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e Homogenization of thick-beamed orthotropic lattice structures under finite deformations.

o Fung hyperelastic orthotropic constitutive parameters are fitted for tension, compression,
and shear.

o Experiments are conducted on cubic lattice structures fabricated from TPU using SLS.
e Homogenization results agree well with full structure simulations and experiments.

o Simulation time is reduced by two to three orders of magnitude.
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Abstract

Lattice structures have become increasingly popular in various applications due to their lightweight
and wide range of effective properties that can be locally tailored by adjusting their geometric fea-
tures. Finite element (FE) simulations are commonly used to predict their mechanical response
and inform inverse design algorithms. However, these simulations pose significant computational
demands due to the large number of elements needed for meshing lattice geometries. This chal-
lenge can be addressed by replacing lattice geometries with a homogeneous solid of equivalent
mechanical properties, a process known as homogenization. However, determining a suitable
constitutive model and parameters is difficult, particularly when the response is nonlinear and
anisotropic. To this end, this study presents a method for numerically homogenizing orthotropic
lattice structures subjected to large elastic deformations. FE simulations of lattice unit cells are
employed to quantify their nonlinear elastic response under large uniaxial tension, compression,
and simple shear deformations. The simulation results are then used to fit the constitutive model
parameters for the effective behavior of the unit cells, employing a Fung orthotropic hyperelas-
tic formulation. The proposed homogenization method is validated through comparisons with
full-geometry simulations and compression experiments on beam-based cubic lattice structures
manufactured from thermoplastic polyurethane (TPU) using selective laser sintering (SLS). Fur-
thermore, we compare the response of a beam with orthotropic unit cells under bending, which
activates multiple deformation modes. The results demonstrate the feasibility and computational
efficiency of the proposed homogenization method, highlighting the potential of this approach
for efficient modeling and design of lattice structures in engineering applications.

Keywords: Additive manufacturing (AM), digital image correlation (DIC), finite element
analysis (FEA), metamaterials, multiscale modeling, selective laser sintering (SLS),
thermoplastic polyurethane (TPU)

1. Introduction

Additive manufacturing (AM) technologies offer new opportunities to fabricate porous struc-
tures with complex shapes and topologies that are difficult or impossible to achieve with con-
ventional manufacturing methods, allowing unprecedented flexibility in design and fabrication
across various applications and fields [1, 2]. In particular, in the field of biomechanics, AM has
opened up possibilities for fabricating data-driven patient-specific devices with locally variable
mechanical properties aimed at adjusting the loads transferred to the body through the device.
Examples include shoe midsoles [3, 4], insoles [5, 6], prosthetic sockets [7, 8], and wheelchair
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cushions [9]. By locally adjusting topological and geometrical parameters within the structure,
we can tune its macro-scale effective mechanical properties. This allows us to create interfaces
with varying properties in different regions, thereby substantially expanding the range of avail-
able properties compared to merely combining different solid materials.

The computer-aided design (CAD) of devices like these is typically informed by mechan-
ical numerical simulations, such as the finite element (FE) method, often involving multiple
iterations aimed at optimizing the desired mechanical response. However, simulating lattice ge-
ometries poses significant computational demands due to the large number of elements needed
to mesh them. This problem becomes particularly challenging when a large set of iterative simu-
lations is required in the design process. This challenge can be addressed by replacing the lattice
geometry with a homogeneous solid material that has equivalent effective mechanical properties,
in a process known as homogenization (e.g., [10, 11, 12]). The goal of this process is to find
the parameters of a suitable constitutive law of a solid material, such that it will respond to loads
similarly to the lattice structure, as illustrated in the example shown in Figure 1.

Several methods for homogenization of lattice structures are described in the literature. The
beam theory approach has been employed to derive the effective stiffness of various lattice unit
cells. The Euler-Bernoulli beam theory was introduced in the seminal paper by Gibson and
Ashby (1982) to analytically derive the closed-form expression for the effective modulus of cel-
lular materials [13]. This approach has been further developed in numerous studies since then
[14]. This approach is limited by thin beam and small strain assumptions. Timoshenko beam
theory has been employed to address some of these limitations by including shear deformation,
making it suitable for moderately thick beams as well. However, for thick-beam lattice structures,
Timoshenko theory also has several limitations that stem from its assumptions of a uniform shear
strain over the beam cross-section, and exclusion of higher-order effects and various boundary
and local effects [15]. To computationally obtain the effective homogeneous material parameters
of a unit cell, periodic boundary conditions (PBCs) are applied to ensure that deformation fields
are periodic across cell boundaries, mimicking an infinite periodic medium. Typically, FE simu-
lations are used to evaluate the response of a unit cell to desirable loads. The extraction of equiv-
alent homogeneous material parameters from the results of these simulations can be achieved by
means of the strain energy method [16, 17], or by averaging the stress-strain response across the
unit cell’s volume [18, 10], which is the method adopted in the current research.

To date, most research on 3D-printed lattice structures has primarily focused on lightweight,
minimum-compliance structures, which are typically made of relatively stiff materials that ex-
hibit inelastic behavior under large deformations. Consequently, the majority of modeling and
simulation studies, along with commercial CAD tools, have focused their elastic analysis within
the linear regime [19, 20, 21, 22, 23, 24, 25, 26, 27, 28].

Recently, there has been increasing interest in the design and fabrication of soft lattice struc-
tures and metamaterials that can undergo large (nonlinear) elastic deformations (e.g., [29, 30]).
Homogenization of these structures is challenging due to the complexity of constitutive models
required to effectively capture their nonlinear response. Some studies limited their analysis to
2D lattice metamaterials or in-plane response (e.g., [31, 32, 33, 34]).

Recent advances in the homogenization of 3D lattice structures focused on truss-like struc-
tures with slender beams (e.g., [12, 35, 36]). Although this approach simplifies the simulations
and reduces computational costs, it is not applicable to unit cells with thick beams, which are the
primary focus of this study. Moreover, in many cases, the homogenization did not account for
both anisotropy and nonlinear elasticity. For example, Jamshidian et al. (2020) [36] presented
a multiscale approach using FE simulations with beam elements to evaluate the effective behav-
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Figure 1: Example of computational homogenization concept: FE simulations of the full lattice structure with numerous
elements (left) and of its corresponding homogenized solid model with few elements, exhibiting comparable responses
under simple shear, as demonstrated by their horizontal displacements.

ior of lattice structures under large uniaxial deformations, focusing on the buckling response,
and homogenizing to a Hyperfoam isotropic constitutive model. Other studies that homogenized
the anisotropic response of lattice structures limited their analysis to the linear elastic regime
(e.g., [37, 21]). Shojaee et al. (2024) [38] proposed a homogenization technique for shell lattice
structures, by fitting their anisotropic linear elastic response using a physics-augmented neural
network model. However, a gap remains in establishing a comprehensive framework that cap-
tures the full anisotropic and nonlinear elastic behavior of 3D lattice structures with thick-beam
unit cells under multiaxial finite deformations.

To the best of our knowledge, this is the first study presenting the numerical homogeniza-
tion of a hyperelastic orthotropic constitutive model for thick-beam lattice structures subjected
to finite multiaxial deformations. We employ the Fung compressible orthotropic hyperelastic
constitutive model to homogenize the response of the structures to uniaxial tension, uniaxial
compression, and simple shear. Both the Hyperfoam and the Fung models effectively capture
the macro-scale compressibility of the structures. However, the Fung orthotropic model supple-
ments the anisotropic behavior. We evaluate the accuracy of the method through comprehensive
comparisons between the mechanical response (including reaction force and structure deforma-
tion) of simulated lattice structures and their homogenized solid counterparts, as well as be-
tween FE simulations and experimental results of lattice structures fabricated from thermoplastic
polyurethane (TPU) using selective laser sintering (SLS).

2. Materials and Methods

The research methodology combines a homogenization framework, experimental testing, and
FE simulations, organized as follows: subsection 2.1 presents the mechanical characterization of
3
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the constituent material, which is used as input for all the full-geometry lattice structure sim-
ulations. subsection 2.2 introduces the homogenization procedure, including the PBCs in ten-
sion, compression, and shear. It also describes the homogeneous Fung constitutive model and
its model parameters, detailing the FE simulations of unit cells and the process of fitting the
Fung model parameters to the simulation results. Then, subsection 2.3 outlines the experimental
methods used to analyze the behavior of body-centered (BC) cubic lattice structures under com-
pression. subsection 2.4 presents the FE simulations corresponding to the experiments, including
a demonstrative FE simulation case of a beam with orthotropic lattice cells under a distributed
force that causes bending. This case is designed to test the effectiveness of homogenization in
situations involving multiple deformation modes. Additionally, it describes the procedure used
to evaluate the accuracy of the homogenized models by considering both reaction forces and 3D
deformations.

2.1. Characterization of the mechanical properties of the constituent material

The lattice structures used in this research were 3D printed using an SLS printer (Lisa Pro,
Sinterit, Warsaw, Poland) from a Flexa Bright™ TPU powder (Sinterit, Warsaw, Poland). In a
previous study [39], we characterized the mechanical properties of this material through uniaxial
tension and compression tests on specimens printed in multiple orientations. The experiments
included pre-conditioning cycles, measurement of stress relaxation, and the estimation of equi-
librium force using exponential decay fitting. Full-field strains were measured using 3D digital
image correlation (3D-DIC), and micro-computed tomography (micro-CT) scans were employed
to accurately determine the specimens’ cross-sectional areas. The results indicate an approxi-
mately linear equilibrium stress-strain relationship up to strains of ~ £20%. However, stiffness
varied with printing orientation and between tension and compression. In the current study, we
model the material as isotropic linear elastic, a deliberate compromise that balances model fi-
delity and simplicity. Since different parts in the lattice structures may experience both tension
and compression, and are printed in multiple orientations within the same structure, we adopted
the average values for the Young’s modulus and Poisson ratio obtained from the previous study
[39], namely E = 19.8 MPa and v = 0.41, respectively.

2.2. Homogenization framework

Homogenization with periodic boundary conditions (PBCs)

PBCs are employed to characterize a unit cell’s effective mechanical response by applying
finite deformations under various loading modes, including uniaxial tension, uniaxial compres-
sion, and simple shear, to extract the unit cell’s effective homogenized response.

The finite deformation gradient tensor is defined as F = 9x/0X, where X denotes the posi-
tion vector of a material point in the undeformed (reference) configuration, and x represents the
corresponding position vector in the deformed (current) configuration. For uniaxial tension and
compression tests F takes the form

A 0 0
F=[0 4 0 (1)
0 0 2

Z
where A4,, 4, A, are the stretches along the X, Y, and Z axes, respectively. Each stretch is
defined as A; = 1 + A;/L;, where A; and L; are the nominal elongation and the initial length of the
unit cell in the i direction, respectively.
4
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Figure 2: Deformation modes of BC lattice Unit cell. From left to right: The geometry of a BC unit cell with a beam
diameter (D) is enclosed by a volume bounding box. The FE Simulation results display the displacement fields for
uniaxial tension and compression (indicated by positive and negative vertical displacements, respectively), as well as
simple shear (represented by horizontal displacement).

For a simple shear test, the deformation gradient tensors are

1 yy O 1 0 7y, 1 0 0
Fo=[0 1 O|.F.=[0 1 0[Fy,=[0 1 0 )
0 0 1 00 1 0 yy 1

where ¥y, ¥y, and y;, are the nominal shear strains in the shearing planes XY, XZ, and ZY,
respectively. The shear strains are defined as y;; = A;/L;.

For applying the PBCs, we consider a generic orthotropic unit cell with three orthogonal
symmetry planes that align with the X, Y, and Z principal axes. The unit cell is wrapped by
a bounding box that represents the equivalent homogenized cell dimensions. A representative
bounding box and three deformation modes applied to a BC unit cell are depicted in Figure 2.

We define the nodes of the unit cell that coincide with the bounding box surfaces as the outer
main nodes, on which the PBCs are applied. There are six sets of such nodes, corresponding to
the six faces of the bounding box. Each face is identified by the outward-pointing unit normal
vector. Accordingly, the faces are denoted as U*, U” ,U* and U™ ,U™ ,U7%, representing the
positive and negative directions along the X, Y, and Z axes, respectively. Each set of outer main
nodes has six degrees of freedom (DOF): three translational DOFs (U,, Uy, U;) along the X, Y,
and Z axes, and three rotational DOF (U,, Uy, U ) about the same axes. A PBC applied to nodes
on the i face and the j DOF is denoted as U ;

For each simulation, we impose appropriate translational boundary conditions while leaving
the rotational DOFs unconstrained. In the uniaxial tension and compression tests, we apply
zero displacement conditions to U_*, Uy_ Y and U;*. Along the loading direction, denoted as k
(k € {X,Y,Z}), a prescribed displacement A, is applied to U¥, while the DOFs in all transverse
directions remain free, as illustrated in Figure 3. In the simple shear test in direction km (k # m,
with k,m € {X,Y,Z}), a zero displacement condition is enforced on U;", where n is the axis
normal to the k-m plane. Additionally, zero displacement is applied to U™ and U}, while a
prescribed displacement Ay is applied to U7?, as illustrated in Figure 3.

5
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Figure 3: Schematic of PBC definitions. The notations for faces and PBCs are depicted for uniaxial tension along the ¥
direction (left), and for simple shear in the XY plane (right). The boundary conditions associated with the i face and the
j™ DOF are denoted as U}.. Unless explicitly specified, all other DOFs remain unconstrained.

In order to evaluate the nonlinear response of the lattice structure, we prescribed 10 equally
spaced displacement steps. At each displacement step, we record the simulated displacement of
the transverse directions and the volume change of the bounding box. Additionally, we compute
the simulated volumetric average stress tensor of every element and calculate the volumetric
average stress of the simulated model as:

m
N _ Zi:] Vo
avg — m
Z,‘:] Vi
where m is number of elements in the model, v; and o; are the volume and stress of the "

element, and N is the displacement step.
The volume ratio of the unit cell (UC) and the bounding box (BB) is defined by:

(o

3)

VN
B=x )
Vis
where V. = 37, v and Vi = Vo alayal.
Multiplying (3) with (4) yields the stress tensor of the homogenized unit cell:
Thip = Bav o)

Constitutive model for the homogeneous material

To model the large elastic deformations in soft lattice structures, hyperelastic constitutive
models are employed to provide closed-form relations between effective stress and deforma-
tion. Among the models evaluated, the Fung orthotropic compressible hyperelastic model [40]
appeared suitable for capturing both the uniaxial and the shear loading conditions.

The strain energy density (SED) function ‘¥ for this model can be written as:

Co K
Y= |2 - 61] +3 (In()))? (6)
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where the Jacobian J = det[F] represents the dilatation, and the scalar variable Q for orthotropic
symmetries is given by:

3 3
Q:calz 2;1,»M,-:E2+Z/l,»j(Mi:E)(Mj:E) 7
i=1 =

j=1

In (7), : denotes a tensorial inner product, the second-order tensor M; is defined by M; = V;®V;,
where ® is the outer product and V; is the initial direction of material axis i (in the orthotropic
case, there are three orthogonal material axes). E = (F'F — I)/2 is the Green-Lagrange strain
tensor, where I is the identity tensor. cg, « and the orthotropic Lamé parameters y; and A;; are
material parameters. The latter two are related to the Young’s moduli E;, shear moduli G;; and
Poisson’s ratios v;; via

A1 + 2y A1z A3 0 0 0
A2 A + 2 A3 0 0 0
A13 Az A3z + 2u3 0 0 0 _
0 0 0 T + 1) 0 0 -
0 0 0 0 3 (2 + 3) 0
0 0 0 0 0 L +p3)
1 Vi Vi3 7
E _1E_'2 7z O 0 0
v V23
5 5 —IELZ 0 0 0
V31 V32
S I RO O
0 0 0 &z, O 0
0 0 0 0 g 0
’ 1
| 0 0 0 0 0 &l
In case the orthotropic material axes coincide with the X, Y, Z axes, Q is expressed as:
0= Cal(ClE%l + CQE%Z + C3E§3 +2¢c4E11Exn + 2¢5E» Exz+
)

206Ex3Ex + 1 (ED, + E3)) + s (E3; + E3,) + o (E3, + ETy))

where E;; are components of E and the material parameters ¢;(i = 1...9) are related to the or-
thotropic Lamé parameters by [41]:
¢ = A1 + 2

¢y =An +2
c3 = A33 + 203

¢y = A1n

cs = Ay (10)
c6 = A13

C7 =M1 + 2

Cg = M2 + 3

Co = M3 + Uy
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Consequently, the Fung model SED yields the Cauchy stress tensor o~

= S0 QFa_QFT In(J)
2 J e IE + Kk 7
In the uniaxial case, using (1), (9) and (11) yields the stress components in the principal
directions:

(1)

A In(J
o1 = €2 (c1Eny + caEn + c6Ex3) + K <C)
Az
P In(J)
02 = €22 (c2Ex + c4Ey + csEx) + k (12)
A3
P In(J)
033 = €22 (¢3E33 + ¢5Ex + ¢6Eny) + K
A1y
In the simple shear case, using (2) , (9) and (11) yields the stresses:
3
_ ol 27
Op=e¢ ) )
3
c
o1 = 2 coyis | SV (13)

2 2

3
ofCsys 275

o =et| = 3

Since the geometry of the selected lattice unit cell has three perpendicular symmetry planes,
the mechanical response of the structures is orthotropic. If all three planes are identical, the
anisotropy model is reduced to cubic.

Finite Element simulation framework

The unit cells were modeled using the Lattice feature in Creo Parametric 8.0 (PTC, Inc.,
Boston, MA, USA), using a "star" configuration composed of beams with a circular cross-
section, without corner fillets, as shown in Figure 2. Four BC cubic unit cells of size 10 x 10 x
10 mm? each were designed with different beam diameters: 2.2 mm, 2.5 mm, 2.8 mm, 3.1 mm,
as well as one BC orthotropic unit cell of size 15 x 20 x 17 mm? in the X, Y, and Z directions,
respectively, and a uniform beam diameter D = 3.5 mm.

FE simulations of the unit cells were conducted using ANSYS Mechanical 2023 R2 (AN-
SYS, Inc., Canonsburg, PA, USA). The constituent material parameters were set to an isotropic
linear elastic model with the parameters estimated for the Flexa Bright™ TPU, as described in
subsection 2.1. The unit cells were meshed with quadratic 20-node hexahedral elements (type
SOLID186 in Ansys). A mesh convergence study was conducted to select a mesh that balances
between accuracy and computational time. The PBCs for tension, compression, and shear were
employed as described above. Stress—stretch data obtained from the lattice unit cell simulations
were used to determine the parameters of the Fung constitutive model by numerically solving the
nonlinear sets of equations (12) and (13). A custom MATLAB R2024a code (The Mathworks
Inc., Natick, MA, USA), using the Isqcurvefit function, was employed to estimate the optimal
set of parameters that minimize the least-squares error between the model predictions and the
simulation data. Each unit cell was subjected to uniaxial tension-compression stretch (1), and
simple shear strain (7y). For BC cubic cells, we used A € [0.8,1.2] and y € [0, 0.2], whereas for
orthotropic cell the deformation ranges were A € [0.8, 1.4] and y € [0, 0.3].
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2.3. Experiments on lattice structures

Compression experiments on cubic lattice structures

Four lattice structures composed of 5 X 5 X 5 BC cubic unit cells with different beam diame-
ters, as described in subsection 2.2, were designed. To the structures designed for fabrication, we
added top and bottom solid plates of size 50 X 5 x 50 mm? in the X, Y, and Z directions, respec-
tively, each with a circular protrusion in the center, as shown in Figure 4a. The structures were
processed with Sinterit Studio Advance printing slicer software (Sinterit, Warsaw, Poland). The
same default printing parameters used for the TPU characterization experiments (subsection 2.1),
including a layer height of 0.1 mm, were employed to generate the g-code for the printer. The
structures were printed with the beam axes tilted 45° relative to the printing direction to minimize
the variation in the beam dimensions within each lattice structure, as shown in Figure 4a.

The experiments were performed using a horizontal planar biaxial testing system (ADMET,
Inc., Norwood, MA, USA) with a 2 kN load cell. The flat ends of the solid plates were glued
to aluminum adapters that had a small circular recess to align with the circular protrusion of the
structures on one side, and a circular recess to which the compression platens attach on the other
side. The experimental setup configuration is shown in Figure 4c.

Since the constituent material exhibited softening during conditioning, a behavior commonly
known as Mullin’s effect [42], we pre-conditioned the lattice structures by performing 10 cycles
of 5 mm displacement compression on each side at a displacement rate of 0.25 mmy/s, after which
the force-displacement curve became stable. Next, we performed the compression tests with five
equally spaced displacement steps. At each displacement step, the test was paused for 400 s,
to allow for stress relaxation to occur and collect data for estimating the equilibrium force, as
explained in subsection 2.3. During the pause in displacement, force measurements were taken
every 1 s. The dimensions of the samples were measured before and after pre-conditioning, as
well as before and after the tests, to assess whether any plastic deformations occurred.

Measurement of lattice structures beam diameter

Due to deviations in geometry between the CAD and printed structures, it was important to
assess the actual dimensions of the printed lattice in order to construct FE simulations with the
same dimensions. The density of the printed material was estimated by printing a solid cube and
measuring its volume and weight. The beam diameter for each printed structure was estimated
by weighing the structure and dividing the mass by the material’s density to calculate the volume.
Then, the relationship between the beam diameter and the actual volume was established, and
simulations were conducted on structures with the estimated beam diameters rather than the CAD
ones.

Experimental data processing

The force at each constant displacement step is expected to exponentially decay and asymp-
totically approach a constant value [43]. Therefore, for each displacement step, the correspond-
ing equilibrium force was computed as the force predicted at infinite time, based on an exponen-
tial decay model fitted to the available experimental data. We used MATLAB’s curve fitting tool
(The Mathworks Inc., Natick, MA, USA) to fit the experimental force measurements to a general
exponential function:

N
F(i)= ) Cie™ + Fy, (14)
i=1

9
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where F(7) is the force value at time ¢, N is the number of exponential terms, C; is the amplitude
of the i exponential term, k; is the decay constant for each term, representing the rate at which the
corresponding exponential terms decay, and F', is the constant value that the force asymptotically
approaches as t — oo, which is considered the equilibrium force.

To obtain accurate local displacement measurements during the tests, we utilized 3D-DIC, a
non-contact optical method that provides full-field measurements. The 3D-DIC setup is shown
in Figure 4c and consists of two Blackfly BFS-U3-51SM-C cameras (FLIR LLC, Wilsonville,
OR, USA) featuring a 5-megapixel monochrome Sony IMX264 sensor, each equipped with a
FUJINON HF25SA-1 lens with a focal length of 25 mm. The cameras were configured in a
stereo arrangement and synchronized to capture simultaneous images of the test specimens at
each displacement step. The images were acquired and stored using QS-GRABBER software
(MatchID Nv, Gent, Belgium). One camera was positioned perpendicular to the specimen’s
measured surface, and the second was placed at a stereo angle of 23°. The standoff distance
between the cameras and the specimen was 350 mm. The specimens were manually painted with
a random speckle pattern of average size 2.5 mm using black ink, as shown in Figure 4b.

The intrinsic and extrinsic parameters of the cameras were calibrated using a calibration
target measuring 9 X 12 cm with a grid of 9x12 5 mm diameter dots, using the MatchID stereo
calibration software. The images were processed using MatchID STEREO software to obtain
full-field displacement maps, using the following processing parameters: a subset size of 21
pixels, a step size of 10 pixels, an affine subset shape function, and Gaussian filtering with a
kernel size of 5.

2.4. Simulations of full-geometry and homogenized lattice structures

Compression FE simulations on cubic lattice structures

Similarly to the simulations of the unit cells described in subsection 2.2, FE simulations for
the lattice structures were constructed using Ansys. FE simulations of the homogenized structure
were conducted using FEBio version 4.4.0 [44], with GIBBON MATLAB toolbox version 3.5.0
[45] for pre- and post-processing. The homogenized structure was meshed with 8-node trilinear
hexahedral elements (hex8 in FEBio) of the corresponding unit cell size, and assigned the Fung
model parameters (Fung-ortho-compressible in FEBio) obtained in the homogenization fitting
process, while isotropic linear elastic model parameters (isotropic elastic in FEBio) estimated
for theFlexa Bright™ TPU, as described in subsection 2.1, assigned for the solid plates. All the
simulations were performed using a Windows PC equipped with an Intel Core i7 CPU and 32
GB RAM.

The boundary conditions for the simulations are illustrated in Figure 5 for the simulations of
the full-geometry lattice and the homogenized solid model. In all the simulations, displacements
were prescribed in the £Y direction, and applied to the nodes located on the +Y boundaries
(marked in blue in Figure 5), while the same nodes were fully constrained in the X and Z direc-
tions. For SIM, the displacement values and the number of displacement steps were selected to
match those measured during the experiments. The mesh and simulation results were imported
from Ansys to MATLAB using ANSYSimport [46].

The key nodes (marked with red dots in Figure 5) are defined at the internal intersection points
between adjacent lattice unit cells, located on the outer surface at the center of each junction
where four diagonal struts meet. These nodes are used to evaluate the differences between the
experimental and simulated results, as described in subsection 2.4.

10



Figure 4: Lattice structures manufacturing and experimental setup: (a) Lattice structure CAD model in the printer’s
build volume showing the print orientation. The layers are built along the Z direction, and the printer’s powder recoater
moves along the Y direction. (b) SLS 3D-printed lattice structures with varying beam diameters. An aluminum adapter
was adhesively bonded to each flat end of the structure to facilitate mounting in the compression test machine. (c)
Experimental setup. (1) Two cameras in a stereo configuration. (2) Horizontal planar biaxial testing system. The inset
on the right shows a zoomed-in view of the (3) lattice structure painted with a random speckle pattern mounted on the
planar test machine grips, and (4) the 2 kN load cell.
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A demonstrative FE simulation with multiple deformation modes

To evaluate the capability of our homogenization process to capture the mechanical response
in a more complex case, we designed a short beam with 4 X 10 X 4 orthotropic unit cells, each
with dimensions of 15 x 20 x 17 mm? in the X, Y, and Z directions, respectively, and a uniform
beam diameter D = 3.5 mm. The beam was subjected to a distributed force in the Z direction,
which was applied to all nodes on the upper surface, while all DOFs were fully constrained on
all nodes on the side surfaces, as illustrated in Figure 6. The force was linearly increased from
0 N to 300 N in 10 equally spaced steps. Similarly to the simulations of the cubic structures, two
equivalent FE simulations were constructed: the full lattice geometry simulated in Ansys, and a
homogenized simulation conducted in FEBio, using the homogenized parameters found through
the methods described in subsection 2.2.

Evaluation of the accuracy of the homogenization process

To evaluate the accuracy of the homogenization process, we compare both the reaction forces
and the displacements at key nodes. The displacement comparison between the homogenized
model and the full-geometry simulation includes all the key nodes. The comparison between
the full-geometry simulation and the experimental measurements is restricted to the key nodes
positioned in the central region, as illustrated in Figure 5. This is because some of the nodes
where the lattice structure is connected to the solid plate were obscured in the DIC images by
the platens of the testing machine. Moreover, although full-field measurements were captured on
the entire external upward-facing surface (as illustrated in Figure 13), only the values at the key
nodes were used for the quantitative comparison with the simulations [47].

To evaluate the quality of agreement between the experimental (EXP), simulation (SIM), and
homogenization (HOM) reaction force results, the normalized force differences are defined by:

Naieps | FEXP SIM
1 T FA = B
AFEXP-SIMTg01 - 100 - ‘ ™ (15a)
steps 527 ' F[%XP
steps
Nsieps | SIM HOM
1 T = F
AFtSoltM_HOM [%] - 100 . i i | (15b)
Nsleps 1 |F[§IIM
steps.

where Ngeps is the number of displacement steps, N, is the number of key nodes in the structure,
F; is the force in the displacement step i.
Similarly, the normalized displacement differences are defined by:

Naeps Ny |uEXP —uSM

O 2 '
AUEXPSIM 4] = 100 - T A | (16a)
steps “Yn 507 o0 ‘ugi(el; J
1 Niteps N, USIM HOM
AuSMHOM g1 = 100 - e
Ugor 5tepb N" i=1 ; | ISVIM
stepssJ

where u; ; denotes the displacement vector of the key node j in the displacement step i.

To allow for a direct comparison between experimental and simulated results, the coordinate
systems in which they are described must be identical. Therefore, a 3D rigid body transformation
is applied to align the experimental data with the simulation coordinate system. This is achieved
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by matching the experimental and simulated point clouds of the outer surfaces that are visible
in the DIC cameras, in the reference (unloaded) configuration, using the iterative closest point
algorithm [48], implemented via MATLAB’s pcregistericp function. Then, since experimental
DIC points and the simulation nodes do not perfectly align, the DIC data is interpolated at the po-
sitions of the FE nodes using their local barycentric coordinates within the triangular faces on the
outer surfaces of the simulation elements [49, 50]. Even after transformation and interpolation,
initial positional differences may exist. This error is quantified using average initial positional
difference Agvg, defined as:

N,

ve _ 1N\
AyE = o D I - (17)

n ]=1

where X, ; denotes the position vector of the key node j in the initial configuration step.
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0.00 25.00 50.00{mm)

1250 37.50

Figure 5: FE simulation boundary conditions of a lattice structure composed of cubic unit cells subjected to compres-
sive loading. SIM is the full-geometry simulation that represents the lattice structures used in the experiments (EXP),
and HOM is the homogenized simulation. In the homogenized model, the green elements represent the homogenized
equivalent material, whereas the grey elements represent the solid plates composed of the same constituent material.
Displacements in the Y direction, marked in blue, were prescribed to the nodes located on the +Y boundaries of each
model, while the same nodes were fully constrained in the X and Z directions. The key nodes for comparison between
the experimental, simulation, and homogenization results are marked with red dots.

000 3500 70.00¢rmrm) Z
]

1750 5250

Figure 6: FE simulation model of lattice beam structure composed of orthotropic unit cells. Distributed load, illustrated
by green arrows, is applied to nodes on the upper surface, marked in pink, while the nodes on the sides, marked in blue,
are fixed. The key nodes for comparison with the homogenized simulation are marked with red dots.
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20 3. Results

st 3.1. Lattice structure beam diameters

322 Table 1 presents the values of the lattice structures’ beam diameters, as computed using
s2s  the method described in subsection 2.3. The measured density of the printed TPU material is
s2¢  1.07 g/cm3 [39], compared to the manufacturer’s declared value of 0.95 g/ cmd. Notably, the
as dimensions of the 3D-printed specimens differ from those of their CAD models. For simplicity
as of reading, the different unit cells and lattice structures are referred to by their nominal beam
a7 diameters, even though the FE simulations were conducted using the actual dimensions of the
228 printed models.

Table 1: Nominal and measured beam diameters for printed lattice structures.

Measured Nominal Printed

mass diameter ~ diameter
(] [mm] [mm]
40.44 2.20 1.54
46.11 2.50 1.81
52.79 2.80 2.13
61.23 3.10 2.52
a2 3.2. Homogenization of unit cells
330 As a compromise between the increased accuracy and elapsed times in unit cells FE simula-

a1 tions, we chose to use a mesh element size of 1 mm for all unit cells, as illustrated in Figure 2.
sz The number of elements and nodes is described in Table 2.

Table 2: Number of elements and nodes in FE mesh for unit cells with different symmetries and beam diameters.

Unit cell D No. Elements  No. Nodes

symmetry  [mm] [-] [-]
Cubic 22 2926 5479
Cubic 2.5 2786 5142
Cubic 2.8 2814 5108
Cubic 3.1 2757 5005

Orthotropic 3.5 7718 13071

338 FE simulation results for uniaxial stretch and shear strain applied to cubic unit cells with

s varying beam diameters, along with the corresponding stress predictions from the fitted Fung
as  model, are presented in Figure 7 and summarized in Table 3. FE simulation results for uniaxial
ws  stretch and shear strain applied to the orthotropic unit cell at different directions, along with
a7 the corresponding stress predictions from the fitted Fung model, are presented in Figure 8 and
as  summarized in Table 4.
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Figure 7: A comparison of stress responses from FE simulations and a homogenized model is presented for cubic unit
cells with various beam diameters subjected to uniaxial tension and compression (left), as well as simple shear (right).
The stresses obtained from FE simulations are represented by solid dots, and the Fung model fitted values are indicated

by a dashed line.
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Figure 8: A comparison of the stress responses from FE simulations and a homogenized model is presented for an
orthotropic unit cell subjected to uniaxial tension and compression (left), as well as simple shear (right) in the three
principal directions. The stresses obtained from FE simulations are represented by solid dots, and the Fung model fitted
values are indicated by a dashed line.
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Table 3: Summary of Fung model fitting results, including the fitted model parameters and the coefficients of determina-
tion (R2), for cubic unit cells with various beam diameters (D).

D R? E v G K o
[mm)] [-] [kPa] [-] [kPa] [kPa] [kPa]
22 0.9964 56 0.454 269 0 162
25 09975 113 0450 377 0 329
2.8 0.9980 230 0.447 533 0 687
3.1 09982 469 0425 754 0 1411

Table 4: Summary of Fung model fitting results for the orthotropic unit cell, including the fitted model parameters and
the coefficients of determination (R?) .

R? Ey Ex E33 G Gy Gs Y12 V23 V31 K Co
[-] [kPa]  [kPa] [kPa] [kPa] [kPa] [kPa] [-] [-] [-] [kPa] [kPa]

0.9990 105.0 237.3 152.1 350.1 4548 301.7 0273 0.675 0.483 0.0 1.78 x 108

The dependency of the cubic Fung constitutive model parameters (E, G, v, and cp) on the
beam diameter, based on the results listed in Table 3, was analyzed and fitted using second-order
polynomial functions, as shown in Figure 9. These fitting results can be used to estimate the
Fung cubic constitutive model parameters for other values of beam diameters.

Although this research focuses on BC lattice structures, a wide variety of other topologies
exist (see, for example, [51]). To evaluate the generalizability of our methodology, we examined
the fitting of the Fung constitutive model to two additional lattice topologies: cube and octagonal
unit cells. Each unit cell had a size of 10x 10x 10 mm?>, with beam diameters of 3 mm for the cube
and 1.5 mm for the octagonal unit cell. We employed the same PBCs outlined in subsection 2.2
and constitutive model described in subsection 2.1. Figure 10 presents the resulting uniaxial and
shear stress-strain relations, along with the corresponding stress predictions derived from the
fitted Fung model.

3.3. Equilibrium force from exponential decay fitting

The relaxation behavior of the lattice structure under constant displacement was analyzed
using the exponential decay model described in subsection 2.3. A two-term exponential decay
provided a good fit, and the equilibrium force (F,) for each displacement step was determined
by fitting the measured force relaxation data to (14) with N = 2. Figure 11 illustrates exem-
plary fitting results for a representative displacement step of the D = 2.5 mm lattice structure.
The measured force data points are plotted alongside the fitted curves, demonstrating excellent
agreement. Similar results were observed for all other displacement steps across all lattice struc-
tures.

3.4. Cubic lattice structures: experimental and simulation results

We compared the results obtained from the experiments, simulation of the full lattice geome-
try, and simulation of the homogenized model. The simulation times of the full-geometry lattice
structures were approximately 45 minutes, while the homogenized simulations took only a few
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Figure 9: Fung model parameters E, G, v, ¢ as a function of beam diameter (D) for a BC cubic unit cell. The fitting

equation for each curve is also shown within the figure.
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Figure 10: Homogenization analysis for cube (upper) and octagonal (lower) unit cells. The figure illustrates the com-
parison between simulation and homogenization results in uniaxial and shear deformations. The fitted Fung model
parameters and the coefficient of determination (R?) are shown for each topology.
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Figure 11: Force measurements of the D = 2.5 mm lattice structure during compression test, demonstrating stress
relaxation. The inset shows a zoomed-in view of the relaxation behavior observed during the third displacement step,
alongside its fitted two-term exponential decay function described in (14).

seconds. The comparison included the reaction forces and the displacements of key nodes, as
described in subsection 2.4 The compressive reaction forces are shown in Figure 12, comparing
experimental results with the corresponding simulations, and homogenized model predictions
with simulations, across various beam diameters.

During the experiments, we observed that the displacements measured using DIC at the
boundaries of the structures differed slightly from those specified to the testing machine. There-
fore, the displacement values prescribed in the SIM simulation were adjusted to match the ex-
perimental ones, as can be seen in Figure 12.

A representative full-field displacement map, comparing the experimental results obtained
using DIC with the corresponding full-geometry simulation, is shown in Figure 13. Similarly,
Figure 14 illustrates a comparison between the full-geometry and homogenized simulations. Fur-
thermore, Figure 15 and Figure 16 depict the relative differences in the displacements of the key
nodes at each step of structure compression, comparing experimental versus simulation and sim-
ulation versus homogenization results, respectively.

The average initial positional difference Agvg, as well as the relative differences in the dis-
placements (Au) and force (AF o) are summarized in Table 5.

3.5. Simulation of beam with orthotropic unit cells

As a demonstrative case with multiple deformation modes, we compared the homogeniza-
tion accuracy for a beam with orthotropic unit cells subjected to a distributed load that caused
bending. As detailed in subsection 2.4, the displacements were evaluated at key nodes, as shown
in Figure 6. The displacement magnitudes across the structure for the full-geometry and the ho-
mogenized simulations are shown in Figure 17 for the last simulation step. Moreover, the relative
differences in the displacements of the key nodes at each force step are shown in Figure 18. The
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Figure 12: Comparison of compressive force-displacement results between FE full-geometry simulation (SIM), corre-
sponding homogenized model (HOM), and experiments (EXP), for four lattice structures with varying beam diameters
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Figure 13: Full-field displacement in the Y direction for the D = 3.1 mm lattice structure at maximum compression,

comparing the FE simulation results (left), and experimental results obtained using DIC (right).
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(see Figure 5) of the D = 2.5 mm lattice structure, at each structure compression step.
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Figure 16: Relative difference in displacements between FE full-geometry simulation and homogenized simulation, at
the key nodes, for the D = 2.2 mm lattice structure at multiple structure displacement steps. It can be seen that the key
nodes at the edges of the structure exhibit larger displacement differences than the nodes in the center of the structure.

Table 5: Comparison of displacement and force differences between experimental (EXP), full-geometry simulation
(SIM), and homogenized simulation (HOM) results, for various lattice structure beam diameters (D).

Nominal Initial average Displacement Force Displacement Force
beam position error difference difference difference difference
diameter  AJ%[mm]  AufrPTSM[%]  AFEPSM[%]  AuSIMHOM[gp]  AFSMHOM[gp]

D [mm] Eq. (17) Eq. (16a) Eq. (15a) Eq. (16b) Eq. (15b)
2.2 0.3 8.1 23 5.6 8.3
2.5 0.3 7.3 6.4 4.0 6.4
2.8 0.2 7.1 2.4 35 4.1
3.1 0.3 6.3 4.2 3.1 2.7
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Figure 17: Displacement magnitude results for the full-geometry simulation (left) and homogenized simulation (right)
of the beam with orthotropic unit cells. Results are shown for the last force step (300 N).

total displacement relative difference between the full-geometry and homogenized simulations is
AuSMHOM — 7 40,

4. Discussion

This study presents a numerical homogenization framework for lattice structures, which cap-
tures their orthotropic nonlinear elastic response under tension, compression, and shear loadings.
Replacing the lattice structures with homogenized solid elements of equivalent properties sub-
stantially reduces computation time, with only a slight compromise in simulation accuracy. This
enables practical analysis of large structures with numerous unit cells, facilitating rapid iterative
design optimization workflows.

Since this study involved experimental validation, all the FE simulations used the material
parameters of the TPU powder, Flexa Bright™ 3D printed through SLS, which was charac-
terized in a previous study [39]. In the current study, we modeled the constituent material as
isotropic linear elastic, neglecting the observed stiffness variations due to printing orientation,
differences between tension and compression, as well as viscoelastic effects [39]. This deliberate
compromise was made to prioritize the simplicity of the simulations and keep the focus on the
homogenization procedure.

We fabricated BC cubic lattice structures with varying beam diameters. The measured di-
mensions of the beam diameters differed substantially from the nominal dimensions specified in
the CAD models, as summarized in Table 1. This discrepancy is likely due to the specific condi-
tions and parameters of the 3D printing process. As previously reported for other SLS printers,
factors such as temperature gradients in the build chamber and differential shrinkage between
adjacent layers can contribute to dimensional deviations [52, 53, 54]. Although it is possible
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Figure 18: Relative displacement differences obtained from comparing full-geometry and homogenized simulations of
the beam with orthotropic unit cells, shown for each force step.

to reduce these artifacts by optimizing the printing parameters and implementing advances in
SLS technology [55], our study did not focus on minimizing the differences between the CAD
models and the printed samples. Instead, we measured the dimensions of the fabricated samples,
assuming a homogeneous beam diameter within each structure, and ensured this homogeneity
by orienting the structures 45° relative to the build platform, as shown in Figure 4a.

During the compression experiments on the BC lattice structures, the reaction forces and
full-field displacements were measured. Although equal displacements were applied to both
compression platens, the DIC results revealed unexpected asymmetry and displacements that
deviated from those applied to the platens. This difference was attributed to incomplete bonding
between the printed plates and aluminum adapters, resulting in a gradual closure of the gap during
loading. As a result, the actual displacements of the structure’s solid plates deviated from those
applied by the machine. To allow a proper comparison between experimental and simulation
results, we prescribed the same displacement data measured via DIC as boundary conditions to
the solid plates in the corresponding simulations.

In the FE simulations of the unit cells that were conducted as part of the homogenization
process, the cubic and orthotropic BC unit cells exhibited notable nonlinear responses when
subjected to uniaxial tension and compression, while the responses to simple shear were nearly
linear, as shown in Figure 7 and Figure 8. Capturing the homogenized response required a hy-
perelastic orthotropic constitutive model to accurately represent the stress-strain relationships of
all deformation modes. The results presented in subsection 3.2 confirm that the Fung hyperelas-
tic compressible orthotropic model is well suited for this task, with R* values greater than 0.99
for all fittings. The Fung model exhibited good fitting also to the cube and octagonal unit cells
(see Figure 10), except for the shear response of the cube unit cell, where the fit was less good.
This reduced fit quality is attributed to the alignment of all beams in the cube unit cell with the
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load direction, as opposed to the octagonal and BC unit cells that feature diagonal beams. The
perpendicular beam orientation to the shear plane induced a highly nonlinear response that is not
captured as well by the Fung model, as evident by its overall fitting R> value of 0.9, compared to
the R? > 0.99 for the octagonal unit cell.

The relations between the beam diameters of the unit cells and parameters of the Fung con-
stitutive model (i.e., E, G, v, and ¢p) exhibit nonlinear trends, as illustrated in Figure 9. The
fitted polynomial functions describing these relations facilitate the estimation of constitutive pa-
rameters for other beam diameters, thereby supporting the design of structures with targeted
mechanical properties.

The comparison of reaction forces and displacements at key nodes among the experimental
measurements, full-geometry simulations, and homogenized models revealed strong agreement
in both the reaction force and the nodal displacements across all structures, as shown in Fig-
ures 12-16 and summarized in Table 5. Notably, the homogenized simulations required only
a small fraction of the computational time satisfactorily reproducing the mechanical responses,
with relative errors ranging from 2.3% to 8.1%. Assessment of the goodness of fit between
the simulated and experimental data indicates that the simplified, isotropic linear elastic mate-
rial model yields accurate results for all tested structures, highlighting the dominant influence
of unit cell geometry over the precise description of constituent material parameters. However,
it is plausible that for structures with larger solid-to-void volume ratios or for cases involving
larger deformations, more advanced material models may be necessary to properly capture the
mechanical behavior of the TPU constituent. Such models could include those accounting for
orientation dependence [56], tension-compression asymmetry [57], and nonlinear elasticity [58],
effects that were observed in the tested material but neglected in the present simulations [39].
Future studies should investigate the potential impact of these more sophisticated models on the
accuracy of simulations.

When comparing the nodal displacements between homogenization and full-geometry sim-
ulations, the largest discrepancies occur at the outer boundaries of the lattice structure. This
can be attributed to the reduced representativeness of the unit cell in these regions, particularly
in terms of the PBCs used for homogenization. The small differences observed in the reaction
forces suggest that the homogenization method effectively captures the stiffness of the structures.

The results of the beam with orthotropic unit cells (Figure 17 and Figure 18) demonstrate
that the homogenization method is effective also for lattice structures with orthotropic unit cells
subjected to combined deformation modes, such as bending caused by a distributed load across
a thick beam-like structure.

5. Conclusions and Future Work

The developed homogenization approach successfully captured the nonlinear, orthotropic
response of lattice structures with thick beams. The Fung compressible orthotropic model ac-
curately represented the stress-strain behavior under multiple loading modes. The homogenized
models demonstrated strong agreement with full-geometry simulations in terms of both reac-
tion forces and displacement fields. The largest displacement discrepancies occurred at structure
boundaries, where the assumptions of periodicity and unit cell representativeness become less
valid. The substitution of detailed lattice geometries with homogenized solids significantly re-
duced computational costs, enabling efficient simulation of large-scale structures. Although the
constituent material was modeled using a simplified isotropic linear elastic formulation, it yielded
satisfactory accuracy.
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Various future research directions can stem from the current study. First, this study focused
on BC unit cells and demonstrated that the Fung model may also be suitable for a cube and oc-
tagonal unit cells. Further investigation into other topologies and types of lattice structures (e.g.,
as in [37, 59, 51, 60, 61]) could expand the method’s applicability. Second, this study employed
the Fung model for homogenization, which provided satisfactory results for the investigated unit
cells. However, it is possible that other topologies may exhibit responses that cannot be fitted
well with the Fung model. Therefore, future research could explore the use of machine learning-
based techniques for discovering suitable material models, as previously suggested by various
researchers (e.g., [62, 63, 64]).

Furthermore, in this study, we used the equilibrium force and excluded data collected during
stress relaxation when fitting the hyperelastic effective response. Future research could incorpo-
rate viscoelastic models to account for the observed time-dependent responses [65]. Addition-
ally, the proposed framework could be expanded to include responses to dynamic impact loads
and vibrations [66]. Future work could also integrate the proposed homogenization method
into iterative design frameworks, which are currently mostly limited to linear elasticity [67, 11].
Moreover, future research should apply this framework to more complex scenarios, where lattice
unit cells will occupy the geometries of actual (non-rectangular) parts and be subjected to various
loading conditions. This integration could enable the optimization of lattice structures based on
user-defined performance criteria, particularly in applications that necessitate softer structures,
such as those interfacing with soft tissues (e.g., [3, 5, 7, 9]).
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