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Abstract

Uncertainty modeling underpins decision-making in domains ranging from engineering to artificial intelligence.
A variety of frameworks—such as Fuzzy Sets [1], Rough Sets [2, 3], Picture Fuzzy Sets [4, 5], Soft Sets [6, 7],
and Plithogenic Sets [8]—have been proposed to capture different dimensions of imprecision. Hyperfuzzy
Sets and their recursive extension, SuperHyperfuzzy Sets, further enrich this landscape by assigning set-valued
membership degrees at multiple hierarchical levels.

Building on the concept of a fuzzy metric space—a set 𝑋 equipped with a continuous 𝑡-norm ∗ and a function
𝑀 : 𝑋2× (0,∞) → [0, 1] satisfying positivity, symmetry, the triangle inequality, and continuity—we introduce
Hyperfuzzy and SuperHyperfuzzy metrics that model proximity with multi-level, set-valued memberships. We
also investigate how Hyperfuzzy and SuperHyperfuzzy constructs can be applied to extend fuzzy queues and
fuzzy ontologies, illustrating their potential to enhance performance evaluation and knowledge representation
in real-world systems.

Keywords: Fuzzy set, HyperFuzzy Set, SuperHyperFuzzy Set, Fuzzy Metric Spaces, Fuzzy Queue, Fuzzy
Ontology
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1 Preliminaries

In this section, we review the essential definitions and concepts that underpin the results presented in this paper.
Throughout, all sets and structures are assumed to be finite.

1.1 Fuzzy and Related Sets

A fuzzy set assigns to each element a degree of membership in the interval [0, 1], allowing graded membership
rather than a strict binary classification [1,9,10]. Fuzzy sets are known to have a wide range of applications, and
various extensions—such as intuitionistic fuzzy sets [11–13], vague sets [14, 15], hesitant fuzzy sets [16–18],
neutrosophic sets [19–21], and plithogenic sets [22–25]— have also been developed. A hyperfuzzy set refines
this notion by mapping each element to a nonempty subset of [0, 1], thus capturing variability and imprecision
in the membership degree [26–32]. More generally, an (𝑚, 𝑛)-superhyperfuzzy set assigns to each 𝑚-level
subset a collection of 𝑛-level membership sets, modeling multi-tiered uncertainty (cf. [33, 34]).
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Definition 1.1 (Base Set). (cf. [35–37]) A base set 𝑆 is the ground set from which all further constructions
(e.g., powersets, hyperstructures) are derived:

𝑆 = { 𝑥 | 𝑥 belongs to the domain of discourse}.

All elements of P(𝑆) and P𝑛 (𝑆) arise from 𝑆.

Definition 1.2 (Powerset). (cf. [38, 39]) The powerset of 𝑆, denoted P(𝑆), comprises every subset of 𝑆,
including ∅ and 𝑆 itself:

P(𝑆) = { 𝐴 | 𝐴 ⊆ 𝑆}.

Definition 1.3 (𝑛-th Powerset). (cf. [40–44]) The 𝑛-th powerset of a set𝐻, denoted P𝑛 (𝐻), is defined iteratively,
starting with the standard powerset. The recursive construction is given by:

P1 (𝐻) = P(𝐻), P𝑛+1 (𝐻) = P(P𝑛 (𝐻)), for 𝑛 ≥ 1.

Similarly, the 𝑛-th non-empty powerset, denoted P∗
𝑛 (𝐻), is defined recursively as:

P∗
1 (𝐻) = P∗ (𝐻), P∗

𝑛+1 (𝐻) = P∗ (P∗
𝑛 (𝐻)).

Here, P∗ (𝐻) represents the powerset of 𝐻 with the empty set removed.

Example 1.4 (Task Breakdown in Project Scheduling). Let

𝐻 = {Requirement Analysis (RA), Design (D), Testing (T)}

be the set of core project tasks. Then:

P1 (𝐻) =
{
{𝑅𝐴}, {𝐷}, {𝑇}, {𝑅𝐴, 𝐷}, {𝑅𝐴,𝑇}, {𝐷,𝑇}, {𝑅𝐴, 𝐷,𝑇}

}
,

whose elements represent possible work packages.

Next, the second powerset
P2 (𝐻) = P

(
P1 (𝐻)

)
\ {∅}

consists of nonempty collections of work packages. For example,

𝑊 =
{
{𝑅𝐴}, {𝐷,𝑇}

}
∈ P2 (𝐻)

represents two phases: one for requirement analysis, and one combining design and testing.

Finally, the third powerset
P3 (𝐻) = P

(
P2 (𝐻)

)
\ {∅}

consists of nonempty collections of phase-groupings. For instance,

𝑆 =

{
{{𝑅𝐴}, {𝐷,𝑇}}, {{𝑅𝐴, 𝐷}, {𝑇}}

}
∈ P3 (𝐻)

represents two alternative scheduling strategies, each consisting of two phases: {𝑅𝐴} then {𝐷,𝑇}, or {𝑅𝐴, 𝐷}
then {𝑇}.

Thus the 𝑛-th powerset P𝑛 (𝐻) models hierarchical planning levels in project management: P1 (𝐻) = work
packages, P2 (𝐻) = project phases, P3 (𝐻) = scheduling strategies or portfolios of phases.

Definition 1.5 (Fuzzy Set). [1, 45] A Fuzzy set 𝜏 in a non-empty universe 𝑌 is a mapping 𝜏 : 𝑌 → [0, 1]. A
fuzzy relation on 𝑌 is a fuzzy subset 𝛿 in 𝑌 ×𝑌 . If 𝜏 is a fuzzy set in 𝑌 and 𝛿 is a fuzzy relation on 𝑌 , then 𝛿 is
called a fuzzy relation on 𝜏 if

𝛿(𝑦, 𝑧) ≤ min{𝜏(𝑦), 𝜏(𝑧)} for all 𝑦, 𝑧 ∈ 𝑌 .
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Definition 1.6 (Hyperfuzzy Set). [26, 46–49] Let 𝑋 be a non-empty universe. A hyperfuzzy set 𝐴̃ on 𝑋 is
defined by a mapping

𝜇̃ : 𝑋 −→ 𝑃̃( [0, 1]),
where 𝑃̃( [0, 1]) denotes the collection of all non-empty subsets of the interval [0, 1].

For each element 𝑥 ∈ 𝑋 , 𝜇̃(𝑥) ⊆ [0, 1] represents the set of possible membership degrees of 𝑥 in the set 𝐴̃.
This formulation allows for representing uncertainty or variability in the degree of membership, extending the
classical fuzzy set (which assigns a single real number in [0, 1]) to a set-valued interpretation.

Thus, a hyperfuzzy set captures both fuzziness and imprecision by associating each element not with a fixed
degree, but with a range or subset of plausible membership values.

Example 1.7 (Product Quality Assessment). Let 𝑋 be the set of electronic circuit boards produced in a factory.
Three quality inspectors independently evaluate each board’s conformity and assign a fuzzy membership
degree in the “Good Quality” class. Due to subjective judgment and measurement noise, these degrees differ.
A hyperfuzzy set 𝐴̃ on 𝑋 captures this by

𝜇̃(𝑥) = {𝜇1 (𝑥), 𝜇2 (𝑥), 𝜇3 (𝑥)} ⊆ [0, 1],

where 𝜇𝑖 (𝑥) is the degree assigned by inspector 𝑖. For instance,

𝜇̃(𝑏101) = {0.85, 0.90, 0.80}, 𝜇̃(𝑏102) = {0.60, 0.65, 0.70}.

Here 𝜇̃(𝑏101) represents the set of plausible membership values for board 𝑏101, reflecting inter-rater variability.
Thus 𝐴̃ : 𝑋 → 𝑃̃( [0, 1]) models both fuzziness and imprecision in quality evaluation.

Definition 1.8 (𝑚, 𝑛-SuperHyperFuzzy Set). [34, 50, 51] Let 𝑋 be a nonempty set and let 𝑚, 𝑛 ∈ N0. Define
the nonempty 𝑘-th powerset of a set 𝑌 by

P∗
0 (𝑌 ) = 𝑌, P∗

𝑘 (𝑌 ) = P
(
P∗
𝑘−1 (𝑌 )

)
\ {∅}, 𝑘 ≥ 1.

In particular, P∗
𝑚 (𝑋) is the family of all nonempty elements of the 𝑚-th iterated powerset of 𝑋 , and P∗

𝑛 ( [0, 1])
is defined analogously. Then an (𝑚, 𝑛)-SuperHyperFuzzy Set on 𝑋 is a function

𝜇̃𝑚,𝑛 : P∗
𝑚 (𝑋) −→ P̃∗

𝑛

(
[0, 1]

)
, 𝐴 ↦→ 𝜇̃𝑚,𝑛 (𝐴),

where P̃∗
𝑛 ( [0, 1]) denotes the collection of all nonempty subsets of P𝑛 ( [0, 1]). Thus each 𝐴 ∈ P∗

𝑚 (𝑋)
is assigned a nonempty family of membership-degree sets 𝜇̃𝑚,𝑛 (𝐴) ⊆ P𝑛 ( [0, 1]), capturing hierarchical
uncertainty across both the 𝑚- and 𝑛-levels.

Example 1.9 (Supply Chain Reliability as a (2, 2)-SuperHyperFuzzy Set). Let 𝑋 = {𝑆1, 𝑆2, 𝑆3, 𝑆4} be four
suppliers. Set 𝑚 = 𝑛 = 2, so

P∗
1 (𝑋) = {{𝑆𝑖 , 𝑆 𝑗 } | 𝑖 < 𝑗}, P∗

2 (𝑋) = P∗ (P∗
1 (𝑋)

)
.

Consider the particular element

𝐴 =
{
{𝑆1, 𝑆2}, {𝑆3, 𝑆4}

}
∈ P∗

2 (𝑋),

representing two local supply networks 𝐶1 = {𝑆1, 𝑆2} and 𝐶2 = {𝑆3, 𝑆4}.

We evaluate each network by two reliability metrics:

• Delivery Time Reliability: membership degrees 𝜇time (𝐶1) = {0.85, 0.90}, 𝜇time (𝐶2) = {0.88, 0.92}.

• Defect-Free Reliability: membership degrees 𝜇defect (𝐶1) = {0.80, 0.82}, 𝜇defect (𝐶2) = {0.81, 0.85}.

For each 𝐶𝑖 , form the set of metric-based fuzzy degrees:

𝑀𝑖 =
{
𝜇time (𝐶𝑖), 𝜇defect (𝐶𝑖)

}
⊆ [0, 1],

so 𝑀𝑖 ∈ P∗ ( [0, 1]). Finally define

𝜇̃2,2 (𝐴) =
{
𝑀1, 𝑀2

}
⊆ P∗ (P∗ ( [0, 1])

)
= P̃∗

2 ( [0, 1]).

Thus each supply-network cluster 𝐶𝑖 is assigned a set 𝑀𝑖 of plausible fuzzy reliability degrees, and the pair
of clusters 𝐴 receives the double-nested collection 𝜇̃2,2 (𝐴). This captures hierarchical uncertainty both in
grouping suppliers (𝑚 = 2) and in membership valuation (𝑛 = 2).
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Example 1.10 (Global Supply Alliance Reliability as a (3, 2)-SuperHyperFuzzy Set). Let 𝑋 = {𝑆1, 𝑆2, 𝑆3, 𝑆4, 𝑆5}
be five supply nodes. Then

P∗
1 (𝑋) = {{𝑆𝑖 , 𝑆 𝑗 } | 𝑖 < 𝑗}, P∗

2 (𝑋) = P∗ (P∗
1 (𝑋)

)
, P∗

3 (𝑋) = P∗ (P∗
2 (𝑋)

)
.

Consider the global alliance
𝐴 = { 𝑅1, 𝑅2} ∈ P∗

3 (𝑋),

where
𝑅1 = {{𝑆1, 𝑆2}, {𝑆2, 𝑆3}}, 𝑅2 = {{𝑆3, 𝑆4}, {𝑆4, 𝑆5}}.

Each local network 𝐿 ⊆ 𝑋 (e.g. {𝑆1, 𝑆2}) is evaluated by two reliability metrics:

𝜇time (𝐿) = {0.90, 0.85}, 𝜇defect (𝐿) = {0.80, 0.75}.

Form the first-level membership sets

𝑀𝐿 =
{
𝜇time (𝐿), 𝜇defect (𝐿)

}
⊆ [0, 1],

so 𝑀𝐿 ∈ P1 ( [0, 1]). For each region 𝑅𝑘 , define the second-level set

𝑀𝑅𝑘
= {𝑀𝐿 | 𝐿 ∈ 𝑅𝑘} ⊆ P1

(
P1 ( [0, 1])

)
= P2 ( [0, 1]).

Finally, assign to the alliance 𝐴 the (3, 2)-SuperHyperFuzzy membership

𝜇̃3,2 (𝐴) = {𝑀𝑅1 , 𝑀𝑅2 } ⊆ P
(
P2 ( [0, 1])

)
= P̃∗

2 ( [0, 1]).

Thus 𝜇̃3,2 captures hierarchical uncertainty at three structural levels (𝑚 = 3) and two valuation levels (𝑛 = 2).

2 Result: Fuzzy Metric Spaces

2.1 Fuzzy Metric Spaces

A fuzzy metric space is a set 𝑋 with a continuous 𝑡-norm ∗ and a function 𝑀 : 𝑋2 × (0,∞) → [0, 1] satisfying
positivity, symmetry, triangle inequality, and continuity (cf. [52–56]).

Definition 2.1 (Continuous 𝑡-norm). (cf. [57–59]) A continuous 𝑡-norm is a binary operation

∗ : [0, 1] × [0, 1] −→ [0, 1]

satisfying, for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ [0, 1]:

(T1) Commutativity: 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎,

(T2) Associativity: (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐),

(T3) Monotonicity: If 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑, then 𝑎 ∗ 𝑏 ≤ 𝑐 ∗ 𝑑,

(T4) Identity: 𝑎 ∗ 1 = 𝑎,

(T5) Continuity: ∗ is continuous on [0, 1] × [0, 1].

Definition 2.2 (Fuzzy metric space). (cf. [60–62]) Let 𝑋 be a nonempty set, let ∗ be a continuous 𝑡-norm on
[0, 1], and let

𝑀 : 𝑋 × 𝑋 × (0,∞) −→ [0, 1]

be a function satisfying, for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 and all 𝑠, 𝑡 > 0:

(M1) 𝑀 (𝑥, 𝑦, 𝑡) > 0,

(M2) 𝑀 (𝑥, 𝑦, 𝑡) = 1 if and only if 𝑥 = 𝑦,

(M3) 𝑀 (𝑥, 𝑦, 𝑡) = 𝑀 (𝑦, 𝑥, 𝑡),
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(M4) 𝑀 (𝑥, 𝑦, 𝑡) ∗ 𝑀 (𝑦, 𝑧, 𝑠) ≤ 𝑀 (𝑥, 𝑧, 𝑡 + 𝑠),

(M5) for each fixed 𝑥, 𝑦 ∈ 𝑋 , the map 𝑡 ↦→ 𝑀 (𝑥, 𝑦, 𝑡) is continuous on (0,∞).

Then the triple (𝑋, 𝑀, ∗) is called a fuzzy metric space.

Example 2.3 (Exponential Fuzzy Metric Space). Let (𝑋, 𝑑) be a metric space. Define the product 𝑡-norm ∗
on [0, 1] by

𝑎 ∗ 𝑏 = 𝑎 𝑏, 𝑎, 𝑏 ∈ [0, 1],
and define

𝑀 (𝑥, 𝑦, 𝑡) = exp
(
− 𝑑 (𝑥,𝑦)

𝑡

)
, 𝑥, 𝑦 ∈ 𝑋, 𝑡 > 0.

Then (𝑋, 𝑀, ∗) is a fuzzy metric space, since:

(M1) 𝑀 (𝑥, 𝑦, 𝑡) = exp(−𝑑 (𝑥, 𝑦)/𝑡) > 0.

(M2) 𝑀 (𝑥, 𝑦, 𝑡) = 1 ⇐⇒ 𝑑 (𝑥, 𝑦) = 0 ⇐⇒ 𝑥 = 𝑦.

(M3) Symmetry: 𝑀 (𝑥, 𝑦, 𝑡) = 𝑀 (𝑦, 𝑥, 𝑡).

(M4) Triangle:

𝑀 (𝑥, 𝑦, 𝑡) ∗ 𝑀 (𝑦, 𝑧, 𝑠) = exp
(
− 𝑑 (𝑥,𝑦)

𝑡

)
exp

(
− 𝑑 (𝑦,𝑧)

𝑠

)
≤ exp

(
− 𝑑 (𝑥,𝑧)

𝑡+𝑠
)
= 𝑀 (𝑥, 𝑧, 𝑡 + 𝑠),

using 𝑑 (𝑥, 𝑧) ≤ 𝑑 (𝑥, 𝑦) + 𝑑 (𝑦, 𝑧).

(M5) Continuity: for fixed 𝑥, 𝑦, the map 𝑡 ↦→ exp(−𝑑 (𝑥, 𝑦)/𝑡) is continuous on (0,∞).

2.2 HyperFuzzy Metric Spaces

A hyperfuzzy metric space assigns to each pair in 𝑋 and time 𝑡 > 0 a nonempty subset of [0, 1], satisfying
subset-valued positivity, symmetry, triangle property, and continuity under a continuous 𝑡-norm.

Definition 2.4 (Hyperfuzzy Metric Space). Let 𝑋 be a nonempty set, let ∗ be a continuous 𝑡-norm, and let

𝑀 : 𝑋 × 𝑋 × (0,∞) −→ P̃([0, 1])

be a mapping into the collection of all nonempty subsets of [0, 1]. For 𝑥, 𝑦, 𝑧 ∈ 𝑋 and 𝑠, 𝑡 > 0, write

𝑀 (𝑥, 𝑦, 𝑡) ∗ 𝑀 (𝑦, 𝑧, 𝑠) = { 𝛼 ∗ 𝛽 | 𝛼 ∈ 𝑀 (𝑥, 𝑦, 𝑡), 𝛽 ∈ 𝑀 (𝑦, 𝑧, 𝑠)}.

We require:

(H1) inf 𝑀 (𝑥, 𝑦, 𝑡) > 0,

(H2) 𝑀 (𝑥, 𝑦, 𝑡) = {1} if and only if 𝑥 = 𝑦,

(H3) 𝑀 (𝑥, 𝑦, 𝑡) = 𝑀 (𝑦, 𝑥, 𝑡) (symmetry),

(H4) 𝑀 (𝑥, 𝑦, 𝑡) ∗ 𝑀 (𝑦, 𝑧, 𝑠) ⊆ 𝑀 (𝑥, 𝑧, 𝑡 + 𝑠),

(H5) for each fixed 𝑥, 𝑦 ∈ 𝑋 , the functions 𝑡 ↦→ inf 𝑀 (𝑥, 𝑦, 𝑡) and 𝑡 ↦→ sup𝑀 (𝑥, 𝑦, 𝑡) are continuous on (0,∞).

Then (𝑋, 𝑀, ∗) is called a hyperfuzzy metric space.

Example 2.5 (Discrete Hyperfuzzy Metric Space). Let 𝑋 be any nonempty set, fix a constant 𝛼 ∈ (0, 1), and
let ∗ be the minimum 𝑡-norm:

𝑎 ∗ 𝑏 = min{𝑎, 𝑏}, 𝑎, 𝑏 ∈ [0, 1] .
Define

𝑀 (𝑥, 𝑦, 𝑡) =
{
{1}, 𝑥 = 𝑦,

{𝛼}, 𝑥 ≠ 𝑦,

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0. We verify the hyperfuzzy axioms:
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(H1) inf 𝑀 (𝑥, 𝑦, 𝑡) ∈ {1, 𝛼} > 0.

(H2) 𝑀 (𝑥, 𝑦, 𝑡) = {1} ⇐⇒ 𝑥 = 𝑦.

(H3) Clearly 𝑀 (𝑥, 𝑦, 𝑡) = 𝑀 (𝑦, 𝑥, 𝑡).

(H4) If 𝑥 ≠ 𝑦 and 𝑦 ≠ 𝑧, then

𝑀 (𝑥, 𝑦, 𝑡) ∗ 𝑀 (𝑦, 𝑧, 𝑠) = {min(𝛼, 𝛼)} = {𝛼} = 𝑀 (𝑥, 𝑧, 𝑡 + 𝑠),

and similar checks cover the cases when any two of 𝑥, 𝑦, 𝑧 coincide.

(H5) For each fixed 𝑥, 𝑦, both inf 𝑀 (𝑥, 𝑦, 𝑡) and sup𝑀 (𝑥, 𝑦, 𝑡) are constant in 𝑡, hence continuous on (0,∞).

Therefore
(
𝑋, 𝑀, ∗

)
is a hyperfuzzy metric space.

Theorem 2.6 (Generalization of Fuzzy Metric Spaces). Every classical fuzzy metric space (𝑋, 𝑀, ∗) induces
a hyperfuzzy metric space by

𝑀 (𝑥, 𝑦, 𝑡) = {𝑀 (𝑥, 𝑦, 𝑡) }
(
𝑥, 𝑦 ∈ 𝑋, 𝑡 > 0

)
.

Proof. Define 𝑀 (𝑥, 𝑦, 𝑡) = {𝑀 (𝑥, 𝑦, 𝑡)}. Then:

• inf 𝑀 (𝑥, 𝑦, 𝑡) = 𝑀 (𝑥, 𝑦, 𝑡) > 0 by (M1).

• 𝑀 (𝑥, 𝑦, 𝑡) = {1} ⇐⇒ 𝑀 (𝑥, 𝑦, 𝑡) = 1 ⇐⇒ 𝑥 = 𝑦 by (M2).

• Symmetry and continuity carry over directly.

•
𝑀 (𝑥, 𝑦, 𝑡) ∗ 𝑀 (𝑦, 𝑧, 𝑠) = {𝑀 (𝑥, 𝑦, 𝑡) ∗ 𝑀 (𝑦, 𝑧, 𝑠)} ⊆ {𝑀 (𝑥, 𝑧, 𝑡 + 𝑠)} = 𝑀 (𝑥, 𝑧, 𝑡 + 𝑠),

by (M4).

All axioms (H1)–(H5) follow immediately from (M1)–(M5), so (𝑋, 𝑀, ∗) is hyperfuzzy. □

Theorem 2.7 (Hyperfuzzy Set Structure). In a hyperfuzzy metric space (𝑋, 𝑀, ∗), for each fixed 𝑦 ∈ 𝑋 and
𝑡 > 0, the mapping

𝜇𝑦,𝑡 : 𝑋 −→ P̃([0, 1]), 𝜇𝑦,𝑡 (𝑥) = 𝑀 (𝑥, 𝑦, 𝑡)
defines a hyperfuzzy set on 𝑋 .

Proof. By definition, 𝜇𝑦,𝑡 (𝑥) = 𝑀 (𝑥, 𝑦, 𝑡) is a nonempty subset of [0, 1] for each 𝑥. Hence 𝜇𝑦,𝑡 is exactly a
hyperfuzzy set-valued membership function on 𝑋 , as required. □

2.3 SuperHyperFuzzy Metric Spaces

A superhyperfuzzy metric space maps each pair of𝑚-th powerset elements of 𝑋 together with time to a nonempty
subset of the 𝑛-th powerset of [0, 1], satisfying positivity, symmetry, triangle property, and continuity.

Definition 2.8 ((𝑚, 𝑛)-SuperHyperFuzzy Metric Space). Let 𝑋 be a nonempty set, let 𝑚, 𝑛 ∈ N0, and let ∗ be
a continuous 𝑡-norm on [0, 1]. Denote by

P∗
𝑚 (𝑋) = P∗ (P∗ (· · · P∗︸           ︷︷           ︸

𝑚 times

(𝑋) · · · )
)

the 𝑚-th nonempty iterated powerset of 𝑋 , and by

P̃∗
𝑛 ( [0, 1]) = P̃

(
P̃ (· · · P̃︸       ︷︷       ︸
𝑛 times

( [0, 1]) · · · )
)

the 𝑛-th nonempty iterated collection of subsets of [0, 1]. A mapping

M : P∗
𝑚 (𝑋) × P∗

𝑚 (𝑋) × (0,∞) −→ P̃∗
𝑛 ( [0, 1])

is called an (𝑚, 𝑛)-SuperHyperFuzzy metric if, for all 𝐴, 𝐵, 𝐶 ∈ P∗
𝑚 (𝑋) and all 𝑠, 𝑡 > 0, the following hold:
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(SHM1) inf
{
inf 𝛼

�� 𝛼 ∈ M(𝐴, 𝐵, 𝑡)
}
> 0,

(SHM2) Let 1[𝑛] denote the 𝑛-fold nested singleton of 1. Then M(𝐴, 𝐵, 𝑡) = { 1[𝑛]} if and only if 𝐴 = 𝐵,

(SHM3) M(𝐴, 𝐵, 𝑡) = M(𝐵, 𝐴, 𝑡) (symmetry),

(SHM4) Defining M(𝐴, 𝐵, 𝑡) ∗ M(𝐵,𝐶, 𝑠) = {𝛼 ∗ 𝛽 | 𝛼 ∈ M(𝐴, 𝐵, 𝑡), 𝛽 ∈ M(𝐵,𝐶, 𝑠)}, we have M(𝐴, 𝐵, 𝑡) ∗
M(𝐵,𝐶, 𝑠) ⊆ M(𝐴,𝐶, 𝑡 + 𝑠),

(SHM5) For each fixed 𝐴, 𝐵, the maps

𝑡 ↦→ inf
{
inf 𝛼 | 𝛼 ∈ M(𝐴, 𝐵, 𝑡)

}
, 𝑡 ↦→ sup

{
sup𝛼 | 𝛼 ∈ M(𝐴, 𝐵, 𝑡)

}
are continuous on (0,∞).

The triple
(
P∗
𝑚 (𝑋), M, ∗

)
is then called an (𝑚, 𝑛)-SuperHyperFuzzy metric space.

Example 2.9 (Discrete (𝑚, 𝑛)-SuperHyperFuzzy Metric Space). Let 𝑋 be any nonempty set and equip 𝑋 with
the discrete metric

𝑑0 (𝑥, 𝑦) =
{

0, 𝑥 = 𝑦,

1, 𝑥 ≠ 𝑦.

For each 𝑘 = 1, 2, . . . , 𝑚, define the 𝑘-th Hausdorff metric

𝑑𝑘 (𝐴, 𝐵) = max
{
sup
𝑎∈𝐴

inf
𝑏∈𝐵

𝑑𝑘−1 (𝑎, 𝑏), sup
𝑏∈𝐵

inf
𝑎∈𝐴

𝑑𝑘−1 (𝑎, 𝑏)
}
,

for 𝐴, 𝐵 ∈ P∗
𝑘
(𝑋). Then 𝑑𝑚 (𝐴, 𝐵) ∈ {0, 1}.

Fix𝑚, 𝑛 ∈ N0 and let ∗ be a continuous 𝑡-norm on [0, 1]. Recall P∗
𝑚 (𝑋) is the nonempty𝑚-th iterated powerset

of 𝑋 , and P̃∗
𝑛 ( [0, 1]) is the nonempty 𝑛-th iterated powerset of [0, 1].

Define

M(𝐴, 𝐵, 𝑡) =


{ 1[𝑛]}, 𝑑𝑚 (𝐴, 𝐵) = 0,{
{{· · · {exp(−1/𝑡)} · · · }}︸                         ︷︷                         ︸

𝑛 nestings

}
, 𝑑𝑚 (𝐴, 𝐵) = 1,

for all 𝐴, 𝐵 ∈ P∗
𝑚 (𝑋) and 𝑡 > 0. Here 1[𝑛] denotes the 𝑛-fold nested singleton of 1.

We verify the axioms (SHM1)–(SHM5):

(SHM1) inf
{
inf · · · inf (exp(−𝑑𝑚 (𝐴, 𝐵)/𝑡))

}
= exp(−𝑑𝑚 (𝐴, 𝐵)/𝑡) > 0.

(SHM2) M(𝐴, 𝐵, 𝑡) = {1[𝑛]} ⇐⇒ 𝑑𝑚 (𝐴, 𝐵) = 0 ⇐⇒ 𝐴 = 𝐵.

(SHM3) Symmetry follows since 𝑑𝑚 (𝐴, 𝐵) = 𝑑𝑚 (𝐵, 𝐴).

(SHM4) By the Hausdorff triangle 𝑑𝑚 (𝐴,𝐶) ≤ 𝑑𝑚 (𝐴, 𝐵) + 𝑑𝑚 (𝐵,𝐶) and monotonicity of ∗,

M(𝐴, 𝐵, 𝑡) ∗M(𝐵,𝐶, 𝑠) =
{
exp(−𝑑𝑚 (𝐴, 𝐵)/𝑡) ∗ exp(−𝑑𝑚 (𝐵,𝐶)/𝑠)

}
⊆ {exp(−𝑑𝑚 (𝐴,𝐶)/(𝑡 + 𝑠))} = M(𝐴,𝐶, 𝑡 + 𝑠).

(SHM5) For fixed 𝐴, 𝐵, the nested map 𝑡 ↦→ exp(−𝑑𝑚 (𝐴, 𝐵)/𝑡) is continuous on (0,∞), so its infimum and
supremum (through 𝑛 nestings) are continuous.

Thus
(
P∗
𝑚 (𝑋), M, ∗

)
is an (𝑚, 𝑛)-SuperHyperFuzzy metric space.
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Example 2.10 (Hausdorff Interval (𝑚, 𝑛)-SuperHyperFuzzy Metric Space). Let (R, | · |) be the real line with
the usual metric, set 𝑚 = 𝑛 = 1, and let ∗ be any continuous 𝑡-norm on [0, 1]. Then

P∗
1 (R) = P∗ (R) and P̃∗

1 ( [0, 1]) =
{
𝑆 ⊆ [0, 1] | 𝑆 ≠ ∅

}
.

For nonempty 𝐴, 𝐵 ⊆ R, let 𝑑𝐻 (𝐴, 𝐵) denote the Hausdorff distance. Define

M(𝐴, 𝐵, 𝑡) =
[
𝑒− 𝑑𝐻 (𝐴,𝐵)/𝑡 , 1

]
⊆ [0, 1],

for all 𝑡 > 0. Then M(𝐴, 𝐵, 𝑡) ∈ P̃∗
1 ( [0, 1]). We check axioms (SHM1)–(SHM5):

(SHM1) inf{𝑒− 𝑑𝐻 (𝐴,𝐵)/𝑡 , 1} = 𝑒− 𝑑𝐻 (𝐴,𝐵)/𝑡 > 0.

(SHM2) M(𝐴, 𝐵, 𝑡) = [1, 1] ⇐⇒ 𝑑𝐻 (𝐴, 𝐵) = 0 ⇐⇒ 𝐴 = 𝐵.

(SHM3) Symmetry: 𝑑𝐻 (𝐴, 𝐵) = 𝑑𝐻 (𝐵, 𝐴) implies M(𝐴, 𝐵, 𝑡) = M(𝐵, 𝐴, 𝑡).

(SHM4)

M(𝐴, 𝐵, 𝑡) ∗M(𝐵,𝐶, 𝑠) =
[
𝑒−𝑑𝐻 (𝐴,𝐵)/𝑡 , 1

]
∗
[
𝑒−𝑑𝐻 (𝐵,𝐶 )/𝑠 , 1

]
=

[
𝑒−𝑑𝐻 (𝐴,𝐵)/𝑡 ∗ 𝑒−𝑑𝐻 (𝐵,𝐶 )/𝑠 , 1

]
⊆

[
𝑒−𝑑𝐻 (𝐴,𝐶 )/(𝑡+𝑠) , 1

]
= M(𝐴,𝐶, 𝑡 + 𝑠),

since 𝑒−𝑑𝐻 (𝐴,𝐶 )/(𝑡+𝑠) ≤ 𝑒−𝑑𝐻 (𝐴,𝐵)/𝑡 𝑒−𝑑𝐻 (𝐵,𝐶 )/𝑠 ≤ 𝑒−𝑑𝐻 (𝐴,𝐵)/𝑡 ∗ 𝑒−𝑑𝐻 (𝐵,𝐶 )/𝑠 .

(SHM5) For fixed 𝐴, 𝐵, the endpoints 𝑒−𝑑𝐻 (𝐴,𝐵)/𝑡 and 1 depend continuously on 𝑡, so both inf and sup of
M(𝐴, 𝐵, 𝑡) vary continuously on (0,∞).

Hence
(
P∗

1 (R), M, ∗
)

is a (1, 1)-SuperHyperFuzzy metric space.

Example 2.11 (Compact Hausdorff (2, 2)-SuperHyperFuzzy Metric Space). Let 𝑋 = R with the usual metric
𝑑 (𝑥, 𝑦) = |𝑥 − 𝑦 |. Denote by

K(R) = { 𝐴 ⊆ R | 𝐴 is nonempty, compact
}

and
K2 (R) = { A ⊆ K(R) | A is nonempty, compact in the Hausdorff metric}.

Here K(R) is P∗
1 (𝑋) and K2 (R) is P∗

2 (𝑋).

Let 𝑑𝐻 be the Hausdorff distance on K(R) induced by 𝑑, and let 𝑑 (2)
𝐻

be the Hausdorff distance on K2 (R)
induced by 𝑑𝐻 . Fix a continuous 𝑡-norm ∗ on [0, 1]. Define

M(A,B, 𝑡) =

{{1}}, 𝑑

(2)
𝐻

(A,B) = 0,{
{exp

(
− 𝑑 (2)

𝐻
(A,B)/𝑡

)
}
}
, 𝑑

(2)
𝐻

(A,B) > 0,

for all A,B ∈ K2 (R) and 𝑡 > 0. Note that {{1}} ∈ P̃∗
2 ( [0, 1]) is the double-nested singleton of 1, and likewise

{{exp(−𝑑 (2)
𝐻

/𝑡)}} is a double-nested singleton of a value in (0, 1).

We check the axioms (SHM1)–(SHM5):

(SHM1) inf{inf{ 𝑠} | 𝑠 ∈ {exp(−𝑑 (2)
𝐻

(A,B)/𝑡)}} = exp(−𝑑 (2)
𝐻

(A,B)/𝑡) > 0.

(SHM2) M(A,B, 𝑡) = {{1}} ⇐⇒ 𝑑
(2)
𝐻

(A,B) = 0 ⇐⇒ A = B.

(SHM3) Symmetry follows since 𝑑 (2)
𝐻

(A,B) = 𝑑 (2)
𝐻

(B,A).

(SHM4) Using the Hausdorff triangle 𝑑 (2)
𝐻

(A, C) ≤ 𝑑 (2)
𝐻

(A,B) + 𝑑 (2)
𝐻

(B, C) and the monotonicity of ∗,

M(A,B, 𝑡) ∗M(B, C, 𝑠) = {{exp(−𝑑 (2)
𝐻

(A,B)/𝑡) ∗ exp(−𝑑 (2)
𝐻

(B, C)/𝑠)}}

⊆ {{exp(−𝑑 (2)
𝐻

(A, C)/(𝑡 + 𝑠))}} = M(A, C, 𝑡 + 𝑠).
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(SHM5) For fixed A,B, the function 𝑡 ↦→ exp(−𝑑 (2)
𝐻

(A,B)/𝑡) is continuous on (0,∞), so its double-nested
infimum and supremum vary continuously.

Therefore
(
P∗

2 (𝑋) = K2 (R), M, ∗
)

is a (2, 2)-SuperHyperFuzzy metric space.

Theorem 2.12 (Generalization of Fuzzy Metric Spaces). If (𝑋, 𝑀, ∗) is a fuzzy metric space, then setting
𝑚 = 𝑛 = 0 and

M
(
{𝑥}, {𝑦}, 𝑡

)
= {𝑀 (𝑥, 𝑦, 𝑡) }

on P∗
0 (𝑋) = 𝑋 yields an (0, 0)-SuperHyperFuzzy metric space.

Proof. For 𝑚 = 𝑛 = 0, P∗
0 (𝑋) = 𝑋 and P̃∗

0 ( [0, 1]) = [0, 1]. Defining M(𝑥, 𝑦, 𝑡) = {𝑀 (𝑥, 𝑦, 𝑡)} reduces
axioms (SHM1)–(SHM5) to (M1)–(M5) of the fuzzy metric 𝑀 . In particular:

• inf{𝑀 (𝑥, 𝑦, 𝑡)} = 𝑀 (𝑥, 𝑦, 𝑡) > 0.

• {𝑀 (𝑥, 𝑦, 𝑡)} = {1} ⇐⇒ 𝑀 (𝑥, 𝑦, 𝑡) = 1 ⇐⇒ 𝑥 = 𝑦.

• Symmetry and triangle inequalities carry over.

• Continuity of 𝑡 ↦→ 𝑀 (𝑥, 𝑦, 𝑡) gives continuity of the infimum and supremum.

Hence
(
𝑋,M, ∗

)
is an (0, 0)-SuperHyperFuzzy metric space. □

Theorem 2.13 (Generalization of Hyperfuzzy Metric Spaces). If (𝑋, 𝑀, ∗) is a hyperfuzzy metric space, then
setting 𝑚 = 0, 𝑛 = 1 and

M(𝑥, 𝑦, 𝑡) = 𝑀 (𝑥, 𝑦, 𝑡)
on P∗

0 (𝑋) = 𝑋 yields an (0, 1)-SuperHyperFuzzy metric space.

Proof. For 𝑚 = 0, domain remains 𝑋 . The target P̃∗
1 ( [0, 1]) is exactly the collection of nonempty subsets of

[0, 1], so defining M = 𝑀 verifies (SHM1)–(SHM5) directly from the hyperfuzzy axioms (H1)–(H5). □

Theorem 2.14 ((𝑚, 𝑛)-SuperHyperFuzzy Set Structure). In any (𝑚, 𝑛)-SuperHyperFuzzy metric space
(
P∗
𝑚 (𝑋),M, ∗

)
,

for each fixed 𝐵 ∈ P∗
𝑚 (𝑋) and 𝑡 > 0, the map

𝜇𝐵,𝑡 : P∗
𝑚 (𝑋) −→ P̃∗

𝑛 ( [0, 1]), 𝜇𝐵,𝑡 (𝐴) = M(𝐴, 𝐵, 𝑡)

defines an (𝑚, 𝑛)-SuperHyperFuzzy set on P∗
𝑚 (𝑋).

Proof. By definition, M(𝐴, 𝐵, 𝑡) is always a nonempty element of P̃∗
𝑛 ( [0, 1]). Therefore 𝜇𝐵,𝑡 is exactly a

membership assignment P∗
𝑚 (𝑋) → P̃∗

𝑛 ( [0, 1]), i.e. an (𝑚, 𝑛)-SuperHyperFuzzy set. □

Definition 2.15 (Open Balls). Let
(
P∗
𝑚 (𝑋),M, ∗

)
be an (𝑚, 𝑛)-SuperHyperFuzzy metric space. For 𝐴 ∈

P∗
𝑚 (𝑋), 𝑡 > 0, and 𝜀 ∈ (0, 1), define the open ball

𝐵M (𝐴, 𝑡, 𝜀) =
{
𝐵 ∈ P∗

𝑚 (𝑋)
�� inf

{
inf 𝛼 | 𝛼 ∈ M(𝐴, 𝐵, 𝑡)

}
> 1 − 𝜀

}
.

Example 2.16 (Open Balls in Smart Building Sensor Clusters). Let 𝑋 be the set of temperature sensors
deployed throughout a smart building, and consider the (1, 1)-SuperHyperFuzzy metric space

(
P∗

1 (𝑋),M, ∗
)

with
M(𝐴, 𝐵, 𝑡) =

[
exp

(
−𝑑𝐻 (𝐴, 𝐵)/𝑡

)
, 1

]
,

where 𝑑𝐻 (𝐴, 𝐵) is the Hausdorff distance between the reading sets of clusters 𝐴, 𝐵 ⊆ 𝑋 , and ∗ is the product
𝑡-norm. For a reference cluster 𝐴, time parameter 𝑡 > 0, and tolerance 𝜀 ∈ (0, 1), the open ball

𝐵M (𝐴, 𝑡, 𝜀) =
{
𝐵 ⊆ 𝑋

�� inf{𝛼 | 𝛼 ∈ M(𝐴, 𝐵, 𝑡)} > 1 − 𝜀
}

consists of all sensor clusters 𝐵 whose worst-case similarity to 𝐴 exceeds 1− 𝜀. Equivalently, these are exactly
those 𝐵 with

𝑑𝐻 (𝐴, 𝐵) < − 𝑡 ln(1 − 𝜀),
i.e. every sensor in 𝐵 differs from some sensor in 𝐴 by at most −𝑡 ln(1 − 𝜀) degrees.
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Definition 2.17 (Convergence and Cauchy Sequences). A sequence {𝐴𝑘} ⊆ P∗
𝑚 (𝑋) converges to 𝐴 if for every

𝜀 > 0 and 𝑡 > 0 there exists 𝑁 such that for all 𝑘 ≥ 𝑁 ,

inf
{
inf 𝛼 | 𝛼 ∈ M(𝐴𝑘 , 𝐴, 𝑡)

}
> 1 − 𝜀.

It is Cauchy if for every 𝜀 > 0 and 𝑡 > 0 there exists 𝑁 such that for all 𝑝, 𝑞 ≥ 𝑁 ,

inf
{
inf 𝛼 | 𝛼 ∈ M(𝐴𝑝 , 𝐴𝑞 , 𝑡)

}
> 1 − 𝜀.

Example 2.18 (Convergence and Cauchy Sequences of Clusterings). In the same setting, suppose each day 𝑘
we form a cluster 𝐴𝑘 ⊆ 𝑋 by grouping sensors whose pairwise temperature deviations are below a threshold
𝛿𝑘 → 0. Then:

• Convergence: {𝐴𝑘} converges to a stable cluster 𝐴 if for every 𝜀 > 0 and 𝑡 > 0, there exists 𝑁 such that
for all 𝑘 ≥ 𝑁 ,

inf{𝛼 | 𝛼 ∈ M(𝐴𝑘 , 𝐴, 𝑡)} = exp
(
−𝑑𝐻 (𝐴𝑘 , 𝐴)/𝑡

)
> 1 − 𝜀,

equivalently 𝑑𝐻 (𝐴𝑘 , 𝐴) < − 𝑡 ln(1 − 𝜀). In practice, after enough days, the daily cluster matches the
stable cluster within any desired accuracy.

• Cauchy: {𝐴𝑘} is Cauchy if for every 𝜀 > 0 and 𝑡 > 0 there exists 𝑁 such that for all 𝑝, 𝑞 ≥ 𝑁 ,

exp
(
−𝑑𝐻 (𝐴𝑝 , 𝐴𝑞)/𝑡

)
> 1 − 𝜀,

i.e. 𝑑𝐻 (𝐴𝑝 , 𝐴𝑞) < − 𝑡 ln(1 − 𝜀). This means that, beyond some day, any two clusterings are arbitrarily
similar, reflecting stabilization of the grouping process.

Theorem 2.19 (First–Countability and Hausdorffness). The family {𝐵M (𝐴, 1/𝑘, 1/𝑘) | 𝑘 ∈ N} is a neighbor-
hood basis at 𝐴, and the induced topology is Hausdorff.

Proof. By (SHM5), 𝑡 ↦→ inf{inf 𝛼 : 𝛼 ∈ M(𝐴, 𝐵, 𝑡)} is continuous. Hence for each 𝐴 the balls 𝐵M (𝐴, 1/𝑘, 1/𝑘)
shrink to {𝐴}, giving first-countability. If 𝐴 ≠ 𝐵, then by (SHM2) there is 𝑡0 with inf{inf 𝛼 : 𝛼 ∈
M(𝐴, 𝐵, 𝑡0)} < 1. Choose 𝜀 < 1 − inf inf M(𝐴, 𝐵, 𝑡0). Then

𝐵M
(
𝐴, 𝑡0, 𝜀

)
and 𝐵M

(
𝐵, 𝑡0, 𝜀

)
are disjoint, since if 𝐶 lay in both, one would have inf inf M(𝐴,𝐶, 𝑡0) > 1− 𝜀 and inf inf M(𝐶, 𝐵, 𝑡0) > 1− 𝜀,
so by (SHM4)

inf inf M(𝐴, 𝐵, 2𝑡0) ≥ (1 − 𝜀) ∗ (1 − 𝜀) > inf inf M(𝐴, 𝐵, 2𝑡0),
a contradiction. Thus the topology is Hausdorff. □

Theorem 2.20 (Uniqueness of Limits). In an (𝑚, 𝑛)-SuperHyperFuzzy metric space, any convergent sequence
has a unique limit.

Proof. Suppose 𝐴𝑘 → 𝐴 and 𝐴𝑘 → 𝐵. Fix 𝑡 > 0. By convergence there is 𝑁 so that for all 𝑘 ≥ 𝑁 ,

inf inf M(𝐴𝑘 , 𝐴, 𝑡/2) > 1 − 𝜀
2 , inf inf M(𝐴𝑘 , 𝐵, 𝑡/2) > 1 − 𝜀

2 .

Then by (SHM4),
inf inf M(𝐴, 𝐵, 𝑡) ≥ (1 − 𝜀

2 ) ∗ (1 − 𝜀
2 ) > 1 − 𝜀.

Since 𝜀 was arbitrary, inf inf M(𝐴, 𝐵, 𝑡) = 1. By (SHM2) this implies 𝐴 = 𝐵. □

Theorem 2.21 (Isometric Embedding of the Base Space). If (𝑋, 𝑀, ∗) is a fuzzy metric space, then the map

𝑖 : 𝑋 −→ P∗
𝑚 (𝑋), 𝑖(𝑥) = {{· · · {𝑥} · · · }}︸             ︷︷             ︸

𝑚 nestings

is an isometric embedding of (𝑋, 𝑀, ∗) into
(
P∗
𝑚 (𝑋),M, ∗

)
with M

(
𝑖(𝑥), 𝑖(𝑦), 𝑡

)
= {𝑀 (𝑥, 𝑦, 𝑡)}.

Proof. By definition M(𝑖(𝑥), 𝑖(𝑦), 𝑡) = {𝑀 (𝑥, 𝑦, 𝑡)}. Then (SHM1)–(SHM5) reduce to (M1)–(M5), so 𝑖
preserves all fuzzy-metric relations. Hence 𝑖 is an isometry. □
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3 Result: Fuzzy Queue

3.1 Fuzzy Queue

Classical queue models describe systems of waiting lines using probabilistic processes like M/M/1, M/M/c,
capturing arrival, service, and queue behaviors (cf. [63–65]). A fuzzy queue models arrival and service
rates as fuzzy numbers, enabling ambiguity representation and imprecise performance evaluation in systems
(cf. [66–69]). This section gives a mathematically precise definition of fuzzy queues.

Definition 3.1 (Fuzzy Queue). (cf. [67, 70, 71]) Let 𝑄 = (S,Λ, 𝜇, 𝑠, 𝐾, 𝑑) be a classical queueing system,
where

• S is the state space,

• Λ ∈ R>0 is the (crisp) arrival rate,

• 𝜇 ∈ R>0 is the (crisp) service rate,

• 𝑠 ∈ N is the number of servers,

• 𝐾 ∈ N ∪ {∞} is the system capacity, and

• 𝑑 is the service discipline.

A fuzzy queue is the system
𝑄̃ =

(
S, Λ̃, 𝜇̃, 𝑠, 𝐾, 𝑑

)
obtained by replacing the crisp parameters Λ and 𝜇 with fuzzy numbers

Λ̃ : R>0 → [0, 1], 𝜇̃ : R>0 → [0, 1],

whose membership functions 𝜇Λ̃ (𝜆) and 𝜇𝜇̃ (𝜇) encode the possibility distributions of the true arrival and
service rates. Every performance measure 𝑋 (Λ, 𝜇) of the crisp system—such as steady-state probabilities,
mean queue length, or mean waiting time—induces a fuzzy performance measure 𝑋̃ whose membership
function is given by Zadeh’s extension principle:

𝜇𝑋̃ (𝑥) = sup
{
min

(
𝜇Λ̃ (𝜆), 𝜇𝜇̃ (𝜇)

)
: 𝑋 (𝜆, 𝜇) = 𝑥}.

Example 3.2 (Call Center as a Fuzzy Queue). Consider a small call center modeled by an 𝑀/𝑀/1 queue with
infinite capacity and FIFO discipline:

𝑄 =
(
𝑆,Λ, 𝜇, 1,∞, FIFO

)
, 𝑆 = {0, 1, 2, . . . }.

Empirical data suggest the true arrival rate is around 15 calls/hour but uncertain. We model it by the triangular
fuzzy number

Λ̃ : 𝜇Λ̃ (𝜆) =


𝜆 − 10
15 − 10

, 10 ≤ 𝜆 ≤ 15,

20 − 𝜆
20 − 15

, 15 ≤ 𝜆 ≤ 20,

0, otherwise,

peaking at 𝜆 = 15. Similarly, the average service rate is about 6 calls/hour, represented by

𝜇̃ : 𝜇𝜇̃ (𝜇) =


𝜇 − 5
6 − 5

, 5 ≤ 𝜇 ≤ 6,

8 − 𝜇
8 − 6

, 6 ≤ 𝜇 ≤ 8,

0, otherwise.

Thus the fuzzy queue is
𝑄̃ =

(
𝑆, Λ̃, 𝜇̃, 1, ∞, FIFO

)
.
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A key performance measure is the mean number in system:

𝐿 (𝜆, 𝜇) = 𝜆

𝜇 − 𝜆 , 𝜆 < 𝜇.

By Zadeh’s extension principle, the fuzzy performance measure 𝐿̃ has membership

𝜇𝐿̃ (𝑥) = sup
{
min

(
𝜇Λ̃ (𝜆), 𝜇𝜇̃ (𝜇)

) ��� 𝜆

𝜇 − 𝜆 = 𝑥

}
.

This 𝐿̃ assigns to each possible mean queue length 𝑥 the set of plausibility degrees arising from all (𝜆, 𝜇)
yielding 𝐿 (𝜆, 𝜇) = 𝑥.

3.2 HyperFuzzy Queue

A HyperFuzzy Queue generalizes classical queueing systems by modeling arrival and service rates as nonempty
subsets of [0, 1], capturing imprecision.

Definition 3.3 (Hyperfuzzy Queue). Let

𝑄 = (S,Λ, 𝜇, 𝑠, 𝐾, 𝑑)

be a classical queueing system with state space S, crisp arrival rate Λ, crisp service rate 𝜇, 𝑠 servers, capacity
𝐾 , and discipline 𝑑. A hyperfuzzy queue is the tuple

𝑄̃ =
(
S, Λ̃, 𝜇̃, 𝑠, 𝐾, 𝑑

)
,

where
Λ̃ : R>0 −→ P̃([0, 1]), 𝜇̃ : R>0 −→ P̃([0, 1])

assign to each positive real 𝜆 (resp. 𝜇) a nonempty set Λ̃(𝜆) ⊆ [0, 1] (resp. 𝜇̃(𝜇) ⊆ [0, 1]) of possible
membership degrees for the arrival (resp. service) rate.

Moreover, if 𝑋 (𝜆, 𝜇) is any performance measure of the crisp system (e.g. steady-state probability, mean queue
length, mean waiting time), the associated hyperfuzzy performance measure

𝑋̃ : Range(𝑋) −→ P̃([0, 1])

is defined by the generalized extension principle:

𝑋̃ (𝑥) =
{
min(𝛼, 𝛽)

�� 𝑋 (𝜆, 𝜇) = 𝑥, 𝛼 ∈ Λ̃(𝜆), 𝛽 ∈ 𝜇̃(𝜇)
}
.

Example 3.4 (Customer Support Hyperfuzzy Queue). Consider a single-server customer support hotline
modeled by an 𝑀/𝑀/1 queue with FIFO discipline and infinite capacity:

𝑄 =
(
𝑆, Λ, 𝜇, 1, ∞, FIFO

)
, 𝑆 = {0, 1, 2, . . . }.

Due to varying call-volume patterns and measurement uncertainty, a team of analysts provides set-valued
possibility degrees for the arrival and service rates. For instance:

Λ̃(18 calls/hour) = {0.70, 0.75, 0.80}, Λ̃(20) = {0.60, 0.65, 0.70},

𝜇̃(6 calls/hour) = {0.80, 0.85, 0.90}, 𝜇̃(8) = {0.70, 0.75, 0.80}.
Thus the hyperfuzzy queue is

𝑄̃ =
(
𝑆, Λ̃, 𝜇̃, 1, ∞, FIFO

)
.

A key performance metric is the mean number in system,

𝐿 (𝜆, 𝜇) = 𝜆

𝜇 − 𝜆 , 𝜆 < 𝜇.

Applying the generalized extension principle yields the hyperfuzzy performance measure

𝐿̃ (𝑥) =
{
min(𝛼, 𝛽)

��� 𝜆

𝜇 − 𝜆 = 𝑥, 𝛼 ∈ Λ̃(𝜆), 𝛽 ∈ 𝜇̃(𝜇)
}
,

which assigns to each possible value 𝑥 the set of plausibility degrees arising from all (𝜆, 𝜇) combinations that
produce 𝐿 (𝜆, 𝜇) = 𝑥.
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Example 3.5 (Emergency Department Hyperfuzzy Queue). Model a hospital emergency department as an
𝑀/𝑀/2 queue with FIFO service and unlimited waiting room:

𝑄 =
(
𝑆, Λ, 𝜇, 2, ∞, FIFO

)
, 𝑆 = {0, 1, 2, . . . }.

Staffing and patient-arrival data are uncertain, so analysts provide sets of possibility degrees for rates:

Arrival rates (patients/hour):

Λ̃(10) = {0.70, 0.75, 0.80}, Λ̃(12) = {0.60, 0.65, 0.70}.

Service rates (patients/hour per doctor):

𝜇̃(5) = {0.80, 0.85, 0.90}, 𝜇̃(6) = {0.75, 0.80, 0.85}.

Hence the hyperfuzzy queue is
𝑄̃ =

(
𝑆, Λ̃, 𝜇̃, 2, ∞, FIFO

)
.

A useful performance metric is the server utilization

𝜌(𝜆, 𝜇) = 𝜆

2 𝜇
.

Applying the hyperfuzzy extension principle, the hyperfuzzy utilization measure

𝜌̃(𝑥) =
{
min(𝛼, 𝛽)

��� 𝜆

2𝜇
= 𝑥, 𝛼 ∈ Λ̃(𝜆), 𝛽 ∈ 𝜇̃(𝜇)

}
assigns to each utilization level 𝑥 the set of plausibility degrees derived from all (𝜆, 𝜇) combinations yielding
𝜌 = 𝑥.

Theorem 3.6 (Generalization of Fuzzy Queue). Every fuzzy queue

𝑄 𝑓 = (S, Λ̃ 𝑓 , 𝜇̃ 𝑓 , 𝑠, 𝐾, 𝑑)

with singleton-valued fuzzy rates Λ̃ 𝑓 (𝜆) = {𝜇Λ̃ (𝜆)}, 𝜇̃ 𝑓 (𝜇) = {𝜇𝜇̃ (𝜇)} is a special case of a hyperfuzzy queue.

Proof. If each Λ̃(𝜆) and 𝜇̃(𝜇) is a singleton, then the hyperfuzzy queue 𝑄̃ reduces to(
S, {𝜇Λ̃ (𝜆)}, {𝜇𝜇̃ (𝜇)}, 𝑠, 𝐾, 𝑑

)
,

which coincides exactly with the fuzzy queue 𝑄 𝑓 . Likewise, the hyperfuzzy performance measure 𝑋̃ (𝑥) =

{min(𝜇Λ̃ (𝜆), 𝜇𝜇̃ (𝜇)) : 𝑋 (𝜆, 𝜇) = 𝑥} collapses to the singleton-valued fuzzy performance measure by the same
substitution. Hence fuzzy queues embed into hyperfuzzy queues. □

Theorem 3.7 (Hyperfuzzy Set Structure of Hyperfuzzy Queue). For a hyperfuzzy queue 𝑄̃ and any performance
measure 𝑋 , the mapping

𝑋̃ : Range(𝑋) −→ P̃([0, 1]), 𝑋̃ (𝑥) = {min(𝛼, 𝛽) | 𝑋 (𝜆, 𝜇) = 𝑥, 𝛼 ∈ Λ̃(𝜆), 𝛽 ∈ 𝜇̃(𝜇)}

defines a hyperfuzzy set on Range(𝑋).

Proof. By construction, for each 𝑥 ∈ Range(𝑋), 𝑋̃ (𝑥) is a nonempty subset of [0, 1]. Thus 𝑋̃ satisfies the
definition of a hyperfuzzy set, assigning to each element 𝑥 a collection of plausible membership degrees in
[0, 1]. □
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3.3 SuperHyperFuzzy Queue

A SuperHyperFuzzy Queue further extends HyperFuzzy Queues by assigning hierarchical, multi-level set-valued
membership functions to arrival and service rate subsets.

Definition 3.8 ((𝑚, 𝑛)-SuperHyperFuzzy Queue). Let

𝑄 = (S, Λ, 𝜇, 𝑠, 𝐾, 𝑑)

be a classical queueing system with state space S, arrival rate Λ > 0, service rate 𝜇 > 0, 𝑠 servers, capacity 𝐾 ,
and discipline 𝑑. Fix 𝑚, 𝑛 ∈ N0. Denote by

P∗
𝑚 (R>0) and P̃∗

𝑛 ( [0, 1])

the 𝑚-th nonempty iterated powerset of R>0 and the 𝑛-th nonempty iterated powerset of [0, 1], respectively.
An (𝑚, 𝑛)-SuperHyperFuzzy queue is the tuple

𝑄̃ =
(
S, Λ̃𝑚,𝑛, 𝜇̃𝑚,𝑛, 𝑠, 𝐾, 𝑑

)
,

where
Λ̃𝑚,𝑛 : P∗

𝑚 (R>0) −→ P̃∗
𝑛 ( [0, 1]), 𝜇̃𝑚,𝑛 : P∗

𝑚 (R>0) −→ P̃∗
𝑛 ( [0, 1]).

Here Λ̃𝑚,𝑛 (𝐴) ⊆ P𝑛 ( [0, 1]) and 𝜇̃𝑚,𝑛 (𝐴) ⊆ P𝑛 ( [0, 1]) encode the hierarchical uncertainty of the arrival and
service rates drawn from any nonempty 𝐴 ⊆ R>0 at level 𝑚.

Example 3.9 (Regional Call Center Network (1, 2)-SuperHyperFuzzy Queue). Consider two regional call
centers, A and B, serving customer calls. We model the system as a single-server FIFO queue with infinite
capacity:

𝑄 =
(
𝑆,Λ, 𝜇, 1,∞, FIFO

)
, 𝑆 = {0, 1, 2, . . . }.

Due to daily variation and expert uncertainty, we group possible arrival rates into the set

𝐴 = { 𝜆𝐴, 𝜆𝐵} = {12, 15} (calls per hour).

At the first super-level (𝑚 = 1), we assign two expert groups’ fuzzy assessments of these rates:

𝑀1 = {0.80, 0.85}, 𝑀2 = {0.75, 0.80},

so that
Λ̃1,2 (𝐴) = {𝑀1, 𝑀2} ⊆ P̃∗

2 ( [0, 1]).

Here 𝑀1 reflects the morning-shift analysts’ plausibilities, and 𝑀2 reflects the evening-shift analysts’ plausibil-
ities.

Similarly, suppose service rates from two server tiers are grouped as

𝐵 = {𝜇1, 𝜇2} = {6, 8} (calls per hour).

Expert teams provide first-level sets

𝑁1 = {0.85, 0.90}, 𝑁2 = {0.80, 0.85},

giving
𝜇1,2 (𝐵) = { 𝑁1, 𝑁2} ⊆ P̃∗

2 ( [0, 1]).

Thus the (1, 2)-SuperHyperFuzzy queue is

𝑄̃ =
(
𝑆, Λ̃1,2, 𝜇1,2, 1, ∞, FIFO

)
,

which captures hierarchical uncertainty: the set 𝐴 of possible arrival rates is mapped to a collection of two
membership-degree sets, and likewise for the service rates in 𝐵.
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Example 3.10 (Supermarket Checkout (2, 2)-SuperHyperFuzzy Queue). Consider a supermarket with two
checkout lanes modeled as an 𝑀/𝑀/2 FIFO queue with unlimited waiting:

𝑄 =
(
𝑆, Λ, 𝜇, 2, ∞, FIFO

)
, 𝑆 = {0, 1, 2, . . . }.

Customer arrival rates vary by time and day, so we form two levels of grouping:

Level-1 arrival groups:

𝐴1 = {10, 11, 12} (weekday mornings), 𝐴2 = {15, 16, 18} (weekend afternoons).

Together,
𝐴 = { 𝐴1, 𝐴2} ∈ P∗

2 (R>0).

Experts provide two sets of possibility degrees for each group:

𝑀wkday = {{0.80, 0.85}, {0.75, 0.80}}, 𝑀wkend = {{0.70, 0.75}, {0.65, 0.70}}.

Thus
Λ̃2,2 (𝐴) = {𝑀wkday, 𝑀wkend} ⊆ P̃∗

2 ( [0, 1]).

Level-1 service groups:

𝐵1 = {20, 22} (experienced cashiers), 𝐵2 = {18, 21} (trainee cashiers),

so
𝐵 = { 𝐵1, 𝐵2} ∈ P∗

2 (R>0).

Their membership sets are

𝑁exp = {{0.90, 0.92}, {0.88, 0.90}}, 𝑁trainee = {{0.85, 0.87}, {0.82, 0.85}}.

Hence
𝜇2,2 (𝐵) = { 𝑁exp, 𝑁trainee} ⊆ P̃∗

2 ( [0, 1]).

The resulting (2, 2)-SuperHyperFuzzy queue is

𝑄̃ =
(
𝑆, Λ̃2,2, 𝜇2,2, 2, ∞, FIFO

)
,

which captures hierarchical uncertainty in both arrival and service rates across two structural levels (𝑚 = 2)
and two valuation levels (𝑛 = 2).

Theorem 3.11 (Reduction to Fuzzy and Hyperfuzzy Queues).

(a) If 𝑚 = 𝑛 = 0 and Λ̃0,0 (𝑟) = {𝜇Λ̃ (𝑟)}, 𝜇̃0,0 (𝑟) = {𝜇𝜇̃ (𝑟)} are singletons, then 𝑄̃ is precisely a fuzzy
queue.

(b) If 𝑚 = 0, 𝑛 = 1, then 𝑄̃ is a hyperfuzzy queue, since each Λ̃0,1 (𝑟) ⊆ [0, 1] and 𝜇̃0,1 (𝑟) ⊆ [0, 1].

Proof. (a) For 𝑚 = 𝑛 = 0, one has P∗
0 (R>0) = R>0 and P̃∗

0 ( [0, 1]) = [0, 1]. If each image Λ̃0,0 (𝑟) and 𝜇̃0,0 (𝑟)
is a singleton {𝜇Λ̃ (𝑟)}, {𝜇𝜇̃ (𝑟)}, then 𝑄̃ coincides with the fuzzy queue (S, Λ̃ 𝑓 , 𝜇̃ 𝑓 , 𝑠, 𝐾, 𝑑).

(b) For 𝑚 = 0, 𝑛 = 1, the domain remains R>0 but the codomain is all nonempty subsets of [0, 1], exactly
matching the definition of a hyperfuzzy queue. □
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Theorem 3.12 (SuperHyperFuzzy Set Structure of Performance Measures). Let 𝑋 (𝜆, 𝜇) be any real-valued
performance measure of the crisp queue 𝑄. Then the induced mapping

𝑋̃ : Range(𝑋) −→ P̃∗
𝑛 ( [0, 1]),

defined by the multi-level extension principle

𝑋̃ (𝑥) =
{
min(𝛼, 𝛽)

��� 𝑋 (𝜆, 𝜇) = 𝑥, 𝛼 ∈ Λ̃𝑚,𝑛 (𝐴), 𝛽 ∈ 𝜇̃𝑚,𝑛 (𝐴)
}
,

for any representative 𝐴 ∈ P∗
𝑚 (R>0) containing 𝜆 and 𝜇, is an (𝑚, 𝑛)-SuperHyperFuzzy set on Range(𝑋).

Proof. By definition, for each 𝑥 ∈ Range(𝑋), 𝑋̃ (𝑥) is a nonempty element of P̃∗
𝑛 ( [0, 1]). Hence 𝑋̃ assigns

to each 𝑥 a family of 𝑛-th level membership-degree sets, satisfying precisely the conditions of an (𝑚, 𝑛)-
SuperHyperFuzzy set. □

4 Result: HyperFuzzy Ontology

4.1 Fuzzy Ontology

A classical ontology formally defines domain concepts, relationships, and constraints using crisp logic, en-
abling structured, automated knowledge representation and reasoning (cf. [72–74]). A fuzzy ontology defines
domain concepts, attributes, and relationships with membership degrees in [0, 1], representing vague semantic
knowledge [75–77].

Definition 4.1 (Fuzzy Ontology). (cf. [78–80]) A fuzzy ontology is a quadruple

𝐹𝑂 =
(
𝐶, 𝐴𝐶, 𝑅, 𝑋

)
,

where:

• 𝐶 = {𝑐1, . . . , 𝑐𝑘} is a finite set of concepts;

• 𝐴𝐶 = { 𝐴𝐶 (𝑐) | 𝑐 ∈ 𝐶} assigns to each concept 𝑐 a set of attributes;

• 𝑅 = (𝑅𝑇 , 𝑅𝑁 ) is a pair of fuzzy relations on 𝐶:

𝑅𝑇 ⊆ 𝐶 × 𝐶, 𝑅𝑁 ⊆ 𝐶 × 𝐶,

where 𝑅𝑇 contains taxonomy (hierarchical) relations and 𝑅𝑁 contains nontaxonomy relations;

• 𝑋 is a set of axioms, each axiom being a fuzzy constraint on attribute values or on relationships,
expressible in SWRL.

For each concept 𝑐 ∈ 𝐶, let Inst(𝑐) denote its set of instances. Every instance

𝑜 ∈ Inst(𝑐)

is characterized by a fuzzy attribute–value mapping

a𝑜 : 𝐴𝐶 (𝑐) −→ [0, 1],

where a𝑜 (𝑎) is the membership degree of 𝑜 in attribute 𝑎. Similarly, each relation

𝑟
(
𝑐𝑝 , 𝑐𝑞

)
∈ 𝑅

is interpreted as a binary fuzzy relation between instances of 𝑐𝑝 and 𝑐𝑞 , with membership degrees in [0, 1].
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Example 4.2 (Medical Diagnosis Fuzzy Ontology). (cf. [81,82]) Applying Definition 4.1 to a simple medical
domain, let

𝐶 = {Disease, Symptom},
with attribute sets

𝐴𝐶 (Disease) = {Infectiousness, Severity}, 𝐴𝐶 (Symptom) = {Frequency, Intensity}.

Define the taxonomy and nontaxonomy relations by

𝑅𝑇 =
{
(Influenza,ViralInfection), (ViralInfection, Infection)

}
, 𝑅𝑁 = {hasSymptom}.

Instances are

Inst(Disease) = {influenza, common cold}, Inst(Symptom) = {cough, fever}.

Fuzzy attribute memberships:

ainfluenza (Infectiousness) = 0.9, ainfluenza (Severity) = 0.7,

acough (Frequency) = 0.8, acough (Intensity) = 0.6.
Fuzzy relation memberships for hasSymptom:

𝜇hasSymptom (influenza, cough) = 0.85, 𝜇hasSymptom (common cold, cough) = 0.6.

A sample axiom in 𝑋 (in SWRL style):

Severity(𝑑, 𝑠) ∧ 𝑠 > 0.8 =⇒ requiresHospitalization(𝑑) with degree 1.

This ontology captures graded concept attributes, hierarchical concept relations, and fuzzy inter-concept
relations in a medical diagnosis setting.

4.2 HyperFuzzy Ontology

A hyperfuzzy ontology extends fuzzy ontologies by assigning each concept, attribute, or relation a set of
possible membership degrees, capturing imprecision.

Definition 4.3 (HyperFuzzy Ontology). Let

𝐹𝑂 = (𝐶, 𝐴𝐶, 𝑅, 𝑋, Inst, 𝜇𝐴, 𝜇𝑅)

be a fuzzy ontology, where

• 𝐶 is a finite set of concepts;

• 𝐴𝐶 (𝑐) is the finite set of attributes of 𝑐 ∈ 𝐶;

• 𝑅 ⊆ 𝐶 × 𝐶 is a finite set of fuzzy relations;

• 𝑋 is a set of fuzzy axioms;

• Inst(𝑐) is the finite set of instances of 𝑐;

• 𝜇𝐴 : {(𝑜, 𝑎) | 𝑜 ∈ Inst(𝑐), 𝑎 ∈ 𝐴𝐶 (𝑐)} → [0, 1] assigns each instance–attribute a membership degree;

• 𝜇𝑅 : {(𝑟, 𝑜𝑝 , 𝑜𝑞) | 𝑟 ∈ 𝑅(𝑐𝑝 , 𝑐𝑞), 𝑜𝑝 ∈ Inst(𝑐𝑝), 𝑜𝑞 ∈ Inst(𝑐𝑞)} → [0, 1] assigns each relation instance
a membership degree.

A HyperFuzzy Ontology is the tuple

𝐻𝐹𝑂 = (𝐶, 𝐴𝐶, 𝑅, 𝑋, Inst, 𝜇𝐴, 𝜇𝑅),

where
𝜇𝐴 : {(𝑜, 𝑎) | 𝑜 ∈ Inst(𝑐), 𝑎 ∈ 𝐴𝐶 (𝑐)} −→ P̃([0, 1]),

𝜇𝑅 : {(𝑟, 𝑜𝑝 , 𝑜𝑞) | 𝑟 ∈ 𝑅(𝑐𝑝 , 𝑐𝑞), 𝑜𝑝 ∈ Inst(𝑐𝑝), 𝑜𝑞 ∈ Inst(𝑐𝑞)} −→ P̃([0, 1]),
assign to each instance–attribute or relation–instance a nonempty subset of [0, 1], capturing imprecision and
variability in membership.
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Example 4.4 (Medical Diagnosis HyperFuzzy Ontology). Building on the fuzzy ontology of medical diagnosis,
we allow multiple expert evaluations per attribute and relation. Let

𝐶 = {Disease, Symptom}, 𝐴𝐶 (Disease) = {Infectiousness, Severity}, 𝐴𝐶 (Symptom) = {Frequency, Intensity},

Inst(Disease) = {influenza, common cold}, Inst(Symptom) = {cough, fever},
𝑅 = {hasSymptom}.

Expert judgments yield set-valued membership for each instance–attribute:

𝜇𝐴(influenza, Infectiousness) = {0.85, 0.88, 0.90}, 𝜇𝐴(influenza, Severity) = {0.70, 0.75, 0.72},

𝜇𝐴(cough, Frequency) = {0.80, 0.82, 0.78}, 𝜇𝐴(cough, Intensity) = {0.60, 0.65, 0.62}.
Similarly, relation-instance memberships are sets:

𝜇𝑅 (hasSymptom, influenza, cough) = {0.80, 0.85, 0.90}, 𝜇𝑅 (hasSymptom, common cold, cough) = {0.50, 0.60, 0.65}.

Here each 𝜇𝐴(𝑜, 𝑎) and 𝜇𝑅 (𝑟, 𝑜𝑝 , 𝑜𝑞) is a nonempty subset of [0, 1], capturing inter-expert variability. The
resulting tuple

𝐻𝐹𝑂 =
(
𝐶, 𝐴𝐶, 𝑅, 𝑋, Inst, 𝜇𝐴, 𝜇𝑅

)
is a valid HyperFuzzy Ontology for medical diagnosis.

Example 4.5 (Hotel Selection HyperFuzzy Ontology). Consider a travel-recommendation domain with

𝐶 = {Hotel, Feature}, 𝐴𝐶 (Hotel) = {Cleanliness, Comfort, Value}, 𝐴𝐶 (Feature) = {WiFi, RoomService},

instances
Inst(Hotel) = {HotelA, HotelB}, Inst(Feature) = {WiFi, RoomService},

and relation
𝑅 = {offersFeature}.

Multiple guest reviews produce set-valued attribute degrees, for example:

𝜇𝐴(HotelA,Cleanliness) = {0.75, 0.80, 0.85}, 𝜇𝐴(HotelA,Comfort) = {0.70, 0.78, 0.82},

𝜇𝐴(HotelB,Value) = {0.65, 0.72, 0.77}.
Similarly, feature-offer memberships are sets:

𝜇𝑅 (offersFeature, HotelA, WiFi) = {0.90, 0.92, 0.95}, 𝜇𝑅 (offersFeature, HotelB, RoomService) = {0.80, 0.85, 0.88}.

Then
𝐻𝐹𝑂 =

(
𝐶, 𝐴𝐶, 𝑅, 𝑋, Inst, 𝜇𝐴, 𝜇𝑅

)
is a hyperfuzzy ontology capturing inter-review variability in hotel quality and offered features.

Theorem 4.6 (Generalization of Fuzzy Ontology). Every fuzzy ontology 𝐹𝑂 induces a HyperFuzzy Ontology
𝐻𝐹𝑂 by setting

𝜇𝐴(𝑜, 𝑎) = {𝜇𝐴(𝑜, 𝑎)}, 𝜇𝑅 (𝑟, 𝑜𝑝 , 𝑜𝑞) = {𝜇𝑅 (𝑟, 𝑜𝑝 , 𝑜𝑞)}.

Proof. By defining each hyper-membership as the singleton of its fuzzy membership, all hyperfuzzy mappings
collapse to the original fuzzy mappings. Thus 𝐹𝑂 is recovered as the special case 𝐻𝐹𝑂 with singleton
hyper-sets. □

Theorem 4.7 (HyperFuzzy Set Structure). In a HyperFuzzy Ontology 𝐻𝐹𝑂, the mappings

𝜇𝐴 : 𝐷𝐴 → P̃([0, 1]), 𝜇𝑅 : 𝐷𝑅 → P̃([0, 1]),

where 𝐷𝐴 = {(𝑜, 𝑎)} and 𝐷𝑅 = {(𝑟, 𝑜𝑝 , 𝑜𝑞)}, each define a hyperfuzzy set on their domain.

Proof. By construction, for every element of 𝐷𝐴 or 𝐷𝑅, the image under 𝜇𝐴 or 𝜇𝑅 is a nonempty subset of
[0, 1]. Hence each mapping satisfies the definition of a hyperfuzzy set. □
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4.3 SuperHyperFuzzy Ontology

A superhyperfuzzy ontology generalizes hyperfuzzy ontologies by mapping hierarchical collections of concepts
or relations to multi-level sets of membership degrees.

Definition 4.8 ((𝑚, 𝑛)-SuperHyperFuzzy Ontology). Let

𝐹𝑂 =
(
𝐶, 𝐴𝐶, 𝑅, 𝑋, Inst, 𝜇𝐴, 𝜇𝑅

)
be a fuzzy ontology with

𝐷𝐴 =
⋃
𝑐∈𝐶

{
(𝑜, 𝑎) | 𝑜 ∈ Inst(𝑐), 𝑎 ∈ 𝐴𝐶 (𝑐)

}
, 𝐷𝑅 =

⋃
(𝑐𝑝 ,𝑐𝑞 ) ∈𝑅

{
(𝑟, 𝑜𝑝 , 𝑜𝑞) | 𝑜𝑝 ∈ Inst(𝑐𝑝), 𝑜𝑞 ∈ Inst(𝑐𝑞)

}
.

Fix 𝑚, 𝑛 ∈ N0. Denote by P∗
𝑚 (𝐷𝐴) and P∗

𝑚 (𝐷𝑅) the nonempty 𝑚-th iterated powersets of 𝐷𝐴 and 𝐷𝑅,
respectively, and by P̃∗

𝑛 ( [0, 1]) the nonempty 𝑛-th iterated powerset of [0, 1]. An (𝑚, 𝑛)-SuperHyperFuzzy
Ontology is

𝑆𝐻𝐹𝑂 =
(
𝐶, 𝐴𝐶, 𝑅, 𝑋, Inst, 𝜇𝐴, 𝜇𝑅

)
,

where
𝜇𝐴 : P∗

𝑚 (𝐷𝐴) −→ P̃∗
𝑛 ( [0, 1]), 𝜇𝑅 : P∗

𝑚 (𝐷𝑅) −→ P̃∗
𝑛 ( [0, 1]),

assign to each𝑚-level set of instance–attributes or relation–instances a nonempty family of 𝑛-level membership
sets, capturing hierarchical uncertainty.

Example 4.9 (E-Commerce (2, 2)-SuperHyperFuzzy Ontology). Let

𝐶 = { Customer, Product}, 𝐴𝐶 (Customer) = {Loyalty, SpendingPower}, 𝐴𝐶 (Product) = {Quality, Popularity},

with instances
Inst(Customer) = {𝑐1, 𝑐2}, Inst(Product) = {𝑝1, 𝑝2},

and a single relation
𝑅 = {purchases} ⊆ 𝐶 × 𝐶.

Form the domains

𝐷𝐴 =
{
(𝑜, 𝑎) | 𝑜 ∈ Inst(𝑐), 𝑎 ∈ 𝐴𝐶 (𝑐)

}
, 𝐷𝑅 =

{
(purchases, 𝑜𝑝 , 𝑜𝑞) | 𝑜𝑝 ∈ Inst(Customer), 𝑜𝑞 ∈ Inst(Product)

}
.

For 𝑚 = 𝑛 = 2 we take

𝑈 =

{
{(𝑐1,Loyalty), (𝑐1, SpendingPower)}, {(𝑐2,Loyalty), (𝑐2, SpendingPower)}

}
∈ P∗

2 (𝐷𝐴),

and define first-level membership sets

𝑀1 =
{
{0.80, 0.85}, {0.90, 0.95}

}
, 𝑀2 =

{
{0.70, 0.75}, {0.85, 0.90}

}
.

Then the (2, 2)-superhyperfuzzy attribute mapping assigns

𝜇𝐴(𝑈) = {𝑀1, 𝑀2} ⊆ P̃∗
2 ( [0, 1]).

Similarly, for

𝑊 =

{
{(purchases, 𝑐1, 𝑝1), (purchases, 𝑐1, 𝑝2)}, {(purchases, 𝑐2, 𝑝1), (purchases, 𝑐2, 𝑝2)}

}
∈ P∗

2 (𝐷𝑅),

we set
𝑁1 =

{
{0.75, 0.80}, {0.85, 0.88}

}
, 𝑁2 =

{
{0.65, 0.70}, {0.78, 0.82}

}
,

and define
𝜇𝑅 (𝑊) = { 𝑁1, 𝑁2} ⊆ P̃∗

2 ( [0, 1]).
Thus

𝑆𝐻𝐹𝑂 =
(
𝐶, 𝐴𝐶, 𝑅, 𝑋, Inst, 𝜇𝐴, 𝜇𝑅

)
is a concrete (2, 2)-SuperHyperFuzzy Ontology, capturing hierarchical uncertainty in both customer–attribute
and purchase–relation evaluations.
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Example 4.10 ((1, 2)-SuperHyperFuzzy Ontology for Hotel Recommendation). Let

𝐶 = {Hotel, Feature}, 𝐴𝐶 (Hotel) = {Cleanliness, Comfort, Value}, 𝐴𝐶 (Feature) = {WiFi, RoomService},

Inst(Hotel) = {HotelA, HotelB}, Inst(Feature) = {WiFi, RoomService}, 𝑅 = {offersFeature}.

Define

𝐷𝐴 =
{
(𝑜, 𝑎) | 𝑜 ∈ Inst(𝑐), 𝑎 ∈ 𝐴𝐶 (𝑐)

}
, 𝐷𝑅 =

{
(𝑟, 𝑜𝑝 , 𝑜𝑞) | 𝑟 ∈ 𝑅, 𝑜𝑝 ∈ Inst(Hotel), 𝑜𝑞 ∈ Inst(Feature)

}
.

For 𝑚 = 1, P∗
1 (𝐷𝐴) = P∗ (𝐷𝐴) is the family of all nonempty subsets of 𝐷𝐴. Choose

𝑈𝐴 =
{
(HotelA,Cleanliness), (HotelA,Comfort)

}
∈ P∗

1 (𝐷𝐴).

For 𝑛 = 2, P̃∗
2 ( [0, 1]) is the family of nonempty subsets of P1 ( [0, 1]). Let two guest-reviewer groups produce

first-level membership sets
𝑀1 = {0.75, 0.80}, 𝑀2 = {0.85, 0.90},

so
𝜇𝐴(𝑈𝐴) = {𝑀1, 𝑀2} ⊆ P̃∗

2 ( [0, 1]).

Similarly, pick

𝑈𝑅 =
{
(offersFeature,HotelA,WiFi), (offersFeature,HotelB,RoomService)

}
∈ P∗

1 (𝐷𝑅),

and let
𝑁1 = {0.90, 0.95}, 𝑁2 = {0.88, 0.92}.

Then
𝜇𝑅 (𝑈𝑅) = { 𝑁1, 𝑁2} ⊆ P̃∗

2 ( [0, 1]).

Thus the tuple
𝑆𝐻𝐹𝑂 =

(
𝐶, 𝐴𝐶, 𝑅, 𝑋, Inst, 𝜇𝐴, 𝜇𝑅

)
is a (1, 2)-SuperHyperFuzzy Ontology, capturing hierarchical uncertainty both in hotel-attribute evaluations
across guest groups and in feature-offer assessments.

Theorem 4.11 (Reduction to Fuzzy and HyperFuzzy Ontologies).

(a) If 𝑚 = 𝑛 = 0 and for each (𝑜, 𝑎) ∈ 𝐷𝐴, 𝜇𝐴({(𝑜, 𝑎)}) = {𝜇𝐴(𝑜, 𝑎)}, and similarly 𝜇𝑅 ({(𝑟, 𝑜𝑝 , 𝑜𝑞)}) =
{𝜇𝑅 (𝑟, 𝑜𝑝 , 𝑜𝑞)}, then 𝑆𝐻𝐹𝑂 coincides with the original fuzzy ontology 𝐹𝑂.

(b) If 𝑚 = 0, 𝑛 = 1, then 𝑆𝐻𝐹𝑂 specializes to a hyperfuzzy ontology, since 𝜇𝐴 : 𝐷𝐴 → P̃∗
1 ( [0, 1]) and

𝜇𝑅 : 𝐷𝑅 → P̃∗
1 ( [0, 1]).

Proof. (a) For 𝑚 = 𝑛 = 0, P∗
0 (𝐷𝐴) = 𝐷𝐴, P̃∗

0 ( [0, 1]) = [0, 1]. By defining each 𝜇 on singletons to be the
original fuzzy degree, one recovers the fuzzy ontology exactly.

(b) For 𝑚 = 0, 𝑛 = 1, the domain remains 𝐷𝐴 (resp. 𝐷𝑅), while the codomain becomes all nonempty subsets
of [0, 1], yielding precisely the hyperfuzzy ontology structure. □

Theorem 4.12 (SuperHyperFuzzy Set Structure). The mappings

𝜇𝐴 : P∗
𝑚 (𝐷𝐴) → P̃∗

𝑛 ( [0, 1]), 𝜇𝑅 : P∗
𝑚 (𝐷𝑅) → P̃∗

𝑛 ( [0, 1])

each define an (𝑚, 𝑛)-SuperHyperFuzzy set on their respective domains.

Proof. By definition, for every 𝑈 ∈ P∗
𝑚 (𝐷𝐴) (or 𝑈 ∈ P∗

𝑚 (𝐷𝑅)), 𝜇𝐴(𝑈) (resp. 𝜇𝑅 (𝑈)) is a nonempty subset
of P𝑛 ( [0, 1]). Thus each 𝜇 satisfies exactly the requirements of an (𝑚, 𝑛)-SuperHyperFuzzy set. □
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