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Abstract:

The equilibrium and kinematic equations of an arbitrarily curved spatial Bernoulli-Euler beam
are derived with respect to a parametric coordinate and compared with those of the Timoshenko beam.
It is shown that the beam analogy follows from the fact that the left-hand side in all the four sets of those
equations are the covariant derivatives of unknown vector. Furthermore, an elegant primal form of the
equilibrium equations is composed. No additional assumptions, besides those of the linear Bernoulli-
Euler theory, are introduced, which makes the theory ideally suited for the analytical assessment of big-
curvature beams. The curvature change is derived with respect to both convective and material/spatial
coordinates, and some aspects of its definition are discussed. Additionally, the stiffness matrix of an
arbitrarily curved spatial beam is calculated with the flexibility approach utilizing the relative coordinate
system. The numerical analysis of the carefully selected set of examples proved that the present
analytical formulation can deliver valid benchmark results for testing of the purely numeric methods.
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change, big-curvature beam

1. Introduction

The present-day engineering is facing a growing need for the development of novel types of
cost-effective structures which are simultaneously resistant and flexible. Indispensable components of
these structures are curved spatial beams, and their application is fundamental in various fields of
engineering. Although there is a vast amount of research devoted to the beam modeling, the exponential
progress of software and hardware capabilities enables the development of more accurate advanced
mathematical and mechanical models. The rigorous analysis of arbitrarily curved spatial beams is often
disregarded due to the difficulties which are inherent in the modeling of these types of structures. The
non-unit tangential base vector of an arbitrary parametric curve returns the nonconstant determinant of
metric tensor g; of the beam axis. Furthermore, the initial curvature correction term go, which relates the
base vector at an arbitrary point of a cross section with the base vector at the centroid, complicates the
problem. These two quantities are often approximated in various ways in order to calculate the response
of a curved spatial beam.

Plane circular beams are readily classified as small-, medium- and big-curvature beams,
depending on the value K4 where K is the curvature of the beam axis while % is the height of a cross
section, [1]. For spatial beams with variable curvature, this definition is more complex. One option is to
use the value Karhimax, Where Kpqx 1 the maximum value of the curvature of the beam axis while /4, 18
the maximum dimension of the cross section in the planes parallel to the osculating plane at the position
of Kyax, [2]. In this way, Kuahma€(0,2) and it is referred here to as the (maximum local) curviness of a
beam. Thus, the term arbitrarily curved does not refer just to the shape of the beam axis and twist of the
cross section, but, more importantly, to its curviness Kua/imer. Although the strict limits do not exist, [1],
we will say that the beam has small curvature if its curviness is Kua/imex<0.01, while it has medium
curvature if 0.01=<Kuax/1max<0.1. All the other cases belong to the category of big-curvature beams. The
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lack of benchmark test results for the recent developments of big-curvature beam model in the frame of
isogeometric analysis (IGA), [2], [3], [4], and [5], was one of the main motives for the present research.

Next, the main contributions to the analytical assessment of spatially curved beams are
summarized. The first beam theories are developed by Bernoulli and Euler, and later generalized by
Kirchhoff, Clebsch, and Love, [6]. Ericksen and Truesdell precisely defined the beam strain and stress,
[7], while Washizu gave a significant contribution to the analytical approach for naturally curved and
twisted slender beams with warping effect in the context of the small-curvature theory, [8]. Influence of
the extensibility of the beam axis is analyzed in [9] and compared with Lamb’s inextensional theory.
The authors start from the model of big-curvature beams but simplify afterward due to the inherent
complexity of the obtained expressions. Similar approximations are often encountered in the literature
and justified by the small influence of the higher order terms present in the beam metric.

The geometry of small strains is analogous to the equilibrium of internal forces which leads to
the conjugate beam theory. For small-curvature beams, the conjugate beam analogy is generalized in
[10] and [11], and extended for the curved bar resting on an external medium in [12]. The general
solution to the system of beam equations with respect to the Frenet-Serret (FS) frame of reference can
be found in [13] and [14]. An analytical study of small-curvature spatial arches defined in global
coordinates is presented in [15], with examples employing only constant curvature. The authors
extended their approach to non-naturally curved beams by scaling of the non-unitary tangential base
vector, [16], and emphasized the lower triangular nature of the system of beam equations which enables
a successive integration, [17].

A closed-form solution for the static response of the big-curvature in-plane beams is derived in
[18]. The authors extended their approach to shear deformable [19] and composite beams [20] where
the scalar function 1/go is approximated with the second-order Taylor polynomial which is known as the
Lure-type approximation, [21].

The asymptotic modeling of small-curvature elastic rods has attracted a lot of attention. This
method is based on an idea to approximate the beam solution with a formal expansion in power series
in terms of a small parameter (diameter of the cross section), [22]. The standard assumptions of the beam
theories are not required since they follow as the necessary and sufficient conditions for the convergence
of results in this approach, [22]. The theory is further refined in [23], [24], and [25], while the restriction
of the inextensible axis is applied in [26] utilizing the parametric coordinate.

Many researchers focus on the derivation of the stiffness matrix solely, while the analytical
solution is utilized for the determination of the accurate nodal values and/or appropriate basis functions.
The stiffness coefficients for a set of in-plane thin curved beams are readily derived, [27]. By employing
the Lure-type approximation of 1/go, the hybrid approach is successfully applied for C’ curved beam
element in [28]. A similar formulation is developed in [29] where the beam axis is described with cubic
B-spline while a general format for the stiffness matrix of curved beams based on the three independent
equilibrium states is presented in [30]. Furthermore, the derivation of the stiffness matrix using the
exponential basis functions which satisfy the homogeneous part of the differential equation of a beam
is viable, [31]. This approach alleviates the shear and membrane locking for beams with small curvature.
The application of the basis functions which are based on real deformations significantly improves the
accuracy, [32]. The exact stiffness matrix and nodal force vector of arbitrarily curved plane beams are
discussed in [33] using the Lure-type approximation. Finally, the straightforward approach for the
derivation of the stiffness matrix by the successive imposition of all generalized unit displacements is
given in [34] and [35].

Although the analytical studies of curved beams are frequent in literature, the general approach
to the linear static analysis of arbitrarily curved spatial beams does not exist. The beam equations are
readily derived with respect to the FS frame of reference while making additional assumptions regarding



the beam metric. Here, an arbitrary parametric coordinate is consistently utilized for the modeling of a
big-curvature Bernoulli-Euler (BE) beam and the complete metric is employed. The parametric
coordinate is already indirectly applied by the transformation of the FS expressions in [16]. Here, it is
explicitly shown that the arc-length form of beam equations follows as a special case of the general
parametric equations. Additionally, the curvature change with respect to the FS coordinate system is
discussed and derived in two ways: by assigning the convective property to the arc-length coordinate
and by the linearization of spatial configuration with respect to the material configuration.

An elegant procedure for the derivation of the stiffness matrix via flexibility approach is
introduced. This matrix is extensively compared with the one obtained using the weak form of
equilibrium, where the exact basis functions are derived from the analytical solution of the beam
equations. These functions are cumbersome and their utilization is not efficient for every-day use.
Nevertheless, the exact basis functions should be viewed as an important guide when choosing suitable
approximative functions for numerical analysis, especially if the accuracy is of the primary interest,
[32].

All these considerations are related to the big-curvature beam model, where no higher-order
terms of the beam metric are neglected. These models are rarely examined within the analytic context
and a few isogeometric numeric approaches have emerged lately, [2], [3], and [5]. Generally, IGA
enables the high-accuracy calculation of curved beams and analytical results can serve for preliminary
validation of these formulations, [36], [37], [38], [39], [40], [41]. Therefore, the accuracy and limits of
the applicability of the analytic approach for linear analysis of the BE beam model without warping are
investigated here.

The paper is organized as follows. The next section gives some basics of the beam metric. The
third section represents the core of the research where the beam equations are derived strictly and their
solution is discussed. It is followed by the procedure for the derivation of the stiffness matrix and
numerical applications. Concise conclusions and directions for further research are given in the last
section. Some remarks regarding the Christoffel symbols, the change of curvature, and closed-form
expressions are given in Appendices.

2. Metric of the spatial beam

Basic relations of beam metric are briefly presented in this section. Tensor calculus is employed
and standard notation for covariance and contravariance of components is utilized via lower and upper
indices, respectively. The analogous convention is used for the designation of the base vectors which
constitute the original basis and its reciprocal counterpart. For a more thorough treatment, the paper [2]
is recommended.

The classic BE assumption that a beam cross section is rigid and perpendicular to the deformed
beam axis is enforced. Let us note three different frames of reference in Fig. 1. The first one is the FS
frame defined with axes (s, @, ) and unit base vectors (t, n, b). This is the intrinsic frame of the beam
axis and it must be considered directly or referred to while using some alternative coordinate system.
Note that s€[0, L], where L is the length of the beam. The second frame, (s, 77, ¢) keeps the arc-length
coordinate s, but the two other coordinate lines are here aligned with the principal axes of the second
moment of area of a cross section at the centroid and their unit base vectors are (t, g, g3). Observe that
both (n, b) and (g>, g3) belong to the normal plane of the beam axis and they make an arbitrary initial
angle 6, Fig. 1. Finally, the third frame of reference (&, 7, &) with base vectors (gi, g, g3) is utilized.
This frame adopts an arbitrary parameterization of the beam axis where the intensity of g; varies along
the coordinate line & Fig. 1. The domain of this coordinate depends on the adopted parameterization.
Since the arc-length parameterization exists only for a handful of curves, an arbitrary parametrization is
necessary and it is utilized here primarily. Due to the BE hypothesis, the complete kinematics of the
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beam is defined from translations of the beam axis and rotation of a cross section around the g; basis
(angle of twist).

beam cross section coincides with
the normal plane (7) of beam axis.

(apn.)er

i (5.6) L7

Fig. 1. An arbitrarily curved spatial BE beam. Coordinate systems.

The position vector of the beam axis is r=r(¢&) while its global rectangular Cartesian components are
xm()=x"(¢&), where m=1,2,3. The derivatives of this vector with respect to the s and & coordinates return
the base vectors t and g;:

dr dr dr ds
r=x"i_, t=—, =r,=—=x,1 =——=,/x7x_,t, 1
m dS gl .1 d§ 1 Tm dS d§ 17 m,l ( )

where i,~i" are the base vectors of the Cartesian coordinate system while the partial derivative with
respect to the ™ coordinate of the (& 7, ¢) system is designated with (')x. The other two base vectors of

(& n, &) system are:
g =r,=X1,, g=r,=xi, @)
and they are calculated via rotation of the normal and binormal, [2].

The squares of the arc-length and parametric coordinates are related via the determinant of the metric
tensor:

g 00 .
g=|0 1 0}, g, =¢g-8 =X\%,, & =det(g;) =g g'=—, €]
0 01 &n )

ds® =dx"dx, = gd&® = ds=4[gdé&

Observe the relation between the Cartesian components of the base vectors (g1, g, g3) and their
reciprocal counterparts (g', g% g°):

1
X' ==x,, X’ =x,, x'=x,. (4)
Covariant components of the curvature vector with respect to the (&, 7, {) system are:

K, =+Jgr+0,, K,=Ksinf, K,=Kcosb, (5)

where K and 7 are the curvature and torsion of the beam axis with respect to the FS frame of reference,
respectively.
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The Christoftel symbols of the second kind associate the partial derivative of base vectors with
the same set of these vectors:

g zrll;gk’ (6)

and they are often represented in matrix form, [2]:

81 rh gk, -gk, | g
81 |= -K, 0 K, g | (N
g3,1 Kz _Kl 0 g;

The fact that the Christoffel symbols of the second kind are not tensors is discussed in the Appendix A.
3. Equations of an arbitrary curved BE beam

In this section, the BE beam equations are derived and comparison with the Timoshenko theory
is remarked. It proves that the distinction between the equations of these two theories exists only in
stress-strain relations and in displacement-rotation equations.

3.1 Equilibrium equations

The equations of equilibrium of spatial beam are often expressed with respect to the arc-length
coordinate, e.g. [13]. These equations are here concisely derived with respect to an arbitrary parametric
coordinate. They are valid for both the BE and Timoshenko beam models.

F+dF

s+ds

Fig. 2. Differential element of a spatial beam and stress resultants
The requirement for force equilibrium of the differential element in Fig. 2 gives:
dF =pds, ()
which can be written as:

dF
d_§=\/§P:>Fkhgk =epg" = Fy=gp., ©

where (.) stands for the covariant derivative with respect to the parametric coordinate &.

i
Similarly, the requirement for moment equilibrium of the differential element in Fig. 2 gives:
dM +dr xF = mds, (10)
which, using dr=tds, can be written as:
dM

d—§=\/§(m—th):>Mk‘lgk :\/g(mk _elmka)gk :>Mk\1 :\/g(mk e, "), (11)



where e is the permutation symbol.

In this way, the equations of equilibrium are valid for an arbitrary parametric coordinate. For
g=1, these equations reduce to the ones derived with respect to the arc-length coordinate. Following the
vectors of stress resultants F, stress couples M, external forces p and moments m, and differential of
position vector dr are introduced in the previous equations:

F'=[F, F, F]=[N S8, 8] M'=[M, M, M,], (12)

T

p =[p p, p], m'=[m m, m], dr’ =[dr dr, dn]
3.2 Stress-strain relations

After the calculation of the section forces, an appropriate constitutive relation should be
postulated in order to obtain the flexural, torsional and axial strains of the BE beam axis. The
Timoshenko model is omitted, but it would require the calculation of the shear strains of the beam axis,
as well. For a big-curvature BE beam, this relation is rigorously derived in [2] from the principle of
virtual work by imposing the convective property to the parametric coordinate & In this way, the
energetically conjugated section forces are related to the reference strains of the beam axis (axial strain
and three components of the curvature change: &1, «i, k2, and «3):

N A 0 I, —1, & (g1*1 -81)/2

7| M ’ ]_):% 0 gGI,/E 0 0 LT 151:—151 ’ (13)
M, g |1 0 L, I K K, -K,
M, I, 0 ST K, K;-K

where the asterisk denotes quantities in the deformed configuration. The geometric properties are:

1+ 7K, —CK,) +7K, - CK, +7K, - (K,
P L L 12=jz;—d’7 “Reapag, 1= [n T R,
&o 4 4 &o
2 1 (14)
1, =1, =I£d77d§', 1, =Ié’—d77d§’, I, =.[77—d77d§’, I, =I—(772 +§’2)d77d§’,
4 8o R 4 80 4 8o

while £ and G are Young’s and shear moduli, respectively. The initial curvature correction term is
defined as:

g =1-nK; +{K,, (15)

and it is frequently approximated in the existing literature, e.g. [28]. Here, following the approach given
in [2, 3], the integrals in Eq. (14) are calculated analytically. Since the energetically conjugated forces
are related to the standard section forces as:

N=N-K,M,-KM,, M,=M, M,=M,, M,=M,, (16)

the reference strains follow from the known stress resultant and stress couples. Note that the property
I requires the torsional correction factor since Eq. (14) is valid only for circular cross sections, [2].

The other approach considered here is the simplest type of the small-curvature theory where the
constitutive relations are the same as those for a straight beam. In this approach, there is no coupling of

axial and bending actions, i.e. the matrix D is diagonal with the standard geometric properties: area,
torsion constant, and axial moments of inertia of cross section.



3.3 Kinematic equations

The next set of beam equations postulate relations between the reference strains and kinematic
quantities.

3.3.1 Displacement equations

The convective property is not required for the following formulae. The first expression relates
the displacement gradient and the axial strain of the beam axis:

Uy =& (17)

and it is valid for both beam theories. For the BE model, the components of infinitesimal rotation, ¢,
and ¢, are the gradients of the displacement of the beam axis:

Uy :\/§¢3a Uy, :_\/ng‘ (18)
For the Timoshenko theory, these components are independent quantities:
”2\1:\/§¢3+7123 ”3\1:_(\/§¢2_713)a (19)

where 712 and y3 are shear strains of the beam axis.
3.3.2 Rotation-strain relations

Starting from the linearized expressions derived in [2]:
K=K -K ~K, (gz 'u,1)+K3 (g3 'u,1)+(b,11’
K, =g K, —gK, ~-g, '(u,n y Filu,l ) +gK @', (20)
=g K, —gK,~g, '(u,n - Filu,l ) - gk, ¢,
we can obtain a relation between the curvature change and infinitesimal rotation. Here, ¢' = ¢, / JQ is

the physical component of the angle of twist as a function of parameter &£ For &3 we found that:
_ 1 Al ~ 1 A Al

K= (gz ‘u, )’1 g, u, —Igu —gK,p = (uzu)l —(—K3g1 +K1g3).u’1 _Flluz\l —8K,p =

= (\/§¢3 )1 + K3ﬁ1‘1 - K1ﬁ3‘1 - l—‘} lﬁZ‘l - ngél =

=\/§¢3,1 +\/§F}1(03 + K&, +\/§K1¢2 _\/§r11¢3 _ng(bl =
:\/§(¢3,1 - K, +K1¢2)+K3‘911 = \/§¢3\1 + K8,

where G, and W,are displacement vectors along local (77, §) axes. A similar expression can be

1)

analogously derived for x», while for x; we can show that:

~ ~ . 1
i = Kyuy, + Ky, + 9, = Kz\/g% - K3\/§(02 + [E@J =
1

1 1 1
ZE@J _Eﬁg’lﬂ +\/§K2(03 _\/§K3¢2 = (22)

1 1
= E((Dl,l - r}1¢1 +gK,p, — gK3(02) = E(Dm.

To summarize, the rotation-strain relations are:



1
Py = \/7 Py = \/E Py, :E

and they are valid for the Timoshenko beam theory, as well. Additional considerations regarding the
change of curvature with respect to the FS frame are given in the Appendices B and C.

(K -K ‘911) (K3 _K3‘911)= (23)

3.4 Analogy of beam equations and their solution

Let us now observe the derived BE beam equations in compact form:

—forceequations: Fy = =f5 (£ = f )
ko g elmka) )v
10 =em, 17 =(k,~K,8.)/ g, 1=2.3),

—displacementequations: u,, = f;", ( =g, fr=\go, fi==g (/;2)

(
—moment equations: Mk‘l = ko > ( (24)
24

(

—rotation equations: Py = 17,

Evidently, the beam analogy follows from the fact that the left-hand side in all the four sets of equations
are the covariant derivatives of the observed vector: section forces, section moments, infinitesimal
rotations, and displacements. With appropriate boundary conditions, these equations can be solved
successively, since solutions of one set represent constant terms in the next set.

The fundamental matrix of the homogeneous parts of Eq. (24) is actually the transpose of the
Jacobian matrix of transformation between local (& 7, &) and global Cartesian coordinates x,, J.
Therefore, the elements of this matrix are actually the Cartesian components of the base vectors (g1, g,
g3) and its columns form three linearly independent solutions of the observed system. The Wronskian
of this matrix is:

g XX x

1 ,1 1 5

W(&E)=detd" =det| g, |=det x’l2 x’z2 xfz =./g(&). (25)
g, Xy xi X

The particular solutions of the systems (24) are easily determined by the variation of constants and
general solutions can be represented as:

Fi(&)- mf)[cF jJﬁ) } M, (&)=x k@){cM jJﬁ)) }

. (&) INLAGY
(&) =x1 (D) CF + [F=2dE |, u () =x,(5)| C +
9 (&) =x 5){ | =5 5} 1, (&) =x 5){ jﬁ }

where W,F, WM, W,, and W," are the Wronskians of the fundamental matrix with n” column replaced

(26)

with the values of constant terms fi, ko, /%, and fi¥, respectively:

WF \/7fm z > \/7fm xz > I/Vz(p_\/7 m L > L \/7fm L > (27)

which simplifies integrals in Eq. (26) to:

F(&)=x (5){05 [ <§)x;:"<§>d§} M, (&)=x, (5){0,1” w10 <r§>d§},
(28)

0, (&)=x, (5){05 * Iﬁf(f)x;’"(f)df} u,(£)="x, (5){0;‘ [ 1 <§)x;"<§>d§}.
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In order to obtain the constants of integration which have a clear physical interpretation, we can multiply
these equations with x// and set &&:

b

Cr(E)=F (&) —[ [ <§>x;’"<§>d§j ., CYE)=M (&) —[ [ <§>x;’"<§>d§j

=5 =5 (29)
Cr(E) =) —Uﬁf(é)x;’"(é)dfj . ClE) =€) - [ [ £ <§>x;’"<§)d§j :
e=4 ¢=¢
which returns the final form of these solutions:
i ¢ i ¢
F (&) =x\(&)| F, (&) +If,f ()x," (t)dt ] M, (&) =x,(&)| M, (&) +If,34 (Ox," (t)dt],
g g
- - (30)

< g
(&)= X&) (&) + [ £ (O)x (f)df]’ 1, (£)=x4 ()| (&) + [ £ ()% (t)dt]~
L 4 L 5

The constants F,"(&), M, (&), . (&), and u, (&), are now forces, moments, rotations, and displacements
at the start of the beam ik, respectively. Importantly, the solution with respect to the arc-length
coordinate follows as a special case for g=1.

Unfortunately, closed-form solutions of the integrals in these equations exist only for a few
geometries. Therefore, some type of approximation must be introduced in order to obtain solutions.
3.5 The primal form of equilibrium equation

Let us derive the governing equations of the problem (24) with respect to the kinematic
variables. From Eq. (11), shear forces are:

1

1
F, =m, —EMW F,=—m,+—M 31)

2 \/g 22

which, using Eq. (16), reduces the number of equilibrium equations from six to four:

(]\_[+K2M2 +K3M3) i =\/§p1,

Ml\l Z\/Eml'

(32)
Mz\n =8P; +\/_m2\1’
3\11 8P, + \/7’"3\1
Substitution of equations (13), (23), (17), and (18) into (32) and some basic manipulations return:
g5/2
(Tlul\l +T3”z\11 _T2”3\11) i = E P
g m
11(01‘1) 1 ’
(33)

(\f py+my)
( Jep,+my)

(Tz 1\1 23”2\11 122”3\11)
( 1\1 + 123“3\11 + 133”2\11)

where:
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T,=A+2LK, -2I,K, - 21, K, K, + I, K,” + [,K,’,
T, =1, - 1K, +1,K,, (34)
I =-I - 1K, +I,K,.

Eq. (33) is a coupled system of linear differential equations where unknowns are covariant components
of displacement of the beam axis and angle of twist of a cross section. Note that the coefficients of this
system are functions of & while:

gEn= 0, K, =K2,1’ K3\1 =K3,1‘ (35)

\
4. Basic flexibility method for numerical calculation of stiffness matrix

The procedure for an elegant derivation of the stiffness matrix of an arbitrarily curved spatial
beam is briefly presented. The routine is general and applicable to all types of beams. The aim is to
define the stiffness matrix K which relates the vectors of global nodal displacements q and vector of
global external nodal loads Q, as Kq=Q where:

T

q = [ui vi Wi ¢xi ¢yi ¢zi uk vk Wk ¢xk ¢yk ¢zk :I’

. (36)
Q :|:Xik Y, Z, M, M M, X. Y. Z, M, Myki Mzki]'

yik

This is readily achieved by successive enforcement of 12 generalized unit displacements in order to
determine 12x12=144 elements of the stiffness matrix, [34]. Here, we will derive the same matrix by
calculating only 6x6=36 coefficients which are related to a carefully selected set of six independent
kinematic quantities. The presented approach is similar to the one given in [33] for plane beams where
the so-called force-transfer matrix is utilized, while the present procedure is based on the relative
kinematics.

relative coordinate system,

y  global coordinate system attached to the cross section at k

Fig. 3. Arbitrarily curved beam ik. Global and relative coordinate systems.

Let us observe the axis of an arbitrarily curved beam ik in Fig. 3 with the relative coordinate
system (x:, Jr, z) attached to the section k. The components of displacement and rotation at the section i

with respect to this relative coordinate system are designated with u}; and ¢/, while these quantities
for both sections with respect to the global coordinate system (x=x', y=x’, z=x’) are designated with u

, Uy, @,;,and @, . The present derivation is based on the relations between these components:

u;i SU; UG _ejm/(xl’{n _x;n)(o/kf ¢;i: Dii = Pi> J=X,),z. (37)

Evidently, displacements and rotations of the section k with respect to the relative coordinate system are
zero. Notice that u, and ¢, represent six relative DOFs which are necessary and sufficient to describe
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the complete stiffness matrix of the deformable beam ik. Equation (37) enables us to associate the
absolute and relative kinematics of the beam end sections.

By utilizing this set of relative DOFs, we can derive the basic flexibility matrix (BFM) d which
links the relative displacements at the section i with the section forces at the same section:

Al = [u:; u;i u, @, ¢;i ¢zrt:|’
S'= [)(Ik Y;k Zik Mxik Myik Mzik ]’ (38)
A=dS.

This matrix can be derived by the standard unit force method where the section & should be viewed as
fixed since we are determining the displacements and rotation components with respect to the relative
coordinate system attached to this section. Depending on the adopted stress-strain relation, the BFM of
appropriate beam model is obtained. For the big-curvature beams, special care must be paid to the
energetically conjugated pairs of stress and strain, [2].

Because the BFM relates six independent kinematic quantities with six independent section
forces, it has the inversion - the basic stiffness matrix k=d™. If we now introduce the relationship
between the relative kinematics of the section i and global kinematics of the sections i and 4:

_I3x3 T
A=Hq, H=[I,, G], G= )
03x3 _sts
0 (zz—z) —-—») (39)
T=|-(z,-z) 0 (e —=x) |,
(yk—yi) _(xk_x;) 0

we can easily derive the global stiffness matrix K of an arbitrarily curved beam:
kA=S=kHq=S=H'kHq=H'S=Kq=Q, (H'kH=K, H'S=Q). (40)

Notice that the basic stiffness matrix is actually the first block of the global stiffness matrix K:

(41)

K_HTkH_{IkI IkG}_{k kG}

Gkl G'kG| |G’k G'kG

In this way, the stiffness matrix is derived with respect to the global coordinates which is beneficial from
the aspect of the modeling of the system of beams. If necessary, it is straightforward to transform it into
the local coordinate system.

The vector of external nodal loads Q must be determined similarly as the stiffness matrix, by
solving the beam which has the 6™ degree of static indeterminacy. The exceptions are beams for which
the basis functions can be derived.

5. Numerical examples

In order to test the present approach, the derived equations are applied for a solution of several
benchmark problems, most of them regarding big-curvature beams. The stiffness matrices are calculated
firstly, using the BFM procedure. Afterward, unit displacements are enforced on both ends of a beam
and exact basis functions are calculated by solving the beam equations where the boundary conditions
are obtained utilizing the BFM stiffness matrix. These basis functions are then employed for the
derivation of the stiffness matrix by the weak form of equilibrium, [2] and [3], and the result is compared
with that from the "exact" BFM approach. For geometries where analytical integration is not possible,
the Taylor series approximation of the integrand is applied.
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Irrefutably, the BE assumption is violated for big-curvature beams for which the shear strain
becomes considerable. As the curviness further increases, the assumption of both beam theories is
violated due to the deformation of the cross section. The present contribution explores the accuracy and
limits of applicability of the BE beam theory solely.

5.1 Circular beams

This example deals with the simplest 2D curved structures, circular arches. Due to the constant
initial curvature, closed-form solutions are feasible and utilized in the presented examples.

5.1.1 Closed-form solution

The stiffness matrix of a big-curvature circular arch is derived in a closed-form using the BFM
procedure explained in Section 4 and its elements are given in the Appendix D. Afterward, the basis
functions are also derived in a closed-form and the weak form of equilibrium returned exactly the same
stiffness matrix. These exact basis functions are somewhat cumbersome due to the analytical integration
of section properties and they are omitted here due to the brevity. Additionally, appropriate boundary
conditions are applied on these basis functions and the exact rigid body modes are obtained, which again
confirms that the presented theory is correct.

In Fig. 4, the basis functions N; and Ns are superposed with the reference geometry of the
circular beam ik and presented for different values of curviness Ki. Data used for this figure is: x=-
Rcosé, y=Rsiné, &=-0.1n, £=0.7n, b=h=0.2 m, E=1 GPa, R=2 m. It is evident how the increase in
curviness influences the contraction of the beam axis due to the increased coupling of the axial and
bending actions.

a) 2.5 - b) 25 1
2 A 2 A
N
1.5 4 1.5 1
—Reference
1 A —Kh=0.005 B 1 4
e oo Kh=0.1 :
= 0.5 1 —Kh=0.3 0.5
—Kh=0.5
07 —Kh-=1 01
—Kh=1.5
-0.5 4 \ -0.5 - \
’ Kh=1.95 ’
-] T T T T T T T 1 —] T T T T T T T 1
25 -2 -15 -1 -05 0 05 1 1.5 25 -2 -15 -1 -05 0 05 1 1.5
x [m] X [m]

Fig. 4. The circular beam. The basis functions for different values of curviness K, superposed with the reference
geometry: a) Function N; (ux=1, uy=@=uw=uu=@4=0); b) Function Ns (ui=uty=@i=u=u,=0, @=1)

5.1.2 Circular ring

The example for which a closed-form solution exists within the scope of the big-curvature
theory is considered, [5]. A thick circular ring is loaded with two opposite compressive forces and
stresses at the intrados and extrados are observed, Fig. 5a. Due to the symmetry, only a quarter of the
beam is analyzed. A complete agreement of stress is obtained by comparison with the solution given in
[5]. Numerical values are omitted due to the brevity but the distribution of the stress field is presented
in Fig. 5b.
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Moreover, an analytical solution for the displacement at the point of force application is found
in [18] for the big-curvature theory, in [20] for the small-curvature theory and in [42] for the thin beam
model with an inextensible axis. The standard approximation of 1/gy with the 2" order Taylor
polynomial is applied in [18]. These expressions are compared in Table 1 for the beam with a rectangular
cross section where A=(Kh)*/12. The limit value of the obtained expression as the curviness tends to
Zero is:

(Kn)'{* arcoth[2/(Kh)] - 4Kh] 1 7z

im =——-=, (42)
K0 9677 arcoth[2/(Kh)]{ Kh-2arcoth[2/(Kh)]} 7 8

which coincides with the thin beam theory result [42], as well as with the limit value of expressions
from [18] and [20]. The relative differences of these displacements are displayed in Fig. 6 for
Khe[0.1,1]. Evidently, differences increase with curviness. Contrary to [42], [18], and [20], no
assumptions besides the BE ones are introduced in the present formulation for the linear static analysis

In order to test this result further, a 2D shell model with KA=1 is created using a plane
stress/strain section in Abaqus with a fine mesh of 125600 CPS3 elements. In order to make a model
which is comparable with big-curvature BE beams, the orthotropic material properties are applied,
similar as in [4]. The elasticity modulus along the 7 direction and the shear modulus are amplified with
a factor of 100K%, which is empirically determined in [4]. In this way, by setting b=h=E=P=R=1, Abaqus
returned displacement of 1.0504 while the present approach gave 1.0441, which is an excellent
agreement for this high value of curviness.

Table 1. The circular ring. Radial displacement at the point of force application divided by 12P/[Eb(Kh)’].
Comparison of expressions obtained by four theories for a rectangular cross section.

Thin beam
(inextensible ~ Thin beam [20] Thick beam [18] Present
axis) [42]
| |z (1+27) -1 (1_2+1_1]+1_£ (Kn) {z* arcoth[2/(Kh)] - 4Kh}
T 8 T 8 1+24°\2 2 ) 2 8 96rarcoth[2/(Kh)]{Kh-2arcoth[2/(Kh)]}
b)
P/2¢
"p\\/
&
AN
T % b=1/5m
h=2/3 m
=N
j_ § E=1 GPa

-20 -10 0 10 20

Fig. 5. The circular ring. a) Geometry, material properties, and load disposition; b) Distribution of normal stress
[MPa]. Displacements are scaled with a factor of 10000.



14

[\
W

—Thick beam, Ref. [18]
—Thin beam, Ref. [20]
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[\
(=]

— j—
o W

(9]

Relative difference with respect
to the present approach [%]

==

0.1 02 03 04 05 06 07 08 09 1
Kh

Fig. 6. The circular ring. Comparison of the radial displacement at the point of force application obtained for three
different theories vs. curviness K.

5.1.3 Pre-twisted circular beam

A pre-twisted circular beam, as in Fig. 7, is loaded with a uniformly distributed load p.=-1 kN/m.
The displacement and angle of twist are restrained at the end sections. The most prominent property of
this example is the presence of initial twist of the beam cross section. The beam is studied in [41] and
[2] using small- and big-curvature IGA models, respectively. Since the numerical analysis in [2]
suggested that this example is not affected by the effects of big curvature, the small-curvature model is
considered here solely. The vector of external load and end rotations are determined by the flexibility
approach and applied as boundary conditions into Eq. (30). The integrals are solved analytically and
results for the displacement components and the angle of twist are given in Fig. 8, while distributions of
the section forces are displayed in Fig. 9. An excellent agreement of the present analytical results and
those from [41] are detected. On the other hand, the discrepancies of numerical IGA results from [2]
and the present ones are evident. Since the results in [2] were in the full correspondence with those from
Abaqus, this finding asked for a further clarification. Two causes are identified: incorrect
parameterization by NURBS and different values of torsion constant. Namely, it is well-known fact that
NURBS can exactly describe a circle in a sense that all points lie on the circle, but only the three of
these points are at their correct positions, [43]. This introduces an error into the IGA model of circular
beams, which is here exaggerated due to the presence of the initial pre-twist. Since the same dataset is
used for the definition of the Abaqus model, it returned full correspondence with IGA in [2]. On the
other hand, the results in [41] were not affected by this incorrect parameterization since the authors used
B-spline interpolation for their IGA model. Furthermore, the observed differences are also caused by
the utilization of different coefficients required for the torsion constant of a rectangular cross section
with b/h=1/10. The accurate value of this coefficient is used in [2], 0.312, while an approximate one is
applied in [41] and here, 0.333. During this research, it is found that the incorrect NURBS
parameterization of the circle mostly influences the normal force, while the difference in the torsion
constant dominantly affects the angle of twist.

Although it is not the primary objective of this example, it should be noted that the integrals in
Eq. (30) could not be solved analytically for the big-curvature beam model.
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Fig. 7. The pre-twisted beam. a) Geometry and material properties; b) 3D representation.
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Fig. 8. The pre-twisted beam. Comparison of distributions: a) u, displacement component; b) u, displacement
component; ¢) u. displacement component; d) rotation around g; basis.
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Fig. 9. The pre-twisted beam. Comparison of distributions: a) normal force V; b) torsional moment M;; ¢) bending
moment M.; d) bending moment Ms3; e) shear force S»; f) shear force S3.

5.2 Elliptical ring

An elliptical ring under two equal tensile concentrated forces has been considered, Fig. 10. The
properties of double symmetry are utilized and a quarter of the ring is investigated in the simulations.
To the best knowledge of the authors, there are no available solutions for the displacements of the points
A and B in the literature using the big-curvature BE beam theory. The expression given in [18] does not
return an expected result. Moreover, the authors in [5] argue that they had to use the average value of
the displacements for the maximum and minimum curvature since it is not possible to integrate
appropriate equations using a variable curvature. Note that the curviness KD varies from 3/8 to 8/9 in
this example.

The radial displacements 14=0.649918 mm and up=0.623481 mm are obtained using the BFM
procedure and they are exactly the same as the ones found with IGA in [3]. Furthermore, the basis
functions are derived for this structure and the integrands are approximated with the Taylor series. The
convergence of the Taylor series polynomial towards one of the integrand functions is graphically
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displayed in Fig. 11a, while the convergence of the appropriate L? error norm is given in Fig. 11b. It is
interesting that these results are independent of the curviness, although the big-curvature model is
utilized. Moreover, the obtained basis functions N; and Ns are given in Fig. 12 for six different values
of the curviness KD and its effect is clearly pronounced, similar as for the circular beam. In the end,
the elements of the stiffness matrices obtained with the BFM and weak form are compared with respect
to the order of approximation and their relative error is given in Fig. 13 for both the small- and big-
curvature models. It is observed that the small-curvature model returns a better accuracy of the stiftness
matrix per order of approximation which is caused by the significantly simpler constitutive model.

TP=10 kN P/zT
4

E

D=0.1 m
E=1 GPa

iPZlO kN

Fig. 10. The elliptical ring. Geometry, material properties, and load disposition.

a) 0.3 —Exact ——n=2 b) 10

n=3 n=4 1
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=01 =
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-0.3 0.0001

0 02 04 06 08 1 12 14 16 1 3 5 7 9 11
1 The order of approximation

Fig. 11. The elliptical ring. a) Approximation of the integrand function in rotation equation, for the purpose of
calculation of basis function Ny (uv=u,i=@-=u= =0, uu=1); b) L? error norm of this approximation with respect
to the order of the Taylor polynomial.
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Fig. 12. The elliptical ring. Basis functions for different values of curviness KD, superposed with the reference
geometry: a) Function N; (4x=0.1, u,=@.=ug=uu=@4=0), b) Function N (uxi=t,i=@-=ta=u,3=0, @=1)
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Fig. 13. The elliptical ring. Relative difference of the values of stiffness coefficients calculated by the BFM
("exact'") and weak form (approximate) using basis functions obtained by approximation of the integrands with a
different polynomial order: a) big-curvature model, b) small-curvature model.

5.3 Circular helix

As the classic example of a spatial beam with constant curvature and torsion, a circular helix
with square cross section and without initial twist is analyzed. The axis of the helix is defined with the
equations:

x(g)=acosg, y(&)=asing, z(5)=bs,

43
£e[0,37], a=2m, b=0.5m. 43)

Due to the constant curvature, the basis functions are analytically derived from Eq. (30) and a full
agreement of the stiffness matrices using the BFM and weak form is obtained for all values of curviness.
The influence of curviness on the basis functions is examined in detail. For u,~=1, the global components
of the displacement and the angle of twist are displayed in Fig. 14 where £=30 GPa and v=0.1. Clearly,
the effect of the big curvature is not significantly pronounced in this example, except for the extreme
values of the curviness, such as Ki>1. We attribute this fact to the length of the considered beam, which
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is not introduced in the adopted parameter of curviness. In order to clearly depict some of the geometries
which are studied, the reference geometries of two helices are displayed in Fig. 15 for K4=0.1 and
Kh=0.5. It is evident that the big-curvature helices barely resemble the classic beam geometry.
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£ £0.08
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02 0.04
0 0
0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9
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0.2 0.1
E 0 ?: 0
= -
-0.2 < 0.1
-0.4 -0.2
0 1 2 3 4 5 6 7 8 9 0 1 2 3 4§5 6 7 8 9
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Fig. 14. The circular helix. Components of basis function N; (ux=1, uyi=tt-/=@ui= Q= Qei=thi=tlyk=tzk= Qo= Pok==4=0)
for different values of curviness K#: a) displacement component u,, b) displacement component ,, ¢) displacement
component u, d) rotation component ¢;.

a) z b) z

Fig. 15. The circular helix. 3D representation of the reference geometries for two values of curviness: a) K4=0.1,
b) Kh=0.5.

5.4 Cubic NURBS beam

The final example deals with a spatial cantilever loaded with a vertical concentrated force
F=1000 kN, Fig. 16. Its axis is parametrized with cubic NURBS where the control points and weights
are given in Fig. 16a. The beam is thoroughly analyzed in [2] and the comparison of those results with
the analytical ones was one of the driving forces for the present research. Due to the complicated
integrands, the analytical solution of appropriate integrals is not viable and a piecewise series
approximation of the integrands had to be applied. The approximative polynomials are defined in the
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intervals £€[0,0.5] and £€(0.5,1], about their respective middle points. The beam response for b=0.2 m
is calculated using the seventh order Taylor polynomial and compared with [2]. The displacement
components and the angle of twist are displayed in Fig. 17 where an excellent agreement is evident.

Additionally, the displacement components of the tip of the beam for different values of the
curviness Kmaxh are compared in Table 2. Besides the present big- and small-curvature models, the
results are also given for the reduced model developed in [2] with the assumption go=1-7K3+Z{K>~1. The
compliance of the results is excellent and the numerical IGA formulation for the linear analysis of big-
curvature beams is validated via the comparison with the present approach. It can be noted that the
reduced IGA and present small-curvature models return similar results. Still, small differences exist due
to the more rigorous constitutive model used in [2].

a) P,=(0,0.5,2) b)
W4:1
P,=(1,1.5,1.4)
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v=0.1 }
P,=(2,0.5,1)
N w,=0.5 ex
PIZ(O,O,O) 1
wi=1 X

Fig. 16. The cubic beam. a) Geometry, material properties, and load disposition, b) 3D representation for
Kinaxb=0.44.
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Table 2. The cubic beam. Comparison of values of the displacement components at the free end for different values
of curviness.
Ux Uy U
IGA [2] Present IGA [2] Present IGA [2] Present
Big- Small- Big- Small- Big- Small-
Kb Ful  Reduced Full Reduced Full Reduced
0074 88290 88225 88280 88318 24526 24294 24526 24514 70947 70908 -70947 70988
0.148 55126 -55140 55126 55198 15345 1517.6 15345 15313 44292 44345 44292 44395
0296 -343.17 34461 343.17 34498 96292 94635 96292 95492 27558 27784 27558 27816
0444 67333 68066 67333 68138 19.149 18624 19.149 18793 54023 -55108 -54.023 -55.170
0592 21103 21534 21103 21557 61157 58618 61157 59153 -16909 -17.537 -16909 -17.556
0740 85362 -88193 85362 88287 25349 23847 25349 24067 -6.8280 -72356 -6.8280 -7.2436
0888 4.0525 42525 40525 42570 12402 11405 12402 11510 32342 35204 32342 -3.5243
1184 -12292 -13450 -1.2292 -1.3464 040670 035313 040672 035648 097470 -1.1389 0.97468 -1.1401
1480 047398 -0.55060 -0.47398 -0.55119 0.17423 0.14058 0.17423 0.14195 037198 047963 037198 -0.48013

6. Conclusions

The derived beam equations with respect to the arbitrary parametric coordinate are validated by
both correct reduction to the arc-length form and via numerical examples. The curvature change is
defined with respect to the convective (arc-length and parametric) and material/spatial coordinates. It is
shown that all approaches are in agreement as long as it is clear which quantity and coordinate systems
are employed. However, the convective description proves more convenient, which is particularly
emphasized in nonlinear analysis.

The exact basis functions are impractical, but comparison with the previous numeric results
suggests that high-order NURBS functions with high interelement continuity are an excellent choice for
accurate numerical analysis of big-curvature beams. Due to the complicated expressions, the equations
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of the big-curvature beam theory are rarely integrable. The Taylor approximation is affirmed as a
powerful tool for the analytical assessment of these structures. The problem of more involved
parameterization of arbitrary geometries could be addressed by the development of new classes of curves
parametrized with the arc-length coordinate, [44].

Further research should be directed toward the analytical approach of free vibration analysis of
big-curvature composite and non-uniform beams.

Appendix A

The fact that the Christoffel symbols of the second kind are not tensors is considered. The
Christoffel symbols transform as:

o & o

r, =rm 4 . Al
T o oxd et ox™ axdoxt (A
The relation between (s, , £) and (s, 77, ) coordinates is, Fig. 1:
X2 =x"cos@+x’siné, x> =x*cos@—x’sind, (A2)
x> =—x*sin@ + x’ cos O, X' =x*sin@—x"cosb,

where the coordinates with respect to the (s, 7, {) system are designated with an overbar. We can easily
derive all Christoffel symbols:
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In other words, if we observe these two matrices:

(A7)

(—sin@)=-Ksiné.
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0 K O 0 Kcosf —Ksind
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It is clear that the curvature parts of the Christoffel symbols transform as tensor components but the
torsion parts do not. For surfaces, the Christoffel symbols with index 3 in the superscript always
transform as tensors since the basis vector g; (normal to the surface) is constant:
=3 Cox ox! oxt ox? o0 , ox* ox" ox’ o0'x’ 5 ox" ox”
!lﬂ:rjk i a —,B+ i a ﬂ:r/lv a ,B+ 3 zz—ﬂ:r/lv —a B
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However, the other Christoffel symbols of the second kind on surface are not tensors.

B

(A10)

Appendix B

It is not trivial to find the proper change of the curvature with respect to the arc-length
coordinate. The main problem is that the curvatures in the deformed and reference configurations are
defined with respect to the different coordinate systems since the arc-length coordinate changes with the
deformation of the beam axis. We have two options here. The first one is to express the curvature of the
deformed configuration with respect to the reference configuration, and this is discussed in the Appendix
C. A more elegant approach is to assign the convective property to the arc-length coordinate. For this
case, the tangential base vector of the deformed axis is no longer a unit vector. Without the loss of
generality, we will look at the case of 8=0 for which K;=K and K,=0. The position vector of the beam
axis in the deformed configuration and the displacement vector are:

r =r+u, uzukg" =L7ktk, t* =[t,n,b]. (B1)

The components of displacement and rotation with respect to the FS coordinates will be designated with
an overbar in the appendices. The relations between partial derivatives of the displacement vector with
respect to the parametric and arc-length coordinates are:

du duds
e T e T ds de =Jeu..

u,éf = \/g(\/gu,s ) = \/g(\/gu,ss + i_:éu,sJ = \/g(\/gu,ss + rilu,s ) = gu,ss + \/grilu,s H

(B2)
while the relations between covariant derivatives of the components of rotation are:

Py = g¢_’1\s’ Pye = \/§¢_)2‘s’ Py = \/g(@\s‘ (B3)
Designations () ., () & and (),,0 are utilized in order to distinguish derivatives with respect to the

parametric and arc-length coordinates, respectively.

The base vectors of the deformed configuration are:



24

5

» dr _ _ _
gl =K=(1+ul‘q)t+u2‘qn+u3‘ b,

g, =n+@xn=n+pb-0p._t, (B4)
g.=b+@xb=b-pn+p,t,

while the first derivative of g;* basis is:

5

. d _ _ _ _ _ _
gl,S = ﬁ = (ul‘s ),S t+ (uZ‘s ),S n -+ (u3‘1),sb + (1 + ul‘s )Kn + uZ‘S (_Kt + Tb) - u3‘srn
ds (BS)
- [(EI‘S ), — Kiy, ]t + [(EZ‘S)’S +K(1+i7,,) 70, ]n + [(% ). + ity ]b.
Using Eq. (B4) and (B5), the curvature K is:
Ky =g, & =(0,), ~ 7, + K(+7,)+ 3| @), +7i0,, |5, @), -k, |, (B6)
which can be linearized with respect to the reference configuration:
KB* ~ K + (EZ‘X ),x - TL_‘B“Y + Kﬁl‘x : (B7)

The curvatures in both configurations are now expressed with respect to the same convective arc-length
coordinate s and the curvature change is:

X3(8)= K; (s)—K(s)= (Ez\x),x - n_’3\x + Kz/_ll‘x =@, T 10, +K€(11) = (53\‘? + Ké‘(“) ) (BY)

where the parentheses in the index of the axial strain &1y designate the physical component. Similarly,
the other component of the curvature in the deformed configuration is:

K, =g, 8 = (L), + 1, | @), + K(+i) ~ iy, |+ 5| @,), - Ky, |~
~ (1/_‘3“),‘; + T”_‘z\s - K([_)1 = —(52,s - K@l + 1@3 y —((52,s + K@ - 1@3) = —(52\S-

(B9)

For the calculation of the torsion in the deformed configuration, the derivative of the base vector g; is
required:
gg,s = b,s - al,sn - aln,s + ¢Z,St - aZt,s =—Th— al,sn - al (_Kt + Tb) + aZ,St + aan (BIO)
=(t+¢,—Kp,)n+ (Ko +¢, )t—1¢b,

which gives:

_Kl* :g;’s g; :_(T—"_(Zl,s —K(Zz)—z'(ﬁl _(K(Bl +¢2,S)¢3

- B . _ - (B11)
z_(T—i_(al,s _K(DZ):_KI _(¢1,S _K(DZ):_KI _(Dl‘s'

Finally, the derived expressions (B8), (B9), and (B11) can be easily generalized for the case of &#0:
(Bl\s =X (32\s =X _Kzg(n)’ @\s =X _K3‘9(11)~ (B12)
Let us now rearrange and compare equations (23) and (B12):
1

K =—=0, K'2=\/§(p + K&, K'3=\/§(p + K¢,
Jg " * i (B13)

X1 =Py X2 = Py, + Kzg(n)a X3 =Py + K3‘9(11)~

In this way, simple relations between the curvature changes with respect to the parametric and arc-length
convective coordinates are revealed:
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1
K :EQM :\/Ell’

K= \/E%\g +K,6, = g(lz - Kzgm))"' K,e,, =81, (B14)
K= \/E%\; +Kie), = g(l3 _K3‘9(11)) +Ki8, =81,
For g=1, these quantities are equal, which was to be demonstrated.

Furthermore, let us find the curvature changes with respect to the FS frame as functions of
displacement of the beam axis and the angle of twist of cross section. If we note that:

=Je7', (B15)
Eq. (20) becomes:
K =g (Kzﬁz‘s + Ky, + P, )
K, =g, (gu, +\eTu, ~T}\eu, )+ eK.d' =¢(-g,-u, +K.7), (B16)
k=g, (gu, +eTlu, ~ T} \eu, ) - eKop' = g (g, -u —K.5)
Required relations now follow from Eq. (B16) and (B14):
xn =K,u, s +K31/T3‘S + @4
X, =-8;-u, +Kp, (B17)
=8 u, — K.

Appendix C

If we do not impose the convective property to the FS frame of reference, the curvature change
is a difference between the curvatures of spatial and material configurations, y=K'(s")-K(s). The
problem arises because the coordinate itself is changed due to the deformation. Therefore, the curvature
in the deformed configuration (spatial coordinates) K'(s") will be expressed as a function of reference
configuration (material coordinates) K'(s).

Firstly, the tangent of the deformed axis will be represented as:

. dr* dr ds _

Tds dsds A*[(”” Je+i b (C1)

where the relation between spatial and material arc-length coordinates of both configurations is:
2 2 2
ds" =g ds, & =(1+a,) +(a@,) +(@,) - (C2)
It follows that the change of the tangent can be calculated as:
a1 (= _ _ _
-=Kn =— (ul‘q) — Ky, (t+ ( s ) +K(1+u‘ ) Tuy, I+ (u3‘q) + 7y, b~
dS g " s h " s h
| (C3)
L [(1+L71‘S)t+u T, b}[(uu )(ﬁl‘) +I/_12‘S(ﬁz‘s) +iry, (&, ) }

This expression is exact but too cumbersome, and it will be linearized. For that, let us refer to the
linearized expression for the normal in the deformed configuration, derived in the Appendix of [2]. For

(s, &, p) coordinates it reduces to:
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. 1 _ _ _
n ~n+ E[b ‘u [b—(n-u,)t=—ir, t+n+ E[(%“‘ ) + 7y, }b (C4)
Furthermore, linearization of the following quantities is required:
1 1 _ _
mxl-—2(14m, )| @ =1-24,,
g1 & ) | (C5)
=1 ~2(1e )‘0 i, =1-4ds,,.
Now, inserting Eq. (C4) and (C5) into (C3) gives the linearized change of tangent:
dt’ _ _ _ _ _ _ _
i (1 - 25(”)) (”m )\ - Kuz‘s t+ (uz‘x )\ +K (1 iy ) =Ty [+ (u3‘x )\ + Tl b} - 6
- (1 —4eq )[(1 +y )t +iyn+ "_’3\xb:||:(1 + iy )(”_’m ) + iy, (ﬁz\s ) +ily, (I/Tf"s )’S } )
which returns the curvature of the deformed axis as a function of the material coordinate s:
i, )~ i, } ~ (@ ) +K (1+ &4y ) -7y, —2Kéy, n

. a . _
K'(s)=n' = (1-2¢,, )[(u2 ) +K (147,
=g, +10, +K+Ke ), —2Ke ), =K+ @S -Ke)-

The higher order terms of strains and displacement gradients are neglected since we are dealing with the

linear analysis. Using Eq. (B12) with y=y3 and K=K3, the curvature change is:
(C8)

X, (s) ZK*(S*)_K(S)=¢3\S _Kg(n) =)(—2Kgm),

The two measures of the curvature change, ys and y, differ for a factor 2K gu1y. The derived expression

(C8) contains the Kirchhoff-Clebsch parameter of the flexural strain, [1], [9], that is actually the
(C9)

covariant derivative of rotation:
Py = Xs +K€(11)'

This parameter is unsuitably compared with the curvature change with respect to the convective
coordinate, «;, in [3]. The correct reasoning follows from the fact that the metric coefficient gi1"=g" in

(C10)

the deformed configuration is:
1 . .

&n =5 (8n =& = & =8+ 24,

which gives the curvature change with respect to the convective parametric coordinate as:

k=g K —gK=(g+2¢,)K+y)-gK~gy, +2Ks,. (C11)

The insertion of Eq. (C8) into (C11) returns x=gy, which was to be demonstrated.

Appendix D
Closed-form solutions for the elements of the basic stiffness matrix of a big-curvature circular

beam with rectangular cross sections are:
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k, =E[2h(sm§k —sin& )" —2AAE(AE +cosé, siné, —cos & siné, )},

ky, = %{cos[(?yfk +&)/2]-cos[ (& +3&)/ 2]} (~AAEcos(AE 1 2) + hsin(AE 2)),

k= %{—A A& (cos(2AE) —cos & +2AEsiné ) +

+h[~A&(cos&, — cosé, ) +2sin’ (A /2)(sin&, —3sin, )]}

(D1)
k,, = %{M(cos & —cos& ) + AAf[sin(2§k) —2(At+cosé siné, ):l},
ky, = %{2h(cos§i —3cosé&, )sin’(AE/2) -
— A§[2A(A§cos & —cos& sinAg)+h(sing —sin &, ):l},
kyy = —%@[mgz +16c0oSAE —7cos(2AE) — 9] +4AE{ A[2A8 —sin(2A&)] - 2h sinA§}>,
where:
A= Rarcoth(2R/ h),
B=Eb(h-24),
, . (D2)
D=(A&—sinAE)[ 2h(cos A& —1)+ AAE(AE +sinAE) |,
AS= é:k - é:;
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