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Abstract

Accurate quantification of soft tissue material parameters is essential for tissue mechanics sim-
ulations, medical device design, surgical planning, and non-invasive diagnostics. Finite ele-
ment analysis (FEA) is commonly employed, but generating accurate simulations often requires
patient- and location-specific tissue material parameters. Although soft tissue constitutive models
are well-developed, practical implementation is limited by the invasive nature of experiments re-
quired for fitting model parameters. Non-invasive methods, such as indentation and suction, offer
in vivo applicability but typically lack analytical solutions that would allow direct fitting of ma-
terial parameters. Consequently, parameter identification becomes an inverse problem solved via
FEA, which is often ill-posed, yielding multiple sets of seemingly optimal parameters, especially
with limited experimental data. This non-uniqueness undermines the reliable prediction of tissue
response under varying loads. This study investigates the identifiability of transversely isotropic
hyperelastic material parameters through macro-scale indentation, combining simultaneous mea-
surements of force and full-field surface deformation. We use a simplified two-parameter con-
stitutive model to represent a soft composite phantom and compare the homogenized parameters
identified through indentation with those obtained from separate analyses of the matrix and fiber
materials. Our findings indicate that a measurement error of 5% leads to certainty bounds of
+5.2% and +28% for the isotropic and anisotropic parameters, respectively, when utilizing com-
bined force-deformation data. In contrast, when only force data is considered, they are +22.5%
and +210%, respectively. These results demonstrate that surface deformation measurements are
crucial for uniquely identifying anisotropic hyperelastic parameters through indentation. Further
research is needed to evaluate identifiability in more complex models and in vivo indentation
scenarios.

Statement of significance

Understanding how anisotropic soft tissues respond to loads is important for designing better
medical devices, improving surgical planning, and developing new diagnostic tools. However, it
is challenging to model and quantify the mechanical properties of these tissues without destruc-
tive procedures. This study demonstrates that combining indentation tests with 3D imaging to
track surface deformations enables the identification of transversely isotropic hyperelastic mate-
rial parameters with substantially smaller uncertainty compared to standard indentation. These
findings can help improve the accuracy and fidelity of patient-specific biomechanical models.

Keywords: Digital image correlation (DIC), Fiber-reinforced silicone phantom,
Hyperelasticity, Inverse finite element analysis (iIFEA), Optimization
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1. Introduction

Accurate modeling and quantification of the mechanical responses of biological soft tissues
are critical in various applications, including the design of medical devices that mechanically
interact with tissues [1, 2, 3, 4, 5], the development of realistic tissue phantoms for surgical
training [6, 7, 8], the construction of numerical simulations for surgical planning [9, 10, 11], and
the development of diagnostic and prediction tools [12, 13, 14].

A key characteristic of many soft tissues is the presence of collagen fibers, which are sig-
nificantly stiffer than the surrounding elastin [15]. Collagen fiber distribution results in highly
nonlinear behavior and a pronounced anisotropy [16]. Moreover, the mechanical properties of
these tissues are highly specific to both the anatomical region and the individual, with estimates
differing by up to four orders of magnitude across and among individuals [17, 18]. Consequently,
many applications necessitate mechanical properties assessment on a per-case and per-patient ba-
sis.

Although the mathematical formulations of the constitutive laws that describe the mechanical
response of soft tissues are well-researched, much of the experimental work aimed at fitting the
material parameters of these constitutive models relies on testing procedures that require invasive
test specimen preparation. These procedures often disrupt and damage the tissues [19], making
them unsuitable for in vivo applications.

To address this challenge, indentation (e.g., [20, 21, 22]) and suction (e.g., [23, 24, 25]) tech-
niques have emerged as promising methods for non-invasive, in situ, or in vivo assessment of soft
tissue material properties. Due to the lack of closed-form solutions for the stress-stretch relations
in the general case of large-deformation indentations, parameter identification is performed us-
ing numerical inverse methods. These methods rely on finite element (FE) simulations, in an
approach that is typically referred to as inverse finite element analysis iIFEA) or finite element
model updating (FEMU) [26, 27, 28]. This method involves iteratively adjusting the values of
the material parameters to minimize the differences between simulation results and experimental
measurements. Importantly, this process can be sensitive to the choice of experimental design
and measurement modalities.

The task of identifying material parameters through iFEA involves several complexities and
challenges. Even with standardized protocols, such as uniaxial and biaxial tension tests, material
parameter identification can be challenging due to the occurrence of multiple sets of parameters
that exhibit equivalent optimality [29, 30]. This non-uniqueness problem is amplified for large-
deformation indentations [31, 32, 33, 34], especially when considering anisotropy [35, 36].

It is important to note that using any arbitrary set of parameters from these multiple options
may not significantly affect results if the material is evaluated under loading conditions similar
to those used during characterization. However, the reliability of predictions for other loading
conditions might heavily depend on the selection of an appropriate material parameter set [37,
38, 39, 40]. While there is a clear need for identifying a unique set of parameters, there remains
a lack of available research on how to accomplish this.

To assess the uniqueness or identifiability of material parameters, optimization algorithms are
often initiated at multiple initial values [41, 42]. Alternatively, analyzing the model’s sensitivity
to the different parameters can help determine the range of certainty for the best-fit parameters
[43, 44]. This approach allows for a systematic analysis of how measurement errors propagate
into uncertainty bounds in parameter identification [45].
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While it is generally accepted that the uniqueness problem can be tackled by increasing
the quantity and richness of experimental data, the sensitivity of the different measurements to
changes in the parameters must be examined on a case-by-case basis. Previous studies have in-
vestigated various experimental designs and measurement modalities to identify a unique set of
material properties through indentation. It has been demonstrated that indentation force-depth
data alone cannot yield a unique set of two or more isotropic hyperelastic parameters, and that
it is necessary to combine information on shape and force [46, 33, 32, 47]. Uniqueness consid-
erations regarding viscoelastic and poroelastic properties have also been studied [28, 40]. For
anisotropic hyperelastic materials, this has been attempted in several ways. One approach in-
volves using an asymmetric indenter while measuring only the indentation force—depth relation
[48, 49, 50]. However, this approach requires accurate alignment between the fiber directions
and the indenter’s orientation, and misalignment can substantially decrease the certainty in the
parameter identification. Another approach involves measuring the contact aspect ratio of the in-
denter using a stamp indentation, which helps identify the fiber direction, but has limited success
at uniquely identifying material properties [51]. Additionally, using different indentation angles
has been proposed, though without disclosing any findings regarding the parameter identifiabil-
ity in this approach [52]. Finally, in-plane deformations of the samples’ bottom surface have
been tracked using 2D digital image correlation (DIC) [35, 53]. However, this technique is not
applicable in vivo and has demonstrated limited sensitivity of the experimental measurements to
changes in certain constitutive parameters.

Considering the high computational demands of iterative iFEA, which involves conducting
simulations that closely resemble experimental tests numerous times, it is generally more benefi-
cial to enhance the variety of measurement modalities within a single test rather than to increase
the number of tests conducted.

To this end, the current study focuses on identifying hyperelastic transversely isotropic prop-
erties through macro-indentation. Our goals are to determine parameter identifiability when
utilizing combined measurements of force and surface deformation. We estimate the certainty
bounds for each parameter and evaluate the contribution of each measurement to their identifica-
tion. By examining the quasi-static nonlinear response of a soft composite phantom, we evaluate
our results against standardized tests.

2. Methods

2.1. Overview

The main goal of this research is to investigate the identifiability of homogenized material
parameters that characterize anisotropic soft tissues through indentation using iFEA. To evaluate
the accuracy of our approach, we employ a synthetic anisotropic composite tissue phantom.
This phantom, designed as a scaled representation of a biological tissue section, allows for the
estimation of its homogenized material parameters through separate characterization of its matrix
and fiber constituents, providing a benchmark for comparison. Given the numerous factors that
affect material parameter identification, we perform a numerical sensitivity analysis and carefully
consider the certainty in the resulting material parameter values. To validate our findings, we
individually analyze the mechanical properties of the matrix and fiber materials of the composite,
which are then used to construct a finite element model (FEM) of the composite and simulate
its mechanical response. This response is then fitted to a homogenized anisotropic material
model, with the resulting parameters compared to those obtained from performing iFEA of the
indentation experiments. The structure of the work is outlined in Figure 1.
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Figure 1: Flowchart of material parameter identification and validation procedures.

2.2. Synthetic anisotropic composite phantom fabrication

To develop a synthetic anisotropic composite phantom with reproducible properties, we use
a platinum-catalyzed silicone-based elastomer as a matrix material to mimic soft tissue-like hy-
perelastic behavior. While it has been widely used for synthetic tissue phantoms [54, 55, 56], its
use in anisotropic tissue phantoms is less explored.

To fabricate the composite specimen, we mold the silicone elastomer into a 3D-printed mold
with stiffer fibers. First, we prepare a mold with dimensions of 100x100x60 mm? by sequentially
layering 3D-printed sheets of thermoplastic polyurethane (TPU) eTPU-95A (Esun Industrial Co.,
Ltd., Shenzhen, China), each incorporating 12 uniformly spaced fibers, each having a cross-
sectional area of 1.6 x 1.6 mm?. To ensure alignment and stability, we print the fibers with the
surrounding mold material. This process yields an empty shell with evenly distributed fibers.
Subsequently, we fill the mold with Ecoflex™ 00-20 silicone (Smooth-On, Inc., Macungie, PA,
USA). After curing, we remove the outer TPU shell by cutting the fibers to separate them from the
shell. The full process steps and illustrations are detailed in the supplementary file S1. The final
composite is a rectangular silicone cuboid encompassing 168 TPU fibers, with a fiber volume
fraction (FVF) of 7%. Finally, we apply a thin layer of black silicone paint on the top face and
then spray white paint to create a speckle pattern with an approximate feature size of 0.4 mm, as
shown in Figure 2.

2.3. Composite matrix and fiber material parameter estimation

To establish the "ground truth" material parameters for the composite, we perform uniaxial
tests on each individual constituent material to characterize their mechanical properties. We
perform the experiments using an eXpert 8000 planar biaxial system (ADMET, Norwood, MA,
USA), equipped with an Interface WMC-50 50 1bf load cell, utilizing only one axis.

To characterize the matrix material, we mold Ecoflex™ (00-20 specimens into cylinders with
aradius of 13 mm and a length of 250 mm, and fashion the ends into wedges for secure gripping
in the machine. A speckle pattern is applied to the specimen for tracking its deformations with
cameras, using DIC. Image processing is carried out using a subset size (SS) of 23 pixels, a
step size (ST) of 9 pixels, and a strain window (SW) of 7. The strain tensor is derived from the
displacement data using a Green-Lagrange-Q4 polynomial. 30 stretch steps are performed until
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Figure 2: TPU-silicone fiber-reinforced transversely isotropic composite. Note the speckle pattern applied to the top
surface to allow surface deformation measurement around the indenter, using DIC.

its length is doubled (4 = 2). The data is extracted quasi-statically, with a pause of at least 30 s
between steps. The force and DIC measurements are processed to extract the true stress and the
axial and transverse stretches at each deformation step.

Additionally, we perform an unconfined uniaxial compression experiment. We cut the cylin-
ders used in the uniaxial stretch experiments down to a length of 34 mm and place them between
two compression plates with a rough contact surface. 15 compression steps are performed at
intervals of 0.5 mm until the specimen’s curved surface comes in contact with the plates. The
data is extracted quasi-statically, with a pause of at least 30 s between steps. Since this exper-
iment results in non-homogeneous conditions, we identify the material parameters using iFEA.
Considering symmetry, we simulate half of the cylinder, apply symmetry boundary conditions,
and iterate the FEM parameters to minimize the objective function that describes the discrepan-
cies in force between the measured and simulated values. The final material parameters are the
optimized best fit for both tension and compression with equal weights.

For characterizing the fiber material, we conduct uniaxial tension experiments directly on the
eTPU-95A filaments. Due to their narrowness, we do not apply DIC and assume incompressibil-
ity. The filaments are extended at a rate of 0.01 mm/s until their length is doubled (1 = 2).

2.4. Finite element models

All FE simulations are performed using the FE solver FEBio version 4.4 [57]. We use MAT-
LAB 9.13 R2022b (The Mathworks Inc., Natick, MA, USA) with the GIBBON open-source
toolbox version 3.5.0 [58] for preprocessing and postprocessing the simulations. All the analy-
ses are performed on a Windows 11 PC equipped with an Intel Core 19-12900K 3.2 GHz CPU
and 32GB of RAM.

2.4.1. Homogeneous FEM
The FEM used for the homogeneous constitutive law simulations features a 50x 50 x 60 mm?
rectangular cuboid representing a symmetric quarter of the test sample, in order to reduce com-
putation time, and a rigid sphere representing a spherical indenter with radius of R = 4.77 mm
as shown in Figure 3, or R = 8§ mm. A zero-displacement boundary condition is applied to all
6
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bottom nodes. The surface of the spherical rigid indenter is modeled with 320 triangular shell
elements (tri3 in FEBio), and is prescribed with downward vertical displacements to preset
indentation depths. Contact is implemented using FEBio’s sliding-elastic contact formulation,
with a large coefficient (fric_coeff = 1 x 10%) to enforce a near-perfect stick condition. This
assumption is supported by preliminary tests in which we applied lateral forces and observed no
measurable slip between the indenter and the silicone.

Meshing the specimen with hexahedral elements (hex8 in FEBio) is generated using Cubit
2023.4 (Coreform LLC, Orem, Utah, USA). A mesh convergence study is performed by com-
paring the forces and displacements obtained using different mesh densities. Note that although
a wide range of material properties is used in the study, it is assumed that the mesh convergence
results obtained using a specific parameter set are applicable to all other sets. We use the consti-
tutive law described in (3) with the parameters ¢; = 9.4 kPa, ¢s = 321 kPa, and x = 1000 kPa.
A very fine mesh (27,255 nodes and 25,841 linear hexahedral elements) serves as the "ground
truth" results for evaluating the following mesh convergence errors:
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(1b)

where N, denotes the number of elements in the mesh, N, denotes the number of elements of the
"ground truth" mesh, N, the number of loading steps, and N, (N,) is the number of surface nodes
of the contact surface between the indenter and the cube (DIC measurable displacement). F (N,)
denotes the vector of indentation forces at all indentation steps, the vector u”(N,) denotes the
final displacement of the i"" node, and the vector u”(N,) denotes the “true” final displacement of
the i” node, obtained by interpolating the numerical results of N, at the equivalent nodes in the
different meshes.

Several different meshes were proposed, differing by the area of refinement and the refine-
ment levels within it. Following the analysis, we choose a model with 1,252 nodes and 1,113
elements that yields a relative error of less than 1%, while maintaining a short runtime of about
6 s, as shown in Figure 4.

2.4.2. Composite FEM

For validation purposes, we construct an FEM of the TPU fiber-reinforced silicone compos-
ite. This model comprises two distinct element sets for the fibers and the matrix, each with the
individual constituent material parameters estimated as described in subsection 2.3. The compos-
ite FEM features a total of 97,163 nodes and 86,400 hex8 elements, and is illustrated in Figure 5.
This FEM serves two main purposes: first, it is simulated under biaxial conditions to extract the
homogenized anisotropic material parameters. Second, it is used in an indentation simulation to
validate that our boundary condition implementation accurately reproduces the indentation setup
and demonstrates how homogenization emerges as the fibers and matrix interact. Both validation
processes are detailed in subsection 2.9.

2.5. Constitutive model

To characterize the homogeneous behavior of the composite, we use a fiber-reinforced Neo-
Hookean model that is expressed using the following strain energy density (SED) function:
7
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Y=y -3)+es(VI— 1) —esn Iy )

where I; is the first invariant of the right Cauchy-Green deformation tensor C = FT F, if A is the
stretch along the fiber direction then Iy = A2 and 6 = {c, cs} are the material parameters.

It is important to note that while this incompressible regular form is used for all analytical
analyses in this work, we utilize the nearly incompressible equivalent of the constitutive law
for numerical computations using FE that uses an uncoupled formulation of the deviatoric and
volumetric responses. Considering the deviatoric part of the deformation gradient tensor, defined
as F = J7'3F, the material law can be written as

@=q@—$+q(L—D—quZ+%m02 3)

where I is the first invariant of the deviatoric part of the right Cauchy-Green deformation tensor
C = FTF = J213C, J = det(F) is the Jacobian of the deformation that quantifies the dilatation,
and « is a bulk modulus-like parameter that penalizes volume changes [59]. By setting x = 1000
kPa, which is two orders of magnitude greater than the other parameters, we aim to mitigate
potential nonphysical volume changes [60]. This approach ensures that the analytical solutions
remain accurate and that the numerical models converge effectively. This model is based on the
transversely isotropic Mooney-Rivlin model (trans iso Mooney-Rivlinin FEBio) [61]. The
relationship between the complete form and equation (3), as well as the simplifying assumptions,
are detailed in Appendix A.

2.6. Objective function formulation

To determine the p model parameters 6 of a constitutive model, we must evaluate n > p
different states of the system. We do this by defining an objective function that quantifies the
differences between the simulated model predictions and the experimental results at these states.
In this study, the objective function combines four types of relative errors, each reflecting a
different aspect of the test sample’s behavior under the test conditions: the indentation force, and
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the surface displacements in the fiber, transverse, and through-thickness directions (%, , and Z,
respectively). Each value has a corresponding objective function that quantifies the error between
the simulation with a trial parameter set # € ® and the experimental or baseline parameter set
6" € O, where O is the objective function parameter space.

We define the indentation force error Fy and in the surface displacements error in the ik
direction F, u; s

N [ £(0:6) = Forn()\
Ff(O)ZZ(—f ( fzw(g) 2 )) (4a)

N, N, [u;”(a;a)—u‘.” (6)]2

Fu@= > w) e (4b)

max |u j,exp|

where f(8; 6) is the simulated indentation reaction force in the Z direction for an indentation depth
0, u;’)(O; 0) and u;”)exp(é) are the simulated and experimentally measured displacements of the it
node, respectively, with j = 1,2, 3 indicating the spatial directions %, y, Z, respectively. N, € N is
the number of nodes on the top surface of the mesh, where deformation can be measured using
DIC, and wi,') is a weighting factor for the nodal displacements formulated in Appendix B. Lastly,
N is the number of loading steps in the experiment and simulation. Note that due to the differing
units of displacement fields and force, all terms are normalized to dimensionless quantities. The
force balance method [62], defined by (4a), utilizes a normalization term akin to those in previous
studies [33, 63, 64]. The local functions (4b) are based on displacement fields, in contrast with
most classical approaches that rely on strain fields [65]. Since u;,,, could be negligibly small
at certain points, it may produce a singularity in the objective function. To solve this problem,
we use the maximum surface displacement in the experiment as the normalization term. This
provides several advantages: it is easy to measure experimentally and compute, it is stable, and
it penalizes large deviations more than small ones.

Finally, the four objective functions in (4a) and (4b) are combined into a single objective
function using the weighted sum

®)

F(g)zanf+772FL¢1 +773Fu2+774Fu3
m+m+n+na=1, n€[0,1]

where 7; are relative weights that are also subject to optimization. For accurate identification
of each parameter, the objective function should have sufficient sensitivity in all parameter di-
rections. To that end, we aim to determine the constants 7; that maximize the sensitivity of the
objective function, or minimize the uncertainty, with respect to each parameter. To achieve this,
we quantify the certainty for each parameter using the combined objective function (5) and de-
termine the optimal weights 7; using numerical optimization. The certainty in the identification
of each parameter, 6;, is quantified based on the Hessian approximation of the objective function

[45]
0; = 0; + s \|2H;'() (no summation on i) (6)

where @ € @ is the local minima of F (0), H is the Hessian of the objective function at 0

_ 0°F
00,06,
10
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Figure 6: Experimental setup with a sample anisotropic silicone composite. (@) Highlighting the speckle patterns. Note
the speckle pattern on the test sample, the indenter, and the scale. (b) The 3D-DIC camera configuration.

and s is a statistical estimation of the experimental data

n— p.n—=p

s2=( P )F"“ F@®) (8)
p

where we use a value from the F-distribution, denoted F },jn‘f > With p and n—p degrees of freedom,

describing the range in which we expect to fall with a confidence level of (1 — @) - 100% [45].
Initially, we simulate our indentation test using a baseline parameter set = 6*, which is
a guess presumed to approximate the true material parameters (as further discussed in subsec-
tion 4.2). Then, the optimization algorithm aims to find the constants 7; that minimize the cer-
tainty bounds. We use an interior point method optimization via MATLAB’s fmincon function.
This procedure results in the optimal weight configuration for the given experimental setup.

2.7. Experimental setup

The test setup is shown in Figure 6. The specimen is oriented such that the J is directed
towards the fiber direction, and Z points upwards towards the indenter. Surface deformations are
captured using a stereoscopic 3D-DIC setup, consisting of two Blackfly BFS-U3-51S5M cameras
(FLIR LLC, Wilsonville, OR, USA), each equipped with a monochrome Sony IMX264 sensor
with a 2448 x 2048 resolution, and a FUIINON HF25SA-1 lens with a focal length of 25 mm.
The cameras were arranged in a stereoscopic configuration with a stereo angle of approximately
20°, and a baseline separation of approximately 100 mm. Two spherical indenters, with radii
of R = 4.77 mm and R = 8.00 mm, are used for indentation and are connected to a PT1/M-
78 motorized translation stage (Thorlabs, Inc., Newton, NJ, USA), with a translation accuracy of
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10~ mm. Force measurements are continuously captured in 1 s intervals using a RUISHAN high
precision balance scale with a 0.1 g accuracy. A speckle pattern is also applied to the indenter
and scale platform to track their spatial positions with respect to the cameras and the specimen.
During image processing, a subset size (SS) of 17 pixels, a step size (ST) of 7 pixels, and affine
shape functions are employed to calculate displacement data.

A total of 28 indentation steps are performed at 0.5 mm intervals. The data is collected
in a quasi-static manner, allowing for a pause of at least 30 s between each indentation step.
This pause is used to account for viscoelastic stress relaxation, which causes the force to decay
exponentially and approach a constant value after a sufficiently long period [66, 67]. Using
MATLAB’s nlinfit function, we fit the force measurements at each indentation step, d, to an
exponential decay function:

Foxp(@,0) = A@B)e " + foo(6) ©)

where A, b, and f., are the fitted parameters. f.,(9) is the constant value that the force asymptoti-
cally approaches as t — oo for that indentation step, and is taken as the force at static equilibrium.

2.8. Analysis of indentation data

2.8.1. DIC data processing

To facilitate the comparison between simulated and measured surface displacements, the ex-
perimental DIC results are processed to match the FEA nodal positions. This process involves
two main steps: spatial registration of the coordinate systems and interpolation of the data points.
The 3D displacements are extracted from the stereo images using STEREO 2024.2 DIC software
(MatchID, Ghent, Belgium). The data is filtered to exclude regions with poor correlation. Next,
the FEM and the DIC data are carefully aligned, as even minor misalignments can significantly
impact error margins [68]. To align the indenter’s position with respect to the specimen, the top
surface of the indenter’s sphere is also tracked using DIC, and a spherical shape is fitted to these
points. The lowest point of the sphere defines the indentation point, which serves as the origin of
the coordinate system. The specimen’s rotational alignment about the indentation axis is estab-
lished by aligning the coordinate system’s y direction with the fiber direction, which is visible in
the DIC images. Once the coordinate systems are matched, the DIC data are interpolated to fit the
FEM. Interpolating from the finer DIC mesh to the coarser FEM can help reduce interpolation
errors [62]. To interpolate the data, we use weighted averaging based on proximity, where each
FE node on the top surface of the specimen is represented using the positions of its neighboring
DIC points in the undeformed reference configurations. Then, the DIC-derived displacement
of each FE node at each deformed configuration is computed using a weighted average of the
displacements from the neighboring DIC points.

An example of this fitting is shown in Figure 7. Note that some of the surface nodes in the
DIC data are obscured during the experiment and are therefore omitted from the fusion process.

Additionally, to examine whether fiber directions can be detected directly from the measured
DIC data, we computed the principal directions and values of the strain tensors. This was accom-
plished using the open-source DIC Matlab toolbox, DuoDIC [69], which utilizes the Cosserat
point element method to efficiently compute the deformation tensors of triangular elements in
the global 3D coordinate system [70, 71, 72].
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Figure 7: Example of matching between the FEM and the DIC data at the maximum indentation depth. Large markers
represent the points interpolated at the locations of the FEM nodes, and the small gray markers represent the full DIC
data.

2.8.2. Inverse finite elements analysis (iFEA)

To perform the iFEA, we compute the objective function that quantifies the error between
the simulated and experimentally measured reaction forces and displacement fields, combined
using (5). We use MATLAB’s optimization routine 1sqnonlin with the Levenberg—Marquardt
algorithm [73], to simultaneously identify the constitutive parameters ¢; and cs from (3). The
termination criteria are met when the combined objective function value falls below 3 x 1072,

2.9. Validation

We validate the homogeneous material parameters derived from the indentation experiments
by constructing an FEM of the composite, as described in 2.4.2), using the fiber and matrix
material parameters obtained in 2.3. This model allows two levels of validation: assessment of
the homogeneous material parameter values and validation of the boundary conditions used in
the composite FE model itself. Alternative experimental methods such as biaxial or compression
tests are not considered practical in this work. Biaxial testing requires thin-sheet specimens
incompatible with our phantom design, and compression introduces stress inhomogeneity and
rely on the same iFEA assumptions as indentation. Consequently, FEM simulations are selected
as the main validation tool.

To validate the homogeneous material parameters, we conduct a simulation of equibiaxial
stretch, to which we can analytically fit homogeneous material parameters according to (2). The
derivation of the stress-stretch relationship for this case is provided in supplementary material
S2, yielding:

o =201 =2 +es(A-1) (10a)
om =201 (22— 17h (10b)

where A is the applied stretch. The stress in the FEM is calculated as the average stress over all
elements, for both the longitudinal (in the fiber direction) and the transverse stresses.

To validate the boundary conditions used in the composite FEM itself, we simulate the inden-
tation experiments using the composite FEM (unlike the homogeneous model used in the iFEA),
to evaluate the FE simulation’s capability to accurately predict the behavior of the physical com-
posite. The composite FEM is not intended to replace the experiments as the ground truth, but
to provide a consistent reference for interpreting the results and confirming that the experimental
setup and boundary conditions were appropriately represented.
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Table 1: Calculated certainty bounds for ¢; and cs, for different objective function compositions using (6) with s = 0.05.
Results are based on the estimates for the fiber-reinforced composite: 6* = {c;, cs} = {10 kPa, 350 kPa}.

Test design Parameters Weights

&1 Cs M1, 72,735 14
Only force +22.5 % +210.2 % (1,0,0,0)
Only deformation +12.8 % +50.7 % (0, 0.35,0.35,0.3)
Optimal for ¢, +4.5 % +29.8 % (0.7,0.3,0,0)
Optimal for cs +5.4 % +28.3 % (0.4,0.35,0.25, 0)
Combined optimal +5.2 % +28.3 % (0.45, 0.35, 0.2, 0)
3. Results

3.1. Characterization of the composite

We leverage the constituents’ material parameters (Neo-Hookean matrix: x4 = 19.4 + 0.1
kPa; Mooney-Rivlin fibers: {c\, ¢’} = {—1227 + 22,5945 + 38} kPa) as obtained in supple-
mentary material S3, together with the composite’s fiber volume fraction (FVF) of, and the rule
of mixtures [74], to estimate an initial guess for the composite’s parameters ¢; and cs. These
parameters form the baseline simulation around which we perform the sensitivity analysis for
our iFEA process. While these values provide a useful starting point, they should be regarded as
coarse approximations.

c1 =pu"™ /2 ~ 10 kPa (11a)
cs = FVE- (¢ + ) + (1 = FVF) - ¢; ~ 350 kPa (11b)

Collectively, we denote these baseline material parameters as

0" = {10 kPa, 350 kPa} (12)

Next, we run 775 indentation simulations on the homogeneous FEM with combinations of
parameters in these ranges c¢; € [1,21] kPa and ¢5 € [82.5,578] kPa. We use the procedure de-
scribed in subsection 2.6 to estimate the optimal objective function weights to obtain the smallest
certainty bounds. The results of this step are summarized in Table 1, where we use s = 0.05 for
the estimations.

Moving forward, we use the objective function (4) with the combined optimal weights

m = 045, m = 035, n = 02, N4 = 0 (13)

For these weights, the Hessian at 8* is calculated to be

-0.12  0.07 (14

H@O") = [ 2.07 —0.12]

Figure 8 provides a visual representation of the objective function in the normalized param-
eter space, denoted as 0 =1{¢,,¢5) = ¢ /c?, such that the baseline parameters are 0" ={1,1}). The
white ellipse, which is estimated from the Hessian, depicts the region inside which the sets of

parameters are practically indistinguishable.
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Figure 8: Contour plot depicting the objective function values (4) with weights that maximize the certainty (13). The
parameter space is formed of 775 simulations with combinations of parameters in these ranges ¢; € [1,21] kPa and
cs € [82.5,578] kPa. The white ellipse indicates the isoline representing the estimated certainty region, and the white
dot marks the baseline parameters 8* = {1, 1}.

3.2. Experimental results

The experiment was repeated with two indenter sizes: a small one with a diameter of 9.5
mm, and a large one with a diameter of 16 mm. The experiments included measurements of the
reaction force and of the displacements of the top surface, as described in subsection 2.7. The
experimental results are illustrated in Figure 9 and Figure 10 for the small and large indenters, re-
spectively. Additionally, Figure 11 plots the measured minimum and maximum principal strains
at the last indentation step with the large indenter, as computed using DuoDIC [69].

In both Figure 9 and Figure 10, we note a nonlinear response of the force. The surface
deformation results exhibit pronounced anisotropy, as the fiber direction is pulled towards the
indenter and the transverse direction bulges outwards. We also note that the fiber direction is
clearly visible in the full-field strain results, both in terms of the strain magnitudes and their
principal directions, which diverge from perfectly radial and tangential in Figure 11.

3.3. Simulation results
3.3.1. Composite indentation simulation

Indentation simulations were conducted on a FEM representing the composite structure com-
posed of two distinct constituent materials, as detailed in subsubsection 2.4.2 and illustrated in
Figure 5. The results, including the indentation force versus depth, the full-field displacement
differences between the DIC measurements and the simulation results, as well as the strains in
the maximally deformed configuration, are presented in Figure 12 and Figure 13 for the 9.5 mm
and 16 mm indenters, respectively.

3.3.2. Composite equibiaxial stretch
The equibiaxial stretch simulation on the composite FEM is performed to evaluate the ho-
mogenized material parameters analytically, as described in subsection 2.9. Figure 14 presents
the simulated true stress versus axial stretch in both the longitudinal (fiber) and transverse direc-
tions. Fitting of the homogeneous material model Equation 2 to this data yields the following
parameters: 6% = {c1,cs} = {11.61 + 0.52 kPa, 273 + 66 kPa}.
15
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Figure 9: Raw experimental data using a 9.5 mm diameter indenter. (a) Indentation-force versus depth curve, (b, c)
depict DIC data scattered in millimeters, at the maximum indentation depth, with (b) showing the displacement in the
Z-direction and (c) showing the maximal Green-Lagrange strain, defined as the largest eigenvalue of E = %(C -1).
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Figure 10: Raw experimental data using a 16 mm diameter indenter. (a) Indentation-force versus depth curve, (b, ¢)
depict DIC data scattered in millimeters, at the maximum indentation depth, with (b) showing the displacement in the
Z-direction and (c) showing the maximal Green-Lagrange strain, defined as the largest eigenvalue of E = %(C -1).
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Figure 11: Illustration of the minimal and maximal principal strains computed at the largest indentation step using the
16 mm diameter indenter. The colors represent their magnitude, and the black lines represent their directions, with line
length proportional to the strain value.
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Figure 12: Simulation results of the symmetric quarter of the composite FEM (see Figure 5) using a 9.5 mm diameter
indenter compared with the experimental results. (a) Indentation-force versus indentation-depth curve. Red circles
represent the experimental data, dark blue circles represent the finite-element simulation results. (b) Full-field difterence
in the displacement between the DIC data and the simulation results at the maximum indentation depth. (c) Maximal
Green-Lagrange strain and displacement finite-element simulation results at the maximum indentation depth.

(a) © Error [%]
201 o Experimental 7 =4
—6— FE simulation ®
1 2
] 0
| Strain
>0.2
0.1
0 5 10 15 0
Indenter depth [mm] Y [mm) 0 -50 X [mm]

Figure 13: Simulation results of the symmetric quarter of the composite FEM (see Figure 5) using a 16 mm diameter
indenter. (a) Indentation-force versus indentation-depth curve. Red circles represent the experimental data, dark blue
circles represent the finite-element simulation results. (b) Full-field difference in the displacement between the DIC data
and the simulation results at the maximum indentation depth. (c¢) Maximal Green-Lagrange strain and displacement
finite-element simulation results at the maximum indentation depth.
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Figure 14: True stress vs axial stretch in both longitudinal (fiber) and transverse directions. Triangles represent calculated
stress in the fiber direction, and black dots represent calculated stress in the transverse direction. The red curves represent
the theoretical prediction of the homogenized model (2) using (10), where the solid curve is the longitudinal best-fit
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Table 2: Final material parameters derived from the iFEA simulations, including calculated certainty bounds for ¢ and
¢s using (6), compared to the simulated biaxial results 8* = {cy,c5} = {11.61 + 0.52 kPa, 273 + 66 kPa}

Experiment ¢1 [kPa] ¢s [kPa] F(6) [-]
Small Indenter Experimental 129+ 1.1 155 +55 0.015235
Simulation 12.42 £0.47 9216 0.002656
Laree Indenter Experimental 11.1+£0.9 410 + 128 0.012514
arge indente Simulation 12.16 £ 0.63 120 £26 0.005058

3.4. Inverse finite element analysis (iFEA)

Using iFEA, we fit the two homogeneous transversely isotropic model parameters to each of
the four data sets, as described in subsubsection 2.8.2. We use the same initial guess of 6y =
{c1,cs5} = {6 kPa, 300 kPa} for all the optimizations. The final fitted parameters are presented
in Table 2 alongside their uncertainty bounds, and compared to the parameters fitted using the
composite FE simulations. We find that the statistical value of certainty is averaged around
s = 0.06.

4. Discussion

This work focuses on the identifiability of the transversely isotropic hyperelastic material
parameters from an instrumented indentation test that features full-field surface deformation
measurement in addition to indentation force. It has been well established that without care-
ful analysis, the material parameter fitting procedure can result in non-unique solutions, where
multiple parameter sets match the experimental data equally well. Additionally, by implement-
ing full-field displacement measurements as an integral part of the indentation test, we reduce
the need for conducting multiple separate tests. This approach reduces the computational burden
associated with iFEA, allowing a single simulation to yield sufficient data for robust parameter
identification.
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4.1. Effects of measurement modalities on identifiability

By conducting our sensitivity analysis, we determined the relative contribution of each mea-
surement to reducing the certainty range in the identifying each parameter. As shown in Table 1,
the smallest uncertainty is obtained using a combination of both force and surface deformation
data. This finding supports the inclusion of DIC measurement in the experiment, which is par-
ticularly critical for identifying the anisotropic part of the model (cs in our case).

We analyzed the experimental data obtained in our experiments using four variables: the
indenter’s reaction force and surface displacement in three spatial directions (transverse direc-
tion %, fiber direction ¥, and the direction perpendicular to the top surface Z). The results of the
objective function weights, shown in Table 1, reveal that the indentation force data is the most
consequential in reducing the uncertainty in the parameters’ estimation. It is highly sensitive
to changes in both parameters, especially c¢;. Indeed, typically, identifying material parameters
through indentation and iFEA has relied only on the indenter’s force-depth data [75, 76]. How-
ever, this data alone is insufficient to provide adequate certainty in the parameter estimations,
as indicated by the bounds shown in Table 1. Particularly, cs practically cannot be estimated as
its uncertainty spans +210%. In contrast, surface displacement data in the fiber and transverse
directions are sensitive to both ¢; and cs, enabling the reduction of their uncertainty to +5.2%
and *28%, respectively. This finding is in agreement with the results observed by Oddes &
Solav (2023) [33], and highlights the important advantage of using full-field deformation data
for material parameter estimation, particularly when anisotropy is considered. Still, despite the
rapidly growing use of DIC in uniaxial, biaxial, and inflation tests [77, 78, 79, 80, 81], as well as
in vivo [82, 83], its application in indentation remains scarce.

In contrast, the relative difference in the Z displacement is of minimal importance. This
finding suggests that the material parameters have minimal impact on the Z displacements, for an
indenter with a specific radius, even for fiber-reinforced anisotropic materials. This observation
aligns with the findings of Hertz (1881) [84] and Du et al. (2023) [85], which suggest that the Z
deformation profile for isotropic materials depends solely on the distance from the indenter and
its radius, independent of material properties. Moreover, this finding highlights the importance of
using a measurement technique that can measure in-plane deformations, as opposed to techniques
that only measure shape [86, 21]. Either 3D-DIC or 2D-DIC combined with fringe projection
[87] could provide the required data.

When constitutive models include more parameters, the sensitivity analysis allows to evaluate
whether a certain experimental protocol can reliably identify each parameter. By quantifying how
much each measurement contributes to increasing the certainty in each of the model parameters,
it provides a clear indicator for augmenting the experiment with additional data. In practice,
this approach guides the inclusion of new modalities (for example, full-field DIC) to ensure all
parameters are estimated with the desired precision.

4.2. Consistency of the sensitivity analysis

The sensitivity analysis is essential for understanding the model and estimating parameter
identifiability before conducting experiments. The results of the sensitivity analysis generally
depend on the selection of baseline parameters. Interestingly, in our study, the certainty bounds
calculated around the optimized parameters (as detailed in Table 2) differ only marginally from
those derived using the initial estimate 8* (see Table 1) and from each another. This indicates
that despite potentially significant differences in sensitivity around different baseline parameters
(even when using the same model and experimental setup), the certainty estimates derived from
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both initial and final parameter sets remain relatively consistent, given that these estimates are
close. In case the final estimation differs substantially from the initial guess, the sensitivity
analysis can be repeated around this set. It is important to note that, in many instances, the
material model and the potential range of parameter values are established (e.g., from ex vivo
standard tests). Therefore, although the patient- or location-specific parameters are not initially
known, establishing a baseline from ex vivo data will be useful in practical scenarios.

Additionally, the optimization process, which determines the optimal weights of the objective
function, can be configured to maximize certainty for each parameter individually, rather than
relying on a single combined optimal set of weights. This method requires multiple executions
of the iFEA pipeline, where each targets a distinct parameter with enhanced certainty bounds.
Parameters resolved in prior steps can then be held fixed in subsequent runs.

The values of certainty bounds calculated using (6) depend on the statistically determined
variable s (8). In our sensitivity analysis, a representative estimate of s = 0.05 was adopted prior
to experimentation. Although choosing the value of s might seem critical, the linear dependence
of the results on this factor renders its precise value secondary to its relative scaling. A more
appropriate approximation of s can be obtained from prior statistical analysis of the measurement
errors [39]. Alternatively, s can be statistically derived from measurements collected during the
experiment, by analyzing the residuals between the experimental data and the model predictions,
as well as the amount of data collected [45].

4.3. Parameter identification

The second objective of this work was to identify the material parameters for the anisotropic
soft composite material we fabricated. To achieve this, we conducted experiments using two
different spherical indenter sizes and performed corresponding FE simulations for each indenter
size on the composite FEM. Following the procedure suggested by Karduna et al. (1997) [88],
we maintain the same indentation depth in both experiments. The larger indenter is intended to
deform more fibers, bringing the response of the composite phantom closer to that of the effective
homogenized response. Then, by utilizing iFEA, we identified four homogenized material pa-
rameter sets: two from indentation experiments and two from FE composite simulations. While
our previous studies validated this iFEA approach using only synthetic data [33, 32], we extend it
here to real experimental measurements, demonstrating that the method remains applicable even
in the presence of experimental variability.

The identified parameters are listed in Table 2. The baseline parameters obtained analytically
from the biaxial stretch simulation results fall within the corresponding certainty regions of the
parameters derived from the experiments, confirming that the iFEA method, complete with full-
field displacement measurements, can give consistently accurate results. However, we recognize
that the parameter cs derived from the composite FEM exhibits a discrepancy from the baseline
parameters.

As predicted by the sensitivity analysis, the parameter ¢; was consistently identified across all
four datasets within a 95% confidence interval. Furthermore, the value of ¢; matches closely the
baseline value of the biaxial stretch simulation. In contrast, c¢s exhibited greater spread, again,
as predicted from the sensitivity analysis. Despite the strong agreement in the reaction forces
observed between the experimental and simulated data, substantially different cs values were
identified. This discrepancy is attributed to differences in surface displacement.

A possible explanation for the differences in surface deformation between the physical ex-
periment and the simulated results for the composite FEM lies in our modeling approach for
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the matrix material. As discussed in supplementary material S3, this silicone material exhibited
a stiffer response to compression than to tension. During indentation, both deformation modes
are present: compression occurs primarily directly beneath the indenter, while tension primar-
ily develops in the surrounding surface region. Although this asymmetric behavior could be
modeled using higher-order models [89, 90, 91], we opted for a simpler approach. To capture
its bimodal behavior without complicating the material model, we selected material parameters
that simultaneously maximize the goodness of fit to both modes. The results illustrated in Fig-
ures 12a, 12b and Figures 13a, 13b show that this compromise provides a good match to the
experiments, though the surface displacements have an average discrepancy of around 2%. We
recognize that while this choice accurately describes the force-depth response during indenta-
tion, it does not effectively represent the predominant tension of the matrix further from the
indenter. Consequently, the physical composite’s surface deformed more, resulting in increased
measured anisotropy compared to its FEM. Additionally, imperfect adhesion between the fibers
and the matrix may further amplify these effects. This discrepancy explains the larger values of
¢s derived from the indentation experiments conducted on the physical composite.

In principle, we could have relied exclusively on synthetic datasets. However, the principal
objective of the present study was to establish that our iFEA sensitivity methodology remains
robust when confronted with real, experimental measurements. Demonstrating sensitivity to
actual DIC data is a necessary step toward practical applicability.

4.4. Experimental insights and modeling considerations

The experimental results provided several insights that inform both the interpretation of the
data and the formulation of the constitutive model.

In cases where fiber orientation is not known a priori, particularly relevant in vivo, we might
choose to treat fiber direction as an additional fitting parameter within the iFEA framework.
However, we instead suggest estimating it directly from the measured strain field. In our DIC
measurements of composite indentation, we observe the fiber direction directly from the strain
data as illustrated in the experimental results Figures 9c, 10c and the composite FEM results Fig-
ures 12c, 13c. More broadly, as demonstrated in Figure 11, anisotropic materials exhibit strain
distributions that deviate from axisymmetry, unlike isotropic materials, and this directional asym-
metry provides a reliable cue for estimating fiber orientation. This approach assumes sufficient
strain contrast to detect anisotropy, which may vary with tissue type or loading conditions.

Beyond orientation, the spatial scale of the material structure relative to the indentation ge-
ometry also requires consideration. Although our fitted model assumes material homogeneity,
as is often true in vivo, we acknowledge that the phantom is constructed by embedding discrete
fibers within a matrix, and that the fiber spacing is comparable to both the indenter diameter
and the indentation depth (see Figure 6). This scale similarity could introduce localized hetero-
geneities that deviate from the idealized homogeneous response. To mitigate this, we included
tests using a larger indenter, which effectively averages out the response.

To further assess this effect in our study, we simulated indentations with the 9.5 mm diameter
indenter at different lateral positions relative to the fibers. The resulting force—displacement
curves showed only minor differences between offset conditions. In both cases, at least 4-5 fibers
were significantly deformed, indicating that the indentation field consistently engages multiple
fibers and surrounding matrix regions. This recruitment of several structural elements effectively
averages out local variations, thereby supporting the assumption of effective homogeneity, even
for the smaller indenter used in this study. While we acknowledge that homogeneity remains
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an approximation and that the ratio of indenter size and indentation depth to fiber spacing may
influence model accuracy, we note that such effects are less likely to pose limitations in vivo.

In addition to the practical considerations on the effects of the composite structure, we note
that the indenter tip obscures the most data-rich contact zone. We addressed this challenge by
enforcing a near-perfect stick condition interface between the indenter and the specimen. Un-
der these conditions, the displacements under the indenter can be estimated precisely. Because
this boundary condition strongly influences both the force—displacement response and surface
deformation fields, we conducted a friction sensitivity study. By varying the friction coefficient
between the indenter and the composite in the simulations across its full range, we found that
the assumption of near-perfect stick condition minimized discrepancies between simulated and
experimental load curves and displacement maps. This result justifies the adoption of perfect
adhesion in our finite-element model.

4.5. Limitations and future work

This study has several limitations. First, the homogenized constitutive model is quite simpli-
fied. Although it captures nonlinear and anisotropic properties, the assumptions made regarding
the stretch at which the fibers are straightened (4,, = 1), the neglect of viscoelastic response, and
the simplification to only a single layer of material limit its direct application in vivo. The silicone
phantom is designed to fit a simplified two-parameter constitutive law, whereas real anisotropic
tissues will typically require additional parameters. Additionally, the tension-compression asym-
metry observed in the response of the silicone matrix material was neglected. These simplifica-
tions can be addressed in future research by considering additional measurement modalities, such
as ultrasound for layer thickness measurement and time-dependent responses (e.g., [32, 28]), and
incorporating constitutive models that explain these behaviors.

Second, the initial analysis relies on a user-defined range of parameter values, which might
not include the true values. If the sensitivity analysis is conducted over an incorrect region of the
parameter space, it could affect the accuracy and reliability of the results. This limits the general
applicability and requires prior knowledge to make an initial assessment of the model.

Third, the fiber behavior exhibits a level of complexity not fully captured by the current
model, resulting in poor identifiability for the parameter c¢s. Even at the model’s optimal objec-
tive function, the parameter uncertainty remains as high as +28%. Addressing this limitation
requires more comprehensive experimental data. This can be achieved by incorporating testing
the response in multiple directions [52, 92], or utilizing varied indenter geometries [48, 49, 50],
while also incorporating full-field displacement measurements. A sensitivity analysis incorporat-
ing these variations will allow us to design experiments that more accurately capture the system’s
full response.

Fourth, the indenter tip obscures the contact zone. However, applying a near-perfect stick
contact between the indenter and the surface of the specimen, and using accurate 3D displace-
ment measurements around the contact zone allowed us to assume the obscured displacements
are known, and to estimate material parameters with an acceptable level of uncertainty. Future ef-
forts that can capture displacement directly beneath the indenter, such as with ultrasound probes,
should further improve these bounds.

The framework developed here is inherently scalable and can accommodate models with
increased parametric complexity, enabling the identification of more physiologically relevant
models. Future work could expand the application of this methodology to more complex tissue
models, which may include heterogeneity with depth, additional anisotropic models [93], pre-
tension, viscoelasticity [94], poroelasticity [95], or other time-dependent or multiphasic material
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systems, as well as smaller length scales. Furthermore, this framework can be combined with
data-driven or machine learning-based methods for identifying the constitutive laws and their
parameters, while also considering the certainty of identification [96, 93, 97, 98].

5. Conclusion

This work presents a novel method for identifying material parameters that can characterize
soft anisotropic tissues through indentation. It addresses a gap in the literature by incorporating
full-field surface deformation data as an integral part of the parameter identification process. A
notable advantage of this approach lies in having a single experimental configuration with multi-
modal measurements, which reduces the computational burden associated with iFEA compared
to simulating multiple loading scenarios. By combining sensitivity analysis and experimental
results, we determine the identifiability of a two-parameter hyperelastic transversely isotropic
model. Our findings demonstrate that integrating surface displacement data substantially reduces
the uncertainty in the parameter identification.

As the number of material parameters increases, the problem becomes more complex, in-
creasing the risk of identifiability problems. The methodology introduced in this work enables
researchers to identify such challenges through numerical simulations that can help inform ex-
perimental design. The integration of additional measurement modalities can be explored to
quantitatively determine how they enhance confidence in the identified parameters. Although
the acceptable certainty level is case-dependent, our method provides a straightforward means
to quantify this certainty. Ultimately, these insights are important for prioritizing particular con-
stitutive parameter identification, understanding experimental limitations, and aligning model
complexity with the demands of specific applications.

It is important to emphasize, that the primary focus of this work was to establish and demon-
strate a sensitivity analysis framework from experimental data. Providing a comprehensive con-
stitutive description of the soft anisotropic phantom was secondary. However, from this foun-
dation, the framework can be systematically expanded to incorporate more complex constitutive
laws that will bring the approach closer to the complexity of real biological tissues. In this sense,
the present study should be viewed as a proof-of-concept that proves feasibility.
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Appendix A. Constitutive model derivation

To characterize the homogeneous behavior of the composite, we use the transversely isotropic
Mooney-Rivlin model (trans iso Mooney-Rivlin in FEBio) [61]. The stress-stretch rela-
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tionship for this model is derived from the following strain energy density (SED) function:

Y= C1(11 - 3) + C2([2 - 3)

0 1<1
+4 c3[e7 (Bi(cyd) — Ei(eq)) —InA] 1<a<a, (Al
cs(1—1)+cglnA A=Ay

where I} and I, are the first and second invariants of the right Cauchy-Green deformation tensor
C = FTF,Ei(x) = f_ xoo e'/tdt is the exponential integral function, A is the stretch along the fiber
direction (1% = L), 8 = {c,, ¢2, ..., ¢} are the material parameters, and A4,, is the stretch at which
the collagen fibers are straightened. To ensure continuity at A = 4,,, the following condition must
be satisfied

co = c3 (e = 1) = cs (A.2)

This effectively reduces the anisotropy description of the model to a three-parameter formulation
[61].

We also utilize the nearly incompressible equivalent of the constitutive law for numerical
computations that takes an uncoupled formulation of the deviatoric and volumetric responses. In
this case, the material law can be rewritten as

_ 5 1
Y=c(l, -3)+c(lh-3)+ 5K(ln J)?

0 i<1
+12 ¢3|e7 (Bilead) — Ei(ca)) -] 1<A<Xy (A3)
cs(A=1)+cgInl 1> 2,

where I; and I, are the first and second invariants of the deviatoric part of the right Cauchy-
Green deformation tensor C = FTF = J=2/3C, J = det(F) is the Jacobian of the deformation that
quantifies the dilatation, and « is a bulk modulus-like parameter that penalizes volume changes
[59].

Oddes and Solav (2023) [33] deduced that for an isotropic Mooney-Rivlin model, indentation
can only be used to identify the sum c¢; + ¢;, which equals half of the initial shear modulus of
the material. Given this limitation, we turn to the work of Quapp and Weiss (1998) [99], who
demonstrated that for this model setting ¢, # 0 only marginally improves the fit to biological
materials, aligning with other findings on the insignificance of this parameter [100, 101, 102].
Consequently, we set ¢, = 0, reducing the isotropic part of the model to a Neo-Hookean form.
Further, considering the relation in (A.2), and since in our test sample the fibers are initially
straight (1,, = 1), the model is simplified to a fiber-reinforced Neo-Hookean model that is ex-
pressed with (2) in the analytical computations and (3) in the numerical computations.

Appendix B. Nodal weights

The nodal weights used to compute the surface displacement errors in Equation 4b are com-
puted as follows, depending on the node location and the direction of displacement error. Overall,
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nodal weights are inversely proportional to the distance from the center of the indenter. Addi-
tionally, a larger weight is given to the distance from the symmetry line for the weights in the
X and y directions. Nodes that have no experimentally obtained deformation data (as detailed in
2.8.1) are assigned a null weight to account for the stereo-camera field of view (FOV) occlusion.

o 0 if n; is obscured
Vie [1 : NrmdesL le = (0.1)",2+yf)_l/2 1 (Bl)
Zﬁ':,(o.lx%ﬂ%)’l_/z else

o 0 if n; is obscured
Vi € [1: Nnodesl, Wzl = (x?+01y?)71/2 | (B.2)
SNC IS R

o 0 if n; is obscured
Vi€ [1: Nuogesl, V= 2y2) B.3
i€l desls W3 N( 21y2) o else (B.3)
per (K2+37)

(B.1) weights the nodal displacements along x with respect to the distance from the x symmetry
line, (B.2) weighs the nodal displacements along y with respect to the distance from the y sym-
metry line, and (B.3) weights the nodal displacements along Z with respect to the distance from
the indenter.
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S1. Composite fabrication

To fabricate the composite specimen, we first prepare a mold with dimensions of 100 x 100 x
60 mm? by sequentially layering 3D-printed thermoplastic polyurethane (TPU) eTPU-95A sheets
as shown in Figure S1a. Each layer incorporates 12 uniformly spaced fibers and is 4.17 mm high.
A bottom plate is added to achieve a total mold height of 60 mm. The fibers have a cross-sectional
area of 1.6 x 1.6 mm?. The layers are secured with bolts to create a tight seal between the layers,
as shown in Figure S1b.

Next, we fill the mold with Ecoflex™ 00-20, prepared by mixing Part A and Part B in a 1:1 ratio.
The liquid mixture is degassed in a vacuum chamber to remove any entrapped air, then carefully
poured into the mold. To help any remaining trapped bubbles escape the mold, we vibrate the
mold on a vibration plate, as shown in Figure S2. The mold is then allowed to cure overnight at
25°C. After curing, we remove the outer TPU shell by cutting along the fiber edges to separate
them from the outer shell, working layer by layer, as shown in Figure S3.

S2. Derivation of equibiaxial stress-stretch relations

The Cauchy stress, o derived from the invariant-based strain energy function P, can be expressed
in terms of the first Piola-Kirchhoff stress tensor P = 0¥/dF, to obtain o = J~' PFT [103]. By
considering the incompressible material constitutive law (2), this expression becomes

=J! (a—\P% a—T%)FT - pI (B.1)
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where p is the Lagrange multiplier representing the hydrostatic pressure. The derivatives of the
invariants are defined as

on _ohoc _,p
oF 0C oF (B.2)
%—%a—c—(a@)a)(ZF) .
0F 0C OF
With the assumption of incompressibility J = 1, we obtain the relation
Cs Cs v
o=|2ci+|—=-—|a®a|B-pl B.3
G asln-s ©9

where 1 is the identity tensor and B = FFT is the left Cauchy-Green deformation tensor. For
fitting the material parameters c1 and cs, it is convenient to express the constitutive relation in
terms of the principal stretches, as described below for the equibiaxial case.

In the equibiaxial extension test, the specimen is equally stretched in two directions with stretch
ratios of 4; = A, = A. With the assumption of incompressibility, the deformation tensor and
Cauchy stress tensor can be expressed as

A 0 0
F=[0 1 0 (B.4)
0 0 a2
261/12+C5/1—C5 —]\5 0 0
o= 0 2002 -p 0 (B.5)
0 0 2ei a7 = p

As with the uniaxial case, p is constant, and the surface in direction ej3 is free from traction,
leading to p = 2c;17*. Consequently, the stress-stretch relations are

o =201 =2 +es(A-1) (B.6a)
om =201 (22— 17h (B.6b)

Since the fibers are stretched a given amount, o, is a function only of ¢;, allowing for easier
identification.

Figure S1: Mold preparation with 3D-printed TPU sheets and uniformly spaced fibers. (a) Assembling the mold, and (b)
the prepared mold.
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Figure S2: Vibration plate during subsequent degassing. We use a ruler to hold the mold’s shape and prevent the fibers
from buckling under the pressure of the bolts. An additional layer of tape is added to keep the tools clean in case of a
spill.

Figure S3: Removing the outer TPU shell to reveal the composite structure. (a) Process of removing the TPU shell

from the mold, while leaving the fibers in the matrix. On the left, a cut TPU sheet is visible. (b) View of fibers in the
composite, after being cut from the TPU sheet. Note that the fibers are equally spaced in the composite.
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S3. Characterization of constituent materials

Given that Ecoflex 00-20, as the chosen matrix material, is primarily subjected to compression
under indentation, we deemed it necessary to evaluate its behavior under compressive loads. To
characterize the mechanical properties of the matrix material (Ecoflex™ 00-20 silicone), we fit
the tension and compression data to an incompressible neo-Hookean material model. The fitting
results for tension and compression data are shown in Figure S4a and S4c, respectively. Note that
since the unconfined compression test results in inhomogeneous deformations, the compressive
force-displacement data are used to fit the parameters in an iFEA process, using the FEM and
setup shown in Figure S4d. This is in contrast to the homogenous uniaxial tension data, which
can be expressed as a direct stress-stretch relationship. The results indicate a notable change
in the material’s behavior under compression, a phenomenon that defines bimodular materials.
Furthermore, Figure S4b demonstrates the material’s incompressibility, with a Poisson’s ratio
v = 0.5. This is evident by the relationship between axial stretch A, and transverse stretch A;,
which conforms to the behavior of an ideal incompressible material: A, = /l;U 2,

Fitting of the model to the uniaxial stretch data of the matrix material yields a shear modulus of
1 = 13.1+0.1 kPa, whereas fitting to the unconfined compression data yields a shear modulus
of u = 31.0 + 0.2 kPa, as depicted in Figure S4a and Figure S4c. The optimized best-fit for
the combined tension and compression data results in an intermediate value of 4™ = 19.4 + 0.1,
as depicted with the light blue line in Figure S4a.

To characterize the mechanical properties of the fiber material (€TPU-95A), we fit the experi-
mental data to a Mooney-Rivlin material model, resulting in the following parameters: c(lf ) =

~1227 £ 22 kPaand ¢}/’ = 5945 + 38 kPa as shown in Figure S5.
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Figure S4: Characterization of Ecoflex™ (00-20 silicone material through uniaxial tension and compression. (a) True
stress vs. axial stretch. Red markers denote experimental data from uniaxial tension tests. The purple curve represents
the best-fit model to the tension data u™ = 13.1, the dark blue curve corresponds to an analytical approximation
for compression u™ = 31.0 (using the results from (c)), and the light blue curve captures the best-fit model to the
combined tension and compression dataset u™ = 19.4. (b) Transverse and axial stretches for incompressible material
and experimental data. Red markers represent the experimental data measured using DIC, and the dark blue curve denotes
the theoretical relation for an incompressible material A; = /1;1/ 2, (c) Measured force vs. compressive displacement.
Red markers denote the experimental data from uniaxial compression tests, and dark blue dots denote the best-fit FE
simulation results. (d) FEM used in iFEA (left) and physical sample (right) at maximum displacement.
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Figure S5: Characterization of eTPU-95A material through axial stretch testing. The plot shows true axial stress vs. axial
stretch. Red markers represent experimental data, and the black curve denotes the best-fit (R> = 0.922) Mooney-Rivlin
material model with the fitted parameters: ¢/ = ~1227 + 22 kPa and ¢/ = 5945 + 38 kPa.

s5



	Introduction
	Methods
	Overview
	Synthetic anisotropic composite phantom fabrication
	Composite matrix and fiber material parameter estimation
	Finite element models
	Homogeneous FEM
	Composite FEM

	Constitutive model
	Objective function formulation
	Experimental setup
	Analysis of indentation data
	DIC data processing
	Inverse finite elements analysis (iFEA)

	Validation

	Results
	Characterization of the composite
	Experimental results
	Simulation results
	Composite indentation simulation
	Composite equibiaxial stretch

	Inverse finite element analysis (iFEA)

	Discussion
	Effects of measurement modalities on identifiability
	Consistency of the sensitivity analysis
	Parameter identification
	Experimental insights and modeling considerations
	Limitations and future work

	Conclusion
	Constitutive model derivation
	Nodal weights
	Composite fabrication
	Derivation of equibiaxial stress-stretch relations
	Characterization of constituent materials

