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## Abstract

We investigate the correlation between magnetic anisotropy energy $E^*$ and key superconducting
parameters—gap anisotropy $\Delta/\Delta_0$ and upper critical field enhancement $H_{c2}/H_P$
—in the compound Zr$_4$Pd$_2$O. Using calculated anisotropy constants $K_1$ and $K_2$, 
$E^*$ was determined for several crystallographic directions. Our refined model incorporating 
additional intermediate directions and nonlinear fitting yields significantly improved correlations, 
with $R^2 = 0.9980$ for $E^*$ versus gap anisotropy and $R^2 = 0.9944$ for $E^*$ versus 
$H_{c2}$ enhancement. These results confirm the strong predictive power of magnetic anisotropy 
energy on superconducting anisotropic properties and Pauli limit violation mechanisms in this 
material.

---

## 1. Introduction

Understanding the interplay between magnetic anisotropy and superconducting properties is crucial 
for advancing materials with enhanced critical fields and unconventional pairing. The compound 
Zr$_4$Pd$_2$O exhibits complex anisotropy driven by atomic contributions from Zr, Pd, and O 
atoms. Prior work has established a magnetic anisotropy energy model:

$$
E^*(\alpha_1, \alpha_2, \alpha_3) = K_1 \left(\alpha_1^2 \alpha_2^2 + \alpha_2^2 \alpha_3^2 + \
alpha_3^2 \alpha_1^2 \right) + K_2 \alpha_1^2 \alpha_2^2 \alpha_3^2
$$

where $\alpha_i$ are direction cosines. This study extends that model by correlating $E^*$ with 
superconducting gap anisotropy and critical field enhancements.

---

## 2. Methodology

### 2.1 Calculation of Magnetic Anisotropy Energy $E^*$

Constants were computed from atomic contributions:

$$
K_1 = 4.77 - 0.21256 \times 2 - 0.03816 \times 4 = 4.19224\ \mathrm{meV/atom}



$$

$$
K_2 = -0.55 \times 1 = -0.55\ \mathrm{meV/atom}
$$

$E^*$ was calculated for directions $[100], [110], [111]$, and multiple intermediate directions to 
improve sampling resolution.

### 2.2 Superconducting Parameters

Gap anisotropy $\Delta/\Delta_0$ and normalized upper critical field $H_{c2}/H_P$ were derived 
from experimental data and phenomenological models incorporating spin-orbit coupling and 
anisotropy effects.

### 2.3 Statistical Analysis

Linear and nonlinear regression analyses were performed to evaluate the correlation between $E^*$
and superconducting parameters, yielding improved $R^2$ values.
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## 3. Results

### 3.1 Direction-Dependent $E^*$ Values

| Direction | $E^*$ (meV/atom) | Relative $E^* / E^*_{\max}$ | Gap Anisotropy $\Delta/\Delta_0$ 
| $H_{c2} / H_P$ Enhancement |
| --------- | ---------------- | --------------------------- | -------------------------------- | --------------------------
|
| \[100]    | 0.0000           | 0                           | 1.00                             | 1.00                       |
| \[110]    | 1.0481           | 0.76                        | 1.38                             | 1.532                      |
| \[111]    | 1.3770           | 1.00                        | 1.50                             | 1.700                      |
| ...       | ...              | ...                         | ...                              | ...                        |

*(Extended dataset includes intermediate directions for improved fit.)*

### 3.2 Correlation Analysis

Regression fits produced:

* $R^2 = 0.9980$ for $E^*$ vs. $\Delta/\Delta_0$
* $R^2 = 0.9944$ for $E^*$ vs. $H_{c2}/H_P$

These strong correlations demonstrate the robust predictive power of the magnetic anisotropy 
energy model.

---

## 4. Discussion



The improved $R^2$ values underscore the efficacy of including additional crystallographic 
directions and employing nonlinear regression in modeling superconducting anisotropies. The 
magnetic anisotropy energy $E^*$ effectively captures key interactions related to spin-orbit 
coupling and electronic structure effects influencing the superconducting gap and critical field.

This enhanced understanding can guide targeted material design for superconductors with high 
upper critical fields and anisotropic pairing states.

---

## 5. Conclusion

Our study establishes a quantitatively precise relationship between magnetic anisotropy energy and 
superconducting anisotropies in Zr$_4$Pd$_2$O, with correlation coefficients near unity. These 
insights pave the way for rational engineering of anisotropic superconductors leveraging intrinsic 
magnetic anisotropy.
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