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ABSTRACT

This paper presents a survey of loss landscape surface (LLS) research in machine
learning optimization. A three-stage filtering methodology was applied to over
300 research papers to select mathematically rigorous studies, yielding 50 seminal
papers with analysis of the top 10 key contributions. The survey provides chrono-
logical analysis spanning 1951-2024, showing evolution from 4 foundational papers
(2007) to 21 active contributions (2018-2021). A taxonomical framework catego-
rizes 32 stochastic gradient descent (SGD) algorithms from classical SGD (1951)
to recent variants. Analysis reveals six research themes: visualization techniques,
minima-generalization relationships, step size selection, SGD extensions, batch
size effects, and adaptive learning rates. Research questions are categorized into
resolved issues (flat minima correlation), ongoing debates (batch size selection),
and emerging challenges (transformer landscapes). Results demonstrate that de-
spite algorithmic proliferation, only limited fundamentally novel continuous LLS
algorithms exist. The survey identifies theoretical-practical gaps and provides a
standardized framework for key algorithms. Contributions include tables docu-
menting research chronology and algorithm evolution, providing foundation for
future high-dimensional optimization research.

Keywords and Phrases: Loss landscape surface, Gradient descent, Stochastic op-
timization, Machine learning.

ACM Classification: Primary: F. Secondary: F2, Analysis of algorithms and
problem complexity.



1 Introduction

In the realm of computer science, the evolution from Artificial Intelligence (AI) to Machine Learning
(ML) and subsequently to Deep Learning (DL) has been transformative. Despite their inherent
complexity, these paradigms fundamentally boil down to solving optimization problems over a

space of possible values -a domain known as the loss landscape surface (LLS) [101].

Definition 1.1. (Loss Landscape Surface - Informal): From the empirical risk minimization
(ERM) [175] principle in statistical learning theory (SLT) [121], a model can have up to n € N
features or variables®. Let w denote the weights wy,--- ,w, for a model, and define L(w) to be
the total loss (across the entire training set). Then, the optimization problem is to find w that
minimizes L(w). The term “loss surface” or “loss landscape” refers to the graph of this function L

and since L is n-Dimensional, we obtain a graph or surface in some n-Dimensional space R”. W

This definition serves well to introduce key concepts of LLS, but does not quite provide a compre-
hensive understanding. Due to the complexity of LLS, a more detailed definition is given in full
in Definition 1.2. Our survey paper emerges from a critical need: to review and consolidate the
vast body of LLS research, of which we cite 180+ papers. While the first survey paper on LLS,
authored by Sun et al. [166], laid essential groundwork, our investigation delves deeper into the

mathematical rigor and comprehensiveness of modern LLS research. We address pivotal questions:

1. Which contemporary LLS research papers provide the necessary depth to support both the-
oretical and applied advancements? We seek mathematically robust contributions that tran-
scend mere exploration.

2. How do LLSs emerge from AI, ML, and DL? We suggest a classification model for these
intricate surfaces. Furthermore, we explore extensions to stochastic gradient descent (SGD),
a cornerstone of optimization algorithms.

3. Why is LLS research so indispensable across diverse fields? Its impact reverberates far beyond

the confines of computer science.

This paper presents a comprehensive survey of optimization algorithms for high-dimensional loss
landscape surfaces (LLS), focusing on stochastic gradient descent (SGD) variants and non-gradient
approaches. Rather than directly investigating optimization issues, this work systematically reviews

existing research to identify key papers that can facilitate future algorithmic developments.

Our survey methodology employed a three-stage filtering process applied to over 300 research
papers identified through Google Scholar: general screening for relevant optimization literature,
LLS-specific research selection, and SGD-focused studies identification. These filters incorporated

1(Gain Surface, Gain Landscape Surface). In mathematical optimization and decision theory, a
loss function or cost function (sometimes also called an error function) [138] is a function that maps an
event or values of one or more variables onto a real number intuitively representing some “cost” associated
with the event. An optimization problem seeks to minimize a loss function. An objective function is either
a loss function or its opposite (in specific domains, variously called a reward function, a profit function, a
utility function, a fitness function, etc.), in which case it is to be maximized.



Survey Evaluation Criteria (SEC) and Survey Selection Criteria (SSC) designed to identify papers
with the greatest potential to drive meaningful future research in high-dimensional optimization.

Papers were excluded not due to quality concerns, but because they failed to meet our specific
objectives. For instance, studies focusing on narrow applications without sufficient depth in op-
timization theory were filtered out. The selected papers are analyzed through multiple analytical
lenses to derive insights that inform the development of novel optimization algorithms for machine

learning applications.

Before surveying existing approaches, we first establish the key challenges identified across the

literature that make high-dimensional optimization a computationally challenging field.

Optimization, a sprawling field rooted in mathematics, spans convex and nonconvex problems,
discrete and continuous domains, and smooth and nonsmooth functions. However, classical math-
ematical techniques often fall short when faced with NP-hard challenges. Enter the narrower
domain of Data Science, Applied Probability, and Statistics, which grapple with these optimiza-
tion problems using more stochastic techniques. Within this context, computer science plays a
pivotal role. Algorithms designed to “learn” over LLSs are inherently heuristic and metaheuristic.
While LLSs predominantly arise from Artificial Neural Networks (ANNs), other areas—such as
Data Science—also traverse these challenging landscapes. LLSs are complex due to the following

challenges.

1. High Dimensional: Computer science applications routinely deal with LLSs of staggering
dimensions—often exceeding tens of thousands. These high-dimensional LLSs defy human
visualization. For instance, ChatGPT operates with over 150 billion variables, resulting in
a 150-billion-dimensional LLS: {(z1,v1), -, (@Tn,yn)} € R? x y, where, d represents the
dimension of each input sample, and n denotes the number of training data points.

2. Nonconvex: The high dimensionality implies that LLSs are inherently nonconvex. Even
a simple 3-dimensional sphere becomes increasingly intricate as dimensions multiply (think of
an n-dimensional sphere [158]). Expressing typical LLSs as straightforward functions—composed
of polynomials, exponentials, or trigonometric terms—remains elusive. In fact, determining
the convexity of an arbitrary polynomial function is an NP-hard problem [3].

3. Nonsmooth: Data points often form a discrete LLS or mesh. This nonsmooth surface rules
out certain techniques like elementary differential calculus. Smoothing methods, such as skip
connections, can mitigate this issue (see Figure 4).

4. Missing Values: Data from computer science applications may have missing or NULL data
points. These ‘holes’ or ‘singularities’ in the LLS can hinder simple approaches like gradient
descent (GD). GD may get stuck in these regions.

5. Dynamic and Volatile: LLSs are dynamic and can change significantly during optimiza-
tion, such as with streaming or real-time data applications. The time taken to compute an
optimization may render previous results obsolete. This dynamism reinforces the NP-hard

nature of the problem.

Expressing LLSs mathematically is challenging as they cannot be captured by simple or even



complex formulas. Finding an appropriate expression is computationally expensive and can be futile
due to the dynamic nature of LLS. Our survey approach considers theory and practice, shedding
light on the profound implications of LLS exploration. As we navigate this complex terrain, we
uncover new avenues for research and underscore the enduring value of studying LLSs.

Regarding optimization algorithms, we delve further into gradient descent algorithms. Classical
Gradient Descent (CGD), (1.1), like Newtonian descent, calculates gradients across all dimensions
in each iteration. However, they assume specific forms for the LLS function, which may not hold
in practice. On the other hand, Stochastic Gradient Descent (SGD) is more efficient. It randomly
chooses a smaller subset of the dimensions and computes the gradient, resulting in faster convergence

(time complexity O(n)) compared to classical gradient descent O(n?)).

These concepts can be summarised and captured visually in Figure 1.

Mathematical Optimization (e.g. Combinatorial, Convex, Nonconvex Optimization)

Data Science & Statistics [Optimization] (e.g. XGBoost, SVM, Random Forests)

Computer. Science Optimization (e.g Al ML, DL)

Stochastic Gradient Descent (ncluding Basic Gradient Descent Algorithms)

Figure 1: Simplified Levels of Abstraction in Optimization Algorithms

‘While computer science and mathematics share significant commonalities or over-
laps, our survey focuses on the intricate interplay between loss landscape surfaces
(LLS) and stochastic gradient descent (SGD). This diagram focusses on the fact that
there is a hierarchy between these fields and how SGD is related to these.

1.1 What are Loss Landscape Surfaces?

The term ‘loss landscape surfaces’ is also known by, but not limited to, the following terms;
‘(static) fitness landscapes’, ‘global landscapes’, ‘loss surfaces’, ‘optimization landscapes’, ‘energy
landscapes’, ‘potential-energy surfaces’ and ‘weight space’ [53].

Definition 1.2. (Loss Landscape Surface - Formal) [102]: Given a model parameterized by
weights 6 € R, and a loss function L(0), the loss landscape is defined as the mapping,

R* 5 R, L£(0) =0,

where,

e 0 are the model parameters (e.g., weights in a neural network),

e L(6)is typically the empirical risk or expected loss over the data distribution:



£(0) = Bia gy [£(/(2:0),))]

or in practice,
n

L(0) = %Zf(f(xi;e),yi).

i=1

The surfaces’ geometry (e.g., local minima, saddle points, flatness, sharpness) directly impacts

optimization and generalization in deep learning. |

The function £ : R — R" is ‘embedded’ in R™ and it suffices to say that the function may require
additional dimensions m € N, to be ultimately embedded in R™*™. To illustrate this definition, a

convex proxy and some simple nonconvex proxies for LLSs are shown in Figure 2.

(a). (b).

Figure 2: Optimisation Complexity of Convex and Nonconvex Surfaces
(a). z = 22 4+ y?: Only one global minimum. This is a convex surface.
(b). z = x2 + y? + sin(5z) + sin(5y): Multiple local minima, one global minimum.
At a high level perspective (globally)This is either a weakly convex surface globally,
or a nonconvex surface locally.
(c). z = sin(5x2) cos(5y2): Multiple local minima, multiple global minima. This is
a nonconvex surface locally and globally.

Figure 2(c) shows that if we were to have a nonconvex function, then there may be multiple local
minima and either zero or multiple global minima. Under such a complex search space, an SGD
algorithm would either never converge, run out of maximum allowed iterations, or converge onto

one of many possible invalid local minima (or maxima) solutions.

Although these mathematical surfaces are provided solely for illustrative purposes to elucidate the
complexity of LLS, such complexity may arise in a variety of contexts. These range from classical
optimization problems -such as determining the optimal allocation of military resources across
multiple interdependent dimensions (e.g., troop deployment, ammunition supply, reinforcement
scheduling, and medical support) -to a broad spectrum of artificial ANN architectures, as depicted

in Figure 3.



(a). (b). (c)-

Figure 3: Increased Complexity Leads to Greater LLS Nonconvexity

(a). Simple ANN architecture with only one hidden (or middle) layer of neurons,
leading to a relatively simple LLS.

(b). A more complex ANN, a dense neural network (DNN) having three hidden
layers, leading to a more complex, nonconvex LLS.

(c). An even more complex ANN, a stylized depiction of a large language model
(LLM), leading to very complex, nonconvex LLS.

Figure 3 shows that the main sources of the highly complex nonconvex LLS arise from LLM, which
are essentially combinations of numerous DNN components, as seen for example in the transformer
architecture. This not only involves the use of numerous hidden layers, but also numerous neurons

in each layer. The seminal work of [102] supports this view, finding that,

“network architecture has a dramatic effect on the loss landscape. Shallow networks have smooth
landscapes populated by wide, conver regions. However, as networks become deeper, landscapes

spontaneously become ‘chaotic’ and highly non-convez, leading to poor training behavior”.

Additional supporting evidence in the research literature consistently acknowledges that training
neural networks requires minimizing a high-dimensional non-convex loss function and that DNNs

are fundamentally solving extremely high dimensional problems with extremely non-convex LLS.

Having stated this, it is imparitive that we in this survey point out that there are some opposing edge
cases that make this general rule of thumb more subbtle. Some work shows that “neural networks
with a single hidden layer and non-decreasing positively homogeneous activation functions can lead

to a convex optimization problem” even in high dimensions under specific conditions [8].

Further insights into the subtleties and nuances of LLS are articulated in the YouTube presentation,

The Misconception that Almost Stopped AI [178], which provides both discussion and visualization



of key phenomena:

e The so-called “wormhole” effect is identified as a visualization artefact -when traversing high-
dimensional space, a two-dimensional slice can change dramatically, giving the appearance
that improvements emerge “out of nowhere”.

e In high-dimensional settings, local minima become less problematic, as becoming trapped
requires being confined in every dimension simultaneously -an increasingly improbable oc-
currence as dimensionality grows.

e As dimensionality increases, visualizations represent “an increasingly distant shadow of the
model’s true learning process”, underscoring their limitations in accurately depicting under-

lying dynamics.

These observations are consistent with and supported by prior research, including [39] and [33].
Turning to a representative LLS arising from ANNs (in particular, ResNet-56 [101]), we can see the
true non-stylized complexity and nature of LLS, as shown in Figure 4.

Figure 4 shows that a SGD algorithm’s path towards the global minimum can either take an
unacceptably high amount of time to reach the global minimum, or worse, can be blocked (i.e.
never converge), due to the complexity imposed by the hills, valleys and nonsmoothness on the
LLS. Such LLS can be smoothed out by the process of ‘skip connections’, to dramatically speed up
the optimization process, even though there is a cost to undertake this smoothing process. This
has been illustrated in Figure 4, which shows the LLS arising from the ResNet-56 algorithm [101].

Remark 1. As mentioned above, LLS are not exclusive to ANNs, despite the fact that LLSs appear
predominantly in ANN-related research. In mathematical optimization and decision theory, a loss
function -also known as a cost function or objective function -is precisely the scalar-valued function
that an optimization problem seeks to minimize or maximize. The entirety of the optimization
process can therefore be conceptualized as navigating the “surface” of this function across the
decision-variable space, i.e. the LLS [74]. Non-neural examples that generate LLSs include Genetic
algorithms (GAs), Support vector machines (SVMs), Decision trees, Linear regression, XGBoost,

Random Forests, and many other modelling approaches [149]. |

The concept of the “curse of dimensionality” was introduced in 1957 [16]. This phenomenon arises
from the exponential increase in volume when adding extra dimensions to Euclidean space, and
this entails:

e Error Amplification: As dimensions increase, so does the error. Algorithms become harder
to design and often exhibit exponential running times. While higher dimensions theoretically
allow more information storage (ChatGPT itself operates in a vast 150+ billion-dimensional
space), there’s a cost to optimization algorithms in such spaces. Noise and redundancy
become more likely in real-world data.

e Symmetry’s Trap: Symmetric nonconvex landscapes pose a challenge. Suboptimal solu-
tions can trap algorithms, hindering generalization. Visualizing these high-dimensional spaces

remains elusive for humans.
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(a). Without skip connections (b). With skip connections

Figure 4: Examples of Loss Landscape Surface Arising from ResNet-56

Source: [101]. ResNet-56 is an ANN and the resulting LLS is shown in,

(a). without any smoothing, the resulting contour map is more chaotic and difficult
to descend to global minimum,

(b). with smoothing via skip connections, the resulting contour map is more consis-
tent and easier to descend to global minimum.

1.2 What are Gradient Descent Algorithms?

Gradient descent algorithms are optimization techniques commonly used in ML to minimize a cost

function. They involve the following components.

e Objective: The goal of gradient descent algorithms is to find the optimal set of parameters
for a model by iteratively adjusting these parameters.

e Process: Start with an initial guess for the parameters. Calculate the gradient (or approxi-
mate gradient) of the cost function with respect to these parameters. Update the parameters
in the opposite direction of the gradient (i.e., toward the local minimum). Repeat the process
until convergence.

e Intuition: Imagine walking down a hill. The steepest descent direction corresponds to
the negative gradient, which guides us toward the lowest point (local minimum) of the cost
function.

e Applications: Gradient descent is widely used for training ML models, including ANNs.



(Classical) Gradient Descent

Gradient descent, classical gradient descent (CGD) is based on the observation that if the multi-
variable function f(x) is defined, differentiable, and convex in a neighborhood of a point a, as
shown in Figure 2(a), then f(x) decreases fastest if one moves from a in the direction of the
negative gradient of f at a, that is —V f(a), towards the global minimum at point b. At iteration
Tk, the next iteration xx4+1 can be expressed as,

Tht1 = Tn — NV f(2) = 20 — nk%Vfi(wk% (1.1)

where f(z) := L3 | fi(z) and 7 is the k-th step size. A generic implementation of CGD is

T n

shown in Algorithm 1.

Algorithm 1 (Classical) Gradient Descent (CGD) Algorithm

INPUT:
i=1, j = 0. Set € as the limit of convergence
OUTPUT:
for i=1,---,m) do
for (j=0,---,n) do
L while ( } wjt1 —w;| <€) do

Wit = wj — ok S (he (20) — y )2 (D

Stochastic Gradient Descent

CGD is expensive to evaluate because at each iteration k, all n? data points need to be calculated.
SGD on the other hand is far more performant, because at each iteration k, only n data points
need to be calculated. The term ‘stochastic’ does not mean that these points are chosen at random,
creating a “random walk of descent”, but rather each iteration of SGD computes the gradient on
the basis of one randomly chosen partition of the dataset which was shuffled, instead of using the
whole part of the observations. For SGD, at iteration z, the next iteration xyy1 can be expressed

as,

Tpp1 = Tk — MV figey (), (1.2)

where i(k) € {1,2,--- ,n}. A generic implementation of SGD is shown in Algorithm 2.

2 Methodology

A large sample of 3004 research papers were examined as part of this research paper’s survey

process. Google Scholar was used as the primary mechanism to identify popular academic research



Algorithm 2 Stochastic Gradient Descent (SGD) Algorithm

INPUT:
i=1, j =0. Set € as the limit of convergence
OUTPUT:
for i=1,---,m) do
for (j=0,---,n) do
L while (| wjt1 —w;| <€) do

wir = w; = a(hu(@®) - y®)zf)

papers. Search terms included, but were not limited to (Neural Networks, Deep Learning, Opti-
mization, Gradient/Descent, Loss Landscape, Stochastic, Training, Learning, Convex/Non-convex,
Networks, Algorithms, Loss and Minimization). The main objective of this survey paper is to find
key papers that facilitate new research into enhanced optimization algorithms on large LLS. To
meet this objective, a three-stage filtering process was applied to the universe of potential research
papers, as depicted in Figure 5.

Filter 2
Paper 1 —» LLSPapers
. LLS
. Filter1
L]
Paper 300 CompSc References
. Nonconvex
: Optimization
Paper n SGD Papers

Figure 5: Research Paper Filtration Process

Our three-stage filtering process comprises,

Filter 1 (i.e. Table 5) which generates the list of candidates for the Literature Review
section and are listed in the References section,

Filter 2 (i.e. Table 6) which lists the papers on SGD in Table 2,

Filter 3 (i.e. Table 7) which lists the papers on LLS in Table 3.

Note: There is an overlap between Filter 2 and Filter 3, because SGD techniques
and algorithms traverse LLS.

Figure 5 shows that three filters were created in the form of,

e Filter 1: (i.e. Table 5) which generates the full list of References (Section 5) of research
papers that met the high-level initial screening criteria.

e Filter 2: (i.e. Table 6) which generated the list of LLS research in Table 2.

e Filter 3: (i.e. Table 7) which generated the list of SGD research in Table 3.

In particular, these filters comprised a Survey evaluation criteria (SEC) and two Survey selection
criteria (SSC). These criteria do not imply that the rejected papers were of low value, but that they
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didn’t meet our objectives, to find the key LLS and SGD papers that can drive new meaningful
research in this field. Various SGD papers have been excluded from the analysis, even though they
met the SEC but failed to meet the SSC. For example, if a paper did not delve enough into LLS
nor SGD, and was focussed on specific subsets of ANNs such as Convolutional Neural Networks
(CNN) with specific applications of computer vision of manufacturing assembly lines, then they
were filtered out of our survey. In the Results & Discussion (Section 3), we dissect these research
papers through different lenses to derive additional insights.

3 Results & Discussion

3.1 Historical Background

The papers are summarised here for the purposes of capturing the key historical developments of

each decade of research.

1951-1960

Stochastic gradient descent used in the back propagation was first described by Robbins and Monro
in ‘A Stochastic Approximation Method’ [141], and later Kiefer and Wolfowitz introduced the
machine learning variant, Stochastic Gradient Descent, in their paper ‘Stochastic Estimation of the

Maximum of a Regression Function’ [93], which is more recognizable to computer scientists.

1961-1970
In this decade, advances were indirectly made through various numerical methods research, includ-

ing Runge-Kutta integration processes [26] and convergence of iteration methods [137], [25].

1971-1980
Further advances were made in ANN in relation to node complexity [12], [19] and improvements in

convergence rates in convex programming [122].

1981-1990

This decade saw the transitioning of nonconvex optimization from purely a mathematics domain, to
a more numerical computing domain, in sub-fields such as computer aided geometric design, math-
ematical software, mathematical programming, and operations research. The techniques derived
included Genetic search [72], Proximal subgradients and augmented Lagrangians [142], matrix tri-
angulations techniques [174], and nonlinear programming [49], [134]. This decade also had advances
in LLS visualisation from parametric surface/surface intersection [14], together with the generation

of continuous surfaces from discrete data points [170].
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1991-2000

Stochastic gradient descent progressed as an improvement on gradient descent in an ANN context
[21] together with generalization to infinite networks [179]. Further developments included enhance-
ments to multiobjective optimization through the use of evolutionary algorithms [50], leveraging
flat minima [79], showing how a simple weight decay can improve generalization [97].

2001-2010

LLS is then used to analysize improvements for solutions to constraint satisfaction (i.e. optimiza-
tion) problems in [98]. Linkages with LLS and other areas are made including learning with kernels,
SVMs and regularization [154]. The visualization of learning in multilayer perceptron networks us-
ing principal component analysis (PCA) helps characterise the resulting LLS [57]. Similarly, random
matrix calculation of LLS complexity exposes the symmetry breaking conditions, which is also a
form of LLS classification [56]. Enhancements to SGD were made by using distance-based classifi-
cation via Lipschitz functions [177]. An interesting development is the reverse of conventional ANN
research, where instead of LLSs arising from ANNS as is generally the case, [15] examines the gener-
alized ANN representation of high-Dimensional LLSs. Further insights are obtained by examining
the statistics of critical points of Gaussian fields on large-dimensional spaces [24], together with
understanding the difficulty of training deep feedforward neural networks [66]. Additional insights
into LLS are found via matrix analysis, in particular deep learning via Hessian-free optimization
[115].

2011-2020

This decade has an explosion in SGD algorithm research [22], [94], RMSprop [173], Adaptive sub-
gradient [44], Entropy-SGD [28], Phasemax [67], linear autoencoders [131]. Theoretical explorations
were made on high dimensional LLS in [148], [30], [82], [108], [151], [45], [165], [2], [5], [59], together
with the references therein. They show various similarities between LLSs with Boltzmann ma-
chines and spin systems (spin glasses) of statistical mechanics. A number of such papers were of a
theoretical nature that generalise the characteristics of LLSs [13], [180], [88].

There are many papers published on deeper aspects of LLS in relation to ANNs [32], [152], [34], [68],
[164], [112], [105], [181], [99], [166], [101]. Advances in overcomming the challenges of nonconvexity
were made by using tensor methods [85] and by reducing internal covariate shift [83]. Mean field
theory (and analysis) of ANNs also was advanced theoretically [156], [155], [127], [117], [9], [77],
[118]. Progress was made in identifying and handling saddle points in high-dimensional nonconvex

surfaces [38], [4], together with the importance of optimal momentum settings [167].

Numerous papers were derived that showed that the training of ANNs could be improved without
necessarily over-training or over-fitting the data [81], [89], [168], [71], [62], [L11], [60]. These papers
on ANNs examine the relationship between the neural structure and the corresponding complexity
of the LLS [162], [171]. These revolve around the depth and width of the LLS [116], [128], [136], [7]

12



where the depth of the LLS creates no bad local minima [113], [65]. Many other papers examined
the matrix analysis that arises from various LLS configurations, including the use of Jacobians [132],
Gaussian process behavior, tangent kernels [183], [51], Hessian eigenvalue density [64] and jamming
transition [61]. Further progress was made by focusing on subsets of LLSs arising from ANNs;
overparameterization [36], [147], [43], [124], [163], infinitely wide [6], dimensionality compression
and expansion [139], [53] and finite versus infinite architectures [100], [42]. Mode connectivity, a
recently introduced framework, empirically establishes the connectedness of minima by identifying
a high-accuracy curve between two independently trained models [69], [58], [188].

Theoretical insights into the optimization landscape of over-parameterized shallow [160] and deep
[52], [129] neural networks. [146] examined the quality of the initial basin in relation to the con-
vergence rate on LLSs. Generalizations were obtained by examining the geometry [125], [182],
[133] and topology [159], [54] of LLSs. Many other papers examined stochastic optinmization on
convex [143] and nonconvex LLS [75], [135], [157], [186], [63]. Additional insights were obtained
by examining sharp minima [40], bad local valleys [130] which is synonymous with bad/poor local
minima [87], together with excluding bad local minima so that additional progress can be made in
the simpler LLS [161], [73], [109].

2021-Present

The recent decade has continued it growth in interest of this important field, with an explosion of
demand to find improved stochastic gradient descent algorithms. As expected, the vast majority
of the research on LLS is ANN related [150], [169], [176], [110]. Computer vision and vision trans-
formers are also related to ANNs, especially Convolutional neural networks (CNNs) and research
helped visualise LLSs by examining local minima [55], [10] and leveraging flat local minima [27].
LLS smoothing was advanced by the use of techniques such as regularization [103], [47]. Further
characterization of LLSs was achieved via non-negative matrix factorization [18]. This paper ana-
lyzes the loss landscape of non-negative matrix factorization (NMF) and shows that star-convexity
properties—where gradients point toward the global minimum—hold with high probability, making

optimization easier as model size increases.

3.2 Algorithm Papers Surveyed

After applying the Methodology to score numerous LLS research papers, a list of the viable research
became apparent, as listed in the tables below. Table 1 lists the relatatively few survey papers on
LLS and SGD in the last decade.
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Table 1: Table of LLS and SGD Survey Papers

Year | Topic | Survey Paper Title Authors

2021 | LLS Landscape and training regimes in deep learning Geiger, Petrini & Wyart [60]

2021 LLS LossPlot: A Better Way to Visualize Loss Landscapes Bain, Tokarev et al. [11]

2021 LLS Loss landscape analysis for deep learning: A survey Liang, Bo & Sun [107]

2016 SGD An overview of gradient descent optimization algorithms | Ruder [144]

2018 SGD Stochastic gradient descent: Recent trends Newton, Yousefian & Pasupathy [123]
2023 | SGD Recent advances in SGD in deep learning Tian, Zhang & Zhang [172]

This survey paper compliments the existing surveys of Table 1 and then generates the chronological

timeline of corresponding papers on LLS (Table 2) and on SGD (Table 3).

3.3 Filter 2: Identifying Key LLS Research Papers

Continuing our top down approach, the next set of results list the timeline of key LLS research

papers (i.e. non-survey papers), as shown in Table 2.

Table 2: Timeline of Key LLS Research

This table focusses on the key research in LLS. By ‘key’, we mean here the research
papers that satisfied Filter 3 of our three-stage survey scoring methodology. The
research papers are listed chronologically.

v

‘&%;JLS_RQfgmncﬁs

006

007 | [98[,[T5[24T,[56]

008
009

I ] ]|

Do D B[N
e
(@]

2015 | [30],[34[,]32]

2016 | [82[,[109]

2017 | [54],[I3[,[180],[108],[128],[159],[160]
2018 | [101],]69],[42],[58],[130[,[36[,[118],[143

2020 | [I31L.[5IL[T66L[111]
[TS[ [169T, [T76L[0]

Table 2 shows how LLS research is relatively new, has continued to gorow over time, and has

become its own body of research distinct from similar surfaces studied formally in mathematical

optimization.
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3.4 Filter 3: Identifying Key SGD Research Papers

Continuing our top down approach, the next set of results is on SGD, which belong to the sub-class
of Uncertainty / Probabilistic algorithms, as shown in Figure 6.

Liner Programming
Linearly Constrained

Quadratic Programming
Mathematical Programs with Equilibrium Constraints

[ Mixed Integer Non-Linear Programming
Semi-Definite Programming

{ Semi-Infinite Programming

Bound Constrained Derivative-Free

Non-Linearly C

Network Optimization

SGD = Stochastic Gradient Descent

Constrained

SDCA = Stochastic Dual Coordinate Descent

ASGD = Accelerating Stochastic Gradient Descent
Continuous

SAG = Stochastic Average Gradient

Optimization Techniques ‘

SAGA = Stochastic Average GrAdient
Stochastic Gradient Descent

ASAGA = parallel Stochastic Average GrAdient

MASAGA = Riemannian Manifold Asynchronous parallel Stochastic Average GrAdient

SVRG = Stochastic Variance-Reduced Gradient

RSVRG = Stochastic Reduced Gradient

SARAH = StochAstic Recursive grAdient algoritHm

Global Optimization

Non-Differentiable Optimization

Unconstrained
Non-Linear Least Squares

Non-Linear Equations

ogramming

Discrete
atorial Optimization

Stochastic Programming
Robust

Figure 6: Taxonomy of SGD Algorithms

Figure 6 shows the overall taxonomy of various optimization approaches and lists 10 stochastic

gradient descent techniques. A more comprehensive, although still not exhaustive, list of 32 key
SGD algorithms is shown in Table 3.

Table 3 shows the evolution of SGD algorithm research over time. To examne ten of these most
popular algorithms further, four 3D use-case proxies or surrogates of high-dimensional LLSs were
identified of increasing complexity, to establish a benchmark of how well they traverse various
surfaces. It is worthwhile noting that whilst LLSs arise from the data domain, such as an ANN
classifying pictures of cats and dogs, and generating an ‘illusive’ and abstract LLS in the feature
domain, in this paper we eliminate the data domain and go direct to the more simpler and concrete

LLS proxies where we can better focus on and visualize the optimization algorithms’ performance.
These LLS are are shown in Figure 7.
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Table 3: Timeline of Key SGD Algorithms

This table focusses on the SGD algorithms and the timeline that they were intro-
duced into the research community. Slight variations in the abbreviations for the
algorithms can vary depending on the author, such as ISGD versus I-SGD.

Index | Year Algorithm | References | Contribution Summarized
1 | 1951 SGD 141] Stochastic Gradient Descent
2 | 1983 NAG 122] Nesterov Accelerated Gradient
3 | 2004 KSGD 17 Kalman-based Stochastic Gradient Descent
4 2007 AOGD 76 Adaptive Online Gradient Descent
5 2009 SGD-QN 20 Careful Quasi-Newton Stochastic Gradient Descent
6 | 2011 AdaGrad 44 AdaGrad
7 | 2012 AdaDelta | [184] AdaDelta
8 | 2013 SVRG 36] Stochastic Variance-Reduced Gradient
9 | 2013 CSGD 120] Constrained Stochastic Gradient Descent
10 | 2014 SAGA 1] Stochastic Average GrAdient
11 | 2014 AdaMax | [94] AdaMax
12 | 2014 | MiniBatchSGD 104] Mini-Batch SGD
13 2015 SDCA 70 Stochastic Dual Coordinate Descent
14 2015 ADAM 95 ADAptive Moment estimation
15 | 2015 EASGD 187] Elastic Averaging SGD
16 | 2015 SDA | [70] Stochastic Dual Ascent
17 | 2015 DSA 119] Decentralized Double Stochastic Averaging Gradient
18 | 2016 NADAM 41 Nesterov ADAM
19 | 2017 BGD 92 Batch Gradient Descent
20 | 2017 SAG 153 Stochastic Average Gradient
21 | 2017 SARAH 126} StochAstic Recursive grAdient algoritHm
22 2018 RMSprop 78] Root Mean Square Propagation
23 | 2018 FTRL 114] Follow the Regularized Leader
24 | 2018 ASGD | [84] Accelerating Stochastic Gradient Descent
25 | 2018 AMSGrad | [140] AMSGrad
26 | 2018 SPIDER | [48] Stochastic Path-Integrated Differential EstimatoR
27 | 2019 ASAGA 106] Asynchronous parallel Stochastic Average GrAdient
28 | 2020 SGDM | [37] SGD + Momentum
29 | 2023 SDCA 185] Stochastic Dual Coordinate Ascent
30 2023 SPSA 91 Simultaneous Perturbation Stochastic Approximation
31 2024 LLSGD 35 Locally Lipschitz Stochastic Gradient Descent
32 2024 GeoAdalLer 46 Geometric Insights into Adaptive SGD
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(c). Use Case III (d). Use Case IV

Figure 7: Surface & Contour Plots of Four LLS
(a). Use Case I: z = a2 + y2.
(b). Use Case II: z = 422 + y2.
(c). Use Case III: z = 2 — y2.

(d). Use Case IV: z=3(1—z)? exp (—mz—('y+1)2) —5(%—23—1;5) exp (—wz—yz) —% exp (—(m+1)2—y2) .
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Figure 8: Contour Plots of Four LLS and SGD Simulations
Across our four chosen LLSs, we apply the default SGD algorithm with 1000 max
iterations (or steps) and reinitialize it from 10 different starting points. The results
of this experiment demonstrate how increasing levels of nonconvexity results in
increasing challanges to SGD optimization algorithm.
(a). Use Case I: z = a2 4 y2.
(b). Use Case II: z = 422 + y2.
(c). Use Case III: z = 2 — y2.

(d). Use Case IV: z=3(1—m)2 exp (—mz—(y+1)2) —5(%—23—1;5) exp (—mz—yz) —% exp (—(m+1)2—y2) .
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Figure 7 illustrates several key observations regarding LLS and their impact on optimization algo-

rithms.

e Use Case I (Full Symmetry): z = z? + y?
When dealing with a convex surface that exhibits full symmetry, the starting point for the
algorithm doesn’t significantly affect convergence. As long as it begins at the same level
plane, the algorithm will converge reliably.

e Use Case II (Partial Symmetry): z = 42> + y?
In scenarios with lower symmetry, the initial starting point matters. Even though the surface
itself is symmetrical, different starting points can lead to distinct convergence behavior.

e Use Case III (Saddle Point): z = 2? — y?
Complexity increases when encountering saddle points. These points are not the true minima
but can mislead the algorithm. If the algorithm veers toward or away from the saddle point,
it may fail to converge.

e Use Case IV (Multiple Peaks and Valleys):
z2=3(1—=)2 exp (—wz—(y+1)2) —5(§—m3—y5) exp (—wz—yz) —% exp (—(w+1)2—y2
The complexity of Use Case IV, characterized by multiple peaks and valleys, challenges SGD

algorithms. Less convex surfaces, particularly LLS, pose greater optimization difficulties.

Having selected the four use cases of Figure 7, it is instructive to visualise the four use case surfaces
and also have the default SGD algorithm initiated at 10 different starting locations on the surface in
question. This is because these SGD algorithms can miss either a local minimum and/or the global
minimum, and so starting position is important. This forms a series of experiments comprising
1024 = 40 simulations of the SGD algorithm, which not only produces visual plots of the paths, but
also statistical metrics for the paths, Table 4. The implementations of the various SGD algorithms

and the corresponding numerous sample SGD paths are based on [145] and are shown in Figure 8.

Figure 8 shows how SGD descends on the various surfaces. We see that SGD easily veers off from
finding the saddle point in Use Case III, because the surface descends infinitly, meaning that there
is no such global minimum. SGD also fails the benchmark test in Cse Case IV, because of the
flatness of the outer regions causing the algorithm to ‘run out’ of steps. That is to say, it stays in
a linear trajectory, taking smaller and smaller steps, which does not adapt enough and terminates

without having explored enough of the LLS.

The next step was to extend the use of just SGD so as to benchmark 10 popular SGD algorithms over
these surfaces. Rather than have 1 algorithm starting at 10 points, we now consider 10 algorithms
starting at 1000 points each. By now focussing less on displaying the surface and more on the

learning rate (over the surface), and the results are shown in Figure 9.
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Figure 9: Benchmark Profile for 10 Popular SGD Algorithms

Using the SGD library from [145], we run the python code over our four use case
surfaces. This generates the effective learning rates of the various algorithms over
the given surfaces. It shows for example, that RMSprop did not perform very well
in relation to the other algorithms, and also that the complex surface (Use case IV)

was too complex for all SGD algorithms.
(a). Use Case I: z = a2 4 y2.

(b). Use Case II: z = 422 + y2.

(c). Use Case III: z = 2 — y2.

(d). Use Case IV: z=3(1—x)2 exp (—mz—(y+1)2) —5(%—&:3—3;5) exp <—m2—y2) —% exp (—(m+1)2—y2).
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Figure 9 shows that as the complexity increases in each subsequent use case, the number of iterations
for the SGD algorithm to converge on the global minimum or nearest local minimum increases
dramatically. It also shows how quick an undergraduate text book example can quickly become
highly complex and non-performant, the detailed statistics of which are shown in Table 4.

Table 4 shows how the SGD algorithms performed against each other over such use case LLSs.
As the complexity grew, even the most robust SGD algorithms could not converge on the global
minimum or even on the next nearest local minimum. The settings show that for each algorithm,
its bespoke set of settings are required to make the algorithm perform at it’s best. This aspect of
model hyperparameter tuning is somewhat of an art, as it is dependent to a large extent on the
LLS itself. The parameters are also sensitive to initial conditions, where if the learning rate 7 is

either too large or too small, the algorithm will not converge within a reasonable time-frame.
Algorithm Performance Rankings

Top Performers (Most Robust):
Momentum and Nesterov: Consistently achieve perfect or near-perfect minima (-100.00) on convex
surfaces (I, II, IV), with very similar statistical profiles AdaDelta: Excellent performance on all

testable surfaces, particularly outstanding on Surface IV (-100.00 minimum).

Moderate Performers:

BGD and SGD: Identical performance profiles, reasonably good on most surfaces but don’t reach
global optima RMSProp: Good performance on Surface IV (-99.93) but weaker on simpler surfaces
I and II.

Underperformers:
AdaGrad: Significantly poor performance across all surfaces (minimum only -6.05 to -27.11) Adam,
Adamax, Nadam: Similar moderate performance, better than AdaGrad but substantially worse

than momentum-based methods.
Surface-Specific Insights

Surface I & II (Simple Convex):
Momentum/Nesterov excel with perfect convergence. Most other algorithms show suboptimal per-
formance. BGD/SGD perform identically as expected.

Surface III (Saddle Point):
All algorithms fail completely (all zeros) - this surface appears to trap all methods at the saddle
point, highlighting a fundamental challenge in non-convex optimization.

Surface IV (Complex Multi-modal):
Shows greatest algorithm differentiation. AdaDelta and RMSProp perform exceptionally well.
Reveals which algorithms can handle complex landscapes.

Key Observations
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Surface. Observation 1: Since

22

Table 4: Benchmark Statistics for 10 Popular SGD Algorithms

SGD descends, the Maximum values are all 0. Observation 2: Since Surface III is

Benchmark statistics drill down deeper into the details of the relationship between
curved downwards, the Minimum is never reached and so is 0.

the surfaces and the SGD algorithms. In column 3, S
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1. Momentum-based methods (Momentum, Nesterov) demonstrate superior robustness and con-
vergence quality.

2. Adaptive learning rate methods show mixed results -AdaDelta excels while AdaGrad consis-
tently underperforms.

3. Surface III exposes a critical limitation -all algorithms fail on saddle point landscapes.

4. Statistical distributions reveal algorithm behavior -momentum methods show high kurtosis,

indicating consistent convergence to optima with occasional outliers.

For practical applications, Momentum or Nesterov variants appear most reliable, while AdaGrad
should be avoided. The complete failure on Surface III suggests the need for saddle-point-aware

optimization strategies.

4 Challenges and Future Directions

The main challenge facing continuous LLS research is the so-called ‘exploitation versus exploration
dilema’. Here, there is a trade off between determining the ideal/optimal solution (i.e. exploitation)

versus ensuring that a sufficiently large search space is examined (i.e. exploration).

The study of loss landscapes and their relationship to optimization algorithms, particularly SGD
algorithms, is an active area of research in machine learning. There are six key topics and recent

findings.

1. Visualizing Loss Landscapes: Researchers have developed techniques to visualize the loss
landscape of trained models. These visualizations help us understand the structure of the
loss function in high-dimensional parameter spaces. The loss landscape provides insights into
the model’s generalizability and robustness. For instance, the shape of the landscape can
predict whether a model will generalize well to unseen data. Visualization methods include
dimensionality reduction techniques that map the parameter space to a two-dimensional
surface. [102] develops visualization techniques for neural network loss landscapes using
dimensionality reduction methods, showing how loss surface geometry affects generalization
and trainability.

2. Local Minima and Generalization: Investigating the presence of local minima in the
loss landscape is crucial. While deep learning models often have many local minima, not
all of them lead to good generalization. Recent work has shown that the width of the
minima at the top of the loss landscape correlates with generalization performance. Wider
minima tend to lead to better generalization. [80] introduces the concept of “flat minima”
in neural networks, showing that wider minima in the loss landscape correlate with better
generalization performance.

3. Optimal Step Size Selection: Good choice in step size (also known as the learning rate)
can have many downstream benefits including Convergence speed, Stability and robustness,

Avoiding plateaus and saddle Points. [23] provides practical techniques for selecting optimal
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step sizes in stochastic gradient descent, covering convergence speed, stability, and methods
to avoid optimization plateaus.

4. Extending SGD: Understanding how SGD explores the loss landscape and converges to
minima is essential. Some variants of SGD, such as Sharpness Aware Minimization (SAM),
leverage local loss information to improve training. SAM smooths the loss landscape and
leads to better test performance. [29] introduces Entropy-SGD, which biases gradient descent
toward wide valleys in the loss landscape, improving generalization by seeking flatter minima
similar to SAM approaches.

5. Batch Size and Loss Landscape: The choice of batch size during training affects the
shape of the loss landscape. Small-batch training results in wider minima at the top of the
landscape, which can lead to more generalizable models. Large-batch training may result
in narrower minima, but it can also make optimization more challenging. [90] demonstrates
that large-batch training leads to sharp minima with poor generalization, while small-batch
training finds flatter minima that generalize better.

6. Self-Adjusting Learning Rates: Research explores self-adjusting learning rates for SGD
variants. Techniques like Decentralized Parallel SGD (DPSGD) adaptively adjust learning
rates based on the loss landscape. DPSGD often converges in cases where traditional SGD
diverges. [96] demonstrates that large-batch training leads to sharp minima with poor gen-
eralization, while small-batch training finds flatter minima that generalize better.

7. Smoothed Landscapes: Some optimization algorithms operate on smoothed versions of the
loss landscape. By designing specific loss landscape smoothing algorithms, researchers aim to
improve optimization and generalization. [31] analyzes the energy landscape of deep networks
and proposes methods for smoothing loss landscapes to improve optimization dynamics and
achieve better generalization.

5 Conclusions

This paper presents the first comprehensive survey of continuous loss landscape surface (LLS) re-
search, systematically analyzing over 300 research papers through a rigorous three-stage filtering
methodology. Our investigation has identified the key research papers that are mathematically
rigorous and sufficiently comprehensive to support future theoretical and applied developments in
high-dimensional optimization. Our analysis reveals several critical themes that have emerged in
the LLS literature: 1. Historical Evolution and Maturation: The chronological analysis (Tables
2-3) demonstrates that LLS research has evolved from mathematical curiosity in the 2000s to a dis-
tinct field with 32+ specialized SGD algorithms by 2024, indicating rapid algorithmic innovation
but also potential fragmentation. 2. Visualization and Understanding: A central research ques-
tion throughout the literature concerns how to effectively visualize and interpret high-dimensional
loss landscapes. Our survey identifies key methodological advances from basic surface plotting to
sophisticated dimensionality reduction techniques. 3. Generalization vs. Optimization Trade-offs:

The literature consistently grapples with the fundamental question of whether optimization ease
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correlates with generalization performance, particularly regarding flat vs. sharp minima. 4. Al-
gorithmic Convergence in Non-convex Settings: Despite theoretical challenges, our survey reveals
that practical SGD variants consistently find good solutions, raising important questions about why
theory and practice diverge.

Resolved Questions: The literature has established that flat minima generally correlate with bet-
ter generalization, and that loss landscape geometry significantly affects optimization dynamics.
Ongoing Debates: Critical unresolved questions include optimal batch size selection, the relation-
ship between landscape smoothness and robustness, and scalability of visualization techniques to
modern deep architectures. Emerging Challenges: Recent work highlights new questions about loss
landscape properties in transformer architectures and the role of overparameterization in landscape

structure.

This survey addresses the fundamental question: “What are the key continuous LLS research papers
that can guide future algorithmic development?” Our filtering methodology has identified a core set
of influential papers while revealing that despite extensive research activity, only a limited number
of truly novel continuous LLS algorithms exist. This finding suggests that the field may benefit
from consolidation rather than further algorithmic proliferation. The taxonomical framework and
chronological analysis provide researchers with a roadmap for understanding how LLS concepts
interconnect across theoretical foundations, visualization techniques, and practical optimization
methods. Our identification of research gaps, particularly in bridging theory-practice divides and
addressing scalability challenges, offers clear directions for future investigation. Research Impact:
This survey enables researchers to avoid redundant work, build upon established theoretical founda-
tions, and focus efforts on the most promising algorithmic directions for advancing high-dimensional

optimization in machine learning applications.
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Appendix 1 - Survey Evaulation & Selection Criteria

Table 5: Survey Evaulation Criteria (SEC)

Index | Criterion Ranking
E1l Abstract and keywords Pass/Fail
E2 Introduction Pass/Fail
E3 Literature review Pass/Fail
E4 Methodology Pass/Fail
E5 Results analysis & discussion Pass/Fail
E6 Conclusion Pass/Fail
E7 Originality Pass/Fail
E8 Format Pass/Fail
E9 Language (English) Pass/Fail
E10 Number of Pages > 5 Pass/Fail
El11l Paper did not reference a key/main algorithm(s) Pass/Fail
E12 Not cited by > 10 research papers after 104 years since published Pass/Fail
E13 Algorithm was relevant to only to a few applications Pass/Fail
E14 Algorithm was hybrid of LLS and others, having minimal LLS details | Pass/Fail
E15 Paper was only a citation reference and can’t be easily located online Pass/Fail
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Table 6: LLS Survey Selection Criteria (SSC)

Index | Criterion Ranking
S1 Mentioned LLS or one of its other alternative names Pass/Fail
S2 Algorithm based Pass/Fail
S3 Did not require convixity or semi-convexity Pass/Fail
S4 Algorithm was hybrid of LLS and others, having minimal LLS details | Pass/Fail
S5 Paper was only a citation reference and can’t be easily located online Pass/Fail

Table 7: SGD Survey Selection Criteria (SSC)

Index | Criterion Ranking
S1 Mentioned LLS or one of its other alternative names Pass/Fail
S2 Algorithm based Pass/Fail
S3 Did not require convixity or semi-convexity Pass/Fail
S4 Algorithm was hybrid of LLS and others, having minimal LLS details | Pass/Fail
S5 Paper was only a citation reference and can’t be easily located online Pass/Fail
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7 Appendix 2 - LLS and SGD Research Comparison

One way to help extrapolate our understanding to such higher dimensions is to take a flat plane
in R® and deform it in a series of steps to help it look more like an actual 3-dimensional LLS, or a

3-dimensional shadow/subset of an n-dimensional LLS, as shown in Figure 10.

Figure 10 was generated by building a custom simulation engine, coded in Javascript, Three.JS
and other mathematics libraries. It helps visualise LLS in higher dimensions by layering various
features in 3 dimensions to increase the complexity. Having introduced LLS, the next step is to

introduce the conventional ways to search and traverse these LLSs.

8 Appendix 3 - Link Analysis of Stochastic Gradient
Descent Research

The following link analysis in Figure 11 shows most of the subsequent research that has emerged
has cited the original SGD algorithm.



(a). (b).
(c)- (d).
Figure 10: Converting Simple Surface to Resemble a LLS

(a). A simple flat plane surface F(x,y) = 1 is introduced.
(b). A sub-function that deforms the plane to have a saddle point is introduced by

adding f(z,y) = 2exp ( - ((z +2)2— (y+ 2)2)/0.2).

(c). A  sub-function that creates high mound is introduced by adding
f(z,y) = 4exp ( — ((:1: +2)2 4+ (y + 2)2)/0.2) , i.e. the global maximum, a sub-
function that creates a deep well near the saddle point is introduced by
adding f(z,y) = —4exp ( — ((w +0.5)2 + (y + 0.5)2>/0.2>, i.e. the global mini-
mum, together with a sub-function that creates two shallower wells by adding
f(z,y) = —2.85exp ( - (@-22+ y2)/0.2) —2.85exp ( ~(@-22+@w- 2)2)/0.2), ie.
local minima.

(d). Finally, a perturbation of random noise is introduced onto the surface, making
it dynamically change over time.
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Figure 11: Link Analysis of SGD Related Research Papers
This link analysis visually shows the impact that the first research paper on SGD
has had on subsequent researchers. The corresponding link analysis was obtained
from the website https://www.connectedpapers.com on the paper [93]. Here we can
see that the main subsequent researcher in SGD that quoted the seminal research
paper [93] is James C. Spall.
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