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Abstract

Uncertainty modeling plays a crucial role in decision-making across diverse domains [1], and numerous
mathematical frameworks have been proposed to capture various aspects of imprecision. These include
Fuzzy Sets [2], Rough Sets [3,{4], Vague Sets [5}/6]], Intuitionistic Fuzzy Sets [7,/8]], Hesitant Fuzzy Sets [9,/10],
Neutrosophic Sets [|11}/12]], and Plithogenic Sets [|13}/14]. Among these developments, Hyperfuzzy Sets [15,/16]
and their recursive generalizations, SuperHyperfuzzy Sets [17], extend the classical notion by assigning set-
valued membership degrees at multiple hierarchical levels.

In this paper, we formally define the concept of (m, n; L)-SuperHyperFuzzy Sets and investigate their rela-
tionships with related structures, including SuperHyperFuzzy Sets, SuperHyperNeutrosophic Sets, and Super-
HyperPlithogenic Sets. An (m, n; L)-SuperHyperFuzzy Set maps nonempty m-level subsets of a base set to
nonempty families of n-level degree-sets valued in a complete commutative residuated lattice L, supporting
t-norm/¢-conorm aggregation.

Keywords: Fuzzy set, HyperFuzzy Set, Neutrosophic Set, Plithogenic Set, HyperNeutrosophic Set, Hyper-
Plithogenic Set
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1 Preliminaries

This section provides an introduction to the foundational concepts and definitions required for the discussions
in this paper. In addition, all concepts addressed herein are assumed to be finite rather than infinite.

1.1 Fuzzy and Hyperfuzzy Sets

A fuzzy set assigns to each element a membership degree in the interval [0, 1], thereby capturing uncertainty
through graded, rather than binary, membership [2}/18}/19]. Fuzzy sets have been applied across many domains,
and a variety of extensions—such as Bipolar Fuzzy Sets [20-22] and Picture Fuzzy Sets [2326]— have been
proposed to handle richer kinds of ambiguity.

A hyperfuzzy set further generalizes this framework by assigning each element a nonempty subset of [0, 1]
[150[27H33], thus representing multiple plausible membership values to model imprecision, variability, and
evaluator disagreement. This concept is extended even further by superhyperfuzzy sets [[17.[27,34-H36[], which
employ iterated nonempty power sets to encode hierarchical, multi-level fuzzy uncertainty.

Definition 1.1 (Base Set). [37,38]] A base set S is the foundational set from which complex structures such as
powersets and hyperstructures are derived. It is formally defined as:

S = {x | x is an element within a specified domain}.
All elements in constructs like P (S) or P, (S) originate from the elements of S.
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Definition 1.2 (Power set). (cf. [39,40]) The powerset of a set S, denoted P (S), is the collection of all possible
subsets of S, including both the empty set and S itself. Formally, it is expressed as:

PS)={A|AcCS}.
Definition 1.3 (Iterated powerset and its nonempty variant). [41-45]] For a set S and an integer k > 0, define
PUS) =S,  PHUS) = P(PR(S)).
Write the nonempty iterate as P (S) := P*(S) \ {@}. We use Ny := {0,1,2,...}.

Definition 1.4 (Fuzzy Set). [246] A Fuzzy set T in a non-empty universe Y is a mapping 7 : ¥ — [0,1]. A
fuzzy relation on'Y is a fuzzy subset 6 in Y X Y. If 7 is a fuzzy setin Y and ¢ is a fuzzy relation on Y, then ¢ is
called a fuzzy relation on 1 if

5(y,z) <min{r(y),7(z)} forally,zeY.

Definition 1.5 (Hyperfuzzy Set). [15,[16}/33,/47,48] Let X be a non-empty universe. A hyperfuzzy set A on X
is defined by a mapping
fi: X — P([0,1]),

where P([0, 1]) denotes the collection of all non-empty subsets of the interval [0, 1].
For each element x € X, ji(x) C [0, 1] represents the set of possible membership degrees of x in the set A.

This formulation allows for representing uncertainty or variability in the degree of membership, extending the
classical fuzzy set (which assigns a single real number in [0, 1]) to a set-valued interpretation.

Example 1.6 (Hyperfuzzy Set: online fraud risk from multiple detectors). Let X = {tx;, txo, tx3} be card
transactions. A hyperfuzzy set A on X maps each transaction to the set of plausible fraud-membership degrees
returned by independent detectors (rule-based, ML model, device fingerprinting):

(tx)) = {0.18, 0.24, 0.27}, fi(txo) = {0.58, 0.61}, fi(tx3) = {0.09}.

These set-valued degrees encode disagreement/variability across detectors. Operational summaries (explicit
numerics):

inf G(tx;) = 0.18, sup fi(tx;) = 0.27; inf G(txy) = 0.58, sup fi(txp) = 0.61;
inf G (tx3) = sup g(txs) = 0.09.

A conservative screening policy may flag tx, (since sup = 0.61 is high), monitor tx; (sup = 0.27 moderate),
and allow tx3 (0.09 low). This use case illustrates how hyperfuzzy sets represent multi-source uncertainty via
sets of degrees in [0, 1].

An (m, n)-superhyperfuzzy set maps each m-level subset to a family of n-level membership sets, modeling
hierarchical recursive uncertainty and complexity [49].

Definition 1.7 (m, n-SuperHyperFuzzy Set). (cf. [[17,/36,/49,50]) Let X be a nonempty set and let m,n € Ny.
Define the nonempty k-th powerset of a set Y by

PoY) =Y, PY)=P(Pi_,(N)\{0}, k=>1.

In particular, P}, (X) is the family of all nonempty elements of the m-th iterated powerset of X, and #;; ([0, 1])
is defined analogously. Then an (m, n)-SuperHyperFuzzy Set on X is a function

fmn : Pa(X) — PA([0,1]), A > fima(A),

where P ([0,1]) denotes the collection of all nonempty subsets of #,([0,1]). Thus each A € P (X)
is assigned a nonempty family of membership-degree sets (i, n(A) C Pn([0,1]), capturing hierarchical
uncertainty across both the m- and n-levels.



Example 1.8 ((m, n)-SuperHyperfuzzy Set: regional air-quality escalation (two-level nesting)). Let X =
{N, C, S} denote North, Central, South districts of a city. Choose m = 2 and n = 2. Consider the m-level

subset (a grouped alert candidate)
A={{N.C}, {§} } e P3(X).

Define an (m, n)-SuperHyperfuzzy assignment /> > : P;(X) — 752*([0, 1]) by

fiz2(A) = {51, S2} € P([0,1]),

where each S; is a set of inner sets of degrees produced by distinct models/sensors:
S| = {Uu = {0.66, 0.72, 0.68}, U» = {0.74}} (models for the bundle {N, C}),
S2 = {Va1 = {055, 0.83), Vao = {061}, Va3 = {0.77, 0.69}| ~ (models for the bundle {S}).

To obtain a single crisp alert score from this hierarchy, fix the canonical base kernel Bg (7T') := max T (inner-set
summarization by maximum) and use outer aggregation by @ = max. Compute levelwise (all steps shown):

Inner (k=1): Bg(U;1) = max{0.66,0.72,0.68} = 0.72, Bg(Ujz) = max{0.74} = 0.74;
Bg(V21) = max{0.55,0.83} = 0.83, Bg(V2) = max{0.61} = 0.61, Bg(Vp3) = max{0.77,0.69} = 0.77.
One level up (k=2):  Aggl; (S1) = max{0.72,0.74} = 0.74,
Aggly) ($2) = max{0.83,0.61,0.77} = 0.83.
Flatten family (n=2): u*52(A) = max{0.74, 0.83} = 0.83.

Interpretation. The (2,2) superhyperfuzzy structure preserves model-level uncertainty inside each district
bundle (S; for {N,C}, S, for {S}) and then escalates by worst-case (max). The final crisp alert score 0.83
justifies issuing a citywide advisory.

1.2 Neutrosophic Set

Neutrosophic Sets generalize Fuzzy Sets by introducing an additional component: indeterminacy, alongside
truth and falsity [[12,)51H55]. A hyperneutrosophic set assigns each element a nonempty set of neutrosophic
triplets, modeling multiple truth, indeterminacy, falsity evaluations across methods [56-59].

Definition 1.9 (Neutrosophic Set). [60,|61]] Let X be a non-empty set. A Neutrosophic Set (NS) A on X is
characterized by three membership functions:

To:X—>[0,1], In:X—>][0,1], Fa:X—[0,1],

where for each x € X, the values T4 (x), I4(x), and F4(x) represent the degrees of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0<Ta(x)+ Ia(x) + Fa(x) < 3.

Definition 1.10 (HyperNeutrosophic Set). (cf. [17,/36,/56])) Let X be a non-empty set. A HyperNeutrosophic
Set (HNS) A on X is a mapping:
X = P([0.1]%),

where P ([0, 1]3) is the family of all non-empty subsets of the unit cube [0, 1]3. Foreach x € X, i(x) € [0,1]°
is a set of neutrosophic membership triplets (7', I, F) that satisfy:
0<T+I1+F<3.

Example 1.11 (HyperNeutrosophic Set: multi-source medical diagnosis). Let X = {p1, p2, p3} be patients
screened for community-acquired pneumonia. For each patient x € X, we collect neutrosophic triplets (7, I, F')
from independent sources (rapid antigen test, chest X-ray, clinician examination). Define the HyperNeutro-
sophic mapping /i : X — P ([0, 1]3) by

fi(p1) = {(0.82, 0.10, 0.06), (0.75, 0.20, 0.05)},

a(p2) = {(0.40, 0.45, 0.15), (0.55, 0.30, 0.12)},

f(p3) = {(0.20, 0.30, 0.50)}.



Each triplet satisfies0 < T+ I + F < 3 (indeed, here T + [ + F < 1):

p1:0.82+0.10+0.06 =0.98, 0.75+ 0.20 + 0.05 = 1.00;
p2:040+0.45+4+0.15=1.00, 0.55+0.30+0.12 =0.97;
p3 :0.20 +0.30 + 0.50 = 1.00.

Interpretation. For pj, strong supporting evidence (T high) with low indeterminacy (), from two modalities;
P2 shows disagreement across sources (higher I), while p3 has predominant falsity evidence.

A (m, n)-superhyperneutrosophic set maps each m-level subset to hierarchical nested families of truth, inde-
terminacy, and falsity triplets across n levels [49].

Definition 1.12 ((m, n)-SuperHyperNeutrosophic Set). Let X be a nonempty set and m,n € Ny. Define
recursively the nonempty k-th powerset of a set Y by

PyY) =Y, PrY)=P(P_, (V) \ {0}, k=>1.

Let P (X) be the family of all nonempty elements of the m-th iterated powerset of X, and let P} ([0, 1]°) be
defined analogously on the unit cube. An (m, n)—superhyperneutrosophic set on X is a mapping

Vm,np:n(X) B @Z([0,1]3), A Vm,n(A)7

where ﬁ;([O, 1]%) denotes the collection of all nonempty subsets of P, ([0, 1]). Thus each A € P}, (X) is
assigned a nonempty family of n-level neutrosophic-membership sets ¥,,.,(A) € P, ([0, 1]3).

Example 1.13 ((m, n)-SuperHyperNeutrosophic Set: city-level air-quality alert with nested regions). Let
X = {N,C, S} denote North, Central, South city districts. Choose m = 2 and n = 2. Consider the m-level
subset

A={{N,C}, {5} } € P5(X).

We assign to A a nonempty family of n-level sets of neutrosophic triplets ¥, 2(A) € 75;( [0,1]%) as follows:

2,.2(A) = { S . S> }
—— ——
(models for {N,C}) (models for {S})

with
S| = {U” = {(0.68,0.22,0.10), (0.72,0.18,0.08)}, U2 = {(0.60, 0.25,0.15)}},

S5 = {VZI = {(0.35,0.50,0.15), (0.40,0.45, 0.12)}}.
Verification of the neutrosophic constraint 0 <7 + I + F < 3 for all atoms:

0.68+0.22+0.10=1.00, 0.72+0.18+0.08 =0.98, 0.60+0.25+0.15 =1.00,
0.35+0.50+0.15=1.00, 0.40+0.45+0.12 =0.97.

Interpretation. The outer family {S, S>} aggregates region bundles ({N,C} vs. {S}). Inside each S;, inner
sets U1, V21 collect model-specific triplet estimates (e.g., chemical transport model vs. satellite retrieval). This
realizes a concrete (m,n) = (2,2) superhyperneutrosophic assignment with two nesting levels that preserve
multi-source uncertainty across grouped districts.

1.3 Plithogenic Set

A Plithogenic Set is a mathematical framework that incorporates multi-valued degrees of appurtenance and con-
tradictions, making it suitable for complex decision-making processes. Various studies have been conducted on
Plithogenic Sets [14,/62H65]. A hyperplithogenic set assigns each element hyper-valued attribute-value combi-
nations to set-valued membership degrees, capturing inter-attribute contradictions and hierarchical uncertainty
structures [49,66-H68|]. The definition is presented below.



Definition 1.14 (Plithogenic Set). [[69}/70] Let S be a universal set, and P C S. A Plithogenic Set PS is defined
as:

PS = (P,v, Pv, pdf,pCF)

where:

¢ v is an attribute.

¢ Pv is the range of possible values for the attribute v.

pdf : P x Pv — [0, 1]° is the Degree of Appurtenance Function (DAF)[]_-]

e pCF : Pv X Pv — [0, 1]" is the Degree of Contradiction Function (DCF).
These functions satisfy the following axioms for all a, b € Pv:

1. Reflexivity of Contradiction Function:
pCF(a,a) =0

2. Symmetry of Contradiction Function:
pCF(a,b) = pCF(b,a)

Definition 1.15 (HyperPlithogenic Set). (cf. [17,{72}/73]) Let X be a non-empty set, and let A be a set of
attributes. For each attribute v € A, let Pv be the set of possible values of v. A HyperPlithogenic Set HPS
over X is defined as:

HPS = (P’ {Vi}:'l:P {Pvi :'1:]» {pdfl};l:lvpCF)

where:

e P C X is a subset of the universe.
* For each attribute v;, Pv; is the set of possible values.

* For each attribute v;, pdf; : P x Pv; — P([0,1]%) is the Hyper Degree of Appurtenance Function
(HDAF), assigning to each element x € P and attribute value a; € Pv; a set of membership degrees.

« pCF : (UL, Pvi) x (U~ Pv;) — [0,1]" is the Degree of Contradiction Function (DCF).

Example 1.16 (HyperPlithogenic Set: laptop suitability with attribute—value contradictions). Let X = {L;, L, L3}
be laptops to evaluate for a data-science suitability concept. Consider two attributes A = {GPU, Weight} with
value domains

Pgpy = {none, mid, high}, Pweight = {light, medium, heavy}.

Define the Hyper Degree of Appurtenance functions (HDAFs) pdfgpy : X X Pgpu — P([0, 1]) and pdf Weight *
X X Pweight — P([0,1]) by (nonempty sets of degrees):

pdfpu(Li,high) = {0.82,0.88}, pdfgpy(Li, mid) = {0.60}, pdfgpy(L1,none) = {0.15},

PAf weign (L1, light) = {0.70,0.74}, pdfeign (L1, medium) = {0.50}, pdfweign (L1, heavy) = {0.10};
pdf py(La, high) = {0.65}, pdfgpy(L2, mid) = {0.48}, pdfgpy(La, none) = {0.10},

PAf weight (L2, light) = {0.60}, pdfiyeign (L2, medium) = {0.55}, pdfweign (L2, heavy) = {0.20};
pdfgpy(Ls, high) = {0.40}, pdfgpy (L3, mid) = {0.70}, pdfgpy (L3, none) = {0.25},

PAf weigni (L3, light) = {0.85}, pdfyyeign (L3, medium) = {0.45}, pdfyyeign (L3, heavy) = {0.10}.

't is important to note that the definition of the Degree of Appurtenance Function varies across different papers. Some studies define
this concept using the power set, while others simplify it by avoiding the use of the power set [71]. The author has consistently defined the
Classical Plithogenic Set without employing the power set.




Let the Degree of Contradiction Function pCF (symmetric, reflexive) encode practical trade-offs:
pCF(high,light) = 0.70, pCF (high, medium) = 0.40, pCF (high,heavy) = 0.10,
pCF(mid, light) = 0.30, and pCF(a,a) = 0 for all values a.

Choose the dominant preference pair (GPU = high, Weight = light). For a concise scalar decision, use the
plithogenic mixer

Mix, (@, B) := max((l — 1) min{a, B}, 4 max{a,[g’}), A:=pCF(v,w),

with @ from the chosen value of the first attribute and 8 from the chosen value of the second. Take the
representative degrees by inner maxima (since HDAFs are set-valued):

Ly : a =max{0.82,0.88} =0.88, B =max{0.70,0.74} =0.74,
A = pCF(high, light) = 0.70, min{0.88,0.74} = 0.74, max{0.88,0.74} = 0.88,
Mix = max{(1 —0.70) - 0.74, 0.70 - 0.88} = max{0.222, 0.616} = 0.616;
Ly : a=0.65 8=0.60, 4 =0.70, min = 0.60, max = 0.65,
Mix = max{0.3 - 0.60, 0.7 - 0.65} = max{0.18,0.455} = 0.455;
L3 : a =0.70 (mid), B8 = 0.85, 1 = pCF(mid, light) = 0.30,
min = 0.70, max = 0.85, Mix = max{0.7 - 0.70, 0.3 - 0.85} = max{0.49,0.255} = 0.49.

Conclusion. Under this HyperPlithogenic model, L; (0.616) > L3 (0.49) > L; (0.455), reflecting both suitability
degrees and attribute-value contradictions.

An (m, n)-SuperHyperPlithogenic Set assigns hierarchical attribute-value subsets and multi-level membership
plus contradiction degrees for complex decision modeling [49].

Definition 1.17 ((m, n)-SuperHyperPlithogenic Set). Let X be a nonempty universe, V = {v(,...,v,} a finite
attribute set, and for each v; let P,, be its value domain. Fix m,n € Ny and positive integers s, ¢. Define the
nonempty k-th powerset #; (Y) recursively by

Po(Y) =Y, PY)=P(P_(¥)\{0}.
Then an (m, n)-SuperHyperPlithogenic Set is a structure

SHPSp = (Pums Vo AP YL Apdf ™Y, pCF ™),

=1 i=1"

where:

* Py C X, and for k > 2, Py = P (Pr-1). Inparticular P,,, C P, (X).

* Each pdf Em’") : Py X Py, — P[0, 1]%) is the superhyper-degree of appurtenance, assigning to each
(A, a) a nonempty family of n-level membership-vectors in [0, 1]°.

» The superhyper-degree of contradiction
pCF (| JPy) x (L Pv) — #rci0.11)

satisfies for all a, b:
pCF™ (g a) = {0},  pCF"™™ (a,b) = pCF"™™ (b, a).

Example 1.18 ((m, n)-SuperHyperPlithogenic Set: district air-quality decision with nested groups). Let
X = {N, C, S} be North, Central, South districts. Set m = 2, n = 2. Take two attributes V = {PM, O3} with
value domains Ppy = {low, moderate, high} and Po, = {normal, elevated}. We evaluate group

A={{N,C}, {8} } € P;(X).



Degrees live in [0, 1]? (health-risk, policy-urgency), s = 2. Provide superhyper HDAFs as families of inner
sets (models/sensors), then aggregate levelwise by componentwise max (base kernel on inner sets) and outer
componentwise max across families.

PM attribute (value “high”):
S| = { Ui = {(0.72,0.65), (0.75,0.70)}, Up = {(0.68,0.60)} } for {N,C},
Sy = { Vay = {(0.55,0.50), (0.80,0.78)}, Vi = {(0.60,0.55)}} for {S}.
Inner aggregation (componentwise max):

B(Uy1) = max{(0.72,0.65), (0.75,0.70)} = (0.75,0.70), B(U1») = (0.68,0.60),
B(V21) = max{(0.55,0.50), (0.80,0.78)} = (0.80,0.78), B(V») = (0.60,0.55).

One level up (k = 2):
Agg? (8)) = max{(0.75,0.70), (0.68,0.60)} = (0.75,0.70),

Agg? (S,) = max{(0.80,0.78), (0.60,0.55)} = (0.80,0.78).
Flatten PM across {S1, S>}:

apm = max{(0.75,0.70), (0.80,0.78)} = (0.80,0.78).

O3 attribute (value “elevated”):
le{(0.40,0.45), (0.52,0.55)} for {N, C}, sz{(o.ss,o.@)} for {S}.
Aggregation:
Agg® (W)) = max{(0.40,0.45), (0.52,0.55)} = (0.52,0.55), Agg® (W,) = (0.58,0.62).

Flatten O3:
Bo, = max{(0.52,0.55), (0.58,0.62)} = (0.58,0.62).

Contradiction across attribute values (symmetric, reflexive) captures co-occurrence tension:

pCF?? (high PM, elevated O3) = 0.60, pCF?? (a,a) = {0}.

Componentwise plithogenic mixing (with A = 0.60 and inner t-norm/t-conorm as min/max applied compo-
nentwise):

Mix(apwm, Bo,) = rnax((l - A) min{apm, Bo,}, 4 max{aPM’ﬁO3})-
Compute min and max componentwise:
min = (min{0.80, 0.58}, min{0.78,0.62}) = (0.58,0.62), max = (0.80,0.78).
Thus
(1 —4) min = 0.40 - (0.58,0.62) = (0.232,0.248), A max = 0.60 - (0.80,0.78) = (0.480, 0.468),

and finally
Mix = (max{0.232,0.480}, max{0.248, 0.468}) = (0.480, 0.468).

Interpretation. The (m,n) = (2,2) SuperHyperPlithogenic construction preserves nested (region, model)
information per attribute, then fuses attributes under an explicit contradiction penalty. The resulting (health-
risk, policy-urgency) vector (0.480, 0.468) supports issuing an advisory if thresholds (e.g. > 0.45) are met.



2 The (m, n; L)-SuperHyperFuzzy Set: Full Specification and Plithogenic Recovery

An (m,n; L)-SuperHyperFuzzy set maps nonempty m-level subsets of a base set to nonempty families of
n-level degree-sets valued in a CCR-lattice L, supporting t-norm/t-conorm aggregation.

Definition 2.1 (Degree algebra (CCR-lattice)). A complete commutative residuated lattice (CCR—lattice) is a
quadruple (L, ®, ®, <) where:

* (L, <) is a complete lattice;
e ®: L X L — Lisacommutative, associative, monotone t—norm with unit 1;
e & : L x L — Lisacommutative, associative, monotone t—conorm with unit O;

* ® and & distribute over arbitrary joins/meets in the sense required by residuation.

Typical choices include ([0, 1], min, max) or ([0, 1], -, a+b—ab).

Definition 2.2 ((m, n; L)-SuperHyperFuzzy Set). Let X be a nonempty base set, m,n € Ny with n > m, and
(L, ®,®, <) a CCR-lattice. An (m, n; L)-SuperHyperFuzzy set on X is a map

Hman = P(X) — B, (L),

where P, (L) is the collection of all nonempty subsets of " (L). For A € £,/ (X), the value i, ,(A) € P"(L)
is a nonempty family of n—level degree—sets whose atoms lie in L.

Example 2.3 (Hospital triage portfolios). Let X = {p|, p», p3} be patients. Take m = 1, n =2, L = [0, 1],
@ = max, and use the canonical base kernel Bg (S) = EBaes a = max S. For the batch A = {p1, p»} € P (X),
define

fia(A) = 181 = ({0.7,061,{075)),  $2 = ({0.5},{0.65,0.551}} € #2(10,1]).

Level-1 aggregation (inner sets to scalars):
Agggeﬁ)(Sl) = max{max{0.7,0.6}, max{0.75}} = max{0.7,0.75} = 0.75,
Aggyy) ($2) = max{max{0.5}, max{0.65,0.55}} = max{0.5,0.65} = 0.65.
Flattening at level n = 2:
u*Be(A) = crisps® (f12(A)) = max{0.75, 0.65} = 0.75.
Thus the (1, 2; [0, 1])-SuperHyperFuzzy assignment rates the batch A at 0.75 after hierarchical flattening.

Example 2.4 (Supply—chain multi-criteria group). Let X = {sy, 52, 53, 54} (suppliers). Take m = 2, n = 2,
L = [0, 1]? with componentwise order, ® = max and ® = min applied componentwise, and Bg, componentwise.
Consider A = {{s1, 52}, {s3}} € P*(X) and

.2(4) = {$1 = {{(0.7,0.6,0.8), (0.6,05,0.9)},{(08,0.7,0.D}}, Sz = {{(05,0.9,0.6)}}.

Level-1 aggregation (componentwise):

U = max((0.7,0.6,0.8), (0.6,0.5,0.9)) = (0.7,0.6,0.9),
U, = (0.8,0.7,0.7),

Aggly) ($1) = max (U, Uz) = max((0.7,0.6,0.9), (0.8,0.7,0.7)) = (0.8,0.7,0.9),
Aggy) ($2) = (0.5,0.9,0.6).
Flattening at level n = 2 (componentwise):
u# P2 (A) = max((0.8,0.7,0.9), (0.5,0.9,0.6)) = (0.8,0.9,0.9).

Hence the crisp image yields a tri-criterion summary (0.8, 0.9, 0.9) for group A.



Example 2.5 (Cybersecurity alert clustering). Let X be alerts; take m = 1, n = 2, L = [0, 1], ® = - (product
t—norm), ®(a, b) = a + b — ab (probabilistic sum), and Bg(S) the iterative & over S. For A = {cluster;} €
PL(X), let

f2(A) = {Sl = {{0.4,0.5),{0.6}}, S = {{0.3}, {0.25,0.35}}}.

Inner aggregation (k = 1; compute carefully):

Aggy) (S1) = (04®0.5) ® 0.6=(0.4+05-0.4:0.5 ©0.6=0.7+0.6-0.7-0.6

=0.9-0.2=0.7
=1.3-0.42=0.88,

Aggy)(82) =03 @ (0.25©0.35) =0.3 & (0.25+0.35-0.25-0.35)

=0.6-0.0875=0.5125

=0.3+0.5125-0.3-0.5125 = 0.8125 — 0.15375 = 0.65875.
N ——

=0.3x0.5125

Flattening at level n = 2:

yﬁ’B“)(A) =0.88 @ 0.65875 = 0.88 + 0.65875 — 0.88 - 0.65875.

88
The product term is 0.88 x 0.65875 = Too % 0.65875 = 0.5797, hence

p#Be (A) = 1.53875 — 0.5797 = 0.95905.

Thus the hierarchical risk for cluster A flattens to 0.95905 under the probabilistic-sum semantics.

Example 2.6 (Hiring committee (two-criterion)). Let X = {cand;,cand;,cand3}. Take m = 1, n = 2,
L = [0, 1]?> with componentwise @& = max. For the short-list A = {cand, cand,}, define

Hi2(A) = {Sl ={(0.7,0.6), (0.65,0.8) }, {(0.8,0.55)}; S2=1{(0.6,0.9) }}.
Inner aggregation (k = 1; componentwise):

Age)) (S1) = max(max{(0.7,0.6). (0.65,0.8)}, (0.8,0.55))
= max((0.7,0.8), (0.8,0.55)) = (0.8,0.8),
Agg (52) = (0.6,0.9).

Flattening at level n = 2:
p*Be (A) = max((0.8,0.8), (0.6,0.9)) = (0.8,0.9).
Hence the crisp summary for the short-list is (skill = 0.8, fit = 0.9).

Definition 2.7 (Parametric levelwise aggregation and flattening). Let B : £.(L) — L be a base kernel on
nonempty subsets of L satisfying:

1. B({a}) = a for all a € L (normalization),

2. SCT = B(S) < B(T) (monotonicity).
Define recursively, for k > 0, the B—level aggregator Aggg{) 1 P¥(L) — Lby
Agey'(@):=a (acl),  Aggy(S):=B(S) (S#02)

Aggy ™ (8) = @Aggg‘) (T) (k=1).
TeS



For a nonempty family ¥ C P (L), define the flattening (crisp) operator

crispZ (F) := @Aggg’)(S) elL.
Sef

Given [,y , its n—level crisp image (via B) is
p*B(A) = crispB(fn.n(A)) € L (A eP™(X)).
A canonical choice is B¢ (S) := €P .5 @, which recovers the standard fuzzy flattening.

Example 2.8 (Urban air—quality alert escalation with a thresholded base kernel). Let L = [0, 1] with & = max.
Consider two nested evidence groups for a citywide alert:

F={S, S2} € PXL),

where S, > collect station—level summaries (each inner set is a bundle of sensor scores). Define the parametric
base kernel B, : P.(L) — L by

max{ae€T:a>¢c}, if{aceT: aze}+a,
B.(T) =

max 7, otherwise,

which satisfies Bo({a}) = aand S € T = B.(S) < B.(T). Take € = 0.70 (ignore weak/low—confidence
signals unless no strong signal exists). Let

S = {{0.66,0.72,0.68}, {0.74} }, S> = {{0.55,0.83}, {0.61}, {0.77,0.69} }.

Levelwise aggregation with Agggk: (Definition :

1) Inner level (k = 1): apply B to each inner set T'.

B.({0.66,0.72,0.68}) = max{0.72} = 0.72,
B:.({0.74}) = 0.74,
B:({0.55,0.83}) = max{0.83} = 0.83,
B:({0.61}) = max{0.61} = 0.61 (no element > 0.70),
B-({0.77,0.69}) = max{0.77} = 0.77.

2) One level up (k = 2): Agggs) (S) = @TES B (T) = maxyes Bo(T).

Agel})(81) = max{0.72,0.74} = 0.74,  Agg}; (S2) = max{0.83,0.61,0.77} = 0.83.

Flattening (crisp) of the family ¥ at level n = 2:

crispy* (F) = € Aggl;) (S) = max{0.74, 0.83} = 0.83.
SeF

Interpretation. The parameter £ = 0.70 enforces robustness by privileging strong signals at the inner level;
outer levels aggregate by worst—case (max). The final crisp value 0.83 triggers a citywide alert. This same B
can be plugged into an (m, n; L)-SuperHyperFuzzy assignment via u#8¢(A) = crispBe (Fm,n(A)).

Theorem 2.9 (Monotonicity and bounds). Let B satisfy Definition[2.7) For any nonempty ¥ C P"(L),
\/GinfT | TeS, SeF} < crispf(F) < \/{supT |TeS, SeF}.
In particular, for B = Bg and L = [0, 1] with & = max, crispfﬂ?) = max{Aggg;)(S) :SeFl
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Proof. By induction on k for Aggg{). The step k — k+1 uses the monotonicity of & and completeness of

(L, <). The outer 5 preserves both the lower and upper bounds. O

Definition 2.10 (Union and lifted t-norm product). Let ﬁ;‘;w, ﬁfm : PM(X) — PBi(L). For C € P"(X)
define

(@4 UEE )(C) = fh . (C) U B ().

To combine degree—sets multiplicatively, lift ® levelwise by
®9(a,b) :=a®b, k(s Ty ={ue®PV |Ues, VeT},

and set
(g n B )(C) = {S&"T | Se i, (C), Temh (O}

Example 2.11 (Cybersecurity fusion: union vs. lifted t-norm product on an asset group). Let X be enterprise
assets and fix an asset group C = {srvl,srv2} € P} (X). We take (m,n; L) = (1,2; [0, 1]) with & = max,
® = min, and the canonical base kernel Bg (S) = max S. Consider two independent assignments at C:

(0 = {San = ({0.6,0.81,{0.7}), Sx2 = ({05,091},

i8,(C) = {SBI — {{0.65), {0.75,0.55}}}.

Union (evidence pooling).
(1714,2 U7 5)(C) ={Sa1.Sa2.Sp1 }-
Crisp evaluation (Definition 2.7 with Bg):

Aggge: (Sa1) = max{max{0.6,0.8}, max{0.7}} = max{0.8,0.7} = 0.8,
Aggly) (S42) = max{0.5,0.9} = 0.9,

Aggly) (Sp1) = max{max{0.65}, max{0.75,0.55}} = max{0.65,0.75} = 0.75,
crisps® (y, U fif,) (C) = max{0.8,0.9,0.75} = 0.9.

Lifted t—norm product (conjunctive fusion). For n = 2, the lifted product uses ® ? (S,7) = {U®D V : U €
S, VeT} with @ (U,V) = {min(u,v) : u € U, v € V}. Compute all pairings between S4; (whose
elements are Uy = {0.6,0.8}, U, = {0.7}) and Sg; (elements V| = {0.65}, V> = {0.75,0.55}):
Uy Y v, = {min(0.6,0.65), min(0.8,0.65)} = {0.6,0.65},
U, 'V v, = {min(0.6,0.75), min(0.6, 0.55), min(0.8, 0.75), min(0.8, 0.55)}
= {0.6,0.55,0.75,0.55} = {0.55,0.6,0.75},
U, D vy = {min(0.7,0.65)} = {0.65},
U, ® M v, = {min(0.7,0.75), min(0.7,0.55)} = {0.7,0.55}.
Hence
(a7, M ap,)(C) = {{0.6,0.65}, {0.55,0.6,0.75}, {0.65}, {0.7,0.55} }.
Crisp evaluation:
Aggly) ({0.6,0.65}) = 0.65, Aggly’({0.55.0.6,0.75}) = 0.75,
Aggly) ({0.65}) =0.65, Aggy’({0.7,0.55}) = 0.7,
crispe® (7, M it,) (C) = max{0.65,0.75,0.65,0.7} = 0.75.

Interpretation. The union corresponds to permissive pooling of evidence, yielding a higher final score (0.9).
The lifted t-norm product enforces conjunctive agreement across sources, thus lowering the score to 0.75.
Both are obtained within the same (1, 2; [0, 1])-SuperHyperFuzzy framework by switching from LI to M.
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Theorem 2.12 (Crisp algebraic laws). Let B = Bg and assume ® distributes over arbitrary &—joins in L. Then
forevery C € P (X),

WhBs(0) = WP () @ W), W) = 1hPe(0) @ uhPe(0),

Proof. For L: crisp2®(F U G) = PBsecruc Agg(") () = (Bger Agg(")(S)) & (Bses Agg(")(S)). For 1,
prove Agg%; Sk T) = Agg(k) S)® Aggg @) (T) by induction on k, using the distributivity of ® over joins;
then distribute the outer €p. m

Definition 2.13 (Pushforward). Let f : X — Y and let R,”*(f) : P (X) — P (Y) be the induced map. The
pushforward of [y, , : P (X) — B (L) is
(fitm)(B) = ) fma(A),  BeR™().
Ac(pmy)” ()

Theorem 2.14 (Functoriality). ids = id and (go f)# = gs#o fu. Hence (m,n; L)-SuperHyperFuzzy assignments
are functorial with respect to base—set maps.

Proof. Since £ (id) = idand P (go f) = P (g) o P.”* (f), the defining unions commute with composition.
O

Theorem 2.15 (Classical recoveries). Within Definition[2.2]and Definition[2.7}

1. IfL = [0,1] and B = Bg, then (m, n; L)-SuperHyperFuzzy recovers the classical (m, n)—-SuperHyperFuzzy
assignment (single n—level set is recovered by choosing singleton families in B;,(L)).

2. If L = [0,1]3 with componentwise operations, the construction yields a SuperHyperNeutrosophic
assignment.

Proof. In (1), take i, ,(A) to be a singleton family {S}; then ubt-Be (A) = Agg(")(S) is the usual n-level
max—flattening. In (2), use product lattice [0, 1] with componentwise ®, ®; all recursions are componentwise.
O

Definition 2.16 (Plithogenic data and mixing). Let A be a nonempty set of attribute values, D := [0, 1]°
degree space (s > 1), and ¢ : A X A — [0, 1] a symmetric degree of contradiction (DCF). Fix a monotone
w:[0,1] = [0,1]. For @, B € D and v,w € A, define the plithogenic mixer

Mixv,w(a'ug) = (1 - Av,w) (a' ®ﬁ) ® /lv,w (a' @ﬁ), /lv,w = “J(C(V’ W)),
where ®, ® act componentwise on D.

Definition 2.17 (Plithogenic base kernel). Let Ly := A X D and fix a dominant attribute a,. € A together with
a reference degree a, € D. For a nonempty finite S C L, define

[()ﬁ;‘hd*)(S) EB Mix, 4, (@, %) € D.
(v,a)eS

This produces a degree in D; when used as a base kernel in Deﬁnition we interpret B;;liﬁ; @) . p (Lp) — D
and take the outer lattice to be D with its CCR-structure.

Theorem 2.18 (Recovery of (m, n)-SuperHyperPlithogenic). Suppose that for each A € P (X) the family
Hm,n(A) € P (Lp) collects, at level n = 1, the attribute—tagged degrees {(v,a,(A)) : v € V(A)} € Ly for
some finite V(A) C A, and at higher levels n > 1 nests such sets finitely. Fix a dominant attribute ax € A and

its reference degree ay(A) € D. Then the Béﬁt*h o (A))—crisp image satisfies
ph B (A) = (5 Mix, q,(a,(A), ax(4)),
veV(A)

which is exactly the standard plithogenic aggregation of the attribute—wise degrees around the dominant
attribute a, with DCF ¢ and mixer weight w o c.
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Proof. By Definition at level n = 1 the value is the @—sum of Mix, 4, (@, ax) over (v,a,) in S. For
n > 1, Definition aggregates outer levels by @, so the same closed form is obtained after collapsing each
inner set via Bypjig,. O

3 Conclusion

In this paper, we have examined the concepts of (m, n; L)-SuperHyperFuzzy Sets. This framework is ca-
pable of recovering various other set-theoretic models, such as Neutrosophic Sets and Plithogenic Sets. In
future work, we plan to explore possible extensions of (m,n; L)-SuperHyperFuzzy Sets to areas including
Graphs [7476], HyperGraphs [77H80]], SuperHyperGraphs [81-83]], SuperHyperfunctions [84}85]], and Su-
perHyperalgebras [45,86]. Furthermore, we hope to see applications developed for Fuzzy Algorithms [[87}88]],

Fuzzy Control [89,90|], Fuzzy Clustering [91,92]], and Fuzzy Neural Networks [93}/94], along with computa-
tional experiments using well-known datasets and evaluations of their effectiveness.
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