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Abstract

Metamaterials are gaining importance in different aspects of engineering because their
complex capabilities and light weight ensures a key role in critical elements in different
fields. But metamaterials have two main drawbacks; a high computational cost at com-
ponent level, and a lack of adaptability to complex shapes. This latter point is because
traditionally the metamaterials have relied on regular or quasi-regular grids, which is not
realistic for more of the engineering needs. In this paper we present the wT'CM finite
element for the generation of auxetic metamaterials and its multiscale calculation ac-
counting for moderate plasticity, finite strains, and fracture. The proposed element is the
opposite the the traditional RVE where a large amount of unit cells are assumed to be
inside each RVE. In the case of the wTCM only a portion of the unit cell is represented in
the element. With this, we gain versatility and precision with a low computational cost,
and the capability to generate the metamaterial from the wTCM mesh directly.

Keywords: Metamaterial, Multiscale model, Plasticity, Fracture, Auxetic

1. Introduction

Metamaterials are engineered structures with tailored micro-architectures that enable
properties not typically found in natural materials. Unlike conventional materials, whose
macroscopic behavior is governed primarily by their chemical composition, metamaterials
derive their unique functionalities from their internal geometry and architecture. By care-
fully designing the disposal of unit cells (setting bar’s orientation, size, joints), one can
obtain metamaterial structures that exhibit exotic properties which response to mechan-
ical, electromagnetic, thermal, and acoustic fields of research. Several examples of these
properties can be found in bibliography, as such as negative refractive index, cloaking
effects, band gaps, and programmable deformation patterns, conditioning the final de-
formed structure to maximize its stiffness [17, 13, 6].

Among the various subclasses of metamaterials with exotic mechanical properties,
auxetic metamaterials, which exhibit a negative Poisson’s ratio (NPR), have attracted
significant interest due to their potential applications. In contrast to most natural ma-
terials that contract laterally when stretched, auxetic materials expand in the transverse
direction under tension, and contract when compressed, exhibiting a highly unusual but
advantageous deformation behavior [12, 24]. This auxetic response arises not from the

Preprint submitted to Journal Name 26th July 2025



18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

base material but from the geometrical configuration of the repeating unit cells, which
can be designed to deform in non-intuitive ways under applied loads [11].

Auxetic behavior has been observed in a range of architectures, including re-entrant
honeycombs, rotating units, chiral lattices, and origami/kirigami-inspired structures [18,
10, 25]. The ability to achieve large, tunable negative Poisson’s ratios makes auxetic
metamaterials especially attractive for applications requiring enhanced energy absorption,
fracture resistance, indentation resistance, and mechanical adaptability [1]. Furthermore,
the coupling of auxetic deformation with other mechanical or functional properties has
enabled novel applications in biomedical devices, soft robotics, wearable sensors, and
acoustic or vibration control systems [19, 3, 23].

Recent advancements in additive manufacturing technologies, particularly high res-
olution 3D and 4D printing, have significantly expanded the design and manufacturing
possibilities for auxetic metamaterials across multiple length scales [26]. At the same
time, computational techniques such as topology optimization, finite element modeling,
and machine learning-driven design have enabled the systematic exploration of complex
design spaces and the discovery of new auxetic topologies with multifunctional behavior
[16, 7].

Despite the growing body of work, challenges remain in realizing robust, scalable
auxetic structures suitable for real-world conditions. These challenges include understand-
ing failure mechanisms, fatigue behavior under cyclic loading, and achieving tunability
and reconfigurability in dynamic environments. One of the key barriers to advancing
auxetic metamaterials is the high computational cost associated with simulating their
mechanical behavior using solid elements. These simulations, which seem to be neces-
sary to accurately model the complex geometries and deformation mechanisms inherent
in auxetic designs, require significant computational resources. This issue becomes par-
ticularly pronounced as the size and complexity of cell geometry increase, limiting the
feasibility of meso-scale and large-scale simulations with a high level of detail. To fease
this challenge, this study investigates the development of a continuous FEM model, which
will be equivalent to meso-scale FEM models, carrying out an active update of mechan-
ical properties of the continuos model to reproduce the meso-scale solid model behavior,
contributing to the ongoing development on this field.

There are several studies focused on reducing the computational cost of increasing-
scale simulations of metamaterial cells. In many cases, the complexity arises from detailed
micro-scale specific features, which are related to extremely fine meshes to capture local
stress and strain distributions accurately. As a result, the total number of degrees of
freedom (DOFs) grows up rapidly, making conventional finite element methods (FEM)
prohibitively expensive for meso and large-scale analyses. Recent works have therefore
concentrated on developing either multi-scale approaches, where micro-scale effects are
“homogenized” or approximated. On the other hand, many efforts are on the devel-
opment of advanced numerical techniques (e.g., domain decomposition, adaptive mesh
refinement, and reduced-order modeling) to accelerate solution times while retaining suf-
ficient accuracy.

For instance, some authors [22] propose a domain-decomposition-based framework
in which the computational domain is partitioned into subdomains representing distinct
metamaterial cells or repetitive units. By properly matching boundary conditions at
interfaces, these subdomains can be solved in parallel, leading to substantial reductions in
runtime. In other approaches [9], adaptive mesh refinement (AMR) is used to selectively
refine only those regions experiencing high stress gradients while maintaining coarser
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meshes elsewhere, thereby reducing the total element count.

Moreover, data-driven or surrogate modeling strategies have also gained traction [8]. In
these methods, a limited number of high-fidelity simulations or “snapshots” of metama-
terial responses are used to train a reduced-order model. This surrogate can then be
queried repeatedly—sometimes in near real-time—to approximate the underlying high-
dimensional response without needing full-scale FEM computations at every iteration.
Such methods are especially beneficial in design optimization loops, where one might
need to evaluate hundreds or thousands of candidate geometries.

Overall, these diverse strategies illustrate the continuing effort within the scientific
community to balance computational efficiency and accuracy when analyzing meso-scale
and macro-scale behavior of complex metamaterial architectures. The following sections
provide more contribution to this topic. In this work, a paradigm shift in how meso-scale
FEM simulation models are conceived for metamaterial structures is introduced. In fact,
the main goal is to simultaneously reduce computational cost and maintain results accur-
acy for meso scale models, capturing particular behaviours, such as auxetism behaviour in
complex metamaterial cells, while keeping an affordable computational cost. To achieve
this, the development of a finite element software —entirely implemented in MATLAB—
using pentahedral elements is done.

Moreover, the methodology to stabish an equivalence between the detailed solid meso-
scale model and continuous model is proposed, developing an updated equivalent Young
Modulus methodology for these elements that accounts for the deformation of the internal
rods within the metamaterial structure, ensuring that their effect is accurately represented
in the continuous model.

The paper is structured as follows. In the methodology we show the capability of the
finite element proposed to generate metamaterials in complex geometries and the formu-
lation of the numerical model. Then, in the next section different examples are presented
to validate the methodology against detailed numerical models, and experimental tests
under different conditions.

2. Methodology

This section introduces an innovative methodology for generating complex auxetic
metamaterial structures and multiscale computational models that account for the non-
linear effects associated with these structures under several load cases.

2.1. Methodology for auxetic metamaterial generation

The first methodology focuses on designing metamaterial structures with auxetic be-
haviour based on complex geometries defined using pentahedral elements. Firstly, a geo-
metrical equivalence is established between the auxetic cells and the internal arrangement
of bars within the pentahedral elements. A pattern structure is then determined for each
cell, formulated from a local reference and composed of a lattice of rods that defines
the auxetic behaviour. This lattice is embedded within the volume of each pentahedral
element. This internal distribution also enables interpolations to predict the structural
configuration of irregular pentahedral elements with local deformations. This approach
enables metamaterials with non-periodic structures to be generated, adapted to arbitrary
complex geometries. Once the bar distribution within the pentahedral element and the
spatial arrangement the bars inside in is known, this configuration can be replicated in
space or used as a reference for existing irregular meshes. This enables a metamaterial
macrostructure to be constructed by establishing a one-to-one correlation between the
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domain geometry and the internal bars distribution, thus generating functional geometric
configurations adapted to the required design.

Figure 1 shows the internal bar arrangement that defines a metamaterial configuration
for a regular structure. It also illustrates the adaptability of this distribution to irregular
cells, demonstrating the method’s ability to mesh complex geometries, such as the well-
known Rabbit geometry.

Figure 1: Generation of auxetic metamaterial structures: a) Bars distribution inside a regular pentahedral
element. b) Bars distribution inside a non-regular pentahedral element. ¢) Metamaterial structure
generation for complex geometries from the wedge mesh shown.

This methodology enables metamaterial layers to be stacked to create hollow internal
geometries (i.e. Rabbit mesh in figure), property very useful for aerospace and medical
applications.

2.1.1. Local connectivity of the auxetic GAM in the wedge

As mentioned above, this generative methodology is based on a pattern capturing the
reference distribution of auxetic metamaterial rods within a pentahedral element. The
following example shows how an algorithm can be used to generate the bars distribu-
tion corresponding to the geometry of the GAM cell in auxetic configuration within a
pentahedral element.

Base triangle

Figure 2: Bars generation inside pentahedral element for GAM auxetic metamaterial cell. Connectiviy
between bars and layers.

As can be seen in the above figure, the nodes that define the position of the vertices of
the pentahedral elements are denoted as p;. Using a local reference, the so-called n; nodes
(which determine bars orientation and distribution in penta) are determined for each
element. In this case, the image shows that the bars belonging to multiple pentahedral

4
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elements have positional continuity in the cut bars, satisfying the conditions ng = ng and
ny = ng. The generative algorithm for this cell type is analysed in detail below.

Algorithm 1 Wedge based auxetic GAM generation

Require: A parametric description of the metamaterial points (n) from the pentahedron
nodes (p).
Ensure: The points of the metamaterial are within the pentahedron.
1: ni, = P1,; d—i-pgz (1 — d)
2: Ng, = Py, (1 — d) + o, d
ng = pli;‘ZMi (1 N C) + P2i+p3i1-p5i+l76i c

Ny, = P2, (1 - a) +psa

N5, = Ds; (1 - CL) + D3 a

ne; = M4; — [nl' +g]

g, = Na; — [n5i + g]

ng, = N1 — [n4i - g]

: Ny, = N5, — [n2i - g]

Where d € [0,0.5), c € (0,1), a € [0,0.5), and g is the height of the pentahedron.

2.1.2. Local connectivity of the auxetic cubic in the wedge
Additionally, an algorithm for generating square-based bars distributiosn using the
well-known three-dimensional cell for auxetism in metamaterials is presented.

D2 Pran, D3
® ' I 0
_T5 |
12 ny
3

116 N4 A P4
TP5 ' ns

Base triangle

Figure 3: Bars generation inside pentahedral element for cubic auxetic metamaterial cell. Connectiviy
between bars and layers.

Asin the previous example, the required input is the nodes of the pentahedral elements,
pi, and the output is the nodes that indicate the internal distribution of the bars, n;. In
this case, the bar contained within the edge of the pentahedral element are cut, and in
order to keep continuity when this structure is reproduced and stacked in space, it can
be seen that the requirement n; = ns must be satisfied. The algorithm developed for
generating this type of structure is analysed below.
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Algorithm 2 Wedge based auxetic GAM generation

Require: A parametric description of the metamaterial points (n) from the pentahedron

nodes (p).
Ensure: The points of the metamaterial are within the pentahedron.
1: ny, = Py,

N2, = Py, d+p4i (1 - d)

ng, = Py, (1 - d) + P4, d

N4; = P4,

N5, = pa, ¢+ pg, (1 =)

ng, = P2, (1 —¢) + py, c

N7, = P3, ¢+ Pe, (1 - C)

: ng, = p3, (1 —¢) + pg, ¢
Where d € (0,0.5), and ¢ € [d, 1).

2.1.83. Application from a Voronoi

Taking as a baseline the methodology previously outlined, the following section presents
a methodology for generating heterogeneous macroscale metamaterial structures that em-
ploy multiple metamaterial cells and are topologically consistent.

To achieve this, a Voronoi diagram or tessellation is used to generate a two-dimensional
polygonal mesh. The centroid of each polygon is extracted. This centroid will be set as
the reference point, the dominant point. Specifically, for the proposed example cases,
the centroids coincide with the reference points p1, py (3). From these, the corresponding
triangles are generated, which are extruded to create the pentaheral elements.

The metamaterial structure is generated by the use of modules that generate the
bars pattern structure within the volumes of the pentas. This results in an irregular
and tunable set that offers the possibility of using the cell that best suits the specific
requirements of different regions of a single component.

A simple example of the application of this concept is shown in the following image.
The upper region shows a regular 2D tessellation composed of hexagons and squares.
These evolve into triangles, are extruded to generate penta elements, and the correspond-
ing metamaterial structure is generated. In this case, a congruent transition across the
different regions has been modeled, as seen in the figure of the lower region.

L] |
T |
A Zo
Zs Z:40
LT
H
ST TR OO 050 Py
Z 2 Zo%
HE
Z3 v Zy

Figure 4: Voronoi regular tesselation and consequent metamaterial generation with several cells and
congruent transitions.
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As shown in Figure 4, the implementation of this methodology leads to entirely in-
novative and disruptive designs in the generation of auxetic metamaterial structures.
Specifically, the implementation of two regular cells (auxetic GAM and cubic) can be
observed, which are modified into different geometric structures across various regions of
space. In particular, the region labeled as Z; uses a GAM metamaterial cell in an auxetic
configuration with a hexagonal base. The Z, region uses the same cell but modifying its
pattern structure to obtain a square-based cell. The Z, region employs the known cubic
cell structure with a square base, while the Z3 egion uses the same cell with a hexagonal
base. As evidenced, the potential of the methodology is vast for generating complex, het-
erogeneous, but topologically consistent structures. The transition from one cell type to
another is automatic, and at the interface regions, intersections of bars from the different
cell types will form irregular transient lattice structures.

Then, a case is presented where an irregular tessellation is used to push the potential
of the methodology to its limits. In Figure (5) a), it can be seen how a regular Voronoi tes-
sellation has been initially generated, which is then disturbed and distorted into irregular
geometries. It also shows how the auxetic GAM cell deforms and adapts to these intricate
geometries. On the other hand, in Figure b), it is demonstrated how this concept can
be extended into three dimensions, generating heterogeneous metamaterial regions and
transition structures between them. As shown, the Z; region consists of areas formed by
a truncated octahedron cell, the Z, region is composed of different arrangements of the
auxetic GAM cell, and the Z3 region is made up of various arrangements of the cubic cell.

o2 et s Yk tal
egegaTalnq
SR

%

R 2

Y

%

Figure 5: a) Voronoi tesselation and GAM auxetic cell generation for distortioned geometries. b) 3D
metamaterial generation from 2D voronoi with different cells and regions. Z;: truncated octahedron cell.
Z5: GAM auxetic cell. Z3: cubic auxetic cell.

2.1.4. Application to a .stl file

Finally, an additional example is presented to demonstrate the capabilities acquired for
the application of this methodology to complex three-dimensional geometries. In this case,
an example is provided for the generation of a metamaterial from a complex geometric
model contained in an .stl file. Specifically, the geometry of a torus has been chosen, which
has a highly complex curvature. On this, several concentrically stacked layers have been
developed to create a contour of pentaheral elements with 4 layers. Using the proposed
generation methodology, the metamaterial structure associated with the torus has been
developed, taking the GAM cell in an auxetic configuration as a reference, and the results
are shown below.
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Figure 6: Metamaterial macroscale estructure generation from complex geometry. a) Torus input geo-
metry. b) Torus metamaterial structure. ¢) Torus pentahedral geometry: layers of pentahedral elements
in detail. d) Torus metamaterial structure: metamaterial layers in detail.

In conclusion, the clear capability for generating complex metamaterial structures is
evidenced, as seen in the case of the torus, where it is shown how the metamaterial is
continuous, congruent, that is, topologically consistent. Furthermore, this approach also
enables several research path for the development of advanced computational models that,
through the use of pentaheral elements, allow for the modeling of the behavior of complex
metamaterial structures, as demonstrated in the following section.

2.2. Simulation methodology for complex metamaterial geometries.

In the same way that a methodology has been carried out focused on the design of
irregular metamaterial structures from penta elements, another innovative methodology
is proposed now, which enables the simulation of loading cases in metamaterial structures
by establishing an equivalence through pentaheral elements.

The outlines of the methodology employed in developing the simulation tool are now
presented. First, particular emphasis is placed on the development of features aimed
at case configuration, as well as on the formulation of the finite element methodology
itself. The finite element model was developed in Matlab, due to that software’s ability
to perform matrix and vector operations with high agility and optimized resolution.

2.2.1. Methodology inputs

As the developed simulation tool is robust and capable of analyzing a wide range of
case types, additional utilities have been created to assist the finite element model in
configuring the primary loading scenarios.

Regarding mesh generation, several tools have been developed: these include reading
and generating meshes from files containing nodal coordinates and connectivity informa-
tion, as well as devising pattern-based structures composed of pentahedral elements that
can be replicated spatially to form the final finite element mesh. Some examples are
shown below:
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a) b) c)

Figure 7: Pentahedral element meshes. a) Hexahedral pattern mesh. b) Cubic pattern mesh. ¢) Readable
mesh: rabbit.

Additionally, tools have been developed for applying boundary conditions to the
model. These tools essentially establish filters to select the nodes on which specific con-
ditions are imposed. Such conditions may range from fully fixed supports at the lower
sections to displacement constraints at cross-sections contours, all of which can be tailored
to the specific case under analysis.

It is important to note that all cases are solved using displacement control meth-
odology. Considering that certain scenarios may exhibit material nonlinearities (e.g., a
non-constant elastic modulus) and geometric nonlinearities (e.g., large displacements),
the application of displacements step by step (or incremental displacements) allows the
equilibrium path of the structure to be tracked even beyond the peak load, thereby accur-
ately capturing nonlinear responses or stiffness degradation. Several utilities have been
developed to support different displacement-imposition schemes: uniform displacements
on specific mesh boundaries, custom displacements on particular nodes, or advanced con-
figurations for indentation cases, depending on the requirements of each scenario.

On the other hand, an auxiliary utility is developed to generate more advanced input
required data. To establish equivalence between the continuous model of pentahedral
elements and the discrete metamaterial bar model, it is necessary to determine which
bars lie within each pentahedral element.

LR &

b)

Figure 8: Bars inside pentas. a) GAM auxetic cell. b) Cubic cell.

To this end, an external tool is created and its main function will be associating all
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the model bars with each pentahedral element, as well as to define their orientation inside
the element.

As can be seen in the Figure 8, the metamaterial’s bars are not fully contained within
each pentahedral element. To address this, the location of each bar’s centroid is evalu-
ated to determine which pentahedral element it belongs to. In addition, some bars have
multiple associations because they lie on faces, edges, or vertices of the element. It is
assumed that the effects of such shared bars will be distributed evenly among the penta-
hedral elements containing them. Consequently, a distribution factor (DF) is introduced,
which is defined as the inverse of the number of pentahedral elements that share a bar,
DF = 1/Nsha7"ed elm.-

Finally, the type of analysis to be performed is configured. As previously mentioned,
the ultimate aim of this simulation tool is to develop an equivalent model that reproduces
the nonlinear behavior of meso-scale auxetic models with highly complex metamaterial
structures (composed of a large number of bars). However, the final state of the simulation
tool has been achieved incrementally. First of all, simpler models that have been continu-
ally subjected to correlation procedures have been developed, so several types of solutions
have been sequentially included in the tool. The cases to be solved can then be divided
into two categories: those where Young’s modulus remains constant (corresponding to a
static linear-elastic case solvable by commercial software), and advanced scenarios where
material nonlinearity is introduced through the use of an equivalent Young’s modulus that
capture the deformation state of the bars using a specific procedure for each pentahedral
element.

2.2.2. FEM simulation algorithm.

The development of the simulation algorithm was conceived in several stages. First,
a basic implementation was conducted for a model based on pentahedral elements. This
model incorporates the classical shape functions for this type of element, as commonly
employed in commercial FEM softwares [15, 14]. There exist multiple ways of defining
isoparametric coordinates reference systems, but all of them are valid if the element
connectivity matrix is designed to be consistent with the respective shape functions.

Applying the conventional finite element methodology [4], a local stiffness matrix is
generated for each pentahedral element based on the material’s elastic constants tensor,
and these local matrices are then assembled to obtain the global stiffness matrix. Consid-
ering both the restricted DoFs and imposed displacement DoF's (both treated as inputs
derived from the case configuration), the calculation of the equivalent force vector is per-
formed. Once this vector is obtained, the unknown displacements at the free degrees of
freedom are determined, leading to the final global displacement vector and the global
force vector. This methodology, used to solve linear static cases with small displacements,
can be employed to progressively calculate incremental displacement values —from the
initial state through to the final desired displacement— in order to capture the structure’s
deformation path under a gradually applied load. At this point in the development, this
concept is based on the resolution of Ng.,s static cases.

The development of this methodology has been correlated by comparison with ana-
logous models implemented in the commercial software MSC Nastran. Specifically, the
model in that software was given a mesh identical to the one used in Matlab (including
same node IDs and element IDs). A linear elastic material model with the same material
parameters was included too, as well as analogous boundary conditions, matching dis-
placement values and its directions (applied to the same degrees of freedom). Once the

10
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analysis was carried out, nodal displacements, nodal forces, stress and strains values in
global coordinates, von Mises stresses, and strain energies were compared, leading to devi-
ations of less than 0.01%. This outcome validates the developed FEM tool and establishes
it as the baseline for extending the analogy to lattice-based metamaterial models.

Once the finite element model has been developed, the next step is to establish the
equivalence between the continuous model and the respective metamaterial structure. To
do this, an equivalent elastic modulus FE.q is calculated for each element. This modulus
is continually updated and depends directly on the deformation state of the bars within
each element.

Therefore, for a specific imposed displacement step, the process described above is
carried out, obtaining nodal displacements, nodal forces, stresses, strains, and strain
energies.

Subsequently, a sweep is performed for all elements in the structure, extracting each
element’s associated strain tensor. Assuming that most of the bar deformation arises from
axial loading, the strain tensor is projected onto the axial direction of each bar contained
in the pentahedral element. This projection yields the axial strain of each bar within the
element and, consequently, its axial displacement:

Ebar = Npar * €element * Nbar (1)

Upar = |5ba7“ : Lbar| (2)

This assumption holds for the majority of metamaterial structures that work under
axial loads, including nonlinear scenarios such as impacts or indentations, and it is there-
fore considered as valid for a wide range of applications.

Once the axial displacement is obtained, correlation curves, which retain all the non-
linear effects of bars are analyzed. These curves can be calibrated for each type of cell and
their values and tendencies can involve various effects, such as the equivalent constraints
at each bar’s endpoints for each structural typology, as well as the bar’s stress state
(tension or compression) inside the specific cell under a macroscopic given load condition.
Once these curves are determined, an interpolation is performed to obtain the the effect of
this conditions acting on the bar. Finally, the element’s strain energy is computed as the
sum of the strain energy of all bars contained within the pentahedral element. The strain
energy of each bar is multiplied by its corresponding distribution factor DF’, ensuring the
energy es equally distributed among all elements that share each bar.

Npars
dW,
Uba'rs element — E DFZ * Upar; *

=1

(3)

du bar;

On the other hand, since a linear elastic material model was employed, the elastic
material tensor can be expressed as follows:

(C(E7 V) =F- CWithout(”) (4)

Then, the strain energy of the pentahedral element can be computed as:

Oeclem — C(E, V) ‘- Eelem = E- C(V) s Eelem (5)

11
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Upenta,elem = éo'elem * Eelem * ‘/elem - éE : C(V) * Eelem " Eelem - ‘/elem (6)

These two ways to determine strain energy for the element must result in the same
strain energy value, so an equivalent Young Modulus can be calculated as:

B - Upentu,element 7
updated,element — U ( )
bars,element

This calculation is going to be done iteratively for each load step untill achieving
convergence (comparing forces deviation between iterations). This will result in a material
nonlinearity, as every element will have its specific equivalent Young Modulus, which will
be evolving for each imposed displacement step. The workflow is shown in Algorithm 3
present in the Annex.

As anticipated, the potential of this methodology is substantial, since it offers a sig-
nificant reduction in computational cost relative to lattice bar models. The decrease in
the number of degrees of freedom spans multiple orders of magnitude, and during the
validation phase, the difference in computational cost between the lattice bar models and
the equivalent continuous models will be demonstrated. In the following sections, the pro-
posed methodology will be validated by employing various validation strategies to confirm
its robustness and its application.

3. Validation.

After developing the complete methodology for establishing the equivalence between
the continuous medium model and the meso-scale model, a validation strategy will be
introduced to assess its effectiveness across various scenarios.

This validation strategy involves the development of meso-scale finite element models
conducting nonlinear FEM simulations for each case study.

As explained, the study focuses on auxetic-type cells, so the validation cases will be
developed through the design of meso-scale structures composed of different cells of this
type. The main purpose of using this type of cell lies in the fact that their morpho-
logy is ideal to stablish an equivalence in pentaheral elements for the vast majority of
cases. Moreover, this methodology allows for a straightforward and approachable study
to quantify the auxetic behavior in metamaterial structures developed with this type of
cell.

One of the proposed cells is the GAM (General Auxetic Metamaterial) cell [5, 21]. This
cell has the particularity of developing different behaviors depending on the connectivity
of the different metamaterial layers, thus achieving either an auxetic or non-auxetic global
behavior. Additionally, another type of auxetic cell is used. This type of cell has been
widely used in its 2D version for the identification and characterization of auxetism, and
its 3D version is used for the analysis in this work [20].

[ GAM Cell [ Cubic Cell |
Vi vz | Stepx | Stepy | Hstar | Dstar | Hprism | Dimensions [mm] Dimensions [mm)]
-04 [ 02 1 1 0.25 0.3 1.6 2x2x1.6 V2x2x2v/2

Table 1: Auxetic and non auxetic cell structure parameters.
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Figure 9: Metamaterial cells. a) GAM Auxetic cell. b) GAM Non Auxetic cell ¢) Cubic cell.

The cell parameters set out above will be the ones used for all cases unless explicitly
stated otherwise. From these parameterised cells, the meso-scale models are constructed
by means of solid elements that model the lattice bar structure. These structures will be
constructed using pentaheral elements that faithfully reproduce the geometry of each spe-
cific lattice. To ensure accurate representation of bar thickness effects, the meshing will
be refined such that at least three elements span the thickness dimension. This approach
represents a high-fidelity simulation technique, typically employed for comprehensive ana-
lysis of metamaterial cell behavior, albeit with a significantly higher computational cost.

[ Materials ]

Cases Material model | E [MPa] v G [MPa] | oy, [MPa] | E; [MPa] | B [MPa]
Meso-Scale MAT1 linear elastic 210000 0.3 — — — —

Meso-Scale MAT2 isotropic hardening - — 79300 360 21000 1.6 - 10%
Penta GAM Aux. Y.M. Updates 210000 —0.12 — - — —
Penta GAM Non Aux. Y.M. Updates 210000 0.3 — - — —
Penta Cubic Aux. Y.M. Updates 210000 —0.2 — — — —
Penta 3D Exp. Aux. Y.M. Updates 210000 —0.2 — — — —
Penta 2D Exp. Aux. Y.M. Updates 210000 —0.2 — — — —

Table 2: Material properties used in the analysis

Depending on the case, simplier or more complex materieals models will be used (from
elastic material models to elastoplastic models with isotropic hardening). The units for
the bar lattice models will always be the same: length [mm], stress [M Pal, force [N],
density [kg/mm3], Young’s modulus [M Pa].

Depending on the level of correlation, models without contact between bars and models
with contact between them will be developed, and their influence on the final validation
obtained will be studied.

The ultimate goal of the validation strategies will be to demonstrate the robustness of
the methodology in a wide variety of different cases and situations. In each case, specific
subcases will be presented, showing strong and weak possible points of the methodology.
To summarize the validation process, a table with all the main information of each case
is developed now.

3.1. Case one: increase domain progressively.
In this case, the objective is to demonstrate that the calibration of the curves for
the different bars that make up the unit cell is robust and can be extended to different
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[ Meso-Scale Validation Cases

Case ID Cell Type Domain Material Model Rpars Observations
1a) GAM Aux. Cell 1x1x2 linear elastic 0.07 Axial compression. No bar’s contact
1b) GAM Aux. Cell 2x2x2 linear elastic 0.07 Axial compression. No bar’s contact.
1c) GAM Aux. Cell 6x6x7 linear elastic 0.07 Axial compression. No bar’s contact.
2 a) GAM Aux. Cell 6x6x7 isotropic hardening 0.09 Axial compression. Reduced Height
2 b) GAM Aux. Cell 6x6x7 isotropic hardening 0.07 Axial compression. Reduced Height
2 ¢) GAM Aux. Cell 6x6x7 isotropic hardening 0.05 Axial compression. Reduced Height
2 d) GAM Aux. Cell 6x6x7 isotropic hardening 0.03 Axial compression. Reduced Height
3a) GAM Aux. Cell 6x6x7 isotropic hardening 0.07 Axial free compression.
3b) GAM Aux. Cell 6x6x7 isotropic hardening 0.07 Axial free tension.
3c¢) GAM Aux. Cell 6x6x7 isotropic hardening 0.07 Axial constrained compression.
3d) GAM Aux. Cell 6x6x7 isotropic hardening 0.07 Axial constrained tension.
3e) GAM Non Aux. Cell 6x6x7 isotropic hardening 0.07 Axial free compression.
3 1) GAM Non Aux. Cell 6x6x7 isotropic hardening 0.07 Axial free tension.
3g) GAM Non Aux. Cell 6x6x7 isotropic hardening 0.07 Axial constrained compression.
3 h) GAM Non Aux. Cell 6x6x7 isotropic hardening 0.07 Axial constrained tension.
4 a) GAM Aux. Cell 10x10x7 | isotropic hardening 0.07 Indentation.
5 a) Cubic Aux. Cell 3x3x7 isotropic hardening 0.11 Axial free compression.
5 b) Cubic Aux. Cell 3x3x7 isotropic hardening 0.11 Axial free tension.
5c¢) Cubic Aux. Cell 3x3x7 isotropic hardening 0.11 Axial constrained compression.
5d) Cubic Aux. Cell 3x3x7 isotropic hardening 0.11 Axial constrained tension.
6 a) Exp. Aux. 3D Cell 1x1x1 tabulated material 1.6 Experimental 3D cell compression.
6 b) Exp. Aux. 2D Cell 1x1x1 tabulated material 1.6 Experimental 2D cell tension.
7a) Sphere GAM Aux. Complex | isotropic hardening 0.07 Simulation of complex geometry.

Table 3: Parameters of the validation cases.

metamaterial volumes for a given unit cell. For this case, GAM Auxetic cell will be used.

To this end, three subcases are proposed, in which the domain will be progressively
increased. The domain sizes in the respective subcases are: 1x1x2 cells, 2x2x2 cells, and
6x6x7 cells. In the detailed models, a linear elastic material model will be employed, with
material parameters provided in Table 2.

Additionally, no contact between the bars is considered, and a progressive compression
will be applied, with a magnitude of -0.6 mm for the smallest-volume subcase and -1 mm
for the other subcases.

For the equivalent pentahedral model, the material parameters specified in Table 2 for
this type of cell will also be used.

As can be observed, the Poisson’s ratio used is an equivalent value that models the
auxetic behavior of the cell for this case. Therefore, the three subcases are analyzed for
both the lattice models and the reduced model. The results for the different subcases are
presented below, grouped by graphs.

As can be observed in Figures (10) and (11), the stiffness degradation in the force —
displacement curve is due to the buckling of the vertical connectivity bars. This phenom-
ena accurately captured by the continuum model. The analysis now proceeds with the
subcase involving larger dimensions:

As shown, the correlation between the detailed model and the equivalent continuum
model is also accurate in this subcase. The calibration curves used across all cases are
those shown in Figure (12), which supports the conclusion that the proposed methodology
is robust for scenarios in which the domain varies but the unit cell remains the same.
Finally, a comparative analysis of the stress field is conducted for the last subcase:
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Figure 10: Subcase 1 a) results: a.l) Displacement field for -0.6mm compression load. a.2) Force-
displacement curve for axial compression subcase a).
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Figure 11: Subcase 1 b) results: b.1) displacement field for both cases. b.2) Force-displacement curve for
axial compression subcase b).
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Figure 13: Macro FEM tetahedral free subcases.
304 In view of the Figure (13), the stress field captured in the pentahedral elements model

35 does not match the one found inn bars model. This is expected, since the continuum
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Figure 12: Subcase 1 ¢) results: c¢.1) calibration curves for all subcases in case 1. ¢.2) Force-displacement
curve for axial compression subcase c)

model represents an averaged stress state of the element, as a consequence of the stress
states of the bars contained within it.

3.2. Case two: change in bar’s radii.

Once the generalization of the methodology for incrementally scaled volumes of the
same unit cell has been demonstrated, the study proceeds to analyze how changes in the
cell’s parameters affect the corresponding correlation.

To this end, a series of subcases is developed in which the radius of the lattice bars
within the cell is varied, while all other parameters remain constant. The direct influence
of the bar radius on the correlation curves is analyzed. This parameter is critical and
requires specific calibration of the curves for each proposed subcase.

Specifically, the proposed radii for the different subcases will be analyzed based on a
slenderness parameter. This slenderness will be calculated as the quotient of the length
of the characteristic longest bar and the radius of gyration (p) of the circular section. Tt
is important to remember that p takes the value of R;/2 for circular sections. Taking
this into account, the slenderness parameter is as )\: = 2 Lpy/R;. Where R; is the
cross-section radius of the bars and Ly, takes the value of 2.51 mm in all cases (as they
are geometrically identical).

A Ao A3 Ay
55.73 | 71.66 | 100.32 | 167.20

Table 4: Slenderness values for different cases.

Furthermore, in the detailed model subcases, an elastoplastic material model with
isotropic hardening has been used, and contact interactions between the bars have been
included, as shown in Table 2.

The following section presents the calibration curves specific to each subcase, along
with the axial compression force-displacement resultant curves, associated with each sub-
case.
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Figure 14: Subcase 2 a) results: a.1) Correlation curves for A} slenderness. a.2) axial force-displacement
curve for a) subcase.
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Figure 15: Subcase 2 b) results: b.1) Correlation curves for A} slenderness. b.2) axial force-displacement
curve for b) subcase.
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Figure 16: Subcase 2 c) results: c¢.1) Correlation curves for A} slenderness. c¢.2) axial force-displacement
curve for c) subcase.
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Figure 17: Subcase 2 d) results: d.1) Correlation curves for A} slenderness. d.2) axial force-displacement
curve for d) subcase.

In view of the results, the following conclusions can be drawn:

e The calibration is consistent. The calibration curves progressively decrease as the
bar radius decreases.

e The axial force—displacement curves recorded for both models in each subcase show
a very high degree of correlation.

e In the axial force-displacement curves where the slenderness is smaller, it is clearly
observed how the bars come into contact with each other quickly, resulting in ad-
ditional stiffness provided by the interference between the bars. As the slenderness
increases, the interference decreases, eventually disappearing in the subcases with
the highest slenderness.
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3.3. Case three: auzetism effect for different cells configuraton.

The following case analyzes the effect of auxetism on GAM-type cells in both auxetic
and non-auxetic configurations. To this end, a structure of 6x6x7 GAM cell lattice is
carried out, and several subcases are developed. In this case, an elastoplastic material
model with isotropic hardening is used, and the effect of bar interference is also considered.
Unlike the previous case, the height between layers is increased to its nominal value, while
the other bars remain the same length. Therefore, under same cell parameters, material
model, boundary conditions, and contact model, the previous correlation for slenderness
corresponding to a bar radius of R = 0.07 mm is preserved, and the calibration curve of
the longest bar is proportionally adjusted, allowing the calibration curves to be obtained
quickly for the GAM auxetic cell configuration. In all cases, compression and tension
loads will be analyzed based on imposed displacements with a magnitude of 1.5 mm.

Initially, four cases are analyzed for the GAM cell in the auxetic configuration. Sub-
cases a) and b) correspond to free axial compression and tension, respectively. Subcases c)
and d) correspond to axial compression and tension where cross movements are restricted,
thereby quantifying the auxetic effect of the structure.

’ —  L—2.65mm —— L=0.85mm —— L=0.62mm ‘
15
12 .
Z 9
3
=
3
= 6
=
3
0
0 005 01 015 02 025
Axial displacement [mm]
a) b)

Figure 18: a) Contour boundary condition for both deailed and penta model for GAM auxetic structure.
b) Elastic energy correlation curves for GAM auxetic cell, considering R = 0.07 mm, nominal cell height,
elastic plastic material and contact between bars.

For this cell configuration, the boundary condition imposed on the lateral contour of
the pentahedral elements is excessively restrictive and does not adequately reproduce the
constrained movement of the vertices at the vertices of the lattice structure. Therefore, a
correction factor « is introduced in the strain tensor while calculating strain energy, such
that the strain tensor in the contour elements takes the following form:

Exxz Ezy CEzz
€contour — XE = X | Exy Eyy Eyz (8)

€xz Eyz Ezz
This correction factor helps to accurately reproduce the equivalent boundary condi-
tion in the detailed model. Based on this criterion, a factor of o = 2.5 is required to
precisely capture the effect of the transverse constraints in GAM auxetic cell. With these
assumptions, the following figures presents the axial and transverse forces for each case
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of the GAM cell in the auxetic configuration, comparing the results obtained from the
detailed model with those from the pentahedral element model.
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Figure 19: Results for 3 a) and 3 b) subcases: a) axial force-displacement curve for free compression case.
b) axial force-displacement curve for free tension subcase.

b)

Macro FEM Simulation

Penta. FEM Simulation ‘ ’ Macro FEM Simulation

Penta. FEM Simulation

0 0
Z. —425 % -
[ 5]
15 =
8 £ —100
o =}
& -850 | 2
wn
8 5 —150
a =
g 2
5 —1,275 | 8
O 5 —200
—1,700 | | | | 950 \ \ \ \
0 0.3 0.6 0.9 1.2 1.5 0 0.3 0.6 0.9 1.2 1.5
Axial displacement [mm] Axial displacement [mm]
c.l) c.2)
Figure 20: Results for 3 c) subcase: c.1) axial force-displacement curves for constrained compression

subcase. c.2) Cross reaction forces for axial constrained compression subcase.
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Figure 21: Results for subcase 3 d): d.1) Axial for displacement curve for tension load subcase. d.2)
Cross reaction forces for axial constrained tension subcase.

Based on the results obtained, it is determined that the correlation is robust (using
the same calibration curves for bars with identical dimensions and slenderness as in the
previous case, and a proportionally scaled curve for the longest bar). These types of
simulations validate the robustness of the methodology under different loading conditions
and boundary scenarios, with the introduction of the correction factor ensuring accurate
reproduction of the boundary conditions. On the other hand, the GAM cell in the non-
auxetic configuration is analyzed. Although the cells may appear nearly identical, the
change in the vertically connected bars makes the cell entirely different, and the stress state
of the bars changes completely under the same loading condition. For this reason, this
specific cell requires its own calibration curves. Specifically, the bar whose stress state has
changed is the medium-length bar, which has shifted from tension to compression. This
has led to a significant increase in its calibration curve, while the other bars remain under
the same stress states as in the auxetic GAM cell. Therefore, the short bar retains the
previous calibration curve, and the curve for the longest bar is obtained by proportionally
scaling the original calibration curve for that bar, as shown in the following figure:
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Figure 22: a) calibration curves for GAM non auxetic cell, with a radius if R = 0.07mm, elastic plastic
material model and contact between bars. b) Bars contained inside pentahedral element for GAM non
auxetic cell.
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an Additionally, material parameters for GAM non auxetic configuration for pentahedral
w2 model are exposed in Table 2. Taking all this into account, subcases e) and f), corres-
a3 ponding to free axial compression and tension for the non-auxetic GAM cell, are analyzed.
w7 Additionally, subcases g) and h), corresponding to constrained axial compression and ten-
a5 sion for the same cell, are also examined. Unlike the previous case, the behavior of this
s cell, as well as its non-auxetic nature, made it unnecessary to introduce any correction

ar factor to accurately reproduce the lateral boundary conditions. The results are presented
as  in the following figures:
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Figure 23: Results for 3 e) and 3 f) subcases: e) Axial force-displacement curve for compression load
subcase. f) Axial force-displacement curve for axial load subcase.
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Figure 24: Results for 3 g) subcase: g.1) axial force-displacement curve for constrained compression
subcase. g.2) cross reaction forces for constrained compression subcase.
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Figure 25: Results for 3 h) subcase: h.1) axial force-displacement curve for constrained tension subcase.
g.2) cross reaction forces for constrained tension subcase.

479 Stress field for the free GAM subcases in the detailed model are shown too:
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Figure 26: a) Free tension subcase for GAM auxetic structure. b) Free tension subcase for GAM non
auxetic structure. c¢) Free compression subcase for GAM auxetic structure. d) Free compression subcase
for GAM non auxetic structure

480 Based on the results obtained, several relevant conclusions can be drawn from this
1 case:

482 e The correlation is robust. For each case, the calibration curves used can be extended
483 to five different curves with simultaneous and accurate fitting. The methodology
484 proves to be robust and adaptable to different volumes, loading cases, and boundary
485 conditions, adjusting the calibrations to the corresponding cell parameters, material
486 models, and nonlinear effects such as bar contact interactions.

a87 e The cross boundary conditions for the pentahedral model may not fully reproduce
488 the effect of constraining the boundary vertices of the detailed model. Therefore, a
489 correction factor is introduced to compensate for this and accurately replicate the
490 boundary condition.

401 e Changing the configuration while maintaining the same cell parameters (from auxetic
492 to non-auxetic configuration) completely alters the nature and behavior of the cell,
493 effectively resulting in a new cell.
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e A quantitative analysis of the results shows that the auxetic configuration exhibits
greater strength under identical loading conditions compared to the non-auxetic
configuration. It is thus concluded that auxeticity is beneficial for the structural
performance.

3.4. Case four: complex nonlinear cases. Indentations.

A more complex case is developed now, representing an evolution of the previous cases.
Building upon the correlation established in the previous analysis for the GAM cell in
the auxetic configuration (and assuming the same cell parameters, bar radius, material
model, and contact interactions) a strongly nonlinear simulation is proposed, focusing on
an indentation process applied to the metamaterial structure.

To this end, a larger domain of 10x10x7 cells is considered, and a spherical indenter
with a radius of 4 mm is used. The penetration depth to be studied is 1.5mm inside the
structure. In the detailed model, contact interfaces are included both between the bars
themselves and between the indenter and the bar structure. For simplicity, as in previous
cases, only one-quarter of the detailed model is simulated, applying equivalent boundary
conditions to reduce computational cost as much as possible.

In addition, an equivalent continuum model using pentahedral elements is developed,
in which several modeling assumptions are made for this scenario. In this case, the spher-
ical indenter is not explicitly modeled. Instead, its imprint on the structure is introduced
into the pentahedral model through progressively applied imposed displacements that
simulate the sphere’s penetration into the structure. Additionally, any sliding between
the indenter and the structure is neglected, and a perfect tied contact is assumed.

Under these considerations, the full pentahedral element model for the indentation
case is developed, and the results are presented below:
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Figure 27: a) Stress field for both detailed and pentahedral FEM models for indentation case. b)
Penetrator force for both detailed and pentahedral FEM models for intentation case.
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Figure 28: Equivalent Young Modulus reduction at penetration region for pentahedral simulation.

As shown in the results, the force recorded in the indenter (after being multiplied
by four, since only a quarter of the detailed model was simulated) correlates accurately
with the continuum model (which was entirely simulated), demonstrating that the meth-
odology is robust for this case. As a limitation, the continuum model only allows the
simulation of small penetration depths, since the stiffness loss in the elements within the
penetration region is significant, leading to local failure of the structure in those elements.
On the other hand, it is important to note the differences in the magnitude of the recorded
stresses, with a similar effect observed in previous studies. However, the stress distribu-
tions are qualitatively similar, with higher stresses near the indentation area, spreading
in a spherical manner throughout the continuum structure.

3.5. Case five: different auxetic cell structure cases.

Finally, a case is proposed in which a different cell is analyzed. In this instance, a
well-known and widely studied cell is used for the characterization of auxetic behavior,
in its 3D configuration. This cell is replicated using the previously described pattern
structure, and both lattice and equivalent continuum models based on this pattern are
developed. Specifically, a detailed model composed of 3x3x7 patterns is built, employing
an elastoplastic material model with isotropic hardening. Additionally, contact interac-
tions between bars are included, and a quarter of the model is simulated using equivalent
boundary conditions.

In the continuum model, the same pattern structure is replicated using penta elements,
allowing for the complete model to be developed and analyzed. The material parameters
used for this type of cell in the continuum model are listed in Table 2.

Four subcases are proposed: a) free axial compression; b) free axial tension; ¢) axial
compression with constrained cross displacements; and d) axial tension with constrained
cross displacements. This allows for a quantitative analysis of the effect of auxetic behavior
on the structure, while also enabling direct comparison with other cell topologies, such as
the GAM cell. As shown in Figure (8), most of the bars that form this cell are located
along the edges of the penta element. This directly influences the boundary condition
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ss6  applied, as the restriction of the perimeter nodes becomes even less accurate in this case,
se7 - given that in the detailed model the entire bar is constrained as a continuous element
sss  at the boundary. To address this issue, a new correlation factor is introduced to help
ss0  mitigate the difficulty. In this case, correction factor implemented is o = 6.5, which is
ss0 quite higher than the one used in GAM auxetic case, showing that the constrain for the
ss1 penta model is less accurate in this case.

‘ —— 1=2.12mm —— L=1.70mm —— L=1.50mm ‘
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Figure 29: a) Contour boundary condition for both deailed and penta model for GAM auxetic structure.
b) Elastic energy correlation curves for GAM auxetic cell, considering R = 0.07 mm, nominal cell height,
elastic plastic material and contact between bars.

552 Additionally, new calibration curves are developed for this newly proposed cell topo-
ss3 logy. Taking these considerations into account, the subcases are analyzed and the results
ss« - are presented below:

|
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Figure 30: Results for 5 a) and 5 b) subcases: a) Axial force-displacement curve for free compresion
subcase for Cubic cell. b) Axial force-displacement curve for free tension subcase for Cubic cell.
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Figure 31: Results for 5 ¢) subcase: c.1) axial force-displacement curve for constrained compression load
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Figure 32: Results for 5 d) subcase: d.1) axial force-displacement curve for constrained tension load
subcase. d.2) cross forces along axial distance for constrained tension load subcase.
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Figure 33: a) Stress field for both free compression and tension load subcases for Cubic cell. Detailed
model. b) Stress field for both free compression and tension load subcases for Cubic cell. Penta model.
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Based on the results obtained, several conclusions can be drawn from this case:

e The correlation is satisfactory. Although it is not as precise as in previous cases,
it provides a reasonably accurate approximation of the response of the analogous
metamaterial structure, with significantly lower computational cost.

e The boundary condition is less accurate than in the case of the GAM cell. In this
scenario, all degrees of freedom of the bar nodes located on the boundary edges
are fully constrained for the detailed model, whereas in the continuum model, this
condition only applies to the contour nodes of the pentahedral structure. This
substantially reduces the accuracy of the results and requires a higher correction
factor to better capture the auxetic effect.

e Quantitatively, it is observed that the strength of this structure (despite having a
similar material volume to previous structures) is considerably lower. Therefore,
the GAM cell remains the auxetic cell with the greatest potential for structural
applications.

e The stress state in the continuum structure is averaged across the element, and no
local failure is detected in the bars contained within it.

3.5.1. Computational cost analysis.

Finally, a detailed analysis of the computational cost of all the simulations is con-
ducted, making a comparison to those using the proposed methodology. Firstly, it is
important to note that the detailed simulations were run on a workstation specifically ded-
icated to computation, which allows for parallel processing to accelerate computational
processes. This workstation has 20 cores and 32 GB of RAM. In contrast, the simulations
using the pentahedron analogy were carried out on a standard office computer without
parallel processing, with 16 cores (with only one assigned to computing) and 16 GB of
RAM. Two bar charts illustrating the potential advantages of the methodology are shown
below.
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As shown in the figures, even when launched on a machine with lower performance
and without parallel computing, considerable gains in computation time are achieved in
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all the analysed sub-cases. The most evident case is 4a), which shows a reduction of two
orders of magnitude in DOFs, which results in a reduction in computation calculation
time from one day to one hour. These graphs demonstrate the significant potential of the
developed methodology for accurately and rapidly analysing mesoscale models, with the
possibility of extending it to macroscale structures of complex geometry at an affordable
computational cost.

3.6. Case 6: experimental correlation.

To finalize the validation of the methodology, a new cell for correlation is proposed.
In this case, the cell studied in reference [2] is used. In that work, Andrade, Zhu, Mir-
anda, and Rodrigues propose a FEM simulation model in which they simulate the tensile
behavior of a two-dimensional auxetic cell, and also develop a FEM model to simulate
the compressive behavior of a three-dimensional auxetic cell. Additionally, they compare
the obtained results with the experimental manufacturing of the simulated cells, conduct-
ing both tensile and compressive tests, thereby providing a real comparison between the
simulated and the tested models.

a)

b)

Figure 34: a) Bars inside Penta for 2D auxetic cell. b) Bars inside Penta for 3D auxetic cell.

In this study, the FEM and experimental results obtained in the work done by Andrade
et al are used to validate the simulation methodology employing penta elements. For this
purpose, equivalent meshes composed of penta elements are established, using the cell
dimensions reported in the referenced work. The material parameters used in the penta
elements are presented in Table 2. Figure 34 shows the bar structures contained within
each penta element, as well as the proposed pentahedral structures for each cell.

Once both subcases have been presented, the calibration of the curves and the ana-
lysis of the obtained results are carried out. In each subcase, a calibration has been
performed for the experimental data, capturing the existing nonlinearity. Additionally,
the calibration is adjusted for both the ideal and as-built simulation models.
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Figure 35: Results for 6 a) 3D cell subcase subcase: a.1) Calibration curves for both simulations and
experimental tests. a.2) Axial compression force-displacement curves correlation for each test.
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Figure 36: Results for 6 b) 2D cell subcase: b.1) Calibration curves for both simulations and experimental
tests. b.2) Axial compression force-displacement curves correlation for each test.

In view of the obtained results, the robustness of the correlation is confirmed again.
In this case, the correlation was performed using a real tested model, which exhibited
nonlinear behavior under compression that was successfully reproduced by the continuum
model, while the FEM models were unable to do so. It is important to highlight that the
geometric changes in the cells, along with the variation in the stress state of the bars,
induce a different mechanical nature in each cell; therefore, specific correlations have been
developed for each typology. Furthermore, with proper adjustment of the calibration
curves, the behavior observed in the FEM models can also be accurately captured.
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4. Conclusions

The capabilities of the wTCM element are validated with numerical and experimental
data, showing a reduction of the computational cost in ore than 2 orders of magnitude
compared with the explicit FEM of the lattices. Also, the use of this proposed element
links two traditional problems of structural metamaterials. On one hand, the generative
design of metamaterials based on pentahedral elements allows us to create complex cell
geometries to be adapted to irregular volumes and patterns. This innovative approach for
the lattice generation creates an approach to design transition structures with the use of
concepts such as Voronoi tessellations, which define the pentahedral elements that form
the resulting lattices. Those can appear between different sizes or arrangements of the
same cell type, or even between entirely different cell types.

Furthermore, the proposed design methodology enables the generation of metamaterial
structures that are heterogeneous at the macroscale, tailoring the requirements of a com-
ponent to the most suitable lattice cell configuration in each region. This approach also
allows the development of complex 3D geometries that are extremely difficult to achieve
using conventional design tools, which become ineffective beyond a certain number of
struts in lattice structures.

In parallel with the design approach, a novel and efficient computational method-
ology has been proposed to analyze metamaterial structures through the wTCM ele-
ment. The equivalence established between auxetic strut-based structures and pentahed-
ral elements—achieved through the study of strut arrangement within the pentahedral
unit—allows for a significant reduction in computational cost, improving performance by
several orders of magnitude compared to traditional solid models.

Additionally, the calibration of these simulation models accounts for small nonlinear
effects such as strut buckling and the resulting loss of stiffness, as demonstrated through
the correlation developed against experimental testing on this work.

In the cases where a lateral restriction is imposed into the wTCM a small lack of
accuracy is shown, and it is reduced by a lateral factor in those cases. Also, the precision
of the wTCM is influenced by the amount of bars internal to the element, and can have a
lower precision when a significant amount of bars go though the edges of the wedge and
are shared between several elements.
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Annex

Algorithm 3 Pentahedral FEM Algorithm

Require: Load case configuration (mesh, boundary conditions, imposed displace-
ments,case type, cell type, material parameters).

Ensure: FEM resolution at each displacement step including equivalence to metamaterial
model.

1: Define Residual force value to convergence

2: for u = ug to U = Uepqg doO

3: while |fglobi — fglobi,l‘ < fres do

4: Update Young Modulus for each element

5: Calculate Local stiffness matriz, Kioc, updating material tensor.

6: Calculate Global stiffness matriz, Kgion, assembly.

7: Calculate Reduced flobal stiffness matriz, Kyeq-

8: Calculate Equivalent forces vector, foq.

9: Calculate Free nodal displacements, U eq.

10: Calculate Global nodal displacements, Ugiop.

11: Calculate Global nodal forces, fgiop-

12: Calculate Global stress tensor for each element, G erem.-

13: Calculate Global strain tensor, €erem.-

14: for elem; in all elements do

15: Calculate Element strain energy (without E), Upenta ctem,as Eq. (6)

16: for barj, in all element inner bars do

17: Calculate azial bar strain, €pqr, as in Eq. (1)

18: Calculate azial bar displacement, up,,, as in Eq. (2)

19: Get bar external work gradient, dW, /du, obtained from curves interpol-
ation

20: end for

21: Calculate element strain energy from bars, Upar ciem, as in Eq. (3)

22: end for

23: if |fglobi — fglobi,ly < f.es then

24: Convergence is achieved: Move to next load step.

25: else

26: Update Element Young Modulus, Eypaated.ciem, s in Eq. (7)

27: Update i-1 global force vector, f;_1.

28: end if

29: end while

30: end for
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