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Abstract

Graph theory provides a rigorous mathematical foundation for modeling relationships by representing entities
as vertices and their interactions as edges [1,2]. Hypergraphs generalize this paradigm by allowing hyperedges
to connect arbitrary subsets of vertices [3], and SuperHyperGraphs extend it further via iterated powerset con-
structions that capture hierarchical, multi‐layer linkages among edges [4, 5]. These enriched models support
applications across biology, social networks, signal processing, and knowledge representation.

Property Graphs are directed multigraphs in which vertices and edges carry key–value properties and edges
additionally bear labels, enabling schema‐flexible modeling of heterogeneous, real‐world data(cf. [6–8]). In
this paper, we show how to elevate Property Graphs to the settings of HyperGraphs and SuperHyperGraphs
by introducing formal definitions for Property HyperGraphs and Property SuperHyperGraphs and presenting
preliminary theoretical results that demonstrate their expressive power.

Keywords: Property Graphs, Superhypergraphs, Hypergraphs, Property SuperHyperGraphs, Property Hyper-
Graphs

1 Preliminaries

Throughout this paper, we adopt a consistent vocabulary and notation. Unless otherwise noted, all graphs
considered are finite. For further background on less familiar operations or concepts, the interested reader is
referred to the cited literature.

1.1 SuperHyperGraphs

Afinite hypergraph generalizes the classical graphmodel by permitting hyperedges that connect any non‐empty
subset of vertices [9–11,11–13]. Building on this concept, a finite SuperHyperGraph is obtained by iteratively
applying the powerset operator, thereby creating nested hierarchies of vertex and edge sets that encodemulti‐lay-
ered relationships [5,14–20]. Such structures have demonstrated utility in areas ranging from molecular design
and complex‐network analysis to advanced signal‐processing pipelines [18, 21, 22]. Unless stated otherwise,
the integer = in %= (·) or in an =-SuperHyperGraph is assumed to be non‐negative.

Definition 1.1 (Base Set). A base set ( is the initial universe of discourse:

( = { G | G belongs to the context at hand}.

Every element that appears in P(() or in any iterated powerset P= (() must of course lie in (.

Definition 1.2 (Powerset). For a set (, the powerset P(() is the family of all subsets of (:

P(() = { � ⊆ ( }.

This collection includes both ( itself and the empty set ∅.

Definition 1.3 (Hypergraph). [3, 23] A hypergraph is an ordered pair � = (+, �) where

• + is a finite vertex set, and

• � is a finite family of non-empty subsets of + ; the members of � are called hyperedges.

Hypergraphs naturally represent interactions that involve more than two participants.

Example 1.4 (HypergraphModel forMarket-Basket Analysis). Market-basket analysis seeks to uncover groups
of products that are purchased together. A compact way to represent the entire transaction log is to view it as a
hypergraph in the sense of Definition 1.3.
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Vertex set. Let
+ = { Bread,Butter,Milk,Eggs,Coffee,Cheese }

be the collection of six distinct items sold in a small grocery store.

Observed transactions (hyperedges). During one afternoon the cash register records four baskets:

)1 = {Bread,Butter,Milk},
)2 = {Coffee,Milk},
)3 = {Bread,Eggs,Cheese},
)4 = {Butter,Eggs,Milk}.

Each transaction is a non-empty subset of + and is therefore admissible as a hyperedge.

Resulting hypergraph. Define
� = {)1, )2, )3, )4 }.

The pair � = (+, �) is a hypergraph whose hyperedges correspond one-to-one with the observed baskets.

Mining tasks enabled by this representation

• Support counting: the degree of a vertex equals the number of baskets that contain the corresponding item,
providing its purchase frequency.

• Frequent-itemset discovery: any subset of vertices that appears together in a sufficient number of hyper-
edges constitutes a frequent pattern.

• Hyperedge clustering: grouping baskets that share many items can reveal customer segments with similar
buying habits.

• Edge contraction for category analysis: bymerging vertices into higher-level product categories (e.g. dairy,
bakery), the same hypergraph can be coarsened without revisiting the raw data.

The hypergraph model thus captures all transactions simultaneously while retaining enough structure to sup-
port the full spectrum of basket-mining algorithms, from simple frequency counts to sophisticated community
detection among both items and customers.

Definition 1.5 (=-th Powerset). [24–28] Let - be a set. The first powerset is P1 (-) = P(-). For = ≥ 1 we
define

P=+1 (-) = P
(
%= (-)

)
.

When the empty set is excluded one writes P∗
= (-) = P= (-) \ {∅}.

Example 1.6 (=-th Powerset inMarket-Basket DataMining). Suppose a supermarket tracks customer purchases
over a single week and observes the following five items:

- = {Bread,Milk,Eggs,Butter,Coffee}.

V1(^) = P(^): candidate itemsets. Every non-empty subset of - is a candidate itemset. For instance,
{ Bread,Butter} or {Milk,Eggs,Coffee}. Standard algorithms such as Apriori scan the transaction log to
determine which of these subsets occur frequently.

V2(^) = P
(

V1(^)
)

: clusters of itemsets. The second powerset groups itemsets into itemset clusters. An
analyst may, for example, collect all frequent two-item combinations that involve Coffee:

�Coffee =
{
{Coffee,Milk}, {Coffee,Bread}, {Coffee,Eggs}

}
∈ %2 (-).
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V3(^) = P
(

V2(^)
)

: meta-clusters. The third powerset organises clusters of itemsets into meta-clusters.
One might place all itemset clusters whose underlying products form a typical breakfast assortment into a single
meta-cluster:

"Breakfast =
{
�Coffee, �Milk, �Eggs

}
∈ %3 (-).

Interpretation.

• Level 1 (%1 (-)) supports traditional frequent-itemset mining.

• Level 2 (%2 (-)) enables discovery of correlated patterns, such as sets of itemsets that often appear
together across many market segments.

• Level 3 (%3 (-)) facilitates higher-order reasoning, e.g. comparing entire pattern families between differ-
ent seasons or geographical regions.

In practical pipelines, each higher powerset serves as the search space for progressively more abstract data-
mining tasks: association-rule discovery at level 1, pattern clustering at level 2, and meta-pattern comparison
or visual analytics at level 3 and beyond.

Definition 1.7 (=-SuperHyperGraph). [29–31] Let +0 be a finite base set. Define iteratively

P0 (+0) = +0, P:+1 (+0) = P
(
P: (+0)

)
.

An =-SuperHyperGraph is a pair

SHG(=) = (+, �), +, � ⊆ P= (+0),

where each element of + is called an =-supervertex and each element of � an =-superedge.

Example 1.8 (A 2-SuperHyperGraph for Market-Basket Data Mining). A classical task in data mining is the
discovery of frequent itemsets from a collection of customer transactions. We show how such a dataset can be
organised as a 2-SuperHyperGraph in the sense of Definition 1.7.

Step 0 — Base set of items. Assume the shop sells four items +0 = {�, �, �, �}, where � = bread, � =

milk, �=eggs, �=butter.

Step 1 — First powerset: transactions. The first iterated powerset P1 (+0) = P(+0) contains all possible
baskets. Select four actual transactions and regard them as 1-supervertices:

)1 = {�, �}, )2 = {�,�, �}, )3 = {�,�, �}, )4 = {�, �, �} ∈ P1 (+0).

Step 2 — Second powerset: pattern groups. The second powerset P2 (+0) = P
(
P(+0)

)
collects sets of

transactions. Define three 2-supervertices that represent candidate frequent item-set groups:

+ =

{
�1 = {)1, )4}, �2 = {)2, )3}, �3 = {)2, )3, )4}

}
⊆ P2 (+0).

• �1 groups baskets that both contain {�, �}.
• �2 gathers baskets containing {�, �}.
• �3 captures baskets containing {�} together with at least one additional item.

Step 3 — 2-superedges. Define the 2-superedge family

� =

{
�1 = {�1, �3}, �2 = {�2, �3}

}
⊆ P(+) \ {∅}.

• �1 links pattern groups whose underlying baskets share the common sub-itemset {�, �, �}.
• �2 links pattern groups sharing the sub-itemset {�, �}.
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Resulting 2-SuperHyperGraph.

SHG(2) = (+, �) with +, � ⊆ P2 (+0).

Vertices at level 2 capture candidate frequent patterns; edges capture higher-order correlations among those
patterns. Analytic algorithms (e.g. level-wise Apriori) may now operate directly on SHG(2) to prune infrequent
groups or to generate association rules such as {�, �} ⇒ � whenever �1 is deemed sufficiently strong.

The construction naturally generalises: further powerset iterations (= > 2) would allow nested clusters of pattern
groups, supporting multi-resolution pattern mining in large-scale transactional corpora.

Example 1.9 (A 3-SuperHyperGraph for Multi-Tier Database Development). Modern cloud applications often
organise data in multiple architectural tiers—tables, schemas (logical databases), and service-level groupings.
Definition 1.7 naturally captures this hierarchy.

Step 0 — Base set (+0): atomic columns.

+0 = {UserID,Name,Email,OrderID,OrderDate,ProductID,Quantity,Price}.

Step 1 — P1 (+0): relational tables (1-supervertices).

)Users = {UserID,Name,Email},
)Orders = {OrderID,UserID,OrderDate},

)OrderItems = {OrderID,ProductID,Quantity,Price}.

We take +1 = {)Users, )Orders, )OrderItems} ⊆ P1 (+0).

1-superedges.
�1 =

{
{)Users, )Orders}, {)Orders, )OrderItems}

}
⊆ P(+1) \ {∅},

encoding the two foreign-key relationships (Orders.UserID → Users.UserID andOrderItems.OrderID → Orders.OrderID).

Step 2 — P2 (+0): logical databases (2-supervertices).

EComDB = {)Users, )Orders, )OrderItems},
AnalyticsDB = {)Orders, )OrderItems}.

Thus +2 = {EComDB,AnalyticsDB} ⊆ P2 (+0).

2-superedge. �2 =
{
{EComDB,AnalyticsDB}

}
, reflecting an ETLjob that copies data nightly from the opera-

tional database into an analytical replica.

Step 3 — P3 (+0): service clusters (3-supervertices).

TransactionSvc = {EComDB},
ReportingSvc = {AnalyticsDB}.

Hence +3 = {TransactionSvc,ReportingSvc} ⊆ P3 (+0).

3-superedge.
�3 =

{
{TransactionSvc,ReportingSvc}

}
,

representing an event stream (e.g. Kafka topic) through which the transaction service publishes updates that
the reporting service consumes.
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Resulting 3-SuperHyperGraph.
SHG(3) = (+3, �3),
with +3, �3 ⊆ P3 (+0).

Interpretation.

• Level 0 (columns) captures atomic data fields.

• Level 1 (tables) models relational schemas and primary/foreign-key constraints.

• Level 2 (databases) expresses logical groupings deployed as distinct schemas or instances.

• Level 3 (services) groups databases into microservices, together with inter-service communication edges.

Operations such as schema evolution, service refactoring, or dependency analysis can therefore be formalised
as transformations or traversals on SHG(3) , enabling rigorous reasoning about complex multi-tier database
architectures.

1.2 Property Graph

A Property Graph is a directed multigraph whose vertices and edges carry arbitrary key–value attributes, and
edges additionally possess labels, enabling schema-flexible relational data modelling [6–8,32–38].

Definition 1.10 (Property Graph). Fix three (possibly infinite) sets

Σ (edge–label alphabet),

 (property keys),
( (property values).

A property graph1 is a septuple
� =

(
+, �, B, C, _, `, ⊥

)
whose components satisfy the following conditions:

(a) + is a finite (or at most countable) set whose elements are called vertices (or nodes).

(b) � is a finite (or at most countable) set whose elements are called edges. Distinct edges may share the
same endpoints, so (+, �) is a multigraph.

(c) B, C : � → + are the source and target functions. For 4 ∈ � we write B(4) 4−→ C (4).

(d) _ : � → Σ assigns a label (drawn from the alphabet Σ) to every edge.

(e) ` : (+ ∪ �) ×  −→ ( ∪ {⊥} is the property map. For an entity G ∈ + ∪ � and a key : ∈  , the value
`(G, :) is either a member of ( or the distinguished symbol ⊥ indicating that G has no value for key : .

(f) The symbol ⊥ ∉ ( is fixed once and for all and is not considered a valid property value.

We write

keyset(G) := { : ∈  | `(G, :) ≠ ⊥}, val(G, :) := `(G, :) (: ∈ keyset(G)),

and call 〈:, `(G, :)〉 an attribute of G.
Remark 1.11. (i) Allowing � to be a multiset (or, equivalently, introducing edge identifiers) lets two vertices

be joined by arbitrarily many edges—even with identical labels and attributes.

(ii) If _ is constant (all edges share one label) and ` ≡ ⊥, Definition 1.10 collapses to the usual concept of a
directed multigraph.

(iii) Many graph-database operations (e.g. Gremlin traversals) can be formalised as functions ) : P(+) →
P(+); see Yamaguchi et al. for a standard treatment.

Example 1.12 (Property Graph for a Streaming-Platform Dataset). We illustrate Definition 1.10 with a con-
crete, small-scale model of an on-line movie-streaming service.

1Equivalent to “directed, edge-labelled, attributed multigraph” in the graph-database literature.
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Label alphabet, keys, and value domain.

Σ = {FOLLOWS, RATED, HAS_GENRE},

 = {type, name, age, city, title, year, rating, date},

( = N ∪ R ∪ Strings.

Vertices. The vertex set
+ = {?1, ?2, <1, <2, 61}

is partitioned by the attribute type:

`(?8 , type) = ‘‘Person’’ (8 = 1, 2),

`(< 9 , type) = ‘‘Movie’’ ( 9 = 1, 2),

`(61, type) = ‘‘Genre’’.

Selected vertex attributes are

`(?1, name) = ‘‘Alice’’ `(?2, name) = ‘‘Bob’’
`(?1, age) = 27 `(?2, age) = 25
`(?1, city) = ‘‘Tokyo’’ `(?2, city) = ‘‘Kyoto’’

`(<1, title) = ‘‘Inception’’ `(<1, year) = 2010
`(<2, title) = ‘‘Interstellar’’ `(<2, year) = 2014
`(61, name) = ‘‘Sci-Fi’’.

Edges, endpoints, labels.

� = {41, 42, 43, 44, 45},
B(41) = ?1, C (41) = ?2, _(41) = FOLLOWS,
B(42) = ?1, C (42) = <1, _(42) = RATED,
B(43) = ?1, C (43) = <2, _(43) = RATED,
B(44) = <1, C (44) = 61, _(44) = HAS_GENRE,
B(45) = <2, C (45) = 61, _(45) = HAS_GENRE.

Edge attributes.
`(41, date) = ‘‘2025-05-12’’, `(42, rating) = 5,

`(42, date) = ‘‘2025-05-13’’, `(43, rating) = 4,

`(43, date) = ‘‘2025-05-14’’.

All other `(G, :) not listed are set to the distinguished value ⊥.

The septuple � = (+, �, B, C, _, `,⊥) thus obtained satisfies every clause of Definition 1.10. It captures
users (persons), movies, and genres as vertices; user-to-user FOLLOWS relationships, user ratings of movies,
and movie-to-genre links as labelled, attributed edges. Additional properties or vertex types (e.g. Director,
Studio) can be incorporated seamlessly by extending the key set  and adding new vertices and edges.
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2 Results and Revisits: Property HyperGraphs

Property HyperGraphs have been examined in several earlier studies; in this paper we revisit and analyse them
in greater depth.

Fix three (possibly infinite) sets

Σ (hyperedge‐label alphabet),  (property keys), ( (property values),

and let ⊥ ∉ ( be a distinguished symbol.

Definition 2.1 (Property HyperGraph). A property hypergraph is a quadruple

� =
(
+, �, _, `

)
satisfying:

(a) + is a finite (or at most countable) set of vertices.

(b) � is a finite family of non‐empty subsets of + , called hyperedges.

(c) _ : � → Σ assigns to each hyperedge a label.

(d) ` : (+ ∪ �) ×  → ( ∪ {⊥} is the property map, where

`(G, :) =
{
B ∈ (, if G has property : with value B,
⊥, if no value is assigned.

We write
keyset(G) := { : ∈  | `(G, :) ≠ ⊥}, val(G, :) := `(G, :) (: ∈ keyset(G)).

Example 2.2 (Property HyperGraph for Patient–Symptom Dataset). We illustrate Definition 2.1 by modelling
a clinical dataset in which each patient record links the symptoms they exhibit and carries patient metadata.

Label alphabet, keys, and value domain.

Σ = {COVID19, Influenza, Migraine},

 = {category, ICD_code, age, gender, severity},
( = {‘‘Constitutional’’, ‘‘Respiratory’’, ‘‘Neurological’’} ∪ {Strings} ∪ N.

Vertices (symptoms). Let
+ = {E1, E2, E3, E4, E5},

where
`(E1, category) = ‘‘Constitutional’’, `(E1, ICD_code) = ‘‘R50.9’’,

`(E2, category) = ‘‘Respiratory’’, `(E2, ICD_code) = ‘‘R05’’,

`(E3, category) = ‘‘Constitutional’’, `(E3, ICD_code) = ‘‘R53.83’’,

`(E4, category) = ‘‘Neurological’’, `(E4, ICD_code) = ‘‘R51’’,

`(E5, category) = ‘‘Respiratory’’, `(E5, ICD_code) = ‘‘R06.02’’.

Hyperedges (patient records). Define three patient hyperedges:

� = {41, 42, 43},

with
41 = {E1, E2, E3}, 42 = {E2, E3, E4}, 43 = {E1, E4, E5}.
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Labels and properties. Assign each record a diagnosis label and patient metadata:

_(41) = COVID19, `(41, age) = 45, `(41, gender) = ‘‘Male’’, `(41, severity) = ‘‘Moderate’’,

_(42) = Influenza, `(42, age) = 30, `(42, gender) = ‘‘Female’’, `(42, severity) = ‘‘Mild’’,

_(43) = Migraine, `(43, age) = 25, `(43, gender) = ‘‘Female’’, `(43, severity) = ‘‘Severe’’.

Keysets and values. For example,

keyset(E4) = {category, ICD_code}, val(E4, ICD_code) = ‘‘R51’’,

keyset(42) = {age, gender, severity}, val(42, severity) = ‘‘Mild’’.

The quadruple � = (+, �, _, `) thus satisfies Definition 2.1, modelling a patient‐symptom dataset in which
each record links multiple symptoms and carries patient attributes.

Example 2.3 (Property HyperGraph for University Course Enrollment). We illustrate Definition 2.1 by mod-
elling a university’s course‐enrollment system.

Label alphabet, keys, and value domain.

Σ = {CSE101, MATH202, HIST303},

 = {role, name, semester, credits},

( = {‘‘Instructor’’, ‘‘Student’’, ‘‘TA’’} ∪ {Strings} ∪ N.

Vertices. Let
+ = { E1, E2, E3, E4, E5}

where
`(E1, name) = ‘‘Dr. Smith’’, `(E1, role) = ‘‘Instructor’’,

`(E2, name) = ‘‘Alice’’, `(E2, role) = ‘‘Student’’,

`(E3, name) = ‘‘Bob’’, `(E3, role) = ‘‘Student’’,

`(E4, name) = ‘‘Carol’’, `(E4, role) = ‘‘TA’’,

`(E5, name) = ‘‘Dave’’, `(E5, role) = ‘‘Student’’.

Hyperedges. Define three hyperedges, one per course:

� =
{
41, 42, 43

}
,

with
41 = {E1, E2, E3, E4}, 42 = {E1, E2, E5}, 43 = {E1, E3, E5}.

Labels and properties. For each course hyperedge 48 we set

_(41) = CSE101, _(42) = MATH202, _(43) = HIST303,

and assign
`(41, semester) = ‘‘Fall 2025’’, `(41, credits) = 4,

`(42, semester) = ‘‘Spring 2025’’, `(42, credits) = 3,

`(43, semester) = ‘‘Fall 2025’’, `(43, credits) = 3.
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Keysets and values. For example,

keyset(E2) = {name, role}, val(E2, name) = ‘‘Alice’’,

keyset(41) = {semester, credits}, val(41, credits) = 4.

The quadruple � = (+, �, _, `) thus satisfies all clauses of Definition 2.1: Vertices represent people with roles,
hyperedges represent courses linking instructor, students, and TAs, each course carries a label (course code)
and properties (semester, credits).

Example 2.4 (PropertyHyperGraph for FilmProductions). We illustrateDefinition 2.1 bymodelling a film‐pro-
duction scenario.

Label alphabet, keys, and value domain.

Σ = {TheGreatAdventure, MysteryNight},

 = {roleType, name, birthYear, nationality, releaseYear, genre, boxOffice},

( = {‘‘Actor’’, ‘‘Director’’, ‘‘Producer’’} ∪ Strings ∪ N.

Vertices. Let
+ = { E1, E2, E3, E4, E5},

with properties

`(E1, name) = ‘‘Alice Johnson’’, `(E1, roleType) = ‘‘Actor’’, `(E1, birthYear) = 1985,

`(E2, name) = ‘‘Bob Lee’’, `(E2, roleType) = ‘‘Actor’’, `(E2, birthYear) = 1978,

`(E3, name) = ‘‘Carol Smith’’, `(E3, roleType) = ‘‘Director’’, `(E3, nationality) = ‘‘USA’’,

`(E4, name) = ‘‘David Kumar’’, `(E4, roleType) = ‘‘Producer’’, `(E4, nationality) = ‘‘UK’’,

`(E5, name) = ‘‘Eva Zhang’’, `(E5, roleType) = ‘‘Actor’’, `(E5, birthYear) = 1990.

Hyperedges. Define two film hyperedges:

� = { 41, 42},

where
41 = {E1, E2, E3, E4} (The Great Adventure cast/crew),

42 = {E2, E3, E5} (Mystery Night cast/crew).

Labels and properties. For each film hyperedge:

_(41) = TheGreatAdventure, `(41, releaseYear) = 2024,

`(41, genre) = ‘‘Action’’, `(41, boxOffice) = 120000000,

_(42) = MysteryNight, `(42, releaseYear) = 2023,

`(42, genre) = ‘‘Mystery’’, `(42, boxOffice) = 85000000.
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Keysets and values. For example,

keyset(E3) = {name, roleType, nationality},

val(E3, roleType) = ‘‘Director’’,

keyset(41) = {releaseYear, genre, boxOffice},

val(41, genre) = ‘‘Action’’.

The quadruple � = (+, �, _, `) thus satisfies all requirements of Definition 2.1: vertices represent cast and
crew with personal attributes; hyperedges represent films linking multiple participants, each carrying a label
(film title) and properties (release year, genre, box office).

Theorem 2.5 (Generalisation of Property Graphs and Hypergraphs). Let � = (+, �, _, `) be a property hy-
pergraph over (Σ,  , (,⊥). Then:

(i) If every hyperedge 4 ∈ � satisfies |4 | = 2 and we equip 4 = {D, E} with an arbitrary orientation D → E,
then (+, �, B, C, _, `,⊥) is precisely a Property Graph as in Definition 1.10.

(ii) If Σ = {f0} is a singleton and `(G, :) ≡ ⊥ for all (G, :), then � = (+, �) collapses to an ordinary
Hypergraph as in Definition 1.3.

Proof. For (i), restrict every 2‐element hyperedge 4 = {D, E} to a directed edge by choosing one of the two
orderings (D, E) or (E, D). The label map _ : � → Σ and the property map ` coincide with those of a Property
Graph. All axioms (a)–(f) of Definition 1.10 follow immediately.

For (ii), since Σ has only one element, _ carries no additional information; and because ` ≡ ⊥, no vertex or
hyperedge carries a property. Thus � = (+, �) satisfies exactly the conditions of Definition 1.3, concluding
the proof. �

Remark 2.6. Theorem 2.5 shows that Property HyperGraphs strictly extend both Property Graphs and classical
Hypergraphs. In applications where hyperedges of varying cardinalities carry labels and attributes, Property
HyperGraphs offer a unified modelling framework.

3 Main Result: Property SuperHyperGraphs

We introduce and formalise the concept of a Property SuperHyperGraph.

Fix a finite base set +0 and three (possibly infinite) sets

Σ (=-hyperedge–label alphabet),  (property keys), ( (property values),

together with a distinguished symbol ⊥ ∉ (.

Definition 3.1 (Property =-SuperHyperGraph). Define iterated powersets

P0 (+0) = +0, P:+1 (+0) = P
(
P: (+0)

)
.

A property =-SuperHyperGraph is a quadruple

� (=) =
(
+ (=) , � (=) , _, `

)
where

(a) + (=) ⊆ P= (+0) and � (=) is a finite family of non‐empty subsets of P= (+0).

(b) _ : � (=) → Σ assigns a label to each =‐superedge.
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(c) ` : (+ (=) ∪ � (=) ) ×  → ( ∪ {⊥} is the property map, with

`(G, :) =
{
B ∈ (, if G has key : with value B,
⊥, otherwise.

We write
keyset(G) = { : ∈  | `(G, :) ≠ ⊥}, val(G, :) = `(G, :) (: ∈ keyset(G)).

Example 3.2 (Property 3-SuperHyperGraph for Image Classification Dataset). Wemodel a hierarchical image
classification dataset with individual images (level 0), species classes (level 1), genera groups (level 2), and
dataset splits (level 3).

Base set of images (+0).
+0 = { 81, 82, 83, 84, 85, 86}.

Assign each image properties:

`(8 9 , resolution) = ‘‘1024×768’’, `(8 9 , date) = ‘‘2025-06-01’’ ( 9 = 1, . . . , 6).

Species classes (P1 (+0): 1-supervertices). Group images by species:

�Cat = {81, 82}, �Dog = {83, 84}, �Bird = {85, 86}.

Set
+ (1) = {�Cat, �Dog, �Bird},

with properties
`(�Cat, species) = ‘‘Felis catus’’, `(�Cat, count) = 2,

`(�Dog, species) = ‘‘Canis lupus’’, `(�Dog, count) = 2,

`(�Bird, species) = ‘‘Passer domesticus’’, `(�Bird, count) = 2.

Genus groups (P2 (+0): 2-supervertices). Group species by genus:

�Felidae = {�Cat}, �Canidae = {�Dog}, �Passeridae = {�Bird}.

Set
+ (2) = {�Felidae, �Canidae, �Passeridae},

with properties
`(�Felidae, genus) = ‘‘Felis’’, `(�Felidae, numSpecies) = 1,

`(�Canidae, genus) = ‘‘Canis’’, `(�Canidae, numSpecies) = 1,

`(�Passeridae, genus) = ‘‘Passer’’, `(�Passeridae, numSpecies) = 1.

Dataset splits (P3 (+0): 3-supervertices). Partition genera into splits:

(Train = {�Felidae, �Canidae}, (Test = {�Passeridae}.

Set
+ (3) = {(Train, (Test},

with properties
`((Train, split) = ‘‘Train’’, `((Train, fraction) = 0.8,

`((Test, split) = ‘‘Test’’, `((Test, fraction) = 0.2.
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3-Superedges (full dataset). Link both splits into the complete dataset:

� (3) =
{
4Full

}
, 4Full = {(Train, (Test}.

Let the label alphabet be Σ = {ImageNetSubset}. Then

_(4Full) = ImageNetSubset, `(4Full, version) = ‘‘v1.0’’.

Keysets and values. For example,

keyset(�Dog) = {species, count}, val(�Dog, species) = ‘‘Canis lupus’’,

keyset(�Passeridae) = {genus, numSpecies}, val(�Passeridae, numSpecies) = 1,

keyset(4Full) = {version}, val(4Full, version) = ‘‘v1.0’’.

Thus
� (3) =

(
+ (3) , � (3) , _, `

)
satisfies Definition 3.1, modeling a hierarchical image‐classification dataset with richly attributed images,
species classes, genera, and dataset splits.

Example 3.3 (Property 3-SuperHyperGraph for Multi-Tier Database Systems). We model a typical multi-tier
database architecture with columns (level 0), tables (level 1), schemas (level 2), and clusters of schemas (level
3).

Level 0 — Columns (+0).

+0 = { user_id, username, email, order_id, order_date, product_id, quantity, price }.

Assign each column properties:

`(2, name) = 2, `(2, dataType) ∈ {INT, VARCHAR, DATE, DECIMAL}.

Level 1 — Tables (P1 (+0)). Define three tables as sets of columns:

)Users = {user_id, username, email},

)Orders = {order_id, user_id, order_date},

)Items = {order_id, product_id, quantity, price}.

Set
+ (1) = {)Users, )Orders, )Items},

and assign
`()Users, tableName) = ‘‘Users’’, `()Users, rowCount) = 120000,

`()Orders, tableName) = ‘‘Orders’’, `()Orders, rowCount) = 450000,

`()Items, tableName) = ‘‘Items’’, `()Items, rowCount) = 950000.

Level 2 — Schemas (P2 (+0)). Group tables into logical schemas:

(Sales = {)Users, )Orders, )Items}, + (2) = {(Sales}.

Assign schema properties:

`((Sales, schemaName) = ‘‘SalesDB’’, `((Sales, version) = ‘‘v1.2’’.
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Level 3 — Clusters (P3 (+0)). Define two clusters of schemas for high availability:

�Primary = {(Sales}, �Replica = {(Sales}, + (3) = {�Primary, �Replica}.

Assign cluster properties:

`(�Primary, clusterRole) = ‘‘Primary’’, `(�Primary, region) = ‘‘us-east-1’’,

`(�Replica, clusterRole) = ‘‘Replica’’, `(�Replica, region) = ‘‘us-west-2’’.

3-Superedges — Enterprise System. Link both clusters under the enterprise system:

� (3) =
{
4Enterprise

}
, 4Enterprise = {�Primary, �Replica}.

Let Σ = {EnterpriseDB}. Then

_(4Enterprise) = EnterpriseDB, `(4Enterprise, admin) = ‘‘DBA Team’’, `(4Enterprise, uptime_SLA) = 99.99.

Keysets and Values. For example,

keyset()Items) = {tableName, rowCount}, val()Items, rowCount) = 950000,

keyset(�Replica) = {clusterRole, region}, val(�Replica, region) = ‘‘us-west-2’’,

keyset(4Enterprise) = {admin, uptime_SLA}, val(4Enterprise, uptime_SLA) = 99.99.

Thus
� (3) =

(
+ (3) , � (3) , _, `

)
satisfies Definition 3.1, modeling a distributed multi-tier database systemwith richly attributed columns, tables,
schemas, and clusters.

Example 3.4 (Property 2-SuperHyperGraph for Corporate Organization). We model a company’s hierarchy
with employees (level 0), teams (level 1), and departments (level 2).

Base set of employees (+0).
+0 = {Alice, Bob, Carol, Dave}.

Each employee E ∈ +0 carries properties:

`(E, name) =


‘‘Alice’’, E = Alice,
‘‘Bob’’, E = Bob,
‘‘Carol’’, E = Carol,
‘‘Dave’’, E = Dave,

`(E, role) ∈ {‘‘Engineer’’, ‘‘Manager’’},

`(E, hireYear) ∈ {2018, 2019, 2020, 2021}.

Teams (P1 (+0): 1-supervertices). Define two teams:

)� = {Alice,Bob}, )� = {Carol,Dave}.

Set
+ (1) = {)�, )�}, `()�, teamLead) = ‘‘Alice’’, `()�, location) = ‘‘HQ–Building 1’’,

`()�, teamLead) = ‘‘Carol’’, `()�, location) = ‘‘Office 2’’.
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Departments (P2 (+0): 2-supervertices). Form two departments as sets of teams:

�- = {)�}, �. = {)�}, + (2) = {�-, �. }.

Assign
`(�-, deptHead) = ‘‘Bob’’, `(�-, budget) = 500000,

`(�. , deptHead) = ‘‘Dave’’, `(�. , budget) = 300000.

2-Superedges (linking departments). We group both departments under the same company:

� (2) =
{
4Corp

}
, 4Corp = {�-, �. }.

Let the label alphabet Σ = {AcmeCorp}. Then

_(4Corp) = AcmeCorp, `(4Corp, fiscalYear) = 2025, `(4Corp, region) = ‘‘Global’’.

Keysets and values. For instance,

keyset(Carol) = {name, role, hireYear}, val(Carol, role) = ‘‘Manager’’,

keyset(�-) = {deptHead, budget}, val(�-, budget) = 500000,

keyset(4Corp) = {fiscalYear, region}, val(4Corp, region) = ‘‘Global’’.

Thus � (2) = (+ (2) , � (2) , _, `) satisfies Definition 3.1: supervertices are departments, superedges link depart-
ments into the company, and each entity carries labels and properties describing roles, budgets, and organiza-
tional structure.

Example 3.5 (Property 3-SuperHyperGraph for Environmental Monitoring Network). We model a three-level
environmental monitoring network: individual sensors (level 0), sensor clusters (level 1), regions (level 2), and
national zones (level 3).

Base set of sensors (+0).
+0 = { B1, B2, B3, B4}.

Assign each sensor two properties:

`(B1, location) = ‘‘North Field’’, `(B1, sensorType) = ‘‘Temperature’’,

`(B2, location) = ‘‘North Field’’, `(B2, sensorType) = ‘‘Humidity’’,

`(B3, location) = ‘‘South Valley’’, `(B3, sensorType) = ‘‘Temperature’’,

`(B4, location) = ‘‘South Valley’’, `(B4, sensorType) = ‘‘Humidity’’.

Sensor clusters (P1 (+0): 1-supervertices). Form two clusters of nearby sensors:

�# = {B1, B2}, �( = {B3, B4}, + (1) = {�# , �(}.

Each cluster carries properties:

`(�# , clusterID) = ‘‘North-01’’, `(�# , manager) = ‘‘Alice’’,

`(�( , clusterID) = ‘‘South-01’’, `(�( , manager) = ‘‘Bob’’.
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Regions (P2 (+0): 2-supervertices). Group clusters into two regions:

'North = {�# }, 'South = {�(}, + (2) = {'North, 'South}.

Assign regional properties:

`('North, regionName) = ‘‘Northern Zone’’, `('North, supervisor) = ‘‘Carol’’,

`('South, regionName) = ‘‘Southern Zone’’, `('South, supervisor) = ‘‘Dave’’.

Zones (P3 (+0): 3-supervertices). Define two national zones:

/A = {'North}, /B = {'South}, + (3) = {/A, /B}.

Each zone has properties:

`(/A, zoneCode) = ‘‘ZA’’, `(/A, climate) = ‘‘Temperate’’,

`(/B, zoneCode) = ‘‘ZB’’, `(/B, climate) = ‘‘Arid’’.

3-superedges (national network). We link both zones under the national monitoring system:

� (3) =
{
4Nat

}
, 4Nat = {/A, /B}.

Let the label alphabet be Σ = {EnvNet}. Then

_(4Nat) = EnvNet, `(4Nat, operator) = ‘‘EnvDept’’, `(4Nat, capacity) = 10000.

Keysets and values. For example,

keyset(B1) = {location, sensorType}, val(B1, sensorType) = ‘‘Temperature’’,

keyset('South) = {regionName, supervisor}, val('South, supervisor) = ‘‘Dave’’,

keyset(4Nat) = {operator, capacity}, val(4Nat, capacity) = 10000.

Thus
� (3) =

(
+ (3) , � (3) , _, `

)
satisfies Definition 3.1, modelling a hierarchical environmental‐sensor network with richly attributed sensors,
clusters, regions, and zones.

Theorem 3.6 (Generalisation of Property Graphs, HyperGraphs, and =-SHGs). Let

� (=) = (+ (=) , � (=) , _, `)

be a property =-SuperHyperGraph as in Definition 3.1. Then:

(i) If = = 1, every 1-superedge has size two, and we choose an orientation on each, then � (1) reduces to a
Property Graph as in Definition 1.10.

(ii) If = = 1, Σ = {f0} is a singleton, and ` ≡ ⊥, then � (1) collapses to a classical Hypergraph (+ (1) , � (1) ).

(iii) If Σ = {f0} and ` ≡ ⊥, then � (=) collapses to an ordinary =-SuperHyperGraph (+ (=) , � (=) ).
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Proof. (i) When = = 1, we have + (1) ⊆ P(+0) and � (1) ⊆ {non‐empty subsets of +0}. Requiring each
hyperedge 4 ∈ � (1) to satisfy |4 | = 2 and then choosing an ordering (D, E) endows 4 with source and target
functions B(4) = D, C (4) = E. The maps _ and ` then satisfy exactly the axioms of a Property Graph.

(ii) If Σ is a singleton and ` ≡ ⊥, then labels and properties carry no information. Thus � (1) = (+ (1) , � (1) )
satisfies precisely the definition of a Hypergraph.

(iii) For general =, the same argument shows that trivializing labels and properties makes � (=) an ordinary
=-SuperHyperGraph, since only the sets + (=) and � (=) remain. �

Remark 3.7. Theorem 3.6 demonstrates that Property =-SuperHyperGraphs form a single, coherent framework
encompassing:

• Property Graphs (as = = 1 with 2-uniform edges),

• classical HyperGraphs (as trivial properties and labels, = = 1),

• ordinary =-SuperHyperGraphs (as trivial properties and labels).

This unification facilitates the modelling of richly‐attributed, multi‐layered relational data.

Theorem 3.8 (Induced Sub-=-SuperHyperGraph). Let

� (=) = (+ (=) , � (=) , _, `)

be a property =-SuperHyperGraph on the base set +0. For any subset*0 ⊆ +0 define

+
(=)
*

:=
{
G ∈ + (=) | G ⊆ P=−1 (*0)

}
, �

(=)
*

:=
{
4 ∈ � (=) | 4 ⊆ + (=)

*

}
.

Equip � (=)
*

= (+ (=)
*
, �

(=)
*
, _ |

�
(=)
*

, ` | (+ (=)
*

∪� (=)
*

)× ). Then � (=)
*

is again a property =-SuperHyperGraph (on
base*0).

Proof. We must check the three parts of Definition 3.1 for � (=)
*

:

(a) By construction + (=)
*

⊆ P= (*0) ⊆ P= (+0) and � (=)
*

is a family of non-empty subsets of + (=)
*

⊆ P= (*0).

(b) The label map _ restricted to � (=)
*

still takes values in Σ.

(c) The property map `, when restricted to (+ (=)
*

∪ � (=)
*

) ×  , still assigns to each pair either an element of
( or ⊥.

All axioms of Definition 3.1 are therefore inherited, so � (=)
*

is a property =-SuperHyperGraph on the smaller
base*0. �

Theorem 3.9 (Flattening Projection). Let

� (=) = (+ (=) , � (=) , _, `)

be a property =-SuperHyperGraph. Define the flattening map

i : P= (+0) −→ P =−1 (+0), i(-) =
⋃
G∈-

G.

Assume that

• _ is constant on each fibre of i (so that _ factors through i), and

• `(H, :) = `(H′, :) whenever i(H) = i(H′) for all : ∈  .
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Then
�′ =

(
i(+ (=) ), i(� (=) ), _′, `′

)
is a property (= − 1)-SuperHyperGraph, where

_′ (4′) = _(4) (i(4) = 4′), `′ (I′, :) = `(I, :) (i(I) = I′).

Proof. We verify Definition 3.1 for �′ with “=” replaced by “= − 1”:

(a) By definition i(+ (=) ) ⊆ P=−1 (+0) and each i(4) ⊆ i(+ (=) ) is non-empty.

(b) _′ is well-defined because _ is constant on fibres. Its codomain remains Σ.

(c) `′ is well-defined by the second assumption; it maps into ( ∪ {⊥}.

Hence �′ satisfies all requirements of a property (= − 1)-SuperHyperGraph. �

Theorem 3.10 (Uniformity and :-Uniform Level-= Substructures). Let

� (=) = (+ (=) , � (=) , _, `)

be a property =-SuperHyperGraph. Suppose there exists an integer : ≥ 1 such that for every 4 ∈ � (=) , |4 | = : .
Then (+ (=) , � (=) , _, `) is a :-uniform property =-SuperHyperGraph, and in particular each level-= superedge
links exactly : supervertices. Moreover, any subset � ′(=) ⊆ � (=) inherits the same uniformity.

Proof. By hypothesis, every =-superedge 4 ∈ � (=) has cardinality : , so the definition of :-uniformity is im-
mediate. Restricting to � ′(=) clearly preserves the condition |4 | = : for all 4 ∈ � ′(=) . Labels and properties
remain unchanged under restriction, so all axioms of Definition 3.1 hold on the uniform subfamily. �

Theorem 3.11 (Disjoint Union). Let

�
(=)
1 = (+ (=)

1 , �
(=)
1 , _1, `1), �

(=)
2 = (+ (=)

2 , �
(=)
2 , _2, `2)

be two property =-SuperHyperGraphs over disjoint base sets + (1)
0 and + (2)

0 , with + (1)
0 ∩+ (2)

0 = ∅. Define

+ (=) = +
(=)
1 ∪ +

(=)
2 , � (=) = �

(=)
1 ∪ �

(=)
2 ,

and extend _ and ` by

_(4) =
{
_1 (4), 4 ∈ � (=)

1 ,

_2 (4), 4 ∈ � (=)
2 ,

`(G, :) =
{
`1 (G, :), G ∈ + (=)

1 ∪ � (=)
1 ,

`2 (G, :), G ∈ + (=)
2 ∪ � (=)

2 .

Then
(
+ (=) , � (=) , _, `

)
is a property =-SuperHyperGraph on base + (1)

0 ∪+ (2)
0 .

Proof. We check Definition 3.1 for the union:

(a) Since + (=)
1 ⊆ P= (+ (1)

0 ) and + (=)
2 ⊆ P= (+ (2)

0 ), their union lies in P= (+ (1)
0 ∪ + (2)

0 ). Likewise each � (=)
8

is
a family of non‐empty subsets of + (=)

8
, so � (=) is a family of non‐empty subsets of + (=) .

(b) The label map _ is well‐defined on � (=) and takes values in Σ.

(c) The property map ` is well‐defined on (+ (=) ∪ � (=) ) × , assigning each pair either an element of ( or ⊥.

All axioms of Definition 3.1 are therefore satisfied. �
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Theorem 3.12 (Line Graph as Property Graph). Let

� (=) = (+ (=) , � (=) , _, `)

be a property =-SuperHyperGraph. Its line graph ! (� (=) ) is defined as the septuple

! (� (=) ) =
(
+� , �� , B, C, _� , `� , ⊥

)
,

where
+� = � (=) , �� =

{
(41, 42) | 41, 42 ∈ � (=) , 41 ≠ 42, 41 ∩ 42 ≠ ∅

}
,

B(41, 42) = 41, C (41, 42) = 42,

_� (41, 42) =
(
_(41), _(42)

)
∈ Σ × Σ, `� (G, :) =

{
`(G, :), G ∈ +� ∪ �� ,
⊥, otherwise,

and ⊥ ∉ (. Then ! (� (=) ) is a Property Graph in the sense of Definition 1.10.

Proof. We check the clauses of Definition 1.10:

(a) +� = � (=) is finite or countable since � (=) is finite.

(b) �� is a finite set of ordered pairs of elements of +� .

(c) The source and target functions B, C : �� → +� are given by projection.

(d) The label function _� : �� → Σ × Σ is well‐defined.

(e) The property map `� : (+� ∪ ��) × → ( ∪ {⊥} extends the original ` and yields either a value in ( or
⊥.

(f) ⊥ is not in ( by construction.

Hence ! (� (=) ) satisfies all requirements of a Property Graph. �

Theorem 3.13 (Iterated Flattening). Let

� (=) = (+ (=) , � (=) , _, `)

be a property =-SuperHyperGraph and fix an integer 1 ≤ : ≤ =. Define the :-fold flattening

i (: ) = i ◦ i ◦ · · · ◦ i︸            ︷︷            ︸
: times

: P= (+0) −→ P =−: (+0),

where i is as in Theorem 3.9. If _ and ` factor through each intermediate i, then

� (=−: ) =
(
i (: ) (+ (=) ), i (: ) (� (=) ), _ (: ) , ` (: )

)
is a property (= − :)-SuperHyperGraph, with labels and properties induced by composition.

Proof. We proceed by induction on : .

Base case (: = 1): This is exactly Theorem 3.9.

Induction step: Assume the statement holds for : . Then we have

� (=−: ) =
(
+ (=−: ) , � (=−: ) , _ (: ) , ` (: )

)
a property (= − :)-SHG. Applying Theorem 3.9 once more to � (=−: ) yields a property (= − : − 1)-SHG(
i(+ (=−: ) ), i(� (=−: ) ), _ (:+1) , ` (:+1) ), where_ (:+1) and ` (:+1) remainwell‐defined because they factor through
i. But i ◦ i (: ) = i (:+1) , completing the induction. �
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4 Conclusion and Outlook

This study has shown how the descriptive capabilities of Property Graphs can be elevated to the richer frame-
works of HyperGraphs and SuperHyperGraphs. We provided rigorous definitions for each generalisation and
reported initial results that highlight their modelling potential.

Future work may explore further extensions based on advanced uncertainty formalisms—including Fuzzy Sets
[39, 40], Vague Sets [41, 42], Intuitionistic Fuzzy Sets [43, 44], Paraconsistent Set [45–47], Soft Sets [48, 49],
Picture Fuzzy Set [50,51], Rough Sets [52–54], Neutrosophic Sets (and their quadri-partitioned variants) [55–
57], HyperFuzzy Sets [58–62], Hesitant Fuzzy Sets [63, 64], and Plithogenic Sets [65, 66]. Each of these set-
theoretic paradigms already possesses a graph-theoretic interpretation, and incorporating them into the Property
HyperGraph and Property SuperHyperGraph frameworks promises a fertile direction for research.
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