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Abstract

Uncertainty modeling underpins decision-making in many domains. Over the years, numerous frameworks
have been proposed to capture different facets of imprecision, including fuzzy sets [1}2], rough sets [3,4],
hesitant fuzzy sets [5,/6]], neutrosophic sets [[7,8]l, and plithogenic sets [9,[10]. More recently, hyperfuzzy sets
and their recursive generalization, superhyperfuzzy sets, have been introduced to assign set-valued membership
degrees at multiple hierarchical levels, thereby enriching the representation of uncertainty [11}[12]. In parallel,
a variety of fuzzy-number extensions—triangular, trapezoidal, pentagonal, hexagonal, and octagonal fuzzy
numbers—together with ranking functions on fuzzy numbers, have been studied and applied in decision-
making and related fields [13[I4]. In this paper, we develop hyperfuzzy and superhyperfuzzy analogues of
these fuzzy-number constructs. Our aim is to provide a unified, hierarchically structured toolkit for modeling
complex uncertainty in decision support and beyond.
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1 Preliminaries

We collect here the basic notions and notation used throughout the paper. Unless stated otherwise, all underlying
sets are finite.

1.1 Basic Set Constructions

A fuzzy set assigns to each element a membership degree in the unit interval, enabling partial inclusion rather
than strict binary classification [[1,|{15H17]]. Related extensions such as bipolar fuzzy sets [|18,/19] and picture
fuzzy sets [20] are also well-known. A hyperfuzzy set refines this idea by assigning each element a nonempty
set of values in the unit interval, thereby accommodating variability and imprecision in membership [21-24].
More generally, an (m, n)-superhyperfuzzy set assigns to each m-level subset a family of n-level membership
collections, modeling multi-tiered uncertainty (cf. [[12,25]]).

Definition 1.1 (Universe). Let U be a nonempty finite set, called the universe or base set. All further
constructions (powersets, hyperstructures, etc.) are formed from U.

Definition 1.2 (Powerset). (cf. [26,[27]]) The powerset of U is
PWU) = {A|ACU}.
Definition 1.3 (n-fold Powerset). (cf. [28432]]) For each integer n > 1, define the n-fold iterated powerset of U

by
PLU) =PU), P"(U)=P(P"(U)).

If one wishes to exclude the empty set at each stage, replace P by P*(-) = P(-) \ {0}.

Example 1.4 (Multi-Tier Organizational Structure via Iterated Powersets). Let the base set of employees be

U = {Ayuna, Ichiro, Shinya}.

« PL(U) (all teams):
{{}, {Ayuna}, {Ichiro}, {Shinya}, { Ayuna, Ichiro}, { Ayuna, Shinya}, {Ichiro, Shinya}, { Ayuna, Ichiro, Shinya} }.
Excluding the empty set gives the collection of all nonempty teams.
o P2(U) (committees of teams):
{ {{Ayuna, Ichiro}, {Ichiro, Shinya}}, {{Ayuna}, {Shinya}}, ... }
For example, one committee might include Team; = {Ayuna, Ichiro} and Team, = {Ichiro, Shinya}.

» P3(U) (councils of committees):
{ {{{Ayuna, Ichiro}, {Ichiro, Shinya}}}, {{{Ayuna}, {Shinya}}, {{Ayuna, Shinya}}}, ... } .

For instance, a council might consist of the two committees above, coordinating cross-team decisions.
In practice:

1. Level 1 (teams): small working groups drawn from the employee pool.
2. Level 2 (committees): groups of teams focusing on specific projects.

3. Level 3 (councils): assemblies of committees setting high-level strategy.

Thus the 3-fold powerset 3 (U) naturally models a three-tier decision-making hierarchy in an organization.



Definition 1.5 (Fuzzy Set). [1,/17] A fuzzy set F on U is a function
MF: U — [O’ 1],
assigning to each element x € U a membership degree pp(x).

Definition 1.6 (Fuzzy Relation). [33}[34]] Given a fuzzy set F on U, a fuzzy relation R on U is a fuzzy subset
of UX U, i.e. amap
R:UxU — [0,1],

such that
R(x,y) < min{up(x), up(y)} forallx,y e U.

Definition 1.7 (Hyperfuzzy Set). [21,35-38] A hyperfuzzy set F on U is given by
a:u — P([0,1]) \ {0},
where for each x € U, the set ji(x) C [0, 1] represents the possible membership grades of x.
Definition 1.8 ((m, n)-SuperHyperfuzzy Set). [11l39]] Fix nonnegative integers m, n. Let
Pp(U) = (P o0 P)U), P,([0,1]) = (P o---oP)([0,1]),
—— e — e

m times n times
where P*(X) = P(X) \ {0}. An (m, n)-superhyperfuzzy set on U is a map

fimn: Pp(U) — P(Pa([0,1])) \ {0},

assigning each nonempty m-level subset of U a nonempty family of n-level membership sets, thereby modeling
hierarchical uncertainty.

Example 1.9 (Hierarchical Sensor Network Reliability). Let the universe of sensors be
U ={S1, Sz, S3}.
For m = 2, the nonempty 1st-level subsets are
PrU) = {{S1}. {52}, {S3}. {S1. S2}, {51, S3}, {2, S3}. {S1. 52, S3}}.
and the nonempty 2nd-level subsets are
P3(U) = P (P1(V)),

for example
X = {{S1.5}, {S2.83}} € P (V).

Fix n = 1. We define a (2, 1)-superhyperfuzzy membership map i : P;(U) — P(P1([0,1])) \ {0} by
assigning to each 2-level subset X a nonempty family of reliability intervals. For instance:

f2,1({ {51, 82}, {52, 53}}) = {{0.80,0.85}, {0.75,0.90}},

where each inner set {ry,r,} C [0, 1] represents a plausible lower and upper bound on the aggregated cluster
reliability. Thus fip | captures uncertainty both within each sensor-cluster and across clusters of clusters,
modeling hierarchical reliability in the network.

Example 1.10 (Sensor Cluster Reliability under Multi-Layer Uncertainty). Let the universe of sensors be
U = {81, S», S3}, and consider the 1-level subset X = {§;,S,} € PI‘(U). We wish to model the reliability of
this sensor pair under three nested layers of uncertainty:

(1) Operational Scenario Uncertainty: different environmental or load conditions,
(i) Sensor Degradation Uncertainty: variability in sensor aging or calibration,

(iii) Expert Opinion Uncertainty: divergent assessments by multiple analysts.



Accordingly, we define the (1,3)-superhyperfuzzy membership 1 3(X) € P(P(P([0,1]))) \ {0} by two
three-level membership families:

a1 3(X) = {Wl, Wz},

where
Wi = {{0.70, 0.75}, {0.80}}, W, = {{0.65}, {0.85, 0.90}}.

Here:

 Each inner set (e.g. {0.70,0.75}) is a level-1 collection of membership grades reflecting expert-opinion
ranges.

* Each W; is a level-2 collection of those grade-sets, representing variability across sensor-degradation
scenarios.

* Finally, {W;, W} is the level-3 family, capturing distinct operational scenarios (e.g. “normal” vs. “harsh”
environments).

Thus £ 3(X) models reliability with three hierarchical uncertainty layers: expert divergence, sensor aging,
and environmental conditions.

1.2 HyperFuzzy Number and SuperHyperFuzzy Number

A fuzzy number is a fuzzy set on R whose membership function is normal, convex, upper semi-continuous,
and has compact support, modeling imprecise real values [40-45]. Several extensions of fuzzy numbers have
been proposed, such as Intuitionistic Fuzzy Numbers [46,/47]], Complex Fuzzy Numbers [48-50], Neutrosophic
Numbers [51H53]], and Hesitant Fuzzy Numbers [54-56]. These concepts have been widely applied in various
fields, including decision-making. A hyperfuzzy number is a hyperfuzzy set on R that assigns each point a
nonempty subset of [0, 1], satisfying normality, hyper-convexity, upper semi-continuity, and compact support
[23]]. A superhyperfuzzy number of order (m,n) is a hierarchical hyperfuzzy set mapping each nonempty
m-level subset of R to a nonempty family of n-level membership sets, capturing multi-layer uncertainty.

Definition 1.11 (Fuzzy Number). [43,44] A fuzzy set A on R with membership function
ua:R — [0,1]

is called a fuzzy number if it satisfies:

(i) Normality: there exists xo € R such that p4(xg) = 1.

(ii) Fuzzy convexity: for all x,y € R and 1 € [0, 1],
pa(dx + (1 =2)y) = min{ua(x), pa(y)}.

(iii)) Upper semi-continuity: 4 is upper semi-continuous on R.

(iv) Compact support: the support supp(A) = {x € R | ga(x) > 0} is a compact (hence bounded) subset
of R.

Definition 1.12 (Hyperfuzzy Number). [23]] A hyperfuzzy number A is ahyperfuzzy set on R (cf. Definition|1.7)
whose membership map
Ai:R — P([0,1)\ {0}

satisfies:

(i) Normality: sup U fz(x) =1,

xeR

(ii) Hyper-convexity: forall x,y € R and 1 € [0, 1],

min{u,v} < w foreveryu € fiz(x), v € fiz(y), w € fiz(dx+ (1-2)y).



(iii) Upper semi-continuity: for each & € (0, 1], the @-cut {x | Ju > @, u € fiz(x)} is closed in R.
(iv) Compact support: the support supp(A) = {x | Ju > 0, u € fi;(x)} is a compact subset of R.

Example 1.13 (Commuting Time Satisfaction as a Hyperfuzzy Number). A city planner models commuter
satisfaction with travel time ¢ (in minutes) as a hyperfuzzy number 7. She defines

0, 1 <20,
0 t <30
’ <30, =20
_ L22  20<r<40,
ﬂ’ 30 <t < 45, 40 - 20
pu(r) =4 4-30 A =11, 40 <1 < 80,
- -1 s <60
6045 ~=1=% 100=1 ey oy < 100,
0, t > 60, 100 — 80
0, t> 100.

Then for each ¢, the hyperfuzzy membership is the interval

A1) = [p(0), 7]

For example:

* At =50 min, u(50) = €20 ~ 0.67 and E(50) = 1, so satisfaction lies in [0.67, 1].

e Att =70 min, u(70) = 0 and u(70) = 1, so satisfaction lies in [0, 1].

* Atz =10 min, £(10) = 0 and 72(10) = 182 = 0.5 (clipped to 0), so (10) = [0,0].
This hyperfuzzy model captures both conservative and optimistic assessments of commuting satisfaction under
travel-time uncertainty.

Theorem 1.14. Every (classical) fuzzy number A: R — [0, 1] (cf. Definition of fuzzy number) induces a
hyperfuzzy number A via

fAix) = {ua(®)} (xeR),

and conversely any hyperfuzzy number whose all ji(x) are singletons reduces to a fuzzy number.
Proof. Define fi;(x) = {pa(x)}. Then

* Normality: since sup, pa(x) = 1, we have sup U, {pa(x)} = 1.

* Hyper-convexity: for any x,y and A, pa(Ax + (1 = 2)y) > min{ua(x), pa(y)}, so every w = pa(Ax +
(1 —2)y) satisfies w > min{u, v} with u = pa(x), v = ua(y).

o Upper semi-continuity and compact support follow immediately from those properties of 4.
Conversely, if fi(x) is always a singleton set, define u4(x) to be its unique element; then A is a fuzzy number
with the same normality, convexity, continuity, and support properties. O

Definition 1.15 ((m, n)-SuperHyperfuzzy Number). An (m, n)-superhyperfuzzy number A" on R is an
(m, n)-superhyperfuzzy set (cf. Definition [I.8) with

fimn: Pr(R) — P(Pu([0,1])) \ {0},

such that:

(i) Normality: there exists a nonempty m-level set Xo € R with AV € [, »(Xp) and sup UV = 1.



(ii) Hierarchical convexity: for all X,Y € P, (R) and A € [0, 1], any W € i, ,(1X + (1 — 1)Y) satisfies
min{u,v} <wforeachu e U,veV,w € W, with U € [, n(X),V € fim.n(Y).

(iii) Upper semi-continuity and compactness at each level mirror the definitions of fuzzy and hyperfuzzy
numbers but applied to m- and n-level cuts.

Example 1.16 (Temperature Comfort as a (1, 2)-SuperHyperfuzzy Number). We model human comfort with
ambient temperature ' € R via a (1, 2)-superhyperfuzzy number C(1-?). Choose five nonempty 1-level subsets

of R:
—10,10] (“Cold”),

[
[5,20] (“Cool”),

[15,30] (“Comfortable”),
X4 =[25,40] (“Warm”),

Xs =[35,50] (“Hot™).

X =
X, =
X; =

For each X;, we assign two nested membership families (level-2 sets of level-1 grade-sets):
f12(X) = {Wi1, Wi}, Wi € Pi([0,1]).

Concretely:
W31 = {{0.7,0.8}, {0.75,0.9}}, W3, = {{0.6,0.7}},

so for the “Comfortable” interval X3, one may be optimistic (0.75-0.9) or conservative (0.7-0.8), and analysts
differ (0.6-0.7). Similarly, for “Cold” (X;):

Wi = {{0.1,0.2}, {0.2,0.3}}, Wi, = {{0.05,0.15}}.

Thus C(1-?) assigns each temperature range a family of possible comfort-grade intervals, capturing both
intra-range uncertainty (level 1) and inter-expert variability (level 2).

Theorem 1.17. Every hyperfuzzy number A induces an (m, n)-superhyperfuzzy number A" by setting
fiman(X) = {iz(x) [x € X} (X € P (R)),

and any (m, n)-superhyperfuzzy number whose all outputs are singletons of singleton-families reduces to a
hyperfuzzy number (and hence to a fuzzy number when further all those singletons are single values).

Proof. Given A, for each nonempty X C R at level m, define i, ,(X) = {fiz(x) : x € X}, which is nonempty
by normality of A. One checks:

* Normality: exists xo with sup fi ;(xo) = 1, 50 fi;n,»({x0}) contains a set whose supremum is 1.
* Hierarchical convexity: follows from hyperfuzzy convexity applied pointwise to each x € X.

o Upper semi-continuity and compactness: inherited from A at each hierarchical level.

Conversely, if each fi,, ,(X) is a singleton family {W} and each W is itself a singleton {w}, then defining
f1;(x) = w recovers a hyperfuzzy number, and further to a fuzzy number if w is constant for each X = {x}. O

2 Triangular fuzzy numbers
2.1 Triangular Fuzzy numbers

Triangular fuzzy numbers have piecewise-linear membership on R: rise linearly to 1 at a peak then descend
linearly to O [|57-59].



Definition 2.1 (Triangular Fuzzy Number). [60-62] A triangular fuzzy number A on the real line is a fuzzy
set whose membership function 5 : R — [0, 1] is given by

0, x<a,
x—a
A s <x<b,
_ -a
T {CY
, b<x<ec,
c—b
0, X >c,

where a < b < c are real numbers. We write A = (a, b, ¢). Equivalently:

+ Support: supp(A) = [a, c].
* Peak (normality): u;(b) = 1.

» Convexity: u ; is piecewise linear and achieves its maximum at b.

The a-cut of A is the closed interval
Ag = {xeR|puz(x)>a} = [a+a(b—a), c—a(c—b)], a € [0,1].
Example 2.2 (Project Completion Time Estimation). A project manager models the completion time 7T (in

weeks) for a software module as a triangular fuzzy number T = (4, 6, 10). The membership function p7(z) is
defined by

0, <4,
Lli, 4<t<6,
pp() =4 6-4
071 ¢ /<10
10-6 =0
0, t> 10

* Optimistic estimate (¢ = 4): Completing in 4 weeks is considered impossible (u = 0).
* Most likely (b = 6): 6 weeks has full membership (u = 1).

¢ Pessimistic estimate (c = 10): Beyond 10 weeks is considered impossible (¢ = 0).

The support of T is [4,10], and the a-cut is
To=[4+2a, 10-4a], ac]0,1].

For example, the 0.5-cut is Tys = [5,8], representing “fairly possible” completion times between 5 and 8
weeks.

2.2 Triangular HyperFuzzy numbers

Below we recall the definition of a triangular hyperfuzzy number.

Definition 2.3 (Triangular Hyperfuzzy Number). Let a,, < as < by < c¢¢ < ¢, be real numbers. A triangular
hyperfuzzy number A is a hyperfuzzy number (cf. Deﬁnition whose membership map

Ai) = [p). 5Z@] € [0.1], xeR,



is the closed interval between two triangular membership functions:

0, x < ay,
0’ xSaf? x_au
X —ayr , ay <x<bg,
b ar ag <x < by, by —ay
,Ll(.x) = Cf[—)(f M(x) = 17 bf <x < bf,
- , br<x<ecy, Cu—X
ce—by , be<x<cy,
0 xX>cy cu—be
0, X > cy.

Here u and 1 are piecewise-linear with peak at b, and u(x) < u(x) for all x.

Example 2.4 (Commuter Travel Time Satisfaction as a Triangular Hyperfuzzy Number). A city planner
models commuter satisfaction with one-way travel time ¢ (in minutes) by a triangular hyperfuzzy number T
with parameters

a, =10, ay, =20, by, =30, c¢y,=50, c,=70.

The lower (pessimistic) membership function is

0, t <20,
t-20
—, <t <30,
0 =1 %7 0 <1 <50
s <t< )
50-30
0, t>50,

and the upper (optimistic) membership function is

0, t <10,

t—10

_ <tr<

30-10" 10 <t < 30,
() =41, t =30,

70—t

_ <tr<

70-30" 30<t <70,

0, t >170.

Thus the hyperfuzzy satisfaction interval is i (¢) = [u(z), u(¢)]. For example:

* At7=25min, u(25) = 2 = 0.5, 1(25) = 252 = 0.75, so satisfaction € [0.5,0.75].
* At =40 min, u(40) = 25590 = 0.5, 1(40) = L% = 0.75, s0 satisfaction € [0.5,0.75].

* Atr=15min, u(15) = 0, z(15) = 252 = 0.25, so satisfaction € [0,0.25].

This triangular hyperfuzzy model captures both conservative (lower) and optimistic (upper) assessments of
commuter satisfaction under travel-time uncertainty.

Theorem 2.5. Every triangular hyperfuzzy number A is a hyperfuzzy number. Moreover:

(a) Ifa, = a¢, c¢ = cy, then u = u and A reduces to the triangular fuzzy number (ae, be, ce).

(b) If in addition ap = by = c¢ = X, then Afurther reduces to the crisp number Xx.
Proof. We check the hyperfuzzy-number axioms:
Normality. Since u(bs) = 1, we have sup |, fi;(x) = 1.

Hyper-convexity. Let x,y € Rand A € [0,1]. For any u € fiz(x) and v € f[iz(y), min{u,v} >
min{ﬁ(x),ﬁ(y)}. But triangular convexity of u implies ,L_t(/lx + (1 -2y = min{ﬁ(x),ﬁ(y)}. Hence ev-
ery w € fi;(Ax + (1 — )y) satisfies w > u(Ax + (1 — 2)y) > min{u, v}.



Upper semi-continuity. Each a-cut {x | Ju > a, u € fiz(x)} is the union of the closed a-cuts of u and 1,
hence closed. B

Compact support. supp(A) = [ay, c,] is closed and bounded.

Thus A is a hyperfuzzy number. If a, = a; and ¢; = c,, then p = qi is exactly the triangular membership of
the fuzzy number (a¢, be, c¢). If further ap = by = c¢ = xo, then u(x) = f(x) = dx,(x), the crisp singleton at
X0. O

2.3 Triangular SuperHyperFuzzy numbers

Below we define the definition of a (m, n)-Triangular SuperHyperfuzzy Number.

Definition 2.6 ((m, n)-Triangular SuperHyperfuzzy Number). Fix nonnegative integers m, n. Let
Xa,» Xbs Xey € Pr(R), X4, € Xp € X,

and let -
A AP (R) — P(P.([0.1])) \ {0}

be two (m, n)-superhyperfuzzy numbers satisfying for each X € £, (R),
A(X) ¢ AX).

Then the (m, n)-triangular superhyperfuzzy number A"™™ with “vertices” X, +» Xb, X¢, is the (m, n)-superhyperfuzzy
set

AX), X € X,

(1-200) A00) U AN AX), Xo X C X,
/jm,n(X) =1 =

A(X)’ Xb cXcC ch’

(o). X 2 X,

0(X) - 6(Xq,)

where /I(X) = W

and § : P,; (R) — Ry¢ isany strictly increasing “size” measure (e.g. cardinality

or diameter).

Example 2.7 (Battery Pack Reliability under Load Conditions as a (1, 2)-Triangular SuperHyperfuzzy Number).
We model the reliability of an electric-vehicle battery pack under three load regimes: Low, Medium, High.
Set

X4, = {Low}, Xp = {Low, Medium}, X., = {Low, Medium, High}.

Take the size measure §(X) = |X|. For each X, define two nested 2-level membership families:
A(X) = {{0.90,0.95}, {0.85,0.90}}, A(X) = {{0.92,0.97}, {0.88,0.93}}.

Then g > : P;({Low, Medium, High}) — P (P2 ([0, 1])) is given by

A(X)’ 6(X) = l,
5(X) -1

Aa(X) =4 (1= 2X)AX) U AX)A(X), 1<6(X) <2, AX) = 71

A(X), §(X) =2,

Concretely:

« X = {Low} (6 = ): fi12(X) = A(X) = {{0.90,0.95}, {0.85,0.90} }.

* X = {Low,Medium} (6 =2): 4 = 1,50 g 2(X) = K(X) = {{0.92,0.97}, {0.88,0.93}}.



« X = {Low, Medium, High} (6 = 3): & > 2 again yields 7 »(X) = A(X).

This (1, 2)-triangular superhyperfuzzy number captures hierarchical uncertainty in battery reliability:

1. Level 1 (A, A) models interval forecasts from conservative and optimistic tests.

2. Level 2 (the families of intervals) represents variability across repeated trials or different expert assess-
ments.

3. The triangular structure (via X, , X5, Xc,) encodes “low-load,” “medium-load,” and “high-load” regimes
with graded transitions.

Example 2.8 (Air Quality Index under Multilayer Uncertainty as a (1, 3)-Triangular SuperHyperfuzzy Number).
We assess an air quality index (AQI) under nested uncertainties: sensor variability, daily fluctuations, and expert

opinions. Let the region types be
U = {Urban, Suburban, Rural}.

Take
X,4, = {Urban}, X3, = {Urban, Suburban}, X, =U,

and size measure 6(X) = |X|. Define two (1, 3)-superhyperfuzzy maps A, A by:
Lower (conservative) profile:
A(Xa,) = {Wi1, Wi}, Wi = {{0.10,0.15}, {0.20}}, Wi, = {{0.05}, {0.25,0.30}},

A(Xp) = {Wa1, Wan}, Way ={{0.20,0.25}, {0.30}}, W,, = {{0.15}, {0.35,0.40}},
A(Xe,) = {Ws1, Wan}, Wi ={{0.40,0.45}, {0.50}}, Ws, = {{0.35}, {0.55,0.60}}.

Upper (optimistic) profile:
A(Xa) ={Vi1, Vin}, Via=1{{0.20,0.25}, {0.30}}, Vi, ={{0.15}, {0.35,0.40}},

A(Xp) = {Var, Vaa}, Vo = {{0.35,0.40}, {0.45}}, Vi, = {{0.30}, {0.50,0.55}},

Z(XC,) ={V51, 32}, Va1 ={{0.60,0.65}, {0.70}}, V3, ={{0.55}, {0.75,0.80}}.

Then fi; 3(X) is given by the triangular scheme:

A(X), X C X,
. (1-DA(X) U AA(X), X4 CXC Xp, §(X) -1
Ar3(X) =9 = /l=ﬁ‘
A(X), X, C X C X,,, -
{{0}}, X2 X,

Interpretation:

e Level 1 (sets X): distinguishes “Urban,” “Urban+Suburban,” and all regions.

* Level 2 (4, A): captures pessimistic vs. optimistic AQI interval assessments by sensors.

* Level 3 (W; ;,V; ;): reflects uncertainties from daily weather patterns and expert opinion variability.

Hence fi; 3 models AQI with three hierarchical uncertainty layers in a triangular transition across region types.
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Theorem 2.9 (Reduction to Triangular Fuzzy, Hyperfuzzy, and SuperHyperfuzzy Numbers). The (m, n)-triangular
superhyperfuzzy number A" specializes as follows:

(i) If m = n = 0, then Pj(R) = R and each of A,Z are singleton-valued; hence A9 reduces to the
classical triangular fuzzy number (a¢, b, c¢) where ag, b, c¢ are the unique points in X, Xp, Xc, .

(ii) Ifm = 0 but n > 1, then A%™ is a triangular hyperfuzzy number, since each cut fo.n(x) is an interval
[u(x),m(x)] € [0, 1], varying piecewise-linearly in x.

(iii) For general m,n, if A(X) = K(X) for all X, then A"™ reduces to an (m, n)-superhyperfuzzy number
(Definition[1.8).

Proof. (i) Whenm =n =0, P;(R) = R and the maps A, A each assign to a pointx € R asingleton { pg(x)},
respectively { u,(x)}. If moreover ps(x) = w,(x) for all x, then the membership foo(x) = {u(x)}
coincides with the piecewise-linear triangular membership of (a¢, b, c¢).

(ii) If m = 0, but n > 1, then each fip , (x) is by construction the interval
|1, 5] < [0.1],

where u, u are piecewise-linear with peak 1 at b € Xj. This matches the definition of a triangular
hyperfuzzy number.

(iii) Inthe general (m, n) case,if A(X) = X(X) for all X, then every convex combination (1-1) A(X)UA Z(X)

reduces to that same common value. Hence fi, , (X) is single-valued for each X, and Almn) coincides
with the (m, n)-superhyperfuzzy number given by that value.

3 Ranking fuzzy numbers

3.1 Ranking Fuzzy numbers

A ranking function on fuzzy numbers maps each fuzzy number to a real score, preserving crisp consistency
and membership-based ordering [[63-66].

Definition 3.1 (Ranking Function on Fuzzy Numbers). [[67./681/68./69] Let ¥ (R) denote the set of all fuzzy
numbers on R. A ranking function is a mapping

R:¥(R) — R
that induces a total order =g on ¥ (R) via
A>r B <= R(A) > R(B).

We require R to satisfy the following properties:

(i) Crisp consistency: For each real x, let x € 7 (R) be the crisp fuzzy number defined by

ux<r>={1’ 1=

0, t+#x.

Then
R(X) = x.
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(ii) Monotonicity: If A, B € ¥ (R) satisfy
A, C B, foreverya € (0,1],
where A, and B, are the usual a-cuts, then
R(A) < R(B).

Example 3.2 (Ranking Project Completion Estimates). A project manager has two triangular fuzzy estimates
for task duration (in weeks):
A = (47678)’ E: (5’7’9)'

They use the centroid ranking function

a+b+c

R(X) = —3 for X = (a, b, c).
Then 4+6+8 5+47+9
R(A):+3—+:6, R(g):*'3_+:7.

Crisp consistency: A “crisp” estimate 6 (i.e. the fuzzy number that equals 6 with membership 1) satisfies

R(6) = 6.

Monotonicity: For each a € (0, 1],
Ao =[4+2e,8-2a], By=|[5+2e, 9-2a|,

and indeed A, C B,. Consequently, )
R(A)=6 < 7=R(B),

so the manager correctly ranks B as the longer estimate.

This example shows how a ranking function can convert fuzzy duration estimates into a precise order for project
planning.

3.2 Ranking HyperFuzzy numbers

Below we present the definition of Ranking Function on Hyperfuzzy Numbers and a detailed illustrative example.

Definition 3.3 (Ranking Function on Hyperfuzzy Numbers). Let H¥ (R) denote the set of all hyperfuzzy
numbers on R, each given by a membership map

fia : R — P([0,1]) \ {0}.
For A € HF (R), define its lower and upper membership functions by
u,(x) =inffia(x),  pa(x) =supfalx), xeR.
A ranking function on hyperfuzzy numbers is a map
R:HF(R) — R

such that:

(1) Crisp consistency: For each real x, let xg be the crisp hyperfuzzy number defined by

~7( )_ {1}’ X = X0,
) = {0}, x # xo.
Then
R(x0) = xo.

12



(ii) Monotonicity: If A, B € HF (R) satisfy

I (x) < By (x) and pu(x) < up(x) forallx e R,

then
R(A) < R(B).

Example 3.4 (Ranking House Price Estimates under Hyperfuzzy Uncertainty). A real estate analyst compares
two houses A and B using hyperfuzzy price estimates (in thousands of dollars).

House A:
0, x < 100, 0, x <90,
=100 60 < ¢ < 120, =90 g0 < x < 125,
) = 1%91 - 100 () =4 12590
Ea 120 40, 70-x = s 170
< < _— < <
140—120 =x=1E 170 — 125° =r=10
0, x> 140, 0, x> 170.
House B:
0, x <110, 0, x < 100,
— 11 _
1;0—1(1)0’ 110 <x <130, 700 1(1)80 100 < x < 135,
100 =1 7150 - 130 150 Fnt) =1 g 135 180
o —— < < < <
150 — 130 =xX=0 180 — 135° ==
0, x > 150, 0, x> 180.

Thus each hyperfuzzy membership is fis(x) = [pA(x), 14 (x)] and likewise for fig(x).

We use the ranking function

R(P) =

ce+cy

2 k)

ag+ by +cy
:—3 5

a, +be +cy
=T

il

where (ag, b, c¢) and (ay, by, c,,) are the parameters of the lower and upper triangular membership functions.

100 + 120 + 140

90 + 125+ 170

=T D120, caw= ~ 128.33,
CAl 3 CA, 3
120 + 128.33
R(A) = 2920 12417,
110 + 130 + 150 100 + 135 + 180
cpo= TN 130, g, = T IO0138.33,
3 3
130 + 138.
Ry~ 3041833 L

Crisp consistency: For the crisp hyperfuzzy number 125 with fs(x) = {1} if x = 125, else {0}, we have

R(125) = 125.

Monotonicity: Since for all x,

H,(x) < p (%),

Ha(x) < up(x),

it follows that R(A) < R(B), i.e. the ranking respects the hyperfuzzy ordering.

This example illustrates how a ranking function on hyperfuzzy numbers can convert interval-valued price
estimates into a single comparable value for decision-making.
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Theorem 3.5 (Reduction to Fuzzy and Hyperfuzzy Ranking). Let R be a ranking function on H¥F (R) as
above. Then:

(a) If A is a (classical) fuzzy number, regarded as the hyperfuzzy number with fis(x) = {ua(x)}, then R(A)
depends only on the single—valued membership ua and hence defines a valid ranking function on fuzzy
numbers.

(b) If all ia(x) happen to be singleton intervals [u(x), u(x)] with u(x) = u(x), w(x) = v(x), then R
restricted to such “interval hyperfuzzy numbers” yields a ranking function on hyperfuzzy numbers in the
sense of [37].

Proof. (a) Suppose A is a fuzzy number with us : R — [0, 1], and form the corresponding hyperfuzzy A
by fiz(x) = {ua(x)}. Then EA(X) = tu;(x) = pa(x). Thus any ordering or comparison of A with another

fuzzy number B depends only on the single—valued u4, g, so R(A) agrees with a ranking function on fuzzy
numbers.

(b) Now suppose A € HF (R) has fia(x) = [u(x),u(x)]. Then the lower/upper membership functions
coincide with these endpoints. Monotonicity in the hyperfuzzy sense (,l_lA S By Ha < up) is exactly the
standard interval-based ordering used in interval-valued fuzzy rankings. Hence R restricted to this subclass is
a ranking function on hyperfuzzy numbers as in the existing literature. O

3.3 Ranking SuperHyperFuzzy numbers

Below we present the definition of Ranking Function on (m,n)-SuperHyperfuzzy Numbers and a detailed
illustrative example.

Definition 3.6 (Ranking Function on (m, n)-SuperHyperfuzzy Numbers). Let SHF "™ (R) be the class of
all (m, n)-superhyperfuzzy numbers on R, each given by a membership map

fmn: Pu(R) — P(Pa([0,1]) \ {0}
Suppose we have a fixed ranking function
Ruyr: HF (R) —» R
on hyperfuzzy numbers (Definition of ranking on hyperfuzzy). Define the aggregation map
®(AM) R — P[0, 1)\ {0}
by

(A (x) = | ) v xer

XeP,, (R) Uefimn(X)
xeX

One checks that ®(A™") is a hyperfuzzy number. Then the ranking function on (m,n)-superhyperfuzzy
numbers is defined by
Ry (A"") = Ru®@(A")).

Example 3.7 (Project Lead-Time Ranking via a (1, 1)-SuperHyperfuzzy Number). A project manager models
the lead time ¢ (in days) for a critical task under three overlapping time-windows:

X =[57, X>=1[7,10], X3=1[5,10],

s0 X1 € X3z and X, C X3. Wesetm =n =1 and 6(X) = length(X).

SuperHyperfuzzy membership maps: For each X;, assign two nested membership intervals (level-1 families):
AX;) ={laf. b1}, AX) ={[a}, Y1},
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with parameters
(af,bt,a¥,b") = (5,7,6,8), (7,10,8,9), (5,10,6,9)

fori = 1,2, 3 respectively. Thus /i1 1(X;) = {{[al, {1}, {[a¥, b]}}.

Aggregation to a hyperfuzzy number: By the definition
oA =] J v

teX; Uef 1 (X;)

one obtains the triangular hyperfuzzy number with
u(@): (5,7,10),  u(): (6,8,9),

where u and p are the lower and upper triangular membership functions peaked at = 7 and t = 8, respectively.

Ranking via centroid: We use the hyperfuzzy ranking function

54+7+10

3 + &89 553103/3  45/3
Run(F) = 3 2 22/3+23/3 _45/3 _

5 5 > 7.5.

Hence
R]’l (A(l’l)) = RHF(CD(A(I’I))) =17.5.

Interpretation: Although individual windows X and X, suggest best-case and worst-case durations, the (1, 1)-
superhyperfuzzy model integrates hierarchical uncertainty and yields a single ranked lead time of 7.5 days for
planning and resource allocation.

Example 3.8 (Ranking Air Quality under (1,3)-SuperHyperfuzzy Uncertainty). Building on our (1, 3)-
superhyperfuzzy AQI model (Example 4.7), we aggregate to a hyperfuzzy AQI and then rank.

Aggregation to a Triangular Hyperfuzzy Number. Applying

oA Mwm =] ] v
xeX Uefii 3(X)

one obtains lower and upper triangular membership functions
/._1(X) : (ag,be,ce) =(0.2,0.5,0.8), ulx): (ay,becy) =1(0.3,0.6,0.9).
Thus the equivalent triangular hyperfuzzy number has parameters (0.2, 0.5, 0.8) (pessimistic) and (0.3, 0.6,0.9)
(optimistic).
Ranking via Centroid of Hyperfuzzy Number. We use the centroid-based ranking

(ag+be+ce)/3 + (au+be+cu)/3

Rur(T) =

2
Substituting:
0.2+05+0.38 03+0.6+0.9
220000 50, 20007 60,
3 3
% 0.50 + 0.60
Ri3(A03)) = =222 220 er = 0.55.

Interpretation: Although experts under different conditions yielded AQI ranges from u to u, the combined
ranking of 0.55 (on the normalized 0-1 scale) guides decision-makers that the overall air quality is moderately
good, balancing pessimistic and optimistic assessments across three hierarchical uncertainty layers.
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Theorem 3.9 (Generalization of Fuzzy and Hyperfuzzy Rankings). The ranking function Ry, n on SHF (m.n) (R)
has the following reduction properties:

(a) Hyperfuzzy reduction: If m = 0, then P;(R) = R and ®(A*") = A. Hence Ro,(A"™) = Ryr(A),
50 Ry, coincides with the original hyperfuzzy ranking.

(b) Fuzzyreduction: Ifm = n = 0, then A% corresponds to a classical fuzzy number A via fi(x) = {ua(x)},
and Ry restricted to singletons is the fuzzy ranking Rp. Thus Ro,o(A(O’O)) = Rr(A).

Proof. We first show ®(A™") is a hyperfuzzy number:

» Normality. By the (1, n)-normality of A" there is some Xy and Uy € fipn.n(Xo) with sup Ug = 1.
Since any xo € X satisfies Uy € ®(A ™) (xp), we get sup U, ®(A™™)(x) = 1.

* Hyper-convexity. If x,y € R and 2 € [0, 1], choose X,Y € #; (R) withx € X, y € Y. By
hierarchical convexity of A", for any U € fi,.,(X) and V € fiy, ,(Y) and any u € U, v € V, there
iSW € fin,(AX + (1 —2)Y) and w € W with min{u, v} < w. But AX + (1 — 2)Y contains the point
Ax+ (1 =)y, so W € ®(A™™))(Ax + (1 — A)y). This yields hyper-convexity.

* Upper semi-continuity and compact support. Directly inherited from the corresponding properties at
each (m, n)-level of A7)

Therefore ®(A™") € HF (R), and Ry, , is well-defined.

For part (a), if m = 0 then every nonempty X C R at level zero is of the form X = {x}, so

eA*w= ) |J v=aw.
X={x} Uefio,n(X)

recovering the original hyperfuzzy membership. Hence Ry, = Ryr.

For part (b), when further n = 0, each i(x) is a singleton {4 (x)}, and the hyperfuzzy ranking Ryp reduces to
the fuzzy ranking R by crisp consistency. Therefore Ry o coincides with Rf. O

4 Trapezoidal fuzzy numbers
4.1 Trapezoidal Fuzzy numbers

Trapezoidal fuzzy numbers are fuzzy sets on R with piecewise-linear membership functions that rise to full
membership, plateau, and decline [70-72].

Definition 4.1 (Trapezoidal Fuzzy Number). (cf. [[73575]) A trapezoidal fuzzy number AonRisa fuzzy set
whose membership function u 5 : R — [0, 1] is given by

0, x<a,
x—a
, a<x<hb,
-a
pilx)y=41, b<x<c,
d—x
, c<x<d,
d—c
0, x>d,

where a < b < ¢ < d are real parameters. We denote A = (a, b, ¢, d).

Equivalently:
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* Support: supp(A) = [a,d].
* Core: {x | uz(x) =1} =[b,c].
* Normality: max,eg pz(x) = 1.

» Convexity: u ; is convex and piecewise linear.

The a-cut of A is the closed interval
Ag = {x€R|,uA(x) Za} = [a+a(b—a), d—a/(d—c)], a € [0,1].

Example 4.2 (Component Length Tolerance in Manufacturing). In precision machining, the acceptable length
of a shaft might be modeled as a trapezoidal fuzzy number L= (98, 99, 101, 102) mm, where:

0, x <98,

x—98

- < <

99 05’ 98 < x <99,
HE(x) =11, 99 < x < 101,

102 — x

[ < <

TR 101 < x < 102,

0, x> 102.

* Support : [98, 102] mm is the full range of possible lengths.

Core : [99, 101] mm represents the ideal tolerance band with full membership u = 1.
* Left slope : From 98 mm up to 99 mm, acceptability increases linearly from O to 1.

* Right slope : From 101 mm up to 102 mm, acceptability decreases linearly from 1 back to 0.

The a-cut yields
Lo=[98+a(99-98), 102-(102-101)] =[98 +a, 102-a], a€[0,1],

so for example Los = [98.5, 101.5] mm is the “fairly acceptable” length interval. This trapezoidal fuzzy

model captures the gradual transition from unacceptable to ideal to unacceptable lengths in a manufacturing
quality-control context.

4.2 Trapezoidal HyperFuzzy numbers
Below we present the definition of Trapezoidal HyperFuzzy numbers and a detailed illustrative example.
Definition 4.3 (Trapezoidal Hyperfuzzy Number). Let real parameters satisfy

ay < ap < by < cp <dp < dy, ay < by £ by, cp £ cy < dy.

Define two piecewise-linear membership functions on R:

0, x<ap, 0, x < ay,
xX—ay X—ay
, ap <x<by, —, ay <x < by,
bp—ar by — ay
plx) =11, bp<x<cr, ukx) =41 by < x < cu,
- dL—x dU—X
, ¢ <x<dp, ——, cy £x <dy,
dp —cp, dy —cy
0, x>dyp, 0, x >dy.

Because ay < arp,dp <dy,and by < by < cp < cy, one has u(x) < u(x) for all x. The map

i) = [p@). EW] € [0.1] (xeR)

then defines a trapezoidal hyperfuzzy number.
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Example 4.4 (Machining Tolerance with Measurement Uncertainty). A factory inspects steel shafts with
nominal diameter 100 mm and tolerance +2 mm, but measurement gauges introduce additional uncertainty.
We model the acceptable diameter x (in mm) as a trapezoidal hyperfuzzy number with

ay = 97, arp, = 98, bU = 99, bL = 100, cr, = 102, Cy = 103, dL = 104, dU = 105.

Lower (strict) membership H (x):

0, x <98,
x—98
- <x<
100 98" 98 < x <100,
Hx) =191, 100 < x < 102,
104 — x
. <x<
104~ 102° 102 < x < 104,
0, x > 104.
Upper (lenient) membership u(x):
0, x <97,
x—-97
—_— 7 <x<
99-o7 ==
Hx) =141, 99 < x < 103,
105 — x
— = <x<
105~ 103’ 103 < x < 105,
0, x > 105.

Because 97 < 98, 100 <99, and 102 < 103, we have u(x) < u(x). Hence the hyperfuzzy membership is

) = [p(). 7).

Interpretation:

e Atx = 100 mm, H= 1 and i = 1, so full acceptability.

e Atx =98 mm, E(98) =0,u(98) = % so acceptability [0,0.5].

e Atx = 104 mm, ﬁ(104) =0, u(104) = %, so acceptability [0, 0.5].
e Atx = 97 mm or x = 105 mm, both memberships are 0, so rejection.

This trapezoidal hyperfuzzy model captures both the strict design tolerance (inner plateau [100,102]) and the
looser gauge uncertainty ([99,103]), yielding interval-valued acceptability grades for quality control.

Theorem 4.5. Every trapezoidal hyperfuzzy number A is a hyperfuzzy number. Moreover:

(a) Ifay = ar, by = by, cy = cr, and dy = dy, then u = 1 and A reduces to the trapezoidal fuzzy number
(aL’ bL, CL, dL)

(b) If in addition by, = cr, by = cy, then A reduces to the triangular hyperfuzzy number with parameters
(aUs aLs bL9 CL9 dL, dU)'

18



Proof. We verify the hyperfuzzy-number axioms for A:
Normality. Since u(x) = 1 for all x € [by, cy], we have sup | ;g f(x) = 1.

Hyper-convexity. Let x,y € R and 2 € [0,1]. Choose any u € [u(x),u(x)] and v € [u(y),u(y)]. By
convexity of each piecewise-linear function, N N

p(x+ (1-2)y) > min{u@), ()}, B+ (1-2y) > min{E(), 20},
Therefore every w € [E(/lx + (1 =2)y), u(lx + (1 — A)y)] satisfies w > min{u,v}. This establishes

hyper-convexity.

Upper semi-continuity. Each a-cut {x | Ju > a, u € f(x)} is the union of the closed @-cuts of u and &,
hence closed. N

Compact support. supp(A) = [ay, dy] is a compact interval.
Thus A satisfies all requirements of a hyperfuzzy number.

For (a), if ay = ay, by = by, cy = cr, dy = dr, then ﬁ(x) = u(x) equals the standard trapezoidal
membership of (ar, by, cp,dy), so fi(x) = {u(x)} and A is exactly that trapezoidal fuzzy number.

For (b), further setting by = c¢r and by = cy collapses the “core” plateau to a point, recovering the triangular
hyperfuzzy profile as per the triangular hyperfuzzy definition. O

4.3 Trapezoidal SuperHyperFuzzy numbers

Below we present the definition of (m, n)-Trapezoidal SuperHyperfuzzy Numbers and a detailed illustrative
example.

Definition 4.6 ((m, n)-Trapezoidal SuperHyperfuzzy Number). Let m,n > 0 be fixed. Choose four nonempty
m-level sets
Xa, Xp, X¢, Xg € P;L(R), X, CXp C X C Xy,

and let =
A A PL(R) — P(P.([0,1])) \ {0}

be two (m, n)-superhyperfuzzy numbers satisfying A(X) C Z(X ) for all X. Fix a strictly increasing “size”
function ¢ : P, (R) — Ryp. Define

6(X) — 6(Xa)
6(Xp) = 6(Xa)’

6(Xa) — 6(X)

Ho = 5(Xu) — 3(Xe)

(X) =

Then the (m, n)-trapezoidal superhyperfuzzy number A" is the map ., : P (R) — P (P, ([0, 1])) given
by
AX), 8(X) < 6(Xa),

(1- (X)) AX) U 4(0AX), §(Xa) < 5(X) < 6(Xp),
fima(X) = { A(X), 5(Xp) < 6(X) < 6(X,),
(1 - 2(X)) AX) U LX) AX), §(X.) <6(X) < 5(Xa),
{{0}}, §(Xg) < 6(X).
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Example 4.7 (Customer Support Response Time under Trapezoidal SuperHyperfuzzy Uncertainty). We model
a help-desk’s promised response time 7 (in hours) under hierarchical uncertainty using a (1, 2)-trapezoidal

superhyperfuzzy number. Let

X.=10,1], X, =10,2], X.=1[0,4], Xs=1[0,8] € P/(R),

with §(X) = length(X).

Lower (conservative) membership families:

{{0.95,1.00}, {0.90,0.98}}, X = X,,
~ {{0.85,0.92}, {0.80,0.90}}, X = X,

A(X) =
{{0.70,0.85}, {0.65,0.80}}, X = X,,
{{0.50,0.70}, {0.45,0.65}}, X = X,.

Upper (optimistic) membership families:

{{0.98,1.00}, {0.93,0.99}}, X = X,,
— {{0.90,0.95}, {0.85,0.93}}, X =X,

A(X) =
{{0.75,0.88}, {0.70,0.85}}, X = X,
{{0.55,0.75}, {0.50,0.72}}, X = X,.

By the definition, for any X € £} (R):
A(X), 5(X) <1,

fir2(X) = 1 A(x), 2<6(X) <4,

where 1, = (6(X) = 1)/(2 = 1), 1» = (8 = 6(X))/(8 - 4).

Concrete evaluation: For X = [0, 1.5] (6 = 1.5), 4; = 0.5, so

fia(X) = L A(X,) U LA(Xy).

(1-AD)AX) U L AX), 1<6(X)<2,

(1-)AX) U LAX), 4<8(X)<S8,
{{0}}, 5(X) =8,

Thus the support team’s “fair-case” response is an average of conservative {0.85,0.92}, {0.80,0.90} and

optimistic {0.90, 0.95}, {0.85,0.93} grades.

Interpretation:

* X, (urgent): high, tightly-clustered satisfaction intervals (~ 0.95-1.00).

¢ X, (fast): moderate intervals (~ 0.80-0.95).

X, (standard): wider intervals (~ 0.65-0.88).

X4 (slow): lower intervals (~ 0.45-0.75).

* The trapezoidal structure captures a plateau of optimistic grades for § € [2,4], blending toward conser-

vative as ¢ grows beyond 4.
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This (1,2)-trapezoidal superhyperfuzzy model provides a nuanced, hierarchical depiction of response-time
satisfaction under multiple layers of uncertainty.

Example 4.8 (Cloud Service Uptime under Nested Cluster Uncertainty). Consider a cloud provider with three
servers 1,52, 53. We examine redundancy clusters at two hierarchical levels (m = 2) and model uptime
reliability under measurement uncertainty (n = 2).

Level-2 sets:

Xa = {{S1}},

Xp = {{S1}.{S2}}.

Xe = {{S1},{82}. {S3}},

Xa = {{S1}. {52}, {83}, {51, $2}}.
Define the size measure §(X) = | X[, 50 6(Xy) = 1,...,0(Xq) = 4.

Lower membership families A:

{{0.98,0.95}, {0.95,0.99}}, X = X,
{{0.95,0.92}, {0.92,0.96}}, X = X,,
{{0.90,0.88}, {0.88,0.92}}, X = X.,
{{0.85,0.80}, {0.80,0.88}}, X = X,.

A(X) =

Upper membership families A:

{{1.00,0.99}, {0.97,0.995}}, X = X,,
— {{0.99,0.97}, {0.94,0.97}}, X = X,,
{{0.96,0.93}, {0.90,0.94}}, X = X.,
{{0.92,0.88}, {0.85,0.90}}, X = X,.

Trapezoidal super-combination:

A(X), 6(X) <1,
(1-AD)AX) U 1 AX), 1<8(X)<2,
fi2(X) = { A(X), 2<5(X) <3,

(1-)AX) U LAX), 3<8(X) <4,

{{0}}, 6(X) = 4,

where 1] = (6(X) - 1)/(2-1)and 1, = (4 - 6(X))/(4 -3).
Concrete evaluation:

o For X = X, (6 = 1), fizn(X4) = A(X,), reflecting two conservative uptime intervals {0.98,0.95} and
{0.95,0.99}.
e For X = Xp (6 =2), fio2(Xp) = Z(Xb), giving optimistic intervals {0.99,0.97} and {0.94,0.97}.

e For X = X; (6 = 4), fir.2(X4) = {{0}}, indicating no guaranteed reliability under overly broad cluster
uncertainty.
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This (2,2)-trapezoidal superhyperfuzzy number captures hierarchical server-cluster reliability with nested
conservative and optimistic estimates, blending them linearly as cluster complexity grows.

Theorem 4.9 (Reductions of (m, n)-Trapezoidal SuperHyperfuzzy Numbers). The (m, n)-trapezoidal super-
hyperfuzzy number A" generalizes:

(i) Trapezoidal fuzzy numbers: If m = n = 0, then each X C R is a singleton {x}, and A(X) = {u,(x)},

Z(X) = {uu(x)} with pe, p, piecewise-linear as in the trapezoidal fuzzy definition. Moreover p¢ = py
precisely when A% js the classical trapezoidal fuzzy number (a, b, ¢, d).

(ii) Trapezoidal hyperfuzzy numbers: If m = 0 but n > 1, then fiy ,(x) = [u(x), 7(x)] € [0, 1] recovers the
trapezoidal hyperfuzzy number of Definition 7.1. N

(iii) (m,n)-SuperHyperfuzzy numbers: If A(X) = K(X) for all X, then every convex combination (1 —

A) A(X)UA A(X) reduces to that single value, and A" is exactly the underlying (m, n)-superhyperfuzzy
number.

Proof. (i) Whenm = n = 0, one has £ (R) = R. Writing X = {x}, define u¢(x) = u for the unique u € A(X)

and similarly pu, (x) from X(X ). The piecewise definition of fip o(x) then matches the classical trapezoidal
form. If uy = p,, the lower and upper maps coincide, yielding exactly one membership value u(x), i.e. the
crisp trapezoidal fuzzy number (a, b, ¢, d).

(ii) If m = 0, then each X = {x} and fip »(x) = ( H (x), u(x)) is the interval of possible membership grades, with
M, {1 piecewise-linear and plateauing on [b, c¢]. This recovers precisely the trapezoidal hyperfuzzy number.

(iii) In the general (m,n) case, if A(X) = Z(X ) for all X, then each convex combination in the definition
collapses to that common set. Hence fi,,_,(X) agrees with the single-valued (m, n)-superhyperfuzzy number
A(X), completing the reduction. O

S Pentagonal fuzzy numbers
5.1 Pentagonal Fuzzy numbers

A pentagonal fuzzy number employs five parameters to define a membership function with two increasing, one
constant, and two decreasing segments [76H78]|.

Definition 5.1 (Pentagonal Fuzzy Number). [79-81|] A pentagonal fuzzy number on R is a quintuple
A = (a1, a2, a3, a4, as), ay <ax<asz<ay<as,

equipped with a continuous membership function u 5 : R — [0, 1] of the form

0, x<aj,

fi(x), a1 <x<a,
fH(x), ar<x<as,
fx), a3 <x<aa,

fa(x), as<x<as,

0, X > as,
where

0= fila1) < fi(az) < fo(a2) < falaz) =1, 1= fi(a3) > f3(as) > fa(as) > fa(as) =0,
with fi, f> strictly increasing and f3, fa strictly decreasing on their respective intervals.

22



Example 5.2 (Customer Delivery Satisfaction Model). Consider modeling customer delivery satisfaction as
the pentagonal fuzzy number A = (1, 3,5, 7, 10) (in days). Its membership function u z(x) is

0, x <1,
x—-1

- 0. 1<x<
31 0.5, <x <3,
x-3

.05+05, 3<x<5,
Ha(x) =19 5~
7 §~o.5+o.5, 5<x<7,

7—
10— x

<x<
To_7 0.5, 7 <x <10,
0, x>10

Here:

e x < 1: satisfaction is 0 (too early).

¢ 1 < x < 3: satisfaction increases to 0.5.
¢ 3 < x < 5: satisfaction increases to 1.

* 5 < x < 7: satisfaction decreases to 0.5.
e 7 < x < 10: satisfaction decreases to 0.

e x > 10: satisfaction is O (too late).
This pentagonal fuzzy model captures customers’ graded satisfaction for early, on-time, and late deliveries.

5.2 Pentagonal Hyperfuzzy numbers
Below we present the definition of Pentagonal Hyperfuzzy numbers and a detailed illustrative example.
Definition 5.3 (Pentagonal Hyperfuzzy Number). Let

ai<ay<az<aqg<as, by <by<b3<by<bs,

be two nondecreasing sequences of real numbers satisfying a; < b; fori = 1,...,5. Define two pentagonal
membership functions y, u : R — [0, 1] by

0 x<b
0, xsalv .;C b - b
X —a — Y
, a) <x<a, b brsxsby
L4 X by
, a)<x<as, pp, 2sxsbs
_Jaz—a Z(y) = -
p(x) =1 @, =% f(x) = 1734—%2
, a3 <x<ay, , b3 <x < by,
%45—_61 bb4—b3
as <x < as 5—X
as—ay’ ’ bs — by’ ba<x<bs
>
0, X 2 das, 0, beS

Since a; < b; implies p(x) < u(x) for all x, the map

i) = [u). 5] < [0.1]

defines a hyperfuzzy membership. The pair A = () is called a pentagonal hyperfuzzy number.
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Example 5.4 (Hyperfuzzy Customer Delivery Satisfaction). Suppose a logistics company models customer
satisfaction with shipment time x (in days) as a pentagonal hyperfuzzy number. Let the lower satisfaction
profile be determined by

(a1,a2,a3,a4,as) = (1,2, 4,6, 8),

and the upper (optimistic) profile by
(b1,b2,b3,b4,b5) = (2,3,5,7,9).

Then the lower membership function is

0, x <1
-1
T 1<x<2,
2:}
T o<x<a
—14-2
ﬁ(x) 6—x 4 6
<x<
3_4’ 'x 9
—x
, 6<x<8,
8- 6 *
0, x>8,
and the upper membership function is
0, x<2
x=2
s < S39
3-2 !
X —
. , 3<x<5,
a(x)=1323
, S5<x<17,
§=3
, 7<x<09,
9-7
0, x>

Thus the hyperfuzzy satisfaction is the interval

A) = [p@). 7@K,

For example:

* If x = 3 days, u(3) = 355 = 0.5and 7(3) = 355 = 1, so satisfaction lies in [0.5, 1].

o If x = 6 days, u(6) = 0 and u(6) = ;%g = 0.5, so satisfaction lies in [0, 0.5].

This pentagonal hyperfuzzy model captures both conservative and optimistic customer satisfaction evaluations
under delivery-time uncertainty.

Theorem 5.5 (Generalization of Pentagonal Fuzzy and Hyperfuzzy Numbers). Let PF be the class of pen-
tagonal fuzzy numbers and HF the class of hyperfuzzy numbers. Denote by PHF the class of pentagonal
hyperfuzzy numbers. Then

PF < PHF < HTF.

Proof. () PF C PHF. LetA = (ay,...,as) be apentagonal fuzzy number with membership w4 (x). Define
H (x) = u(x) = ua(x). Then fi(x) = [ua(x), ua(x)] satisfies the definition of a pentagonal hyperfuzzy number
with b; = a;. Thus every pentagonal fuzzy number yields a pentagonal hyperfuzzy number.

(i) PHF < HF. By construction, a pentagonal hyperfuzzy number A is a hyperfuzzy set on R (its
membership at each x is the nonempty interval [u(x), u(x)]). It therefore satisfies the axioms of a hyperfuzzy

number (normality, hyper-convexity, upper semi-continuity, compact support). Hence A € HF. O
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5.3 Pentagonal SuperHyperFuzzy numbers

Below we present the definition of (m, n)-Pentagonal SuperHyperfuzzy Numbers and a detailed illustrative
example.

Definition 5.6 ((m, n)-Pentagonal SuperHyperfuzzy Number). Let m,n > 0. Choose five nonempty m-level
sets
X1 €X <€ X3¢ X4 CXs e ®P,(R),

and two (m, n)-superhyperfuzzy maps
A A PLR) — P(Pu([0.1D) \ {0}

satisfying A(X) € A(X) for every X. Let § : P}, (R) — Ry be a strictly increasing size measure, and define
four weight functions

6(X) - 6(Xi)
6(Xis1) —6(Xi)’

whenever §(X;) < 6(X) < 6(X;+1). Then the (m, n)-pentagonal superhyperfuzzy number A"™™ is the map

/ll(X)z i=1,293943

{{0}}, 5(X) < 6(X)),

4 (X) A(X), §(X1) < 6(X) < 6(Xa),
o0 —/lz(X))§(X) U LX) AX), 6(X,) <8(X) < 6(X3),

(1-23(X) A(X) U A3(X) A(X), 6(X3) <5(X) <5(Xa),

(1=4(X)) A(X), 5(Xa) < 6(X) < 6(Xs),

{{0}}, 5(X) > 6(Xs).

Example 5.7 (Battery Reliability in Usage Contexts). Fix m = n = 1. Let the universe of usage scenarios be
U = {Idle, Light, Moderate, Heavy, Emergency},
and choose the following nonempty 1-level sets:
X; = {Idle},
X, = {Idle, Light},
X3 = {Idle, Light, Moderate},
X4 = {Idle, Light, Moderate, Heavy},
Xs=U.

Define the size measure §(X) = | X|. For each X; set

AX) = {{r}), Ax) = {{r),

where
(£, 7y = (0.90, 1.00),

(5, 7%y = (0.80,0.95),

(rf, %) = (0.70,0.85),

(rl,r¥) = (0.60,0.75),

(rf,r¥) = (0.50,0.65).
Then for any X € #;(U), the pentagonal-style supercombination /7, (X) interpolates between A(X)and Z(X )
according to Definition 4.1. For instance, if §(X2) =2 < §(X) = 3 < 6(X3) = 3, then

_0(X)-6(Xy) _

a0 = (1= 1) A06) U LA, b= Sos—mh =

Hence fi;.1(X) = A(X>) = {{0.80}}, reflecting conservative reliability when grouping two scenarios. This
example illustrates how (1, 1)-pentagonal superhyperfuzzy numbers capture hierarchical, context-dependent
uncertainty in battery performance.
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Example 5.8 (EV Battery Reliability under Nested Driving Modes). Consider modeling the reliability of an
electric-vehicle battery under combinations of driving modes. Let the base set of modes be

U = {City, Highway, Mixed}.
For m = 2, we work in $;(U), the nonempty collections of nonempty mode-subsets. Choose five nested

2-level sets:

X, = {{City}},

X, = {{City}, {Highway}},

X3 = {{City}, {Highway}, {Mixed}},

X4 = {{City}, {Highway}, {Mixed}, {City,Highway} },

Xs =P (U) \ {0}
Define the size measure §(X) = |X|. Foreachi = 1,...,5, let the lower and upper super-membership maps
be singleton families of two possible reliability grades:

AX) = {{t, 6+0.05}},  A(X;) = {{us, u; —0.05}},
with
(¢, u;) = (0.90,1.00), (0.80,0.95), (0.70,0.85), (0.60,0.80), (0.50,0.75)

fori = 1,...,5. Then for any X € P} (U), the (2,2)-pentagonal combination /i, >(X) interpolates between
A(X) and X(X) as in Definition 4.1.

For instance, if X = X, (so §(X) = 2), then

§(X)-6(X)) 2-1 _
§(X)-d(X)) 2-1

21(X) = 1,
and thus

A22(X) = (X)) A(Xy) = A(X)) = {{0.90,0.95}}.
This means that when considering only City and Highway modes as separate subsets, the battery’s reliability
is estimated conservatively between 0.90 and 0.95. In contrast, for X = Xs (all mode-subsets), fi22(X5) =
{{0.50,0.75}}, reflecting the widest uncertainty under the most complex mode combinations.

Theorem 5.9 (Reduction to Pentagonal Fuzzy, Hyperfuzzy, and SuperHyperfuzzy). The above (m,n)-
pentagonal superhyperfuzzy number A"™") specializes as follows:

(i) If m = n = 0, then each X C R is a singleton {x}, and A({x}) = {u(x)}, Z({x}) = {u,(x)} define
a classical pentagonal fuzzy membership via ue, p,. Moreover ue = W, yields exactly the standard
pentagonal fuzzy number (ay, . . .,as).

(ii) If m = 0 and n > 1, then for each x the set fip,(x) C [0, 1] is exactly the interval [u(x),u(x)] of a
pentagonal hyperfuzzy number. -

(iii) If A(X) = Z(X) for all X, then every convex combination in the definition collapses, and A" reduces
to the underlying (m, n)-superhyperfuzzy number A.

Proof. (i) Whenm = n = 0, one has #§(R) = R. Writing X = {x}, set u¢(x) and y,,(x) as the unique elements

of A(X) and Z(X ). The piecewise definition of [ (x) then recovers the five-segment pentagonal shape, and
if ue = p,, this coincides with the classical pentagonal fuzzy number.

(i) If m = 0, then each X = {x} and fio_,(x) is the union of all U € A(X) U Z(X ) according to the piecewise
weights. One checks that this yields exactly the interval [ (x), z(x)] of a pentagonal hyperfuzzy number as in
the previous definition. -

(iii) If for every X we have A(X) = K(X), then each convex-combination step (1 — AN)A(X) U /l,-Z(X)
collapses to that single set. Hence fi,, ,(X) = A(X) for all X, showing that A" is exactly the given
(m, n)-superhyperfuzzy number. O
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6 Hexagonal fuzzy numbers
6.1 Hexagonal Fuzzy numbers

A hexagonal fuzzy number uses six parameters to define two distinct full-membership plateaux and three linear
transition segments for membership [82-84].

Definition 6.1 (Hexagonal Fuzzy Number). (cf. [85H87]) A hexagonal fuzzy number H on R is a fuzzy set
whose membership function gz : R — [0, 1] is determined by six real parameters

aj<ay<az<ag<as<ag

as follows:
0, x<a,
X —dq
, a1 <x<an,
az —dai
1, ap <x < as,
N _ as — X
pp(x) = ——, a3 <Xx < ay,
ag — as
1, as <x < as,
ag — X
—, a5 <x < ag,
ae — ds
0, X > ag.

Here the function rises linearly from O to 1 on [a], a»], remains at 1 on [ay, as], decreases linearly on [a3, a4],
again stays at 1 on [ay, as], and finally decreases to 0 on [as, a].

Example 6.2 (Optimal Relative Humidity for Archival Preservation). A museum conservator models the
“suitability” of relative humidity (RH, in %) for preserving ancient manuscripts. Experts agree there are two

distinct optimal ranges: moderate (40 — 55 %) and high (65 — 80 %). A hexagonal fuzzy number H captures
this:

ay = 30, ay = 40, a3 = 55, ayg = 60, as = 65, ae = 80.

The membership function g (x) is

0, x < 30,
x—30
A < 4
10-30° 30 < x <40,
1, 40 <x <55,
60 — x
pgx) =4 2Z2°2%
2] 5055’ 55 < x <60,
1, 60 < x <65,
80 —x
- <
20— 65’ 65 < x < 80,
0, x > 80.

Interpretation:

RH 30 % or below: unsuitable (u = 0).

* RH increases from 30 to 40 %: suitability rises linearly 0 — 1.

RH 40-55 %: fully suitable plateau (u = 1).

RH 55-60 %: suitability drops linearly 1 — 0.

RH 60-65 %: second plateau of full suitability (u = 1).

27



* RH 65-80 %: suitability decreases linearly 1 — 0.
* RH 80 % or above: unsuitable (u = 0).

This hexagonal fuzzy model reflects two expert-identified humidity windows that maximize preservation
quality, with rapid loss of suitability between them.

6.2 Hexagonal Hyperfuzzy numbers

Below we present the definition of hexagonal hyperfuzzy numbers and a detailed illustrative example.

Definition 6.3 (Hexagonal Hyperfuzzy Number). Let

ai<ay<az<ags<as<ag, b1 <by<b3z<by<bs<bg,

be real parameters satisfying a; < b; fori = 1, ..., 6. Define two piecewise-linear membership functions
0, x<ay, 0, x < b,
X —a x—b
—, a1 <x<ay, , b1 <x<by,
ar) —ap bZ_bl
1, ar < x £ as, 1L, by < x < b3,
_ ) ag—x —N_ ) bs—x
E(x) ={——, a3<x<ay, HX = 4 , b3 <x< by,
as —asz by — b3
L, as < x < as, 1, by < x < bs,
ag — X be — x
———, as<x<as, 6 be<x<b
_ 55X =0¢
’ X 2 aﬁ, 0’ X 2 b6'

Since a; < b; implies u(x) < p(x) for all x, the interval

fi(x) = [u(x), Z(0)] < [0, 1]
defines a hexagonal hyperfuzzy number.

Example 6.4 (Archival Humidity Suitability as a Hexagonal Hyperfuzzy Number). A museum conservator
assesses relative humidity (RH, in %) for preserving rare manuscripts. Expert studies define two optimal RH
plateaux: moderate (40-55 %) and high (65-80 %). Measurement and modeling uncertainties widen these
ranges. We model suitability by a hexagonal hyperfuzzy number H with

ap = 30, ay = 40, a3 = 55, ag = 60, as = 65, ae = 80,
by =32, by=42, b3=57, by=62, bs=067, bs=2382,

soa; < b;fori=1,...,6. The lower (pessimistic) membership is

0, x <30,
x—=30
— <x <4
20-30" 0=¥=40
1, 40 < x <55,
60 —x

px) =49 22—+ <x<

- 6055 > =*=%
1, 60 < x <65,
80 —x
- = <x<
20— 65" 65 < x < 80,
0, x > 80,
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and the upper (optimistic) membership is

0, x <32,
x—-32
_— < <
TEIETE 32<x <42,
1, 42 < x <57,
— 62 —x
H(X) =9 2277 57<x<62
62-577 ' =TE0T
1, 62 <x <67,
82 —x
—, 67<x<82
82 -67° T=0s
0, x > 82.

Since a; < b;, we have u (x) < u(x) for all x. Therefore

A(x) = [p(x), g(0)] < [0,1]

defines a hexagonal hyperfuzzy number capturing both strict and lenient suitability assessments.

Sample evaluations:

Atx = 50%, 1(50) = 1,7(50) = 1, so suitability is [1,1].

Atx = 57%, u(57) = 953 = 0.6, 7i(57) = 1, so suitability is [0.6, 1].

Atx =35%, u(35) = B30 = 0.5, 71(35) = B52 = 0.3, so suitability is [0.5,0.3] clipped to [0.3,0.5].

At x = 82%, u(82) = 0, 1£(82) = 0, so suitability is [0, 0].
This hexagonal hyperfuzzy model flexibly represents two expert-identified preservation windows and quantifies

both conservative and optimistic membership under measurement uncertainty.

Theorem 6.5 (Generalization of Hexagonal Fuzzy and Hyperfuzzy Numbers). Let HF (R) be the class of
hyperfuzzy numbers and HF nex (R) its hexagonal subclass. Then

7_{‘7:hex(R) c (}{T(R),

and if in addition a; = b; for all i, each hexagonal hyperfuzzy number reduces to a hexagonal fuzzy number.
Proof. 1. Hyperfuzzy axioms. Let j be defined as above.

* Normality: On [b,, b3] we have u(x) = 1, so sup U, fi(x) = 1.

* Hyper-convexity: For any x,y € R and A € [0, 1], pick u € [u(x),u(x)] and v € [u(y),u(y)]. By
piecewise convexity of u and u, pu(Ax + (1 — A)y) > min{u(x), u(y)} and similarly for z. Hence any
w € fi(Ax + (1 — A)y) satisfies w > min{u, v}. -7

e Upper semi-continuity: Each a-cut {x | 3u > a, u € fi(x)} is the union of closed a-cuts of u and &,
thus closed. N

* Compact support: supp(f) = [ay, be] is compact.

2. Reduction to hexagonal fuzzy. If a; = b; for all i, then u = u coincides with the classical hexagonal fuzzy
membership, so i(x) = {u(x)} defines a hexagonal fuzzy number. O
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6.3 Hexagonal SuperHyperFuzzy numbers

Below we present the definition of hexagonal superhyperfuzzy numbers and a detailed illustrative example.

Definition 6.6 ((m, n)-Hexagonal SuperHyperfuzzy Number). Fix nonnegative integers m, n. Let
Xa] g Xa2 g Xa3 g Xa4 g Xa5 g Xas € P;(R)s

and let -
A A PL(R) — P(P([0,1])) \ {0}

be two (m, n)-superhyperfuzzy membership maps satisfying A(X) C Z(X ) for every X. Choose a strictly
increasing size measure ¢ : P, (R) — Ry(. Define weight functions

0(X) - 6(Xq,)

6(X) - 6(X,)
5(Xa) —0(Xa)' 12X

8(X) - 6(Xay)
= 5(Xay) —o(xay” B

(X) = T 0(Xag) — 6(Xag)

Then the (m, n)-hexagonal superhyperfuzzy number A" is the map fi,,., : P, (R) — P(Pn([0,1])) given
by
{{0}},

(1-21(X) A(X) U A,(X) A(X),

6(X) <6(Xq,)s
§(Xay) < 8(X) < 6(Xa),
A(X), 6(Xay) < 6(X) < 6(Xay),

A (X) = 1 (1= 12(X)) A(X) U L(X) AX), 6(Xa,) < 6(X) < 6(Xa,),

A(X), 6(Xay) < 6(X) < 6(Xay),
(1-3(X)) A(X) U A3(X) A(X),

{{0}},

Example 6.7 (Network Latency Quality under Hierarchical Uncertainty). We model end-to-end network
latency ¢ (in milliseconds) as a (1, 2)-hexagonal superhyperfuzzy number, capturing six nested latency regimes

0(Xas) £0(X) <£6(Xy),

8(X) > 6(Xay).

and two levels of uncertainty (sensor vs. expert).

Level-1 sets (latency regimes):

Xa, = [0,50]
X4, = [0,100]
X, = [0,200]
X, = [0, 500]
X, = [0,1000]

Xas = [0,2000]
Clearly X,, C X4, € -+ C X4,. Let 6(X) = length(X).

Lower-level membership families A:
A(Xq) ={Ui, Uin},
with
Ui,1 ={0.90,0.95},
U,,1 = {0.80,0.88},
Us,; = {0.60,0.75},
Us,, = {0.40,0.60},
Us,1 = {0.20,0.40},
Us.1 = {0.00,0.20},

(“Ultra-Low™),

(“Low”),

(“Moderate”),

(“High'),
(“Severe”),

(“Extreme”).

Ui,l’ Ui,2 Cc [07 1]7

U2 ={0.85,0.92},
U2 = {0.75,0.85},
Us» = {0.55,0.70},
Uiz = {0.35,0.55},
Us, = {0.15,0.35},
Us.2 = {0.00,0.10}.
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Upper-level membership families a: _
A(Xa,) = {Vi1, Vin},

with
Vi1 ={0.95,1.00}, Vi ={0.90,0.98},

Va1 = {0.88,0.95}, Vs, ={0.82,0.92},
Va1 = {0.70,0.82}, Vi, = {0.65,0.78},
Va1 = {0.55,0.68}, Vi, = {0.50,0.65},
Vs.1 = {0.30,0.50}, Vs, ={0.25,0.45},
Vo1 = {0.10,0.30}, Ve, = {0.05,0.25}.

Hexagonal superhyperfuzzy membership /i »(X): For any X C R,

{{0}}, 6(X) <50,
(1-2)A(X) U 21 AX), 50<6(X) < 100,
A(X), 100 < §(X) < 200,
f12(X) =1 (1= ) A(X) U L AX), 200<8(X) < 500,
A(X), 500 < §(X) < 1000,

(1-23) A(X) U 3A(X), 1000 < §(X) < 2000,

{{0}}, 6(X) = 2000,
where
1= 6(X)-50 2 = 6(X) —200 da = 6(X) — 1000
Y750 0 P77 300 0 T T 1000
Interpretation:

¢ § <50 ms: “Ultra-Low” regime, no guaranteed quality (u = {0}).

* 50 < 6 < 100: blend conservative vs. optimistic intervals for “Low” latency.

100 < 6 < 200: optimistic “Moderate” regime.

200 < 6 < 500: blend back to conservative “High” regime.

500 < 6 < 1000: optimistic “Severe” regime.

* 1000 < 6 <2000: blend to conservative “Extreme” regime.

¢ > 2000: outside any regime, no acceptability.

This (1,2)-hexagonal superhyperfuzzy number captures six nested latency regimes with two layers of uncer-
tainty, providing a fine-grained, hierarchical model of network performance quality.

Example 6.8 (Intrusion Detection Reliability in a Multi-Sensor Network). An IoT security system uses three
sensor types: Camera (C), Radar (R), and Infrared (/). We form two hierarchical levels of sensor clusters
(m = 2) and model detection reliability under two uncertainty sources (sensor noise vs. expert judgment, n = 2)
via a (2, 2)-hexagonal superhyperfuzzy number.

First-level clusters (#)):
¢y, {ry, {1}, {C.R}, {C1I}, {RI}, {C.RI}.
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Second-level sets (7): choose six nested collections of these clusters:

Xa = {{C}},  Xa, = {{C}.{R}},

Xay = HCLARL AT} Xay = {{CH AR {1} {C, R}},

Xas = {CLARL AL A{C. RLAC, IV}, Xag = {{CH {R} {I}.{C. R} {C, I}, {R. I}
Let 6(X) = |X| (number of first-level clusters). Then §(X,,) = i.

Pessimistic reliability families A(X): for each X4, , assign two nested intervals

A(Xa,) ={lp}.q{). [r{.s1}.

with
[p!. 4] = [0.60,0.70], [r!,s¢] = [0.55,0.65],
[p5, 451 = [0.65,0.75], [r%,s5] = [0.60,0.70],
[p%, 451 = [0.70,0.80], [r4,s%] = [0.65,0.75],
[pl, 4] = 10.75,0.85], [r{,s] = [0.70,0.80],
[p%, 451 = [0.80,0.90], [r%,s5] = [0.75,0.85],
[pt, qt] = [0.85,0.95], [rf,st] = [0.80,0.90].

Optimistic reliability families Z(X ):

A(Xa) = {Ipt "1, s},

with
[pY.q4] = [0.65,0.75], [r},s}] =[0.60,0.70],
[p5-45] = [0.70,0.80], [r},s5] = [0.65,0.75],
[p%.q4] = [0.75,0.85], [r},s%] = [0.70,0.80],
(P4, q4] = [0.80,0.90], [r},s%] = [0.75,0.85],
[p¥, q¥] = [0.85,0.95], [r¥, s¥] = [0.80,0.90],
[p¥.q¢] = [0.90,1.00], [r,s¢] = [0.85,0.95].
Weight functions:
5(X) -1 §5(X) -3 §(X)-5
/ll(X) = %7 /lz(X) = %7 /l}(X) — %

Hexagonal superhyperfuzzy membership /i »(X):

{{0}}, §(X) <1,
(1-2)AX) U 1 AX), 1<6(X)<2,
AX), 2 <6(X) <3,
fop(X) =3 (1- ) AX) U L AX), 3<6(X)<4,
AX), 4<6(X) <5,

(1-23) A(X) U 13AX), 5<6(X)<6,

{{0}}, 5(X) = 6.

This (2, 2)-hexagonal superhyperfuzzy number captures how adding more sensor clusters (from single-sensor
to all-sensor sets) increases both the pessimistic and optimistic reliability intervals in a hexagonal pattern,
blending conservatism and optimism at alternating regime boundaries.
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Theorem 6.9 (Reduction Properties). The (m,n)-hexagonal superhyperfuzzy number A" specializes as
follows:

(i) Hexagonal fuzzy reduction: If m = n = 0, then each X = {x} and A(X) = {u,(x)}, Z(X) = {u,(x)}
induce the classical hexagonal fuzzy membership via pe, uy,. Moreover ue = p, recovers the usual
hexagonal fuzzy number.

(ii) Hexagonal hyperfuzzy reduction: If m = 0 but n > 1, then for each x, fiy,(x) C [0, 1] is the interval
[/_1 (x), u(x)] of a hexagonal hyperfuzzy number.

(iii) Superhyperfuzzy reduction: If A(X) = Z(X) for all X, then each convex combination collapses and
fmn(X) = A(X), yielding the underlying (m, n)-superhyperfuzzy number.

Proof. (i) Whenm = n =0, Pj(R) = R. Writing X = {x}, define u¢(x) and g, (x) as the unique elements

of A(X) and Z(X ). The piecewise cases then exactly reproduce the hexagonal fuzzy membership function. If
Me = Uy, the value is single and matches the classical hexagonal fuzzy number.

(i) If m = 0, each X = {x}. The map fio,(x) is the union of selected A(X) and K(X) according to the
hexagonal pattern, yielding the interval [u(x), z(x)] as in the hexagonal hyperfuzzy definition.

(iii) If A(X) = Z(X) for every X, then each step (1 — A;) A(X) U /l,-Z(X) reduces to that one set. Hence
fm.n(X) = A(X) and AU is the given (m, n)-superhyperfuzzy number. O

7 Octagonal Fuzzy Numbers
7.1 Octagonal Fuzzy numbers

An octagonal fuzzy number employs eight parameters to define three nested trapezoidal membership functions,
capturing three plateau levels of membership [[14}/88,/89].

Definition 7.1 (Octagonal Fuzzy Number). (cf. [13,90.91]) An octagonal fuzzy number O on R is specified
by eight real parameters

0, x<a, 0, x<a,
xX—a X—da
, a<x<d, , a<x<c,
d-a c—a
pa(x) =11, d<x<e, up(x)=1403, c<x<f,
h—x h—x
<x<h , <x<h,
h—e’ ¢=r h—f fsx
0, x2h, 0, x> h,
0, x < a,
x—a
, <x<b,
s a<x
uc(x) =4 0.6, b<x<g,
h—x
R <x<h,
h—g g=4
0, x> h.

The triple O = (A, B, C) with these three fuzzy membership profiles is called an octagonal fuzzy number. Its
support is [a, k], and it exhibits three nested plateaux at heights 0.6, 0.8, and 1.
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Example 7.2 (Office Thermal Comfort as an Octagonal Fuzzy Number). A building engineer models occupants’
comfort with respect to indoor temperature x (in °C). Based on ergonomic studies, the following ranges are
identified:

e Ideal comfort between 21 °C and 23 °C.

Tolerable comfort between 20 °C and 24 °C.
* Acceptable range between 18 °C and 26 °C.

* Unacceptable below 16 °C or above 28 °C.

We encode this as an octagonal fuzzy number C with parameters
a=16,b=18, c=20,d=21, e =23, f =24, g =26, h =28.

Define three piecewise-linear membership profiles:

0, x <16,
x—16
~— 1 <21
-1 (0<¥=2L
HA(X) =141, 21 < x <23,
28 —x
= -2 <2
3323 D <¥=2%
0, x> 28,
0, x <16,
x—-16
& — <
0820_16, 16 < x < 20,
up(x) =1 0.8, 20 < x <24,
28 — x
88— 24<x<2
0828_24, <x <28,
0, x > 28,
0, x < 16,
x—16
. <
0618_16, 16 < x < 18,
Hc(x) =1 0.6, 18 < x <26,
28 — x
6 — <
0628_26, 26 < x <28,
0, x > 28.

Thus C = (ua, up. uc) has support [16,28] °C and exhibits three nested comfort plateaux at heights 1.0
(ideal), 0.8 (tolerable), and 0.6 (acceptable).

Sample evaluations:

e Atx =22°C: ug = 1.0, up =0.8, uc = 0.6. (Fully ideal and within all comfort bands.)

e Atx =19°C: g = (19-16)/(21 -16) =0.6, pp =0.8%x(19-16)/(20-16) =0.6, pc =0.6.
(Approaching tolerable comfort.)
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e Atx =17°C:ug = (17-16)/5=0.2, up=0.8x(17-16)/4=0.2, wuc =0.6x(17-16)/2 =0.3.
(Low comfort, nearing unacceptable.)

e Atx =27°C:ug = (28-27)/5=0.2, up=0.8x(28-27)/4=0.2, uc =0.6x(28-27)/2=0.3.
(Symmetrically low comfort at the high end.)

This octagonal fuzzy model captures the dual-range comfort zones and graded decline outside them, providing
a nuanced tool for HVAC control and occupant satisfaction analysis.

7.2 Octagonal Hyperfuzzy numbers

Below we present the definition of Octagonal Hyperfuzzy Numbers and a detailed illustrative example.
Definition 7.3 (Octagonal Hyperfuzzy Number). Let
a<b<c<d<Le< f<g<h,

be the parameters of an octagonal fuzzy number with membership functions w4, up, ic as in the definition.
Then the octagonal hyperfuzzy number O is defined by the lower and upper membership functions

p(x) = pe(x),  px) = palx),
and the hyperfuzzy membership
i) = [u@). mBW] < [0.1], xek

Example 7.4 (Office Thermal Comfort as an Octagonal Hyperfuzzy Number). Building on the octagonal fuzzy
comfort model (a = 16,b = 18,¢ =20,d = 21,e = 23, f = 24, g = 26, h = 28), we account for measurement
and modeling uncertainty by defining a hexagonal hyperfuzzy membership interval f(x) = [u(x), u(x)] with

0, x < 16,
x—16
. 1 <1
18—1606’ 6<x<18,
p(x) = pc(x) =4 0.6, 18 < x <26,
28 —x
O — <
0628—26’ 26 < x <28,
0, x > 28,
0, x <16,
x—16
—_— <
=16 16 <x <21,
a(x) = pa(x) =141, 21 <x <23,
28 — x
- - <
7823’ 23 <x <28,
0, x > 28.

Hence for any temperature x, the comfort grade lies in the interval

i) = [p(). 7] < [0.1].

Sample evaluations:
x=22°C: p=06, =10, 7a(22)=][0.6, 10],
x=19°C: p=06 = % =0.6, f(19) = [0.6, 0.6],
x=27°C: p=0.6 ,ﬁ:@:&z, A(27) = [0.2, 0.3].

I3
T
[:S]
~
<
98

This octagonal hyperfuzzy model captures two nested comfort plateaux and quantifies both conservative (uc)
and optimistic (1 4) assessments under uncertainty.
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Theorem 7.5 (Generalization of Octagonal Fuzzy and Hyperfuzzy Numbers). Every octagonal hyperfuzzy
number O is a hyperfuzzy number. Moreover:

(a) If e (x) = pa(x) for all x, then fi(x) = {ua(x)} and O reduces to the original octagonal fuzzy number.

(b) Conversely, any hyperfuzzy number whose membership at each x is a singleton interval may be viewed
as an octagonal hyperfuzzy number with coincident lower and upper profiles.

Hence the class of octagonal hyperfuzzy numbers sits between octagonal fuzzy numbers and the full class of
hyperfuzzy numbers.

Proof. 1. Hyperfuzzy axioms. Let fi(x) = [ﬁ (x), m(x)].

* Normality: Since ua(x) = 1on [d, e], we have sup |, fi(x) = 1.

* Hyper-convexity: For any x,y and A € [0, 1], pick u € [u(x), u(x)], v € [u(y), z(y)]. By convexity of
Hc and pa,

plx + (1 =A)y) = min{p(x), u(y)}, pAx+ (1 -2)y) = min{z(x), @(y)}-
Thus any w € f(Ax + (1 — A)y) satisfies w > min{u, v}.

* Upper semi-continuity: Each a-cut {x | 3u > @, u € fi(x)} is the union of the closed a-cuts of uc and
Ua, hence closed.

e Compact support: supp(f) = [a, h] is compact.

2. Reduction to octagonal fuzzy. If uc(x) = ua(x) for every x, then u = u = ua and fi(x) = {ua(x)},
recovering exactly the octagonal fuzzy number. N

3. Embedding into hyperfuzzy. By definition O is a hyperfuzzy set on R, so every octagonal hyperfuzzy
number belongs to HF (R).

Therefore the class of octagonal hyperfuzzy numbers strictly contains the octagonal fuzzy numbers and is
contained in the full class of hyperfuzzy numbers, as claimed. O

7.3 Octagonal SuperHyperFuzzy numbers

Below we present the definition of (m, n)-Octagonal SuperHyperfuzzy Numbers and a detailed illustrative
example.

Definition 7.6 ((m, n)-Octagonal SuperHyperfuzzy Number). Let m,n > 0. Choose four nonempty m-level
sets
X, C XqgCX CXp € ®P,,(R),

and two (m, n)-superhyperfuzzy membership maps
A A PL(R) — P(Pa([0,1])) \ {0},

satisfying A(X) C Z(X ) forall X. Let ¢ : #;;,(R) — Ry be any strictly increasing “size” measure. Define

6(X) - 6(Xa)

6(X) —6(Xe)
6(Xa) = 6(Xa)’

h(X) = 5(Xn) - 0(X,)’

A (X) =
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Then the (m, n)-octagonal superhyperfuzzy number A" is the map i, : P (R) — P(P,([0,1])) defined
by
{{0}}, 6(X) <6(Xa),

(1= (X)) AX) U 1(X)AX), 6(Xa) < 6(X) < 6(Xa),
fma(X) =4 A(X), §(Xy) < 6(X) < 6(X,),
(1= 2(X) A(X) U 2(X) A(X), 6(X.) < 5(X) < 5(Xn),

{{0}}, 6(X) = 6(Xp).

Example 7.7 (Intrusion Detection Reliability as a (1, 2)-Octagonal SuperHyperfuzzy Number). AnIoT security
system uses three sensor types: Camera (C), Radar (R), and Infrared (/). We model the reliability of detecting
an intrusion within a cluster X of sensors under two layers of uncertainty (sensor noise and expert judgment)
via a (1, 2)-octagonal superhyperfuzzy number.

Level-1 sets:

X, ={{C}}, Xa={{CL{R}}, X.={{CL{R}.{I}}, Xi={{C}.{R}.{I}.{C,R}}.
Here X, € X; € X, C Xj,. Let 6(X) = |X| be the number of first-level clusters, so §(X,) = 1, 6§(Xy) = 2,
6(Xe) =3,6(Xp) =4.

Pessimistic membership families A:

{{0.60,0.70}, {0.55,0.65}}, X = X,,
{{0.65,0.75}, {0.60,0.70}}, X = Xg,
{{0.70,0.80}, {0.65,0.75}}, X = X,,
{{0.75,0.85}, {0.70,0.80}}, X = Xj,.

AX) =

Optimistic membership families A
{{0.80,0.90}, {0.75,0.85}}, X = X,,
— {{0.85,0.95}, {0.80,0.90}}, X = Xy,

A(X) =
{{0.90,0.98}, {0.88,0.95}}, X = X,,
{{0.92,0.99}, {0.90,0.97}}, X = Xj,.
Weight functions:
6(X)-1 6(X)-3
(X)) = —L— LX) = —2 =,
1(X) = ——— 2X)= =73
Octagonal superhyperfuzzy membership /i, >(X):
A(X), §(X) <1,

(1-2)AX) U 41 AX), 1<6(X)<2,
fr2(X) = { A(X), 2<6(X) <3,

(1-)AX) U LAX), 3<8(X) <4,

{{0}}, 0(X) = 4.

Interpretation:
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For X, = {C}, reliability is conservative intervals {0.60,0.70}, {0.55,0.65}.

For X; = {C, R}, we blend pessimistic {0.65,0.75} with optimistic {0.85,0.95} at equal weight A; = 1.
e For X, = {C, R, I}, reliability is optimistic intervals {0.90, 0.98}, {0.88,0.95}.

* For Xj,, we blend back to pessimistic intervals {0.75,0.85} and {0.70, 0.80} with weight 1, = 1.

This (1,2)-octagonal superhyperfuzzy number captures how adding sensors initially increases reliability,
plateaus at three nested levels, and then blends back as cluster complexity grows, under two uncertainty layers.

Theorem 7.8 (Reduction to Octagonal Fuzzy, Hyperfuzzy, and SuperHyperfuzzy). The (m,n)-octagonal
superhyperfuzzy number A" specializes as follows:

(i) Octagonal fuzzy reduction: If m = n = 0, then each X = {x} and A(X) = {u;(x)}, Z(X) = iyu(x)}
recover the classical octagonal fuzzy membership functions ¢, u,. Moreover if pr = p,, A0 is
exactly the original octagonal fuzzy number.

(ii) Octagonal hyperfuzzy reduction: If m = 0 but n > 1, then for each x, fip n(x) = [p(x), u(x)] is the
interval-valued membership of an octagonal hyperfuzzy number. N

(iii) Superhyperfuzzy reduction: If A(X) = Z(X ) for every X, then each convex combination collapses and
fmn(X) = A(X), so A" coincides with the underlying (m, n)-superhyperfuzzy number.

Proof. (i) Withm =n =0, Pj(R) = R. Writing X = {x}, let ¢ (x) and p,,(x) be the unique elements of A(X)

and Z(X ). Then the piecewise definition of fip o(x) exactly matches the octagonal fuzzy membership profile.
If up = py, this reduces to the crisp single-valued membership p(x).

(ii) If m = 0, each X = {x}. The map i, (x) is the union of A(X) and Z(X) according to the octagonal
pattern, yielding the interval [u(x), m(x)] of an octagonal hyperfuzzy number.

(iii) If A(X) = Z(X) for all X, then each convex-combination step (1 — A;) A(X) U A; X(X) collapses to
the single set A(X). Hence fi,,,(X) = A(X) for every X, showing that A" is exactly the underlying
(m, n)-superhyperfuzzy number. O

8 Conclusion

In this paper, we have introduced hyperfuzzy and superhyperfuzzy generalizations of several well-known
fuzzy-number constructs—namely, triangular, trapezoidal, pentagonal, hexagonal, and octagonal fuzzy num-
bers—and of ranking functions on fuzzy numbers. By assigning set-valued membership degrees at multiple
hierarchical levels, our framework enriches the representation of uncertainty and provides a unified approach
to modeling complex, graded information in decision support and related fields.

Looking ahead, we anticipate several fruitful directions for future research:
» Computational studies: implementing these new number types in numerical experiments and case studies
to evaluate their practical utility.

* Operational extensions: defining additional arithmetic and aggregation operators, and investigating their
algebraic and order-theoretic properties.

* Mathematical structure: exploring deeper structural aspects, such as lattice and topological features, of
hyperfuzzy and superhyperfuzzy numbers.

» Further generalizations: integrating our constructs with other uncertainty frameworks—such as neutro-
sophic sets [84/92-94], quadripartitioned neutrosophic sets [95-H97]], and plithogenic sets [9,98-102]—to
capture even richer forms of indeterminacy and conflict.

We hope that these developments will pave the way for robust, hierarchically structured models of uncertainty
across a wide range of applications.
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