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Abstract

Graph theory studies mathematical structures composed of vertices and edges to model relationships and
connectivity [[1,2]. Hypergraphs extend traditional graphs by allowing hyperedges that connect more than two
vertices simultaneously [3]]. Superhypergraphs further enrich this concept by introducing iterated powerset
layers, enabling hierarchical and self-referential connections among hyperedges [4,5]. A MetaGraph is
a graph whose vertices are themselves graphs, with edges representing specified relations between those
graphs. In this paper, we formally define the hypergraph analogue (MetaHyperGraph) and the superhypergraph
analogue (MetaSuperHyperGraph) of MetaGraphs, and provide a concise discussion of their characteristics and
illustrative applications. We also introduce iterative constructions such as the Iterated MetaGraph, representing
a “graph of graphs of . .. of graphs,” and briefly explore their properties and potential uses.
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1 Preliminaries

This section collects the basic notions used throughout the paper. Unless stated otherwise, all graphs are
assumed to be finite, undirected, and simple.

1.1 SuperHyperGraph

In classical graph theory, a hypergraph extends an ordinary graph by allowing hyperedges that may join
more than two vertices, which makes it suitable for modeling multiway relations in many areas [3,6-11[]. A
SuperHyperGraph augments this idea by organizing vertices and edges through iterated powersets, thereby
enabling hierarchical and self-referential linkages; see, e.g., [12H17]. Beyond theory, SuperHyperGraphs
have seen use in applications such as molecular and network modeling and signal processing [12}/18-22].
Throughout, the parameter n in the n-th (non-)empty powerset and in an n-SuperHyperGraph is a nonnegative
integer.

Definition 1.1 (Base set). A base set S is the underlying universe from which all objects are formed. Formally,
S = {x | x belongs to the specified domain }.
All elements of constructions such as P (S) and $,(S) are ultimately drawn from S.
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Definition 1.2 (Powerset). For a set S, the powerset P (S) is the family of all subsets of S:
PS)={A|ACS}.

Definition 1.3 (Hypergraph [3,23])). A hypergraph is a pair H = (V(H), E(H)) where

* V(H) is a nonempty set of vertices;

* E(H) C P*(V(H)) is a set of nonempty subsets of V(H) (the hyperedges).

In this work we consider only finite hypergraphs.

Definition 1.4 (n-th powerset). (cf. [24-26]) For a set H and n > 1, define recursively
Pi(H) :=P(H),  Puri(H) = P(Pu(H)).
The n-th nonempty powerset P,;(H) is defined analogously by
PI(H) =P (H), P (H) = PP (H)),
where P*(H) := P(H) \ {0}.

Example 1.5 (A real-life reading of the n-th powerset: baskets — promotions — campaigns). Let the base set
of products be
H = {Milk, Bread, Eggs}.

Then the first powerset P;(H) = P(H) (all possible shopping baskets) is

Pi1(H) = {(Z), {Milk}, {Bread}, {Eggs}, {Milk, Bread}, {Milk, Eggs}, {Bread, Eggs}, {Milk, Bread, Eggs} }

An element of the second powerset P, (H) = P(P1(H)) is a promotion, i.e. a set of baskets. For instance,
Fi := { {Milk}, {Bread, Eggs} }. % = { 0, {Milk, Bread, Eggs} }.

Since each listed basket belongs to P (H), we indeed have 71, 7, € P>(H).

An element of the third powerset P3(H) = P(P2(H)) is a campaign, i.e. a set of promotions. For example,
C:={%, 2} € P3(H),

because 1, F» € P>(H).

Interpretation. P1(H): all baskets a customer could buy. $,(H): a retailer’s promotion, specified as a
collection of eligible baskets. P3(H): a marketing campaign, specified as a collection of promotions. This
realizes the recursion P, (H) = P(P,(H)) in a concrete setting.

Definition 1.6 (n-SuperHyperGraph). [4,27}28]

Let Vj be a finite base vertex set. Define the iterated powerset by
PO(Vo) := Vo, PH (Vo) := PP (Vo)) (k2 0),

and write P*(X) := P(X) \ {0} for the family of all nonempty subsets of a set X. An (undirected, simple)
n-SuperHyperGraph on V) is a pair
SHG™ = (V,E)

such that
V C P"(Vp) is finite, E C P (V).

Elements of V are called n-supervertices, and each e € E is a (nonempty) n-superedge, i.e. a finite subset of
V. Equivalently, SHG™ is a (simple) hypergraph whose vertex set is a finite subset of " (Vp); the incidence
relationt C V X Eis givenbyvie = v €e.



Example 1.7 (A 2-SuperHyperGraph). Let the base set be Vy = {a, b, c¢}. Then P (Vy) consists of

0, {a}, {b}, {c}, {a,b}, {a,c}, {b,c}, {a,b,c},

and P*(Vp) = P(P (Vo).
Define three 2-supervertices (each is a subset of P (Vj), hence an element of P>(Vp)):

Sp:={{a}, {b,c}},  Sa:={0,{b}},  S3:={{a.c}}.
Set the vertex set and hyperedge set as

Vi={85,8.85} CP*(Vo),  E:={erex} CP*(V),
with
ey = {51,52}, ey = {SQ,S3}.

Then SHG? := (V,E) is a (simple, undirected) 2-SuperHyperGraph.
Verification (universe membership):

{a}, {b,c},0,{b},{a,c} € P(Vo)) = 51,512,853 € P* (W),
and eq, ey are nonempty subsets of V, so E C P*(V).

Example 1.8 (A 3-SuperHyperGraph). Let Vy = {a, b, c} as above. First choose elements of PZ(Vj) (i.e.,
subsets of P (Vp)):

Ay = {{a}, {b}}, Ay = {{a,b}, {c}}, Az = {0}.
Since each A; € P(Vy), we have Aj, As, Az € P2(Vp).

Define three 3-supervertices (each is a subset of P2(Vj), hence an element of P3(Vp)):
U] = {A],A3}, U2 = {Az}, U3 = {A],AZ}.

Set
V= U U Us} S P Vo), E"={fi.fa} CP(V),
with
fi ={U1, Uz}, f2:={U2, Us}.
Then SHG® := (V’, E’) is a valid (simple, undirected) 3-SuperHyperGraph.

Verification (universe membership):
A1, A2, Az € PP(Vy) = Uy, Us,Us € PP (Vp),
and f1, f> are nonempty subsets of V’, hence E’ C P*(V’).

1.2 MetaGraph(Graph of Graph)
A MetaGraph is a graph whose vertices are themselves graphs, with edges representing specified relations
between those graphs (cf. [29,29-33])).

Definition 1.9 (Metagraph (graph of graphs)). (cf. [|34]) Fix anonempty universe ® of finite graphs (undirected,
loopless by default) and a nonempty family of binary relations

R C P(Gx6).
A metagraph over (®,R) is a directed, labelled multigraph
M = (V,E,s,t, )

with
V6, s,t:E—YV, A:E—>R,

satisfying the incidence constraint
Ve € E: (s(e), 1(e)) € A(e).

Elements of V are meta-vertices (each is a graph G € ®). For e € E with A(e) = R, we write s(e) B, t(e) and
call e a meta-edge. If R = {R} is a singleton, labels may be omitted. If every R € R is symmetric, M can be
viewed as an undirected labelled multigraph.



Example 1.10 (Real-life MetaGraph: cross-citing departments (graph of graphs)). Let ® be the class of finite
directed acyclic citation graphs (vertices=papers, edges=citations). Consider three department graphs

Ges: V=A{ci,c2,¢3}, E={ca—c1, c3—c2},
Ggio : V =1{b1,b2}, E = {by— b1},

Gmah : V = {mi,m2}, E = {my—m}.
Let X be the set of observed cross-department citations:
X ={c3—b1, ciomy, by—c2, my—cy}.
Define the directed relation R on ® by the numeric threshold
¢(G,H) := |{(p,q) eV(G)XV(H): p—q € X}|, (G,H)e R, < ¢(G,H) >.
With 7 = 1, the counts are
c(Ges, Geio) =1, ¢c(Ges, Gmam) = 1, ¢(GBio, Ges) = 1, ¢(Gmam, Ges) = 1,
all others = 0. Hence the metagraph over (®, {R}) is
M= (V,E,s,t,4), V={Gcs,Ggio» GMann}
with (edge set and maps made explicit)

E ={ej,er,e3,e4}, Ale;))=R; (i=1,...,4),
s(e1) = Gcs, t(e1) = Gio, s(ez) = Gcs, t(e2) = GMaths
s(e3) = Ggio» t(e3) = Gcs, s(e4) = Gmam, t(es) = Ges.

By construction, each incidence satisfies (s(e;),?(e;)) € R because the corresponding c(-,-) = 1.

2 Review and Result
2.1 Iterated MetaGraph(Graph of Graph of ... of Graph)

An Iterated MetaGraph is a graph whose vertices are metagraphs, recursively extending graph-of-graphs
structure to multiple hierarchical levels.

Definition 2.1 (Unit metagraph embedding). For X € ® define the unit metagraph
Ux) = ({x} 0, .- .).
This gives an injective map U : & < Obj(Meta(®, R)).
Definition 2.2 (Relation lifting). Given R on ®, define its /ift RT on finite metagraphs over (&, R) by
VReR, (M;,M))eR — 3AxeV(M),yecV(M): (x,y) €R.
SetRT := {RT: R e R}.
Definition 2.3 (Iterated object and relation universes). Define recursively for ¢ € Ny:
69 =6, RY.=R,
G+ = {ﬁnite metagraphs over (), R(")) }, RIHD .= (ROYT,
Definition 2.4 (Iterated MetaGraph of depth 7). For t € Ny, an iterated metagraph of depth t is a metagraph
MO = (v E@ 0 1) 40
over (6, R®) ie, V¥ c 6@, A0 O — R and

Ve e ED : (s (e), 1 (e)) € 27 (e).



Remark 2.5. Depth O vertices are graphs; depth 1 vertices are metagraphs of graphs; depth 2 vertices are
metagraphs whose vertices are metagraphs of graphs; etc. Edges are always certified by the corresponding
lifted relation at that depth.

Example 2.6 (Real-life Iterated MetaGraph: universities built from departmental metagraphs). Fix the same
thresholded relation R, on departmental citation graphs as above.

University A has two departments with internal paper-level graphs
A L2 1 A L2 1
Ges @ {ac—ac}, Ggio + {a, —ay}

and within-A cross-citations
2 1 A A
Xa={a;,—a,} = C(GCS’GBio) =1

Thus the (depth-0) metagraph for A is

Mp = ({Gs, Gh o {ea), 5, 1,),  s(en) = GRg, t(ep) = Gayr Aen) = Ry

University B has departments
GE. : no internal edge GB {b%, —bl 1
cs - £e, Math * Om = Om7>

and within-B cross-citations
1 1 B B
Xg={b.—b,,} = dG¢s,Gypan) = 1.
SO

MB = ({GES’GB[ath}’ {EB}, s, t’ﬁ)» S(eB) = G2S9 t(eB) = Gl?/[ath’ /l(eB) = Rl‘

Now define cross-university citations
2 1 1 1
XA%B:{ab_)bm}’ Xgoa={b.—a.}.
The lifted relation RI on metagraphs (as in the iterated construction) satisfies

(Ma,Mg) € Rl = 3G € V(Mp), He V(Mg): (G,H) € Ry.

Numerically,
Gy Ghra) = 1= (Ma, Mg) € R],

oG8, G2) =1 = (Mg, M) € R
Hence the iterated metagraph (depth 1) of universities is
M= (VD EW WD a0, v = (M, Mg},
EW ={Ea_p.Egp}, s (Easp) = Ma, 1" (Ea_p) = M,
s (Eg_p) = Mg, 1V (Eg_p) = Ma, 2V() = R].
Each edge satisfies the incidence constraint by the explicit counts c(-, -) = 1 shown above.

Example 2.7 (Iterated MetaGraph of depth 3: airlines — alliances — consortia — clusters). We build the
structure level by level and verify every incidence numerically.



Level 0 (base graphs: airline route graphs). Let the set of airports be A = {X,Y,Z, W, V}. Define five
finite (undirected, simple) graphs, each representing an airline’s direct-flight network:

Gar:V={X,Y}, E={{X.Y}}, Ga:V={Y,Z}, E={{Y,Z}},
Gp1:V={W,X}, E={{W.X}}, Gm:V={Z, W}, E={{Z,W}},
Ge1:V={V,W}, E={{V,W}}.

Let name(G) € {Al, A2,B1,B2,C1} be the airline code.

Codeshare relation at level 0. Let the symmetric “codeshare list” be
X ={ (AL,A2), (B1,B2), (Al,Bl), (A2,B2), (B1,Cl) }.
Define

1, (name(.G),name(H)) € X or its swap, (G.H) € R, c(G.H) =1,
0, otherwise,

c(G,H) := {

Thus Res € {G a1, Gaz, Ggi, G2, Gei } is a well-defined symmetric binary relation.

Depth 1 (metagraphs of airlines: alliances). Form three metagraphs whose vertices are the airline graphs,
with meta-edges labeled by Rcg:

MA = (VA9 EA3 S, ta /1)’ VA = {GAlaGAZ}s
Ea ={ea}, s(ea) = Gal, t(ea) = Gaz, A(ea) = Res;

Mp = (Vp,Ep,s,t,4), Vp={Gg1,Gn2},
Ep = {ep}, s(ep) = Gpi, t(ep) = G2, A(ep) = Res;

Mr = (Vr,Er,s,t,4), Vr={Gc1}, Er = 0.
Incidence check at depth 1. We have
c(Ga1,Ga2) =1, ¢(Gp1,Gp2) = 1,

hence (s(e),t(e)) € Res for e € {ea, ep}, as required.

Depth 2 (metagraph of alliances: consortia). Lift R  to alliances by
(M,N) € Rl &= FxeV(M),yeV(N): (x,y) € Res.
Define the “consortia” metagraph
M® = (V(2),E(2),s(z),t(z),/l(z)), v = {Ma, Mg, My},
with edges

E(z) = {EA—>39 EB—)F}? /1(2)() = RJ;S’

and
s (Easp) = Ma, tD(Eap) = Mg, sP(Ep_r) = M, 1P (Ep_r) = Mr.

Incidence check at depth 2. Witness for Ea_,p: take x = Ga) € V(Ma), y = Gg1 € V(Mp), then ¢(x,y) =
1 = (x,y) € R, hence (M4, M) € Rls. Witness for Eg_,r: x = Ggy € V(Mp), y = G¢1 € V(Mr), so
c(x,y) =1and (Mg, Mr) € RZS. By design there is no edge M4 — My since ¢(G a1, Ger) = ¢(Gaz, Ger) = 0.



Depth 3 (metagraph of consortia: clusters). Form two “cluster” vertices whose elements are consortia
(i.e., vertices of M(?)):
Crorth := {Ma, Mg}, Csoutn := {Mr}.

Lift once more:
(C,D)eRll & IMeC,NeD: (M,N)eR],.

Define the depth-3 metagraph
M(3) = (V(B) ’ E(3)’ S<3) s t(3)’ /1(3))9 V(3) = {CNOrths CSouth},
with a single edge Enorth—south labeled 1) = RlST and

3 3
S( )(ENorth—>South) = CNorths t( )(ENorth—>S0uth) = Csouth-

Incidence check at depth 3 (explicit witnesses). Choose M = Mp € Cnorth and N = Mr € Csouth. From the
depth-2 verification, (Mg, Mr) € RCTS via the pair (Gpy,Gc1) with ¢ = 1. Therefore (Cnorth, CSouth) € REJ ,
and the incidence constraint for Enorth—South holds.

In summary, we have explicitly constructed an Iterated MetaGraph of depth 3: airline route graphs (level 0) —
alliances (depth 1) — consortia (depth 2) — clusters (depth 3), with all edges justified by concrete codeshare
witnesses at each lift.

Theorem 2.8 (Iterated MetaGraphs generalize MetaGraphs). Every metagraph M over (®, R) is (canonically)
isomorphic to an induced sub-metagraph of some depth-1 iterated metagraph over (65(1), R(l)). In particular,
the depth-0 case is exactly Definition of metagraph.

Proof. Let M = (V,E,s,t, 1) be a metagraph over (®, R). Define a vertex map
Oy :V— 61, oy(X):=U(X).

For each e € E with A(e) = R € R and (s(e),(e)) € R, create a depth-1 edge

oz(e): U(s(e)) =5 Ulie)).
This is well-defined because
(U(s(e)), U(t(e))) e R = Fx e {s(e)}, y € {t(e)}: (x,y) € R = (s(e),t(e)) €R,

using the definition of U and of RT. Let M1 be the depth-1 metagraph with vertex set ®y (V) and edge set
®p(E). Then (®y, Pg) is a label-preserving metagraph isomorphism from M onto the induced sub-metagraph
of M) on @y (V), since

Ae)=R = AV (®g(e)) =R,

and incidence is preserved by the equivalence above. Hence any (depth-0) metagraph embeds canonically
into a depth-1 iterated metagraph. The assertion that depth O recovers the Definition is immediate from

Definitions O

2.2 MetaHyperGraph(HyperGraph of HyperGraph)

A MetaHyperGraph is a hypergraph whose vertices are themselves hypergraphs, with hyperedges encoding
relations among these component hypergraphs.

Notation 2.9. For a set X, write Pgn(X) for the family of all finite (possibly empty) subsets of X and
Ppin (X) 1= Phin(X) \ {0}.

Definition 2.10 (Directed hypergraph). A directed hypergraph is a tuple H = (V,E, T, Hd) with V a vertex
set, £ an edge set, and T, Hd : E — P45, (V) the tail/head maps such that 7' (e) U Hd(e) # @ forall e € E.



Definition 2.11 (MetaHyperGraph over (2, R)). Let U be a nonempty universe of objects and let
R < P Pan(l) x Pia (W)

be a nonempty family of admissible set—relations. A MetaHyperGraph over (U, R) is a labelled directed
hypergraph
M= (V,E,T,Hd, )

withV C U, T,Hd : E — Pga(V), A : E — R, satisfying the incidence constraint
Yec E: (T(e), Hd(e)) € A(e).

Vertices in V are meta-vertices. If U is the class of finite hypergraphs, we say that M is a HyperGraph of
HyperGraphs.

Remark 2.12. Undirected MetaHyperGraphs are obtained by requiring each R € R to be symmetric and
identifying (T, Hd) with (Hd, T). Ordinary directed metagraphs (graphs of graphs) arise when every hyperedge
is a pair of singletons; see Theorem [2.14]

Example 2.13 (Real-life MetaHyperGraph: hospital departments sharing patients). Let each vertex be a finite
(undirected) hypergraph whose vertices are patient IDs and whose hyperedges are procedure sessions. Consider
three departmental hypergraphs:

Hraa : V =A{p1,p2,p3}, E={{p1,p2}, {p2.p3}},
Hcad © V = {p2,pa}, E ={{p2}, {P2, pa}},
Hone : V={p1,p2, 05}, E={{p1,p2}, {p2,p5}}

Define the admissible set—relation Rgpare On finite families of departmental hypergraphs by

(S,T) € Rpare < T x (patient ID) suchthatVH € SUT, e € E(H) : x € e.
Form a MetaHyperGraph M = (V, E, T, Hd, A) over ({Hrad, Hcard, Hone }» { Rshare }) With

V = {Hgad, Hcard, Honc}» E ={ei}, T(e1) = {HRad, Hcara}, Hd(e1) = {Honc},
and A(e) = Rghare- Verification of the incidence constraint:
(S.T) = (T(er),Hd(e1)) = ({Hrads Hcara}» {Honc})-

Take x = p,. Then

p2 €{p1.p2} € E(Hraa), P2 € {p2} € E(Hcaa): P2 € {p1,P2} € E(Honc),
80 (S,T) € Rghare, hence (T (e1), Hd(e1)) € A(ey) as required.

Theorem 2.14 (MetaHyperGraphs generalize MetaGraphs). Fix a universe W and a family of binary relations
Ry € P(U x U). Embed R, into set—relations by

Ry — PP x P, uR) = (5} 0D | () € R},

Then the full subcategory of MetaHyperGraphs over (U, 1(R5)) with edges satisfying |T (e)| = |Hd(e)| = 1 is
(canonically) equivalent to the category of labelled directed metagraphs over (U, R5).

Proof. Given a MetaHyperGraph M = (V, E, T, Hd, A) with |T(e)| = |Hd(e)| = 1, define a metagraph
M= (V,E,s,t, 1)

by s(e) the unique element of T'(e), t(e) the unique element of Hd(e), and A,(e) the unique R € R, with
A(e) = «(R). The incidence constraint gives

(T(e),Hd(e)) € A(e) =«(R) & ({s(e)}.{t(e)}) € (R) < (s(e),1(e)) € R,
hence M is a metagraph over (2, Ry).
Conversely, given a metagraph M = (V, E, s, t, A2) over (U, Ry), set
M= (V,E,T,Hd,A), T(e) :={s(e)}, Hd(e) :={t(e)}, A(e) := L(/lz(e)).

Then (T(e),Hd(e)) € t(22(e)) holds iff (s(e),2(e)) € A2(e), so M is a MetaHyperGraph. These two
constructions are mutually inverse on objects and morphisms, giving the claimed equivalence. O
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Theorem 2.15 (MetaHyperGraphs generalize HyperGraphs). Let X be a nonempty set and define the trivial
admissible relation
U = £ (X) x {0} S Phn(X) X Ppin(X),

and R := {U}. The assignment
@ : MetaHyperGraphs over (X, R) with Hd(e) =0 «— (undirected) hypergraphs on X

given by
O: (V=X,E,T,Hdi=0,1=U) — H=(X, Ey), Eg:={T(e):e € E},

is a bijection on isomorphism classes. In particular, every undirected hypergraph arises as a specialization of
a MetaHyperGraph.

Proof. For any specialized MetaHyperGraph as stated, the incidence constraint reads (7'(e),®) € U, which
is tautologically true for all nonempty 7'(e) € Pp (X). Thus Ey := {T(e) : e € E} C P; (X) defines a
hypergraph H = (X, Eg).

Conversely, given any hypergraph H = (X, Eg), define E := Eg, T(e) := e, Hd(e) := 0 and A(e) := U; then
(T(e), 0) € U holds by definition, so M = (X, E, T, Hd, 1) is a MetaHyperGraph over (X, R). Isomorphisms
clearly match under these maps, yielding a bijection on isomorphism classes. O

2.3 Iterated MetaHyperGraph(HyperGraph of HyperGraph of ... of HyperGraph)

An Iterated MetaHyperGraph is a hypergraph whose vertices are meta-hypergraphs, recursively building
hypergraph-of-hypergraph structures over multiple hierarchical depths.

Definition 2.16 (Lift of set-relations for iteration). Let U, R be as above. For R € R and MetaHyperGraphs
M; = (Vi,...), My = (Va,...) over (U, R), define the lift RT on Pgn({M}) x Psn({M}) by

(S,T)eR" & IMeS, NeT, 3A € Pin(V(M)), B € Psn(V(N)) : (A, B) €R.
Set RM := {RM: R € R}.
Definition 2.17 (Iterated universes). Define recursively for ¢ € Ny:
=y, RO =R,
uD {finite MetaHyperGraphs over @, RO
R+ . ((R(t))ﬂ.

Definition 2.18 (Iterated MetaHyperGraph of depth #). For ¢t € Ny, an Iterated MetaHyperGraph (IMHG) of
depth t is a MetaHyperGraph
M@ = (V(t),E([),T(t),Hd(l),/l(t))

over (lI(t),R(’)), ie, VO cu® 20 . ) 5 R and
Ve e EW : (T(t)(e), Hd(t)(e)) e 1V (e).

Remark 2.19. Depth O vertices are base objects; depth 1 vertices are MetaHyperGraphs of base objects; depth
2 vertices are MetaHyperGraphs whose vertices are MetaHyperGraphs, etc. Edge labels are always drawn
from the lifted family at the corresponding depth.

Example 2.20 (Real-life Iterated MetaHyperGraph: hospitals linked by transfers). Within Hospital A, define
departmental hypergraphs (patients {p1, p2, p4, ps}):

Hppa o V=Ap1,p2}, E = {{p1,p2}},
Heya: V =1{p2,pa}, E = {{p2}},
Hp. V= {p2.ps}, E = {{p2. ps}}.



As in the first example, with Rgyare, build the (level-0) MetaHyperGraph
Ma = (Va, Ea, Ta, Hdp, Ap), Va = {Hpog Hoyg: Hone )
with a meta-hyperedge ea:
Ta(ea) = {HRyps Heya)s  Hdnlen) = (o),
Aa(ea) = Rshares
witnessed by patient p».

Within Hospital B (patients {p», p3}), define

HE ,: V={pypsh E={{p2}},  HE,:V=A{ps}, E={{ps3}}.

Its MetaHyperGraph Mg has a meta-hyperedge eg with
To(en) = {Hoyg).  Heg(en) = (Hy,g),

/lB(@B) = Rshares

witnessed by patient p3.

Now form the Iterated MetaHyperGraph at depth 1 whose vertices are the level-0 MetaHyperGraphs
VU = {Ma, Mg}

Use the lifted relation R

share*

(5,T)eR" = IAMeS, NeT, IACV(M), BCV(N): (A,B) € Ryae.

share

Define one meta-hyperedge Ea_,g with
T (Epsg) = {Ma},  Hd"(Ep_p) = {Mg},
1 _pl
/l( )(EA%B) - Rshare'

Incidence check (explicit witnesses): choose
M = Ma, N = Mg,

A={H5 .} SV(Ma), B={HE } CV(Mg).

Patient p, satisfies
p2 € {p2.psy € E(Hp,.),  p2 € {p2} € E(HE ),

hence (A, B) € Ryhare, s0 (T'V (Ep_p), Hd"V(Ep_p)) € erhare. Thus the depth-1 Iterated MetaHyperGraph

correctly captures an inter-hospital linkage induced by shared patient p;.

Theorem 2.21 (IMHGs generalize MetaHyperGraphs). Depth O IMHGs are exactly MetaHyperGraphs over
(U, R).

Proof. By Definitions 2.18] taking ¢ = 0 yields U(®) = U and R(®) = R, hence IMHGs of depth 0 are
precisely MetaHyperGraphs over (U, R). O

Definition 2.22 (Metagraph and its lift). Let ® be a universe and Q € P (® x ®) a family of binary relations.
A (labelled) metagraph over (®,Q) is a directed, labelled multigraph M = (V,E,s,t,1) with V C 6,
s,t 1 E >V, 1:E — @, and (s(e),1(e)) € A(e) for all e. Its standard lift is: for R € Q and metagraphs
M, M>,

(Mi,M>) € R! & 3xeV(M;),yeV(M): (x,y) €R.

Define iterated metagraph universes by 6 := &, Q¥ := Q, and
"+ := {finite metagraphs over (6", Q")},
QU+ .= (Q(z))T_
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Definition 2.23 (Singleton embedding of binary relations). Embed Q into set-relations by

Q= P(Pin(®) x Pin(®)),  «(R):= { (I}, WD) | (x,y) € R},
Lemma 2.24 (Lift commutes with ¢ on singletons). Let t > 0. View ¢ levelwise, i.e. as
:QY = P(Pin(6) x Pin(61)))

. Then
(®)" n {({MY N} = (R

forallR € Q).

Proof. By Definition[2.16] for ({M}, {N}) we have

(M}, (N) € (u(B))
& JACV(M), BCV(N): (A, B) € «R)
& JxeV(M),yeV(N): ({x}.{y}) € «R)
— dxeV(M),yeV(N): (x,y) R
& (M,N) eRI.
This is exactly ({M}, {N}) € «(R"). O

Theorem 2.25 (IMHGs generalize Iterated MetaGraphs). Fix t > 0. Consider IMHGs over (6", (Q"))
and restrict to the full subcategory IMHGY) in which every hyperedge e satisfies |T") (e)| = |[Hd") (e)| = 1.
Then IMHG?) is canonically equivalent to the category of iterated metagraphs of depth t over ((ﬁ(’), Q" ).

Proof. Define functors F; and G; (mutually inverse on objects and morphisms).
(Fy : metagraph — IMHG) Given a depth-¢ metagraph
MY = (V,E,s,1,4) over (6, Q"),
set M) .= F,(M(’)) with the same vertex set V, edge set E, and for each e € E put
TW(e) :={s(e)},  Hd(e):={t(e)}, A1V (e):=1(A(e)).
Incidence holds because (s(e),t(e)) € A(e) iff ({s(e)}, {t(e)}) € t(A(e)).
(G, : IMHG — metagraph) Given a depth-f IMHG in IMHG",
M = (vV,E,T,Hd, 1) over (6", (Q")),
define M) := G,(M®)) with the same vertices V, edges E, and for each e take s(e), 7(e) to be the unique

elements of T'(¢), Hd(e), and set 1(¢) € Q") uniquely so that 1) (e) = t(A(e)). Incidence is equivalent by
the definition of «.

Compatibility with depth- labels (which are lifts of depth-(¢—1) labels) follows from Lemma [2.24} the lifted
label families correspond under ¢ when restricting to singleton tails/heads. Functoriality on morphisms (label-
preserving incidence-commuting maps) is inherited verbatim. Clearly G, o F; = id and F; o G; = id on the
stated subcategory, yielding the claimed equivalence. O

11



2.4 MetaSuperHyperGraph(SuperHyperGraph of SuperHyperGraph)

A MetaSuperHyperGraph is a superhypergraph whose vertices are themselves superhypergraphs, with super-
hyperedges describing relations between these higher-order structures.

Notation 2.26. For a set X, write Pqn(X) for the family of all finite subsets of X and Py (X) := Pun(X) \ {0}.
For a function f and a set A, put f[A] :={f(a) : a € A}.

Definition 2.27 (Iterated singleton embedding). Let U be any set. Define jo : U — U by jp(x) := x and
inductively jri1 : U = P(PK(U)) by jrs1(x) := { jx(x) }. Thus j, : U < P"(U) is the canonical depth-n
embedding.

Definition 2.28 (Directed n-SuperHyperGraph). Fix a base set Q and n € Ny. A directed n-SuperHyperGraph
is a tuple
S=(V,E,T,Hd) with VCP"(Q), T,Hd:E — Pun(V),

such that T(e) U Hd(e) # 0 for all e € E. (Undirected variants arise by requiring 7T (e) = Hd(e) for all e.)

Definition 2.29 (Universe of n-SuperHyperGraphs). Let S,
denote the class of all finite directed n-SuperHyperGraphs over arbitrary base sets. For

x € P (Q)
, the unit n-SuperHyperGraph at x is
Un(x) = ({x}, 0’ - 7) € 6n
Definition 2.30 (MetaSuperHyperGraph over (&S,,, R)). Let S,, be as above and let
R C P( Phin(Sn) X Pein(Sp) )

be any nonempty family of admissible set—relations on n-SuperHyperGraphs. A MetaSuperHyperGraph
(MSHG) over (&,,,R) is a labelled directed hypergraph

M= (V,E,T,Hd,J)
withV € &,,T,Hd : E — Pgp(V), and A : E — R, satisfying the incidence constraint
Veec E: (T(e), Hd(e)) € Ae).
Vertices of M are (finite) n-SuperHyperGraphs; hyperedges relate finite families of such vertices.

Example 2.31 (Real-life MetaSuperHyperGraph: multi-department clinical cohorts). Let the national patient-
ID universe be Q = {uy, uy, us, uq, us} and consider depth-1 SuperHyperGraphs (vertices are subsets of Q).

Department A (oncology) as a 1-SuperHyperGraph:
Hy = (Va,Ea,TasHda),  Va={{ur,u}, {uz,us}t}, Ea={ea},
Ta(ea) = {{ur,u2}}, Hda(ea) = {{uz, us}}.

Department B (radiology):
Hp = (Vg,Ep,Tg,Hdg), Vg ={{us,us}}, Ep=0.

Department C (cardiology):
Hc = (Vc,Ec,Tc,Hdc), Ve ={{ui,uz,us}t}, Ec=0.

Define the admissible set-relation on 1-SuperHyperGraphs
Riharev © (S,T) € Ryparey &= Tx € Qs.t. VH e SUT JAy € V(H) withx € Ay.

Form the MetaSuperHyperGraph M = (V,E,T, Hd, ) over the universe V = {H4, Hg, Hc} with one meta-
hyperedge e*:

T(e*) = {HA,HB}a Hd(e*) = {HC}, /l(e*) = Rsharev-
Incidence check (explicit witness): pick x = up. Then uy € {uj,ur} € Va, up € {up,us} € Vp, and
us € {uy,uz,us}t € Ve, so (T(e*), Hd(e*)) € Rgharey as required.

12



Definition 2.32 (Singleton wrapping of relations). For n > 0 define
b @ — PPun(®) x Pin(@0)). w(R) = { (UISL UnIT]) : (ST R},

Theorem 2.33 (MSHG > MetaHyperGraph). Fix n > 0. Consider the full subcategory MSHGI,‘Init of MSHGs
over (&, 1,(Q)) whose vertex sets are contained in U, [W]. Then MSHG,™ is canonically equivalent to the
category of MetaHyperGraphs over (1, Q).

Proof. Define mutually inverse functors on objects and morphisms.
(F : MHG — MSHG) Given H = (W, F, S, H, ), put
V:=U,[W], E:=F, T(e):=U,[S(e)], Hd(e) :=U,[H(e)], A(e):=1,(u(e)).

Then (T(e), Hd(e)) € ty(u(e)) iff (S(e), H(e)) € u(e) by Definition 2.32] so M := F(H) is an MSHG in
MSHG"",

(G : MSHG — MHG) Conversely, let M = (V,E,T, Hd, A) lie in MSHG‘}:‘“. Write W := {x e U | U,(x) €
V } and define

S(e) :={xeW|U,(x) eT(e)}, H(e) :={yeW|U,(y) € Hd(e) }.

For each e choose u(e) € Q with A(e) = t,(u(e)) (uniquely determined by Definition [2.32). Then
(S(e),H(e)) € ule) iff (T(e),Hd(e)) € A(e), so H := G(M) = (W,E,S,H,u) is an MHG. It is imme-
diate that G o F =id and F o G = id. O

Theorem 2.34 (MSHG > SuperHyperGraph). Fix a base set Q and n > 0. Let U denote the universal
set—relation on S,,:
U = Pun(Sn) X Pin(Sn), R = {U}.

The assignment
@ : {directed n-SuperHyperGraphs on Q} — {MSHGs over (S,,R)}

given by
®(V,E, T,Hd) = (U,[V], E, U,[T()], Up[Hd()], 1= U)

is a bijection on isomorphism classes. In particular, every n-SuperHyperGraph is a specialization of an MSHG.

Proof. For any n-SuperHyperGraph (V, E, T, Hd), the image has vertex set U,,[V] and for each e € E,
(T"(e), Hd'(e)) = (Un[T ()], Un[Hd(e)]) € U

by definition of U, hence ®(V, E, T, Hd) is an MSHG. Conversely, given an MSHG (V', E’,T’, Hd’, 1 = U)
whose vertices are all of the form U,, (x) with x € P"(Q), define

Vi={x:U,(x) eV}, T(e) ={x:U,(x) eT'(e)}, Hd(e) := {x:U,(x) € Hd' (e) }.

Then (V,E’,T, Hd) is a directed n-SuperHyperGraph on Q. Isomorphisms correspond by the obvious com-
ponentwise identification, proving the bijection on isomorphism classes. O

2.5 Iterated MetaSuperHyperGraph
(SuperHyperGraph of SuperHyperGraph of ... of SuperHyperGraph)

An Iterated MetaSuperHyperGraph is a superhypergraph whose vertices are meta-superhypergraphs, recursively
extending superhypergraph-of-superhypergraph structure across multiple hierarchical levels.
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Definition 2.35 (Iterated universes for MetaSuperHyperGraphs). Fix n € Ny. Let S,, be the class of all finite
directed n-SuperHyperGraphs (as used previously) and let R € P(Psin(S,,) X Pfin(S,)) be a nonempty family
of admissible set-relations (as in the MetaSuperHyperGraph section). Define, recursively for ¢ € Np,

Y =6, RO =g,
s+l .= { finite MetaSuperHyperGraphs over (eﬁ,’), R(1)) },

RU+D . (R(”)ﬂ, where (S,T) € R
AMeS, NeT, A € Pn(V(M)), B € Pin(V(N)) : (A,B) €R.
(Here V(M) denotes the vertex set of M, and 1} is the same lifting operator used earlier.)

Definition 2.36 (Iterated MetaSuperHyperGraph (IMSHG) of depth #). For ¢ € Ny, an [lterated MetaSuperHy-
perGraph of depth t is a labelled directed hypergraph

M@ = (V(t),E(t),T(t),Hd(I),/l(t))

such that
v ¢ fo), 7O, qgd® - D - pﬁn(v(l))’

A0 L g0 R0,
and the incidence constraint holds:
Ve e EV : (T (e), Hd" (e)) € 2V (e).

Example 2.37 (Real-life Iterated MetaSuperHyperGraph: hospital networks via shared cohorts). Extend the
patient-ID universe to Q' = {u1, up, us, ua, us, ue}.

Hospital A uses the three 1-SuperHyperGraphs above and forms the MetaSuperHyperGraph
Ma = (Va, Ea, Ta, Hdp, An),
Va ={Ha,Hp,Hc},
with the meta-hyperedge ea already verified by x = us:
Ta(ea) = {Ha,Hp}, Hda(ea) ={Hc},

Aa(ea) = Rsharev-

Hospital B builds two 1-SuperHyperGraphs using €’:
Hp = (Vp,Ep,Tp,Hdp), Vp ={{uz,ue}}, Ep = 0;

Hg = (Vg,Eg,Tg,Hdg), Vi ={{u2}}, Eg =0.

Its MetaSuperHyperGraph is
Mg = (VB, Es, T, Hdg, 18),

Ve = {Hp.HEg},

with one meta-hyperedge eg witnessed by x = u5:
Tg(es) = {He}, Hdg(e) = {Hp},

Ag(eB) = Rsharev-

Lift the relation to MetaSuperHyperGraphs (depth-1 lifting):

(S,T)eRl . & IMeS,NeT, 3ACV(M), BCV(N): (A, B) € Ryarev-
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Construct the depth-1 Iterated MetaSuperHyperGraph
M = (V(l),E(]),T(l),Hd(]),/l(l)),

V() = {Ma, Mg},

with one meta-hyperedge Ep_p:
T (Ep_g) = {Ma},
Hd" (Ep_g) = {Mg},
/1(1>(EAHB) = Rghare\/'
Incidence verification (explicit witnesses): choose M = Ma, N = Mg,

A= {Hu} C Va, B={Hp} C Vg.
Take x = up. Then u, € {Ml, I/tz} € Vaand uy € {uz,u6} € Vp, so (A,B) € Rgparev, hence

(1) (1) I
(T (EA_)B), Hd (EA—>B)) € RshareV'

Therefore M) is a valid depth-1 Iterated MetaSuperHyperGraph linking hospitals by shared patient cohorts.

Theorem 2.38 (IMSHG generalizes MetaSuperHyperGraph). Depth 0 IMSHGs are exactly MetaSuperHyper-
Graphs over (S, R).

Proof. By construction, (5;,0) = G, and R©® = R. The definition of IMSHG with ¢ = 0 is identical to the
definition of a MetaSuperHyperGraph over (S,,, R). O

Definition 2.39 (Unit 0-SuperHyperGraph and singleton embedding of relations). Let Ug(x) denote the unit
0-SuperHyperGraph on a base object x (single vertex x, no edges). For a binary relation R on a universe U,
define the singleton embedding

w(R) = {({x}, P [ (x,y) e R},

viewed as a set—relation on P, (U) X P ().

Lemma 2.40 (Lift commutes with singleton embedding on singletons). For any depth t > 0, any relation R
on the depth-t universe, and any metalevel objects M, N,

(M, V) € (0(R)" = (M,N)eR"

Proof. By the definition of {] and ¢,
(M, V) € (w(R)! & FxeV(M), y e V(N) : ({x}.{y}) € 10(R)
& JxeV(M),yeV(N): (x,y) e R &< (M,N)eR".
O

Theorem 2.41 (IMSHG generalizes Iterated MetaHyperGraph). Fix any deptht > 0. Let an Iterated MetaHy-
perGraph (IMHG) of depth t over ("), Q")) be given (as defined earlier). Consider IMSHGs of depth t with
n = 0over (6(()” , 10(QY) ), and restrict to the full subcategory IMSHGY) in which every hyperedge e satisfies

IT®) ()| = |[HA™ (e)| = 1 and every vertex is of the form Ug(-). Then IMSHG?) is canonically equivalent to
the category of depth-t IMHGs over (W), Q(1)).

Proof. Define mutually inverse functors F; and G;.
(F;: IMHG — IMSHG) Let
H® = (V,E,S, H,u) (depth-t IMHG over (U, Q"))).

Set
V' :={Uo(v):veV}, E :=E,
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T'(e) :={Uo(S(e))},  Hd'(e) :={Uo(H(e))},  A'(e) :=wo(ule)).

Incidence is preserved since
(T"(e), Hd'(e)) € w(u(e)) = ({S(e)}, {H(e}) € wo(u(e)) = (S(e),H(e)) € pule).
Thus F,(H®) = M®) .= (V' E’,T’,Hd', X’) is a depth-r IMSHG in IMSHGY).
(G;: IMSHG — IMHG) Conversely, take
M® = (V/,E',T',Hd',A’) e IMSHG" over (", 1p(Q")).
Write V := {v € W) : Uy(v) € V'}, E := E’, and for each ¢ € E let S(e), H(e) be the unique elements with
T'(e) ={Uo(S(e))},  Hd'(e) = {Uo(H(e))}.

Since A’ (e) € 1p(Q'")), choose the unique u(e) € Q") with A’(e) = to(u(e)). Incidence is equivalent by the
same calculation:

(S(e),H(e)) € u(e) = ({S(e)}, {H(e)}) € w(ule)) & (T'(e),Hd'(e)) € A'(e).

Hence G,(M")) = H®) := (V,E, S, H, j1) is a depth-t IMHG.

Finally, G, o F; = id and F; o G; = id on objects and morphisms by construction. Label compatibility across
depths follows from the lemma: for any R € Q%) and metalevel objects M, N at depth ,

Lemma

(M, (V) € (10(R)" &' (M, N) e RT,

so lifted labels match at every level. Thus the categories are equivalent. O

3 Conclusion

In this paper, we formally defined the hypergraph analogue (MetaHyperGraph) and the superhypergraph
analogue (MetaSuperHyperGraph) of MetaGraphs, and provided a concise discussion of their characteristics
and illustrative applications. We also introduced iterative constructions such as the Iterated MetaGraph,
representing a “graph of graphs of . . . of graphs,” and briefly examined their properties and potential uses. It is

hoped that future work will explore extensions incorporating frameworks such as Fuzzy Sets [35H38]], Vague
Sets [39-41]], Neutrosophic Sets [20,42-44], and Plithogenic Sets [45-47].
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