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Abstract 

Shedding frequency of the vortices of the low-pressure area behind NACA0012 airfoil cross-

section is provided for a laminar flow of an incompressible viscose fluid using Lagrangian vortex 

elements scheme. In the current work, only those areas of the solution domain were modeled where 

there are velocity gradients. It was done by the vorticity transfer equation that was obtained by 

calculating the cross product of the sides of the momentum equation. According to the Fractional 

Step method, the vorticity transfer equation was separated into two different equations that were 

solved sequentially in each time step: non-linear convection equation and the linear diffusion 

equation. Vorticity field in the physical domain was separated by the sheet and bubble vortices 

and each of the vortex elements in the solving field moved according to Biot-Savar Law and 

diffused according to the random walk method. The flow around the airfoil was obtained using 

Joukowsly mapping of the solution of the flow around a circle. This work was validated by 

comparing the aerodynamics force coefficients obtained from the vortex elements method with 

those obtained from analytical methods. Vortex shedding frequencies were calculated using the 

Fourier transform of the time response of the changes in the aerodynamic forces, being compared 

to the experimental results under the same conditions. 
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Introduction 

The vortices formed in the low-pressure area behind solid objects in incompressible viscose fluids 

makes the flow unstable and turbulent. Movements of these vortices downstream of the flow can 

apply forces with different directions, depending on the rotation directions of the vortices, to the 

objects in the way of the flow. The frequency of vortex shedding is important from a structural 

point of view where alternate forces on the structure, over time, will result in fatigue failure. Hence, 

it is very important to analyze the vortex shedding frequencies. In this research, the numerical 

simulation of the vortex generation and vortex shedding is completed using a Lagrangian scheme 

called Vortex Element Method (VEM). The greatest advantage of using a Lagrangian scheme is 

the elimination of the need for mesh, which in turn eliminates instability problems of numerical 
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solutions, particularly for the moving boundary problems. Based on tracking a set of certain points, 

the Lagrangian methods explicitly investigate the movement of a fluid layer which forms the fluid 

flow. Unlike Eulerian methods where all the grid points have numerical values, in Lagrangian 

methods, it’s the Lagrangian particles that determine what field cells in a free flow contain the 

fluid and flow information [1]. In such models, each of the movement and diffusion mechanisms 

is separately solved and the movement of each vortex is calculated by summing up the movement 

driven by these two formulations.  

A very efficient Lagrangian method that has eliminated the above-mentioned drawbacks to a great 

extent is Random Vortex Method. This method is based on connecting the vorticity field to the 

numerical vortices, which, given the movements of the numerical vortices under two convection 

and diffusion mechanisms, enables the investigation of the changes in the vorticity field.  

 

Momentum Equation 

Rotation of two-dimensional fluid element is indicated in tensor form as, 

                                                 𝜔𝑖 = −𝜀𝑖𝑗𝑘
𝜕𝑢𝑗

𝜕𝑥𝑘
= (

𝜕𝑢𝑘

𝜕𝑥𝑗
−

𝜕𝑢𝑗

𝜕𝑥𝑘
)                                                     (1) 

Considering the potential function and flow function definitions for the basic flows, the following 

relations are defined to obtain φ and ψ of a vortex. 

                                                       𝑢 =
𝜕𝜓

𝜕𝑦
          𝑣 = −

𝜕𝜓

𝜕𝑥
                                                            (2) 

By replacing (2) with velocity values in (1), Poison’s second-order equation is obtained as, 

                                                                  ∆𝜓 = −𝜔                                                                     (3) 

Equation (3) is a non-homogeneous partial differential equation the solution of which can be 

obtained using the Green functions. 

                                                       ψ(𝑥) = ∫ 𝐺(𝑥 − 𝑥́)𝜔(𝑥)𝑑𝐴́                                                    (4) 

where  𝑟2 = 𝑥2 + 𝑦2, 𝑑𝐴 = 𝑑𝑥𝑑𝑦, and 𝑋 = (𝑥, 𝑦). 

Also, 

                                                                 𝐺(𝑥) =
−1

2𝜋
𝐿𝑛 𝑟                                                             (5) 

By combining relations (4) and (5) and replacing the result in (2), the velocity distribution in each 

point of the vorticity field is calculated, which is known as Biot-Savart Law. 



                                                            𝑢(𝑥) = ∫ 𝐾(𝑋 − 𝑋́)𝜔(𝑋)́ 𝑑𝑋́                                             (6) 

                                                                      𝐾(𝑋) =
−1

2𝜋

(𝑦,−𝑥)

𝑟2                                                        (7) 

In which K is the distribution function. The vorticity field caused by the velocity gradients can be 

discretized using individual vortices. The vorticity applied by each vortex is viewed as a function 

of the core radius δ [2].  

                                                          (𝑋) = ∑ Γ𝑖𝑓𝛿(𝑋 − 𝑋𝑖)
𝑛
𝑖=1                                                      (8) 

where fδ is the rotation distribution function in the core and Γi  is the strength of vortex i. By 

replacing (5) in (4), the induced velocity of each point due to all vortices diffused in the solution 

domain is calculated as, 

                                                          𝑢𝛿(𝑋) = ∑ Γ𝑖𝐾𝛿(𝑋 − 𝑋𝑖)
𝑛
𝑖=1                                                (9)                                                  

                                                              𝐾𝛿(𝑋) =
1

2𝜋

(𝑦,−𝑥)

𝑟2 𝑘 (
𝑟

𝛿
)                                                 (10)                                                      

                                                                𝑘(𝑟) = 2𝜋 ∫ 𝑟𝑓(𝑟)𝑑𝑟                                                  (11)                                                        

Using the velocity distribution in the Rankin vortex model, the velocity induced in each point of 

the solution domain due to individual vortex i is obtained as, 

                                                 𝑢𝑖 = −
1

2𝜋
∑ 𝛤𝑗

𝑦𝑖−𝑦𝑗

𝑟𝑖𝑗
2

𝑛
𝑗=1 −

1

2𝜋
∑ 𝛤𝑗

𝑦𝑖−𝑦𝑗

𝑟𝑖𝑗.𝛿

𝑛
𝑗=1                                   (12) 

                                                    𝑣𝑖 =
1

2𝜋
∑ 𝛤𝑗

𝑥𝑖−𝑥𝑗

𝑟𝑖𝑗
2

𝑛
𝑗=1 +

1

2𝜋
∑ 𝛤𝑗

𝑥𝑖−𝑥𝑗

𝑟𝑖𝑗.𝛿

𝑛
𝑗=1                                     (13) 

where n is the number of vortex and rij = √(xi − xj)
2

+ (yi − yj)
2
 is the distance between two 

vortex centers. As it is seen in (12) and (13), if rij ≥ δ , we use the first part of the equations, 

otherwise, we will use the second part of the equations. Knowing the velocity of each vortex, its 

movement can be calculated with the movement mechanism of each time step. 

 

Diffusion 

The diffusion equation is solved by the random walk method. This method is based on the principle 

that all the vortex elements in the solution domain are exposed to the movements with a random 

value, such that the vortex diffusion caused by this movement satisfies the vorticity diffusion 

equation in the continuous fluid field, which is introduced by the following relation in the 

cylindrical coordinate: 



 

                                                             
𝜕𝜔

𝜕𝑡
= 𝜐 {

𝜕2𝜔

𝜕𝑟2
+

1

𝑟

𝜕𝜔

𝜕𝑟
}                                                    (14) 

The analytical solution of the above equation is the relation of vorticity distribution in time and 

location introduced by Batchelor as [14]: 

                                                          𝜔(𝑟, 𝑡) =
Γ

4𝜋𝜈𝑡
𝑒(−𝑟2 4𝜈𝑡⁄ )                                                  (15)  

Equation (15) gives the radial distribution of vorticity at time t. For the vortices with the strength 

of unit divided into N smaller vortices, we assume that n of N elements are located in a region with 

the area of r.Δθ.Δr at time t. Thus, the total vorticity, P, in this region of the field will be, 

                                                    𝑝 =
𝑛

𝑁
= [

1

4𝜋𝜈𝑡
𝑒(−𝑟2 4𝜈𝑡⁄ )] 𝑟 Δ𝜃 Δ𝑟                                          (16) 

In other words, it can be said that P is the possibility of a vortex element being in a region of the 

field with the area of r.Δθ.Δr after distribution. Therefore, element i has to be moved by ri and θi 

in the radial and angular directions, respectively, by time t, such that the radial distribution 

possibility introduced by (16) is satisfied for all the r.Δθ.Δr regions that form the total of the flow 

field. It is obvious that the vortices are diffused with the same possibility in all the angles due to 

the symmetric radial movement. Thus, θi is defined independently of ri as  

                                                                        𝜃𝑖 = 2𝜋𝑄𝑖                                                            (17) 

where 𝑄𝑖 is a random number from 0 to 1. To calculate radial vortex diffusion, equation (16) is 

integrated from 0 to 2π. The following equation is obtained: 

                                                              𝑝́ = {
1

2𝜈𝑡
𝑒(−𝑟2 4𝜈𝑡⁄ )} 𝑟 Δ𝑟                                            (18) 

where 𝑝́ is the possibility of a vortex element present in a ring or inner and outer radiuses r and 

r+Δr, respectively. A better application of it is in the investigation of the possibility of a vortex in 

a circle with the radius of r, for which (18) is integrated from 0 to r for vortex i.  

                                                                   𝑃𝑖 = 1 − 𝑒(−𝑟𝑖
2 4𝜈𝑡⁄ )                                                  (19) 

P should be a number from 0 to 1 with the same possibility for all the numbers. For this purpose, 

a random number is produced for P from 0 to 1. Using (19), the following relation is derived from 

the radial vortex diffusion [5]. 

                                                                  𝑟𝑖 = {4𝜈𝑡 𝑙𝑛(1 𝑃𝑖⁄ )}
1

2                                                 (20) 

Ultimately, the diffusion of N elements forming a vortex with the strength of one is calculated by 

selecting N random numbers from 0 to 1 for Pi and Qi to be used in (17) and (19). 



The vortex movement driven by the diffusion mechanism is summed up with the movement caused 

by the movement mechanism to obtain the total movement of the vortices in each time step as, 

                         (21)            𝑥(𝑡 + Δ𝑡) = 𝑥(𝑡) +  ∑ 𝑢𝑖𝑑𝑡𝑛
𝑗=1 +  𝜂𝑥                                                     

                         (22)            𝑦(𝑡 + Δ𝑡) = 𝑦(𝑡) +  ∑ 𝑣𝑖𝑑𝑡𝑛
𝑗=1 +  𝜂𝑦                                                     

where 𝜂𝑥 and 𝜂𝑦 are diffusion mechanism-driven movements. It should be noted that 𝜂𝑥 and 𝜂𝑦 

are cause by both factors. The former is the velocity induced by other individual vortices in the 

solution field, which is calculated by Biot-Savart law, while the latter is the velocity caused by the 

potential flow. 

Boundary Conditions 

The boundary conditions in this problem are the angular and radial velocities being 0 on the object 

surface. Conformal mapping technics are employed to transform the flow around the airfoil into 

flow around a cylinder to satisfy the boundary conditions and calculate the velocities of the points 

for the flow around the airfoil. This is done to satisfy the boundary condition of radial velocity 

equal to zero. The vortex reflection method can be applied for the flow around the cylinder [6]. In 

this method, if there is a vortex in the distance r from a circle with the radius of r, to satisfy the 

mentioned boundary condition, two mirror vortices are considered, one at 
𝑎2

𝑟
 distance from the 

circle center with the same strength and opposite quantity (negative/positive) of the initial vortex, 

and the other at the circle center with the same quantity as the initial vortex. Taking into account 

the effect of the addition of this vortex to the vortex set, the velocity of each individual vortex in 

the domain changes as 

                                                          𝑢𝑖 = 𝑢𝑝 + 𝑢𝜔 + 𝑢𝜔𝑖1 + 𝑢𝜔𝑖2                                            (23) 

                                                          𝑣𝑖 = 𝑣𝑝 + 𝑣𝜔 + 𝑣𝜔𝑖1 + 𝑣𝜔𝑖2                                             (24) 

Index 𝜔𝑖1 represents the induced velocity of the mapped vortex at distance of  
𝑎2

𝑟
, and the index 

𝜔𝑖2 denotes the induced velocity of the vortex at the circle center. These indexes are calculated by 

(12) and (13). The potential velocities are calculated as 

                                                               𝑢𝑝 = [1 −
𝑎2(𝑥𝑖

2−𝑦𝑖
2)

(𝑟𝑖
2)

2 ] 𝑢∞                                             (25) 

                                                                   𝑣𝑝 = − [
2𝑥𝑖𝑦𝑖𝑎2

(𝑟𝑖
2)

2 ] 𝑢∞                                                  (26) 

Planar vortices are employed to satisfy the no-slip condition. This condition can be satisfied by 

vorticity creation on the boundary. u0 is the angular velocity component on the object boundary, 

which is induced by the vortices. If 𝑢0 ≠ 0, we create planar vortices with the power of 𝑢0 on the 



boundary. These vortices are separated from the boundary and moved to the downstream by the 

diffusion mechanism. Until the radial distance Δs from the cylinder, the vortices are considered as 

sheet vortices. They are considered to be bubble ones out of this distance. In other words, each 

bubble vortex is produced by a sheet vortex with a length of h. Thus, the strength of the bubble 

vortices are Γ𝑖 = 𝑢0 . ℎ, and those in sheet  form are 𝜉𝑗 =
Γ𝑗

ℎ
 [3].  

Force Coefficients 

Lift and drag forces applied to an airfoil are produced by two causes: the fluid viscosity and the 

pressure of the fluid passing on the airfoil. Fig. 1 represents these forces and their directions. 

 

Fig. 1 Forced Applied to Airfoil and Their Directions 

The viscosity-driven forces can be balanced in vertical and horizontal directs considering the shear 

stress direction the fluid applied to the object. 

                                                                   𝐶𝐷𝜈 =
𝜏𝐴 𝑠𝑖𝑛 𝜃

1

2
𝜌𝑢∞

2
                                                             (27) 

                                                                   𝐶𝐿𝜈 =
𝜏𝐴 cos 𝜃

1

2
𝜌𝑢∞

2
                                                             (28) 

Using the viscosity-shear stress relation of the Newtonian fluids and combining it with (1), 

viscosity force coefficients are calculated for element i as 

                                                                 𝐶𝐷𝜈𝑖
=

𝜇𝜔𝑖𝛥𝑆𝑖 𝑠𝑖𝑛 𝜃𝑖
1

2
𝜌𝑢∞

2
                                                      (29) 

                                                                 𝐶𝐿𝜈𝑖
=

𝜇𝜔𝑖𝛥𝑆𝑖 𝑐𝑜𝑠 𝜃𝑖
1

2
𝜌𝑢∞

2
                                                       (30) 

General lift and drag coefficients of the airfoil are obtained by algebraically summing up these 

coefficients for all the elements. According to the Fractional Step Method, after solving the 

convection and diffusion equations in a time step, the Navier-Stokes equation reduces to the 

following form: 



                                                                      
𝜕𝑢

𝜕𝑡
= −

1

𝜌

𝜕𝑝

𝜕𝑠
                                                              (31) 

where u is the angular fluid velocity on the object’s surface. According to the previous statements, 

the angular velocity for each point on the surface will be the power of the vortex sheet. Thus, the 

pressure gradient on the surface based on the vortex sheet strength will be, 

                                                                     
∂𝑝

∂s
= −ρ

∂γ

∂t
                                                               (32) 

In which case, the pressure change for panel i is written as 

                                                                      ∆𝑃i = −ρ
∆Γi

∆t
                                                           (33) 

where ΔΓi = ΔγiΔsi. To calculate the pressure for any point on the surface, relation (33) can be 

directly integrated as 

                                                𝑃𝑚 =  𝑃1 + ∑ Δ𝑃𝑛
𝑚
𝑛=1 = 𝑃1 −

𝜌

Δ𝑡
∑ ΔΓ𝑛

𝑚
𝑛=1                                   (34) 

Relation (34) expresses the relative pressure of point m on the basis of a reference point with the 

pressure of P1. This point is the stagnation point of the leading edge of the airfoil, which can be 

calculated by Bernoulli relation and upstream flow properties.  

Results 

Fig. 2 indicates small vortices diffusion for the downstream low-pressure region and the formation 

of large vortices along with their formation time intervals at the leading angle of 15° [8]. It can be 

seen in this figure that the concentration of the vortices formed on the airfoil surface (shear layer 

thickness) on top of the airfoil is greater than at the bottom of it. This shows the presence of 

velocity gradients and rotating flows on top of the airfoil. Due to the difference between the high 

and low pressures of the airfoil, and consequently, the difference in the induced velocity between 

the top and bottom of the airfoil, the vortices formed on the two surface parts are different. This 

causes the dominant flow to form larger vortices in the place where the two vortex streams meet 

as they move. While rotating, these vortices move toward the downstream. The street of the large 

vortices can be seen in Fig. 2. 

 

Fig. 2 Vortex Diffusion at 1m/s, t=80s, and Reynolds number 5000 



Each point represents a singular vortex. The flow lines are drawn in Fig. 3 indicate the formation, 

growth, strength enhancement, and separation of the vortices. It also shows the vortices are shed 

into wake area downstream of the flow. Smaller vortices are attracted and absorbed by their 

adjacent large vortices if their rotation directions are the same.  

 

Fig. 3 Vortex Formation at Reynolds of 5000 and Leading Angle of 15° 

To validate the current work, we compared the aerodynamic forces applied to the airfoil with the 

results obtained from an analytical solution embedded in an academic Xfoil software [9]. This 

software analytically performs airfoil calculations for viscose flow on the basis of the boundary 

layer equations and flow regime instabilities using Orr-Sommerfeld equations. Figs. 4, 5, and 6 

demonstrate the diagrams of the variations in the lift, drag, and torsional moment coefficients 

versus leading angle at Reynolds 1000. The high convergence accuracy of the vortex elements 

method is seen in Figs. 4, 5, and 6.  
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Fig. 4 Variations in Lift Force (Vertical Axis) versus Leading Angle (Horizontal Axis) at 

Reynolds 1000 

 

Fig. 5 Variations in Drag Force (Vertical Axis) versus Leading Angle (Horizontal Axis) at 

Reynolds 1000 

 

Fig. 6 Variations in Torsional Moment (Vertical Axis) versus Leading Angle (Horizontal Axis) 

at Reynolds 1000 

 

Comparison of the lift and drag coefficients of the VEM with Xfoil results shows the high accuracy 

of the random vortex method in the investigation of vortex flow dynamics. The lift coefficient 

increases as the leading angle increases, which can be viewed to be because of the increased 

compressive force effects on the airfoil. Moreover, the difference in the pressure of the top and 

bottom of the airfoil increases as the leading angle increases. This, in turn, increases the lift force. 

The increase in the drag force induced by the increased leading angle can also be viewed as a result 

of the dominance of the compressive force effects. The torsional moment around the airfoil first 

increases due to an increase in the drag force effects on the torsional moment production. As the 

velocity gradients on the top airfoil surface enhance, the flow separates from the airfoil, which, in 

turn, leads to the reduced torsional moment. 
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Fourier transformation was used to analyze the vortex shedding frequencies of downstream flow. 

For this purpose, the variations in the lift or drag coefficients in the time domain are transferred to 

the frequency domain using MATLAB. Fig. 7 represents the dominant vortex shedding frequency 

for the leading angle 5° at Reynolds 500. As it is seen, it is 0.0392Hz. This can be done for all the 

states to calculate the dominant frequency. Having the frequencies, the related Strouhal number 

can be calculated. Fig. 8 shows the variations in Strouhal number versus Reynolds number at the 

leading angle 5°. The results are compared to the experimental ones in this figure. Strouhal number 

variation has a positive slope, which is in a good agreement with the experimental results. As 

previously mentioned, the change in Strouhal number, or in another word, the change in vortex 

shedding frequency is because of the higher flow instability at higher Reynolds numbers, the 

increased difference in the fluid layer velocities, and the rapider vortex formation, which, in turn, 

reduces the time interval between the formation and shedding of the vortices in the flow trail. 

 

Fig. 7 Dominant Shedding Frequency of the Vortices Formed on the Airfoil Surface at Leading 

Angle 5° and Reynolds 500 

 

 

 

 

 

 

 

 

Fig. 8 Strouhal Number versus Reynolds Number 
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Conclusion 

Vortex Elements Method (VEM) was employed in this work to model the incompressible viscose 

flow around a fixed NACA0012 Airfoil. To obtain the physics of the flow around the airfoil, the 

conformal mapping of the flow around a cylinder was used using Joukowsky mapping. Use of 

conformal mapping limits the geometry of the problem to some extent but simplifies the 

application of the boundary conditions. Comparison of the results of the current study obtained for 

the stationary airfoil with Xfoil results showed a high consistency between the VEM and the real-

life results. Due to the inverse relationship between the diffusion mechanism calculations accuracy 

and the Reynolds number, the accuracy reduced as the Reynolds number increased.  

For the flows at low velocities (approximately 1m/s), the vortex shedding frequency is almost 

unchanged, being 0.04Hz. Strouhal number of this frequency is approximately 0.25. For low 

leading angles, a change in the leading angle by below 10° leads to an increase in Strouhal number. 

Furthermore, the vortex shedding frequency enhancement gradient increases as the free flow 

velocity increases.  
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