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Abstract

Graph theory studies the mathematical structure of vertices and edges to model relationships and connectivity
[1,2]. Hypergraphs extend this framework by allowing hyperedges to connect arbitrarily many vertices at
once [3[], and superhypergraphs further generalize hypergraphs via iterated powerset constructions to capture
hierarchical linkages among edges [4,|5]. A Dependency graph is a finite directed acyclic graph whose
vertices denote tasks and whose edges encode prerequisite relationships. In this paper, we extend this notion by
introducing Dependency hypergraphs and Dependency superhypergraphs, and we investigate their fundamental
properties. A Dependency hypergraph relates each nonempty set of prerequisite vertices to exactly one
dependent vertex, while a Dependency superhypergraph is an n-level acyclic structure whose supervertices
lie in iterated powersets and whose superedges encode multi-layer dependencies. We establish how these
models generalize classical Dependency graphs and demonstrate their potential for representing higher-order
Dependency systems.
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1 Introduction
1.1 From Graphs to SuperHyperGraphs

Classical graphs represent pairwise relationships via vertices and edges [6]. Hypergraphs extend this by
permitting each hyperedge to join any nonempty subset of vertices, capturing higher-order interactions [[7,(8]].
SuperHyperGraphs take this further by iteratively applying the powerset operation: edges at one level become
vertices at the next, creating nested, multi-tier networks that embed hierarchical dependencies within a unified
framework [9H12]. This layered approach supports the flexible representation and analysis of complex systems
with recursive or nested connections [[13].

1.2 Dependency Graph (Dependence Graph)

A dependency graph (dependence graph) is a finite directed acyclic graph whose vertices denote tasks and
whose edges encode prerequisite relationships [[14-21[]. Using dependency graphs provides clear visualization
of task relationships, enables acyclic scheduling via topological sorting, supports parallel execution, optimizes
resource allocation, and aids modular analysis [14-16].

1.3 Our Contributions: Dependency Hypergraphs and Dependency SuperHyperGraphs

We generalize this model in two stages. First, we define Dependency Hypergraphs, in which each hyperedge
relates a nonempty set of prerequisite tasks to a single dependent task, enabling representation of multi-input
dependencies. Second, we introduce Dependency SuperHyperGraphs, which extend dependency hypergraphs
to n levels by iterating the hypergraph construction, thus capturing layered dependency structures. We present
formal definitions, prove that these models strictly generalize classical dependency graphs, and explore their
fundamental properties. Dependency SuperHypergraphs capture multi-layered prerequisites, model nested
dependency hierarchies, facilitate advanced scheduling, improve analysis, enhance abstraction, and optimize
resource allocation.



2 Preliminaries

Throughout this paper, we work with finite, simple graphs unless stated otherwise. This section reviews the
key definitions and notation that will be used in later sections; for more in-depth discussions, please refer to
the cited sources.

2.1 Hypergraphs and SuperHypergraphs

Hypergraphs extend ordinary graphs by allowing hyperedges to join any number of vertices simultaneously
[3,7,2223]]. SuperHyperGraphs build on this by applying iterated powerset constructions to model hierarchical
connections among edges [5,/10}/12,[24-26]. These frameworks are employed in molecular modeling, network
analysis, and signal processing [27H29].

Definition 2.1 (Base Set). Let S be a nonempty finite set, called the base set. All further constructions are
drawn from S.

Definition 2.2 (Powerset). The powerset of S, denoted P (S), is the collection of all subsets of S, including the
empty set:
P(S) = {A]|ACS}

Definition 2.3 (Hypergraph). [3L30] A hypergraph H = (V, E) consists of

¢ a finite vertex set V,

* a finite family E C P (V) \ {0} of nonempty subsets of V, called hyperedges.

Hypergraphs generalize ordinary graphs by permitting edges to join any number of vertices simultaneously.
Example 2.4 (Co-authorship Hypergraph). Consider a set of researchers
V = {Alice, Bob, Carol, Dave}.

Suppose there are three joint publications:

* Paper 1 co-authored by Alice and Bob,
* Paper 2 co-authored by Bob, Carol, and Dave,

* Paper 3 co-authored by Alice and Dave.

We represent this as a hypergraph H = (V, E) with hyperedges
E ={e1 e e3},

where
e1 = {Alice,Bob}, e, = {Bob, Carol, Dave}, e3 = {Alice, Dave}.

Each hyperedge e; corresponds to the set of co-authors on Paperi. Since each e; is a nonempty subset of V, H
satisfies Definition [2.3|and models the co-authorship relationships as a hypergraph.

Definition 2.5 (Iterated Powerset). [31},32] For k > 0, define
PUS) =S, PI(S) = P(PH(Y)).
Thus P*(S) is the k-fold application of the powerset operator.
Definition 2.6 (n-SuperHyperGraph). [11,3334] Let n > 1 and S be a base set. An n-superhypergraph is a
e SHG™ = (V,E), V,E CP"(S),

where each element of V is called an n-supervertex and each element of E an n-superedge. Informally,
superhypergraphs capture hierarchical relationships by iterating the hypergraph construction.



Example 2.7 (Cross—Department Committees as a 2-SuperHyperGraph). Let
S = {Alice, Bob, Carol, Dave}
be the set of all employees. At the first level, we form teams:
T, = {Alice,Bob}, T, = {Bob, Carol}, T3 = {Carol, Dave},

and set
Vi={T1, T», Tz} < P(S).

At the second level, we group teams into departments:
Da={T\.Ta}, Dp={T»,Ts}, Va={Da, Dp} C P*(S).
Finally, we describe cross—department committees as hyperedges in P (V3) = P3(S):
C1 ={Da, D}, Cy={Da}, E»={Ci, C3}.

Here C; represents a committee that spans both departments, and C, a committee internal to department D 4.
Since
Vo, E; C P(S),

the pair
SHG? = (V4, Ey)

meets the requirements of Definition |[2.6|and is a concrete instance of a 2-SuperHyperGraph.

2.2 Dependency Graph

A Dependency graph is a finite directed acyclic graph whose vertices denote tasks and whose edges indicate
each task’s prerequisite(cf. [35H37]]).

Definition 2.8 (Dependency Graph). (cf. [35H37]) A Dependency graph is a directed graph
G=(V,E), ECVXYV,

together with the following interpretation:

» Each vertex v € V represents a task (or module, component, etc.).

e A directed edge (u,v) € E indicates that v depends on u, i.e. task v cannot begin until task u has
completed.

We require G to be acyclic, i.e. it contains no directed cycle, so that dependencies do not form contradictions.

Example 2.9 (Cake Baking Process). Consider the following Dependency graph G = (V, E) modeling the
steps to bake a simple cake:

V= {Vl, .. '7v8}7 E = {(V17V3)7 (V2,V5), (V3,V4), (V4,V5), (Vj,V6), (V67V7)7 (V7,V8)}.

Here the vertices represent tasks:

* v;: Gather ingredients,
¢ y,: Preheat oven,

¢ y3: Mix batter,

* v4: Pour batter into pan,

¢ v5: Bake cake,



¢ yg: Cool cake,
* v7: Apply frosting,
e yg: Serve cake.

The edge (v;,v;) € E indicates that task v; depends on completion of task v;. This directed graph is acyclic
and captures exactly the prerequisite order of the baking process.

Definition 2.10 (Partial Order and Topological Order). The reachability relation in a Dependency graph
G = (V, E) defines a partial order < on V, where u <¢ v if and only if there is a (directed) path from u to v.
A topological ordering is a bijection

.V — {L2,...,|V]}

such that whenever (u,v) € E, we have n(u) < m(v). Existence of a topological ordering is equivalent to G
being acyclic.

Definition 2.11 (Path and Ancestors/Descendants). A pathin G = (V, E) is a sequence of distinct vertices
U=V) V] > DV =V

with each (v;_1,v;) € E. We say u is an ancestor of v (and v a descendant of u) whenever u < v.

3 Review and Results: Dependency HyperGraph

A Dependency hypergraph is a hypergraph where each hyperedge relates a nonempty set of prerequisite vertices
to exactly one dependent vertex.

Definition 3.1 (Directed Hypergraph). A directed hypergraph is a pair
H=(V,E),

where

¢ V is a finite set of vertices,

* E is afinite set of hyperedges, and each hyperedge e € E is an ordered pair

e=(t(e), h(e)) with 1(e) CV, h(e) CV, t(e)#0, h(e) #0.

The set t(e) is called the tail of e and h(e) the head of e.

Definition 3.2 (Dependency Hypergraph). A Dependency hypergraph is a directed hypergraph
D= (V,E)

satisfying the following two conditions:

(i) Single-head. Forevery e € E, the head is a singleton:
|h(e)| = 1.
We write h(e) = {v} and think of v as depending on all tasks in 7(e).
(ii) Acyclicity. Define a relation <p on V by declaring u <p v if there is a finite sequence of hyperedges
el,...,ex €E
and vertices vy, ..., vV with vg = u, vy = v, and
vi—1 €t(e;), h(e;))={vi}, i=1,... k.

Then <p is required to be a partial order (i.e.if u <p v and v <p u then u = v).



In this setting, each 7(e) is the set of prerequisites for the single dependent task in A(e).
Example 3.3 (Software Build Process). Consider a small software project with the following tasks:
V ={vi,v2,v3,va,vs},

where

* vj: generate parser code from grammar,

* vy: compile parser,

* v3: generate lexer code from specifications,
* v4: compile lexer,

* vs: link parser and lexer into executable.

We model this as a Dependency hypergraph D = (V, E) with hyperedges
E ={e1, e, e3},

defined by
e : (t(er) = {vi}, h(er) = {v2}), ex: (t(e2) = {v3}, h(e2) = {va}),

e3: (t(e3) = {va,va}, h(e3) = {vs}).

Here:

* ¢1 and e, encode the fact that compilation of parser or lexer requires first generating their code,

* ¢3 encodes that linking vs depends on both compiled parser (v,) and compiled lexer (v4).

One checks immediately that each A(e;) is a singleton and that there is no directed cycle, so D is indeed a
Dependency hypergraph.

Example 3.4 (PCR Experiment Workflow). Consider the following Dependency hypergraph D = (V,E)
modeling a polymerase chain reaction (PCR) workflow:

V ={vi,v2,v3,v4,vs5,v6}, E ={ej, ez, e3}.

Interpretation of vertices:

* v;: Collect biological samples,

* vy: Extract genomic DNA,

* v3: Design and synthesize primers,

* v4: Prepare PCR master mix (polymerase, dNTPs, buffer),
* vs: Run thermocycler reaction,

* v¢: Analyze PCR products by gel electrophoresis.

Define hyperedges by their tail and head sets:
er: (t(er) = {vi}, h(e1) = {(v2}), ex: (t(ea) = {va,v3,va}, h(e2) = {vs}), e3: (t(e3) = {vs}, h(e3) = {ve}).

Here:



* ¢ encodes that DNA extraction (v) depends on collecting samples (vy).
* ¢, encodes that running the PCR (vs) requires DNA (v;), primers (v3), and master mix (v4).

* ¢3 encodes that gel analysis (vg) depends on completing the PCR run (vs).

Since each head h(e;) is a singleton and there are no directed cycles among vertices, D satisfies the conditions
of Definition[3.2]and is a valid Dependency hypergraph.

Theorem 3.5 (Generalization of Dependency Graphs). Every ordinary (directed, acyclic) Dependency graph
G=(V,Eg), EgCVxV,
embeds naturally as a Dependency hypergraph D = (V, Ep) by setting

Ep = {({u}, {v}) | (uw.v) € Eg}.

Proof. Let G = (V, Eg) be an acyclic Dependency graph. Define

Ep = {eu,v | (M’V) € EG}5 Cu,y = ({M}, {V})

Then each e, , has a nonempty tail {u} and a singleton head {v}, so D = (V, Ep) satisfies the single-head
condition of Definition[3.2] Moreover, any directed cycle in D would give rise to a sequence of edges

Cvo,vis €vivys s Gy v Cvgvgs
which in turn corresponds exactly to the directed cycle
(vo,v1), (vi,v2)s .. (Vi—1, Vi), (Vks Vo)

in G. Since G is acyclic, no such cycle can exist, so D is acyclic as well. Hence D is a Dependency hypergraph
that extends G verbatim. O

Theorem 3.6 (Underlying Hypergraph). Let D = (V,E) be any Dependency hypergraph (Definition [3.2).
Then the pair
H=(V, En), Ey={t(e) Uhle) | ecE}

is an (undirected) hypergraph in the sense that each element of Eg is a nonempty subset of V.

Proof. By Definition [3.1] for every hyperedge e € E we have t(e) # 0 and h(e) # 0. Therefore
t(e) U h(e) # 0,

and t(e) U h(e) € V. Hence Eg is a family of nonempty subsets of V. This exactly matches the standard
definition of a hypergraph (see Definition [2.3)), so H is an (undirected) hypergraph. O

4 Results: Dependency SuperHyperGraph

A Dependency superhypergraph is an n-level acyclic hypergraph whose vertices lie in iterated powersets and
whose superedges encode multi-layer dependencies.

Definition 4.1 (Dependency n-SuperHyperGraph). Let V) be a finite base set and define iteratively
PO(Vo) = Vo, PH*L(Vo) = P(PF(V)).
A Dependency n-SuperHyperGraph is a tuple
D™ = (V,, En, 1, h)

where



V, € P"(Vp) is the set of n-supervertices,
e E, € P" (V) is the set of n-superedges,

e t: E, - P(V,) assigns to each ¢ € E,, its tailt(e) C V,,,

h: E, — P(V,) assigns its head h(e) C V,,,
subject to:

(1) Single-head: for every e € E,,, the head is a singleton,

|h(e)| =1.

(ii) Acyclicity: define a relation <j,(») on V,, by
U<pm v <<= Tey,...,ex€E,, Jvy,...,vp eV,
vo=u, vip =v, vi_1 €t(e;), h(e;) ={vi},i=1,...,k.
Then <j» must be a partial order i.e. u <v<u = u=v).
Example 4.2 (Software Project Phase Dependencies). Consider a software project whose atomic tasks are
Vo ={vi,v2,v3},

where
vy . Write code, v, : Write documentation, v3 : Run tests.

At the first super-level, define the phases as
Saev = {vi,val,  Seest = {v3}, Vi ={Saev, Stest } € P (V).
At the second super-level, define the milestone and wrap singleton phase-sets:
M = {Sgev: Siest b Va = { {Saev}s (Swes}. M } € P2(Vo).
We now introduce superedges in E; € P?(Vp) via their tails and heads:
er: (t(er) = {{Saev}} hle1) = {{Seest}}),
er: (t(e2) = {{Saev} {Seest} s h(e2) = {M}).

Interpretation:

* ¢ encodes that the testing phase Ss; depends on completion of the development phase Sgey.

* ¢, encodes that the project milestone M depends on both development and testing phases.

Since each head h(e;) is a singleton and the induced relation on V; is acyclic, the tuple
D® = (Vo {er, e2},1,h)
satisfies Definition4.1]and is thus a valid Dependency 2-SuperHyperGraph.

Example 4.3 (House Construction Phases). We model a simplified house construction process as a Dependency
2-SuperHyperGraph D) = (V,, E, 1, h).

Base tasks (V)

Vo = {#; : lay foundation, f; : build walls, #3 : install roof, #4 : paint house}.



First-level supervertices (V| C P(Vp))
Pgruer = {tl,[2,t3}, Prinish = {t4},

Vi = {PStl‘LlC[7 Pfinish }

Second-level supervertices (V, € P(V}))
Va = {Pstruct}7 Vb = {Pﬁnish}a Ve = {Pstruch Pﬁnish},

Vo ={va, vp, ve }.

Second-level superedges (E; C £(V;)) Define two superedges e, e; € E; by

er: t(er) ={va}, hler) ={vp},  ez: 1(e2) ={va,vp}, hez) = {vc}.

Interpretation

* ¢ encodes that the finishing phase (v;,) depends on completion of the structural phase (v,).

* ¢, encodes that the overall completion (v.) depends on both structural and finishing phases.

Verification Each head /h(e;) is a singleton in V5, and there is no directed cycle among v, — v, — v, SO
the induced relation on V5 is a partial order. Hence D% satisfies Definition and is a valid Dependency
2-SuperHyperGraph.

Theorem 4.4 (Generalization of Dependency Graphs). Every ordinary acyclic Dependency graph
G=(V,Eg), EgCVXYV,
embeds as a Dependency 1-SuperHyperGraph
DY = (vi,Ey, 1, h)

by taking
Vi = {{v} |ve V} C PV), E; = {{u,v} | (u,v) € EG} c P(V),

and defining for each e = {u,v} € Ej,
1(e) = {{u}t}, h(e) ={{v}}.

Proof. Since G is acyclic, no directed cycle (vop — v — -+ — vg) exists. In D1, each e = {u,v} has
nonempty tail {{#}} C V| and singleton head {{v}}, so Definition i) holds. Any cycle in D) would
correspond exactly to a cycle in G by projecting {u} — u, so acyclicity (ii) is preserved. Thus D! is a
Dependency 1-SuperHyperGraph extending G. O

Theorem 4.5 (Generalization of Dependency HyperGraphs). Every Dependency hypergraph
H= (V,Eg,tg,hy)

(as in Definition[3.2) embeds as a Dependency 1-SuperHyperGraph
DY = (vi,Ey 1, h)

by setting
Vi={{v}|veV}, Ei={TUH|e€Ey, T=ty(e), H=hu(e},

and, for eache’ =T U H € E|,

t(e') = {{u} | u e T}, h(e') = {{v} |ve H}.



Proof. Since H satisfies single-head and acyclicity on V, the same properties hold in D! after replacing each
vertex v with the singleton {v}. Tails and heads remain nonempty and singletons respectively, and any cycle in
DU projects to a cycle in H, which cannot exist. O

Theorem 4.6 (Underlying SuperHyperGraph). Let D) = (V,,, E,,, t, h) be a Dependency n-SuperHyperGraph
(Definitiond.1). Then the undirected hypergraph

H"YD = (V,, E'), E ={t(e)Uh(e)]|ec€E,}
is an (n + 1)-SuperHyperGraph, since
V, CP"(Vo), t(e)Uh(e) C V, C P"(Vo) = E' CP(V,) =P " (V).

Proof. By Definition[4.1] each 7(e), h(e) C V,, € P" (V) and both are nonempty. Hence 7(e) U h(e) # 0 and
lies in P"(Vp). Therefore E’ € P(V,) = P"*1(V), showing (V,,, E’) is an (n + 1)-SuperHyperGraph. O

Theorem 4.7 (Induced Sub—SuperHyperGraph). Let D) = (V,,, E,,, t, h) be a Dependency n-SuperHyperGraph
(Definition 1), and let U C V,, be any nonempty subset of supervertices. Define

E' = {e€E, | t(e) Uh(e) C U},

and restrict the tail and head maps:
’r r
= t| E» h = h £

Then D’ = (U, E’,t', ) is itself a Dependency n-SuperHyperGraph.

Proof. Since each e € E’ satisfies t(e) U h(e) C U C V,,, the images of ¢’ and /' lie in £ (U). The single-head
condition is inherited verbatim from D), and any directed cycle in D’"") would already be a cycle in D",
contradicting its acyclicity. Hence D’ meets both requirements of Deﬁnition O

Theorem 4.8 (Existence of Minimal Supervertices). In every finite Dependency n-SuperHyperGraph D™ =
(Vu, En, t, h) with V,, # 0, there exists at least one minimal supervertex

ueV, suchthat AecE,: h(e) = {u}.

Equivalently, there is an element u € V,, minimal with respect to the partial order <p ).

Proof. The relation <p,(» defined in Definition [4.1{ii) is a partial order on the finite set V,,. A standard result
in order theory states that every nonempty finite poset contains at least one minimal element. Concretely, if no
minimal supervertex existed, one could choose ug € V,, and find u; < ug, thenu, < uy, and so on, producing an
infinite strictly descending chain, which is impossible in a finite set. Hence a minimal supervertex exists. O

Theorem 4.9 (Linear Extension / Topological Sort). Every finite Dependency n-SuperHyperGraph D™ =
(Vau, En, t, h) admits a topological ordering: there is a bijection

n:V, — {L,2,...,|Vul}

such that whenever u <p ) v, one has n(u) < m(v).

Proof. Since <p») is a partial order on the finite set V,;, by the classical theorem on linear extensions (see,
e.g., any standard text on posets) there exists a total order on V,, that extends < . Label the elements of V,,
in increasing order to obtain the desired bijection . This ordering is often constructed by repeatedly selecting
and removing minimal elements (Theorem and assigning them the next available label. O

Theorem 4.10 (Immediate—-Dependency Relation). Define the covering relation < on V,, by
u<v <<= de€kE,: uct(e), h(e) ={v}.

Then the partial order <pw) is precisely the reflexive transitive closure of <.

Proof. By Definition ii), u <pm Vv means exactly that there is a sequence of hyperedges ey,...,ex

producing a chain of vertices u = vg, vq,..., v, = v with each v;_1 < v;. Reflexivity is clear by taking k = 0,
and transitivity follows by concatenating such chains. Conversely, any chain of coverings yields a sequence of
hyperedges witnessing # <p ) v. Thus <p ) is the reflexive transitive closure of <. O
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5 Conclusion and Future Works

In this paper, we extended the classical concept of dependency graphs by introducing Dependency Hypergraphs
and Dependency SuperHypergraphs, and we explored their structural and theoretical properties in detail.

As future work, we aim to further generalize these models by incorporating uncertainty-based frameworks
such as Fuzzy Sets [38]], HyperFuzzy Sets [39], Intuitionistic Fuzzy Sets [40]], Hesitant Fuzzy Sets [41],
Neutrosophic Sets [42], and Plithogenic Sets [43]. Such extensions would enhance the expressiveness of
dependency modeling in uncertain or multi-valued environments.
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