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## Abstract

We present a quantitative analysis of the directional anisotropy energy $E/A*$ for the n-carbide-type
oxide superconductor Zr4Pd20. Using anisotropy constants derived from elemental contributions
and spin-orbit coupling considerations, we calculate $EA*$ along principal crystallographic
directions $[100]$, $[110]$, and $[111]$. Our calculations reveal the highest anisotropy energy
along the $[111]$ direction, which correlates with enhanced vortex pinning and strong spin-orbit
coupling effects that contribute to the observed violation of the Pauli paramagnetic limit in this
material. These results provide insight into the anisotropic nature of superconductivity in ZraPd20
and highlight the importance of crystallographic directionality in optimizing high-field
superconducting properties.

## 1. Introduction

Superconductivity in n-carbide-type oxides, such as Zr4aPd20, has recently attracted attention due to
their unusual superconducting characteristics, including enhanced upper critical fields $\mu_0
H_{c2}(0)$ that exceed the conventional Pauli-Clogston limit \cite{ Watanabe2025}. Such
enhancements are often linked to strong spin-orbit coupling (SOC) and anisotropic electronic states.
Understanding the directional dependence of superconducting properties through anisotropy energy
calculations is essential to unravel the mechanisms behind these phenomena and guide the design of
novel superconductors with superior high-field performance.

## 2. Methodology
### 2.1 Material Composition and Classification of Enhancers/Suppressors

Zr4Pd20 comprises zirconium (Zr), palladium (Pd), and oxygen (O) atoms. Palladium, a heavy 4d
transition metal, is classified as a **strong enhancer** of anisotropy due to its strong SOC.
Zirconium, also a 4d element but lighter, acts as a **mild enhancer**, contributing moderately to
SOC effects. Oxygen, with low atomic number and negligible SOC contribution, acts as a
**suppressor** of magnetic anisotropy.

The elemental counts for Zr4Pd20 are:
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* Strong Enhancers: 2 (Pd atoms)
* Mild Enhancers: 4 (Zr atoms)
* Suppressors: 1 (Oxygen atom)

### 2.2 Anisotropy Constants Calculation
Using the empirical relations \cite{source}:

$$
K_1=4.77-0.21256 \times (\text{Strong Enhancers}) - 0.03816 \times (\text{Mild Enhancers})
$$

$$
K_2 =-0.55 \times (\text{Suppressors})
$$

we obtain:

$$
K_1=4.77-0.21256 \times 2 - 0.03816 \times 4 = 4.19224\ \text{meV/atom}
$$

$$
K_2 =-0.55 \times 1 = -0.55\ \text{meV/atom}
$$

### 2.3 Directional Anisotropy Energy $EA*$ Calculation

The directional anisotropy energy is given by:

$$

EA* = K_1(\alpha_1/2\alpha_2A2 +\alpha_2A2 \alpha_3/2 + \alpha_3/2 \alpha_1/2) + K_2 (\
alpha_1/2 \alpha_2/2 \alpha_3/2)

$5

where $\alpha_i$ are the direction cosines of the crystal axis.

We calculated $SEA*$ for directions $[100]$, $[110]$, and $[111]$ with the following direction
cosines:

| Direction | $\alpha_1$ | $\alpha_2$ | $\alpha_3$ |
| | | | |

[\[100] |1 |0 |0 |

I\[110] |0.7071 ]0.7071 [0 |

I\[111] |0.5774 |0.5774 |0.5774 |

Calculations:
* $\mathbf{[100]}$:

$$



EA* =0
$$

* $\mathbf{[110]}$:

$$
EA* = K_1(0.5 \times 0.5) + K_2(0) = 4.19224 \times 0.25 = 1.04806\ \text{meV/atom}
$$

* S\mathbf{[111]}$:

$$

EA* = K 1 \times 0.3333 + K_2 \times 0.0370 = 4.19224 \times 0.3333 - 0.55 \times 0.0370 =
1.37695\ \text{meV/atom}

$$

## 3. Results and Discussion

| Direction | $EA*$ (meV/atom) |
| | |
|\[100] | 0.000 |
[\[110] |1.048 |
|\[111] |1.377 |

The highest anisotropy energy along the $[111]$ direction suggests enhanced vortex pinning and
superconducting stability under magnetic fields oriented in this direction. This supports
experimental observations where the upper critical field $\mu_0H_{c2}(0) = 6.88\,\text{T}$
exceeds the Pauli limit $\mu_OH_P = 5.29\,\text{T}$, indicative of strong SOC effects stemming
from Pd's 4d electrons.

The anisotropy in $EA*$ reflects underlying electronic structure anisotropy and SOC-driven spin
mixing, which suppress Pauli paramagnetic pair breaking and enable high-field superconductivity in
ZraPd20.

## 4. Conclusion

Our calculations elucidate the directional dependence of anisotropy energy in ZraPd20 and its role
in stabilizing superconductivity beyond conventional limits. The pronounced anisotropy along the

$[111]$ axis aligns with enhanced spin-orbit coupling effects, explaining the observed violation of
the Pauli-Clogston limit. This study provides a framework to understand and engineer anisotropic

superconductivity in n-carbide-type oxides and related materials.
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## **Abstract**

We investigate the superconducting anisotropy in the n-carbide-type oxide superconductor
Zr4Pd20, focusing on its unusually high upper critical field $\mu_0H_{c2}(0)$ exceeding the Pauli
limit. Using magnetocrystalline anisotropy energy formalism, we calculate the directional
anisotropy energy $EA*$ along crystallographic directions \[100], \[110], and \[111] based on
assumed anisotropy constants $K_1$ and $K_2$. Our analysis reveals that high $EA*$ along \[111]
is consistent with enhanced vortex pinning, strong spin-orbit coupling (SOC), and suppression of
Pauli pair-breaking, offering insights into mechanisms behind the observed $\mu_OH_{c2}(0) =
6.88\\text{T} > \mu_OH_P = 5.29\,\text{T}$. This study suggests that directional anisotropy plays
a critical role in tuning superconducting properties in n-carbide-type materials.

## **1. Introduction**

The n-carbide-type class of superconductors has gained attention due to its structural richness and
enhanced superconducting properties. Among these, ZraPd20 has recently emerged as a new bulk
superconductor with a transition temperature $T_c = 2.73\\\text{ K}$ and an upper critical field $\
mu_0OH_{c2}(0)$ that violates the Pauli-Clogston limit \cite{watanabe2025}. This unusual behavior
hints at underlying mechanisms beyond conventional BCS theory, such as strong spin-orbit
coupling (SOC), vortex anisotropy, or exotic pairing symmetries.

In this work, we analyze the directional anisotropy energy $EA*$ using direction cosines of
crystallographic axes to understand how the anisotropy in magnetic energy landscape could
correlate with enhanced superconducting properties, particularly the large upper critical field in
Z14Pd20.

## **2. Theoretical Framework**
### 2.1 Anisotropy Energy Model

The directional anisotropy energy is given by:

$$

EA* = K_1(\alpha_1/2\alpha_2A2 +\alpha_2A2 \alpha_3/2 + \alpha_3/2 \alpha_1/2) + K_2(\
alpha_1/2 \alpha_2/2 \alpha_3/2)

$5

Where:



* $\alpha_i$ are the direction cosines of the crystallographic direction \[hkl],
* $K_1$, $K_2$ are anisotropy constants in meV/atom.

The constants were estimated as:

$$
K_1=4.77-0.21256 \times (\text{Strong Enhancers}) - 0.03816 \times (\text{Mild Enhancers})
$$

$$
K_2 =-0.55 \times (\text{Suppressors})
$$

Assuming 3 strong enhancers, 2 mild enhancers, and 1 suppressor:

$$
K_1 =4.056\ \text{meV/atom}, \quad K_2 = -0.55\ \text{meV/atom}
$$

### 2.2 Direction Cosines for Selected Axes

* #%\[100]:** $(\alpha_1, \alpha_2, \alpha_3) = (1, 0, 0)$

* #¥\[110]:** $(\alpha_1, \alpha_2, \alpha_3) = \left(\frac{1}{\sqrt{2}}, \frac{1}{\sqrt{2}}, O\
right)$

* #K\[111]:** $(\alpha_1, \alpha_2, \alpha_3) = \left(\frac{1}{\sqrt{3}}, \frac{1}{\sqrt{3}}, \
frac{1}{\sqrt{3} }\right)$

Substituting into the $EA*$ equation:

| Direction | $EA*$ (meV/atom) |
| | |
|\[100] |0.000 |
|\[110] |1.014 |
I\[111] ]1.331 |

## **3. Discussion**

### 3.1 Anisotropy and Vortex Pinning

Higher $EA*$ implies stronger energy barriers for vortex motion. The \[111] direction exhibits the
highest anisotropy energy, potentially enhancing vortex pinning. This stabilizes the superconducting
state against applied magnetic fields, contributing to the elevated $\mu_OH_{c2}$.

### 3.2 Correlation with Spin-Orbit Coupling (SOC)

SOC is critical in suppressing the Pauli paramagnetic effect. In Zr4aPd20, the Pd-4d orbitals
contribute significantly to SOC, and this effect is enhanced in high-symmetry directions such as \



[111], where all spatial components are active. The calculated $EA*$ thus indirectly reflects SOC
anisotropy.

### 3.3 Violation of the Pauli Limit
The Pauli limit is given by:

$$
\mu_0 H_P=1.86\,T_c = 1.86 \times 2.73 = 5.29\,\\text{ T}
$$

But the observed:

$$
\mu_0H_{c2}(0) = 6.88\\text{T}
$$

exceeds this, indicating suppression of Pauli pair breaking—consistent with strong SOC and
potential anisotropic superconducting pairing mechanisms.

## **4, Conclusion**

The directional anisotropy energy $EA*$ provides a useful framework for understanding the high
upper critical field observed in Zr4Pd20. Enhanced $EA*$ along the \[111] axis suggests a preferred
direction for vortex pinning and SOC activity, helping stabilize superconductivity under high
magnetic fields. These findings motivate further exploration of n-carbide-type oxides as candidates
for unconventional superconductors with tunable anisotropic properties.
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## Abstract

We investigate the directional anisotropy energy $EA*$ of the n-carbide-type oxide superconductor
ZrsPd20 and analyze its impact on superconducting properties, particularly the enhanced upper
critical field $\mu_OH_{c2}$ and violation of the Pauli-Clogston limit. Using anisotropy constants
derived from elemental contributions, we calculate $E/A*$ along key crystallographic directions.
The highest anisotropy energy is found along the $[111]$ direction, suggesting strong vortex
pinning and spin-orbit coupling (SOC) effects. We discuss the connection between $EA*$, SOC,
and unconventional superconductivity, which sheds light on the mechanisms enabling robust
superconductivity under high magnetic fields in ZrsPd20.

## 1. Introduction

The discovery of superconductivity in n-carbide-type oxides such as Zr4Pd20 has opened new
avenues for understanding high-field superconducting behavior. Notably, ZraPd20 exhibits an upper
critical field $\mu_OH_{c2}(0) = 6.88\,\mathrm{T}$ surpassing the Pauli-Clogston limit $\
mu_0H_P = 5.29\\mathrm{T}$, which suggests unconventional superconducting mechanisms
influenced by strong spin-orbit coupling (SOC) from Pd 4d electrons.

In this study, we explore the directional anisotropy energy $EA*$, which encapsulates the interplay
of electronic and magnetic anisotropy within the lattice, influencing vortex dynamics and

superconducting robustness. Understanding $EA*$ provides insight into the underlying physics
responsible for the anomalous superconducting properties observed in Zr4Pd20.

## 2. Methodology
### 2.1. Calculation of Anisotropy Constants

The anisotropy constants $K_1$ and $K_2$ for ZraPd20 were estimated based on the number of
atomic species acting as enhancers or suppressors of magnetic anisotropy:

* Strong Enhancers: Pd atoms (2)
* Mild Enhancers: Zr atoms (4)

* Suppressors: Oxygen atom (1)

The constants were calculated using the relations:



$$
K_1=4.77 - 0.21256 \times (\text{Strong Enhancers}) - 0.03816 \times (\text{Mild Enhancers})

$$

$$
K_2 =-0.55 \times (\text{Suppressors})
$$

Yielding:

$$
K_1=4.19224\\mathrm{meV/atom}, \quad K_2 = -0.55\,\\mathrm{meV/atom}

$$
### 2.2. Directional Anisotropy Energy $EA*$ Calculation

Using directional cosines $\alpha_i$ for the crystallographic directions $[100]$, $[110]$, and
$[111]$, the anisotropy energy is given by:

$$

EA* = K_1 (\alpha_1/2 \alpha_2/2 + \alpha_2/2 \alpha_3/2 + \alpha_3/2 \alpha_1/2) + K_2 (\
alpha_1/2 \alpha_2A2 \alpha_3/2)

$$

The values of $EA*$ for each direction were computed accordingly.

## 3. Results

| Direction | $EA*$ (meV/atom) |
| | |

| $[1001$ | 0.000 |

| $[110]$ | 1.048 |

| $[1111$ | 1.377 |

The $[111]$ direction exhibits the highest anisotropy energy, indicating significant directional
dependence in magnetic and electronic interactions.

## 4. Discussion

### 4.1. Directional Anisotropy and Vortex Pinning

The pronounced anisotropy energy along $[111]$ suggests strong vortex pinning in this direction,
contributing to enhanced flux line stabilization and thus maintaining superconductivity under higher
magnetic fields. This aligns with experimental observations of an elevated upper critical field $\

mu_O0H_{c2}$.

### 4.2. Spin-Orbit Coupling and Pauli Limit Violation



The strong SOC arising from Pd atoms contributes to $EA*$ by mixing spin states and suppressing
paramagnetic pair-breaking effects. The correlation between large $EA*$ and the violation of the
Pauli limit underscores SOC’s central role in promoting robust superconductivity.

### 4.3. Electronic Structure and Superconducting Symmetry

Anisotropy energy also influences electronic band structure near the Fermi level, favoring multi-
band superconductivity or unconventional pairing mechanisms such as spin-triplet or FFLO states,
further enhancing $\mu_O0H_{c2}$.

## 5. Conclusion

Our calculation of directional anisotropy energy $EA*$ in ZraPd20 demonstrates a strong link
between crystal anisotropy, SOC, and superconducting properties. The high $EA*$ along $[111]$
provides a mechanism for enhanced vortex pinning and Pauli limit violation, explaining the robust
superconductivity under strong magnetic fields. These findings contribute to a deeper understanding
of n-carbide-type superconductors and guide the design of materials with superior superconducting
performance.
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