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Abstract

Graph theory investigates how vertices and edges model relationships and connectivity [1, 2]. Hypergraphs
extend this paradigm by permitting hyperedges that join any number of vertices [3], and superhypergraphs
further generalize via iterated powerset constructions to capture nested, hierarchical linkages among edges [4,5].
Graphs are ubiquitous across many disciplines. In this paper, we show how five classical graph models—factor
graphs, signal flow graphs, control flow graphs, dataflow graphs, and PERT/CPM graphs—can be lifted into
the HyperGraph and SuperHyperGraph frameworks, and we present illustrative examples for each. These
extensions open the door to systematic, multi-level modeling of complex applications.
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1 Introduction

1.1 From Graphs to SuperHyperGraphs

Traditional graphs capture pairwise relations via vertices and edges [6]. Hypergraphs generalize this by
allowing each hyperedge to join arbitrarily many vertices, thus modeling higher-order interactions [7–9].
SuperHyperGraphs take this idea further: by iteratively applying the powerset construction, edges at one
level become vertices at the next, producing a nested, multi-level network that naturally encodes hierarchical
dependencies [10–14]. This layered framework offers a unified method for representing and analyzing complex
systems with recursive or embedded connections [15].

1.2 Graph Paradigms Across Disciplines

Graph-based models are fundamental in many areas. In this work, we concentrate on five canonical structures:

• Factor Graph: A bipartite network linking variable nodes to factor nodes, decomposing a global
function into a product of local factors [16–20].

• Signal Flow Graph: A directed graph whose nodes represent signal points and whose weighted edges
model gains, used to derive system transfer functions [21–24].

• Control Flow Graph: A directed graph of basic blocks (nodes) and control-transfer edges, central to
program analysis, optimization, and testing [25–27].

• Dataflow Graph: A directed graph in which vertices are computational actors and edges are token
channels, capturing data dependencies for parallel scheduling and implementation [28–31].

• PERT/CPM Graph: A directed acyclic graph with events as vertices and activities as edges, enabling
critical-path analysis and project scheduling [32].

1.3 Our Contributions

We demonstrate how these five classical graph models can be systematically embedded into the HyperGraph
and SuperHyperGraph formalisms. For each model, we provide concrete examples that illustrate the added
expressive power of hyperedges and supervertices. This unified approach lays the groundwork for structured,
multi-level modeling of complex applications.
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2 Preliminaries

Throughout this paper, we work with finite, simple graphs unless stated otherwise. This section reviews the
key definitions and notation that will be used in later sections; for more in-depth discussions, please refer to
the cited sources.

2.1 Hypergraphs and SuperHypergraphs

Hypergraphs extend ordinary graphs by allowing hyperedges to join any number of vertices simultaneously
[3,33–36]. SuperHyperGraphs build on this by applying iterated powerset constructions to model hierarchical
connections among edges [5, 11, 14, 37–39]. These frameworks are employed in molecular modeling, network
analysis, and signal processing [40–42].

Definition 2.1 (Base Set). Let 𝑆 be a nonempty finite set, called the base set. All further constructions are
drawn from 𝑆.

Definition 2.2 (Powerset). The powerset of 𝑆, denoted P(𝑆), is the collection of all subsets of 𝑆, including the
empty set:

P(𝑆) = { 𝐴 | 𝐴 ⊆ 𝑆}.

Definition 2.3 (Hypergraph). [3, 43] A hypergraph 𝐻 = (𝑉, 𝐸) consists of

• a finite vertex set 𝑉 ,

• a finite family 𝐸 ⊆ P(𝑉) \ {∅} of nonempty subsets of 𝑉 , called hyperedges.

Hypergraphs generalize ordinary graphs by permitting edges to join any number of vertices simultaneously.

Definition 2.4 (Iterated Powerset). [44–47] For 𝑘 ≥ 0, define

P0 (𝑆) = 𝑆, P𝑘+1 (𝑆) = P
(
P𝑘 (𝑆)

)
.

Thus P𝑘 (𝑆) is the 𝑘-fold application of the powerset operator.

Definition 2.5 (𝑛-SuperHyperGraph). [12, 48, 49] Let 𝑛 ≥ 1 and 𝑆 be a base set. An 𝑛-superhypergraph is a
pair

SHG(𝑛) = (𝑉, 𝐸), 𝑉, 𝐸 ⊆ P𝑛 (𝑆),

where each element of 𝑉 is called an 𝑛-supervertex and each element of 𝐸 an 𝑛-superedge. Informally,
superhypergraphs capture hierarchical relationships by iterating the hypergraph construction.

Example 2.6 (Corporate Hierarchy as a 3-SuperHyperGraph). Let the base set 𝑆 = 𝑉0 be the eight employees:

𝑉0 = {Alice,Bob,Carol,Dave,Eve, Frank,Grace,Hank}.

Level 1 (Teams) Form three project teams:

𝑇dev = {Alice,Bob,Carol}, 𝑇ops = {Dave,Eve, Frank}, 𝑇sales = {Grace,Hank}.

Thus
𝑉1 = {𝑇dev, 𝑇ops, 𝑇sales } ⊆ P(𝑉0).

Level 2 (Departments) Group teams into departments:

𝐷eng = {𝑇dev, 𝑇ops}, 𝐷mkt = {𝑇sales},

𝑉2 = { 𝐷eng, 𝐷mkt } ⊆ P2 (𝑉0).
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Level 3 (Divisions) Define divisions as sets of departments:

Δnorth = {𝐷eng}, Δsouth = {𝐷mkt}, Δall = {𝐷eng, 𝐷mkt},

𝑉3 = {Δnorth, Δsouth, Δall } ⊆ P3 (𝑉0).

Superedges At the top level, the company-wide coordination depends on both divisions:

𝐸3 = { Δall } ⊆ P(𝑉3).

Then
SHG(3) = (𝑉3, 𝐸3)

is a 3-superhypergraph (Definition 2.5) encoding the four-tier corporate structure: employees → teams →
departments → divisions.

3 Factor graphs and Their Extensions

A factor graph is a bipartite representation connecting variables and factor nodes to express global functions
as product of factors(cf. [16–20]). This framework is extended using Hypergraphs and SuperHypergraphs to
model more complex and hierarchical activity dependencies.

Definition 3.1 (Factor Graph). (cf. [16–20]) A factor graph is a bipartite graph

𝐺 = (𝑉, 𝐹, 𝐸), 𝐸 ⊆ 𝑉 × 𝐹,

together with a collection of factor functions {𝜑 𝑓 : X𝑁 ( 𝑓 ) → R≥0} 𝑓 ∈𝐹 , where

• 𝑉 is a finite set of variable nodes,

• 𝐹 is a finite set of factor nodes,

• for each 𝑓 ∈ 𝐹, its scope or neighbor set 𝑁 ( 𝑓 ) = { 𝑣 ∈ 𝑉 : (𝑣, 𝑓 ) ∈ 𝐸} is nonempty,

• X𝑆 =
∏

𝑣∈𝑆 X𝑣 is the Cartesian product of the domains X𝑣 of the variables 𝑣.

The factor graph encodes a global nonnegative function

Φ(𝑥) =
∏
𝑓 ∈𝐹

𝜑 𝑓

(
𝑥𝑁 ( 𝑓 )

)
, 𝑥 ∈ X𝑉 .

Example 3.2 (3-Bit Parity Code as a Factor Graph). Let 𝑉 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} be binary variables. We impose
two parity-check factors:

𝐹 = { 𝑓1, 𝑓2}, 𝑁 ( 𝑓1) = {𝑥1, 𝑥2, 𝑥3}, 𝑁 ( 𝑓2) = {𝑥2, 𝑥3, 𝑥4}.

Define factor functions

𝜑 𝑓𝑖 (𝑥𝑁 ( 𝑓𝑖 ) ) =
{

1,
∑

𝑣∈𝑁 ( 𝑓𝑖 ) 𝑥𝑣 ≡ 0 (mod 2),
0, otherwise,

𝑖 = 1, 2.

The bipartite graph 𝐺 = (𝑉, 𝐹, 𝐸) has edges (𝑥, 𝑣) whenever 𝑣 ∈ 𝑁 ( 𝑓 ). Its global function Φ(𝑥) =

𝜑 𝑓1 (𝑥1, 𝑥2, 𝑥3) 𝜑 𝑓2 (𝑥2, 𝑥3, 𝑥4) encodes the code constraints.

Definition 3.3 (Factor Hypergraph). A factor hypergraph is a pair

𝐻 = (𝑉, E), E ⊆ P(𝑉) \ {∅},

together with factor functions {𝜓𝑒 : X𝑒 → R≥0}𝑒∈E , where each hyperedge 𝑒 is a nonempty subset of 𝑉 , and
X𝑒 =

∏
𝑣∈𝑒 X𝑣 . It represents the global function

Ψ(𝑥) =
∏
𝑒∈E

𝜓𝑒

(
𝑥𝑒
)
, 𝑥 ∈ X𝑉 .
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Example 3.4 (3-Bit Parity Code as a Factor Hypergraph). Using the same variables 𝑉 = {𝑥1, 𝑥2, 𝑥3, 𝑥4}, form
the hyperedges

E = { 𝑒1, 𝑒2}, 𝑒1 = {𝑥1, 𝑥2, 𝑥3}, 𝑒2 = {𝑥2, 𝑥3, 𝑥4}.
Assign factor functions 𝜓𝑒𝑖 = 𝜑 𝑓𝑖 from Example 3.2. The data structure

𝐻 = (𝑉, E, {𝜓𝑒1 , 𝜓𝑒2 })

is a factor hypergraph whose global function Ψ(𝑥) = 𝜓𝑒1 (𝑥𝑒1 ) 𝜓𝑒2 (𝑥𝑒2 ) matches Φ(𝑥).

Theorem 3.5 (Factor Hypergraphs Are Hypergraphs). Let 𝐻 = (𝑉, E, {𝜓𝑒}) be a factor hypergraph. Then(
𝑉, E

)
is an (undirected) hypergraph in the sense of Definition 2.3: each 𝑒 ∈ E is a nonempty subset of 𝑉 .

Proof. By Definition 3.3, each hyperedge 𝑒 ∈ E satisfies 𝑒 ≠ ∅ and 𝑒 ⊆ 𝑉 . Thus E ⊆ P(𝑉) \ {∅}, so (𝑉, E)
meets the requirements of an undirected hypergraph. □

Theorem 3.6 (Generalization of Factor Graphs). Every factor graph 𝐺 = (𝑉, 𝐹, 𝐸, {𝜑 𝑓 } 𝑓 ∈𝐹) induces a factor
hypergraph 𝐻 = (𝑉, E, {𝜓𝑒}𝑒∈E) by setting

E =
{
𝑁 ( 𝑓 ) ⊆ 𝑉 : 𝑓 ∈ 𝐹

}
, 𝜓𝑁 ( 𝑓 ) = 𝜑 𝑓 .

Under this construction, the global function Φ of Definition 3.1 coincides with the global function Ψ of
Definition 3.3.

Proof. Since each factor node 𝑓 ∈ 𝐹 has a nonempty neighbor set 𝑁 ( 𝑓 ) ⊆ 𝑉 , the collection E = {𝑁 ( 𝑓 ) :
𝑓 ∈ 𝐹} is a family of nonempty subsets of 𝑉 . Defining 𝜓𝑁 ( 𝑓 ) = 𝜑 𝑓 makes Ψ(𝑥) =

∏
𝑒∈E 𝜓𝑒 (𝑥𝑒) equal to∏

𝑓 ∈𝐹 𝜑 𝑓 (𝑥𝑁 ( 𝑓 ) ) = Φ(𝑥). Thus 𝐻 is a factor hypergraph whose factorization exactly reproduces that of 𝐺, so
factor hypergraphs strictly generalize factor graphs. □

Definition 3.7 (Factor 𝑛-SuperHypergraph). Let 𝑉0 be a finite set of atomic variables, each 𝑣 ∈ 𝑉0 taking
values in a finite domain X𝑣 . For 𝑘 ≥ 0, set

P0 (𝑉0) = 𝑉0, P𝑘+1 (𝑉0) = P
(
P𝑘 (𝑉0)

)
.

An (undirected) factor 𝑛-superhypergraph is a triple

F (𝑛) =
(
𝑉𝑛, 𝐸𝑛, {𝜓𝑒}𝑒∈𝐸𝑛

)
where

• 𝑉𝑛 ⊆ P𝑛 (𝑉0) is the set of 𝑛-supervertices,

• 𝐸𝑛 ⊆ P(𝑉𝑛) \ {∅} is the set of 𝑛-superedges,

• for each 𝑒 ∈ 𝐸𝑛, 𝜓𝑒 :
∏
𝑢∈𝑒

X𝑢 −→ R≥0 is a nonnegative factor function.

The associated global function is

Ψ(𝑥) =
∏
𝑒∈𝐸𝑛

𝜓𝑒

(
𝑥𝑒
)
, 𝑥 ∈

∏
𝑢∈𝑉𝑛

X𝑢,

where 𝑥𝑒 = (𝑥𝑢)𝑢∈𝑒.

Example 3.8 (3-Bit Parity Code as a Factor 1-SuperHypergraph). Group the two hyperedges into one super-
activity. Define

𝑉1 = { 𝑒1, 𝑒2} ⊆ P(𝑉), 𝐸1 = { 𝐸}, 𝐸 = {𝑒1, 𝑒2} ⊆ 𝑉1.

Introduce the super-factor
𝜓𝐸

(
𝑥𝑒1 , 𝑥𝑒2

)
= 𝜓𝑒1 (𝑥𝑥1 ,𝑥2 ,𝑥3 ) 𝜓𝑒2 (𝑥𝑥2 ,𝑥3 ,𝑥4 ).

Then F (1) = (𝑉1, 𝐸1, {𝜓𝐸}) is a factor 1-superhypergraph in which a single superedge 𝐸 enforces both parity
checks simultaneously.
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Theorem 3.9 (Factor 𝑛-SuperHypergraphs Are 𝑛-SuperHyperGraphs). If F (𝑛) = (𝑉𝑛, 𝐸𝑛, {𝜓𝑒}) is a factor
𝑛-superhypergraph as in Definition 3.7, then (𝑉𝑛, 𝐸𝑛) is an 𝑛-superhypergraph.

Proof. By hypothesis 𝑉𝑛 ⊆ P𝑛 (𝑉0) and 𝐸𝑛 ⊆ P(𝑉𝑛). Hence

𝑉𝑛 ⊆ P𝑛 (𝑉0), 𝐸𝑛 ⊆ P(𝑉𝑛) = P 𝑛+1 (𝑉0).

This exactly matches the requirement for an (𝑛+1)-superhypergraph in Definition 2.5, and in particular (𝑉𝑛, 𝐸𝑛)
is an 𝑛-superhypergraph when one views its superedges as lying in P𝑛 (𝑉0). Therefore F (𝑛) underlies a valid
𝑛-superhypergraph. □

Theorem 3.10 (Generalization of Factor Hypergraphs). Every factor hypergraph 𝐻 = (𝑉, 𝐸, {𝜓𝑒}𝑒∈𝐸) (Def-
inition 3.3) embeds as a factor 1-superhypergraph F (1) = (𝑉1, 𝐸1, {𝜓′

𝑒′ }) by setting

𝑉1 =
{
{𝑣} | 𝑣 ∈ 𝑉

}
⊆ P(𝑉), 𝐸1 = { 𝑒 ⊆ 𝑉1 | 𝑒′ = { 𝑣 ∈ 𝑉 : 𝑒′ ∈ 𝐸}},

and defining for each original hyperedge 𝑒 ⊆ 𝑉

𝜓′
{ {𝑣}:𝑣∈𝑒} (𝑥{𝑣}) {𝑣}∈𝑒 = 𝜓𝑒

(
𝑥𝑣
)
𝑣∈𝑒 .

Under this mapping, the global functions coincide and F (1) reproduces 𝐻.

Proof. Given 𝐻 = (𝑉, 𝐸, {𝜓𝑒}), each hyperedge 𝑒 ∈ 𝐸 is a nonempty 𝑒 ⊆ 𝑉 . Replacing every 𝑣 ∈ 𝑉 by the
singleton {𝑣} yields 𝑉1 ⊆ P(𝑉) and each { {𝑣} : 𝑣 ∈ 𝑒} ⊆ 𝑉1, so 𝐸1 ⊆ P(𝑉1). Defining 𝜓′

{ {𝑣}:𝑣∈𝑒} (𝑥{𝑣}) =
𝜓𝑒 (𝑥𝑣) ensures that

∏
𝑒∈𝐸 𝜓𝑒 (𝑥𝑒) =

∏
𝑒′∈𝐸1 𝜓

′
𝑒′ (𝑥𝑒′ ), so the factorization is preserved. Hence 𝐻 is realized as a

factor 1-superhypergraph, showing that factor 𝑛-superhypergraphs generalize ordinary factor hypergraphs. □

4 Signal Flow Graphs and Their Extensions

Signal Flow Graphs represent variables as nodes and directed edges with gains showing signal dependencies,
used for transfer function analysis. This framework is extended using Hypergraphs and SuperHypergraphs to
model more complex and hierarchical activity dependencies.

Definition 4.1 (Signal Flow Graph). (cf. [21–24]) A signal flow graph is a triple

𝐺 = (𝑉, 𝐸, 𝛾),

where

• 𝑉 is a finite set of nodes,

• 𝐸 ⊆ 𝑉 ×𝑉 is a set of directed branches,

• 𝛾 : 𝐸 → R assigns a gain to each branch.

We interpret each branch (𝑢, 𝑣) ∈ 𝐸 with gain 𝛾(𝑢, 𝑣) as contributing 𝛾(𝑢, 𝑣) 𝑥𝑢 to the signal at node 𝑣. Hence
the node equations are

𝑥𝑣 =
∑︁

(𝑢,𝑣) ∈𝐸
𝛾(𝑢, 𝑣) 𝑥𝑢 + 𝜂𝑣 , 𝑣 ∈ 𝑉,

where 𝜂𝑣 denotes any external input at node 𝑣.

Example 4.2 (Feedback Amplifier Circuit as a Signal Flow Graph). Consider a simple feedback amplifier with
three signal nodes:

𝑉 = {𝑣in, 𝑣amp, 𝑣out},
and directed branches with gains:

𝐸 =
{
(𝑣in, 𝑣amp), (𝑣amp, 𝑣out), (𝑣out, 𝑣amp)

}
,

𝛾(𝑣in, 𝑣amp) = 1, 𝛾(𝑣amp, 𝑣out) = 𝐺, 𝛾(𝑣out, 𝑣amp) = −𝛽.
Here
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• 𝑣in is the input voltage node,

• 𝑣amp is the amplifier internal node,

• 𝑣out is the output voltage node,

• 𝐺 is the amplifier forward gain,

• 𝛽 is the feedback factor.

The node equations
𝑥𝑣amp = 𝑥𝑣in − 𝛽 𝑥𝑣out , 𝑥𝑣out = 𝐺 𝑥𝑣amp

recover the standard feedback relation.

Definition 4.3 (Signal Flow Hypergraph). A signal flow hypergraph is a quintuple

𝐻 = (𝑉, 𝐸, 𝑡, ℎ, 𝛾),

where

• (𝑉, 𝐸, 𝑡, ℎ) is a directed hypergraph with 𝑡 : 𝐸 → P(𝑉) \ {∅}, ℎ : 𝐸 → P(𝑉) and |ℎ(𝑒) | = 1 for all
𝑒 ∈ 𝐸 ,

• 𝛾 : 𝐸 → R assigns a gain to each hyperedge.

Each hyperedge 𝑒 with 𝑡 (𝑒) = 𝑇 and ℎ(𝑒) = {𝑣} contributes 𝛾(𝑒)∑𝑢∈𝑇 𝑥𝑢 to node 𝑣, so the node equations
become

𝑥𝑣 =
∑︁
𝑒∈𝐸

ℎ (𝑒)={𝑣}

𝛾(𝑒)
∑︁

𝑢∈𝑡 (𝑒)
𝑥𝑢 + 𝜂𝑣 , 𝑣 ∈ 𝑉.

Example 4.4 (Sensor Fusion as a Signal Flow Hypergraph). Model a three-sensor fusion node that combines
temperature readings:

𝑉 = {S1, S2, S3,F},

and hyperedges
𝐸 = {𝑒}, 𝑡 (𝑒) = {S1, S2, S3}, ℎ(𝑒) = {F}, 𝛾(𝑒) = 1

3 .

Here each sensor node S𝑖 provides 𝑥S𝑖 , and the fused output at F is

𝑥F = 1
3
(
𝑥S1 + 𝑥S2 + 𝑥S3

)
.

This single-head hyperedge encodes equal-weight averaging of three inputs.

Theorem 4.5 (Signal Flow Hypergraphs are Hypergraphs). Let 𝐻 = (𝑉, 𝐸, 𝑡, ℎ, 𝛾) be a signal flow hypergraph.
Then the pair (

𝑉, 𝐸𝐻

)
, 𝐸𝐻 = { 𝑡 (𝑒) ∪ ℎ(𝑒) | 𝑒 ∈ 𝐸},

is an (undirected) hypergraph.

Proof. For each 𝑒 ∈ 𝐸 , 𝑡 (𝑒) ≠ ∅ and ℎ(𝑒) ≠ ∅, so 𝑡 (𝑒) ∪ ℎ(𝑒) ⊆ 𝑉 is nonempty. Hence 𝐸𝐻 ⊆ P(𝑉) \ {∅},
which exactly matches the definition of an undirected hypergraph. □

Theorem 4.6 (Generalization of Signal Flow Graphs). Every signal flow graph 𝐺 = (𝑉, 𝐸𝐺 , 𝛾𝐺) embeds
naturally as a signal flow hypergraph 𝐻 = (𝑉, 𝐸, 𝑡, ℎ, 𝛾) by setting

𝐸 = 𝐸𝐺 , 𝑡 (𝑢, 𝑣) = {𝑢}, ℎ(𝑢, 𝑣) = {𝑣}, 𝛾(𝑢, 𝑣) = 𝛾𝐺 (𝑢, 𝑣) for each (𝑢, 𝑣) ∈ 𝐸𝐺 .

Proof. Each branch (𝑢, 𝑣) ∈ 𝐸𝐺 yields a hyperedge 𝑒 with nonempty tail 𝑡 (𝑒) = {𝑢} and singleton head
ℎ(𝑒) = {𝑣}, and carries the same gain 𝛾(𝑢, 𝑣). Thus 𝐻 satisfies Definition 4.3 and its node equations coincide
with those of 𝐺, showing that every signal flow graph is a special case of a signal flow hypergraph. □
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Definition 4.7 (Signal Flow 𝑛-SuperHypergraph). Let 𝑉0 be a finite set of signal nodes, each carrying a
real-valued signal 𝑥𝑣 . For 𝑘 ≥ 0, define

P0 (𝑉0) = 𝑉0, P𝑘+1 (𝑉0) = P
(
P𝑘 (𝑉0)

)
.

A signal flow 𝑛-superhypergraph is a quintuple

SFSH(𝑛) =
(
𝑉𝑛, 𝐸𝑛, 𝑡, ℎ, 𝛾

)
,

where

• 𝑉𝑛 ⊆ P𝑛 (𝑉0) is the set of 𝑛-supervertices,

• 𝐸𝑛 ⊆ P(𝑉𝑛) \ {∅} is the set of 𝑛-superedges,

• 𝑡 : 𝐸𝑛 → P(𝑉𝑛) \ {∅} assigns each superedge a nonempty tail 𝑡 (𝑒) ⊆ 𝑉𝑛,

• ℎ : 𝐸𝑛 → P(𝑉𝑛) assigns each superedge a head ℎ(𝑒) ⊆ 𝑉𝑛 with |ℎ(𝑒) | = 1,

• 𝛾 : 𝐸𝑛 → R assigns a real-valued gain to each superedge.

The signal at each supervertex 𝑣 ∈ 𝑉𝑛 satisfies

𝑥𝑣 =
∑︁
𝑒∈𝐸𝑛

ℎ (𝑒)={𝑣}

𝛾(𝑒)
∑︁

𝑢∈𝑡 (𝑒)
𝑥𝑢 + 𝜂𝑣 ,

where 𝜂𝑣 is any external input at 𝑣.

Example 4.8 (Hierarchical Signal Processing as a Signal Flow 2-SuperHypergraph). In a multi-stage processing
chain, group sensor fusion and control stages:

𝑉0 = {S1, S2, S3,C}.

Form 1-supervertices (processing modules):

𝑣𝐴 = {S1, S2, S3}, 𝑣𝐵 = {C}, 𝑉1 = {𝑣𝐴, 𝑣𝐵}.

At level 2, wrap into a system-level supervertex:

𝑣sys = {𝑣𝐴, 𝑣𝐵}, 𝑉2 = { {𝑣𝐴}, {𝑣𝐵}, 𝑣sys }.

Define superedges in 𝐸2 by

𝑒1 : 𝑡 (𝑒1) = {{𝑣𝐴}}, ℎ(𝑒1) = {{𝑣𝐵}}, 𝛾(𝑒1) = 1,

𝑒2 : 𝑡 (𝑒2) = {{𝑣𝐴}, {𝑣𝐵}}, ℎ(𝑒2) = {𝑣sys}, 𝛾(𝑒2) = 1.

Here

• 𝑒1 models the control module 𝑣𝐵 receiving fused data from 𝑣𝐴,

• 𝑒2 models the overall system output at supervertex 𝑣sys depending on both 𝑣𝐴 and 𝑣𝐵.

Thus SFSH(2) = (𝑉2, {𝑒1, 𝑒2}, 𝑡, ℎ, 𝛾) is a valid signal flow 2-superhypergraph encoding a two-layer processing
pipeline.

Theorem 4.9 (Signal Flow 𝑛-SuperHypergraphs Are 𝑛-SuperHyperGraphs). If SFSH(𝑛) = (𝑉𝑛, 𝐸𝑛, 𝑡, ℎ, 𝛾) is
a signal flow 𝑛-superhypergraph, then (𝑉𝑛, 𝐸𝑛) is an 𝑛-superhypergraph in the sense of Definition 2.5.

Proof. By construction, 𝑉𝑛 ⊆ P𝑛 (𝑉0) and 𝐸𝑛 ⊆ P(𝑉𝑛) \ {∅} = P 𝑛+1 (𝑉0). The maps 𝑡 and ℎ satisfy the
single–head and nonempty–tail conditions of the Definition(i), and acyclicity of the induced relation on 𝑉𝑛

follows from the absence of feedback loops in the signal equations. Hence (𝑉𝑛, 𝐸𝑛) fulfills all requirements of
an 𝑛-superhypergraph. □
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Theorem 4.10 (Generalization of Signal Flow Hypergraphs). Every signal flow hypergraph 𝐻 = (𝑉, 𝐸, 𝑡, ℎ, 𝛾)
(Definition 4.3) embeds naturally as a signal flow 1-superhypergraph SFSH(1) = (𝑉1, 𝐸1, 𝑡

′, ℎ′, 𝛾′) by setting

𝑉1 =
{
{𝑣} | 𝑣 ∈ 𝑉

}
⊆ P(𝑉), 𝐸1 = 𝐸,

and defining for each 𝑒 ∈ 𝐸:

𝑡′ (𝑒) = { {𝑢} | 𝑢 ∈ 𝑡 (𝑒)}, ℎ′ (𝑒) = { {𝑣} | 𝑣 ∈ ℎ(𝑒)}, 𝛾′ (𝑒) = 𝛾(𝑒).

Proof. Since each head ℎ(𝑒) in 𝐻 is a singleton and each tail 𝑡 (𝑒) is nonempty, the transformed maps 𝑡′ and
ℎ′ satisfy the signal flow 1-superhypergraph conditions (Definition 4.7). The signal equations are preserved
because ∑︁

𝑢∈𝑡 (𝑒)
𝑥𝑢 =

∑︁
{𝑢}∈𝑡 ′ (𝑒)

𝑥{𝑢} , ℎ′ (𝑒) = {{𝑣}} =⇒ 𝑥{𝑣} = 𝑥𝑣 .

Thus 𝐻 is realized exactly as SFSH(1) , showing that signal flow 𝑛-superhypergraphs generalize signal flow
hypergraphs. □

5 Control Flow Graphs and Their Extensions

Control Flow Graphs depict program execution with basic blocks as nodes connected by directed edges
indicating possible control transfers (cf. [25–27]). This framework is extended using Hypergraphs and Super-
Hypergraphs to model more complex and hierarchical activity dependencies.

Definition 5.1 (Control Flow Graph). (cf. [25–27]) A control flow graph is a tuple

𝐺 = (𝑁, 𝐸, entry, exit),

where

• 𝑁 is a finite set of nodes (e.g. statements or basic blocks),

• 𝐸 ⊆ 𝑁 × 𝑁 is a set of directed edges indicating possible transfers of control,

• entry ∈ 𝑁 is the unique entry node with no predecessors,

• exit ∈ 𝑁 is the unique exit node with no successors,

• every node is reachable from entry and can reach exit.

Example 5.2 (If–Else Statement as a Control Flow Graph). Consider the following pseudo-code:

entry:
if (x > 0) then

y := 1
else

y := -1
end if

exit

We model this as a CFG 𝐺 = (𝑁, 𝐸, entry, exit) with

𝑁 = {entry, 𝑣cond, 𝑣then, 𝑣else, 𝑣merge, exit},

𝐸 = {(entry, 𝑣cond), (𝑣cond, 𝑣then), (𝑣cond, 𝑣else), (𝑣then, 𝑣merge), (𝑣else, 𝑣merge), (𝑣merge, exit)}.

Here entry has no predecessors, exit no successors, and every node lies on a path from entry to exit.
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Definition 5.3 (Control Flow Hypergraph). A control flow hypergraph is a directed hypergraph

𝐻 = (𝑁, E, 𝑡, ℎ),

where

• 𝑁 is a finite set of nodes,

• E is a finite set of hyperedges,

• 𝑡 : E → P(𝑁) \ {∅} assigns each 𝑒 ∈ E a nonempty tail 𝑡 (𝑒) ⊆ 𝑁 ,

• ℎ : E → P(𝑁) \ {∅} assigns each 𝑒 ∈ E a nonempty head ℎ(𝑒) ⊆ 𝑁 ,

subject to the usual reachability conditions of control flow (every node reachable from an entry hypervertex
and able to reach an exit hypervertex).

Example 5.4 (Switch–Case as a Control Flow Hypergraph). Consider a switch–case construct:

switch (c):
case A: ...; break;
case B: ...; break;
default: ...;

endswitch

Let
𝑁 = {switch, 𝑣𝐴, 𝑣𝐵, 𝑣def , 𝑣merge},

and define hyperedges
𝑒1 : 𝑡 (𝑒1) = {switch}, ℎ(𝑒1) = {𝑣𝐴, 𝑣𝐵, 𝑣def},

𝑒2 : 𝑡 (𝑒2) = {𝑣𝐴, 𝑣𝐵, 𝑣def}, ℎ(𝑒2) = {𝑣merge}.

Then 𝐻 = (𝑁, {𝑒1, 𝑒2}, 𝑡, ℎ) satisfies Definition 5.3, encoding the multi-way branch and subsequent join.

Theorem 5.5 (Hypergraph Structure). Let 𝐻 = (𝑁, E, 𝑡, ℎ) be a control flow hypergraph. Then(
𝑁, { 𝑡 (𝑒) ∪ ℎ(𝑒) | 𝑒 ∈ E}

)
is an (undirected) hypergraph, since each 𝑡 (𝑒) ∪ ℎ(𝑒) is a nonempty subset of 𝑁 .

Proof. By Definition 5.3, for every 𝑒 ∈ E both 𝑡 (𝑒) and ℎ(𝑒) are nonempty subsets of 𝑁 . Hence

𝑡 (𝑒) ∪ ℎ(𝑒) ≠ ∅, 𝑡 (𝑒) ∪ ℎ(𝑒) ⊆ 𝑁,

so { 𝑡 (𝑒) ∪ ℎ(𝑒) | 𝑒 ∈ E} ⊆ P(𝑁) \ {∅}, which exactly matches the definition of an undirected hypergraph. □

Theorem 5.6 (Generalization of Control Flow Graphs). Every control flow graph 𝐺 = (𝑁, 𝐸, entry, exit) can
be viewed as a control flow hypergraph

𝐻 = (𝑁, E, 𝑡, ℎ),

by letting
E = { 𝑒𝑢,𝑣 | (𝑢, 𝑣) ∈ 𝐸}, 𝑡 (𝑒𝑢,𝑣) = {𝑢}, ℎ(𝑒𝑢,𝑣) = {𝑣},

for each (𝑢, 𝑣) ∈ 𝐸 , and preserving the same entry, exit nodes.

Proof. Since 𝐸 ⊆ 𝑁 × 𝑁 , each (𝑢, 𝑣) ∈ 𝐸 yields a hyperedge 𝑒𝑢,𝑣 with tail {𝑢} and head {𝑣}, both nonempty.
The reachability and acyclicity (modulo loops) properties of 𝐺 carry over directly to 𝐻 via the bijection
(𝑢, 𝑣) ↦→ 𝑒𝑢,𝑣 . Thus 𝐻 satisfies Definition 5.3 and faithfully generalizes 𝐺. □
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Definition 5.7 (Control Flow 𝑛-SuperHypergraph). Let 𝑉0 be a finite set of program points (e.g. basic blocks).
For each integer 𝑘 ≥ 0, define the iterated powersets

P0 (𝑉0) = 𝑉0, P𝑘+1 (𝑉0) = P
(
P𝑘 (𝑉0)

)
.

A control flow 𝑛-superhypergraph is a quadruple

CFGSH(𝑛) =
(
𝑉𝑛, 𝐸𝑛, 𝑡, ℎ

)
,

where

• 𝑉𝑛 ⊆ P𝑛 (𝑉0) is the set of 𝑛-supervertices,

• 𝐸𝑛 ⊆ P(𝑉𝑛) \ {∅} is the set of 𝑛-superedges,

• 𝑡 : 𝐸𝑛 → P(𝑉𝑛) \ {∅} assigns to each 𝑒 ∈ 𝐸𝑛 its nonempty tail 𝑡 (𝑒) ⊆ 𝑉𝑛,

• ℎ : 𝐸𝑛 → P(𝑉𝑛) \ {∅} assigns to each 𝑒 ∈ 𝐸𝑛 its nonempty head ℎ(𝑒) ⊆ 𝑉𝑛.

Intuitively, each superedge 𝑒 models a transfer of control from all supervertices in 𝑡 (𝑒) to all supervertices
in ℎ(𝑒). One may designate particular supervertices in 𝑉𝑛 as the entry and exit points at level 𝑛, requiring
reachability from entry to each vertex and from each vertex to exit.
Example 5.8 (Nested Function Calls as a Control Flow 2-SuperHypergraph). Model two functions foo and
bar, each with entry/body/exit points:

𝑉0 = {e foo, b foo, x foo, e bar, b bar, x bar}.
First-level supervertices (functions):

𝐹foo = {e foo, b foo, x foo}, 𝐹bar = {e bar, b bar, x bar},
𝑉1 = {𝐹foo, 𝐹bar}.

Wrap into second-level supervertices:

𝑈foo = {𝐹foo}, 𝑈bar = {𝐹bar}, 𝑈prog = {𝐹foo, 𝐹bar},
𝑉2 = {𝑈foo, 𝑈bar, 𝑈prog }.

Define 2-superedges
𝑒1 : 𝑡 (𝑒1) = {𝑈foo}, ℎ(𝑒1) = {𝑈bar},

𝑒2 : 𝑡 (𝑒2) = {𝑈foo,𝑈bar}, ℎ(𝑒2) = {𝑈prog}.
Here 𝑒1 models foo calling bar, and 𝑒2 the overall program completion after both functions finish. Hence
CFGSH(2) = (𝑉2, {𝑒1, 𝑒2}, 𝑡, ℎ) is a valid Control Flow 2-SuperHyperGraph.
Theorem 5.9 (Control Flow 𝑛-SuperHypergraphs Are 𝑛-SuperHyperGraphs). If CFGSH(𝑛) = (𝑉𝑛, 𝐸𝑛, 𝑡, ℎ)
is a control flow 𝑛-superhypergraph as in Definition 5.7, then the pair (𝑉𝑛, 𝐸𝑛) satisfies the conditions of an
𝑛-superhypergraph (Definition 2.5).

Proof. By hypothesis 𝑉𝑛 ⊆ P𝑛 (𝑉0) and 𝐸𝑛 ⊆ P(𝑉𝑛) \ {∅} = P 𝑛+1 (𝑉0). Thus (𝑉𝑛, 𝐸𝑛) meets precisely the
requirement that both supervertices and superedges lie in the 𝑛th and (𝑛 + 1)th iterated powersets of 𝑉0. No
further conditions are needed for (𝑉𝑛, 𝐸𝑛) to be an 𝑛-superhypergraph. □

Theorem 5.10 (Generalization of Control Flow Hypergraphs). Every control flow hypergraph𝐻 = (𝑉, E, 𝑡𝐻 , ℎ𝐻 )
(Definition 5.3) embeds naturally as a control flow 1-superhypergraph

CFGSH(1) = (𝑉1, 𝐸1, 𝑡, ℎ),
by setting

𝑉1 = {{𝑣} | 𝑣 ∈ 𝑉} ⊆ P(𝑉), 𝐸1 = E,
and defining

𝑡 (𝑒) = {{𝑢} | 𝑢 ∈ 𝑡𝐻 (𝑒)}, ℎ(𝑒) = {{𝑣} | 𝑣 ∈ ℎ𝐻 (𝑒)}, for each 𝑒 ∈ 𝐸1.

Proof. Since each 𝑒 ∈ E satisfies 𝑡𝐻 (𝑒) ≠ ∅ and ℎ𝐻 (𝑒) ≠ ∅, the transformed tails 𝑡 (𝑒) and heads ℎ(𝑒) are
also nonempty subsets of 𝑉1. Moreover, 𝑉1 ⊆ P(𝑉) and 𝐸1 ⊆ P(𝑉1) \ {∅}, so (𝑉1, 𝐸1) is a control flow
1-superhypergraph. The reachability and structural properties of 𝐻 carry over identically, demonstrating that
control flow hypergraphs are special cases of control flow 𝑛-superhypergraphs. □
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6 Data Flow Graphs and Their Extensions

Dataflow graphs model computational actors as nodes and channels as edges, capturing data dependencies for
efficient parallel execution and scheduling (cf. [28–31]). This framework is extended using Hypergraphs and
SuperHypergraphs to model more complex and hierarchical activity dependencies.

Definition 6.1 (Dataflow Graph). (cf. [28–31]) A dataflow graph is a tuple

𝐷 =
(
𝑉, 𝐸, src, dst, prd, cns, 𝛾0

)
,

where

• 𝑉 is a finite set of actors,

• 𝐸 is a finite set of channels,

• src, dst : 𝐸 → 𝑉 assign to each channel its unique source and sink actor,

• prd, cns : 𝐸 → N>0 specify the production and consumption rates,

• 𝛾0 : 𝐸 → N gives the initial token count on each channel.

A firing of an actor 𝑢 ∈ 𝑉 removes cns(𝑒) tokens from each incoming channel 𝑒 with dst(𝑒) = 𝑢, and adds
prd(𝑒) tokens to each outgoing channel 𝑒 with src(𝑒) = 𝑢.

Example 6.2 (Streaming FIR Filter as a Dataflow Graph). Consider a simple 3-tap finite impulse response
(FIR) filter implemented in a streaming DSP pipeline:

𝑉 = { Read, MAC, Write },

𝐸 = { 𝑒1, 𝑒2},

with
src(𝑒1) = Read, dst(𝑒1) = MAC, prd(𝑒1) = 1, cns(𝑒1) = 1, 𝛾0 (𝑒1) = 0,

src(𝑒2) = MAC, dst(𝑒2) = Write, prd(𝑒2) = 1, cns(𝑒2) = 1, 𝛾0 (𝑒2) = 0.

Here:

• Read reads one sample per firing,

• MAC multiplies the latest three samples by fixed coefficients and accumulates them,

• Write outputs each filtered sample.

Firing MAC removes one token from channel 𝑒1 and produces one token on 𝑒2, modeling the streaming filter
behavior.

Definition 6.3 (Dataflow Hypergraph). A directed dataflow hypergraph is a tuple

𝐻 =
(
𝑉, 𝐸𝐻 , 𝑡, ℎ, prd𝐻 , cns𝐻 , 𝛾𝐻

0
)
,

where

• 𝑉 is a finite set of actors,

• 𝐸𝐻 is a finite set of hyperchannels,

• 𝑡, ℎ : 𝐸𝐻 → P(𝑉) \ {∅} assign to each hyperchannel nonempty sets of producers 𝑡 (𝑒) and consumers
ℎ(𝑒),

• prd𝐻 : 𝐸𝐻 ×𝑉 → N>0 gives the production rate on each tail actor (prd𝐻 (𝑒, 𝑢) > 0 only if 𝑢 ∈ 𝑡 (𝑒)),
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• cns𝐻 : 𝐸𝐻 ×𝑉 → N>0 gives the consumption rate on each head actor (cns𝐻 (𝑒, 𝑣) > 0 only if 𝑣 ∈ ℎ(𝑒)),

• 𝛾𝐻
0 : 𝐸𝐻 → N is the initial token count for each hyperchannel.

A firing of a hyperchannel 𝑒 ∈ 𝐸𝐻 removes cns𝐻 (𝑒, 𝑣) tokens from each 𝑣 ∈ ℎ(𝑒) and adds prd𝐻 (𝑒, 𝑢) tokens
to each 𝑢 ∈ 𝑡 (𝑒).

Example 6.4 (Sensor Fusion as a Dataflow Hypergraph). To fuse readings from three temperature sensors, we
use a directed dataflow hypergraph:

𝑉 = {S1, S2, S3,Fuse},

𝐸𝐻 = { 𝑒},

with
𝑡 (𝑒) = {S1, S2, S3}, ℎ(𝑒) = {Fuse},

prd𝐻 (𝑒, S𝑖) = 1, cns𝐻 (𝑒,Fuse) = 3, 𝛾𝐻
0 (𝑒) = 0.

Here the hyperchannel 𝑒 collects one token from each sensor S1, S2, S3 (consuming three tokens total) and
produces one fused token at Fuse. This models equal-weight averaging of three inputs in a single step.

Theorem 6.5 (Underlying Hypergraph). Let 𝐻 = (𝑉, 𝐸𝐻 , 𝑡, ℎ, . . . ) be a dataflow hypergraph (Definition 6.3).
Then (

𝑉, 𝐸 ′) , 𝐸 ′ = { 𝑡 (𝑒) ∪ ℎ(𝑒) | 𝑒 ∈ 𝐸𝐻 },

is an (undirected) hypergraph, since each 𝑡 (𝑒) ∪ ℎ(𝑒) ⊆ 𝑉 is nonempty.

Proof. By Definition 6.3, for every 𝑒 ∈ 𝐸𝐻 we have 𝑡 (𝑒) ≠ ∅ and ℎ(𝑒) ≠ ∅. Hence 𝑡 (𝑒) ∪ ℎ(𝑒) ⊆ 𝑉 is a
nonempty subset, so 𝐸 ′ ⊆ P(𝑉) \ {∅}, satisfying the hypergraph definition. □

Theorem 6.6 (Generalization of Dataflow Graphs). Every dataflow graph

𝐷 =
(
𝑉, 𝐸, src, dst, prd, cns, 𝛾0

)
induces a dataflow hypergraph

𝐻 =
(
𝑉, 𝐸𝐻 , 𝑡, ℎ, prd𝐻 , cns𝐻 , 𝛾𝐻

0
)

by setting
𝐸𝐻 = { 𝑒′ | 𝑒 ∈ 𝐸}, 𝑡 (𝑒′) = {src(𝑒)}, ℎ(𝑒′) = {dst(𝑒)},

prd𝐻 (𝑒′, 𝑢) =
{

prd(𝑒), 𝑢 = src(𝑒),
0, otherwise,

cns𝐻 (𝑒′, 𝑣) =
{

cns(𝑒), 𝑣 = dst(𝑒),
0, otherwise,

𝛾𝐻
0 (𝑒′) = 𝛾0 (𝑒).

Proof. Each 𝑒′ ∈ 𝐸𝐻 has a singleton tail {src(𝑒)} and head {dst(𝑒)}, so 𝑡 (𝑒′) and ℎ(𝑒′) are nonempty. The rate
functions and initial tokens agree by construction. Therefore 𝐻 meets all requirements of Definition 6.3, and it
clearly reduces to 𝐷 when each hyperchannel is viewed as an ordinary channel. Hence dataflow hypergraphs
strictly generalize dataflow graphs. □

Definition 6.7 (Dataflow 𝑛-SuperHypergraph). Let 𝑉0 be a finite set of actors. For each integer 𝑘 ≥ 0, define

P0 (𝑉0) = 𝑉0, P𝑘+1 (𝑉0) = P
(
P𝑘 (𝑉0)

)
.

A dataflow 𝑛-superhypergraph is a tuple

D (𝑛) =
(
𝑉𝑛, 𝐸𝑛, 𝑡, ℎ, prd(𝑛) , cns(𝑛) , 𝛾 (𝑛)

0
)
,

where

• 𝑉𝑛 ⊆ P𝑛 (𝑉0) is the set of 𝑛-supervertices,

• 𝐸𝑛 ⊆ P𝑛 (𝑉0) is the set of 𝑛-superedges,
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• 𝑡, ℎ : 𝐸𝑛 → P(𝑉𝑛) assign to each 𝑒 ∈ 𝐸𝑛 a nonempty tail 𝑡 (𝑒) ⊆ 𝑉𝑛 and a nonempty head ℎ(𝑒) ⊆ 𝑉𝑛,

• prd(𝑛) : 𝐸𝑛 ×𝑉𝑛 → N>0 gives the production rate, with prd(𝑛) (𝑒, 𝑢) > 0 only if 𝑢 ∈ 𝑡 (𝑒),

• cns(𝑛) : 𝐸𝑛 ×𝑉𝑛 → N>0 gives the consumption rate, with cns(𝑛) (𝑒, 𝑣) > 0 only if 𝑣 ∈ ℎ(𝑒),

• 𝛾
(𝑛)
0 : 𝐸𝑛 → N specifies the initial token count on each 𝑛-superedge.

Firing an 𝑛-superedge 𝑒 removes cns(𝑛) (𝑒, 𝑣) tokens from each head supervertex 𝑣 ∈ ℎ(𝑒) and adds prd(𝑛) (𝑒, 𝑢)
tokens to each tail supervertex 𝑢 ∈ 𝑡 (𝑒).

Example 6.8 (Hierarchical Image Processing as a Dataflow 2-SuperHyperGraph). Consider an image process-
ing pipeline with actors:

𝑉0 = {Load, Filter, Encode, Store}.
First-level modules (1-supervertices):

𝑀1 = {Load,Filter}, 𝑀2 = {Encode, Store},

𝑉1 = {𝑀1, 𝑀2} ⊆ P(𝑉0).
Second-level system grouping (2-supervertices):

𝑆in = {𝑀1}, 𝑆out = {𝑀2}, 𝑆all = {𝑀1, 𝑀2},

𝑉2 = {𝑆in, 𝑆out, 𝑆all} ⊆ P2 (𝑉0).
Define hyperedges in 𝐸2 by

𝑒1 : 𝑡 (𝑒1) = {𝑆in}, ℎ(𝑒1) = {𝑆out}, 𝑒2 : 𝑡 (𝑒2) = {𝑆in, 𝑆out}, ℎ(𝑒2) = {𝑆all}.

Interpretation:

• 𝑒1 models the filter module 𝑀2 depending on data from load/filter module 𝑀1.

• 𝑒2 models the overall system completion (𝑆all) depending on both modules.

Since each head is a singleton and the induced relation on 𝑉2 is acyclic, D (2) = (𝑉2, {𝑒1, 𝑒2}, 𝑡, ℎ, . . . ) is a
valid Dataflow 2-SuperHyperGraph.

Theorem 6.9 (Dataflow 𝑛-SuperHypergraphs Are 𝑛-SuperHyperGraphs). IfD (𝑛) = (𝑉𝑛, 𝐸𝑛, 𝑡, ℎ, prd(𝑛) , cns(𝑛) , 𝛾 (𝑛)
0 )

is a dataflow 𝑛-superhypergraph, then the pair (𝑉𝑛, 𝐸𝑛) satisfies Definition 2.5 and is therefore an 𝑛-
superhypergraph.

Proof. By construction, 𝑉𝑛 ⊆ P𝑛 (𝑉0) and 𝐸𝑛 ⊆ P𝑛 (𝑉0). Hence

𝑉𝑛 ⊆ P𝑛 (𝑉0), 𝐸𝑛 ⊆ P𝑛 (𝑉0),

which matches the requirements of an 𝑛-superhypergraph (Definition 2.5). No further conditions are needed. □

Theorem 6.10 (Generalization of Dataflow Hypergraphs). Every dataflow hypergraph

𝐻 =
(
𝑉, 𝐸𝐻 , 𝑡𝐻 , ℎ𝐻 , prd𝐻 , cns𝐻 , 𝛾𝐻

0
)

(Definition 6.3) embeds as a dataflow 1-superhypergraph D (1) = (𝑉1, 𝐸1, 𝑡, ℎ, prd(1) , cns(1) , 𝛾 (1)
0 ) by setting

𝑉1 =
{
{𝑣} | 𝑣 ∈ 𝑉

}
⊆ P(𝑉0), 𝐸1 = 𝐸𝐻 ,

and, for each 𝑒 ∈ 𝐸1 and each {𝑢} ∈ 𝑉1,

𝑡 (𝑒) =
{
{𝑢} | 𝑢 ∈ 𝑡𝐻 (𝑒)

}
, ℎ(𝑒) =

{
{𝑣} | 𝑣 ∈ ℎ𝐻 (𝑒)

}
,

prd(1) (𝑒, {𝑢}) =
{

prd𝐻 (𝑒, 𝑢), 𝑢 ∈ 𝑡𝐻 (𝑒),
0, otherwise,

cns(1) (𝑒, {𝑣}) =
{

cns𝐻 (𝑒, 𝑣), 𝑣 ∈ ℎ𝐻 (𝑒),
0, otherwise,

𝛾
(1)
0 (𝑒) = 𝛾𝐻

0 (𝑒).
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Proof. Since each 𝑡𝐻 (𝑒) and ℎ𝐻 (𝑒) is nonempty, the transformed tails 𝑡 (𝑒) and heads ℎ(𝑒) are nonempty
subsets of 𝑉1. Moreover, {𝑣} ∈ 𝑉1 implies 𝑉1 ⊆ P(𝑉0) = P1 (𝑉0) and 𝐸1 = 𝐸𝐻 ⊆ P(𝑉) ⊆ P(𝑉1). Thus D (1)

meets all conditions of Definition 6.7 for 𝑛 = 1, and its production, consumption, and initial token functions
agree with those of 𝐻. Therefore dataflow hypergraphs are faithfully realized as dataflow 1-superhypergraphs,
proving the claimed generalization. □

7 PERT/CPM Graph and Their Extensions

A PERT/CPM Graph is a directed acyclic graph representing project activities as edges and events as vertices
to calculate schedules. This framework is extended using Hypergraphs and SuperHypergraphs to model more
complex and hierarchical activity dependencies.

Definition 7.1 (PERT/CPM Graph). (cf. [32]) A PERT/CPM Graph is a quintuple

𝐺 =
(
𝑉, 𝐸, 𝑑, 𝑠, 𝑡

)
,

where

• 𝑉 is a finite set of events (vertices), including a start event 𝑠 and a finish event 𝑡, with 𝑠, 𝑡 ∈ 𝑉 and 𝑠 ≠ 𝑡.

• 𝐸 ⊆ 𝑉 ×𝑉 is a set of directed edges (activities) satisfying:

1. (𝑢, 𝑣) ∈ 𝐸 =⇒ 𝑢 ≠ 𝑣 (no loops).
2. 𝐺 is acyclic.
3. 𝑠 has no predecessors and 𝑡 has no successors.

• 𝑑 : 𝐸 → R>0 assigns each activity (𝑢, 𝑣) its duration.

Example 7.2 (House Construction as a PERT/CPM Graph). Model the main stages of building a house:

𝑉 = { 𝑠, 𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑡},

where
𝑠 = project start, 𝑣1 = foundation complete, 𝑣2 = framing complete,

𝑣3 = roofing complete, 𝑣4 = finishing complete, 𝑡 = move–in ready.

Activities and durations:
𝐸 = {(𝑠, 𝑣1), (𝑣1, 𝑣2), (𝑣2, 𝑣3), (𝑣3, 𝑣4), (𝑣4, 𝑡)},

𝑑 (𝑠, 𝑣1) = 7, 𝑑 (𝑣1, 𝑣2) = 14, 𝑑 (𝑣2, 𝑣3) = 5, 𝑑 (𝑣3, 𝑣4) = 10, 𝑑 (𝑣4, 𝑡) = 2.

This acyclic graph with start 𝑠 (no predecessors) and finish 𝑡 (no successors) encodes the earliest- and latest-time
calculations for each event via forward/backward passes.

Definition 7.3 (Forward and Backward Pass). Define the earliest occurrence time EOT : 𝑉 → R≥0 by

EOT(𝑣) =


0, 𝑣 = 𝑠,

max
(𝑢,𝑣) ∈𝐸

(
EOT(𝑢) + 𝑑 (𝑢, 𝑣)

)
, 𝑣 ≠ 𝑠.

Define the latest occurrence time LOT : 𝑉 → R≥0 by

LOT(𝑣) =


EOT(𝑡), 𝑣 = 𝑡,

min
(𝑣,𝑤) ∈𝐸

(
LOT(𝑤) − 𝑑 (𝑣, 𝑤)

)
, 𝑣 ≠ 𝑡.

Definition 7.4 (Slack Times). For each activity (𝑢, 𝑣) ∈ 𝐸 , define

Total Slack 𝑆𝑇 (𝑢, 𝑣) = LOT(𝑣) − EOT(𝑢) − 𝑑 (𝑢, 𝑣),

Free Slack 𝑆𝐹 (𝑢, 𝑣) = min
(𝑣,𝑤) ∈𝐸

(
EOT(𝑤)

)
− EOT(𝑢) − 𝑑 (𝑢, 𝑣).
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Definition 7.5 (Critical Path). An activity (𝑢, 𝑣) ∈ 𝐸 is critical if 𝑆𝑇 (𝑢, 𝑣) = 0. A critical path is any directed
path from 𝑠 to 𝑡 consisting entirely of critical activities. The project duration is EOT(𝑡).

Definition 7.6 (PERT/CPM Hypergraph). A PERT/CPM hypergraph is a quintuple

H =
(
𝑉, E, 𝑡, ℎ, 𝑑

)
,

where

• 𝑉 is a finite set of events, including distinguished start 𝑠 ∈ 𝑉 and finish 𝑡 ∈ 𝑉 with 𝑠 ≠ 𝑡.

• E is a finite set of hyperactivities.

• 𝑡 : E → P(𝑉) \ {∅} assigns to each hyperactivity 𝑒 its (nonempty) set of predecessor events.

• ℎ : E → P(𝑉) \ {∅} assigns to each 𝑒 its (nonempty) set of successor events.

• 𝑑 : E → R>0 gives the duration of each hyperactivity.

We require that the induced reachability relation on𝑉 is acyclic, that 𝑠 has no predecessors and 𝑡 no successors,
and that every 𝑣 ∈ 𝑉 lies on some directed hyperpath from 𝑠 to 𝑡.

Example 7.7 (New Product Launch as a PERT/CPM Hypergraph). Define the key events:

𝑉 = { 𝑒design, 𝑒prototype, 𝑒testing, 𝑒marketing, 𝑒launch}.

We capture the fact that the launch cannot occur until design, prototype, testing, and marketing are all complete,
via a single hyperactivity:

E = { 𝑒L},

𝑡 (𝑒L) = {𝑒design, 𝑒prototype, 𝑒testing, 𝑒marketing}, ℎ(𝑒L) = {𝑒launch}, 𝑑 (𝑒L) = 1.

Here 𝑑 (𝑒L) models the final launch ceremony duration. Since the induced reachability is acyclic, 𝑠 = 𝑒design
has no predecessors and 𝑡 = 𝑒launch no successors, this is a valid PERT/CPM hypergraph.

Theorem 7.8 (Underlying Hypergraph). Let H = (𝑉, E, 𝑡, ℎ, 𝑑) be a PERT/CPM hypergraph. Then

𝐻 =
(
𝑉, 𝐸𝐻

)
, 𝐸𝐻 = { 𝑡 (𝑒) ∪ ℎ(𝑒) | 𝑒 ∈ E}

is an undirected hypergraph in the sense of Definition 2.3: each 𝑡 (𝑒) ∪ ℎ(𝑒) is a nonempty subset of 𝑉 .

Proof. By Definition 7.6, for every 𝑒 ∈ E both 𝑡 (𝑒) and ℎ(𝑒) are nonempty subsets of𝑉 . Hence 𝑡 (𝑒)∪ℎ(𝑒) ⊆ 𝑉

is nonempty, and so 𝐸𝐻 ⊆ P(𝑉) \ {∅}, which exactly matches the standard definition of an undirected
hypergraph. □

Theorem 7.9 (Generalization of PERT/CPM Graphs). Every classical PERT/CPM graph

𝐺 = (𝑉, 𝐸, 𝑑, 𝑠, 𝑡)

embeds naturally as a PERT/CPM hypergraph H = (𝑉, E, 𝑡H , ℎH , 𝑑H) by setting

E = { 𝑒𝑢,𝑣 | (𝑢, 𝑣) ∈ 𝐸}, 𝑡H (𝑒𝑢,𝑣) = {𝑢}, ℎH (𝑒𝑢,𝑣) = {𝑣}, 𝑑H (𝑒𝑢,𝑣) = 𝑑 (𝑢, 𝑣).

Proof. Since each edge (𝑢, 𝑣) ∈ 𝐸 has 𝑢 ≠ 𝑣, defining 𝑒𝑢,𝑣 with tail {𝑢} and head {𝑣} yields a hyperactivity
satisfying the PERT/CPM hypergraph conditions. The reachability and acyclicity of 𝐺 carry over to H , and
durations agree by construction. Thus H is a PERT/CPM hypergraph whose special case of singleton tails and
heads reproduces the original PERT/CPM graph. □
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Definition 7.10 (PERT/CPM 𝑛-SuperHypergraph). Let 𝑉0 be a finite set of events, including distinguished
start 𝑠 ∈ 𝑉0 and finish 𝑡 ∈ 𝑉0 with 𝑠 ≠ 𝑡. For 𝑘 ≥ 0, define iterated powersets

P0 (𝑉0) = 𝑉0, P𝑘+1 (𝑉0) = P(P𝑘 (𝑉0)).

A PERT/CPM 𝑛-superhypergraph is a tuple

H (𝑛) =
(
𝑉𝑛, 𝐸𝑛, 𝑡, ℎ, 𝑑

)
,

where

• 𝑉𝑛 ⊆ P𝑛 (𝑉0) is the set of 𝑛-supervertices, containing the start supervertex 𝑠𝑛 and finish supervertex 𝑡𝑛,

• 𝐸𝑛 ⊆ P(𝑉𝑛) \ {∅} is the set of 𝑛-superactivities,

• 𝑡 : 𝐸𝑛 → P(𝑉𝑛) \ {∅} assigns each 𝑒 ∈ 𝐸𝑛 its nonempty set of predecessor supervertices,

• ℎ : 𝐸𝑛 → P(𝑉𝑛) \ {∅} assigns each 𝑒 ∈ 𝐸𝑛 its nonempty set of successor supervertices,

• 𝑑 : 𝐸𝑛 → R>0 gives the duration of each superactivity.

These must satisfy:

(i) Acyclicity: The reachability relation induced by (𝑡, ℎ) is a partial order on 𝑉𝑛.

(ii) Boundary: 𝑠𝑛 has no predecessors and 𝑡𝑛 has no successors.

(iii) Connectivity: Every 𝑣 ∈ 𝑉𝑛 lies on some directed hyperpath from 𝑠𝑛 to 𝑡𝑛.

Example 7.11 (Software Project Milestone as a PERT/CPM 2-SuperHypergraph). Let base events be

𝑉0 = { 𝑝 = planning done, 𝑖 = implementation done, 𝑡 = testing done}.

First-level supervertices (phases):

𝑃 = {𝑝}, 𝐼 = {𝑖}, 𝑇 = {𝑡}, 𝑉1 = {𝑃, 𝐼, 𝑇} ⊆ P(𝑉0).

Second-level supervertices (milestones):

𝑀1 = {𝑃, 𝐼}, 𝑀2 = {𝑃, 𝐼, 𝑇}, 𝑉2 = {𝑀1, {𝑇}, 𝑀2} ⊆ P2 (𝑉0).

Define superactivities in 𝐸2 ⊆ P(𝑉1):

𝑒1 : 𝑡 (𝑒1) = {𝑀1}, ℎ(𝑒1) = {{𝑇}}, 𝑑 (𝑒1) = 5,

𝑒2 : 𝑡 (𝑒2) = {𝑀1, {𝑇}}, ℎ(𝑒2) = {𝑀2}, 𝑑 (𝑒2) = 2.

Here 𝑒1 encodes that testing (𝑇) depends on planning+implementation (𝑀1), and 𝑒2 that the final milestone
(𝑀2) depends on both phases. No directed cycles occur, so H (2) = (𝑉2, 𝐸2, 𝑡, ℎ, 𝑑) is a valid PERT/CPM
2-superhypergraph.

Theorem 7.12 (PERT/CPM 𝑛-SuperHypergraphs Are 𝑛-SuperHyperGraphs). If H (𝑛) = (𝑉𝑛, 𝐸𝑛, 𝑡, ℎ, 𝑑) is
a PERT/CPM 𝑛-superhypergraph, then the pair (𝑉𝑛, 𝐸𝑛) satisfies the definition of an 𝑛-superhypergraph
(Definition 2.5).

Proof. By construction 𝑉𝑛 ⊆ P𝑛 (𝑉0) and

𝐸𝑛 ⊆ P(𝑉𝑛) = P 𝑛+1 (𝑉0).

Thus (𝑉𝑛, 𝐸𝑛) meets exactly the requirement that supervertices lie in P𝑛 (𝑉0) and superedges in P𝑛+1 (𝑉0). No
further conditions are needed for (𝑉𝑛, 𝐸𝑛) to be an 𝑛-superhypergraph. □
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Theorem 7.13 (Generalization of PERT/CPM Hypergraphs). Every PERT/CPM hypergraph 𝐻 = (𝑉0, E, 𝑡𝐻 , ℎ𝐻 , 𝑑𝐻 )
(Definition 7.6) embeds as a PERT/CPM 1-superhypergraph H (1) = (𝑉1, 𝐸1, 𝑡, ℎ, 𝑑) by setting

𝑉1 = {{𝑣} | 𝑣 ∈ 𝑉0} ⊆ P(𝑉0), 𝐸1 = E,

and for each 𝑒 ∈ 𝐸1:

𝑡 (𝑒) = {{𝑢} | 𝑢 ∈ 𝑡𝐻 (𝑒)}, ℎ(𝑒) = {{𝑣} | 𝑣 ∈ ℎ𝐻 (𝑒)}, 𝑑 (𝑒) = 𝑑𝐻 (𝑒).

Moreover, the start and finish supervertices are 𝑠1 = {𝑠} and 𝑡1 = {𝑡}.

Proof. Since each hyperactivity 𝑒 ∈ E has nonempty predecessors 𝑡𝐻 (𝑒) and successors ℎ𝐻 (𝑒), the mapped
sets 𝑡 (𝑒) and ℎ(𝑒) are nonempty subsets of 𝑉1. Clearly 𝑉1 ⊆ P(𝑉0) and 𝐸1 ⊆ P(𝑉1). Acyclicity, boundary,
and connectivity conditions follow directly because hyperpaths in H (1) correspond bijectively to those in 𝐻.
HenceH (1) is a valid PERT/CPM 1-superhypergraph, showing that PERT/CPM 𝑛-superhypergraphs generalize
PERT/CPM hypergraphs. □

8 Conclusion and Future Work

We have shown that five foundational graph models—factor graphs, signal flow graphs, control flow graphs,
dataflow graphs, and PERT/CPM graphs—can all be embedded within the unified frameworks of Hypergraphs
and SuperHypergraphs, and we provided concrete examples illustrating each extension.

For future research, we plan to incorporate uncertainty-aware extensions by leveraging Fuzzy Sets [50],
HyperFuzzy Sets [51–53], Intuitionistic Fuzzy Sets [39,54], Picture Fuzzy Sets [55], Hesitant Fuzzy Sets [56],
Neutrosophic Sets [57–59], QuadriPartitioned Neutrosophic Sets [60], and Plithogenic Sets [61, 62]. These
enhancements promise richer, more flexible modeling of dependencies in environments characterized by
ambiguity or multi-valued information.
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