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Abstract

A hyperfunction maps each input to a subset of outputs, generalizing classical functions to represent multi-valued
or uncertain outcomes [1]. A superhyperfunction extends this concept by mapping collections of sets to
higher-order powerset values, thereby capturing layered hierarchical uncertainties [2]. A Pattern Recognizer
assigns labels to instances by minimizing empirical loss on training data. In this paper, we introduce and
analyze HyperPattern Recognition and SuperHyperPattern Recognition, which extend the Pattern Recognizer
framework via hyperfunctions and superhyperfunctions. Our treatment is purely theoretical, and we anticipate
future computational experiments on real-world datasets to empirically validate the proposed models.
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1 Preliminaries

We introduce here the fundamental definitions and notation used throughout this paper. Unless stated otherwise,
all sets under consideration are finite.

1.1 Hyperfunction and 𝑛-Superhyperfunction

Hyperstructures [3–5] and 𝑛-Superhyperstructures [6–10] are frameworks for modeling hierarchical concepts
in various domains. For example, SuperHyperGraph [11–14] and SuperHyperAlgebra [1, 15, 16] are concrete
instances of an 𝑛-Superhyperstructure. In the context of functions, the notions of Hyperfunction and 𝑛-
Superhyperfunction are well-known [2, 17, 18]. Relevant definitions and theorems are presented below.

Definition 1.1 (Universe). Let 𝑈 be a nonempty finite set, called the universe or base set. Every subsequent
construction—powersets, hyperstructures, and so on—is built upon 𝑈.

Definition 1.2 (Power Set). [19, 20] The power set of 𝑈 is

P(𝑈) = { 𝐴 | 𝐴 ⊆ 𝑈}.

Definition 1.3 (Iterated Powerset). [21–24] For each integer 𝑛 ≥ 1, the 𝑛-fold iterated powerset of𝑈 is defined
by

P1 (𝑈) = P(𝑈), P𝑛+1 (𝑈) = P
(
P𝑛 (𝑈)

)
.

If one wishes to exclude the empty set at each iteration, replace P with

P∗ (𝑋) = P(𝑋) \ {∅}.
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Definition 1.4 (Hyperoperation). (cf. [6]) A hyperoperation is a generalization of a binary operation where
the result of combining two elements is a set, not a single element. Formally, for a set 𝑆, a hyperoperation ◦ is
defined as:

◦ : 𝑆 × 𝑆 → P(𝑆),
where P(𝑆) is the powerset of 𝑆.

Definition 1.5 (Hyperfunction). [2, 17] A Hyperfunction is a function where the domain remains a classical
set 𝑆, but the codomain is extended to the powerset of 𝑆, denoted P(𝑆). Formally, a Hyperfunction 𝑓 is defined
as:

𝑓 : 𝑆 → P(𝑆).
For any 𝑥 ∈ 𝑆, 𝑓 (𝑥) ⊆ 𝑆 is a subset of 𝑆. This allows the function to map an element of 𝑆 to multiple elements,
enabling greater flexibility compared to classical functions.

Example 1.6 (Thesaurus as a Hyperfunction). Let 𝑆 be the set of all English words. We define a hyperfunction

𝑓 : 𝑆 −→ P(𝑆)

by letting 𝑓 (𝑤) be the set of synonyms of the word 𝑤. Concretely:

𝑓 (“happy”) = {“joyful”, “content”, “pleased”},

𝑓 (“fast”) = {“quick”, “rapid”, “swift”}.
This hyperfunction models a thesaurus lookup, mapping each word to the (possibly empty) set of its synonyms.

Definition 1.7 (SuperHyperOperations). [21] Let 𝐻 be a non-empty set, and let 𝑃(𝐻) be the powerset of 𝐻.
Define the 𝑛-th powerset 𝑃𝑛 (𝐻) recursively:

𝑃0 (𝐻) = 𝐻, 𝑃𝑘+1 (𝐻) = 𝑃(𝑃𝑘 (𝐻)) for 𝑘 ≥ 0.

A SuperHyperOperation of order (𝑚, 𝑛) is an 𝑚-ary operation:

◦(𝑚,𝑛) : 𝐻𝑚 → 𝑃𝑛
∗ (𝐻)

where 𝑃𝑛
∗ (𝐻) denotes the 𝑛-th powerset of 𝐻 possibly excluding the empty set (for a classical-type SuperHy-

perOperation) or including it (for a Neutrosophic-type SuperHyperOperation).

If the codomain is 𝑃𝑛
∗ (𝐻) without the empty set, we call it a classical-type (m,n)-SuperHyperOperation. If the

codomain is 𝑃𝑛 (𝐻) including the empty set, we call it a Neutrosophic (m,n)-SuperHyperOperation.

In either case, these SuperHyperOperations are higher-order generalizations of hyperoperations, capturing
multi-level complexity through 𝑛-th powerset constructions.

Definition 1.8 (𝑛-Superhyperfunction). [2,17,18,25,26] An 𝑛-Superhyperfunction generalizes the concept of a
Hyperfunction by using the 𝑛-th powerset P𝑛 (𝑆) as the codomain. Formally, for 𝑛 ≥ 2, an 𝑛-Superhyperfunction
𝑓 is defined as:

𝑓 : P𝑟 (𝑆) → P𝑛 (𝑆),
where 0 ≤ 𝑟 ≤ 𝑛, and P𝑛 (𝑆) is the 𝑛-th powerset of 𝑆. This definition allows 𝑓 to map subsets of 𝑆 (from
P𝑟 (𝑆)) to elements in the 𝑛-th powerset P𝑛 (𝑆).

Example 1.9 (Recipe Finder as a 2-Superhyperfunction). Let 𝑆 be the finite set of all ingredients available in
a recipe database, and let

R ⊆ P(𝑆)
be the collection of all valid recipes, each represented as a subset of 𝑆. Define

𝑓 : P(𝑆) = P1 (𝑆) −→ P
(
P(𝑆)

)
= P2 (𝑆)

by
𝑓 (𝐼) =

{
𝑅 ⊆ 𝑆 | 𝐼 ⊆ 𝑅 and 𝑅 ∈ R

}
.

In words, for any input ingredient set 𝐼 ⊆ 𝑆, 𝑓 (𝐼) is the set of all recipes 𝑅 that contain 𝐼. Thus 𝑓 maps a subset
of ingredients to a subset of the powerset of 𝑆, i.e. a set of recipes. This exactly realizes a 2-Superhyperfunction
in practice.
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1.2 (𝑚, 𝑛)-Superhyperfunction

An (𝑚, 𝑛)-Superhyperfunction is a mapping from the 𝑚-th iterated powerset of 𝑆 to its 𝑛-th iterated powerset,
capturing hierarchical uncertainties (cf. [2]).

Definition 1.10 ((𝑚, 𝑛)-Superhyperfunction). Let 𝑆 be a nonempty set and let 𝑚, 𝑛 be integers with 𝑚, 𝑛 ≥ 1.
Denote by P𝑘 (𝑆) the 𝑘-fold iterated powerset of 𝑆. An (𝑚, 𝑛)-Superhyperfunction on 𝑆 is a mapping

𝑓 : P𝑚 (𝑆) −→ P𝑛 (𝑆).

This notion recovers the usual 𝑛-Superhyperfunction when 𝑚 = 𝑟 ≤ 𝑛, i.e. a mapping P𝑟 (𝑆) → P𝑛 (𝑆).

Example 1.11 (Corporate Hierarchy). Let 𝑆 be the set of all employees in a company. We construct:

• P1 (𝑆): the set of all departments, each a subset of 𝑆;

• P2 (𝑆): the set of all divisions, each a set of departments;

• P3 (𝑆): the set of all business units, each a set of divisions.

Let
𝐷1 =

{
{𝐴, 𝐵}, {𝐶}

}
, 𝐷2 =

{
{𝐴}, {𝐵,𝐶, 𝐷}

}
,

D = {𝐷1, 𝐷2} ⊆ P2 (𝑆), 𝑈1 = {𝐷1, 𝐷2}, U = {𝑈1} ⊆ P3 (𝑆).

Define
𝑓 : P2 (𝑆) −→ P3 (𝑆), 𝑓 (𝐷) = {𝑈 ∈ U | 𝐷 ∈ 𝑈}.

Then 𝑓 maps each division 𝐷 to the set of business units that include it. For instance,

𝑓 (𝐷1) = {𝑈1}, 𝑓 (𝐷2) = {𝑈1}.

Hence 𝑓 is a (2, 3)-Superhyperfunction on 𝑆.

Example 1.12 (Manufacturing Supply Chain). Let

𝑆 = {Steel, Plastic, Glass, Rubber}.

Then the 2-fold iterated powerset is
P2 (𝑆) = {𝑃1, 𝑃2, 𝑃3},

where
𝑃1 = {Steel, Rubber}, 𝑃2 = {Plastic, Glass}, 𝑃3 = {Steel, Glass}.

The 3-fold iterated powerset is
P3 (𝑆) = {𝐴1, 𝐴2},

where
𝐴1 = {𝑃1, 𝑃2}, 𝐴2 = {𝑃3}.

Define
𝑓 : P2 (𝑆) −→ P3 (𝑆), 𝑓 (𝑃) = { 𝐴 ∈ P3 (𝑆) | 𝑃 ∈ 𝐴}.

Concretely,
𝑓 (𝑃1) = {𝐴1}, 𝑓 (𝑃2) = {𝐴1}, 𝑓 (𝑃3) = {𝐴2}.

Thus 𝑓 is a (2, 3)-Superhyperfunction mapping each intermediate component 𝑃𝑖 to the set of final assemblies
𝐴 𝑗 in which it appears.
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Theorem 1.13 (Generalization of 𝑛-Superhyperfunctions). Let 𝑆 be a nonempty set and 𝑛 ≥ 1. For any integer
𝑟 with 0 ≤ 𝑟 ≤ 𝑛, every 𝑛-Superhyperfunction

𝑓 : P𝑟 (𝑆) −→ P𝑛 (𝑆)

can be embedded into an (𝑚, 𝑛)-Superhyperfunction for any𝑚 ≥ 𝑟 . Concretely, define the canonical embedding

𝜑𝑟 ,𝑚 : P𝑟 (𝑆) −→ P𝑚 (𝑆) by 𝜑𝑟 ,𝑟 (𝐴) = 𝐴, 𝜑𝑟 ,𝑘+1 (𝐴) = {𝜑𝑟 ,𝑘 (𝐴)} (𝑘 ≥ 𝑟).

Then 𝜑𝑟 ,𝑚 is injective, and the extension

𝐹 (𝑋) =

{
𝑓
(
𝜑−1
𝑟 ,𝑚 (𝑋)

)
, 𝑋 ∈ Im(𝜑𝑟 ,𝑚),

∅, otherwise,

defines an (𝑚, 𝑛)-Superhyperfunction
𝐹 : P𝑚 (𝑆) −→ P𝑛 (𝑆)

which extends 𝑓 .

Proof. We proceed in two steps:

(1) Injectivity of 𝜑𝑟 ,𝑚. By induction on 𝑘 ≥ 𝑟 , observe that

𝜑𝑟 ,𝑟 (𝐴) = 𝐴, 𝜑𝑟 ,𝑘+1 (𝐴) = {𝜑𝑟 ,𝑘 (𝐴)}

always produces a singleton around the previous image. Hence if 𝐴 ≠ 𝐵 in P𝑟 (𝑆), then 𝜑𝑟 ,𝑘 (𝐴) ≠ 𝜑𝑟 ,𝑘 (𝐵) for
all 𝑘 ≥ 𝑟, proving injectivity of 𝜑𝑟 ,𝑚.

(2) Construction of the extension 𝐹. Since 𝜑𝑟 ,𝑚 is injective, every 𝑋 in its image can be written uniquely as
𝑋 = 𝜑𝑟 ,𝑚 (𝐴) for some 𝐴 ∈ P𝑟 (𝑆). We define

𝐹 : P𝑚 (𝑆) −→ P𝑛 (𝑆) by 𝐹 (𝑋) =
{
𝑓
(
𝜑−1
𝑟 ,𝑚 (𝑋)

)
, 𝑋 ∈ Im(𝜑𝑟 ,𝑚),

∅, otherwise.

Clearly 𝐹 (𝑋) ∈ P𝑛 (𝑆) for every 𝑋 ∈ P𝑚 (𝑆), so 𝐹 is an (𝑚, 𝑛)-Superhyperfunction. Moreover, if 𝐴 ∈ P𝑟 (𝑆),
then

𝐹
(
𝜑𝑟 ,𝑚 (𝐴)

)
= 𝑓

(
𝜑−1
𝑟 ,𝑚 (𝜑𝑟 ,𝑚 (𝐴))

)
= 𝑓 (𝐴),

showing that 𝐹 indeed extends the original 𝑓 . □

2 Result: HyperPattern Recognition

2.1 Pattern Recognition

A Pattern Recognizer is a function mapping instances to labels by minimizing empirical loss on training
data (cf. [27–31]). Pattern Recognition is a concept widely used across many domains, including machine
learning [28, 32–34], artificial intelligence [35–37], and neural networks [38–40].

Definition 2.1 (Pattern Recognition). (cf. [41–43]) Let 𝑋 be a nonempty set of input instances and 𝑌 a
nonempty set of labels. Suppose there is an unknown “ground-truth” function

𝑔 : 𝑋 −→ 𝑌,

and a training set of 𝑛 labeled examples

𝐷 = {(𝑥𝑖 , 𝑦𝑖) | 𝑥𝑖 ∈ 𝑋, 𝑦𝑖 = 𝑔(𝑥𝑖), 𝑖 = 1, . . . , 𝑛}.

A pattern recognizer is a function
ℎ : 𝑋 −→ 𝑌

chosen from a hypothesis space H so as to approximate 𝑔. The quality of ℎ is measured by a loss function
ℓ : 𝑌 × 𝑌 → R≥0. The goal of learning is to find

ℎ̂ = arg min
ℎ∈H

1
𝑛

𝑛∑︁
𝑖=1

ℓ
(
ℎ(𝑥𝑖), 𝑦𝑖

)
,

which under suitable conditions also minimizes the expected loss E𝑥∼𝑃𝑋
[ℓ(ℎ(𝑥), 𝑔(𝑥))].
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Example 2.2 (Email Spam Classification). Let 𝑋 be the set of all incoming email messages, and 𝑌 =

{spam, ham} the two possible labels. We collect a training set

𝐷 =
{
(𝑥𝑖 , 𝑦𝑖) | 𝑥𝑖 ∈ 𝑋, 𝑦𝑖 ∈ {spam, ham}, 𝑖 = 1, . . . , 𝑛

}
,

where each 𝑥𝑖 is represented by a feature vector of token frequencies, header metadata, and known black-list
indicators. A pattern recognizer

ℎ : 𝑋 −→ 𝑌

can be implemented, for example, by a Naive Bayes classifier:

ℎ(𝑥) = arg max
𝑦∈{spam,ham}

𝑃(𝑦)
∏
𝑤∈𝑉

𝑃(𝑤 | 𝑦)#𝑤 (𝑥 ) ,

where 𝑉 is the vocabulary, and #𝑤 (𝑥) the count of word 𝑤 in email 𝑥. Training estimates 𝑃(𝑦) and 𝑃(𝑤 | 𝑦)
from 𝐷. The chosen ℎ minimizes the empirical zero–one loss ℓ(ℎ(𝑥𝑖), 𝑦𝑖) = 1ℎ (𝑥𝑖 )≠𝑦𝑖 , and under standard
assumptions also approximately minimizes the true error rate E𝑥∼𝑃𝑋

[1ℎ (𝑥 )≠𝑔 (𝑥 ) ].

2.2 HyperPattern recognition

A HyperPattern Recognizer is a hyperfunction mapping instances to sets of candidate labels, optimizing nested
set-loss over training data.

Definition 2.3 (HyperPattern Recognizer). Let 𝑋 be a nonempty set of input instances, 𝑌 a nonempty set of
labels, and

𝐷 = {(𝑥𝑖 , 𝑦𝑖) | 𝑥𝑖 ∈ 𝑋, 𝑦𝑖 ∈ 𝑌, 𝑖 = 1, . . . , 𝑛}

a training set. A HyperPattern Recognizer is a hyperfunction

𝐻 : 𝑋 −→ P(𝑌 ),

mapping each instance 𝑥 to a set of labels 𝐻 (𝑥) ⊆ 𝑌 . To measure prediction quality, define a set-loss

𝐿
(
𝐴, 𝑦

)
= min

𝑦′∈𝐴
ℓ
(
𝑦′, 𝑦

)
, 𝐴 ⊆ 𝑌, 𝑦 ∈ 𝑌,

where ℓ : 𝑌 × 𝑌 → R≥0 is the standard label-loss. The learning goal is to choose

𝐻̂ = arg min
𝐻

1
𝑛

𝑛∑︁
𝑖=1

𝐿
(
𝐻 (𝑥𝑖), 𝑦𝑖

)
,

over a hypothesis class of hyperfunctions. This generalizes classical pattern recognition by allowing 𝐻 (𝑥) to
be non-singleton.

Example 2.4 (Image Classification with Top-5 Predictions). Let 𝑋 be the set of all input images and 𝑌 the
finite set of object categories (e.g. {cat, dog, . . . }). We collect a labeled dataset

𝐷 = {(𝑥𝑖 , 𝑦𝑖) | 𝑥𝑖 ∈ 𝑋, 𝑦𝑖 ∈ 𝑌, 𝑖 = 1, . . . , 𝑛}.

A HyperPattern Recognizer𝐻 : 𝑋 → P(𝑌 ) is implemented by a neural network that estimates class probabilities
𝑃(𝑦 | 𝑥; 𝜃). For each image 𝑥, define

𝐻 (𝑥) =
{
𝑦 ∈ 𝑌 | 𝑃(𝑦 | 𝑥; 𝜃) is among the top-5 values

}
.

Thus 𝐻 (𝑥) is the set of the five most likely labels. Using the zero–one label-loss ℓ(𝑦′, 𝑦) = 1𝑦′≠𝑦 , the induced
set-loss is

𝐿
(
𝐻 (𝑥), 𝑦

)
= min

𝑦′∈𝐻 (𝑥 )
1𝑦′≠𝑦 =

{
0, 𝑦 ∈ 𝐻 (𝑥),
1, 𝑦 ∉ 𝐻 (𝑥).

Training adjusts 𝜃 to minimize the empirical average 1
𝑛

∑𝑛
𝑖=1 𝐿

(
𝐻 (𝑥𝑖), 𝑦𝑖

)
, which corresponds exactly to

maximizing the standard Top-5 accuracy used in practice.
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Example 2.5 (Fingerprint-Based Identity Verification). Let 𝑋 be the set of fingerprint scans and 𝑌 the finite
set of enrolled user identities. From a labeled database

𝐷 =
{
(𝑥𝑖 , 𝑦𝑖) | 𝑥𝑖 ∈ 𝑋, 𝑦𝑖 ∈ 𝑌, 𝑖 = 1, . . . , 𝑛

}
we learn similarity scores 𝑠(𝑦 | 𝑥) for each 𝑦 ∈ 𝑌 . Define the HyperPattern Recognizer

𝐻 : 𝑋 −→ P(𝑌 ) by 𝐻 (𝑥) =
{
the top-3 identities 𝑦 ∈ 𝑌 maximizing 𝑠(𝑦 | 𝑥)

}
.

Thus 𝐻 (𝑥) is the set of the three most likely matches for scan 𝑥. Using zero–one label-loss ℓ(𝑦′, 𝑦) = 1𝑦′≠𝑦 ,
the induced set-loss is

𝐿
(
𝐻 (𝑥), 𝑦

)
= min

𝑦′∈𝐻 (𝑥 )
1𝑦′≠𝑦 =

{
0, 𝑦 ∈ 𝐻 (𝑥),
1, 𝑦 ∉ 𝐻 (𝑥).

Training adjusts the matching model to minimize the empirical average 1
𝑛

∑𝑛
𝑖=1 𝐿

(
𝐻 (𝑥𝑖), 𝑦𝑖

)
, which corresponds

in practice to optimizing the Top-3 identification accuracy.

Theorem 2.6 (HyperPattern Recognizer Generalizes Pattern Recognizer). Let H be a hypothesis class of
ordinary functions ℎ : 𝑋 → 𝑌 , and let Hhyper be the corresponding class of hyperfunctions 𝐻 : 𝑋 → P(𝑌 ).
Define the embedding

𝜑 : H −→ Hhyper, 𝜑(ℎ) (𝑥) = { ℎ(𝑥)}.

Then:

1. 𝜑 is injective and 𝜑(ℎ) is a valid hyperpattern recognizer.

2. For every ℎ ∈ H and all (𝑥, 𝑦), 𝐿
(
𝜑(ℎ) (𝑥), 𝑦

)
= ℓ

(
ℎ(𝑥), 𝑦

)
.

3. Consequently, if ℎ̂ = arg minℎ∈H
1
𝑛

∑
𝑖 ℓ(ℎ(𝑥𝑖), 𝑦𝑖), then 𝜑( ℎ̂) = arg min𝐻∈𝜑 (H)

1
𝑛

∑
𝑖 𝐿 (𝐻 (𝑥𝑖), 𝑦𝑖).

Thus classical pattern recognition is recovered as a special case of HyperPattern Recognition.

Proof. (1) Injectivity: If ℎ1 ≠ ℎ2 then there exists 𝑥 with ℎ1 (𝑥) ≠ ℎ2 (𝑥), so 𝜑(ℎ1) (𝑥) = {ℎ1 (𝑥)} ≠ {ℎ2 (𝑥)} =
𝜑(ℎ2) (𝑥).

(2) Loss preservation: For any 𝑥 ∈ 𝑋 and true label 𝑦,

𝐿
(
𝜑(ℎ) (𝑥), 𝑦

)
= min

𝑦′∈{ℎ (𝑥 ) }
ℓ(𝑦′, 𝑦) = ℓ

(
ℎ(𝑥), 𝑦

)
.

(3) Optimality correspondence: Since 𝜑 preserves pointwise loss, the empirical risk of ℎ equals that of 𝜑(ℎ).
Therefore the minimizer ℎ̂ of

∑
ℓ maps to the minimizer 𝜑( ℎ̂) of

∑
𝐿 restricted to 𝜑(H).

Because 𝜑(H) ⊆ Hhyper, this shows HyperPattern Recognition truly generalizes the classical setting. □

2.3 SuperHyperPattern recognition

An (𝑚, 𝑛)-SuperHyperPattern Recognizer maps the𝑚-th iterated powerset of inputs to the 𝑛-th iterated powerset
of labels, optimizing multilevel loss.

Definition 2.7 ((𝑚, 𝑛)-SuperHyperPattern Recognizer). Let 𝑋 be a nonempty set of input instances and 𝑌 a
nonempty set of labels. Fix integers 𝑚, 𝑛 ≥ 0. Denote by

P𝑘 (𝑋), P𝑘 (𝑌 ) (𝑘 = 0, 1, 2, . . . )

the 𝑘-fold iterated powersets of 𝑋 and 𝑌 . A (𝑚, 𝑛)-SuperHyperPattern Recognizer is a mapping

𝐹 : P𝑚 (𝑋) −→ P𝑛 (𝑌 )
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selected from a hypothesis class H𝑚,𝑛 ⊆ {P𝑚 (𝑋) → P𝑛 (𝑌 )}. To evaluate predictions, define the flattening
operator

flat0 (𝑦) = {𝑦}, flat𝑘+1 (𝐴) =
⋃
𝐵∈𝐴

flat𝑘 (𝐵), 𝐴 ⊆ P𝑘 (𝑌 ).

Given a label-loss ℓ : 𝑌 × 𝑌 → R≥0, the induced nested-set-loss is

𝐿𝑛 (𝐴, 𝑦) = min
𝑦′∈flat𝑛 (𝐴)

ℓ(𝑦′, 𝑦), 𝐴 ∈ P𝑛 (𝑌 ), 𝑦 ∈ 𝑌 .

A learning algorithm seeks

𝐹 = arg min
𝐹∈H𝑚,𝑛

1
𝑁

𝑁∑︁
𝑖=1

𝐿𝑛

(
𝐹 (𝜑0,𝑚 (𝑥𝑖)), 𝑦𝑖

)
,

where the canonical embedding 𝜑0,0 (𝑥) = 𝑥, 𝜑0,𝑘+1 (𝑥) = {𝜑0,𝑘 (𝑥)} identifies 𝑋 with Im(𝜑0,𝑚) ⊆ P𝑚 (𝑋).

Example 2.8 (Hierarchical Document Topic Extraction). Let 𝑋 be the set of all sentences. Then

P1 (𝑋) = {paragraphs}, P2 (𝑋) = {documents},

where each paragraph 𝑃 ⊆ 𝑋 is a set of sentences and each document 𝐷 ⊆ P1 (𝑋) is a set of paragraphs. Let
𝑌 be the finite set of all possible topics, so

P1 (𝑌 ) = {topic-sets for a paragraph}, P2 (𝑌 ) = {collections of paragraph topic-sets for a document}.

Assume we have a training corpus of documents labeled by ground-truth paragraph topics. First, train a
HyperPattern Recognizer

𝐻 : P1 (𝑋) → P1 (𝑌 ), 𝐻 (𝑃) = {topics occurring in paragraph 𝑃}.

Then define the (2, 2)-SuperHyperPattern Recognizer

𝐹 : P2 (𝑋) → P2 (𝑌 ), 𝐹 (𝐷) =
{
𝐻 (𝑃) | 𝑃 ∈ 𝐷

}
.

Thus 𝐹 maps each document 𝐷 (a set of paragraphs) to the set of topic-sets for its paragraphs. Using
the nested-set-loss 𝐿2 (𝐴, 𝑦) = min

𝑦′∈flat2 (𝐴)
ℓ(𝑦′, 𝑦), training adjusts 𝐻 (and hence 𝐹) to minimize the average

1
𝑁

∑
𝑖 𝐿2 (𝐹 (𝐷𝑖), 𝑦𝑖), thereby optimizing hierarchical topic extraction performance.

Example 2.9 (Customer Purchase Profiling). Let 𝑋 be the set of all products in an online store. Define

P1 (𝑋) = {shopping carts}, P2 (𝑋) = {customer histories},

where each shopping cart 𝐶 ⊆ 𝑋 is a set of products purchased in one session, and each customer history
𝐻 ⊆ P1 (𝑋) is the set of that customer’s shopping carts. Let 𝑌 be the finite set of product categories (e.g.
{electronics, apparel, . . . }). Then

P1 (𝑌 ) = {category-sets per cart}, P2 (𝑌 ) = {sets of category-sets per customer}.

First train a HyperPattern Recognizer

𝐺 : P1 (𝑋) −→ P1 (𝑌 ), 𝐺 (𝐶) = {categories of products in cart 𝐶}.

Then define the (2, 2)-SuperHyperPattern Recognizer

𝐹 : P2 (𝑋) −→ P2 (𝑌 ), 𝐹 (𝐻) =
{
𝐺 (𝐶) | 𝐶 ∈ 𝐻

}
.

Thus 𝐹 maps each customer history 𝐻 to the set of category-sets from each of their carts. Using the nested-
set-loss 𝐿2 (𝐴, 𝑦) = min

𝑦′∈flat2 (𝐴)
ℓ(𝑦′, 𝑦), training adjusts 𝐺 (and hence 𝐹) to minimize the empirical average

1
𝑁

∑𝑁
𝑖=1 𝐿2

(
𝐹 (𝐻𝑖), 𝑦𝑖

)
, where each 𝑦𝑖 ∈ 𝑌 is the primary category label for customer 𝑖. This approach captures

both session-level and customer-level purchase patterns.
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Example 2.10 (Multi-Scale Project Sentiment Modeling). Let 𝑋 be the set of all email messages in an
organization. Then

P1 (𝑋) = {email threads}, P2 (𝑋) = {projects},
where each project 𝐷 ⊆ P1 (𝑋) is the set of threads related to that project. Let𝑌 = {positive, neutral, negative}
denote sentiment labels. Define

𝐻1 : P1 (𝑋) → P1 (𝑌 ), 𝐻1 (𝑇) = {sentiment(𝑚) | 𝑚 ∈ 𝑇},

so 𝐻1 (𝑇) is the set of all sentiments expressed within thread 𝑇 . Next, for each calendar week 𝑤 in a project’s
timeline, define

𝐻2 : P2 (𝑋) ×𝑊 −→ P2 (𝑌 ), 𝐻2 (𝐷, 𝑤) =
{
𝐻1 (𝑇) | 𝑇 ∈ 𝐷, week(𝑇) = 𝑤

}
,

where 𝑊 is the set of weeks during which 𝐷 is active. Finally, the (2, 3)-SuperHyperPattern Recognizer

𝐹 : P2 (𝑋) −→ P3 (𝑌 )

is given by
𝐹 (𝐷) =

{
𝐻2 (𝐷, 𝑤) | 𝑤 ∈ 𝑊

}
,

mapping each project 𝐷 to the set of its weekly sentiment-sets 𝐻2 (𝐷, 𝑤). Using a nested-set-loss

𝐿3 (𝐴, 𝑦) = min
𝑦′∈flat3 (𝐴)

ℓ(𝑦′, 𝑦), 𝐴 ∈ P3 (𝑌 ), 𝑦 ∈ 𝑌,

training adjusts the underlying sentiment extractor sentiment(·) to minimize 1
𝑁

∑𝑁
𝑖=1 𝐿3

(
𝐹 (𝐷𝑖), 𝑦𝑖

)
, where

each 𝑦𝑖 ∈ 𝑌 is the ground-truth overall sentiment label for project 𝐷𝑖 . This captures sentiment patterns at
thread, week, and project levels.

Example 2.11 (Retail Cart Regional Category Mapping). Let 𝑋 be the set of all products in a retail
chain. A shopping cart 𝐶 ⊆ 𝑋 belongs to P1 (𝑋). Let 𝑌 be the set of all product categories (e.g.
{Electronics,Apparel, . . . }). We first extract the cart’s categories:

𝐻1 : P1 (𝑋) −→ P1 (𝑌 ), 𝐻1 (𝐶) = {category(𝑥) | 𝑥 ∈ 𝐶}.

Next, let D ⊆ P1 (𝑌 ) be department clusters (e.g. {Phones,Computers} ⊆ 𝑌 ), R ⊆ P2 (𝑌 ) be region clus-
ters grouping departments, and Q ⊆ P3 (𝑌 ) be headquarter clusters grouping regions. Define the (1, 3)-
SuperHyperPattern Recognizer

𝐹 : P1 (𝑋) −→ P3 (𝑌 ), 𝐹 (𝐶) =
{
𝑄 ∈ Q | ∃ 𝑅 ∈ 𝑄, ∃𝐷 ∈ 𝑅 : 𝐷 ∩ 𝐻1 (𝐶) ≠ ∅

}
.

Thus 𝐹 (𝐶) returns all headquarter clusters 𝑄 that oversee any region 𝑅 containing a department 𝐷 matching
one of the cart’s categories. To train, one minimizes the nested-set-loss

𝐿3 (𝐴, 𝑦) = min
𝑦′∈flat3 (𝐴)

ℓ(𝑦′, 𝑦), 𝐴 ∈ P3 (𝑌 ), 𝑦 ∈ 𝑌,

thereby optimizing hierarchical regional mapping accuracy for each cart.

Theorem 2.12 (Generalization of Pattern and HyperPattern Recognizers). Let H0 ⊆ {𝑋 → 𝑌 } be a hypothesis
class of ordinary pattern recognizers, and let H𝑚,𝑛 ⊆ {P𝑚 (𝑋) → P𝑛 (𝑌 )} be the corresponding superhyper
class. Define the embeddings

𝜑0,𝑘 : 𝑋 → P𝑘 (𝑋), 𝜑0,0 (𝑥) = 𝑥, 𝜑0,𝑘+1 (𝑥) = {𝜑0,𝑘 (𝑥)},

𝜓0,𝑘 : 𝑌 → P𝑘 (𝑌 ), 𝜓0,0 (𝑦) = 𝑦, 𝜓0,𝑘+1 (𝑦) = {𝜓0,𝑘 (𝑦)}.
Then the map

Φ : H0 −→ H𝑚,𝑛, Φ(ℎ) (𝑋) =
{
𝜓0,𝑛

(
ℎ(𝜑−1

0,𝑚 (𝑋))
)
, 𝑋 ∈ Im(𝜑0,𝑚),

∅, otherwise,

is injective and loss-preserving: for every (𝑥, 𝑦) ∈ 𝑋 × 𝑌 ,

𝐿𝑛

(
Φ(ℎ) (𝜑0,𝑚 (𝑥)), 𝑦

)
= ℓ

(
ℎ(𝑥), 𝑦

)
.

Consequently, the optimal classical recognizer ℎ̂ = arg minℎ∈H0
1
𝑁

∑
𝑖 ℓ(ℎ(𝑥𝑖), 𝑦𝑖) corresponds under Φ to the

optimal superhyper recognizer 𝐹 = Φ( ℎ̂) within Φ(H0) ⊆ H𝑚,𝑛.
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Proof. Injectivity. If ℎ1 ≠ ℎ2 then there exists 𝑥 with ℎ1 (𝑥) ≠ ℎ2 (𝑥), so 𝜓0,𝑛 (ℎ1 (𝑥)) ≠ 𝜓0,𝑛 (ℎ2 (𝑥)), hence
Φ(ℎ1) ≠ Φ(ℎ2).

Loss preservation. For any 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 ,

𝐿𝑛

(
Φ(ℎ) (𝜑0,𝑚 (𝑥)), 𝑦

)
= min

𝑦′∈flat𝑛 ({𝜓0,𝑛−1 (ℎ (𝑥 ) ) } )
ℓ(𝑦′, 𝑦) = ℓ

(
ℎ(𝑥), 𝑦

)
,

since flat𝑛 (𝜓0,𝑛 (ℎ(𝑥))) = {ℎ(𝑥)}.

Optimality correspondence. Because Φ preserves the empirical risk, the minimizer ℎ̂ of
∑

𝑖 ℓ(ℎ(𝑥𝑖), 𝑦𝑖) maps
to the minimizer Φ( ℎ̂) of

∑
𝑖 𝐿𝑛 (Φ(ℎ) (𝜑0,𝑚 (𝑥𝑖)), 𝑦𝑖) over Φ(H0). Thus classical and hyperpattern recognizers

are recovered as special cases (𝑚, 𝑛) = (0, 0) and (0, 1). □

Theorem 2.13 (Embedding of Classical Recognizers). Let H0 ⊆ {𝑋 → 𝑌 } be a class of ordinary pattern
recognizers and let 𝜑0,𝑚 : 𝑋 → P𝑚 (𝑋), 𝜓0,𝑛 : 𝑌 → P𝑛 (𝑌 ) be the canonical embeddings

𝜑0,0 (𝑥) = 𝑥, 𝜑0,𝑘+1 (𝑥) = {𝜑0,𝑘 (𝑥)}, 𝜓0,0 (𝑦) = 𝑦, 𝜓0,𝑘+1 (𝑦) = {𝜓0,𝑘 (𝑦)}.

Define

Φ : H0 −→ H𝑚,𝑛, Φ(ℎ)
(
𝑋
)
=

{
𝜓0,𝑛

(
ℎ(𝜑−1

0,𝑚 (𝑋))
)
, 𝑋 ∈ Im(𝜑0,𝑚),

∅, otherwise.

Then Φ is injective, and for every (𝑥, 𝑦),

𝐿𝑛

(
Φ(ℎ) (𝜑0,𝑚 (𝑥)), 𝑦

)
= ℓ

(
ℎ(𝑥), 𝑦

)
.

Thus classical pattern recognizers embed loss-preservingly into (𝑚, 𝑛)-SuperHyperPattern recognizers.

Proof. Injectivity follows since if ℎ1 ≠ ℎ2 then there exists 𝑥 with ℎ1 (𝑥) ≠ ℎ2 (𝑥), so Φ(ℎ1) (𝜑0,𝑚 (𝑥)) =

𝜓0,𝑛 (ℎ1 (𝑥)) ≠ 𝜓0,𝑛 (ℎ2 (𝑥)) = Φ(ℎ2) (𝜑0,𝑚 (𝑥)). Loss-preservation holds because

𝐿𝑛

(
Φ(ℎ) (𝜑0,𝑚 (𝑥)), 𝑦

)
= min

𝑦′∈flat𝑛 ({𝜓0,𝑛−1 (ℎ (𝑥 ) ) } )
ℓ(𝑦′, 𝑦) = ℓ(ℎ(𝑥), 𝑦),

noting that flat𝑛 (𝜓0,𝑛 (ℎ(𝑥))) = {ℎ(𝑥)}. □

Theorem 2.14 (Composition Closure). Let

𝐹 ∈ H𝑚,𝑛, 𝐺 ∈ H𝑛,𝑝 ,

where
𝐹 : P𝑚 (𝑋) → P𝑛 (𝑌 ), 𝐺 : P𝑛 (𝑌 ) → P𝑝 (𝑍).

Define the composition
𝐺 ◦ 𝐹 : P𝑚 (𝑋)

𝐹−→ P𝑛 (𝑌 )
𝐺−→ P𝑝 (𝑍).

Then 𝐺 ◦ 𝐹 ∈ H𝑚,𝑝 . Moreover, if 𝐿𝑝 is the nested-set-loss on P𝑝 (𝑍), it satisfies

𝐿𝑝

(
(𝐺 ◦ 𝐹) (𝑈), 𝑧

)
= min

𝑧′∈flat𝑝
(
𝐺 (𝐹 (𝑈) )

) ℓ(𝑧′, 𝑧), 𝑈 ∈ P𝑚 (𝑋), 𝑧 ∈ 𝑍.

Proof. By definition, 𝐺 ◦ 𝐹 maps P𝑚 (𝑋) into P𝑝 (𝑍), so it lies in {P𝑚 (𝑋) → P𝑝 (𝑍)} = H𝑚,𝑝 . The loss
formula is immediate from the definition of nested-set-loss 𝐿𝑝 . □

Theorem 2.15 (Flattening Reduction). Every (𝑚, 𝑛)-SuperHyperPattern Recognizer 𝐹 : P𝑚 (𝑋) → P𝑛 (𝑌 )
induces a classical recognizer

ℎ𝐹 : 𝑋 −→ 𝑌, ℎ𝐹 (𝑥) = arg min
𝑦∈flat𝑛

(
𝐹 (𝜑0,𝑚 (𝑥 ) )

) ℓ(𝑦, 𝑦),
where ties may be broken arbitrarily. Moreover, for all (𝑥, 𝑦),

ℓ
(
ℎ𝐹 (𝑥), 𝑦

)
= 𝐿𝑛

(
𝐹 (𝜑0,𝑚 (𝑥)), 𝑦

)
.

Thus ℎ𝐹 has exactly the same pointwise loss as 𝐹.
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Proof. Since 𝐹 (𝜑0,𝑚 (𝑥)) ⊆ P𝑛 (𝑌 ), flattening produces a nonempty set of labels flat𝑛 (𝐹 (𝜑0,𝑚 (𝑥))). By
definition of the set-loss,

𝐿𝑛

(
𝐹 (𝜑0,𝑚 (𝑥)), 𝑦

)
= min

𝑦′∈flat𝑛 (𝐹 (𝜑0,𝑚 (𝑥 ) ) )
ℓ(𝑦′, 𝑦).

Choosing ℎ𝐹 (𝑥) to attain this minimum yields ℓ(ℎ𝐹 (𝑥), 𝑦) = 𝐿𝑛 (𝐹 (𝜑0,𝑚 (𝑥)), 𝑦). □

3 Conclusion

In this paper, we introduced and analyzed HyperPattern Recognition and SuperHyperPattern Recognition, which
extend the classical Pattern Recognizer framework through the use of hyperfunctions and superhyperfunctions.
In future work, we plan to explore further extensions that incorporate Graph Neural Networks [44–46], Fuzzy
Sets [47–49], Intuitionistic Fuzzy Sets [50, 51], Rough Sets [52, 53], Plithogenic Sets [54, 55], Neutrosophic
Sets [56–59], 𝑞-rung Orthopair Fuzzy Sets [60–63], and HyperFuzzy Sets [64–66]. We also anticipate the
development of software libraries and programming tools to facilitate practical experimentation and application
of these concepts.
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