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Abstract

We introduce a unifying framework for algebraic and relational models by defining Structure as a nonempty
carrier set equipped with one or more operations satisfying prescribed axioms. We then develop its hierarchical
extensions: HyperStructure and SuperHyperStructure, which lift operations to iterated powersets and hyperop-
erations; MultiStructure and Iterative MultiStructure, which employ multisets and their recursive application;
and TreeStructure and ForestStructure, which organize operations over rooted trees and forests of attributes. To
encompass even broader constructions we introduce Any-Structure, capturing arbitrary compositions of such
functorial constructors, and U-Structure, which enriches any carrier with degrees of uncertainty drawn from a
chosen uncertainty model. We present Functorial Structure as the category-theoretic abstraction underpinning
all these notions. Furthermore, we examine the notions of Curried Structure and Dynamic Structure. Together,
these concepts generalize classical frameworks in topology, graph theory, automata, lattice and group theory,
and provide a coherent foundation for modeling complex, hierarchical, and uncertain systems.
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1 Classical Structure and HyperStructure

A Classical Structure denotes any mathematical or real-world concept—examples include logic, probability,
statistics, algebra, geometry, graphs, and automata. A HyperStructure extends this notion by replacing a
base set S with its powerset £ (S) and equipping it with hyperoperations that combine subsets into subsets,
thereby enabling higher-order relations [[116]]. All structures considered in this paper are assumed to be finite.
Definitions are given below.

Definition 1.1 (Classical Structure). A Classical Structure C is a mathematical structure drawn from one
of various domains—such as Set theory, Logic, Probability, Statistics, Algebra, Geometry, Graph theory,
Automata theory, Game theory, etc.—and can be formalized as a pair

C = (Hs {#(m)}mel')a

where:

* H is a nonempty set (the carrier or universe).



» Foreachm € I C Z., there is an m-ary operation
#m o ogm [

subject to specified axioms (e.g., associativity, commutativity, identity laws) depending on the particular
type of structure.

We say that C is of type {#™): m € I'}. Examples include:

o A Set (S, @) viewed as a carrier with distinguished elements or relations, but no additional operations [[7].

e A Logic (L, A,V,—), where A and V are binary connectives and — is a unary connective satisfying
logical axioms [§].

* A Probability structure (L2, 7, P), where P : ¥ — [0, 1] is a measure on a sigma-algebra ¥ C P(Q)
[OHTT].

¢ A Statistics model (X, A, 6), where 6 maps data X to statistical parameters [[12].
* A Algebraic structure:

— A Group (G, *) with = : G X G — G satisfying associativity, identity, and inverses [|13}/14].
— A Ring (R, +, X) with two binary operations satisfying ring axioms [15}/16].
— A Vector Space (V,+, ) over a field F, where - : FxV — V [[17,/18].

¢ A Geometric structure (X, dist), where dist : X X X — R satisfies the metric axioms [[19},20].

* A Graph (V,E), where E C {{u,v} | u,v € V} in the undirected case (or E C V X V in the directed
case), with additional notions of adjacency and incidence [21}[22].

e An Automaton (Q, %, 8, qo, F), where Q is a finite set of states, X is an input alphabet, § : Q X X — Q
is the transition function, qo € Q is the start state, and F C Q is the set of accepting states [23L[24].

* A Game (N,{A;}, {u;}), where N is a set of players, A; is the action set for playeri, and u; : [];en Aj —
R is the utility (payoff) function for player i [25.[26].

Definition 1.2 (Powerset). (cf. [27,28]]) For any set S, its powerset P(S) is the collection of all subsets of S,
including @ and S itself:
P(S)={A]| AcCS}

Definition 1.3 (Hyperoperation). (cf. [29-32]]) A hyperoperation on a set S is a binary rule whose output is a
subset of S rather than a single element. Formally, it is a map

0:SxS — P(S),

where P (S) denotes the powerset of S.

Definition 1.4 (Hyperstructure). (cf. [33H38]) A Hyperstructure generalizes a Classical Structure by replacing
the base set S with its powerset. It is given by

H = (P(S). o),

where o is a hyperoperation acting on subsets of S. This framework allows operations to combine collections
of elements into other collections.

Example 1.5 (Beverage-Mixing Hyperstructure). Let
S = {Sugar, Lemon, Water, Ice, Mint}
be a set of basic drink ingredients. Define a binary hyperoperation

o: SxS — P(S)



by specifying for each ordered pair (a, b) € S X S the set of possible combined ingredients:

Sugar o Lemon = {Lemonade, SweetLemonade},
Water o Mint = {MintWater},
Lemon o Ice = {IcedLemonade}, etc.

We extend this to all subsets A, B C S by

AoB = U (aob) C .
a€A, beB

Then H = (P(S), o) is a Hyperstructure: each pair of ingredient-sets combines into a new set of possible drink
recipes. This models the real-world process of mixing any collection of ingredients into an array of beverage
variants, capturing the non-deterministic nature of recipe creation.

2 SuperHyperStructure

A SuperHyperStructure extends a HyperStructure by applying the powerset construction recursively n times.
Its operations act on nested collections to model hierarchical, multi-level interactions and relations [39-
44]). Related concepts include SuperHyperAlgebra [45-48]], SuperHyperGraph [49-55], and other super-level
algebraic and graph-theoretic structures.

Definition 2.1 (n-th Powerset). [39L/40L[56158]] Let H be a set. Define inductively
POH)=H, P (H)=P(P*H)), k=0.

Then P'(H) = P(H), P>(H) = P(P(H)), and so on. Removing the empty set at each stage yields the
nonempty iterated powersets. Writing £*(X) = P(X) \ {0}, we set

P (H) =P (H), PV (H) =P (PHH)).
Example 2.2 (Travel Planning via the n-th Powerset). Let
H = {Flight, Hotel, CarRental}

be the basic travel services. Then:

* The first powerset P! (H) = P (H) consists of all possible service-sets:
{}, {Flight}, {Hotel}, {CarRental}, {Flight, Hotel}, ..., {Flight, Hotel, CarRental}.

For example, {Flight, Hotel} is a “flight + hotel” package.

* The second powerset P>(H) = P(P(H)) is the set of all collections of such packages. Concretely:
{{Flight, Hotel}, {CarRental}} (two-option bundle),

{{Flight}} (single-package offer),
{{Hotel}, {Flight, CarRental}}, etc.

+ The third powerset P> (H) = P (P> (H)) consists of all collections of these bundles. For instance:
{{{Flight, Hotel}, {CarRental}}, {{Flight}}}

might represent a meta-offer that groups two distinct bundle-offers for sale.

Thus P"(H) encodes n-level groupings of travel packages: from individual services, to packages, to bundles
of packages, and so on.



Definition 2.3 (SuperHyperOperations). (cf. [33]/) Let H be a nonempty set and define its iterated powersets
by
POH)=H, P (H)=P(P*H)), k=0

An (m, n)-SuperHyperOperation is then an m-ary map
olmm) . gm P(H),

where P' (H) is either the full n-th powerset £ (H) or its nonempty version P (H) \ {0}. When the codomain
excludes 0 it is called a classical-type SuperHyperOperation, and when it includes 0 it is termed a Neutrosophic
SuperHyperOperation.

Definition 2.4 (n-Superhyperstructure). (cf. [33138,[40,59|]) An n-Superhyperstructure builds on a Hyperstruc-
ture by using the n-th iterated powerset of the base set S. It is presented as

SH, = (P"(S), o),

where o is an operation defined on " (S). This construction yields a hierarchy of operations acting on
increasingly nested collections of elements.

Example 2.5 (Consultancy Task Allocation as a 2-Superhyperstructure). Let

H = {Masafumi, Yutaka, Tae}
be a team of consultants. We take n = 2, so that

P(H) = P(P(H))={C|CcPH)},
the collection of all sets of consultant-subsets. We define a (2, 2)-SuperHyperOperation
02 . HxH — P2(H)
by, for any distinct x,y € H,
oD (x,y) = {{{x}, (y}}. {x. 1} € PX(H),

and 022 (x,x) = {{{x}}}. Here:

o {{x},{y}} represents assigning x and y to two separate individual projects.

e {{x, y}} represents assigning x and y together to a joint project.

Thus the 2-Superhyperstructure
SHy = (PX(H), o)

models the two-level task-allocation process in the consultancy: first, consultants combine into teams (level 1
subsets in P (H)), and second, the operation o(>?) yields a set of possible team-of-teams assignments (elements
of P2(H)).

3 Weak HyperStructure and Weak SuperHyperStructure

A weak hyperstructure (Hv—structure) is an algebraic system whose hyperoperation satisfies weak associativity:
any two ways of bracketing yield intersecting product sets [[60H63|.

Definition 3.1 (Weak Hyperstructure (Hv—structure)). [34] Let H be a nonempty set and let
: HXH — P*(H)
be a hyperoperation, where P*(H) = P(H) \ {@} is the set of all nonempty subsets of H. We say:

1. - is weakly associative if
x-(y-z)n(x-y)-z# @ Vx,y,z€H.



2. - is weakly commutative if
x-ynNny-x # @ Vx,yeH.

3. (H,-) is called an Hv—semigroup if - is weakly associative.
4. (H,-) is called an Hv—group if it is an Hv—semigroup and also satisfies the reproduction axiom:
a-H=H and H-a = H VYacH.
Example 3.2 (Chemical Reaction Hv—semigroup: Water Formation). Consider the set of chemical species
H = {H, Oy, H,O}.

Define a hyperoperation - : H x H — $*(H) by specifying its values on pairs of basic species and extending
to all nonempty subsets A, B € H via

A-B= |]J (a-b).

acA,beB

On atoms, set:
H, -0, = {H,0}, O, -H; = {H,0},

H,O-H, = {H;0, Hy}, HO0-0, = {H,0, Oy},

and foreach x € H, x -x = {x}.

One checks:

» Weak associativity: For every x,y,z € H,
x-(y-z) N (x-y)-z = {H,0} # o.
For example, H, - (O - Hy) = Hp - {H,0} = {H,O,H,} and (H; - O;) - Hy = {H,0} - Hy = {H,0, Hy}.
o Weak commutativity: Since a - b = b - a for all a, b, clearly

a-bNb-a=a-b+ Q.

Therefore (H, ) is an Hv—semigroup modeling the (possibly reversible) reaction network among hydrogen,
oxygen, and water.

A weak n-Superhyperstructure (SHv-Structure) equips the n-th powerset of a base set with a superhyperoperation
satisfying weak associativity across hierarchical levels [64].

Definition 3.3 (Weak n'" Superhyperstructure). [64] Let S be a nonempty set and let P”*(S) be its n'" powerset
(Definition [2.1). Denote by P*(P"(S)) = P(P"(S)) \ {@} the collection of all nonempty subsets of P"(S).
A weak n-Superhyperstructure is a pair

(P"(S), o)

where
o: PHS) X PU(S) — PH(P(S))

is a superhyperoperation satisfying the weak associativity condition:
Xo (YOZ) N (XOY) oZ # @ forall X,Y,Z € P"(S).

If moreover for each A € P"(S) one has A o P*(S) = P"(S) = P"(S) o A, then (P"(S),0) is called an
Hv—group of order n.



Example 3.4 (Weak 2" Superhyperstructure: Corporate Committee Formation). Let the base set of employees
be
S = {Masafumi, Yutaka, Tae}.

Then

PL(S) = {{Masafumi}, {Yutaka}, {Tae}, {Masafumi, Yutaka}, {Masafumi, Tae}, { Yutaka, Tae}, S },

and
P2(S) = P(P(9))

is the set of all collections of such teams. Define three “committees” (elements of PZ(S )):
X = {{Masafumi, Yutaka}, { Yutaka, Tae}},
Y = {{Yutaka, Tae}, {Masafumi, Tae}},

Z = {{Masafumi, Yutaka}}.

We introduce a superhyperoperation
o : PAS) X PH(S) — P*(P(9))

by
AoB = {AUB, {Masafumi, Yutaka, Tac}}, VA, B € P*(S),

where {Masafumi, Yutaka, Tae} € P'(S) c P2(S) is the “full-staff committee.”

Weak associativity:

YoZ= {Y U Z, {Masafumi, Yutaka, Tae}} = {{Masafumi, Yutaka, Tae}},

SO
X o (Y 0 Z) = X o {{Masafumi, Yutaka, Tae}}
= { X U {Masafumi, Yutaka, Tae}, {Masafumi, Yutaka, Tae} }
= {{Masafumi, Yutaka, Tae}}.
On the other hand,
XoY ={XUY, {Masafumi, Yutaka, Tae}} 5> {Masafumi, Yutaka, Tae},
hence
(X oY) o Z = {{Masafumi, Yutaka, Tae}} o Z
= { {Masafumi, Yutaka, Tae} } .
Therefore

Xo(YoZ) N (XoY)oZ =
{{Masafumi, Yutaka, Tae}} # @,

verifying weak associativity. Thus (7’2 (S), o) is a weak 2"d Superhyperstructure modeling how sub-committees
combine into higher-level oversight groups.



4 Tree Structure

A Tree Structure is a finite poset with a unique root and linearly ordered principal ideals, ensuring hierarchical
parent—child relationships [65}/606].

Definition 4.1 (Tree Structure). (cf. [[65,/66]) Let T be a nonempty finite set, and let < be a binary relation
on T. We say that (7, <) is a Tree Structure (more precisely, a finite rooted tree) if and only if the following
conditions hold:

(i) <isa partial order on 7. In other words, for all x,y,z € T:

e x < x (reflexivity),
e Ifx <yandy < x, then x = y (antisymmetry),

e Ifx <yandy < z, then x < 7 (transitivity).
(i) There exists a unique minimal element r € T (called the root) such that

VxeT, r<x.

(iii) For every x € T, the set
{yeT|y<x}
is totally ordered by <. That is, if y;, y, € T and y;, y» < x, then either y; < y; or y» < yj.

In this situation, we call T a finite rooted tree under the order <, and refer to (7', <) as a Tree Structure.

Definition 4.2 (Tree Operation). (cf. [65,60]) Let (T, <) be a Tree Structure (as above). A Tree Operation of
arity m (for some integer m > 1) is any function

*x:T" — T.
Equivalently, a Tree Operation is an m-ary mapping that takes m nodes of the tree (possibly with repetition)
and produces another node in 7. We may impose additional properties on %, such as:
* Monotonicity: x is called monotone (or order-preserving) if for all tuples
(X1, %25 Xm)s (V1,250 ym) €T,
whenever x; < y;in T foreachi = 1,2,...,m, it follows that

*(xX1, X2, ..., X)) < *(¥1, ¥2, ..., Ym) inT.

¢ Arity and Notation: When m = 1, we often call x a unary tree operation; when m = 2, a binary tree
operation, and so on. For a binary Tree Operation, it is customary to write

x*xy = x(x,y) (x,yeT).

In summary, a Tree Operation is simply a function from 7™ to T, defined on a rooted-tree domain (7, <). If
no further axioms are imposed, any such mapping qualifies as a Tree Operation of arity m.

Example 4.3 (File System Directory Tree). Let
T = {/, /home, /home/Masafumi, /home/Masafumi/docs, /var, ... }
be the set of all directory paths on a single UNIX-style filesystem. Define the order < by “path prefix”:
p < q <= pisaprefix of g (i.e. directory containment).

Then “/” is the unique minimal element (the root), every prefix-chain { p | p < ¢} is totally ordered by
containment, and < is clearly a partial order. Thus (7, <) is a Tree Structure modeling the directory hierarchy.
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Example 4.4 (Corporate Management Tree). Let
T = {CEO, VP;, VP,, Mgr,, Emp,1, Emp,2,...}
be the set of employees in one corporation. Define
x £y &= xison the chain of command from y up to the CEO.

Then “CEO” is the unique minimal element, each employee’s chain to the CEO is totally ordered, and
the relation is reflexive, antisymmetric, and transitive. Hence (7, <) is a Tree Structure representing the
management hierarchy.

Example 4.5 (Biological Taxonomic Tree). Fix one kingdom, say Animalia, and let
T = {Animalia, Chordata, Mammalia, Primates, Hominidae, Homo, Homo sapiens}.

Define
t} < tp &= t;isahigher-rank taxon above f;.

Here “Animalia” is the unique minimal element; for each taxon ¢, its ancestral ranks form a totally ordered
prefix chain; and < is a partial order. Thus (7, <) is a Tree Structure capturing the taxonomic classification
down to species.

Example 4.6 (XML Document Object Model (DOM) Tree). Let T be the set of all nodes in a well-formed
XML document, including the root element, its child elements, text nodes, etc. Define

x £y <= xisanancestor of y in the DOM tree (or x = y).

The document’s root element is the unique minimal element; each node’s ancestor-chain is totally ordered
by ancestry; and the relation is a partial order. Hence (7, <) is a Tree Structure modeling the XML DOM
hierarchy.

5 Forest Structure

A Forest Structure is a finite poset whose principal ideals are chains, decomposing into disjoint rooted trees
across independent components.

Definition 5.1 (Forest Structure). (cf. [65,60]) Let F be a nonempty finite set, and let < be a binary relation
on F. We say that (F, <) is a Forest Structure if and only if the following conditions hold:

(i) <isa partial order on F. In other words, for all x, y,z € F:

e x < x (reflexivity),
e Ifx <yandy < x, then x = y (antisymmetry),

e Ifx <yandy < z, then x < 7 (transitivity).
(i) For each x € F, the principal ideal
lx ={yeF|y<x}

is totally ordered by <. That is, if y;, y» €] x, then either y; < y; or y, < y;.

Equivalently, (F, <) is a finite poset whose Hasse diagram is a disjoint union of rooted trees; each connected
component is a rooted tree. We call (F, <) a Forest Structure.

Definition 5.2 (Forest Operation). (cf. [[65,66]) Let (F, <) be a Forest Structure as above. A Forest Operation
of arity m (for some integer m > 1) is any function

*x: F™ — F.

In other words, a Forest Operation is an m-ary mapping that assigns to each m-tuple of elements of F' another
element of F.

Optionally, one may impose additional properties on %, for instance:



* Monotonicity: x is monotone (order-preserving) if for all

(-xl’-xzs'-"-xm)’ (yl,yz,'~-3ym) € Fm7

whenever x; < y; in F foreachi =1,2,...,m, then
*(x1, X2, ooy Xm) < *(V1, Y2, ..y Ym) AN F.

¢ Asusual, when m = 1 one calls x a unary forest operation, and for m = 2 a binary forest operation, etc.

If no further axioms are imposed, any such mapping qualifies as a Forest Operation of arity m.
Example 5.3 (File System Directory Forest). Let
F={C: C:\Folder, C:\Folder\File.txt, D ...}

be the set of all file and folder paths on a computer with multiple drives (C:, D:, etc.). Define a partial order
< by “is a prefix of:
p < q &= pisaprefix path of g.

Then each drive root (e.g. C :, D :) is a minimal element, and for any path ¢, the set { p | p < ¢} is totally ordered
by prefix inclusion. Hence (F, <) is a Forest Structure whose connected components are the directory-trees on
each drive.

Example 5.4 (Corporate Division Forest). Let
F = {Masafumi, Yutaka, Tae, Dave, Eve, ...}
be employees across two independent divisions 9 and D,. Define < by “reports-to”:
x <y &= xison the chain of command from y up to a division head.

Each division head (e.g. Tae in D, Eve in D;) is minimal in its component, and any employee’s chain to the
head is totally ordered. Thus (F, <) is a Forest Structure comprising two disjoint organizational trees.

Example 5.5 (Biological Taxonomy Forest). Let
F = {Kingdom, Phylum, Class, Order,
Family, Genus, Species, ...}
be taxa across multiple kingdoms (e.g. Animalia, Plantae). Define < by “is an ancestor taxon of™:
ty < tp &= 1t isahigher-rank taxon containing #,.

Each kingdom is minimal in its component, and for any taxon ¢, the set of its ancestral ranks is totally ordered.
Therefore (F, <) is a Forest Structure whose components are the separate taxonomic hierarchies.

Theorem 5.6 (Forest Structures Generalize Trees and Classical Sets).

(a) Every Tree Structure is a Forest Structure with exactly one connected component.

(b) Every set H equipped with the trivial order (x <y iff x = y) is both a Tree Structure (single-node trees)
and hence a Forest Structure, recovering the bare Classical Structure on H.

(c) Conversely, any Forest Structure (F, <) decomposes uniquely as the disjoint union of its tree-components:
each connected component of the Hasse diagram is a Tree Structure on its subset of F.

In particular, the notion of Forest Structure strictly generalizes both Tree Structures (case of one component)
and Classical Structures (case of trivial order).

Proof. (a) Tree C Forest. Let (T, <) be a Tree Structure. Since a tree is by definition a connected rooted poset
whose principal ideals are chains, it trivially satisfies the two axioms of a Forest Structure:



e <isapartial order on 7.

 For each x € T, its principal ideal | x is a chain.

Moreover, its Hasse diagram is a single rooted tree, so it is a Forest with one component.

(b) Trivial order = Classical. Let H be any nonempty set, and define x < y iff x = y. Then:

* Axiom (i) holds (reflexivity, antisymmetry, transitivity are trivial).

¢ Foreach x, | x = {x} is vacuously totally ordered.

Thus (H, <) is a Forest Structure whose Hasse diagram is a disjoint union of singleton trees. Forgetting the
order recovers the Classical Structure (H).

(c) Forest — disjoint trees. Given a Forest Structure (F, <), its Hasse diagram is a disjoint union of rooted
trees by definition. Let F' = | |;c; 7; be the partition into connected components. Restricting < to each 7; yields
a partial order with a unique minimal root and chain-like principal ideals, hence a Tree Structure on 7;.

Thus every Forest Structure breaks into Tree Structures, and both Trees and trivial posets embed as special
cases. This shows that Forest Structures strictly generalize Tree and Classical Structures. O

6 Multi-Structure

A Multi-Structure replaces classical operations with maps from tuples to finite multisets, enabling multiple
outputs per input tuple flexibly simultaneously.

Definition 6.1 (Finite Multiset). (cf. [67H70]) Let H be a nonempty set. A finite multiset on H is a function
m: H — Ny

with finite support {x € H | m(x) > 0}. We denote by M(H) the collection of all such finite multisets
on H. Equivalently, an element of M(H) can be written as {xlk ‘,xzk 2 ,xrk "}, where each x; € H and
kl' = m(x,-) e N.

Definition 6.2 (MultiOperation). Let H be a nonempty set and fix an integer m > 1. A multi-operation of arity
m on H is a map
#m . H™ — M(H),

(X1, xm) > # (. x,) € M(H).
Thus, instead of producing a single element of H, a multi-operation assigns a finite multiset of elements of H.

Definition 6.3 (MultiStructure). A MultiStructure is a pair
MS = (H, {(#™ : H" — M(H)}mer),

where H is a nonempty carrier set and 7 C Z. indexes a family of multi-operations of various arities. No
further axioms are imposed unless specified.

Example 6.4 (Chemical Reaction MultiStructure). Let
H = {H,, Oy, H,0, CO,,...}

be the set of chemical species. A binary multi-operation

#2: H> — M(H)
can model stoichiometric reactions. For instance,

#2)(H,02) = (H,0%),

meaning one H; molecule and one O, molecule yield two water molecules. Similarly,

#2/(C,02) = {COy},
models carbon combustion. Thus MS = (H, {#?)}) captures chemical reaction networks as a MultiStructure.
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Example 6.5 (Recipe Composition MultiStructure). Let
H = {flour, egg, sugar, butter, ...}
be basic ingredients. A ternary multi-operation
#3: B — M(H)
forms a baking mixture. For example,
#(3)(ﬂour, egg, sugar) = {flour, eggz, sugar},

indicating the recipe uses one cup of flour, two eggs, and one cup sugar. The result is a multiset of ingredients
for the cake batter. Here MS models culinary formulations as a MultiStructure.

Example 6.6 (Team Collaboration MultiStructure). Let
H = {Masafumi, Yutaka, Tae, Dave}
be employees. A quaternary multi-operation
#4. 1 — M(H)
assigns member weights in a project. E.g.,
#* (Masafumi, Yutaka, Yutaka, Tae) = {Masafumi, Yutaka®, Tae},

designates a four-person taskforce where Yutaka has two sub-roles. This #*) encodes team composition with
multiplicities, making MS = (H, {#*}) a MultiStructure for project staffing.

Theorem 6.7 (MultiStructure Generalizes Classical Structure). Every Classical Structure (H s {*(m) CH™ —
H} e _7) arises as a special case of a MultiStructure by identifying each operation with the corresponding
singleton multiset operation. Conversely, any MultiStructure whose multi-operations always produce singleton
multisets induces a classical structure.

Proof. Let (H, {x(m) }) be a Classical Structure. Define for each m € I a multi-operation
# (xy,xm) = (M, xm) ) € M(H), X1, ... xm € H,

the multiset containing exactly one copy of the classical product. Clearly #™) : H™ — M(H) and the resulting
MS = (H, {#™}) is a MultiStructure.

Conversely, suppose MS = (H, {#™}) is a MultiStructure in which

#) (x,...,xm) = {y} (asingleton multiset)
for every (xi,...,x,) € H™. Then the assignment *(m) (x1,...,Xxm) = y is well-defined and yields an
m-ary classical operation ™ : H™ — H. The family {x")} satisfies exactly the axioms of the original

MultiStructure restricted to singletons, and thus defines a Classical Structure.

Therefore MultiStructures strictly generalize Classical Structures. O

7 Iterative Multi-Structure

An Iterative Multi-Structure extends multiset operations across levels, combining multisets of multisets itera-
tively through k hierarchical stages in layered aggregation.
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Definition 7.1 (Iterative Multi-Structure of Order k). Let H be a nonempty set and fix an integer k > 1. Define
iteratively the multiset powersets

MO(H) = H, M™*NYH) = M(MY(H)), i=0,1,....k—1,

where M (X) denotes the collection of finite multisets on X (Definition[6.1). Let 7 C Z. index a family of
arities. An [terative Multi-Structure of order k is a tuple

IMS(k) - (H’ {#(m,i) . (MI(H))W! N Mi+l(H)}mEI70Si<k)7

where foreachi =0,...,k—1andeachm € T,
#0m0 (L x,) € MIPY(H),  xj e MU(H).

Thus #™9) is an ordinary Multi-Structure operation on H, #">!) combines multisets of multisets, and so on,
up to level k.

Example 7.2 (Two-Level Sales Aggregation (k = 2)). Let H = {Laptop, Mouse, Keyboard} be a set of
products. Then

MO(H) = H, M'(H) = {finite multisets of products}, M?>(H) = {finite multisets of product-multisets}.
Define two operations of arity m = 2:
#20 g2 5 MU(H), #20(xy) =[x, y],
which bundles two products into a single sale event, and
#20: (MU(H))? - M*(H), #>Y (M), My) = [ My, My ],

which collects two sale events into a daily sales log. Thus 7 MS @ = (H, {#29 #2D}) models both
individual sales and their aggregation into daily logs.

Example 7.3 (Three-Level Sensor Readings (k = 3)). Let H = {Temp, Humid} be sensor types. Then
MO(H) = H, M'(H) = {multisets of readings}, M?(H) = {multisets of multisets (hourly logs)},

M3 (H) = {multisets of hourly-log multisets (daily logs)}.

Define:
#1955 MU(H), #10 (Temp) = [Temp, Temp],

duplicating a reading for noise estimation;
#20 (MUH))? - MP(H), #%D(Ri.Ry) = [R1. Ra],
combining two readings into an hourly log; and
#0320 (MA(H)* - MP(H),  #92 (L1, Lo, Ls) = (L1, Lo, L3,

assembling three hourly logs into a daily log. Hence 7MS® = (H, {#1:0 #21 #G.2)}) captures sensor
readings at nested time scales.

Example 7.4 (Team-of-Teams Project Structure (k = 2)). Let H = {A, B, C} be individual contributors. Then
MU (H) = {project teams}, M?>(H) = {collections of teams (departments)}.

Define:
#29(x,y) = {x,y}, #2D(T, 1) = {11, ).

Here #29 forms a two-person team, and #21) groups two teams into a department. Thus 7 MS® models
both team creation and departmental organization.

Theorem 7.5 (Iterative Multi-Structure Generalizes Multi- and Classical Structures). (1) Whenk =1, 1 MSD
reduces exactly to the MultiStructure of Definition [6.3]
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(2) If in addition each multi-operation #™) always produces a singleton multiset at every level i, then
IMS™ induces a Classical Structure on H by collapsing each singleton to its sole element.

Hence every MultiStructure and every Classical Structure arises as a specialization of an Iterative Multi-
Structure.

Proof. (1) Reduction to MultiStructure. By definition M°(H) = H and M'(H) = M(H). An Iterative
Multi-Structure of order 1 consists exactly of the maps #™0 : H™ — M(H), which is the data of a
MultiStructure (Definition [6.3)).

(2) Collapse to Classical Structure. Suppose each #9 (x, ..., x,,) € M*(H) is a singleton multiset { y}.
Then for every i and every m, define a classical operation

* D (e ) =y

In particular for i = 0, "9 is an m-ary operation on H. The higher-level maps ") act on iterated images
of H, but the level-0 operation recovers a complete classical algebraic structure on the carrier H.

Thus by choosing k£ = 1 and/or by enforcing singleton outputs, one recovers exactly the MultiStructure or the
Classical Structure, proving that 7 MSH) strictly generalizes both. O

8 U-(any-)Structure

Any-Structure is a multi-level algebraic framework where each level applies a chosen endofunctor (e.g. powerset,
multiset, tree) and operations connect successive levels. And an U-Structure is a classical structure enriched
by an uncertainty model U, assigning each element a membership degree in Dom(U) alongside its original
operations.

Definition 8.1 (Any-Structure). Let C be a category and let

{gj :C — Set}jcy

be a fixed collection of covariant endofunctors—each G; being one of the constructors Id, ¥, MSet, Tree, Forest, .. ..

Choose a finite sequence of indices (i, j2, . . ., jx) in J, and define inductively
Fo=1d, Fi=gji0Fi_1 (I1<i<k).
An Any-Structure of signature (ji, ..., ji) on an object H € Ob(C) is the data

A = (H’ {#(Vn,i) : FI(H)m — FH’I(H)}lSisk, mte),

where each #"-1) is an m-ary operation at “level” i. In particular:

« #0m1) combines m-tuples in H™ = Fy(H)™ to multisets or subsets in F} (H).
« #0m2) combines m-tuples in Fi (H)™ to elements of F»(H), and so on.

Example 8.2 (Simple Graph as an Any-Structure). Let C = Set and choose the signature (#), so
Fo=1d, Fi=%.
Take a vertex set H. Then
#20 B2 — P(HxH), #%V(u,v)={(u,v)}

defines a simple (directed) graph: each ordered pair (i, v) is sent to the singleton edge set {(u, v)}. No higher
levels appear. Thus (H, #=D }) is the classical directed-graph Any-Structure.
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Example 8.3 (Multigraph as an Any-Structure). Let C = Set and signature (MSet), so
Fo=1d, F;=MSet.
For a vertex set H, define
#2D g2 — MSet(H x H), #%Y(u,v) = [ (u,v), (u,v)]

(the multiset with two parallel edges from u to v). More generally one could choose any multiplicity. This
yields a two-level Any-Structure encoding a multigraph.

Theorem 8.4 (Recovery of All Previous Structures). By appropriate choice of (j1, . . ., jx) and arities I;, every
structure studied above arises as a special case of an Any-Structure:

(1) HyperStructure: k = 1, j; = P, I} = {2}.

(2) SuperHyperStructure: k =2, j; = j, =P, I} = I, = {2}.

(3) MultiStructure of arity m: k = 1, j; = MSet, I} = {m}.

(4) Tterative MultiStructure of order k: j| = --- = jr = MSet, each I; = {m;}.
(5) TreeStructure: k = 1, j; = Tree, I; arbitrary.

(6) ForestStructure: k = 1, j; = Forest, 1] arbitrary.

Proof. In each case one sets the sequence of functors F; precisely to reproduce the level-i carrier of the target
structure, and chooses the operation #") to match its defining m-ary map. For example, for SuperHyper-
Structure we take

Fo=1d, Fi =P, F,=PoP,

and let #>1 . H> — P(H) be the hyperoperation, #22 : P(H)?> — P2(H) the superhyperoperation.
The other instances follow analogously, verifying that Any-Structure indeed subsumes all previously defined
structures. O

Definition 8.5 (Uncertain Model). (cf. [71]]) Let U denote the collection of all Uncertain models, where each
U € U is characterized by a mapping
uy: Xy — Dom(U),

from some universe of discourse Xy to a set of admissible membership-degree tuples Dom(U) C [0, 1]” (for an
appropriate integer r > 1), subject to specific algebraic or geometric constraints depending on U. In particular,
we include at least the following types:

1. Fuzzy [72-74].
Dom(Fuzzy) = [0,1].

2. Intuitionistic Fuzzy [75-78].

Dom (Intuitionistic Fuzzy) = {(u,v) € [0,1]* | p+v < 1}.

3. Inconsistent Intuitionistic Fuzzy (Picture Fuzzy, Ternary Fuzzy) [79,80].
Dom (Inconsistent Intuitionistic Fuzzy) =
{(w.v,m) € [0,1] | p+v+r <2},
where y, v, and 7 represent membership, non-membership, and refusal degrees respectively.

4. Pythagorean Fuzzy [81,[82].
Dom |(Pythagorean Fuzzy) =

{(,v) € [0,1]% | 2 +v* <1}
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5. q-Rung Orthopair Fuzzy [83,84].

Dom(q-Rung Orthopair Fuzzy) =

{(wv) € [0, 1] | p?+v1 <1}, g>1

6. Neutrosophic [85-90].
Dom (Neutrosophic) =

{(T,1,F)e[0,1] | 0<T+1+F <3}.
7. Refined Neutrosophic [91-93].

Dom (Refined Neutrosophic) =

k
{10, T, T I Doy D Fu oy Fi) € [0, 113 | (T + 1 + Fy) < 3K},

J=1

8. Plithogenic [94-98]]. Let P be a set of primary attributes and P, the set of their possible values. Then

Dom(Plithogenic) = {(x, v, pdf(x,v), pCE(v1, Vz)) ‘ xeP,veP, }

pdf(x,v) € [0, 1]°, pCF(vy,v2) € [0, 1]

9. ... Additional uncertainty models may be included, each with its own domain Dom(U) C [0, 1]” defined
by suitable constraints.

We refer to any element of Dom(U) as a U-membership degree.

Let U € U be a fixed uncertainty model with degree-domain Dom(U). Recall that in this paper, the term
Structure refers to an arbitrary mathematical structure, including but not limited to those from the domains of
Set Theory, Logic, Probability, Statistics, Algebra, and Geometry.

Definition 8.6 (U-Structure). Let C = (H, {#"}) be a Classical Structure as in Definition [I.1] with carrier
H. A U-Structure CY is the pair

cU = (H, u: H — Dom(U), {#("”}),
where

u(x) € Dom(U) is the U-membership degree of x € H.

The underlying classical operations {#(")} remain those of C, but each element of H carries a U-membership
label u(x). In effect, CY is a fuzzy- or neutrosophic-enrichment of the classical structure C.

Example 8.7 (Fuzzy Set as a Fuzzy-U-Structure). Let H = {a, b, c} be a simple carrier with no additional
operations, and let
U = Fuzzy, Dom(U) = [0, 1].

Define
u: H—[0,1], w(a)=0.9, u(b) =0.6, u(c) =0.3.

Then
cY = (H, u, (no operations))

is a Fuzzy-U-Structure: each element carries a fuzzy membership degree in [0, 1].

Example 8.8 (Fuzzy Graph as a Fuzzy-U-Structure). (cf. [99H102]]) Let

x ifli— il =1,
H=(123), #2G = GO
@ otherwise,
be the underlying simple graph hyperoperation, and let
U = Fuzzy, Dom(U) = [0, 1].
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Assign fuzzy-membership to vertices by
u(l)=1.0, p(2)=0.8, wu3)=0.5.

Then
cU = (H, u:H—[0,1], #<2))

is a Fuzzy Graph-U-Structure: vertices carry fuzzy grades, edges follow the classical adjacency rule.

Example 8.9 (Neutrosophic Group as a Neutrosophic-U-Structure). (cf. [43,/103]]) Let
H = (Z,+) (the integers under addition),

and let
U = Neutrosophic, Dom(U) = {(T,I,F) € [0,1]> |0 <T + 1+ F < 3}.

Define a neutrosophic membership map reflecting uncertainty in group identity:
,Ll(}’l) = (be I, Fn)7 T, = e—|”|’ L, =01, F,=1-T, - I,.

Then
cY = (Z, u: Z - Dom(U), +)

is a Neutrosophic Group-U-Structure: each integer is labeled by a neutrosophic triple (7', I, F).

An U-any-Structure is an any-Structure augmented with a U-membership map on the base set, unifying levelled
operations and fuzzy/neutrosophic enrichment in one framework.

Definition 8.10 (U-any-Structure). Let C be a category, let {G; : C — Set} ;< be a fixed family of endofunc-
tors (e.g. Id, P, MSet, Tree, Forest, . . .), and choose a finite signature (ji, ..., jx) in J. Define

Fo=1d, Fi:gj,.oFi_l (1<i<k).

Let U € U be a fixed uncertainty model with degree-domain Dom(U) C [0,1]". A U-any-Structure of
signature (j1,. .., ji) on an object H € Ob(C) consists of:

A = (H. u: H— Dom(U), {#" s F(H)" = Firi(H)}r<isk, mez ),

where

e u(x) € Dom(U) assigns each base element x € H a U-membership degree.
« For each level i, #™%) is an m-ary operation “at depth i”
#mD L Fi(H)™ — Fiyi(H).

Example 8.11 (Fuzzy—Hyper-U-Any-Structure: Fuzzy Hypergraph). Let C = Set, J = {#}, and choose
signature (j;) with G;, = P. Let H = {a, b, c} and U = Fuzzy with Dom(U) = [0, 1]. Then

Fo(H)=H,  Fi(H)=%(H).

Define
u: H—[0,1], w(a)=0.9, u(b) =0.7, u(c) =0.5,

and the hyper-operation
#2052 5 pH), #2D(xy) = {x,y}.

Then AY = (H, u, {#%1}) is a fuzzy—hyper-U-Any-Structure: each element carries a fuzzy degree, and any
two elements form a hyperedge.
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Example 8.12 (Neutrosophic—SuperHyper-U-Any-Structure: Neutrosophic Team Synergy). Let C = Set,
J = {P, P}, with signature (i, j») both equal to P. Let H = {A, B} and U = Neutrosophic with Dom(U) =
{(T,I,F) € [0,11° | T+ 1+ F <3}. Then

Fo(H)=H, Fi(H)=P(H). Fy(H)=P(P(H)).

Define
u(A) =(0.8,0.1,0.1), wu(B)=1(0.7,0.2,0.1),

#2052 S PH), #2D(xy) = {x,y),
#22): P(H)? —» PX(H), #2(X,Y)={X,Y}.

Then AY = (H,u, {#>V,#22)}) is a neutrosophic—superhyper-U-Any-Structure: each pair of individuals
yields a team, and each pair of teams yields a “meta-team.”

Example 8.13 (Fuzzy—Tree-U-Any-Structure: Fuzzy Decision Tree). Let C be the category whose objects
are finite rooted trees and J = {Tree} with signature (j1), G;, = Tree. Fix H = {Yes, No} as leaf set, and
U = Fuzzy. Then

Fo(H)=H, F;(H)=Tree(H)

is the set of all small decision-trees over {Yes, No}. Define
u(Yes) =0.95, u(No) =0.85,
and for each pair of trees 71, T» € Tree(H) choose a grafting operation
#2D: Tree(H)? — Tree(H), #%(T),T>) = attach root of T» as child of root of 7;.

Then AY = (H, u, {#>1D}) is a fuzzy—tree-U-Any-Structure: each decision outcome has a fuzzy confidence,
and any two trees can be combined into a larger decision-tree.

Theorem 8.14 (Generalization of U- and Any-Structures). Every U-Structure and every Any-Structure embeds
into the U-any-Structure framework:

(a) If k = 0 then Fy = 1d, and Definition reduces to (H, p: H — Dom(U)), i.e. an ordinary
U-Structure.

(b) If one forgets the map u: H — Dom(U), then AY coincides with the Any-Structure of Definition
with signature (ji, ..., ji).

Hence the notion of U-any-Structure strictly unifies both U-Structures and Any-Structures.

Proof. (a) Reduction to U-Structure. When k = 0 there are no operations #m.0) We have F = Id and the
only data is 4: H — Dom(U), which is exactly a U-Structure on H (Definition [3.6).

(b) Reduction to Any-Structure. If we omit the membership map u, the remaining tuple
(H. {#™))
is precisely an Any-Structure of signature (i, ..., jx) on H (Definition [8.1).
Since neither reduction loses any required axioms, every U-Structure and every Any-Structure arises by

specialization of the U-any-Structure. Conversely, any U-any-Structure contains both features simultaneously,
proving the claim. O
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9 Functorial-(any-)Structure

A functorial Structure is a covariant functor
F:C — Set

assigns to each object a set of “structures” and to each morphism a pushforward mapping, respecting identities
and composition. A functorial-Any—Structure is a multi-level functorial framework

Fo=1d, F; =G, o Fi_y,
enriched by U-labels on base elements, with level-wise m-ary operations #\">%) : F;(H)™ — Fi,(H).
Definition 9.1 (Functorial Set). (cf. [71]) Let C be a category and
F:C — Set
be a (covariant) endofunctor. For any object X € Ob(C), an F-set over X is an element
s € F(X).

We denote the collection of all F-sets over X simply by F(X). A morphism f: X — Y in C induces a
pushforward
F(f): F(X) — F(Y), s = F()(s).

Definition 9.2 (Functorial Structure). (cf. [71]) Let C be a category. A Functorial Structure on C is simply a
covariant functor
F: C — Set.

For each object X € Ob(C), an element
s € F(X)

is called an F-structure on X. Every morphism f: X — Y in C induces a pushforward
F(f): F(X) — F(Y), s — F(f)(s),
and the usual functoriality conditions F(idy) = idg(x) and F(g o f) = F(g) o F(f) hold.
Example 9.3 (Graph Structures). Let C = Set and define the graph-functor
Graph: Set — Set, Graph(X) ={E C X x X},
sending a set X to the collection of all binary relations on X. For a function f: X — Y,
Graph(f): Graph(X) — Graph(Y), E - {(f(x), f(x")) | (x,x") € E}.
An element E € Graph(X) is precisely a graph structure on X, and Graph(f) pushes edges forward along f.
Example 9.4 (Topological Structures). Let C = Set and set
Top: Set — Set, Top(X) = {r € P(X) | 7 is a topology on X}.
For f: X — Y, define
Top(f): Top(X) — Top(Y), t—{BCY|f '(B) et}

Each 7 € Top(X) is a topological structure on X, and Top(f) is the usual inverse-image map carrying open
sets forward.

Example 9.5 (Vector Bundle Structures). Let C = Top be the category of topological spaces and continuous
maps. Define

VB: Top — Set, VB(X) = {n: E—>X | E is a rank-n vector bundle over X}
For a continuous map f: X — Y, the pullback bundle functor
VB(f): VB(Y) - VB(X), 7+ f'n

assigns to each bundle E — Y its pullback f*E — X. Thus an element of VB(X) is a vector bundle structure
on X.
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Example 9.6 (Group Object Structures). Let C be any category with finite products. The functor
GrpObj: C —> Set, GrpObj(X) = { (1, 7.i) | X equipped with multiplication, unit, inverse in C}

assigns to each object X the set of all possible group-object structures on X. For a morphism f: X — Y,
GrpObj(f) carries one group-object structure on X to another on Y via the universal property of products and
pullbacks.

Definition 9.7 (Functorial-Any-Structure). Let C be a category, let {G; : C — Set} c; be a fixed family
of covariant endofunctors (e.g. Id, , MSet, Tree, Forest, . . .), and choose a finite signature (jy, ..., ji) in J.
Define functors

Fy=1d, F;=Gj, o Fi_ (1<i<k).
Fix an uncertainty model U from a class U with degree-domain Dom(U) C [0, 1]". A Functorial-Any-Structure
of signature (j1, ..., jx) enriched by U on an object H € Ob(C) consists of the data

FASY = (H, p: H— Dom(U), {#™) : Fy(H)™ — Frni ()}, meL),

U-label

where

e u(x) € Dom(U) assigns to each x € H a U-membership degree.
e Foreachleveli =0,...,k — 1 and each arity m € I;,
#m s Fy(H)" — Fiu(H)

is an m-ary operation “at depth i.”

Functoriality of each G;, provides canonical “pushforwards” on the carriers F; (H).

Example 9.8 (Fuzzy Hypergraph as a Functorial-Any-Structure). Let C = Set, J = {#}, and take the signature
(P) of length k = 1. Thus
Fo=1d, Fi=Pold="%P.

Fix the fuzzy-membership model U with Dom(U) = [0, 1]. For a finite vertex set H, define
p: H—[0,1],
assigning each vertex a membership degree. The single operation
#29 - HxH — P(H), (u,v) - {u,v},
creates an (ordinary) hyperedge from any pair of vertices. The result
FASY = (H, p, #20)

is precisely a fuzzy-hypergraph: each vertex has degree u(x) € [0, 1], and hyperedges are two-element subsets
of H.

Example 9.9 (Neutrosophic Multigraph as a Functorial-Any-Structure). Let C = Set, J = {MSet}, signature
(MSet). Thus
Fy=1d, F; =MSetold = MSet,

where MSet(H) is the set of finite multisets on H. Fix the neutrosophic model U with Dom(U) = {(T, I, F) €
[0,1]7 | 0 < T + I+ F < 3}. Given H as the set of “nodes,” let

u: H— Dom(U),
label each node by truth/indeterminacy/falsity degrees. Define the parallel-edge operation
#20 - B2 — MSet(H), (u,v) = [u,v],
the multiset containing exactly one copy of u and one of v. Then
FASY = (H, u, #(2’0))
is a neutrosophic multigraph: each node carries a neutrosophic label, and edges allow multiplicity.
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Example 9.10 (Fuzzy Tree-of-Sets as a Functorial-Any-Structure). Let C = Set, J = {Tree}, signature (Tree).
So
Fo=1d, F; = Treeold = Tree,

where Tree(H) is the collection of all finite rooted trees whose leaves are labeled by elements of H. Choose
the fuzzy model U with Dom(U) = [0, 1]. For a set of attributes H, let

u: H— [0,1]

assign each attribute a confidence score. Define the trivial “singleton-tree” operation

X

#1000  H s Tree(H), x > (o),

the one-leaf tree labeled by x. Then
FASY = (H, p, #(1’0))

is a fuzzy tree-of-sets: each attribute carries a fuzzy score, and each generates its own singleton tree.

Theorem 9.11 (Unification of Functorial, Any-, and U-Structures). The Functorial-Any-Structure of Defini-
tion[9.7) simultaneously generalizes:

(a) (U-Structure) If k = 0, then Fy = 1d and no operations #"™") are present. The data reduce to
(H, u: H— Dom(U)), i.e. a U-Structure on H.

(b) (Functorial Structure) If one forgets u and chooses each I; and #"™)) arbitrarily, the remaining tuple
(H, {#0m-0) }) is exactly the Any-Structure of signature (j, . . ., ji), which in turn is a Functorial Structure
since each F; is a composition of the endofunctors G;,.

(c) (Any-Structure) If one also sets U to be the trivial one-point model Dom(U) = {x}, then u is unique and
can be ignored, recovering the pure Any-Structure.

Proof. (a) Reduction to U-Structure. When k = 0 there are no operations #™"). Since Fy = Id, the only
datum is 4 : H — Dom(U), which matches Definition [8.6]of a U-Structure.

(b) Reduction to Any-Structure. Omitting u leaves (H, {#m) - F(H™ — F;+1(H)}), which is precisely
the Any-Structure of Deﬁnitionwith signature (ji, ..., jx). Moreover, since each F; is a functor, this tuple
is a Functorial Structure in the sense of Definition[0.2]

(c) Reduction to Functorial Structure. Finally, if we take U to be the trivial uncertainty model with
Dom(U) = {x}, then yu carries no information and the Functorial-Any-Structure collapses to a Functorial
Structure given by the composite functor Fy = Gj, o---0 Gj,.

Thus each special case is recovered by forgetting or trivializing the appropriate data, showing that the Functorial-
Any-Structure indeed subsumes all three notions. O

10 Other Structure

The definitions of Curried Structure and Dynamic Structure are provided below.

10.1 Curried Structure

Currying transforms a k-ary operation
f:H k5 H

into a nested sequence of single-argument functions
FO) () - () = fxnx2,...,xk),

enabling elegant partial application and composition. This technique appears across many disciplines—from
theoretical physics and programming-language semantics [[104-H106]—and underpins functional programming
languages such as Haskell, C++, and others [107H111].
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Definition 10.1 (Curried Function). [112,/113]] Given sets A, B, and C, a curried function is a map
f:A — (B—O),
so that each a € A determines a function f(a): B — C. Equivalently, currying establishes a bijection
curry: (AXxB — C) «— (A— (B—0)).

Definition 10.2 (Curried k-ary Function). (cf. [112,|113]) Let Aj, Ao, ..., Ak, B be sets. A curried k-ary
function is a map
fiA — (A — -+ — (Ax — B)--+),

often abbreviated as
f:Al > A —> - > Ay > B.

Example 10.3 (Shipping Cost Calculation as Curried Ternary Function). In logistics, the shipping cost can
be computed from three parameters: a per-unit rate, package weight, and travel distance. We model this as a
curried 3-ary function

shipCost: R — R — R — R,

defined by
shipCost(r)(w)(d) =r xw X d,

where

e ris the rate (e.g. dollars per kilogram-kilometer),
* w is the package weight in kilograms,
¢ d is the distance in kilometers,

* and the result is the total shipping cost in dollars.

This curried form allows partial application—for example, fixing a standard rate r( yields a simpler function
shipCost(rg) : R - R — R,
which only requires weight and distance to compute cost under rate rg.
Definition 10.4 (Curried Structure). [112] Let H be a nonempty set. A Curried Structure on H is a pair
(H,¢), ¢:H — (H — H),
where ¢(x) is a function H — H. Equivalently, ¢: H - H — H.

Definition 10.5 (Curried k-ary Structure). [112] Let H be a nonempty set (the carrier) and I C Z-( a family
of arities. A curried k-ary structure of signature 7 on H consists of maps

{(f™:H—>H— > Hjper,
m times
where each £ is termed the curried m-ary operation, sometimes notated
f™:.H >H-—..-—H (marrows).

Example 10.6 (Sentence Construction as Curried Ternary Structure). Let H be the set of all finite strings over
a given alphabet, and let 7 = {3}. Define the curried ternary operation

f:H —>H  — H — H

by
FOCs) () (s3) = s 177 Ns2 177 | s3,

where || denotes string concatenation. For instance,
F3 ("Alice™) ("loves”) ("Bob”) = "Alice loves Bob”.

Partial application () ("Alice”)(”loves”): H — H yields a binary function that completes sentences of the
form “Alice loves ... ".

21



10.2 Dynamic Structure

A Dynamic Structure combines data and context through stateful operations. Each operation receives a current
context and a fixed number of input values, produces an output value and an updated context, and thus models
computations that evolve state over time. A Dynamic HyperStructure extends this idea to collections of values.
Its operations accept a current context and several sets of elements, and produce a new set of elements together
with an updated context, enabling dynamic aggregation and context tracking over groups of related items.
A Dynamic SuperHyperStructure generalizes further to multi-level collections. Its operations take a current
context and nested collections of elements, and return an updated nested collection and modified context,
supporting hierarchical aggregation and stateful transformations across multiple layers.

Definition 10.7 (Dynamic Structure). Let H be a nonempty set (the carrier) and let D be a nonempty set (the
dynamic context). Fix a signature I C Z. of arities. A Dynamic Structure of signature I on the pair (H, D)
consists of a family of dynamic m-ary operations

"™ DxH™ — HxD, mel,
which update both an element of H and the context D. Equivalently, each ¢ can be curried as
c,(m) .

® :D — H — -+ — H — HXD,

subject to
e (d) (1) (o) = @ (ds (xsxm).

Definition 10.8 (Dynamic HyperStructure). Let H be a nonempty set and D a nonempty dynamic context. Fix
a signature I C Z.¢. A Dynamic HyperStructure on (H, D) of signature I consists of, for each m € I, a map

¢ . D xP(H)" — P(H)XD,
or equivalently its curried form

¢ p — PH)— - — P(H) — P(H)XD,

1 arrows

satisfying
@M (d)(A) - (Am) = 9" (d, (A1,..., Aw)).

Example 10.9 (Warehouse Palletizing as a Dynamic HyperStructure). Let H be the set of all package identifiers
in a warehouse, and let D be the list of log entries recording packing actions. Fix arity m = 2 and define

o? (d,(B1,By)) = (31 U By, d U {“Merged boxes B and Bz”}),

where B, B, C H are two cartons. The operation produces a new pallet (the union of the cartons) and appends
a descriptive entry to the log. This models dynamic subset aggregation with stateful context updates in a
real-world logistics system.

Theorem 10.10 (Dynamic HyperStructure generalizes HyperStructure). Every ordinary HyperStructure
(P(H), (") - P(H)" — P(H)})
arises as the special case of a Dynamic HyperStructure by taking the trivial context D = {+} and defining
@M (%, (A1, .., Aw)) = (K™ (A, Ap), #).

Conversely, any Dynamic HyperStructure on (H, {x}) reduces to an ordinary HyperStructure by projection to
the first component.

Proof. Given a HyperStructure (P (H), {*™1), set D = {+} and define o™ (x, A) = (xM (A),*). Its
curried form @™ (x)(A1)--- (An) = (X" (Ay, ..., Ap), *) clearly satisfies the Dynamic HyperStructure
axioms. Conversely, if o™ : {x} x P(H)™ — P (H) x {*} is any Dynamic HyperStructure, then the maps

* (AL Aw) = (e G (AL Aw)))
define an ordinary HyperStructure on P (H). O
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Definition 10.11 (Dynamic n-SuperHyperStructure). Let H, D, I be as above, and fix n > 1. Define iterated
powersets by
PUH) =H, P'(H)=P(P H)).

A Dynamic n-SuperHyperStructure on (H, D) of signature I consists of, for each m € I, a map
w™ D x (P"(H))" — P"(H)xD,
or its curried form

yo" D — PUH) — - — P (H) — P"(H)x D,

m arrows
with the analogous compatibility condition.

Example 10.12 (Pallet Consolidation as a Dynamic 2-SuperHyperStructure). Let H be the set of individual
product identifiers (e.g. SKUs), and let

D = List of log entries
record consolidation actions. We view
P1(H) = {boxes of items}, P*(H) = {pallets of boxes}.

Define the pallet-merging operation
y? (d, (P1,Py)) = (P1 U Py, d U {“Merged pallets P; and Pz”}),

where P, P, C P'(H) are two pallets. This returns a new pallet (the union of their box-sets) and appends
a descriptive entry to the log. Thus {1} forms a dynamic 2-SuperHyperStructure modeling hierarchical
consolidation with stateful logging.

Theorem 10.13 (Dynamic n-SuperHyperStructure generalizes n-SuperHyperStructure). Every ordinary n-
SuperHyperStructure (P"(H),{o(m) : (P"(H))™ — P"(H)}) is realized by the trivial context D = {*}
and

Y Gy (X X)) = (08 (X1 Xon), ).

Conversely, any Dynamic n-SuperHyperStructure on (H, {*}) projects to an ordinary one.

Proof. Identical to the previous proof, replacing P (H) by £ (H) and *™) by o™ O

Theorem 10.14 (Both Dynamic HyperStructure and Dynamic SuperHyperStructure generalize Dynamic Struc-
ture). Let (H,{6"™ : D x H™ — H x D}) be any Dynamic Structure. Then:

1. It embeds into a Dynamic HyperStructure via

e (d, ({1} fxn) = (LR 1),
where (h,d’) = 0™ (d, (x1,...,xm)), and extended arbitrarily on non-singleton inputs.

2. It embeds into a Dynamic n-SuperHyperStructure by identifying each x € H with the singleton chain
{{---{x}---}} € P"(H) and defining "™ so that

v (d, (t(x1), . .., 1(xm))) = («(h), d'),

where 1(x) denotes the nested singleton and (h,d’) = 0" (d, (x1, ..., Xxm)).

Proof.
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(1) Define o™ : D x P(H)" — P(H) x D by
§(d, (Ar, - A)) = ({0 (d, (o))t [ € A, 00(d, (a1,

for any choice of (xi,...,x;) in the A; (all yield the same d’ when 6 is deterministic). On singleton
inputs A; = {x;}, this reproduces 6", so the original Dynamic Structure sits inside.

(2) Replace P(H) by P (H) and apply the same construction, noting that each x € H embeds as the n-fold
singleton ¢(x) € P"(H).

Hence every Dynamic Structure appears as a special case of both Dynamic HyperStructure and Dynamic
n-SuperHyperStructure. O
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