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Abstract

Hypergraphs extend classical graphs by allowing hyperedges to connect any nonempty subset of vertices,
thereby capturing complex group-level relationships. Superhypergraphs advance this framework by introducing
recursively nested powerset layers, enabling the representation of hierarchical and self-referential links among
hyperedges. A line graph encodes the adjacencies between edges of an original graph by transforming each
edge into a vertex and connecting two vertices if their corresponding edges share a common endpoint. A total
graph incorporates both the vertices and edges of the original graph as its own vertices, with edges representing
adjacency or incidence between these entities. An iterated line graph arises from the repeated application
of the line graph construction, where each iteration takes the previous line graph as its input. Similarly, an
iterated total graph is generated by iteratively applying the total graph transformation a specified number of
times. This paper investigates the hypergraph and superhypergraph analogues of these constructions, providing
a foundation for further theoretical development.
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1 Preliminaries

In this section, we review the key concepts and notation used throughout this paper. All graphs and HyperGraphs
considered here are finite.

1.1 Hypergraphs and Superhypergraphs

In classical graphs, it can be difficult to represent certain real-world concepts, such as hierarchical network
structures. For this reason, frameworks like HyperGraphs and SuperHyperGraphs have been developed and
studied. A hypergraph extends the notion of a simple graph by allowing each edge—referred to as a hy-
peredge—to connect an arbitrary nonempty subset of vertices, thereby representing relationships that involve
more than two elements [1–4]. A superhypergraph further enriches this structure by incorporating recursively
applied powerset layers into the hypergraph, producing hierarchically nested connections among hyperedges.
This generalization has been investigated in several recent studies [5–10].

Definition 1.1 (Base Set). [11] Let 𝑆 be a nonempty set, called the base set. All higher-order objects, such as
powersets and supervertices, are constructed from 𝑆:

𝑆 = { 𝑥 | 𝑥 is an element of the domain }.

Definition 1.2 (Powerset). For any set 𝑆, its powerset POWS(𝑆) is the collection of all subsets of 𝑆, including
∅ and 𝑆 itself:

POWS(𝑆) = { 𝐴 | 𝐴 ⊆ 𝑆 }.

Definition 1.3 (𝑛-th Powerset). [9,12–14]. Let𝐻 be a set. The 𝑛-th powerset POWS𝑛 (𝐻) is defined recursively
by

POWS0 (𝐻) = 𝐻, POWS𝑘+1 (𝐻) = POWS
(
POWS𝑘 (𝐻)

)
, 𝑘 ≥ 0.

The nonempty 𝑛-th powerset POWS∗𝑛 (𝐻) is defined similarly but removes the empty set at each stage:

POWS∗0 (𝐻) = 𝐻, POWS∗(𝑘+1) (𝐻) = POWS∗
(
POWS∗𝑘 (𝐻)

)
,

where POWS∗ (𝑋) = POWS(𝑋) \ {∅}
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Example 1.4 (𝑛-th Powerset Example). Let 𝐻 = {𝑎, 𝑏}. Then:

POWS0 (𝐻) = {𝑎, 𝑏},
POWS1 (𝐻) = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}},
POWS2 (𝐻) = { ∅, {∅}, {{𝑎}}, {{𝑏}}, {{𝑎, 𝑏}}, {∅, {𝑎}}, {∅, {𝑏}}, {∅, {𝑎, 𝑏}},

{{𝑎}, {𝑏}}, {{𝑎}, {𝑎, 𝑏}}, {{𝑏}, {𝑎, 𝑏}}, {∅, {𝑎}, {𝑏}}, {∅, {𝑎}, {𝑎, 𝑏}},
{∅, {𝑏}, {𝑎, 𝑏}}, {{𝑎}, {𝑏}, {𝑎, 𝑏}}, {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}} }.

This illustrates the recursive growth of POWS𝑛 (𝐻) with 𝑛.

Definition 1.5 (HyperGraph). [15, 16] A finite HyperGraph 𝐻 = (𝑉, 𝐸) is specified by:

• A nonempty vertex set 𝑉 .

• A collection 𝐸 of hyperedges, where each 𝑒 ∈ 𝐸 is a nonempty subset of 𝑉 .

HyperGraphs generalize ordinary graphs by permitting edges to join any number of vertices, making them
ideal for modeling higher-order relationships. In this work, we assume both 𝑉 and 𝐸 are finite.

Definition 1.6 (Level-𝑛 SuperHyperGraph (incidence form)). (cf. [6, 9, 17, 18]) Fix a finite base set 𝑉0 and an
integer 𝑛 ≥ 0. Let 𝑉𝑛 ⊆ POWS𝑛 (𝑉0) be a finite set, whose elements are called 𝑛-supervertices. A level-𝑛
SuperHyperGraph is a pair

H (𝑛) =
(
𝑉𝑛, E

)
, with ∅ ≠ E ⊆ POWS(𝑉𝑛) \ {∅}.

Thus each 𝑛-superedge 𝐸 ∈ E is a nonempty subset of the vertex set 𝑉𝑛. (When 𝑛 = 0, this is an ordinary finite
hypergraph; when, additionally, every 𝐸 ∈ E has size 2, it is an ordinary graph.)

Notation 1.7 (Stars). ForH (𝑛) = (𝑉𝑛, E) and 𝑣 ∈ 𝑉𝑛, the star of 𝑣 is

StarH (𝑣) := { 𝐸 ∈ E : 𝑣 ∈ 𝐸 } ⊆ E .

We also write E≠∅ (𝑣) := StarH (𝑣) and E(≥2) (𝑣) := { 𝐸 ∈ E : 𝑣 ∈ 𝐸 and |𝐸 | ≥ 2 } when we wish to exclude
size-1 edges in the star.

Example 1.8 (A Level-2 SuperHyperGraph and its Stars). Let the base set be 𝑉0 = {𝑎, 𝑏, 𝑐}. The level-1
supervertices are

𝑉1 =
{
{𝑎, 𝑏}, {𝑏, 𝑐}, {𝑎}

}
.

The level-2 supervertices are taken as

𝑉2 =
{
{{𝑎, 𝑏}, {𝑏, 𝑐}}, {{𝑎}, {𝑏, 𝑐}}, {{𝑎, 𝑏}}

}
.

Define the superedges by

E =
{
{{{𝑎, 𝑏}, {𝑏, 𝑐}}, {{𝑎}, {𝑏, 𝑐}}}, {{{𝑎}, {𝑏, 𝑐}}, {{𝑎, 𝑏}}, {{𝑎, 𝑏}, {𝑏, 𝑐}}}

}
.

ThenH (2) = (𝑉2, E) is a level-2 SuperHyperGraph.

For example, the star of the vertex 𝑣 = {{𝑎, 𝑏}, {𝑏, 𝑐}} is

StarH (𝑣) =
{
{{{𝑎, 𝑏}, {𝑏, 𝑐}}, {{𝑎}, {𝑏, 𝑐}}}, {{{𝑎}, {𝑏, 𝑐}}, {{𝑎, 𝑏}}, {{𝑎, 𝑏}, {𝑏, 𝑐}}}

}
.

2 Review and Result: Line Graph

2.1 Line Graph

A line graph represents edges of a graph as vertices, linking them if the original edges share a common endpoint
(cf. [19–24]).
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Definition 2.1 (Line graph). Let 𝐺 = (𝑉 (𝐺), 𝐸 (𝐺)) be a (loopless) undirected simple graph. The line graph
𝐿 (𝐺) is the (simple) graph defined by

𝑉
(
𝐿 (𝐺)

)
= 𝐸 (𝐺), {𝑒, 𝑓 } ∈ 𝐸

(
𝐿 (𝐺)

)
⇐⇒ 𝑒 ∩ 𝑓 ≠ ∅,

i.e., two vertices of 𝐿 (𝐺) are adjacent exactly when the corresponding two edges of 𝐺 share an endpoint.

Example 2.2 (Line Graph — flight connections). Consider a small airline network with airports 𝑉 =

{𝐴, 𝐵, 𝐶, 𝐷} and direct flights

𝐸 (𝐺) = { 𝑒1 = 𝐴𝐵, 𝑒2 = 𝐴𝐶, 𝑒3 = 𝐵𝐶, 𝑒4 = 𝐵𝐷 }.

The line graph 𝐿 (𝐺) has one vertex for each flight 𝑒𝑖 , and two vertices are adjacent iff the flights share an
airport. Explicitly,

𝐸
(
𝐿 (𝐺)

)
=
{
𝑒1𝑒2, 𝑒1𝑒3, 𝑒1𝑒4, 𝑒2𝑒3, 𝑒3𝑒4

}
,

so 𝐿 (𝐺) is a 𝐾4 missing the edge 𝑒2𝑒4. Degrees are

deg𝐿 (𝐺) (𝑒1) = 3, deg𝐿 (𝐺) (𝑒2) = 2, deg𝐿 (𝐺) (𝑒3) = 3, deg𝐿 (𝐺) (𝑒4) = 2.

(Verification by the standard formula: deg𝐺 (𝐴) = 2, deg𝐺 (𝐵) = 3, deg𝐺 (𝐶) = 2, deg𝐺 (𝐷) = 1 gives
|𝐸 (𝐿 (𝐺)) | = ∑

𝑣∈𝑉
(deg𝐺 (𝑣)

2
)
= 1+ 3+ 1+ 0 = 5 as listed.) This models connection possibilities: a path 𝑒𝑖−𝑒 𝑗

in 𝐿 (𝐺) corresponds to a feasible one-stop transfer sharing an airport.

2.2 Line HyperGraph

A line hypergraph transforms each hyperedge into a vertex, connecting vertices via hyperedges that share at
least one original vertex (cf. [25–29]).

Definition 2.3 (Clique of rank 𝑟). Given a finite set 𝑋 and an integer 𝑟 ≥ 0, the clique of rank 𝑟 on 𝑋 is the
(simple) uniform hypergraph whose vertex set is 𝑋 and whose edge set is

(𝑋
𝑟

)
(with the conventions that rank

2 is an ordinary complete graph on 𝑋; rank 1 has edges the singletons of 𝑋; rank 0 is a single isolated vertex).

Definition 2.4 (Line hypergraph (Tyshkevich–Zverovich)). Let 𝐻 = (𝑉, 𝐸) be a hypergraph without isolated
vertices, and list 𝑉 = {𝑣1, . . . , 𝑣𝑛}. Define two integer vectors

1𝐻 = (deg(𝑣1), . . . , deg(𝑣𝑛)), 0𝐻 = ( 0𝑣𝑖 )𝑛𝑖=1 with 0𝑣𝑖 =

{
0, deg(𝑣𝑖) = 1,
2, deg(𝑣𝑖) ≥ 2.

Let D𝐻 := {𝐷 = (𝑑𝑣𝑖 )𝑛𝑖=1 : 0𝐻 ≤ 𝐷 ≤ 1𝐻 componentwise}. For any 𝐷 ∈ D𝐻 , define for each 𝑣 ∈ 𝑉 the
clique 𝐹𝑣 of rank 𝑑𝑣 on the vertex set 𝐸 (𝑣), and set

𝐿𝐷 (𝐻) :=
⋃
𝑣∈𝑉

𝐹𝑣 .

The (multi-valued) line hypergraph of 𝐻 is the set

𝐿 (𝐻) := { 𝐿𝐷 (𝐻) : 𝐷 ∈ D𝐻 }.

Example 2.5 (Line Hypergraph — meetings sharing attendees). Let 𝐻 = (𝑉, E) encode meetings with people
as vertices

𝑉 = {Alice, Bob, Chloe, Dan},
and meetings (hyperedges)

E = { 𝐸1 = {Alice,Bob,Chloe}, 𝐸2 = {Bob,Dan}, 𝐸3 = {Chloe,Dan} }.

The line hypergraph 𝐿 (𝐻) has vertex set E, and for each person 𝑣 ∈ 𝑉 we add a hyperedge collecting all
meetings that 𝑣 attends:

Star𝐻 (Alice) = {𝐸1}, Star𝐻 (Bob) = {𝐸1, 𝐸2}, Star𝐻 (Chloe) = {𝐸1, 𝐸3}, Star𝐻 (Dan) = {𝐸2, 𝐸3}.

Hence
𝐿 (𝐻) =

(
{𝐸1, 𝐸2, 𝐸3},

{
{𝐸1}, {𝐸1, 𝐸2}, {𝐸1, 𝐸3}, {𝐸2, 𝐸3}

} )
.

Interpretation: vertices are meetings; a hyperedge {𝐸𝑖 , 𝐸 𝑗 } says “the two meetings share at least one common
attendee” (here, Bob or Dan or Chloe).
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2.3 Line SuperHyperGraph

A line superhypergraph maps each superedge to a vertex, linking them through superedges containing a common
supervertex in the original structure.

Definition 2.6 (Line SuperHyperGraph). Let H (𝑛) = (𝑉𝑛, E) be a level-𝑛 SuperHyperGraph. Its line Super-
HyperGraph is the pair

L(𝑛)
(
H

)
=

(
𝑉 ′𝑛+1, E

′
𝑛+1

)
defined by

𝑉 ′𝑛+1 := E and E′𝑛+1 :=
{

StarH (𝑣) ⊆ E : 𝑣 ∈ 𝑉𝑛, StarH (𝑣) ≠ ∅
}
.

Intuitively, L(𝑛) (H) has one vertex for each superedge ofH ; for every supervertex 𝑣 ∈ 𝑉𝑛, we add a (hyper)edge
collecting all superedges that contain 𝑣.

Remark 2.7 (Level bookkeeping and singletons). Since𝑉𝑛 ⊆ POWS𝑛 (𝑉0), we have𝑉 ′
𝑛+1 = E ⊆ POWS(𝑉𝑛) ⊆

POWS
(
POWS𝑛 (𝑉0)

)
= POWS𝑛+1 (𝑉0). Thus vertices of L(𝑛) (H) naturally live one level up. Optionally

replacing StarH (𝑣) by E(≥2) (𝑣) removes singleton edges without changing the 2-section adjacency. We keep
the nonempty stars for generality.

Example 2.8 (Line SuperHyperGraph — programs sharing teams). Start with a level-1 SuperHyperGraph that
models teams of people and programs grouping teams. Let the base set of individuals be 𝑉0 = {𝑎, 𝑏, 𝑐, 𝑑}.
Take the level-1 supervertex set (teams)

𝑉1 = {𝑇1 = {𝑎, 𝑏}, 𝑇2 = {𝑏, 𝑐}, 𝑇3 = {𝑐, 𝑑} } ⊆ POW(𝑉0),

and define superedges (programs) as sets of teams:

E = { 𝑃1 = {𝑇1, 𝑇2}, 𝑃2 = {𝑇2, 𝑇3} } ⊆ POW(𝑉1).

The line SuperHyperGraph L(1) (H) has vertex set 𝑉 ′2 = E = {𝑃1, 𝑃2}. For each team 𝑇 ∈ 𝑉1, add one
(super)hyperedge that collects all programs containing 𝑇 :

StarH (𝑇1) = {𝑃1}, StarH (𝑇2) = {𝑃1, 𝑃2}, StarH (𝑇3) = {𝑃2}.

Therefore
L(1) (H) =

(
{𝑃1, 𝑃2},

{
{𝑃1}, {𝑃1, 𝑃2}, {𝑃2}

} )
.

Real-world reading: vertices are programs; a (super)hyperedge joins all programs that share the same team.
Thus {𝑃1, 𝑃2} indicates that the two programs overlap operationally through team 𝑇2.

Theorem 2.9 (Well-definedness and SuperHyperGraph property). For any level-𝑛 SuperHyperGraphH (𝑛) =
(𝑉𝑛, E), the line construction L(𝑛) (H) = (𝑉 ′

𝑛+1, E
′
𝑛+1) of Definition 2.6 is a level-(𝑛 + 1) SuperHyperGraph.

In particular,
𝑉 ′𝑛+1 ⊆ POWS𝑛+1 (𝑉0) and ∅ ≠ E′𝑛+1 ⊆ POWS(𝑉 ′𝑛+1) \ {∅}.

Proof. First, 𝑉 ′
𝑛+1 = E ⊆ POWS(𝑉𝑛) ⊆ POWS𝑛+1 (𝑉0) as noted in Remark 2.7; hence 𝑉 ′

𝑛+1 is a finite set
of (𝑛+1)-level objects. Second, by construction every StarH (𝑣) is a subset of E = 𝑉 ′

𝑛+1. Nonemptiness of
StarH (𝑣) is part of the definition of E′

𝑛+1, so E′
𝑛+1 ⊆ POWS(𝑉 ′

𝑛+1) \ {∅}. Finally, because H (𝑛) is finite,
only finitely many 𝑣 ∈ 𝑉𝑛 yield nonempty stars, so E′

𝑛+1 is finite and nonempty whenever E ≠ ∅. Therefore
L(𝑛) (H) satisfies Definition 1.6 with level 𝑛+1. □

Definition 2.10 (2–section of a (Super)HyperGraph). For a pair (𝑈, F ) with𝑈 finite and ∅ ≠ F ⊆ POWS(𝑈) \
{∅}, its 2–section [ (𝑈, F ) ]2 is the (simple) graph on vertex set 𝑈 in which distinct 𝑥, 𝑦 ∈ 𝑈 are adjacent iff
there exists 𝐹 ∈ F with {𝑥, 𝑦} ⊆ 𝐹.

Theorem 2.11 (Graph case). Let 𝐺 = (𝑉, 𝐸) be a finite simple loopless graph (so 𝐸 ⊆ POWS(𝑉), |𝑒 | = 2 for
all 𝑒 ∈ 𝐸). Regard 𝐺 as a level-0 SuperHyperGraphH (0) = (𝑉, E) with E = 𝐸 . Then the 2–section of its line
SuperHyperGraph coincides with the classical line graph:[

L(0) (H)
]

2 = 𝐿 (𝐺).
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Proof. By Definition 2.6, the vertex set of L(0) (H) is 𝑉 ′1 = E = 𝐸 ; we therefore identify vertices with edges
of 𝐺. For 𝑣 ∈ 𝑉 , the star StarH (𝑣) = { 𝑒 ∈ 𝐸 : 𝑣 ∈ 𝑒 } is precisely the set of all edges of 𝐺 incident
with 𝑣. In the 2–section [ L(0) (H) ]2, two distinct vertices 𝑒, 𝑓 ∈ 𝐸 are adjacent iff there exists 𝑣 ∈ 𝑉 with
{𝑒, 𝑓 } ⊆ StarH (𝑣), i.e. iff 𝑒 and 𝑓 are both incident with 𝑣, equivalently 𝑒 ∩ 𝑓 ≠ ∅. This is exactly the
adjacency rule of the line graph 𝐿 (𝐺). □

Theorem 2.12 (Hypergraph case: L(0) (𝐻) is the incidence line hypergraph). Let 𝐻 = (𝑉, E) be a finite
hypergraph (i.e. a level-0 SuperHyperGraph). Then L(0) (𝐻) = (E, E′) with

E′ =
{
{ 𝐸 ∈ E : 𝑣 ∈ 𝐸 } : 𝑣 ∈ 𝑉, {𝐸 ∈ E : 𝑣 ∈ 𝐸} ≠ ∅

}
is exactly the standard incidence line hypergraph of 𝐻: its vertices are the edges of 𝐻, and for each 𝑣 ∈ 𝑉 we
add one hyperedge consisting of all edges incident with 𝑣.

Proof. This is immediate from Definition 2.6 with 𝑛 = 0. By construction, the vertex set is E (the original
hyperedges), and for each 𝑣 ∈ 𝑉 the star StarH (𝑣) collects exactly those edges of 𝐻 that contain 𝑣. □

Corollary 2.13 (Compatibility with the classical line graph via 2–section). For a graph 𝐺 viewed as a rank-2
hypergraph 𝐻𝐺 = (𝑉, E) with E = {{𝑢, 𝑣} : 𝑢𝑣 ∈ 𝐸 (𝐺)}, the 2–section [ L(0) (𝐻𝐺) ]2 equals the classical line
graph 𝐿 (𝐺).

Proof. Apply Theorem 2.11 withH (0) = 𝐻𝐺 . □

3 Review and Result: Total Graph

3.1 Total Graph

A total graph has vertices for both vertices and edges of a graph, joining them by adjacency or incidence
relationships (cf. [30–37]).

Definition 3.1 (Total graph). Let 𝐺 = (𝑉 (𝐺), 𝐸 (𝐺)) be a loopless simple undirected graph. The total graph
𝑇 (𝐺) is the (simple) graph with

𝑉
(
𝑇 (𝐺)

)
= 𝑉 (𝐺) ¤∪ 𝐸 (𝐺),

where two distinct vertices 𝑥, 𝑦 ∈ 𝑉 (𝐺) ∪ 𝐸 (𝐺) are adjacent in 𝑇 (𝐺) iff one of the following holds:

1. (vertex–vertex) 𝑥, 𝑦 ∈ 𝑉 (𝐺) and 𝑥𝑦 ∈ 𝐸 (𝐺);

2. (edge–edge) 𝑥, 𝑦 ∈ 𝐸 (𝐺) and 𝑥 ∩ 𝑦 ≠ ∅ in 𝐺;

3. (vertex–edge) {𝑥, 𝑦} = {𝑣, 𝑒} with 𝑣 ∈ 𝑉 (𝐺), 𝑒 ∈ 𝐸 (𝐺), and 𝑣 ∈ 𝑒.

Example 3.2 (Total Graph — a tiny road network). Consider three intersections 𝑉 (𝐺) = {𝐴, 𝐵, 𝐶} with two
roads 𝐸 (𝐺) = {𝐴𝐵, 𝐵𝐶}. The total graph 𝑇 (𝐺) has vertex set

𝑉
(
𝑇 (𝐺)

)
= {𝐴, 𝐵, 𝐶, 𝐴𝐵, 𝐵𝐶}.

Edges in 𝑇 (𝐺) encode: (i) road adjacency between intersections, (ii) two roads sharing an endpoint, and (iii)
incidence between an intersection and a road passing through it:

(vertex–vertex) {𝐴, 𝐵}, {𝐵,𝐶};
(edge–edge) {𝐴𝐵, 𝐵𝐶} (they share 𝐵);
(vertex–edge) {𝐴, 𝐴𝐵}, {𝐵, 𝐴𝐵}, {𝐵, 𝐵𝐶}, {𝐶, 𝐵𝐶}.

Interpretation: 𝑇 (𝐺) simultaneously represents the places (intersections) and the links (roads), and how they
relate (including transfer from a place onto a road, and between adjacent roads).
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3.2 Total HyperGraph

A total hypergraph contains original vertices and hyperedges, connecting them through vertex–vertex, edge–edge,
and vertex–edge incidence hyperedges.

Definition 3.3 (Total hypergraph). Let 𝐻 = (𝑉, 𝐸) be a hypergraph. Form the disjoint union of the ground
objects

𝑈 := 𝑉 ¤∪ 𝐸,

where we regard vertices 𝑣 ∈ 𝑉 and hyperedges 𝑒 ∈ 𝐸 as distinct types of elements of𝑈. Define three families
of subsets of𝑈:

A := { 𝑒 ⊆ 𝑉 : 𝑒 ∈ 𝐸 }, B := { 𝐸𝐻 (𝑣) ⊆ 𝐸 : 𝑣 ∈ 𝑉, |𝐸𝐻 (𝑣) | ≥ 2 },

C := { {𝑣} ∪ 𝐸𝐻 (𝑣) ⊆ 𝑈 : 𝑣 ∈ 𝑉 }.

The total hypergraph of 𝐻 is the hypergraph

𝑇 (𝐻) :=
(
𝑈, A ∪ B ∪ C

)
.

Intuitively: A records vertex–vertex co-membership (original hyperedges), B records edge–edge intersection
at a common vertex, and C records vertex–edge incidence.

Example 3.4 (Total HyperGraph — meetings and attendees). Let 𝐻 = (𝑉, E) encode people and meetings:

𝑉 = {Alice,Bob,Chloe}, E = {𝐸1 = {Alice,Bob}, 𝐸2 = {Bob,Chloe}}.

Form𝑈 := 𝑉 ¤∪E = {Alice,Bob,Chloe, 𝐸1, 𝐸2}. The total hypergraph 𝑇 (𝐻) = (𝑈,A ∪ B ∪ C) has:

A = {𝐸1, 𝐸2}, B =
{
E𝐻 (Bob) = {𝐸1, 𝐸2}

}
, C =

{
{Alice, 𝐸1}, {Bob, 𝐸1, 𝐸2}, {Chloe, 𝐸2}

}
.

Here A records each original meeting (as a subset of people), B groups meetings sharing the same attendee
(Bob attends both), and C couples each person with all meetings they attend. Thus 𝑇 (𝐻) captures people,
meetings, and their incidences within one hypergraph.

Theorem 3.5 (Well-definedness). For every hypergraph 𝐻 = (𝑉, 𝐸), the pair 𝑇 (𝐻) =
(
𝑈,A ∪ B ∪ C

)
is a

hypergraph.

Proof. By construction 𝑈 = 𝑉 ¤∪ 𝐸 is a finite set. Each member of A is a nonempty subset of 𝑉 ⊆ 𝑈 because
𝐸 ⊆ P(𝑉) \ {∅}. Each member of B is a subset of 𝐸 ⊆ 𝑈 and is required to have size at least 2, hence
nonempty. Each member of C has the form {𝑣} ∪ 𝐸𝐻 (𝑣) and is therefore nonempty (it contains 𝑣). Thus
A ∪ B ∪ C ⊆ P(𝑈) \ {∅}, so 𝑇 (𝐻) meets the definition of a hypergraph. □

Definition 3.6 (2–section of a hypergraph). For a hypergraph 𝐾 = (𝑈, F ), its 2–section [𝐾]2 is the (simple)
graph with vertex set𝑈 in which distinct 𝑥, 𝑦 ∈ 𝑈 are adjacent iff there exists 𝐹 ∈ F with {𝑥, 𝑦} ⊆ 𝐹.

Theorem 3.7 (Generalization). Let 𝐺 = (𝑉 (𝐺), 𝐸 (𝐺)) be a loopless simple graph and let 𝐻𝐺 be the rank-2
hypergraph with

𝑉 (𝐻𝐺) = 𝑉 (𝐺), 𝐸 (𝐻𝐺) = { {𝑢, 𝑣} : 𝑢𝑣 ∈ 𝐸 (𝐺) }.

Then the 2–section of the total hypergraph of 𝐻𝐺 coincides with the total graph of 𝐺:[
𝑇 (𝐻𝐺)

]
2 = 𝑇 (𝐺).

Proof. Write 𝑈 = 𝑉 (𝐺) ¤∪ 𝐸 (𝐺). We must show that two distinct elements of 𝑈 are adjacent in [𝑇 (𝐻𝐺)]2 iff
they are adjacent in 𝑇 (𝐺).

(⇒) Suppose 𝑥, 𝑦 are adjacent in [𝑇 (𝐻𝐺)]2. Then {𝑥, 𝑦} ⊆ 𝐹 for some 𝐹 ∈ A ∪B ∪C as defined for 𝐻𝐺 . We
consider cases.

1) If 𝐹 ∈ A, then 𝐹 = 𝑒 = {𝑢, 𝑣} for some edge 𝑒 = 𝑢𝑣 ∈ 𝐸 (𝐺). Hence 𝑥, 𝑦 ∈ 𝑉 (𝐺) and {𝑥, 𝑦} = {𝑢, 𝑣}, so 𝑥
and 𝑦 are adjacent in 𝑇 (𝐺) by rule (vertex–vertex).
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2) If 𝐹 ∈ B, then 𝐹 = 𝐸𝐻𝐺
(𝑣) = { 𝑒 ∈ 𝐸 (𝐺) : 𝑣 ∈ 𝑒 } for some 𝑣 ∈ 𝑉 (𝐺) with |𝐸𝐻𝐺

(𝑣) | ≥ 2. Thus
𝑥, 𝑦 ∈ 𝐸 (𝐺) and both are incident with 𝑣; hence 𝑥 and 𝑦 share an endpoint in 𝐺 and are adjacent in 𝑇 (𝐺) by
rule (edge–edge).

3) If 𝐹 ∈ C, then 𝐹 = {𝑣} ∪ 𝐸𝐻𝐺
(𝑣) for some 𝑣 ∈ 𝑉 (𝐺). If 𝑥, 𝑦 ∈ 𝑉 (𝐺), impossible since 𝐹 contains

exactly one vertex element 𝑣. If 𝑥, 𝑦 ∈ 𝐸 (𝐺), then both lie in 𝐸𝐻𝐺
(𝑣) and we are back to case 2). Otherwise

{𝑥, 𝑦} = {𝑣, 𝑒} with 𝑒 ∈ 𝐸 (𝐺) incident to 𝑣; hence 𝑥 and 𝑦 are adjacent in 𝑇 (𝐺) by rule (vertex–edge).

Thus in all cases, adjacency in [𝑇 (𝐻𝐺)]2 implies adjacency in 𝑇 (𝐺).

(⇐) Conversely, suppose 𝑥, 𝑦 are adjacent in 𝑇 (𝐺). Again split by rule.

1) If 𝑥, 𝑦 ∈ 𝑉 (𝐺) with 𝑥𝑦 ∈ 𝐸 (𝐺), then {𝑥, 𝑦} ⊆ 𝑒 for 𝑒 = {𝑥, 𝑦} ∈ A, so 𝑥, 𝑦 are adjacent in [𝑇 (𝐻𝐺)]2.

2) If 𝑥, 𝑦 ∈ 𝐸 (𝐺) share an endpoint 𝑣, then {𝑥, 𝑦} ⊆ 𝐸𝐻𝐺
(𝑣) ∈ B, hence adjacent in [𝑇 (𝐻𝐺)]2.

3) If {𝑥, 𝑦} = {𝑣, 𝑒} with 𝑣 ∈ 𝑉 (𝐺), 𝑒 ∈ 𝐸 (𝐺), 𝑣 ∈ 𝑒, then {𝑥, 𝑦} ⊆ {𝑣} ∪ 𝐸𝐻𝐺
(𝑣) ∈ C, hence adjacent in

[𝑇 (𝐻𝐺)]2.

Therefore adjacency in 𝑇 (𝐺) implies adjacency in [𝑇 (𝐻𝐺)]2.

Combining both directions yields [𝑇 (𝐻𝐺) ]2 = 𝑇 (𝐺). □

3.3 Total SuperHyperGraph

A total superhypergraph extends total hypergraphs to hierarchical supervertex structures, linking supervertices
and superedges by membership, intersection, or incidence.

Definition 3.8 (Total superhypergraph). LetH (𝑛) = (𝑉𝑛, E). Define three edge-families in𝑈𝑛+1:

A := { 𝜄(𝐸) ⊆ 𝜄(𝑉𝑛) : 𝐸 ∈ E }, B := { StarH (𝑣) ⊆ E : 𝑣 ∈ 𝑉𝑛, | StarH (𝑣) | ≥ 2 },

C := { {𝜄(𝑣)} ∪ StarH (𝑣) ⊆ 𝑈𝑛+1 : 𝑣 ∈ 𝑉𝑛 }.
The total superhypergraph ofH (𝑛) is

T
(
H (𝑛)

)
:=

(
𝑈𝑛+1, A ∪ B ∪ C

)
.

(Respectively: vertex–vertex co-membership, edge–edge “meet at a vertex,” and vertex–edge incidence.)

Example 3.9 (Total SuperHyperGraph — programs, teams, and members). Start from a level-1 superhyper-
graph whose supervertices are teams of people and whose superedges are programs made of teams. Let the
base set of individuals be 𝑉0 = {𝑎, 𝑏, 𝑐}. Take the team set

𝑉1 = {𝑇1 = {𝑎, 𝑏}, 𝑇2 = {𝑏, 𝑐}} ⊆ P(𝑉0),

and the programs
E = {𝑃1 = {𝑇1, 𝑇2}, 𝑃2 = {𝑇2}} ⊆ P(𝑉1).

Promote teams via 𝜄(𝑇) := {𝑇} and form the level-2 universe

𝑈2 = {𝜄(𝑇1), 𝜄(𝑇2)} ¤∪ {𝑃1, 𝑃2}.

The total superhypergraph T(H (1) ) = (𝑈2,A ∪ B ∪ C) has

A = { 𝜄(𝑃1) = {𝜄(𝑇1), 𝜄(𝑇2)}, 𝜄(𝑃2) = {𝜄(𝑇2)} },

B =
{

StarH (𝑇2) = {𝑃1, 𝑃2}
}
(StarH (𝑇1) = {𝑃1} is size 1),

C =
{
{𝜄(𝑇1), 𝑃1}, {𝜄(𝑇2), 𝑃1, 𝑃2}

}
.

Reading: vertices are “singleton teams” 𝜄(𝑇𝑖) and programs 𝑃 𝑗 . The family A encodes which teams each
program contains; B links programs that share a team (here 𝑇2 participates in two programs); and C records,
for each team, the joint presence of that team with all programs using it.
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Proposition 3.10 (Well-definedness and level shift). If H (𝑛) is a level-𝑛 SuperHyperGraph, then T(H (𝑛) ) is
a level-(𝑛+1) SuperHyperGraph.

Proof. By the Definition, 𝑈𝑛+1 ⊆ P(𝑉𝑛) ⊆ P𝑛+1 (𝑉0). By the Definition, every member of A ∪ B ∪ C is a
nonempty subset of 𝑈𝑛+1. Finiteness is inherited from H (𝑛) . Hence T(H (𝑛) ) satisfies the Definition at level
𝑛+1. □

Theorem 3.11 (Reduction to the Total HyperGraph when 𝑛 = 0). Let 𝐻 = (𝑉, E) be a hypergraph (so level
𝑛 = 0). Identify 𝜄(𝑉) � 𝑉 via 𝜄(𝑣) ↔ 𝑣. Then there is a canonical isomorphism

T(𝐻) � 𝑇 (𝐻).

Proof. For 𝑛 = 0, the universe 𝑈1 = 𝜄(𝑉) ¤∪E of T(𝐻) corresponds bijectively to 𝑉 ¤∪E of 𝑇 (𝐻) by 𝜄(𝑣) ↔ 𝑣

and 𝐸 ↔ 𝐸 . Under this identification:

A of T(𝐻) ↔ {𝐸 : 𝐸 ∈ E} of 𝑇 (𝐻), B ↔ {E𝐻 (𝑣) : 𝑣 ∈ 𝑉, |E𝐻 (𝑣) | ≥ 2},

C ↔ {{𝑣} ∪ E𝐻 (𝑣) : 𝑣 ∈ 𝑉}.

Thus vertex and edge sets correspond termwise, giving an isomorphism T(𝐻) � 𝑇 (𝐻). □

Theorem 3.12 (Line SuperHyperGraph as an induced part of the Total SuperHyperGraph). For every level-𝑛
SuperHyperGraphH (𝑛) = (𝑉𝑛, E), the Line SuperHyperGraph appears as the induced sub(super)hypergraph
on the vertex set E:

L(H (𝑛) ) = T(H (𝑛) )
[
E
]
.

Proof. In T(H (𝑛) ) the vertices are 𝜄(𝑉𝑛) ¤∪E. Restricting to the vertex set E deletes all 𝜄(𝑣)’s and keeps
only hyperedges contained in E. Among A ∪ B ∪ C, the only members contained in E are precisely
the B-family {StarH (𝑣) : 𝑣 ∈ 𝑉𝑛}, which is exactly the edge set of L(H (𝑛) ) by the Definition. Hence
T(H (𝑛) ) [ E ] = L(H (𝑛) ). □

4 Review and Result: iterated line graphs

4.1 iterated line graphs

An iterated line graph is formed by repeatedly applying the line graph transformation to a graph, using each
result as the next input [38–43].

Definition 4.1 (Iterated line graphs). Define 𝐿0 (𝐺) := 𝐺. For each integer 𝑛 ≥ 1, the 𝑛-th iterated line graph
of 𝐺 is defined recursively by

𝐿𝑛 (𝐺) := 𝐿
(
𝐿 𝑛−1 (𝐺)

)
.

Equivalently, many authors write 𝐿1 (𝐺) = 𝐿 (𝐺) and 𝐿𝑛 (𝐺) = 𝐿
(
𝐿𝑛−1 (𝐺)

)
for 𝑛 ≥ 2.

Example 4.2 (Iterated line graphs — subway transfers and transfer-of-transfers). Consider a tiny subway map
with stations 𝑉 (𝐺) = {𝐴, 𝐵, 𝐶, 𝐷} and tracks

𝐸 (𝐺) = { 𝑒1 = 𝐴𝐵, 𝑒2 = 𝐵𝐶, 𝑒3 = 𝐶𝐷 }.

The line graph 𝐿 (𝐺) has one vertex per track and joins two tracks when they meet at a station:

𝑉
(
𝐿 (𝐺)

)
= {𝑒1, 𝑒2, 𝑒3}, 𝐸

(
𝐿 (𝐺)

)
= { 𝑒1𝑒2, 𝑒2𝑒3 } � 𝑃2.

Here 𝐿 (𝐺) encodes one-stop transfers: 𝑒1 connects to 𝑒2 at 𝐵, and 𝑒2 connects to 𝑒3 at 𝐶. The iterated line
graph 𝐿2 (𝐺) = 𝐿 (𝐿 (𝐺)) has

𝑉
(
𝐿2 (𝐺)

)
= 𝐸

(
𝐿 (𝐺)

)
= { 𝑒1𝑒2, 𝑒2𝑒3 }, 𝐸

(
𝐿2 (𝐺)

)
= { (𝑒1𝑒2) (𝑒2𝑒3) } � 𝐾2.

Thus 𝐿2 (𝐺) represents transfer-of-transfer possibilities (two consecutive transfers through the middle track
𝑒2).
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4.2 iterated line hypergraphs

An iterated line hypergraph applies the line hypergraph construction repeatedly to a hypergraph, capturing
higher-order adjacency of hyperedges over iterations.

Definition 4.3 (Iterated line hypergraphs). Define 𝐿0 (𝐻) := 𝐻 and, for each 𝑛 ≥ 1, set

𝐿𝑛 (𝐻) := 𝐿
(
𝐿 𝑛−1 (𝐻)

)
.

Example 4.4 (Iterated line hypergraphs — meetings sharing attendees, then “overlaps of overlaps”). Let a
schedule be a hypergraph 𝐻 = (𝑉, E) with people

𝑉 = {Alice,Bob,Chloe,Dan}

and meetings (hyperedges)

E = { 𝐸1 = {Alice,Bob}, 𝐸2 = {Bob,Chloe}, 𝐸3 = {Chloe,Dan} }.

The line hypergraph 𝐿 (𝐻) has vertices {𝐸1, 𝐸2, 𝐸3} and, for each person 𝑣, one hyperedge collecting all
meetings that 𝑣 attends:

Star𝐻 (Alice) = {𝐸1}, Star𝐻 (Bob) = {𝐸1, 𝐸2}, Star𝐻 (Chloe) = {𝐸2, 𝐸3}, Star𝐻 (Dan) = {𝐸3}.

Hence
𝐿 (𝐻) =

(
{𝐸1, 𝐸2, 𝐸3},

{
{𝐸1}, {𝐸1, 𝐸2}, {𝐸2, 𝐸3}, {𝐸3}

} )
.

Iterating once more, 𝐿2 (𝐻) = 𝐿 (𝐿 (𝐻)) has vertex set

𝑉
(
𝐿2 (𝐻)

)
=
{
{𝐸1}, {𝐸1, 𝐸2}, {𝐸2, 𝐸3}, {𝐸3}

}
,

and its hyperedges correspond to each original meeting 𝐸𝑖: gather all vertices of 𝐿2 (𝐻) that contain 𝐸𝑖 .
Concretely,

for 𝐸1 : { {𝐸1}, {𝐸1, 𝐸2} }, for 𝐸2 : { {𝐸1, 𝐸2}, {𝐸2, 𝐸3} }, for 𝐸3 : { {𝐸2, 𝐸3}, {𝐸3} }.

Thus 𝐿2 (𝐻) captures overlaps of overlaps: two “meeting-groups” are linked when they share a common
meeting.

Theorem 4.5 (Trivial recovery of the line hypergraph). For every hypergraph 𝐻, the first iterate coincides with
the line hypergraph:

𝐿1 (𝐻) = 𝐿 (𝐻).

Proof. By the recursive definition 𝐿1 (𝐻) := 𝐿 (𝐿0 (𝐻)) = 𝐿 (𝐻). □

Lemma 4.6 (2–section after two line-steps). For any hypergraph 𝐾 = (𝑈, F ),[
𝐿2 (𝐾)

]
2 � [𝐾]2.

Proof. By definition,
𝐿 (𝐾) =

(
F , {Star𝐾 (𝑢) : 𝑢 ∈ 𝑈, Star𝐾 (𝑢) ≠ ∅}

)
.

Hence
𝐿2 (𝐾) = 𝐿

(
𝐿 (𝐾)

)
has vertex set {Star𝐾 (𝑢) : 𝑢 ∈ 𝑈, Star𝐾 (𝑢) ≠ ∅}. Two distinct vertices Star𝐾 (𝑢) and Star𝐾 (𝑣) of 𝐿2 (𝐾) are
adjacent in the 2–section [𝐿2 (𝐾)]2 iff there exists a hyperedge of 𝐿 (𝐾) containing both of them, i.e. iff there
exists 𝐹 ∈ F such that

Star𝐾 (𝑢) ∋ 𝐹 and Star𝐾 (𝑣) ∋ 𝐹,

which is equivalent to 𝑢 ∈ 𝐹 and 𝑣 ∈ 𝐹. This, in turn, is exactly the adjacency condition for 𝑢 and 𝑣 in [𝐾]2.
The map Star𝐾 (𝑢) ↦→ 𝑢 is therefore a graph isomorphism [𝐿2 (𝐾)]2 → [𝐾]2. □

9



Corollary 4.7 (All iterates, seen through 2–sections). For any hypergraph 𝐾 and any integer 𝑚 ≥ 0,[
𝐿2𝑚 (𝐾)

]
2 � [𝐾]2,

[
𝐿2𝑚+1 (𝐾)

]
2 �

[
𝐿 (𝐾)

]
2.

Proof. Apply Lemma 4.6 repeatedly: [𝐿2(𝑚+1) (𝐾)]2 � [𝐿2𝑚 (𝐾)]2 � · · · � [𝐾]2, and similarly [𝐿2𝑚+3 (𝐾)]2 �
[𝐿2𝑚+1 (𝐾)]2 � [𝐿 (𝐾)]2. □

Definition 4.8 (Graphs as 2–uniform hypergraphs). For a (finite, loopless, simple) graph 𝐺 = (𝑉, 𝐸), write
𝐻𝐺 := (𝑉, E) with E = {{𝑢, 𝑣} : 𝑢𝑣 ∈ 𝐸}. Then [𝐻𝐺]2 = 𝐺.

Lemma 4.9 (One step: line graph via 2–section). For every graph 𝐺,[
𝐿 (𝐻𝐺)

]
2 = 𝐿 (𝐺).

Proof. Vertices of 𝐿 (𝐻𝐺) are edges of𝐺. Two such vertices (i.e. two edges of𝐺) are adjacent in the 2–section
iff they belong to a common star Star𝐻𝐺

(𝑣), that is, iff they are both incident with 𝑣 in 𝐺. This is exactly the
definition of adjacency in 𝐿 (𝐺). □

Theorem 4.10 (Iterated line hypergraphs generalize line graphs and their iteration (up to the natural 2–section)).
Let 𝐺 be a finite simple graph and 𝐻𝐺 its associated 2–uniform hypergraph. For every integer 𝑚 ≥ 0,[

𝐿2𝑚 (𝐻𝐺)
]

2 = 𝐺,
[
𝐿2𝑚+1 (𝐻𝐺)

]
2 = 𝐿 (𝐺).

Consequently:

• taking𝑚 = 0 in the second equality recovers the classical line graph 𝐿 (𝐺) from the (first) line hypergraph
of 𝐻𝐺;

• taking 𝑛 = 1 in Theorem 4.5 recovers the usual line hypergraph of an arbitrary hypergraph;

• the iterated line hypergraph sequence {𝐿𝑛 (𝐻𝐺)}𝑛≥0 forms a hypergraph lift of the classical iterated line
graph process, whose 2–sections alternate between 𝐺 and 𝐿 (𝐺).

Proof. By Corollary 4.7 applied to 𝐾 = 𝐻𝐺 , [𝐿2𝑚 (𝐻𝐺)]2 � [𝐻𝐺]2 = 𝐺. Similarly, [𝐿2𝑚+1 (𝐻𝐺)]2 �
[𝐿 (𝐻𝐺)]2, and Lemma 5.12 gives [𝐿 (𝐻𝐺)]2 = 𝐿 (𝐺). □

4.3 iterated line superhypergraphs

An iterated line superhypergraph repeatedly applies the line superhypergraph transformation to a superhyper-
graph, modeling evolving hierarchical incidence patterns across multiple levels.

Definition 4.11 (Iterated line superhypergraphs). For an initial level-𝑛 superhypergraphH (𝑛) , define

L 0 (H (𝑛) ) := H (𝑛) , L 𝑡+1 (H (𝑛) ) := L
(
L 𝑡 (H (𝑛) )

)
(𝑡 ≥ 0).

By Proposition, L 𝑡 (H (𝑛) ) is level 𝑛+𝑡.

Example 4.12 (Iterated line superhypergraphs — programs (by teams) and shared-team structure across two
iterations). Start from a level-1 superhypergraph where supervertices are teams of people and superedges are
programs (collections of teams). Let the individual set be 𝑉0 = {𝑎, 𝑏, 𝑐, 𝑑}. Take teams

𝑉1 = {𝑇1 = {𝑎, 𝑏}, 𝑇2 = {𝑏, 𝑐}, 𝑇3 = {𝑐, 𝑑} } ⊆ P(𝑉0),

and programs (superedges)

E = { 𝑃1 = {𝑇1, 𝑇2}, 𝑃2 = {𝑇2, 𝑇3} } ⊆ P(𝑉1).

The line superhypergraph L1 (H) has vertex set {𝑃1, 𝑃2} and, for each team 𝑇 , a (super)hyperedge collecting
the programs that include 𝑇 :

StarH (𝑇1) = {𝑃1}, StarH (𝑇2) = {𝑃1, 𝑃2}, StarH (𝑇3) = {𝑃2}.
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Hence
L1 (H) =

(
{𝑃1, 𝑃2},

{
{𝑃1}, {𝑃1, 𝑃2}, {𝑃2}

} )
.

Iterating again, L2 (H) = L
(
L1 (H)

)
has vertices

𝑉
(
L2 (H)

)
=
{
𝑆1 = {𝑃1}, 𝑆12 = {𝑃1, 𝑃2}, 𝑆2 = {𝑃2}

}
,

and for each program 𝑃 𝑗 we add a (super)hyperedge consisting of all 𝑆-vertices that contain 𝑃 𝑗 :

for 𝑃1 : {𝑆1, 𝑆12}, for 𝑃2 : {𝑆12, 𝑆2}.

Interpretation: L1 tells which programs share a team; L2 then records how those program-groups themselves
are linked by sharing a common program.

Example 4.13 (An iterated line 2–superhypergraph (two iterations)). Step 0: Build a level-2 superhyper-
graph. Let the base set of individuals be 𝑉0 = {𝑎, 𝑏, 𝑐, 𝑑}. Form level-1 supervertices (teams)

𝑉1 =
{
𝑇1 = {𝑎, 𝑏}, 𝑇2 = {𝑏, 𝑐}, 𝑇3 = {𝑐, 𝑑}

}
⊆ P(𝑉0),

and level-2 supervertices (collections of teams)

𝑉2 =
{
𝑋1 = {𝑇1, 𝑇2}, 𝑋2 = {𝑇2, 𝑇3}, 𝑋3 = {𝑇1}

}
⊆ P(𝑉1).

Define the level-2 superedges

E =
{
𝑃1 = {𝑋1, 𝑋2}, 𝑃2 = {𝑋2, 𝑋3}

}
⊆ P(𝑉2),

and setH (2) = (𝑉2, E).

Step 1: First line step L1 (H (2) ) = L(H (2) ). By definition, the vertex set is the superedge set:

𝑉
(
L1) = E = {𝑃1, 𝑃2}.

For each 𝑣 ∈ 𝑉2, form the star StarH (𝑣) = {𝐸 ∈ E : 𝑣 ∈ 𝐸}:

StarH (𝑋1) = {𝑃1}, StarH (𝑋2) = {𝑃1, 𝑃2}, StarH (𝑋3) = {𝑃2}.

Thus the (super)edge set of L1 is
E (1) =

{
{𝑃1}, {𝑃1, 𝑃2}, {𝑃2}

}
,

and
L1 (H (2) ) =

(
{𝑃1, 𝑃2},

{
{𝑃1}, {𝑃1, 𝑃2}, {𝑃2}

} )
.

Step 2: Second line step L2 (H (2) ) = L
(
L1 (H (2) )

)
. Now the vertices are the superedges of L1:

𝑉
(
L2) = {

𝑆1 = {𝑃1}, 𝑆12 = {𝑃1, 𝑃2}, 𝑆2 = {𝑃2}
}
.

For each old vertex 𝑢 ∈ 𝑉 (L1) = {𝑃1, 𝑃2}, compute

StarL1 (𝑃1) = { 𝑆1, 𝑆12 }, StarL1 (𝑃2) = { 𝑆12, 𝑆2 }.

Hence the (super)edge set of L2 is

E (2) =
{
{𝑆1, 𝑆12}, {𝑆12, 𝑆2}

}
,

and
L2 (H (2) ) =

(
{𝑆1, 𝑆12, 𝑆2},

{
{𝑆1, 𝑆12}, {𝑆12, 𝑆2}

} )
.

Interpretation. L1 records which programs 𝑃1, 𝑃2 share a common level-2 supervertex (here 𝑋2). L2

then links the “program-groups” 𝑆1, 𝑆12, 𝑆2 when they share a common program, yielding a simple chain
{𝑆1, 𝑆12}, {𝑆12, 𝑆2} at the next level.
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Theorem 4.14 (First iterate recovers the line superhypergraph). For every level-𝑛 superhypergraph H (𝑛) ,
L 1 (H (𝑛) ) = L(H (𝑛) ) as in the Definition.

Proof. Directly from Definition 4.11 with 𝑡 = 0. □

Theorem 4.15 (Hypergraph case: one step equals the incidence line hypergraph). Let 𝐻 = (𝑉, E) be an
ordinary hypergraph (𝑛 = 0). Then

L(𝐻) =
(
E, { {𝐸 ∈ E : 𝑣 ∈ 𝐸 } : 𝑣 ∈ 𝑉, Star𝐻 (𝑣) ≠ ∅ }

)
,

i.e., the standard incidence-based line hypergraph. Consequently, L 𝑡 (𝐻) is the iterated line hypergraph
sequence.

Proof. This is exactly Definition ?? with 𝑛 = 0. □

Lemma 4.16 (2–section parity identity). For any (super)hypergraph 𝐾 = (𝑈, F ),[
L 2 (𝐾)

]
2 � [𝐾]2.

Proof. Write L(𝐾) = (F , {Star𝐾 (𝑢) : 𝑢 ∈ 𝑈, Star𝐾 (𝑢) ≠ ∅}). Then L2 (𝐾) = L(L(𝐾)) has vertex set
{Star𝐾 (𝑢) : 𝑢 ∈ 𝑈, Star𝐾 (𝑢) ≠ ∅}. Two distinct such vertices Star𝐾 (𝑢), Star𝐾 (𝑣) are adjacent in the 2–section
iff they lie together in some hyperedge of L(𝐾), i.e., iff there exists 𝐹 ∈ F with 𝐹 ∈ Star𝐾 (𝑢) ∩ Star𝐾 (𝑣),
equivalently 𝑢, 𝑣 ∈ 𝐹. This is exactly the adjacency condition in [𝐾]2. The map Star𝐾 (𝑢) ↦→ 𝑢 is the desired
graph isomorphism. □

Corollary 4.17 (Alternation for all iterates). For any 𝐾 and 𝑚 ≥ 0,[
L 2𝑚 (𝐾)

]
2 � [𝐾]2,

[
L 2𝑚+1 (𝐾)

]
2 �

[
L(𝐾)

]
2.

Theorem 4.18 (Graphs as 2–uniform hypergraphs: lift of iterated line graphs). Let 𝐺 = (𝑉, 𝐸) be a finite
simple loopless graph and encode it as a 2–uniform hypergraph 𝐻𝐺 = (𝑉, E) with E = {{𝑢, 𝑣} : 𝑢𝑣 ∈ 𝐸}.
Then, for all 𝑚 ≥ 0, [

L 2𝑚 (𝐻𝐺)
]

2 = 𝐺,
[

L 2𝑚+1 (𝐻𝐺)
]

2 = 𝐿 (𝐺).

In particular, L 1 (𝐻𝐺) projects (via 2–section) to the classical line graph, and the superhypergraph chain
{L 𝑡 (𝐻𝐺)}𝑡≥0 is a superhypergraph lift of the iterated line–graph process, alternating between 𝐺 and 𝐿 (𝐺)
under [ · ]2.

Proof. By Corollary 4.17 with 𝐾 = 𝐻𝐺 , [L2𝑚 (𝐻𝐺) ]2 � [𝐻𝐺]2 = 𝐺. Also [L2𝑚+1 (𝐻𝐺) ]2 � [L(𝐻𝐺) ]2.
But in L(𝐻𝐺), vertices are edges of 𝐺, and two such vertices are adjacent in the 2–section iff they belong
to a common star Star𝐻𝐺

(𝑣), i.e., iff the corresponding edges of 𝐺 share an endpoint 𝑣. Thus [L(𝐻𝐺) ]2 =

𝐿 (𝐺). □

5 Review and Result: iterated total graphs

5.1 iterated total graphs

An iterated total graph repeatedly applies the total graph operation to a graph, incorporating vertices, edges,
and all incidence relationships at each stage [44–46].

Definition 5.1 (Iterated total graphs). Define 𝑇0 (𝐺) := 𝐺, and for each integer 𝑘 ≥ 1 set

𝑇 𝑘 (𝐺) := 𝑇
(
𝑇 𝑘−1 (𝐺)

)
.

(Thus 𝑇1 (𝐺) = 𝑇 (𝐺), 𝑇2 (𝐺) = 𝑇 (𝑇 (𝐺)), etc.) This notation is also used in the literature.
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Example 5.2 (Iterated total graphs — roads, then “roads-of-roads”). Let𝐺 be a tiny road map with intersections
𝑉 (𝐺) = {𝐴, 𝐵, 𝐶} and roads

𝐸 (𝐺) = { 𝐴𝐵, 𝐵𝐶 }.

The total graph 𝑇 (𝐺) has
𝑉
(
𝑇 (𝐺)

)
= {𝐴, 𝐵, 𝐶, 𝐴𝐵, 𝐵𝐶},

and edges encoding: (i) intersection–intersection {𝐴, 𝐵}, {𝐵,𝐶}, (ii) road–road {𝐴𝐵, 𝐵𝐶} (they share 𝐵), and
(iii) intersection–road {𝐴, 𝐴𝐵}, {𝐵, 𝐴𝐵}, {𝐵, 𝐵𝐶}, {𝐶, 𝐵𝐶}. Thus

𝐸
(
𝑇 (𝐺)

)
= {{𝐴, 𝐵}, {𝐵,𝐶}, {𝐴𝐵, 𝐵𝐶}, {𝐴, 𝐴𝐵}, {𝐵, 𝐴𝐵}, {𝐵, 𝐵𝐶}, {𝐶, 𝐵𝐶}}.

Iterating once more, 𝑇2 (𝐺) = 𝑇 (𝑇 (𝐺)) has vertex set

𝑉
(
𝑇2 (𝐺)

)
= 𝑉

(
𝑇 (𝐺)

) ¤∪ 𝐸 (𝑇 (𝐺)) ,
i.e., the five previous vertices together with the seven “edge-vertices”

{𝐴, 𝐵}, {𝐵,𝐶}, {𝐴𝐵, 𝐵𝐶}, {𝐴, 𝐴𝐵}, {𝐵, 𝐴𝐵}, {𝐵, 𝐵𝐶}, {𝐶, 𝐵𝐶}

. Now 𝑇2 (𝐺) records, in one graph, places and roads (from 𝑇 (𝐺)) and how any two of those items co-occur
inside a single rule of 𝑇 (𝐺)—a compact way to encode two layers of incidence.

Lemma 5.3 (Line sits inside total). For every graph 𝑋 , the line graph 𝐿 (𝑋) is an induced subgraph of the
total graph 𝑇 (𝑋).

Proof. Map each vertex 𝑒 ∈ 𝑉 (𝐿 (𝑋)) = 𝐸 (𝑋) to the vertex 𝑒 ∈ 𝑉 (𝑇 (𝑋)) (the same edge, now viewed as a
vertex of 𝑇 (𝑋)). Two vertices 𝑒, 𝑓 are adjacent in 𝐿 (𝑋) iff 𝑒 and 𝑓 share an endpoint in 𝑋 , which is precisely
the edge–edge adjacency rule in 𝑇 (𝑋). No additional edges among {𝑒, 𝑓 } appear in 𝑇 (𝑋) beyond this rule, so
the embedding is induced. □

Lemma 5.4 (Total preserves induced subgraphs). If 𝐻 is an induced subgraph of 𝐺, then 𝑇 (𝐻) is an induced
subgraph of 𝑇 (𝐺).

Proof. Vertices of 𝑇 (𝐻) are 𝑉 (𝐻) ∪ 𝐸 (𝐻) ⊆ 𝑉 (𝐺) ∪ 𝐸 (𝐺) = 𝑉 (𝑇 (𝐺)). Adjacency in 𝑇 (𝐻) is determined
by adjacency/incidence inside 𝐻, and because 𝐻 is induced in 𝐺, the same adjacencies hold when viewed in
𝐺. Thus no extra edges among vertices from 𝑉 (𝐻) ∪ 𝐸 (𝐻) arise in 𝑇 (𝐺); the inclusion is induced. □

Theorem 5.5 (Iterated total graphs generalize iterated line graphs). For every finite simple graph 𝐺 and every
𝑘 ≥ 1, the iterated line graph 𝐿𝑘 (𝐺) is an induced subgraph of the iterated total graph 𝑇 𝑘 (𝐺). Consequently,
the sequence {𝑇 𝑘 (𝐺)}𝑘≥0 generalizes {𝐿𝑘 (𝐺)}𝑘≥0 in the sense that each 𝐿𝑘 (𝐺) occurs canonically inside
𝑇 𝑘 (𝐺).

Proof. We proceed by induction on 𝑘 .

Base case 𝑘 = 1. By Lemma 5.3, 𝐿 (𝐺) is an induced subgraph of 𝑇 (𝐺).

Inductive step. Assume 𝐿𝑘−1 (𝐺) is an induced subgraph of 𝑇 𝑘−1 (𝐺). Apply Lemma 5.4 with 𝐻 = 𝐿𝑘−1 (𝐺)
and 𝐺′ = 𝑇 𝑘−1 (𝐺): then 𝑇

(
𝐿𝑘−1 (𝐺)

)
is an induced subgraph of 𝑇

(
𝑇 𝑘−1 (𝐺)

)
= 𝑇 𝑘 (𝐺). Finally, apply

Lemma 5.3 to 𝑋 = 𝐿𝑘−1 (𝐺) to see that

𝐿𝑘 (𝐺) = 𝐿
(
𝐿𝑘−1 (𝐺)

)
is an induced subgraph of 𝑇

(
𝐿𝑘−1 (𝐺)

)
.

By transitivity of “is an induced subgraph of,” we conclude 𝐿𝑘 (𝐺) ⊆ind 𝑇
𝑘 (𝐺). □
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5.2 iterated total hypergraphs

An iterated total hypergraph is obtained by successively applying the total hypergraph transformation, encoding
vertices, hyperedges, and their incidences through multiple iteration layers.

Definition 5.6 (Iterated total hypergraphs). Let 𝑇0 (𝐻) := 𝐻 and, for 𝑡 ≥ 1, define recursively

𝑇 𝑡 (𝐻) := 𝑇
(
𝑇 𝑡−1 (𝐻)

)
.

Example 5.7 (Iterated total HyperGraph — meetings, people, and two layers of incidence). Let 𝐻 = (𝑉, E)
encode meetings:

𝑉 = {Alice,Bob,Chloe}, E = { 𝐸1 = {Alice,Bob}, 𝐸2 = {Bob,Chloe} }.

The total hypergraph 𝑇 (𝐻) = (𝑈,A ∪ B ∪ C) has

𝑈 = {Alice,Bob,Chloe, 𝐸1, 𝐸2},

A = {𝐸1, 𝐸2}, B =
{
E𝐻 (Bob) = {𝐸1, 𝐸2}

}
, C =

{
{Alice, 𝐸1}, {Bob, 𝐸1, 𝐸2}, {Chloe, 𝐸2}

}
.

Iterating, 𝑇2 (𝐻) = 𝑇 (𝑇 (𝐻)) has vertex set𝑈 ¤∪ (A∪B∪C); e.g., the six previous hyperedges now also appear
as vertices:

𝐸1, 𝐸2, {𝐸1, 𝐸2}, {Alice, 𝐸1}, {Bob, 𝐸1, 𝐸2}, {Chloe, 𝐸2}.

Some illustrative hyperedges of 𝑇2 (𝐻) are:

{𝐸1}︸︷︷︸
from A

,
{
{𝐸1, 𝐸2}

}︸       ︷︷       ︸
from B at Bob

,
{
{Bob}, {Bob, 𝐸1, 𝐸2}

}︸                         ︷︷                         ︸
from C at Bob

.

Interpretation: 𝑇 (𝐻) mixes people, meetings, and who attends what; 𝑇2 (𝐻) adds a second layer that also relates
these “attendance patterns” to one another inside a single object.

Theorem 5.8 (Well-definedness for all iterates). For every finite hypergraph 𝐻 and every 𝑡 ≥ 1, 𝑇 𝑡 (𝐻) is a
finite hypergraph.

Proof. From Definition ??,𝑈 is finite and each member ofA ∪B ∪ C is a nonempty subset of𝑈. Thus 𝑇 (𝐻)
is a finite hypergraph. Inductively 𝑇 𝑡 (𝐻) = 𝑇

(
𝑇 𝑡−1 (𝐻)

)
is finite for all 𝑡. □

Theorem 5.9. For every hypergraph 𝐻, 𝑇1 (𝐻) = 𝑇 (𝐻).

Proof. Immediate from Definition 5.6. □

Lemma 5.10 (Line sits inside total, and 𝑇 preserves induced subhypergraphs). For every hypergraph 𝐻, 𝐿 (𝐻)
is the induced subhypergraph 𝑇 (𝐻) [ E ] on the vertex set E. Moreover, if 𝐾 is an induced subhypergraph of
𝐻, then 𝑇 (𝐾) is an induced subhypergraph of 𝑇 (𝐻).

Proof. In 𝑇 (𝐻), the vertices in E support exactly the hyperedge family B = {E𝐻 (𝑣)}, which equals the
edge set of 𝐿 (𝐻); hence 𝐿 (𝐻) = 𝑇 (𝐻) [E]. For the second claim, let 𝐾 = 𝐻 [𝑊] with 𝑊 ⊆ 𝑉 (𝐻). Then
𝑉
(
𝑇 (𝐾)

)
= 𝑊 ¤∪ E𝐾 is a subset of 𝑉

(
𝑇 (𝐻)

)
= 𝑉 (𝐻) ¤∪ E𝐻 . Each hyperedge of 𝑇 (𝐾) is obtained from the

corresponding one in 𝑇 (𝐻) by intersecting with𝑊 ¤∪ E𝐾 :

A𝐾 = A𝐻 ∩ P(𝑊), B𝐾 = { E𝐻 (𝑣) ∩ E𝐾 : 𝑣 ∈ 𝑊 }, C𝐾 = { ({𝑣} ∪ E𝐻 (𝑣)) ∩ (𝑊 ∪ E𝐾 ) : 𝑣 ∈ 𝑊 }.

Thus 𝑇 (𝐾) is induced in 𝑇 (𝐻). □

Theorem 5.11 (Iterated line hypergraphs inside iterated total hypergraphs). For every hypergraph 𝐻 and every
𝑡 ≥ 1, 𝐿𝑡 (𝐻) is an induced subhypergraph of 𝑇 𝑡 (𝐻).

Proof. 𝑡 = 1 follows from Lemma 5.10. Assume 𝐿𝑡−1 (𝐻) ⊆ind 𝑇
𝑡−1 (𝐻). By Lemma 5.10, 𝐿

(
𝐿𝑡−1 (𝐻)

)
⊆ind

𝑇
(
𝐿𝑡−1 (𝐻)

)
⊆ind 𝑇

(
𝑇 𝑡−1 (𝐻)

)
= 𝑇 𝑡 (𝐻). Since 𝐿𝑡 (𝐻) = 𝐿

(
𝐿𝑡−1 (𝐻)

)
, the claim follows. □
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Lemma 5.12 (One step: total graph as 2–section of total hypergraph). [𝑇 (𝐻𝐺) ]2 = 𝑇 (𝐺).

Proof. Vertices of [𝑇 (𝐻𝐺)]2 are 𝑉 ¤∪ 𝐸 . Two original vertices are adjacent in [𝑇 (𝐻𝐺)]2 iff they lie together
in some 𝑒 ∈ A, i.e. iff they are adjacent in 𝐺 (vertex–vertex rule). Two edge-vertices 𝑒, 𝑓 ∈ 𝐸 are adjacent in
[𝑇 (𝐻𝐺)]2 iff they lie together in some E𝐻𝐺

(𝑣) ∈ B, i.e. iff 𝑒, 𝑓 share an endpoint 𝑣 in 𝐺 (edge–edge rule).
Finally 𝑣 ∈ 𝑉 and 𝑒 ∈ 𝐸 are adjacent in [𝑇 (𝐻𝐺)]2 iff {𝑣, 𝑒} ⊆ {𝑣} ∪ E𝐻𝐺

(𝑣) ∈ C, i.e. iff 𝑣 ∈ 𝑒 (vertex–edge
rule). These are exactly the adjacency rules of 𝑇 (𝐺). □

Lemma 5.13 (Edge–hyperedge correspondence inside the total tower). For each 𝑠 ≥ 0 there exists a natural
bijection

Φ𝑠 : 𝐸
(
𝑇 𝑠 (𝐺)

)
←→ E

(
𝑇 𝑠 (𝐻𝐺)

)
such that, for any distinct 𝑥, 𝑦 ∈ 𝑉

(
𝑇 𝑠 (𝐺)

)
,

{𝑥, 𝑦} ∈ 𝐸
(
𝑇 𝑠 (𝐺)

)
⇐⇒ Φ𝑠 ({𝑥, 𝑦}) is a hyperedge of 𝑇 𝑠 (𝐻𝐺) containing 𝑥 and 𝑦.

Proof. By induction on 𝑠. For 𝑠 = 0, 𝐸 (𝑇0 (𝐺)) = 𝐸 (𝐺) and E(𝑇0 (𝐻𝐺)) = E(𝐻𝐺), with the identification
{𝑢, 𝑣} ↔ {𝑢, 𝑣}. Assume Φ𝑠 exists. In 𝑇 𝑠+1 (𝐺) = 𝑇 (𝑇 𝑠 (𝐺)), each edge arises uniquely from one of
the three total-graph rules on 𝑇 𝑠 (𝐺): (vertex–vertex via A, edge–edge via B, vertex–edge via C). In
𝑇 𝑠+1 (𝐻𝐺) = 𝑇 (𝑇 𝑠 (𝐻𝐺)), the corresponding witnessing hyperedge is exactly the member of A ∪ B ∪ C that
contains the same pair. Uniqueness holds because a pair of vertices of 𝑇 𝑠 (𝐻𝐺) belongs to at most one of the
three disjoint types: two “vertex-type”, two “edge-type”, or one of each. Define Φ𝑠+1 by mapping each edge
of 𝑇 𝑠+1 (𝐺) to this unique witnessing hyperedge. This extends the induction and preserves containment of
endpoints. □

Theorem 5.14 (Iterated total hypergraphs lift iterated total graphs). For every finite simple graph 𝐺 and every
𝑡 ≥ 1, [

𝑇 𝑡 (𝐻𝐺)
]

2 = 𝑇 𝑡 (𝐺).

Proof. By induction on 𝑡. For 𝑡 = 1, Lemma 5.12. Assume [𝑇 𝑡−1 (𝐻𝐺) ]2 = 𝑇 𝑡−1 (𝐺). Vertices of [𝑇 𝑡 (𝐻𝐺)]2
are𝑉

(
𝑇 𝑡−1 (𝐺)

) ¤∪ E(𝑇 𝑡−1 (𝐻𝐺)
)
, while vertices of𝑇 𝑡 (𝐺) are𝑉

(
𝑇 𝑡−1 (𝐺)

) ¤∪ 𝐸(𝑇 𝑡−1 (𝐺)
)
. By Lemma 5.13 (with

𝑠 = 𝑡 − 1), the bijection Φ𝑡−1 identifies E
(
𝑇 𝑡−1 (𝐻𝐺)

)
with 𝐸

(
𝑇 𝑡−1 (𝐺)

)
so that a pair of vertices is adjacent in

[𝑇 𝑡 (𝐻𝐺)]2 iff it is adjacent in 𝑇 𝑡 (𝐺) (the three total rules are matched one-to-one by Φ𝑡−1). Hence the graphs
are equal. □

5.3 iterated total superhypergraphs

An iterated total superhypergraph results from repeatedly performing the total superhypergraph construction,
capturing hierarchical vertices, superedges, and complex incidence structures across increasing levels.

Definition 5.15 (Iterated total superhypergraphs). For 𝑡 ≥ 0 define

T 0(H (𝑛) ) := H (𝑛) , T 𝑡+1(H (𝑛) ) := T
(
T 𝑡

(
H (𝑛)

) )
.

So T 𝑡 (H (𝑛) ) is level 𝑛+𝑡.

Example 5.16 (Iterated total SuperHyperGraph — programs (of teams) with two incidence layers). Start with
a level-1 superhypergraph: supervertices are teams of people, superedges are programs (sets of teams). Let
𝑉0 = {𝑎, 𝑏, 𝑐} (people), teams

𝑉1 = {𝑇1 = {𝑎, 𝑏}, 𝑇2 = {𝑏, 𝑐} } ⊆ P(𝑉0),

and programs
E = { 𝑃1 = {𝑇1, 𝑇2}, 𝑃2 = {𝑇2} } ⊆ P(𝑉1).

The total superhypergraph T(H (1) ) = (𝑈2,A ∪ B ∪ C) has

𝑈2 = {{𝑇1}, {𝑇2}, 𝑃1, 𝑃2},
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A =
{
{𝑇1}, {𝑇2} (as the image of 𝑃1), {𝑇2} (as the image of 𝑃2)

}
,

B =
{
{𝑃1, 𝑃2} (the programs meeting at team 𝑇2)

}
,

C =
{
{{𝑇1}, 𝑃1}, {{𝑇2}, 𝑃1, 𝑃2}

}
.

Iterating once more, T2 (H (1) ) = T
(
T(H (1) )

)
has vertex set 𝑈2 ¤∪ (A ∪ B ∪ C); for instance, {𝑃1, 𝑃2} and

{{𝑇2}, 𝑃1, 𝑃2} become vertices. A sample hyperedge of T2 arising from the “incidence at {𝑇2}” rule is{
{{𝑇2}}, {{𝑇2}, 𝑃1, 𝑃2}

}
,

which ties the singleton vertex {𝑇2} to the pattern “{𝑇2} participates in 𝑃1 and 𝑃2”. Thus T captures
programs/teams incidence in one level, while T2 additionally relates those incidence patterns to each other.

Example 5.17 (An iterated total 3–superhypergraph (two iterations)). Step 0: A level-3 superhypergraph.
Let the base set be 𝑉0 = {𝑎, 𝑏}. Choose level-1 supervertices (subsets of 𝑉0)

𝑉1 =
{
𝐴 = {𝑎}, 𝐵 = {𝑏}

}
,

level-2 supervertices (subsets of 𝑉1)

𝑉2 =
{
𝑋1 = {𝐴}, 𝑋2 = {𝐴, 𝐵}

}
,

and level-3 supervertices (subsets of 𝑉2)

𝑉3 =
{
𝑌1 = {𝑋1, 𝑋2}, 𝑌2 = {𝑋2}

}
⊆ POWS3 (𝑉0).

Define level-3 superedges as subsets of 𝑉3:

E =
{
𝐸1 = {𝑌1, 𝑌2}, 𝐸2 = {𝑌2}

}
⊆ POWS(𝑉3) \ {∅}.

ThenH (3) = (𝑉3, E) is a level-3 SuperHyperGraph. For stars (incidence neighborhoods) inH (3) :

StarH (𝑌1) = {𝐸1}, StarH (𝑌2) = {𝐸1, 𝐸2}.

Step 1: First total step T 1 (H (3) ) = T(H (3) ). Embed 𝑉3 into POWS(𝑉3) via 𝜄(𝑣) := {𝑣} and set

𝑈4 := 𝜄(𝑉3) ¤∪ E = {𝜄(𝑌1), 𝜄(𝑌2)} ¤∪ {𝐸1, 𝐸2}.

The three total families (all nonempty subsets of𝑈4) are:

A =
{
𝜄(𝐸1) = {𝜄(𝑌1), 𝜄(𝑌2)}, 𝜄(𝐸2) = {𝜄(𝑌2)}

}
,

B =
{

StarH (𝑌2) = {𝐸1, 𝐸2}
}
(StarH (𝑌1) = {𝐸1} has size 1),

C =
{
{𝜄(𝑌1), 𝐸1}, {𝜄(𝑌2), 𝐸1, 𝐸2}

}
.

Thus
T(H (3) ) =

(
𝑈4, A ∪ B ∪ C︸        ︷︷        ︸

=: F1

)
,

which is a level-4 SuperHyperGraph.

Step 2: Second total step T 2 (H (3) ) = T
(
T(H (3) )

)
. Label the hyperedges of F1 for clarity:

𝐴1 := {𝜄(𝑌1), 𝜄(𝑌2)}, 𝐴2 := {𝜄(𝑌2)}, 𝐵1 := {𝐸1, 𝐸2}, 𝐶1 := {𝜄(𝑌1), 𝐸1}, 𝐶2 := {𝜄(𝑌2), 𝐸1, 𝐸2}.

The level-5 vertex set is the disjoint union

𝑈5 := 𝜄(𝑈4) ¤∪ F1 = {𝜄(𝜄(𝑌1)), 𝜄(𝜄(𝑌2)), 𝜄(𝐸1), 𝜄(𝐸2)} ¤∪ {𝐴1, 𝐴2, 𝐵1, 𝐶1, 𝐶2}.

The three total families at this stage are obtained exactly as before:

A (2) =
{
𝜄(𝐴1), 𝜄(𝐴2), 𝜄(𝐵1), 𝜄(𝐶1), 𝜄(𝐶2)

}
,
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B (2) =
{

StarT (𝜄(𝑌1)) = {𝐴1, 𝐶1}, StarT (𝜄(𝑌2)) = {𝐴1, 𝐴2, 𝐶2}, StarT (𝐸1) = {𝐵1, 𝐶1, 𝐶2}, StarT (𝐸2) = {𝐵1, 𝐶2}
}
,

C (2) =
{
{𝜄(𝜄(𝑌1)), 𝐴1, 𝐶1}, {𝜄(𝜄(𝑌2)), 𝐴1, 𝐴2, 𝐶2}, {𝜄(𝐸1), 𝐵1, 𝐶1, 𝐶2}, {𝜄(𝐸2), 𝐵1, 𝐶2}

}
.

Hence
T 2 (H (3) ) =

(
𝑈5, A (2) ∪ B (2) ∪ C (2)

)
,

which is a level-5 SuperHyperGraph.

Interpretation. The first total step T combines the level-3 supervertices 𝜄(𝑌𝑖) with superedges 𝐸 𝑗 and records:
(i) original co-membership (A), (ii) edge–edge intersection at a common supervertex (B), and (iii) vertex–edge
incidence (C). The second step T 2 then treats these incidence patterns themselves as vertices and re-applies
the same three rules, yielding a concrete instance of an iterated total 3–superhypergraph.

Theorem 5.18. For everyH (𝑛) , T 1 (H (𝑛) ) = T(H (𝑛) ).

Proof. Immediate from Definition 5.15. □

Theorem 5.19 (T 𝑡 reduces to 𝑇 𝑡 at 𝑛 = 0 (canonical isomorphism)). Let 𝐻 = (𝑉, E) be a hypergraph. Identify
𝜄(𝑉) � 𝑉 via 𝜄(𝑣) ↔ 𝑣. Then for all 𝑡 ≥ 1,

T 𝑡 (𝐻) � 𝑇 𝑡 (𝐻).

Proof. For 𝑡 = 1, Definition 3.8 with 𝑛 = 0 and the identification 𝜄(𝑣) ↔ 𝑣 yields exactly 𝑇 (𝐻). Inductively,
the promotion at each step replaces𝑉 by 𝜄(𝑉), which we re-identify with𝑉 ; the three edge-families correspond
termwise. Hence T 𝑡 (𝐻) � 𝑇 𝑡 (𝐻) for all 𝑡. □

Lemma 5.20 (One step: total graph from total superhypergraph). [T(𝐻𝐺) ]2 = 𝑇 (𝐺).

Proof. Vertices: 𝑉 ( [T(𝐻𝐺) ]2) = 𝜄(𝑉) ¤∪𝐸 � 𝑉 ¤∪𝐸 . Adjacency in the 2–section occurs exactly when a pair lies
together in some member of A (vertex–vertex), B (edge–edge through a shared endpoint), or C (vertex–edge
incidence), which reproduces the three adjacency rules of 𝑇 (𝐺). □

Theorem 5.21 (Iterated lift of total graphs). For every finite simple graph 𝐺 and every 𝑡 ≥ 1,[
T 𝑡 (𝐻𝐺)

]
2 = 𝑇 𝑡 (𝐺).

Proof. By induction on 𝑡. The case 𝑡 = 1 is Lemma 5.20. Assume [T 𝑡−1 (𝐻𝐺) ]2 = 𝑇 𝑡−1 (𝐺). Then the vertices
of [T 𝑡 (𝐻𝐺) ]2 are 𝜄

(
𝑉 (𝑇 𝑡−1 (𝐺))

) ¤∪E(T 𝑡−1 (𝐻𝐺)
)
, which correspond naturally to 𝑉 (𝑇 𝑡−1 (𝐺)) ¤∪𝐸 (𝑇 𝑡−1 (𝐺)).

As in the base step, the three families A,B, C at stage 𝑡 encode precisely the three total-graph adjacencies at
stage 𝑡; hence [T 𝑡 (𝐻𝐺) ]2 = 𝑇 𝑡 (𝐺). □

Lemma 5.22 (Line is induced inside total; total preserves induced substructures). For everyH (𝑛) , L(H (𝑛) ) =
T(H (𝑛) ) [ E ]. Moreover, if K is induced inH , then T(K) is induced in T(H).

Proof. The induced substructure on the vertex set E ⊆ 𝑈𝑛+1 keeps exactly the B-family, which equals the
edge-set of L(H (𝑛) ). For preservation, note that the three families A,B, C are defined by local incidence
relations; restricting vertices and intersecting hyperedges commute with the construction. □

Theorem 5.23 (Iterated line superhypergraphs inside iterated total superhypergraphs). For every H (𝑛) and
𝑡 ≥ 1,

L 𝑡 (H (𝑛) ) is an induced sub(super)hypergraph of T 𝑡 (H (𝑛) ).

Proof. For 𝑡 = 1, Lemma 5.22. Assume the claim holds for 𝑡 − 1. Applying Lemma 5.22 to L 𝑡−1 (H (𝑛) ) ⊆ind
T 𝑡−1 (H (𝑛) ) and then the functoriality of T on induced substructures yields

L
(
L 𝑡−1) ⊆ind T

(
L 𝑡−1) ⊆ind T

(
T 𝑡−1) = T 𝑡 ,

i.e. L 𝑡 ⊆ind T 𝑡 . □
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6 Conclusion

This paper developed hypergraph and superhypergraph analogues of line, total, iterated line, and iterated
total graph constructions, establishing a theoretical basis for modeling hierarchical, incidence-rich, and self-
referential network structures. It is anticipated that future research will advance the study of extended models
based on various graph-theoretic frameworks, including Fuzzy Graphs [47], Intuitionistic Fuzzy Graphs [48–
50], Neutrosophic Graphs [51–54], Quadripartitioned Neutrosophic Graphs [55, 56], Fuzzy HyperGraphs
[57, 58], Plithogenic Graphs [59, 60], Directed Graphs [61–63], and Multidirected Graphs [64]. Moreover,
further progress in the development of algorithms for these structures is also expected.
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