity–Relationship
diagram [21–24].

• Service Dependency Graphs: Depict how IT services depend on one another, supporting impact
analysis during incidents and problem management [25–27].

• Change Impact Graphs: Show which configuration items and services are affected by updates or
releases, guiding risk assessment and approval workflows [28].

• Workflow Graphs: Model ITIL process steps and decision points as nodes and edges, promoting
consistency and automation in operations [29–33].

1.3 Overview of Contributions

In this paper, we demonstrate how each of these models can be systematically formulated and extended
into HyperGraphs and 𝑛-SuperHyperGraphs. This hierarchical and multi-relational framework facilitates the
representation of complex interactions and dependencies, enabling multi-way analysis and scalable abstraction.
These extensions potentially enhance the analytical capabilities for handling intricate concepts in systems
engineering, such as layered dependencies, cross-functional workflows, and dynamic service interactions.
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2 Preliminaries

We first establish notation and definitions used throughout. Unless noted otherwise, all graphs are finite, simple,
and undirected. For detailed discussions of specific constructs, the reader is referred to standard references.

2.1 SuperHyperGraph

A hypergraph extends a traditional graph by permitting each hyperedge to connect any nonempty subset of
vertices at once [3, 9, 34, 35]. To introduce hierarchy, a SuperHyperGraph applies the powerset operation
repeatedly to the base vertex set, creating successive layers of vertices and hyperedges [5, 12–14, 36–38].

Definition 2.1 (Base Set). A base set 𝑆 is the underlying domain from which all constructions arise:

𝑆 = { 𝑥 | 𝑥 belongs to the specified universe}.

Every element of P(𝑆) or P𝑛 (𝑆) is drawn from 𝑆.

Definition 2.2 (Powerset). The powerset of 𝑆, denoted P(𝑆), is the collection of all subsets of 𝑆, including the
empty set:

P(𝑆) = { 𝐴 | 𝐴 ⊆ 𝑆}.

Definition 2.3 (Hypergraph). [3, 7] A hypergraph 𝐻 = (𝑉 (𝐻), 𝐸 (𝐻)) consists of

• a finite vertex set 𝑉 (𝐻),

• a finite family 𝐸 (𝐻) of nonempty subsets of 𝑉 (𝐻), called hyperedges.

Example 2.4 (Co-authorship Hypergraph). Let 𝑉0 = {𝐴, 𝐵, 𝐶, 𝐷, 𝐸} be a set of researchers. Define the
hyperedges to be the author lists of three papers:

𝐸 (𝐻) =
{
{𝐴, 𝐵, 𝐶}, {𝐵, 𝐷}, {𝐶, 𝐷, 𝐸}

}
.

Then the hypergraph
𝐻 =

(
𝑉0, 𝐸 (𝐻)

)
models the fact that paper 1 was written by 𝐴, 𝐵, 𝐶, paper 2 by 𝐵, 𝐷, and paper 3 by 𝐶, 𝐷, 𝐸 , capturing
multi-way collaborations in a single relation.

Definition 2.5 (𝑛-th Powerset). [39–41] Define

P0 (𝑋) = 𝑋, P𝑘+1 (𝑋) = P
(
P𝑘 (𝑋)

)
, 𝑘 ≥ 0.

Then the 𝑛-th powerset is 𝑃𝑛 (𝑋) = P𝑛 (𝑋), and its nonempty version 𝑃∗𝑛 (𝑋) excludes the empty set.

Definition 2.6 (𝑛-SuperHyperGraph). [42, 43] Let 𝑉0 be a finite base set and define P𝑘 (𝑉0) iteratively as
above. An 𝑛-SuperHyperGraph is a pair

SuHyG(𝑛) = (𝑉, 𝐸), 𝑉, 𝐸 ⊆ P𝑛 (𝑉0),

where elements of 𝑉 are called 𝑛-supervertices and elements of 𝐸 𝑛-superedges.

Example 2.7 (2-SuperHyperGraph of Publications). Starting from the same base set 𝑉0 = {𝐴, 𝐵, 𝐶, 𝐷, 𝐸},
form the 1st powerset P1 (𝑉0), whose elements include all nonempty co-author sets as above. Now let

𝑉 =
{
{𝐴, 𝐵, 𝐶}, {𝐵, 𝐷}, {𝐶, 𝐷, 𝐸}

}
⊆ P1 (𝑉0),

and define two conference sessions as superedges in P2 (𝑉0):

𝐸 =
{
{{𝐴, 𝐵, 𝐶}, {𝐶, 𝐷, 𝐸}}, {{𝐵, 𝐷}, {𝐶, 𝐷, 𝐸}}

}
.

Then the 2-SuperHyperGraph
SuHyG(2) =

(
𝑉, 𝐸

)
represents a two-level hierarchy: at level 1, individual papers; at level 2, grouping of papers into sessions (e.g.
Session 1 includes papers by {𝐴, 𝐵, 𝐶} and {𝐶, 𝐷, 𝐸}).

2



3 Entity–Relationship Graphs and Their Extensions

Entity–Relationship Graphs model database schemas, with entities as nodes and relationships as edges, facili-
tating normalization and efficient query execution planning [18,44]. We extend this concept using hypergraphs
and superhypergraphs.

Definition 3.1 (Entity–Relationship Graph). An Entity–Relationship Graph is a quadruple

𝐺 = (𝑉, 𝐸, 𝜏𝑉 , 𝜏𝐸),

where

• 𝑉 is a finite set of entities,

• 𝐸 ⊆ 𝑉 ×𝑉 is a finite set of relationships,

• 𝜏𝑉 : 𝑉 → T𝑉 assigns to each entity 𝑣 ∈ 𝑉 an entity type 𝜏𝑉 (𝑣) from a finite set T𝑉 ,

• 𝜏𝐸 : 𝐸 → T𝐸 assigns to each relationship 𝑒 = (𝑢 → 𝑣) ∈ 𝐸 a relationship type 𝜏𝐸 (𝑒) from a finite set
T𝐸 .

Example 3.2. Let T𝑉 = {Person, Project} and T𝐸 = {worksOn, manages}. Then an Entity–Relationship
Graph

𝐺 =
(
{𝑝1, 𝑝2, 𝜋1}, {(𝑝1 → 𝜋1), (𝑝2 → 𝜋1), (𝑝1 → 𝑝2)}, 𝜏𝑉 , 𝜏𝐸

)
might satisfy

𝜏𝑉 (𝑝1) = 𝜏𝑉 (𝑝2) = Person, 𝜏𝑉 (𝜋1) = Project,
𝜏𝐸 (𝑝1 → 𝜋1) = worksOn, 𝜏𝐸 (𝑝2 → 𝜋1) = worksOn, 𝜏𝐸 (𝑝1 → 𝑝2) = manages.

This models two people 𝑝1, 𝑝2 collaborating on project 𝜋1, with 𝑝1 managing 𝑝2.

Definition 3.3 (Entity–Relationship HyperGraph). An Entity–Relationship HyperGraph is a quadruple

𝐻 =
(
𝑉, E, 𝜏𝑉 , 𝜏𝐸

)
,

where

• 𝑉 is a finite set of entities,

• E ⊆ P(𝑉) \ {∅} is a finite set of nonempty subsets of 𝑉 , called hyperedges,

• 𝜏𝑉 : 𝑉 → T𝑉 assigns to each entity 𝑣 ∈ 𝑉 an entity type 𝜏𝑉 (𝑣) from a finite set T𝑉 ,

• 𝜏𝐸 : E → T𝑅 assigns to each hyperedge 𝑒 ∈ E a relationship type 𝜏𝐸 (𝑒) from a finite set T𝑅.

Example 3.4 (Retail Transaction Entity–Relationship HyperGraph). Let

𝑉 = { 𝑐1, 𝑐2, 𝑝1, 𝑝2, 𝑠1},

where T𝑉 = {Customer,Product,Store} and the entity-type map 𝜏𝑉 is given by

𝜏𝑉 (𝑐𝑖) = Customer, 𝜏𝑉 (𝑝 𝑗 ) = Product, 𝜏𝑉 (𝑠1) = Store.

Define two purchase events as hyperedges:

𝑒1 = { 𝑐1, 𝑝1, 𝑠1}, 𝑒2 = { 𝑐2, 𝑝2, 𝑠1},

and let
E = { 𝑒1, 𝑒2}, T𝑅 = {Purchase}.

Assign the relationship-type map 𝜏𝐸 by

𝜏𝐸 (𝑒1) = 𝜏𝐸 (𝑒2) = Purchase.

Then
𝐻 =

(
𝑉, E, 𝜏𝑉 , 𝜏𝐸

)
is an Entity–Relationship HyperGraph modeling retail transactions: each hyperedge 𝑒𝑖 connects one customer,
one product, and the store where the purchase occurred.
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Theorem 3.5 (Generalization and Hypergraph Character). Let

𝐺 = (𝑉, 𝐸𝐺 , 𝜏𝑉 , 𝜏𝐸)

be an Entity–Relationship Graph as in Definition 3.1. Define

E =
{
{𝑢, 𝑣} ⊆ 𝑉 | (𝑢 → 𝑣) ∈ 𝐸𝐺

}
, 𝜏′𝐸

(
{𝑢, 𝑣}

)
= 𝜏𝐸

(
𝑢 → 𝑣

)
.

Then the structure
𝐻 =

(
𝑉, E, 𝜏𝑉 , 𝜏′𝐸

)
satisfies:

1. 𝐻 is an Entity–Relationship HyperGraph that generalizes the original graph 𝐺 by encoding each binary
edge as a size-2 hyperedge with matching type labels;

2. Ignoring types, (𝑉, E) meets the axioms of a (pure) hypergraph.

Proof. (1) Construction and Generalization. Since 𝐸𝐺 ⊆ 𝑉×𝑉 , for every directed relationship (𝑢→𝑣) ∈ 𝐸𝐺

the unordered set {𝑢, 𝑣} is nonempty and lies in P(𝑉). Thus E is indeed a collection of nonempty subsets of
𝑉 . By defining

𝜏′𝐸
(
{𝑢, 𝑣}

)
= 𝜏𝐸 (𝑢 → 𝑣),

we ensure that each binary relationship in 𝐺 is represented as a hyperedge of cardinality 2 in 𝐻, with identical
relationship-type labeling. All entity-type assignments remain unchanged via 𝜏𝑉 . Hence 𝐻 encodes exactly
the same schema information as 𝐺, proving that every Entity–Relationship Graph embeds into this class of
HyperGraphs.

(2) Verification of Hypergraph Axioms. By Definition 2.3, a hypergraph 𝐻′ = (𝑉 ′, 𝐸 ′) requires 𝑉 ′ to be
finite and 𝐸 ′ ⊆ P(𝑉 ′) \ {∅}. In our case, 𝑉 ′ = 𝑉 is finite by hypothesis, and E ⊆ P(𝑉) \ {∅} by construction.
Therefore, (𝑉, E) satisfies exactly the definition of a hypergraph. Forgetting the type-labels 𝜏𝑉 , 𝜏

′
𝐸

leaves an
(untyped) hypergraph structure on 𝑉 , as required. □

Definition 3.6 (Entity–Relationship 𝑛-SuperHyperGraph). Let

𝐻0 =
(
𝑉0, E0, 𝜏𝑉 , 𝜏𝐸

)
be an Entity–Relationship HyperGraph as in Definition 3.3. For any integer 𝑛 ≥ 1, define the nesting map

𝑁1 (𝐴) = {𝐴}, 𝑁 𝑘+1 (𝐴) = { 𝑁 𝑘 (𝐴) }, 𝐴 ⊆ P𝑚 (𝑉0),

so that 𝑁 𝑘 : P𝑚 (𝑉0) → P𝑚+𝑘 (𝑉0). Then set

𝑉 (𝑛) =
{
𝑁𝑛 ({𝑣}) | 𝑣 ∈ 𝑉0

}
⊆ P𝑛 (𝑉0), E (𝑛) =

{
𝑁𝑛−1 (𝑒) | 𝑒 ∈ E0

}
⊆ P𝑛 (𝑉0).

Define type-functions by

𝜏
(𝑛)
𝑉

(
𝑁𝑛 ({𝑣})

)
= 𝜏𝑉 (𝑣), 𝜏

(𝑛)
𝐸

(
𝑁𝑛−1 (𝑒)

)
= 𝜏𝐸 (𝑒).

The tuple
𝐻 (𝑛) =

(
𝑉 (𝑛) , E (𝑛) , 𝜏 (𝑛)

𝑉
, 𝜏
(𝑛)
𝐸

)
is called the Entity–Relationship 𝑛-SuperHyperGraph of 𝐻0.

Example 3.7 (IT System Development Entity–Relationship 2-SuperHyperGraph). Consider a simple system-
engineering scenario with the following base entities:

𝑉0 = { Feature1, Feature2, TeamA, ToolX, ServiceX},

with entity types

𝜏𝑉 (Feature1) = 𝜏𝑉 (Feature2) = Feature, 𝜏𝑉 (TeamA) = Team,
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𝜏𝑉 (ToolX) = Tool, 𝜏𝑉 (ServiceX) = Service.

Define two development events as hyperedges in the Entity–Relationship HyperGraph 𝐻0:

𝑒1 = {Feature1, TeamA, ToolX, ServiceX},

𝑒2 = {Feature2, TeamA, ToolX, ServiceX},

and set
E0 = {𝑒1, 𝑒2}

with relationship type
𝜏𝐸 (𝑒1) = 𝜏𝐸 (𝑒2) = DevelopmentEvent.

Hence
𝐻0 =

(
𝑉0, E0, 𝜏𝑉 , 𝜏𝐸

)
is the base Entity–Relationship HyperGraph.

Applying Definition 3.6 with 𝑛 = 2, we form

𝑉 (2) =
{
𝑁2 ({𝑣}) | 𝑣 ∈ 𝑉0

}
=
{
{{𝑣}}

�� 𝑣 ∈ 𝑉0
}
⊆ P2 (𝑉0),

E (2) =
{
𝑁1 (𝑒) | 𝑒 ∈ E0

}
=
{
{𝑒1}, {𝑒2}

}
⊆ P2 (𝑉0),

with 𝜏
(2)
𝑉
(𝑁2 ({𝑣})) = 𝜏𝑉 (𝑣) and 𝜏

(2)
𝐸
(𝑁1 (𝑒𝑖)) = 𝜏𝐸 (𝑒𝑖) for 𝑖 = 1, 2. Thus

𝐻 (2) =
(
𝑉 (2) , E (2) , 𝜏 (2)

𝑉
, 𝜏
(2)
𝐸

)
is the Entity–Relationship 2-SuperHyperGraph. Concretely, at layer 1 we have the original development-event
hyperedges 𝑒1, 𝑒2; at layer 2 each is lifted to a nested “superevent” {𝑒𝑖}, preserving all type information.

Theorem 3.8. Let 𝐻0 and 𝐻 (𝑛) be as above. Then:

1. 𝐻 (𝑛) is an 𝑛-SuperHyperGraph with 𝑉 (𝑛) , E (𝑛) ⊆ P𝑛 (𝑉0);

2. The maps 𝜑𝑉 : 𝑣 ↦→ 𝑁𝑛 ({𝑣}) and 𝜑𝐸 : 𝑒 ↦→ 𝑁𝑛−1 (𝑒) embed 𝐻0 into 𝐻 (𝑛) , preserving both entity-type
and relationship-type assignments.

Proof. (1) SuperHyperGraph Structure. By construction each 𝑁𝑛 ({𝑣}) lies in P𝑛 (𝑉0), so 𝑉 (𝑛) ⊆ P𝑛 (𝑉0).
Likewise each 𝑁𝑛−1 (𝑒) ⊆ P𝑛 (𝑉0), so E (𝑛) ⊆ P𝑛 (𝑉0). Hence (𝑉 (𝑛) , E (𝑛) ) satisfies the definition of an
𝑛-SuperHyperGraph [42, 43].

(2) Embedding and Type Preservation. Define

𝜑𝑉 : 𝑉0 → 𝑉 (𝑛) , 𝜑𝑉 (𝑣) = 𝑁𝑛 ({𝑣}), 𝜑𝐸 : E0 → E (𝑛) , 𝜑𝐸 (𝑒) = 𝑁𝑛−1 (𝑒).

Both 𝜑𝑉 and 𝜑𝐸 are bijections onto their images by the invertibility of the nesting construction. Moreover, for
each 𝑣 ∈ 𝑉0,

𝜏
(𝑛)
𝑉

(
𝜑𝑉 (𝑣)

)
= 𝜏

(𝑛)
𝑉

(
𝑁𝑛 ({𝑣})

)
= 𝜏𝑉 (𝑣),

and for each 𝑒 ∈ E0,
𝜏
(𝑛)
𝐸

(
𝜑𝐸 (𝑒)

)
= 𝜏

(𝑛)
𝐸

(
𝑁𝑛−1 (𝑒)

)
= 𝜏𝐸 (𝑒).

Thus all type-labels are preserved and 𝐻0 is isomorphically embedded in 𝐻 (𝑛) . This completes the proof. □
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4 Service Dependency Graphs and Their Extensions

Dependency Graphs represent relationships where nodes depend on others, often used in task scheduling, build
systems, and software engineering (cf. [45–48]). Service Dependency Graph depicts the service provision
relationships and constraints among IT services, used for impact analysis in incident and problem management
[27]. We extend this concept using hypergraphs and superhypergraphs.

Definition 4.1 (Service Dependency Graph). [27] A Service Dependency Graph is a directed graph

𝐺 = (𝑉, 𝐸),

where

• 𝑉 is a finite set of services, each 𝑣 ∈ 𝑉 represents an individual IT service or microservice;

• 𝐸 ⊆ 𝑉 × 𝑉 is a finite set of dependency edges, where (𝑢, 𝑣) ∈ 𝐸 indicates that service 𝑢 depends on
service 𝑣.

Example 4.2. Suppose we have three services {𝑆1, 𝑆2, 𝑆3} with dependencies:

𝐸 = {(𝑆1, 𝑆2), (𝑆2, 𝑆3)}.

Then 𝑆1 depends on 𝑆2, and 𝑆2 depends on 𝑆3, giving the directed graph

𝐺 =
(
{𝑆1, 𝑆2, 𝑆3}, {(𝑆1, 𝑆2), (𝑆2, 𝑆3)}

)
.

This reflects a sequential dependency chain 𝑆1 → 𝑆2 → 𝑆3.

Definition 4.3 (Service Dependency HyperGraph). Let

𝐺 = (𝑉, 𝐸𝐺)

be a Service Dependency Graph as in Definition 4.1, where 𝑉 is a finite set of services and 𝐸𝐺 ⊆ 𝑉 × 𝑉
records directed “depends-on” edges. Define for each 𝑢 ∈ 𝑉

𝐷 (𝑢) = { 𝑣 ∈ 𝑉 | (𝑢, 𝑣) ∈ 𝐸𝐺},

and let
E =

{
𝑒𝑢 | 𝑢 ∈ 𝑉, 𝐷 (𝑢) ≠ ∅

}
, 𝑒𝑢 = { 𝑢} ∪ 𝐷 (𝑢).

Then the Service Dependency HyperGraph is the pair

𝐻 =
(
𝑉, E

)
,

where each hyperedge 𝑒𝑢 ∈ E collects a service 𝑢 together with all the services it depends on.

Example 4.4 (E-commerce Service Dependency HyperGraph). Consider an e-commerce platform composed
of the following services:

𝑉 = {Gateway, Auth, User, Order, Inventory}.

At runtime, the directed dependencies are recorded as

𝐸𝐺 =
{
(Gateway,Auth), (Gateway,User), (User,Order), (User, Inventory), (Order, Inventory)

}
.

For each service 𝑢 ∈ 𝑉 , let
𝐷 (𝑢) = { 𝑣 ∈ 𝑉 | (𝑢, 𝑣) ∈ 𝐸𝐺}.

Then we obtain the nonempty dependency sets

𝐷 (Gateway) = {Auth,User}, 𝐷 (User) = {Order, Inventory}, 𝐷 (Order) = {Inventory},

and 𝐷 (Auth) = 𝐷 (Inventory) = ∅. Form the hyperedges

𝑒Gateway = {Gateway} ∪ 𝐷 (Gateway) = {Gateway,Auth,User},
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𝑒User = {User} ∪ 𝐷 (User) = {User,Order, Inventory},

𝑒Order = {Order} ∪ 𝐷 (Order) = {Order, Inventory}.

Setting
E = { 𝑒Gateway, 𝑒User, 𝑒Order},

we obtain the Service Dependency HyperGraph

𝐻 =
(
𝑉, E

)
.

This hypergraph captures multi-service dependency “clusters”: {Gateway,Auth,User} for request routing,
{User,Order, Inventory} for order placement, and {Order, Inventory} for stock reservation.

Theorem 4.5. Let 𝐺 = (𝑉, 𝐸𝐺) and 𝐻 = (𝑉, E) be as above. Then:

1. 𝐻 is a (pure) hypergraph with E ⊆ P(𝑉) \ {∅}.

2. 𝐻 generalizes 𝐺 in that the directed dependency edges of 𝐺 can be recovered from the membership
relations in E.

Proof. (1) Hypergraph Axioms. By construction 𝑉 is finite and nonempty. Each hyperedge 𝑒𝑢 = {𝑢} ∪𝐷 (𝑢)
satisfies ∅ ≠ 𝑒𝑢 ⊆ 𝑉 , so E ⊆ P(𝑉) \ {∅}. Hence (𝑉, E) fulfills the definition of a hypergraph.

(2) Recovery of Directed Edges. To see that 𝐻 encodes 𝐺 without loss, observe that for each original
dependency (𝑢, 𝑣) ∈ 𝐸𝐺 , by definition 𝑣 ∈ 𝐷 (𝑢) and therefore 𝑣 ∈ 𝑒𝑢. Conversely, if 𝑣 ∈ 𝑒𝑢 \ {𝑢} for some
hyperedge 𝑒𝑢, then (𝑢, 𝑣) ∈ 𝐸𝐺 . Thus the set of ordered pairs

{ (𝑢, 𝑣) ∈ 𝑉 ×𝑉 | 𝑢 ≠ 𝑣, 𝑣 ∈ 𝑒𝑢}

coincides exactly with 𝐸𝐺 . This shows 𝐺 is recovered from 𝐻, proving that the Service Dependency Hyper-
Graph indeed generalizes the original Service Dependency Graph. □

Definition 4.6 (Service Dependency 𝑛-SuperHyperGraph). Let

𝐻0 = (𝑉0, E0)

be the Service Dependency HyperGraph of Definition 4.3, where E0 = { 𝑒𝑢 = {𝑢} ∪ 𝐷 (𝑢) | 𝑢 ∈ 𝑉0} ⊆
P(𝑉0) \ {∅}. For any integer 𝑛 ≥ 1, define the nesting operator

𝑁1 (𝐴) = {𝐴}, 𝑁 𝑘+1 (𝐴) = { 𝑁 𝑘 (𝐴) }, 𝐴 ⊆ P𝑚 (𝑉0),

so that 𝑁 𝑘 (𝐴) ∈ P𝑚+𝑘 (𝑉0). Then set

𝑉 (𝑛) =
{
𝑁𝑛 ({𝑣})

�� 𝑣 ∈ 𝑉0
}
⊆ P𝑛 (𝑉0), E (𝑛) =

{
𝑁 𝑛−1 (𝑒)

�� 𝑒 ∈ E0
}
⊆ P𝑛 (𝑉0).

Define
𝐻 (𝑛) =

(
𝑉 (𝑛) , E (𝑛)

)
.

We call 𝐻 (𝑛) the Service Dependency 𝑛-SuperHyperGraph of 𝐻0.

Example 4.7 (E-commerce Service Dependency 2-SuperHyperGraph). Consider an e-commerce platform
whose microservices are

𝑉0 = {Gateway, Auth, User, Order, Inventory, Payment}.

At runtime the “depends-on” relations form the Service Dependency HyperGraph

𝐻0 = (𝑉0, E0), E0 =
{
𝑒Gateway, 𝑒User, 𝑒Order, 𝑒Payment

}
,

where
𝑒Gateway = {Gateway,Auth,User}, 𝑒User = {User,Order, Inventory},

𝑒Order = {Order,Payment, Inventory}, 𝑒Payment = {Payment, Inventory}.
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Applying Definition 4.6 with 𝑛 = 2, we form

𝑉 (2) =
{
𝑁2 ({𝑣}) | 𝑣 ∈ 𝑉0

}
=
{
{{𝑣}}

�� 𝑣 ∈ 𝑉0
}
⊆ P2 (𝑉0),

E (2) =
{
𝑁1 (𝑒) | 𝑒 ∈ E0

}
=
{
{𝑒Gateway}, {𝑒User}, {𝑒Order}, {𝑒Payment}

}
⊆ P2 (𝑉0).

Thus the Service Dependency 2-SuperHyperGraph is

𝐻 (2) =
(
𝑉 (2) , E (2)

)
,

which at layer 1 comprises the original dependency clusters 𝑒∗, and at layer 2 wraps each cluster as a nested
hyperedge, preserving all service-dependency information in a bona fide 2-SuperHyperGraph.

Theorem 4.8. With notation as above, for each 𝑛 ≥ 1:

1. 𝐻 (𝑛) = (𝑉 (𝑛) , E (𝑛) ) is an 𝑛-SuperHyperGraph, i.e. 𝑉 (𝑛) , E (𝑛) ⊆ P𝑛 (𝑉0).

2. There are natural injections 𝜑𝑉 : 𝑉0 ↩→ 𝑉 (𝑛) , 𝑣 ↦→ 𝑁𝑛 ({𝑣}) and 𝜑𝐸 : E0 ↩→ E (𝑛) , 𝑒 ↦→ 𝑁 𝑛−1 (𝑒),
making 𝐻 (𝑛) a generalization of the original Service Dependency HyperGraph 𝐻0.

Proof. (1) SuperHyperGraph Structure. By definition, each 𝑁𝑛 ({𝑣}) lies in the 𝑛th iterated powerset
P𝑛 (𝑉0), so 𝑉 (𝑛) ⊆ P𝑛 (𝑉0). Similarly, for each hyperedge 𝑒 ∈ E0,

𝑁 𝑛−1 (𝑒) ⊆ P𝑛 (𝑉0),

and hence E (𝑛) ⊆ P𝑛 (𝑉0). These two inclusions verify that (𝑉 (𝑛) , E (𝑛) ) satisfies the definition of an 𝑛-
SuperHyperGraph [43].

(2) Embedding and Generalization. Define

𝜑𝑉 : 𝑉0 → 𝑉 (𝑛) , 𝑣 ↦→ 𝑁𝑛 ({𝑣}), 𝜑𝐸 : E0 → E (𝑛) , 𝑒 ↦→ 𝑁 𝑛−1 (𝑒).

Each 𝜑𝑉 (𝑣) and 𝜑𝐸 (𝑒) is nonempty by construction, and the nesting operator 𝑁 𝑘 is injective on subsets of the
appropriate level, so 𝜑𝑉 and 𝜑𝐸 are injections.

Moreover, the original hypergraph 𝐻0 can be recovered by the inverse “flattening” maps:

𝜓𝑉

(
𝑁𝑛 ({𝑣})

)
= 𝑣, 𝜓𝐸

(
𝑁 𝑛−1 (𝑒)

)
= 𝑒,

which satisfy 𝜓𝑉 ◦ 𝜑𝑉 = id𝑉0 and 𝜓𝐸 ◦ 𝜑𝐸 = idE0 . Thus 𝐻 (𝑛) strictly extends 𝐻0 while preserving all
original service-dependency relations, proving that 𝐻 (𝑛) is indeed a generalization of the Service Dependency
HyperGraph and an 𝑛-SuperHyperGraph. □

5 Change impact graphs and Their Extensions

Change Management is a structured process for controlling and implementing modifications in IT systems
with minimal disruption and risk [49, 50]. Change Impact refers to the assessment of how a proposed
change affects dependent components, services, or processes within a system [51–53]. Change Impact Graph
visualizes configuration items and services affected by configuration changes or release packages, supporting
risk assessment and approval workflows [28]. We extend this concept using hypergraphs and superhypergraphs.

Definition 5.1 (Change Impact Graph). [28] Let 𝑆 be a software system, and let F be the finite set of all its
functions. Suppose we have a version-control history that records, for each function 𝑓 ∈ F , the sequence of its
concrete definitions over time. Fix a time 𝑡 (the “current” version) and a period of interest [𝑡𝑏, 𝑡𝑒] in the past.

Let 𝐺𝑡 ( 𝑓 ) = (𝑉, 𝐸) be the directed call-graph of function 𝑓 at time 𝑡, defined by

𝑉 = { 𝑔 ∈ F | 𝑔 is reachable from 𝑓 by a sequence of calls at time 𝑡}, 𝐸 = { (𝑢 → 𝑣) | 𝑢, 𝑣 ∈ 𝑉, 𝑢 calls 𝑣}.

Define a marking 𝜃 : 𝑉 → {unaffected, changed, affected} as follows:
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1. For each 𝑣 ∈ 𝑉 , set

𝜃 (𝑣) =
{

changed, if 𝑣 ’s definition was added or modified at some time 𝑡′ ∈ [𝑡𝑏, 𝑡𝑒],
unaffected, otherwise.

2. Repeat until no further changes occur: for any 𝑣 ∈ 𝑉 with 𝜃 (𝑣) = unaffected, if there exists (𝑣 → 𝑤) ∈ 𝐸
with 𝜃 (𝑤) ∈ {changed, affected}, then set 𝜃 (𝑣) ← affected.

The resulting Change Impact Graph of 𝑓 at time 𝑡 over [𝑡𝑏, 𝑡𝑒] is the tuple

CIG𝑡

(
𝑓 ; [𝑡𝑏, 𝑡𝑒]

)
=
(
𝑉, 𝐸, 𝜃

)
.

Nodes marked changed are those whose definitions changed during [𝑡𝑏, 𝑡𝑒]; nodes marked affected are those
transitively impacted by such changes; and unaffected nodes remain purely unchanged.

Definition 5.2 (Change Impact HyperGraph). Let

CIG𝑡 ( 𝑓 ; [𝑡𝑏, 𝑡𝑒]) = (𝑉, 𝐸𝐺 , 𝜃)

be the Change Impact Graph of Definition 5.1. For each vertex 𝑣 ∈ 𝑉 , define its dependency set

𝐷 (𝑣) = { 𝑢 ∈ 𝑉 | (𝑢 → 𝑣) ∈ 𝐸𝐺},

and set
𝑒𝑣 = { 𝑣} ∪ 𝐷 (𝑣).

Let
E = { 𝑒𝑣 | 𝑣 ∈ 𝑉, 𝐷 (𝑣) ≠ ∅}.

The Change Impact HyperGraph is the triple

ĈIG𝑡 ( 𝑓 ; [𝑡𝑏, 𝑡𝑒]) =
(
𝑉, E, 𝜃

)
,

where each hyperedge 𝑒𝑣 collects a function 𝑣 together with all functions that call 𝑣 directly.

Example 5.3 (Change Impact HyperGraph in a Microservice Application). Consider a microservice-based
backend with the following functions:

𝑉 = {Auth, User, Order, Inventory},

and directed call-graph at time 𝑡:

𝐸𝐺 =
{
(User→ Auth), (Order→ User), (Inventory→ User)

}
.

Suppose that during the release period [𝑡𝑏, 𝑡𝑒], only the Auth function was modified. We first mark

𝜃 (Auth) = changed, 𝜃 (User) = 𝜃 (Order) = 𝜃 (Inventory) = unaffected.

Propagating effects transitively, we update:

𝜃 (User) ↦→ affected, 𝜃 (Order) = 𝜃 (Inventory) = affected.

Next, compute each dependency set

𝐷 (𝑣) = { 𝑢 ∈ 𝑉 | (𝑢 → 𝑣) ∈ 𝐸𝐺},

giving

𝐷 (Auth) = {User}, 𝐷 (User) = {Order, Inventory}, 𝐷 (Order) = 𝐷 (Inventory) = ∅.

Form the nonempty hyperedges

𝑒Auth = {Auth} ∪ 𝐷 (Auth) = {Auth,User}, 𝑒User = {User} ∪ 𝐷 (User) = {User,Order, Inventory}.

Then the Change Impact HyperGraph is

ĈIG𝑡 =
(
𝑉, { 𝑒Auth, 𝑒User}, 𝜃

)
,

where each hyperedge collects a function together with all direct callers, and 𝜃 records which functions were
changed or affected.
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Theorem 5.4. With notation as above:

1. The underlying pair
(
𝑉, E

)
is a (pure) hypergraph, i.e. E ⊆ P(𝑉) \ {∅}.

2. ĈIG𝑡 ( 𝑓 ; [𝑡𝑏, 𝑡𝑒]) generalizes the original Change Impact Graph CIG𝑡 ( 𝑓 ; [𝑡𝑏, 𝑡𝑒]): one recovers 𝜃 un-
changed and

𝐸𝐺 =
{
(𝑢→𝑣) ∈ 𝑉 ×𝑉 | 𝑢 ∈ 𝑒𝑣 \ {𝑣}

}
.

Proof. (1) Hypergraph Axioms. By Definition 5.1, 𝑉 is finite. Each 𝑒𝑣 = {𝑣} ∪ 𝐷 (𝑣) is nonempty and a
subset of 𝑉 ; hence E ⊆ P(𝑉) \ {∅}, so (𝑉, E) satisfies the definition of a hypergraph [3, 7].

(2) Recovery of the Original Graph and Marking. By construction, for any (𝑢→ 𝑣) ∈ 𝐸𝐺 we have 𝑢 ∈
𝐷 (𝑣) ⊆ 𝑒𝑣 , and conversely if 𝑢 ∈ 𝑒𝑣\{𝑣} then (𝑢→𝑣) ∈ 𝐸𝐺 . Thus the set of directed edges 𝐸𝐺 is exactly recov-
ered from the membership relation in E. The marking function 𝜃 : 𝑉 → {unaffected, changed, affected} re-
mains unchanged, so the hypergraph with marking faithfully generalizes the original Change Impact Graph. □

Definition 5.5 (Change Impact 𝑛-SuperHyperGraph). Let

ĈIG𝑡

(
𝑓 ; [𝑡𝑏, 𝑡𝑒]

)
=
(
𝑉0, E0, 𝜃

)
be the Change Impact HyperGraph of Definition 5.2, where E0 = { 𝑒𝑣 = {𝑣} ∪𝐷 (𝑣) | 𝑣 ∈ 𝑉0}. For any integer
𝑛 ≥ 1, define the nesting operator

𝑁1 (𝐴) = {𝐴}, 𝑁 𝑘+1 (𝐴) =
{
𝑁 𝑘 (𝐴)

}
, 𝐴 ⊆ P𝑚 (𝑉0),

so that 𝑁 𝑘 (𝐴) ∈ P𝑚+𝑘 (𝑉0). Then set

𝑉 (𝑛) =
{
𝑁𝑛 ({𝑣})

�� 𝑣 ∈ 𝑉0
}
⊆ P𝑛 (𝑉0), E (𝑛) =

{
𝑁 𝑛−1 (𝑒)

�� 𝑒 ∈ E0
}
⊆ P𝑛 (𝑉0),

and extend the marking by
𝜃 (𝑛)

(
𝑁𝑛 ({𝑣})

)
= 𝜃 (𝑣) for each 𝑣 ∈ 𝑉0.

The tuple
ĈIG

(𝑛)
𝑡

(
𝑓 ; [𝑡𝑏, 𝑡𝑒]

)
=
(
𝑉 (𝑛) , E (𝑛) , 𝜃 (𝑛)

)
is called the Change Impact 𝑛-SuperHyperGraph of ĈIG𝑡 ( 𝑓 ; [𝑡𝑏, 𝑡𝑒]).

Example 5.6 (Change Impact 2-SuperHyperGraph in a Microservice Application). Starting from the Change
Impact HyperGraph of Example 5.3, let

𝑉0 = {Auth, User, Order, Inventory},

E0 = { 𝑒Auth, 𝑒User},
𝜃 (Auth) = changed,

𝜃 (User) = 𝜃 (Order) = 𝜃 (Inventory) = affected.

By Definition 5.5, for 𝑛 = 2 we form

𝑉 (2) =
{
𝑁2 ({𝑣}) | 𝑣 ∈ 𝑉0

}
=
{
{{𝑣}}

�� 𝑣 ∈ 𝑉0
}
⊆ P2 (𝑉0),

E (2) =
{
𝑁1 (𝑒) | 𝑒 ∈ E0

}
=
{
{𝑒Auth}, {𝑒User}

}
⊆ P2 (𝑉0),

and extend the marking by
𝜃 (2)

(
𝑁2 ({𝑣})

)
= 𝜃 (𝑣), 𝑣 ∈ 𝑉0.

Thus the Change Impact 2-SuperHyperGraph is

ĈIG
(2)
𝑡 =

(
𝑉 (2) , E (2) , 𝜃 (2)

)
.

Concretely, at layer 1 we have the original hyperedges {𝑒Auth} and {𝑒User}, each labeling which functions
are directly impacted; at layer 2 each such set is lifted to a nested “superevent” {{𝑒𝑣}}, preserving the
changed/affected marking on the corresponding 2-supervertices.
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Theorem 5.7. With notation as above, for each 𝑛 ≥ 1:

1. ĈIG
(𝑛)
𝑡

(
𝑓 ; [𝑡𝑏, 𝑡𝑒]

)
is an 𝑛-SuperHyperGraph, i.e. 𝑉 (𝑛) , E (𝑛) ⊆ P𝑛 (𝑉0).

2. There are natural injections 𝜑𝑉 : 𝑉0 ↩→ 𝑉 (𝑛) , 𝑣 ↦→ 𝑁𝑛 ({𝑣}) and 𝜑𝐸 : E0 ↩→ E (𝑛) , 𝑒 ↦→ 𝑁 𝑛−1 (𝑒),
satisfying 𝜃 (𝑛) ◦ 𝜑𝑉 = 𝜃. Hence ĈIG

(𝑛)
𝑡 generalizes the original Change Impact HyperGraph ĈIG𝑡 .

Proof. (1) SuperHyperGraph Structure. By construction each 𝑁𝑛 ({𝑣}) lies in the 𝑛th iterated powerset
P𝑛 (𝑉0), so 𝑉 (𝑛) ⊆ P𝑛 (𝑉0). Similarly, for each 𝑒 ∈ E0, 𝑁 𝑛−1 (𝑒) ⊆ P𝑛 (𝑉0), hence E (𝑛) ⊆ P𝑛 (𝑉0). Therefore(
𝑉 (𝑛) , E (𝑛)

)
satisfies the definition of an 𝑛-SuperHyperGraph.

(2) Embedding and Generalization. Define

𝜑𝑉 (𝑣) = 𝑁𝑛 ({𝑣}), 𝜑𝐸 (𝑒) = 𝑁 𝑛−1 (𝑒).

Since the nesting operator 𝑁 𝑘 is injective at each level, both 𝜑𝑉 and 𝜑𝐸 are injections. Moreover, for each
𝑣 ∈ 𝑉0,

𝜃 (𝑛)
(
𝜑𝑉 (𝑣)

)
= 𝜃 (𝑛)

(
𝑁𝑛 ({𝑣})

)
= 𝜃 (𝑣),

so the marking is preserved. Thus the original Change Impact HyperGraph ĈIG𝑡 embeds isomorphically into
ĈIG

(𝑛)
𝑡 , showing that the latter indeed generalizes the former while forming a bona fide 𝑛-SuperHyperGraph. □

6 Workflow Graphs and Their Extensions

Workflow Graph defines ITIL process steps (cf. [54–56]) and decision branches—as nodes and edges—for
incident, problem, and change management, aiding operational standardization and automation [29, 33]. We
extend this concept using hypergraphs and superhypergraphs.

Definition 6.1 (Workflow Graph). A workflow graph is a tuple

𝑊𝐺 =
(
𝑁, 𝑇, 𝑇𝑆, 𝑇𝐸, 𝐶, 𝐹

)
,

where

• 𝑁 is a finite set of nodes;

• 𝑇 ⊆ 𝑁 is a finite set of tasks;

• 𝑇𝑆 ⊆ 𝑇 is the (nonempty) set of start tasks;

• 𝑇𝐸 ⊆ 𝑇 is the (nonempty) set of end tasks;

• 𝐶 ⊆ 𝑁 is a finite set of choice/merge coordinators;

• 𝑁 = 𝑇 ∪ 𝐶 with 𝑇 ∩ 𝐶 = ∅;

• 𝐹 ⊆ 𝑁 × 𝑁 is the control-flow relation, a set of directed edges.

Definition 6.2 (Workflow HyperGraph). Let

𝑊𝐺 =
(
𝑁, 𝑇, 𝑇𝑆, 𝑇𝐸, 𝐶, 𝐹

)
be a Workflow Graph as in Definition 6.1, where 𝐹 ⊆ 𝑁 × 𝑁 is the directed control-flow relation. For each
node 𝑛 ∈ 𝑁 , define its successor set

Succ(𝑛) = {𝑚 ∈ 𝑁 | (𝑛, 𝑚) ∈ 𝐹}.

Then set
E =

{
𝑒𝑛 | 𝑛 ∈ 𝑁, Succ(𝑛) ≠ ∅

}
, 𝑒𝑛 = { 𝑛} ∪ Succ(𝑛).

The Workflow HyperGraph is the pair
𝐻 =

(
𝑁, E

)
,

where each hyperedge 𝑒𝑛 collects a node 𝑛 together with all of its immediate successors in the workflow.
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Example 6.3 (ITIL Incident Management Workflow HyperGraph). Consider a simplified ITIL incident man-
agement process with:

𝑁 = {DetectIncident, LogIncident, CategorizeSeverity,

AssignEngineer, InvestigateCause, ImplementFix, CloseIncident},

start task DetectIncident, end task CloseIncident, and choice/merge coordinator CategorizeSeverity. The
control-flow relation 𝐹 ⊆ 𝑁 × 𝑁 is

𝐹 =
{
(DetectIncident, LogIncident), (LogIncident,CategorizeSeverity),

(CategorizeSeverity,AssignEngineer), (AssignEngineer, InvestigateCause),

(InvestigateCause, ImplementFix), (ImplementFix,CloseIncident)
}
.

For each 𝑛 ∈ 𝑁 with successors, define

Succ(𝑛) = {𝑚 ∈ 𝑁 | (𝑛, 𝑚) ∈ 𝐹},

𝑒𝑛 = { 𝑛} ∪ Succ(𝑛).

Thus the nonempty hyperedges are

𝑒DetectIncident = {DetectIncident, LogIncident},

𝑒LogIncident = {LogIncident,CategorizeSeverity},

𝑒CategorizeSeverity = {CategorizeSeverity,AssignEngineer},

𝑒AssignEngineer = {AssignEngineer, InvestigateCause},

𝑒InvestigateCause = {InvestigateCause, ImplementFix},

𝑒ImplementFix = {ImplementFix,CloseIncident}.

Setting
E =

{
𝑒DetectIncident, 𝑒LogIncident, 𝑒CategorizeSeverity,

𝑒AssignEngineer, 𝑒InvestigateCause, 𝑒ImplementFix
}
,

the resulting Workflow HyperGraph is
𝐻 =

(
𝑁, E

)
,

which captures each workflow step together with all of its immediate successors in the incident management
process.

Theorem 6.4. Let 𝑊𝐺 = (𝑁,𝑇, 𝑇𝑆, 𝑇𝐸, 𝐶, 𝐹) be a Workflow Graph and 𝐻 = (𝑁, E) its associated Workflow
HyperGraph. Then:

1. (𝑁, E) is a (pure) hypergraph, i.e. E ⊆ P(𝑁) \ {∅}.

2. 𝐻 generalizes 𝑊𝐺 in that the original control-flow edges 𝐹 can be recovered by

𝐹 =
{
(𝑛, 𝑚) ∈ 𝑁 × 𝑁 | 𝑛 ≠ 𝑚, 𝑚 ∈ 𝑒𝑛

}
.

Proof. (1) Hypergraph Axioms. By Definition 6.1, 𝑁 is finite. For each 𝑛 ∈ 𝑁 with Succ(𝑛) ≠ ∅, the set

𝑒𝑛 = {𝑛} ∪ Succ(𝑛)

is nonempty and a subset of 𝑁 . Hence E ⊆ P(𝑁) \ {∅}, so (𝑁, E) satisfies the definition of a hypergraph [7].

(2) Recovery of Control-Flow. By construction, for any (𝑛, 𝑚) ∈ 𝐹 we have𝑚 ∈ Succ(𝑛) ⊆ 𝑒𝑛, and conversely
if 𝑚 ∈ 𝑒𝑛 \ {𝑛}, then (𝑛, 𝑚) ∈ 𝐹. Therefore the set of directed edges {(𝑛, 𝑚) | 𝑚 ∈ 𝑒𝑛 \ {𝑛}} coincides exactly
with 𝐹. This shows that the original Workflow Graph is fully encoded in and recoverable from the Workflow
HyperGraph, confirming that 𝐻 generalizes 𝑊𝐺. □
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Definition 6.5 (Workflow 𝑛-SuperHyperGraph). Let

𝐻0 =
(
𝑁0, E0

)
be the Workflow HyperGraph of Definition 6.2, where E0 = { 𝑒𝑥 = {𝑥} ∪ Succ(𝑥) | 𝑥 ∈ 𝑁0, Succ(𝑥) ≠ ∅}.
For any integer 𝑛 ≥ 1, define the nesting operator

𝑁1 (𝐴) = {𝐴}, 𝑁 𝑘+1 (𝐴) = { 𝑁 𝑘 (𝐴) }, 𝐴 ⊆ P𝑚 (𝑁0),

so that 𝑁 𝑘 (𝐴) ∈ P𝑚+𝑘 (𝑁0). Then set

𝑉 (𝑛) =
{
𝑁𝑛 ({𝑥})

�� 𝑥 ∈ 𝑁0
}
⊆ P𝑛 (𝑁0), E (𝑛) =

{
𝑁 𝑛−1 (𝑒)

�� 𝑒 ∈ E0
}
⊆ P𝑛 (𝑁0).

The Workflow 𝑛-SuperHyperGraph is the pair

𝐻 (𝑛) =
(
𝑉 (𝑛) , E (𝑛)

)
.

Example 6.6 (ITIL Incident Management Workflow 2-SuperHyperGraph). Starting from the Workflow Hy-
perGraph 𝐻0 = (𝑁0, E0) in Example 6.3, where

𝑁0 = {DetectIncident, LogIncident, CategorizeSeverity,

AssignEngineer, InvestigateCause, ImplementFix},
and

E0 =
{
𝑒DetectIncident, 𝑒LogIncident, 𝑒CategorizeSeverity,

𝑒AssignEngineer, 𝑒InvestigateCause, 𝑒ImplementFix
}

with each 𝑒𝑥 = {𝑥} ∪ Succ(𝑥) ⊆ 𝑁0. For 𝑛 = 2, apply the nesting operator 𝑁 𝑘 to obtain:

𝑉 (2) =
{
𝑁2 ({𝑥})

�� 𝑥 ∈ 𝑁0
}
=
{
{{𝑥}}

�� 𝑥 ∈ 𝑁0
}
⊆ P2 (𝑁0),

E (2) =
{
𝑁1 (𝑒)

�� 𝑒 ∈ E0
}
=
{
{ 𝑒DetectIncident }, { 𝑒LogIncident }, . . . , { 𝑒ImplementFix }

}
⊆ P2 (𝑁0).

Hence the Workflow 2-SuperHyperGraph is

𝐻 (2) =
(
𝑉 (2) , E (2)

)
.

Concretely, layer 1 comprises the original hyperedges 𝑒𝑥 each collecting a step and its successors, while layer
2 wraps each such cluster into a nested hyperedge {𝑒𝑥}, preserving the exact workflow structure within a bona
fide 2-SuperHyperGraph.

Theorem 6.7. With notation as above, for every 𝑛 ≥ 1:

1. (𝑉 (𝑛) , E (𝑛) ) is an 𝑛-SuperHyperGraph, i.e. 𝑉 (𝑛) , E (𝑛) ⊆ P𝑛 (𝑁0).

2. There are natural injections 𝜑𝑁 : 𝑁0 ↩→ 𝑉 (𝑛) , 𝑥 ↦→ 𝑁𝑛 ({𝑥}) and 𝜑𝐸 : E0 ↩→ E (𝑛) , 𝑒 ↦→ 𝑁 𝑛−1 (𝑒), re-
covering the original Workflow HyperGraph 𝐻0 by “flattening”: 𝜓𝑁 (𝑁𝑛 ({𝑥})) = 𝑥 and𝜓𝐸 (𝑁 𝑛−1 (𝑒)) =
𝑒.

Proof. (1) SuperHyperGraph Structure. By construction, for each 𝑥 ∈ 𝑁0 we have 𝑁𝑛 ({𝑥}) ∈ P𝑛 (𝑁0),
so 𝑉 (𝑛) ⊆ P𝑛 (𝑁0). Likewise, for each 𝑒 ∈ E0, 𝑁 𝑛−1 (𝑒) ⊆ P𝑛 (𝑁0), hence E (𝑛) ⊆ P𝑛 (𝑁0). Therefore
(𝑉 (𝑛) , E (𝑛) ) meets the definition of an 𝑛-SuperHyperGraph [43].

(2) Embedding and Flattening. Define

𝜑𝑁 (𝑥) = 𝑁𝑛 ({𝑥}), 𝜑𝐸 (𝑒) = 𝑁 𝑛−1 (𝑒).

The nesting operator 𝑁 𝑘 is injective at each level, so 𝜑𝑁 and 𝜑𝐸 are injections. Define inverse “flattening”
maps

𝜓𝑁

(
𝑁𝑛 ({𝑥})

)
= 𝑥, 𝜓𝐸

(
𝑁 𝑛−1 (𝑒)

)
= 𝑒,

which satisfy 𝜓𝑁 ◦ 𝜑𝑁 = id𝑁0 and 𝜓𝐸 ◦ 𝜑𝐸 = idE0 . Hence 𝐻0 is isomorphically embedded in 𝐻 (𝑛) , showing
that the Workflow 𝑛-SuperHyperGraph generalizes the original Workflow HyperGraph while forming a bona
fide 𝑛-SuperHyperGraph. □
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7 Conclusion and Future Works

In this paper, we demonstrated how classical models such as call graphs, state transition graphs, and resource al-
location graphs can be reformulated and extended into the frameworks of hypergraphs and 𝑛-SuperHyperGraphs.
This extension enables the representation of multi-way interactions and supports hierarchical analysis across
multiple levels of abstraction.

As future work, we aim to investigate concrete algorithmic implementations and practical applications of
these structures. Furthermore, we plan to explore enhanced models incorporating uncertainty and vagueness
by extending the current framework using Fuzzy Sets [57, 58], HyperFuzzy Sets [59, 60], Bipolar Fuzzy
Sets [61–63], Intuitionistic Fuzzy Sets [64, 65], and Plithogenic Sets [66, 67].
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