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Abstract

Graph theory investigates mathematical structures consisting of vertices and edges to model relationships and
connectivity [1L[2]. A MetaGraph is a higher-level graph whose vertices are themselves graphs, with edges
representing specified relations among those graphs. An lterated MetaGraph extends this idea recursively: its
vertices are MetaGraphs, yielding a hierarchy of graph-of-graphs structures across multiple levels.

Fuzzy graphs incorporate fuzzy membership functions on vertices and edges, thereby capturing uncertainty and
graded strength of connectivity. Neutrosophic graphs generalize this further by assigning to each vertex and edge
three independent membership values—truth, indeterminacy, and falsity—providing a more comprehensive
framework for uncertainty. A weighted graph is a graph in which each edge is assigned a numerical value
(weight), typically representing cost, distance, or intensity. Multigraphs, which allow multiple parallel edges
and loops, appear naturally when such multiplicities are required. Bidirected graphs (bidigraphs) assign local
orientations to each vertex-edge incidence, allowing edges to point independently at both ends.

In this paper, we extend the frameworks of fuzzy graphs, neutrosophic graphs, multigraphs, weighted graphs,
digraphs, and bidirected graphs by embedding them into the unified setting of MetaGraphs and Iterated
MetaGraphs.

Keywords: Fuzzy Graph, Neutrosophic Graph, MultiGraph, Bidirected Graph, Weighted Graph, MetaGraph,
Iterated MetaGraph
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1 Preliminaries

This section presents the fundamental concepts and definitions that underpin the discussions in this paper.
Unless otherwise noted, all graphs considered here are undirected, finite, and simple.

1



1.1 MetaGraph(Graph of Graph)

Graph theory investigates mathematical structures consisting of vertices and edges to model relationships and
connectivity [1,2]. A MetaGraph is a graph whose vertices are themselves graphs, with edges representing
specified relations between those graphs (cf. [33H5]).

Definition 1.1 (Metagraph (graph of graphs)). (cf. [6]) Fix a nonempty universe ® of finite graphs (undirected,
loopless by default) and a nonempty family of binary relations

R C P(Gx6).
A metagraph over (®,R) is a directed, labelled multigraph
M = (V,E,s,t,Q)

with
V6, s,t:E—YV, A:E—>R,

satisfying the incidence constraint
Ye € E: (s(e), t(e)) € A(e).

Elements of V are meta-vertices (each is a graph G € ®). For ¢ € E with 1(e) = R, we write s(e) R, t(e) and
call e a meta-edge. If R = {R} is a singleton, labels may be omitted. If every R € R is symmetric, M can be
viewed as an undirected labelled multigraph.

Example 1.2 (Urban Mobility as a Metagraph). Let ® be the set of city-level transit graphs G. = (V, E.),
where V, are stations in city ¢ and E, are intra-city rail/bus links. Define two binary relations on ®:

HSR := {(G,,G,,) | there exists a direct high-speed rail service between ¢ and c,},
AlIRy := {(G¢,,G,) | there exist > 6 direct flights per week between ¢ and ¢;},
and set R := {HSR, AIRy} for a fixed threshold 6 € N.
Consider the metagraph M = (V, E, 5,t, 1) with

V= {GTokyo, G osakas GNagoya},
and meta-edges

HSR HSR AlRg
er: GTokyo — Gosakas e Gosaka — GNagoya, es: GTokyo — GNagoya~

By construction, each e; satisfies the incidence constraint (s(e;),#(e;)) € A(e;): there is high-speed rail
between Tokyo—Osaka and Osaka—Nagoya (s0 (GTokyo> G0saka) € HSR and (G osaka, GNagoya) € HSR), and the
direct-flight relation AIRy holds for the chosen threshold on Tokyo—Nagoya. Thus M is a concrete metagraph
of cities, where meta-vertices are city transit graphs and meta-edges encode inter-city mobility modes.

1.2 Iterated MetaGraph(Graph of Graph of ... of Graph)

An Iterated MetaGraph is a graph whose vertices are metagraphs, recursively extending graph-of-graphs
structure to multiple hierarchical levels.

Definition 1.3 (Unit metagraph embedding). For X € ® define the unit metagraph
Ux) = ({x} 0, .. .).
This gives an injective map U : & < Obj(Meta(®, R)).
Definition 1.4 (Relation lifting). Given R on ®, define its lift R on finite metagraphs over (®, R) by
VReR, (M;,M))eR — 3xeV(M),yeV(M): (x,y) €R.

SetRT := {RT: R e R}.



Definition 1.5 (Iterated object and relation universes). Define recursively for ¢ € Ny:
60 = ®, RO =R,
G+ .= {ﬁnite metagraphs over (), R(")) } RU+D .= (R(t))T.
Definition 1.6 (Iterated MetaGraph of depth 7). For r € Ny, an iterated metagraph of depth t is a metagraph
MO = (VO g 0 0 )y
over ((5(’>,7€(’)), e, VO c @ 20 . E® 5 RO and
Ve e EW : (s (e), 11 (e)) € 11 (e).

Example 1.7 (Supply-Chain-of-Chains as an Iterated Metagraph). Let ) be the set of facility-level logistics
graphs G = (V, E), where V are production/storage sites inside a firm and E are internal transport links. Fix a
base relation family R(*) containing

SHIP;, := {(G1,G>) | there exists a scheduled shipment from some site in G to some site in Gy at > g trips/week},

for a chosen g € N.

Level 1 (metagraphs of firms). Firm A has two facilities with internal flows, modeled by G .1, G2 € 6@
Firm B has one facility Gg | € 9. Define metagraphs

Ma=({Ga,1,Gan}. Ea, 54,14, 4), Mp = ({Gg,1},EB,SB. 1B, AB),

SHIP» . .
where edges of M 4 record A’s internal transfers (e.g. G 4,1 G A2 if 5 trips/week are scheduled). Assume

there is a cross-firm weekly shipment from A’s facility G4 to B’s G, at rate 3/week. Then at base level,

(Ga,Gp,1) € SHIPs; € R,

Level 2 (iterated metagraph of firms). By relation lifting, the lifted relation SHIP_ | € R satisfies

(Ma.Mp) € SHIPL,| & 3X eV(Ma),Y € V(Mp): (X,Y) € SHIP;,.

Since (G 2, Gp,1) € SHIP: |, we obtain a meta-edge

My, —— Mg
in the iterated metagraph whose vertices are firm-level metagraphs. Thus, real shipments between specific

facilities induce (via lifting) contractual/supply relationships between the firms at the meta-level.

1.3 Fuzzy Graph

A fuzzy set assigns each element a membership degree between 0 and 1, modeling partial belonging and
uncertainty in classification [[7,/8]. A fuzzy graph combines fuzzy vertex and edge membership functions,
representing relationships with uncertainty and graded connectivity among nodes [9-12].

Definition 1.8 (Fuzzy set). [7.[13] Let Y be a non-empty universe. A fuzzy set T onY is a function
7:Y — [0,1],

assigning to each y € Y a membership value 7(y). A fuzzy relation onY is a fuzzy subset § of Y X Y. Given a
fuzzy set 7 on Y, the relation ¢ is said to be a fuzzy relation on T whenever

6(y,z) < min{r(y),7(2)}, VYy,zeY.

Definition 1.9 (Fuzzy graph). [11] A fuzzy graph on a vertex set V is a pair G = (o, ) consisting of:



¢ A vertex membership function o : V — [0, 1], where o (x) gives the degree to which x € V belongs to
the graph.

¢ An edge membership function i : V XV — [0, 1], which is a fuzzy relation on o, satisfying

ux,y) < o) Ao(y), VYxyev,

where A denotes the minimum operator.

The associated crisp graph G* = (0", u*) is determined by
c"={xeV]okx)>0}, w={xy)eVxV]|ulxy) >0}

A fuzzy subgraph H = (o, i) of G is obtained by choosing a subset X C V and defining

* arestricted vertex membership o’ : X — [0, 1],
¢ an edge membership y’ : X X X — [0, 1] such that

W (x,y) < o' (x) Ad'(y), VYx,yeX.

A neutrosophic set assigns to each element three independent membership degrees: truth, indeterminacy, and
falsity, enabling richer uncertainty representation [14}/15]]. A neutrosophic graph assigns each vertex and edge
three membership values: truth, indeterminacy, and falsity, capturing uncertainty comprehensively [16-21].

Definition 1.10 (Neutrosophic Graph). [16] Let V be a (finite) vertex set. A neutrosophic graph onV is a pair
G = (o, p),

where

s 0: V- [0,113 v o) = (Te(v), I, (v), Fr(v)) assigns to each vertex v its truth, indeterminacy,
and falsity degrees, with 0 < T (v), I+ (v), Fo(v) < 1 and

0 <To(v)+1s(v)+Fy(v) < 3.
o w:VxV—[0,113 (u,v) — u(u,v) = (T, (u,v), 1,(u,v), F,(u,v)) assigns neutrosophic degrees to
(unordered) pairs {u, v} (take p(u, u) for loops if allowed), with 0 < 7, 1,,, F,, < 1 and

0 < Ty(u,v)+ L,(u,v) + Fy(u,v) < 3.

These maps satisfy, for all distinct u,v € V,
T, (u,v) < min{Tx(u), T (v)}, Ii(u,v) > max{l,(u),15(v)}, Fu(u,v) > max{Fq(u), F-(v)}.
(For a nonedge one may set u(u, v) = (0,0,0).) The underlying crisp graph G* = (V, E*) is given by
E* = {{u,v} cV: T,(u,v) >0 or I,(u,v) >0 or Fy(u,v) > O}.
Unless stated otherwise, neutrosophic graphs are taken to be undirected and loopless.
Example 1.11 (News—Source Credibility as a Neutrosophic Graph). Consider three online sources V =
{A, B, C}. Assign neutrosophic vertex-memberships (credibility 7', uncertainty I, falsity risk F):
o(A) = (0.90, 0.10, 0.00), o(B) = (0.60, 0.30, 0.10), o (C) = (0.40, 0.50, 0.20).

Define neutrosophic edge-memberships (pairwise agreement/compatibility):

u(A,B) =(0.55, 0.35, 0.15), wu(A,C) =(0.25, 0.55, 0.25), u(B,C) =(0.35, 0.50, 0.20).

These values satisfy the neutrosophic constraints. For instance, for (A, B):

min{T, (A), T, (B)} = min{0.90,0.60} = 0.60 > T, (A,B) = 0.55,

max{/,(A),I,(B)} = max{0.10,0.30} = 0.30 < I,(A,B) =0.35,
max{F(A), Fy(B)} = max{0.00,0.10} = 0.10 < F,(A,B) =0.15,

and similarly for (A, C) and (B, C). Interpretation: A is highly credible, C is uncertain; their edge (A, C)
has modest truth degree 0.25 with higher indeterminacy 0.55, reflecting inconsistent or incomplete cross-
corroboration between those sources.



1.4 Weighted Graph

A weighted graph is a graph in which each edge is assigned a numerical value (weight), typically representing
cost, distance, or intensity(cf. [22-27]).

Definition 1.12 (Weighted Graph). (cf. [22]23]]) A Weighted Graph augments the structure of a graph by
assigning a numerical weight to each edge. Formally, a weighted graph is defined as a triple G = (V, E, w)
where:

* V is a non-empty set of vertices.
e EC {{u,v}|u,veV, u+v}isaset of edges.

* w: E — Ris a weight function that assigns a unique real number to each edge ¢ € E.

1.5 Directed Graph and Bidirected Graph

A directed graph consists of vertices connected by ordered edges, where each edge has a defined direction from
source to target [28130].

Definition 1.13 (Directed Graph). [31] A directed graph (digraph) G = (V, E) consists of:

e V: A finite set of vertices.

e E CV XV: A setof directed edges, where each edge is an ordered pair (u,v) with u,v € V.

The edge (u, v) indicates a directed connection from vertex u (source) to vertex v (target).

A Bidirected graph (Bidigraph) assigns local directions to each vertex-edge pair, enabling edges to point
independently at both ends [32H35].

Definition 1.14 (Bidirected Graph (Bidigraph)). [33H35] A bidirected graph (also known as a bigraph) is a
pair B = (G, 1), where:

e G = (V,E) is a simple undirected graph, where V is a non-empty set of vertices and FE is a set of edges
(without parallel edges or loops).

e 7:VXE — {-1,0, 1} is a function called the bidirection function, which assigns a local orientation to
each vertex-edge pair (v, e) as follows:

— 7(v,e) = 1: Edge e is directed towards vertex v.
- 7(v,e) = —1: Edge e is directed away from vertex v.

— 7(v,e) = 0: Vertex v is not incident to edge e.

The graph G is referred to as the underlying graph of B, and the function T provides the bidirected structure
on G by assigning a direction at each endpoint of every edge in E.

Example 1.15 (Last-Mile Logistics Lane as a Bidirected Graph). Let G = (V, E) with facilities V = {F, C,R}
for Factory, Cross-dock, and Retail store. Undirected transport links are

E = {erc = {F,C}, ecr = {C,R}, err = {F,R}}.

Define a bidirection function 7 : VX E — {-1,0, 1} where 7(v, ¢) = +1 means the lane is oriented fowards v
(arrivals at v), T(v, e) = —1 means away from v (departures from v), and 7(v,e) = 0if v ¢ e. Set

(t(F, erc),7(C,epc)) = (—1,+1) (factory ships to cross-dock),

(7(C, ecr), (R, ecr)) = (=1,41) (cross-dock dispatches to retail),



(t(R, epr), 7(F,epr)) = (=1,+1) (empty containers return from retail to factory).

For completeness, non-incidences have value 0. A compact table is:

| erc ecr  err
F,) | -1 0 +I
7C,) | +1 -1 0
TR, | 0 41 -1

This bidirected model captures local endpoint behavior (depart/arrive) on each lane with a single undirected
edge, which is natural for physical corridors where the admissible direction at one end can be specified
independently of the other.

1.6 MultiGraph

A multigraph is a graph that allows multiple parallel edges between the same vertices and loops on vertices,
used when necessary (cf. [36-40]]). As a related concept, Iterative MultiStructure is also known [41]].

Definition 1.16 (Multigraph). A multigraph is a triple G = (V, E, ¢) where:

¢ V is a finite set of vertices.
¢ E is a finite multiset of edges.

cp:E — {{u vi|luveV, u=voru# v} is an incidence function that assigns to each edge e € E
an unordered pair {u, v} of one or two vertices. In particular:

1. If p(e) = {u, v} with u # v, then e is a (simple) edge connecting u and v.
2. If p(e) = {v,v} for some v € V, then e is a loop at vertex v.

3. If there exist distinct edges e, e; € E such that ¢(e1) = ¢(e2) = {u, v}, then e; and e, are parallel
edges between u and v.
2 Reviews and Main Results

In this section, we present the main results of this paper along with related discussions.

2.1 Meta-Fuzzy Graph

A Meta-Fuzzy Graph models relationships among fuzzy graphs, where vertices represent fuzzy graphs and
edges encode higher-level fuzzy relations.

Definition 2.1 (Meta-Fuzzy Graph over (FG, R)). A Meta-Fuzzy Graph is a triple
M := (om, pm, Lum)

consisting of:

* a meta-vertex membership oy : FG — [0, 1];

* a meta-edge membership pyy - FG x FG — [0, 1] satisfying the fuzzy-graph constraint

v (F,G) < min{oy (F),om(G)} (VF,G € FG);

e alabel selector Ly : FG x FG — Pg,(R) assigning to each ordered pair (F, G) a finite set Ly, (F, G) of
labels from R.



These data must satisfy the witnessing (incidence) constraint

wi(F,G) < sup R(F,G) (VF,G €FQG), (1)
ReLy (F,G)

with the convention that sup @ := 0. The support (meta-vertex set) is V(M) = { F € FG | o34 (F) > 0}, and
the crisp underlying meta-graph is the directed graph with vertex set V(M) and arc set A(M) = {(F,G) |
v (F,G) > 0}, optionally decorated by Ly (F, G).

Definition 2.2 (Crisp embedding of graphs into fuzzy graphs). Given a (finite) simple graph G = (V, E),
define its crisp fuzzy realization «(G) = (oG, ) by

1, xeV,

0, otherwise,

1, {x,y}€E,
0, otherwise.

oG(x) = { MG (x,y) = {

Example 2.3 (Regional Retail Analytics as a Meta-Fuzzy Graph). Let FG contain three fuzzy graphs repre-
senting product co-purchase networks for Tokyo (Fr), Osaka (Fp), and Nagoya (Fy). Each F, has fuzzy
vertex/edge memberships (omitted here), e.g. higher membership on products and pairs that appear frequently.

Set the meta-vertex membership (data quality / recency weight)

O'M(FT) =0.90, O'M(Fo) =0.70, O'M(FN) =0.50.

Label family R. Define two fuzzy relations on FG x FG:
Roverlap (Fi, F;) = normalized catalog overlap, R.pi(F;, Fj) = APl interoperability score.

Assume the following values (symmetric):

| Fr  Fo Fy | Fr  Fo  Fy
Roverp(F7.) | —  0.65 035 Rui(Fr.) | — 055 025
Rovertap(Fo. ) | 0.65 —  0.45 Rupi(Fo.) | 055 - 030
Rovertap(Fn» ) | 035 045  — Rypi(Fy.) | 025 030 -

Choose the label set Lys (F;, F;) = {Roverlap, Rapi} for all i # j and define

v (Fr, Fo) = 0.60, v (Fo, Fy) = 0.40, ur (Fr, Fn) = 0.30.

(i) Fuzzy-graph constraint:
v (Fr, Fo) = 0.60 < min{0.90,0.70} = 0.70, um(Fo, Fy) = 0.40 < min{0.70,0.50} = 0.50,

vt (Fr, Fn) = 0.30 < min{0.90,0.50} = 0.50.

(ii) Witnessing:
sup R(Fr, Fo) = max{0.65,0.55} = 0.65
ReLy (Fr.Fo)

sup R(Fp, Fy) = max{0.45,0.30} = 0.45 > 0.40,
ReLy (Fo,FN)

sup  R(Fr, Fy) = max{0.35,0.25} = 0.35

Rely (Fr,Fn)

\%

0.60,

\%

0.30.

Hence M = (0w, > Lag) is a valid Meta-Fuzzy Graph modeling cross-regional analytics integration.

Definition 2.4 (Crisp-to-fuzzy lifting of labels). Let ® be a universe of (finite) graphs and R, € P(® x ®) a
nonempty family of crisp binary relations (e.g. subgraph, homomorphism, minor, isomorphism). Define

R" = {R" | Re R} C [0,1]F<FC

by
I, (G1,Gy) €R,

. R’(Fi,F,) := 0 if some F; # ¢( ).
0, otherwise,

R (1(G1),1(Gy)) := {



Theorem 2.5 (Meta-Fuzzy Graph generalizes MetaGraph). Let M = (V,E, s,t, ) be a (directed, labeled)
MetaGraph over (®,R;), i.e., VC 6, 1: E — R, and

Yeec E: (s(e), t(e)) € A(e).
Define a Meta-Fuzzy Graph M. = (on, piv, Lag ) over (FG, R?) by
om (F) = 1y, pevy (F),
pna (F, G) = max 1ius(e))y (F) - Loy (G),

Ly(F.G) := {A(e) | e€ E, F=1(s(e)), G =1(t(e)) }.

Then M is a Meta-Fuzzy Graph, and its underlying crisp meta-graph is (canonically) isomorphic to M.

Proof. (1) Fuzzy-graph constraint.) Fix F,G € FG. By definition, oy (F) € {0, 1} and o3, (G) € {0, 1}. If
tm (F,G) = 1, then there exists e € E with F = ((s(e)) and G = ¢(t(e)). Hence oy (F) = op (G) = 1, s0

v (F,G) =1 < min{l, 1} = min{ops (F), o (G)}.
If ups (F, G) = 0, the inequality holds trivially. Thus the fuzzy-graph constraint is satisfied.
(2) Witnessing constraint.) Let F,G € FG. If Ly (F,G) = 0, then by construction there is no e € E with
F = u(s(e)), G = «(t(e)), hence up (F,G) = 0, and (I reads 0 < sup @ = 0, which holds. If Ly (F,G) # 0,

then there exists e € E with F = «(s(e)), G = «(t(e)) and R := A(e) € Ly (F,G). By the MetaGraph
incidence, (s(e),1(e)) € R, hence by the definition of R,

R*(F,G) = R"(«(s(e)),u(t(e))) = 1.
Therefore

sup  Q"(F,G) = R"(F,G) = 1 > uy(F,G),
QGLM(F,G>

since pps (F, G) € {0, 1} and equals 1 exactly when such an e exists. Thus (T]) holds.

(3) Underlying crisp meta-graph.) The support is V(M) = {¢(v) | v € V}. The arc set is

AM) = {(F.G) | umu(F,G) >0} = {(«(s(e)).u(t(e))) | e € E}.

Hence the map ¢ : V. — V(M), v — «(v), is a bijection that extends to a digraph isomorphism from M to the
underlying crisp meta-graph of M, preserving labels via Ly,. O

2.2 Iterated Meta-Fuzzy Graph

An Iterated Meta-Fuzzy Graph repeatedly applies meta-fuzzy construction across levels, producing hierarchical
fuzzy graph networks capturing multi-scale relational uncertainty.

Definition 2.6 (Lifting of fuzzy relations to higher levels). Suppose U is a class whose elements themselves
carry fuzzy vertex-memberships (so each X € U hasamap Zx : - — [0, 1] on its own vertex-universe). Given
S:UXU — [0,1] and elements X,Y € U, define the lifted relation

sT(x,y) = sup min(Zx (1), y (v), S(u,v)),
ueVert(X), veVert(Y)

where Vert(X) denotes the level-below vertex-universe on which Xy lives.

Definition 2.7 (Iterated universes and lifted families). Define recursively for r € Ny:
FG© .= FG, RO as fixed above,
FGU+D .= {all Meta-Fuzzy Graphs on FG") with witnessing family R ") },

RUFD = {RT|ReRW }.



Definition 2.8 (Iterated Meta-Fuzzy Graph of depth 7). For t € Ny, an Iterated Meta-Fuzzy Graph of depth t
is a Meta-Fuzzy Graph
M® = (Z(I),M(t))

on the vertex universe FG'") with witnessing family R, i.e., for all X,Y € FG":

MD(x,Y) < min{=(X),=?(¥)} and MY(X,Y) < sup R(X.Y).
ReR(®)

Example 2.9 (Division-Level Planning as an Iterated Meta-Fuzzy Graph). Continue with Fr, Fp, Fx € FG©

and the relations Roverlap, Rapi € R above. Construct two level-1 meta-fuzzy graphs (division views):

East division X on vertex set { Fr, F } with internal meta-memberships
2x(Fr) = 0.80, 2x(Fn) = 0.60,
and some internal meta-edges (omitted). West division Y on {Fp} with

Sy (Fo) = 0.90.

Lifted relations. By the lifting rule

R (X,Y) = sup min(Zx (1), Zy (v), R(u,v)),
ueV(X),veV(y)

we compute

R! _ (X,Y) = max{min(0.80,0.90,0.65), min(0.60,0.90,0.45)} = max{0.65, 0.45} = 0.65,

overlap

R (X, ¥) = max{min(0.80,0.90,0.55), min(0.60,0.90,0.30)} = max{0.55, 0.30} = 0.55.

Thus in R() we have two candidate labels between X and Y.

Level-1 meta-edge. Set the level-1 meta-vertex membership
*W(x)=085 =M (¥)=0.90,
and define a cross-division meta-edge

MY (x,v)=0.60, LY(X,Y)={R! R 1.

overlap’  “api

Verification. Fuzzy-graph bound at level 1:
MDD (X,Y) =0.60 < min{=" (X), = (¥)} = min{0.85,0.90} = 0.85.
Witnessing via lifted labels:

sup  R(X,Y) = max{0.65,0.55} = 0.65 > MV (X,Y) = 0.60.
ReLM(X,Y)

Therefore M() = (2 MW) is a valid Iterated Meta-Fuzzy Graph whose vertices are the division-level
meta-fuzzy graphs and whose inter-division linkage is witnessed by lifted overlap/API relations derived from
facility-level data.

Theorem 2.10 (Depth 1 recovers Meta-Fuzzy Graph). The class of Iterated Meta-Fuzzy Graphs of depth 1
coincides with the class of Meta-Fuzzy Graphs over (FG, R(®).

Proof. By definition, FG'" is precisely the class of Meta-Fuzzy Graphs on FG'*) = FG with witnessing family
R Unfolding the definition of an Iterated Meta-Fuzzy Graph at ¢ = 1 gives exactly the same constraints,
hence the two classes are identical. O
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Theorem 2.11 (Iterated Meta-Fuzzy Graphs generalize MetaGraph and Iterated MetaGraph). Fix a universe
® of finite (crisp) graphs and a nonempty family RC(? ) ¢ P(® x ®) of crisp relations (e.g. subgraph,
homomorphism, minor, isomorphism). Let IMeta® (®, Ré? ) ) denote the class of iterated metagraphs of depth
t (directed, labeled) built from (®, Ré? )) using the usual existential lifting of relations. Then for every t > 0
there exists an injective map

E, : Meta® (6, R") — FG®

such that:

e fort = 1, E| identifies each MetaGraph with a crisp Meta-Fuzzy Graph (all memberships in {0, 1});

e for all t, the underlying crisp meta-structure (vertices with positive membership; edges with positive
membership) of E;(-) is canonically isomorphic to the given iterated metagraph.

Consequently, Iterated Meta-Fuzzy Graphs (allowing arbitrary [0, 1]-memberships) strictly extend both Meta-
Fuzzy Graphs (by Theorem2.10) and Iterated MetaGraphs (by the embeddings E,).

Proof. We construct E; by induction on ¢ and verify the defining inequalities numerically via min/sup.

Step 0 (crisp embedding of graphs). For a simple graph G = (V, E), define «(G) = (0, ug) € FG by

1, xeV, 1, {x,y}€E,
HG(x,y) =

0, else, 0, else.

oG (x)

This yields an injective map ¢ : ® — FG. For any crisp relation R € Ré? ) define the 0/1-valued fuzzy
relation

R*(F1, Fy) :

1, EIG],GQ e®: Fi = L(Gi) and (G],Gz) S R,
0, otherwise.

Set R® := {R": R e RV},

Inductive hypothesis. Assume for some ¢ > O there is an injective map
E, : IMeta(’)((ﬁ,ﬂg?)) — FGW,

o

and that for every crisp lifted relation § € R
indicator S” belongs to R(*) and satisfies

(obtained by existential lifting at the crisp level), its fuzzy

I, (X,Y)esS,
0, otherwise.

Sb(Et(X), Et(Y)) = {

Stept — t+1. Let M = (Vypy, Ay, 8,8, A) be an iterated metagraph of depth +1, i.e. a labeled digraph with
Vs € IMeta) and
Vee Ay : (s(e), t(e)) € Ale) € R,

Define E,.1 (M) = (£, M) € FGU*D by
Z(X) == L, () veva} (X), M(X,Y) = max L(E, (s(e))y (X) - L{E, (2(e))y (¥).
e€EAM

Then £, M € {0, 1} and for all X,Y one has the fuzzy-graph bound
M(X,Y) < min{Z(X),Z(Y)},

since M(X,Y) = 1 implies both indicators are 1. For the witnessing bound, fix X = E;(s(e)), Y = E;(z(e))
and R := A(e) € Rc(rt). By the inductive hypothesis,

R°(X,Y) = 1.
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Therefore
sup O(X,Y) > R (X,Y) = 1 > M(X,Y).
QeR®)

If no e connects X to Y, then M(X,Y) = 0 and the inequality is trivial. Thus (X, M) satisfies both constraints
and is a valid Meta-Fuzzy Graph on FG®, ie. E;s1(M) € FGU+D.

Injectivity and underlying crisp structure. By construction, the support
{(X:Z(X) =1} = {E:(v) | v €V}

is in bijection with V), and (X, Y) has M(X,Y) = 1 iff there exists e with s(e) = v, t(e¢) = w and X = E;(v),
Y = E;(w). Hence the underlying crisp meta-digraph of E,,| (M) is canonically isomorphic to M. Distinct M
give distinct (£, M), so E;, is injective.

Base. For t = 0, take Eg = ¢ and note that all verifications above reduce to checking 0/1 < min(0/1,0/1) and
0/1 < sup{0, 1}, which hold.

By induction, E, exists for all ¢, proving the claim. O

2.3 Meta-DiGraph
Throughout, a (finite) digraph is a quadruple

D = (Vp,Ap,sp.tp),

where Vp, is a finite vertex set, Ap is a finite arc set, and sp, tp : Ap — Vp give the source/target of each arc.
Loops (sp(a) = tp(a)) and multiple arcs are allowed iff explicitly stated.

Definition 2.12 (Universe and relation family for digraphs). Fix a nonempty universe D of finite digraphs and
a nonempty family of binary relations
R C P(DxD).

Typical choices include:

Sub: the (induced) subdigraph relation,

» Hom: the homomorphic reachability relation (D1, D) € Hom iff there exists a digraph homomorphism
Dl — Dz,

* Min: the (directed) minor relation (when defined),
¢ Iso: isomorphism.

Definition 2.13 (Meta digraph over (D, R)). A meta digraph (digraph of digraphs) over (D, R) is a labeled
digraph
M = (Vp, Ams smstms Am)

with
Vu €D, Sm-tm A — Vu, Ay Ay — R,

subject to the incidence constraint
VeeAy: (sm(e), tm(e)) € An(e). 2)

Each vertex of M is itself a (ground-level) digraph. For e € Ay, with Aps(e) = R € R, we write

sur(e) = 1y (e)

and call e a meta-arc (of type R).

11



Example 2.14 (Microservice Integration as a Meta Digraph). Let D contain the following ground-level service
call graphs (digraphs):

Do = (Vo,Aop), Vo = {web,pay}, Ao = {(web, pay)};
Dp = (Vp,Ap), Vp={gw,auth}, Ap = {(gw,auth)};
Dp = (Va,An), Va={etl,db},  Ax = {(etl,db)}.

Interpretation: Orders (Do) calls Payments (Dp) which in turn feeds Analytics (Dp).

Let R := {Hom}, where (D, D;) € Hom iff there exists a digraph homomorphism 4 : V(D) — V(D»)
preserving arcs.

Witness homomorphisms. Define hy : Vo — Vp by hj(web) = gw, hj(pay) = auth. Then (web, pay) € Ag
maps to (gw, auth) € Ap, hence (Do, Dp) € Hom. Define h; : Vp — V4 by ha(gw) = etl, hy(auth) = db.
Then (gw, auth) € Ap maps to (etl, db) € A, hence (Dp, D) € Hom.

Meta digraph. Let
M = (Var, Aps sm tvs A, Vm = {Do, Dp, Da},
with meta-arcs " "
elzDo———OT—>Dp, eZ:DP—m—n—>DA,
ie. spr(ey) = Do, ty(er) = Dp, Ap(e;) = Hom, and similarly for e;. Each e; satisfies the incidence
constraint by the witnessed /1, hy. (Composition sy o h; also witnesses (Do, D) € Hom, consistent with
the meta-path Do — Dp — Da.)

Proposition 2.15 (Symmetric relations induce undirected underlying meta structure). Suppose every R € R
is symmetric. Let M be a meta digraph over (D, R). Then the underlying unlabeled multigraph obtained by
identifying each pair of opposite meta-arcs is well-defined. In particular, if e € Apy with Apr(e) = R and R is
symmetric, then

(w1 (€. sma(e)) € R,

so there exists a meta-arc e’ (possibly equal to e) with sp;(e’) = tpr(e) and tpr(e”) = spr(e).

Proof. Fix e € Ap. By @), (sm(e),tm(e)) € R with R = Apr(e). Symmetry gives (1a(e), sp(e)) € R,
hence a valid reverse meta-arc with the same label exists (in a simple meta digraph it must be identical, in a

multidigraph it may be distinct). O

Proposition 2.16 (Compositional soundness along labeled meta-paths). Assume R is closed under (relational)
R R R

composition: for any Ry, ..., Ry € R there exists R € Rwith R 2 R o---o Ry. If x = v RN 2 NN

Vi =y is a labeled meta-path in M, then
(x,y) € Rgo---oRy C R
for some R € R. In particular, reachability along meta-paths witnesses membership in (some) relation from R

determined by composing the labels.

Proof. By (@), for each i one has (v;_1,v;) € R;. Hence (x,y) € Ry o --- o Ry by definition of relational
composition. Closure provides R € R with R 2 Ry o--- o Ry. O

2.4 Iterated Meta-DiGraph

An Iterated Meta-DiGraph recursively builds meta-level digraphs over directed graphs, enabling layered rep-
resentations of directional structures and their relational hierarchies.

Definition 2.17 (Relation lifting for digraphs). Given R on D, define its /ift RT on the class of finite meta
digraphs over (D, R) as

R :={RT|ReR}, (M|,My)eR" & 3xeVy, yeVy,: (x,y) €R.
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Definition 2.18 (Iterated universes for digraphs). Define recursively for t € Ny:
0=, RO:=R,
DU = {all finite meta digraphs over (D), R")) }, R = (R,
Definition 2.19 (Iterated Meta Digraph of depth 7). For ¢ € Ny, an iterated meta digraph of depth t is a labeled

digraph
MO = (v A0 g0 40 ()

with VD ¢ DO 10 . A0 5 R and
Ve e A . (s(’)(e), t(’>(e)) c /l(’)(e). 3)

Example 2.20 (Department-Level Adoption as an Iterated Meta Digraph). Retain © and R = {Hom} as above.
Form two level-1 meta digraphs representing departments:

H
Commerce Mc with vertex set V(Mc) = {Do, Dp} and the meta-arc D¢ o, Dp (witness hy).
Data Mp with vertex set V(Mp) = {Da} (no internal meta-arc needed).

Define the lifted relation family RT by
(M, M>) € Hom' <= 3xeV(M)), y e V(M) : (x,y) € Hom.
Since (Dp, D) € Hom (witness hy) with Dp € V(Mc) and Da € V(Mp), we have

(Mc, MD) S HOII’IT.

Iterated meta digraph (depth 1). Let
MY = (V(1>,A(l),s(l),t(l),/l(l)), vy = {Mc, Mp},

with the meta-arc

Hom!
E: Mc ——s Mp.

By construction (s“) (E), D (E)) = (Mc, Mp) € Hom' = AV (E), so the incidence constraint (@) holds. In-
terpretation: because a concrete homomorphism maps Payments to Analytics at the service level, a department-
level integration arrow exists from Commerce to Data at the iterated meta level.

Theorem 2.21 (Iterated Meta Digraph generalizes Meta Digraph). Depth 1 coincides with the meta level:
{meta digraphs over (D, ‘R)} = {iterated meta digraphs of depth 1}.

Hence the class of Iterated Meta Digraphs (depth t > 1) strictly extends the class of Meta Digraphs.
Proof. By Definition [2.18] DV is by construction the class of all finite meta digraphs over (D, R), and
R = RT. Unfolding Definition atr = 1 gives: an object

MWD = (v AM g1 1) 300y
with V(D ¢ DM and AW : AW — R satisfying (B). But this is exactly the definition of a meta digraph
taken one level up (its vertices are digraphs-at-level 1, i.e., ordinary meta digraphs). Therefore “depth 1

iterated meta digraph” and “meta digraph” coincide after one expansion. Consequently, allowing ¢ > 1 yields a
hierarchy that contains the r=1 case as a special case, so Iterated Meta Digraphs generalize Meta Digraphs. O
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2.5 Meta-MultiGraph

A Meta-MultiGraph treats multigraphs as vertices, with labeled meta-edges capturing relations like subgraph,
isomorphism, or homomorphism among multigraphs.

Definition 2.22 (Universe and relation family for multigraphs). Fix a nonempty universe Mt of finite multigraphs
and a nonempty family of binary relations

S c PIMxM).

Typical relations include:

 Sub*: multiplicity-respecting subgraph relation (H C G and each edge multiplicity in H is < thatin G ),
» Hom*: existence of a multigraph homomorphism,
* Iso*: multigraph isomorphism.

Definition 2.23 (Meta multigraph over (I, S)). A meta multigraph (multigraph of multigraphs) over (I, S)
is a labeled multigraph

M = (Vir, Em, om, Ant)

with
Vig €M, em: Ev— {{X, Y} X,Y € Viu}, Ayt By — S,

subject to the incidence constraint
Vee Eyi: ¢u(e)={X,Y} = (X,Y) € Ay(e) and (Y, X) € Ay(e). 4)

Thus each meta-edge e (possibly a loop when X = Y) connects two ground-level multigraphs X,Y € Vi and
is labeled by some S = Ayg(e) € S that relates X and Y. Parallel meta-edges {e1, ...} between the same pair
{X,Y} are permitted and may carry distinct labels from S.

Example 2.24 (Airline Route Networks as a Meta-Multigraph). Let 9t be multigraphs whose vertices are
airports and whose parallel edges encode the number of daily direct flights on a city pair. Consider three
carriers on the airport set {HND, KIX, CTS}:

Carrier J: G j has 8 parallel edges on {HND, CTS} and 6 on {HND, KIX}.
Carrier N: G has 5 on {HND, KIX} and 3 on {KIX, CTS}.
Carrier F: G has 2 on {HND, CTS}.

Define two symmetric relations on I:

Jacc . |E§( N El*/l code o :
ST (X, Y) =1 >0, SO%(X,Y) := 1{codeshare agreement between the carriers of X,Y},

[EXYVES| —
where E* denotes the underlying simple edge set (multiplicities ignored). Fix 6 = % and assume
5°%(G,,Gy) =1,  $°%(G;,Gp)=0,  $°®(Gy,GF) =0.
Compute Jaccard indices:
Eg, = {{HND,KIX}, {HND,CTS}}, Eg, = {{HND,KIX}, {KIX,CTS}}, Eg, = {{HND,CTS}}.
Hence

1 1
J(Gy,GN) = 3 (= szaf?g =1), J(G,,GF)= 3 (=1, J(Gn,GF)=0(=0).

Form the meta multigraph

M = (Viu, Em, o> A Vi ={Gs.Gn.GF},
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with (parallel) meta-edges over the same pair:

e1:gpu(er) ={G;,Gn}, Auler) = SJ;}:%,
e2: gui(er) = {Gy,Gn}, Auler) = $%,
e3 1 pm(e3) = {Gy,Gr}, Aul(es) = SJ;T%-

All labels are symmetric, so the incidence constraint @) holds: for each e;, (X,Y) € Aym(e;) and (Y, X) €
Ani(e;). This concrete model exhibits the multigraph nature at the meta-level via the two parallel meta-edges
e1, ez between G; and Gy, capturing distinct reasons (overlap vs. codeshare) for relating the two carriers.

Remark 2.25 (Directed variant). A directed meta multigraph is obtained by replacing unordered pairs {X, Y}
with ordered pairs (X,Y) and dropping the symmetry requirement in ().

Proposition 2.26 (Projection and forgetful functors). There is a natural forgetful projection
II: Mr— (Vir, {{X,Y} | Fe € Ey with gu(e) = {X,Y}}),

which sends a meta multigraph to its unlabeled, underlying simple graph on meta-vertices. Moreover, the label
map Ay factors through 11 by aggregating labels on parallel meta-edges:

A {X, Y} — {Ay(e) : e€ Ey, ou(e) ={X,Y}} C S.

Proof. By definition of ¢y, each meta-edge determines an unordered pair {X, Y}, giving the edge set of IT(M).
Parallel meta-edges over the same pair are collapsed; collecting their labels defines A. O

2.6 Iterated Meta-MultiGraph

Fix a nonempty universe I of finite multigraphs and a nonempty family S of symmetric binary relations on
M (e.g. multigraph isomorphism, “mutual” similarity, etc.).

Definition 2.27 (Relation lifting for multigraphs). Given S on 9, define its /ift ST on the class of finite meta
multigraphs over (I, S) by

ST:=(sT|5e8}, (M;,Mp) eST & IXeVi,,Y eVy,: (X,Y)€S.
If S is symmetric, then ST is symmetric as well.
Definition 2.28 (Iterated universes for multigraphs). Define recursively for ¢ € Ny:
MmO =m,  SO:=s5,
|+ .= {all finite meta multigraphs over (EIR(t),S(t)) }, S+ .- (S(t))T.

Definition 2.29 (Iterated Meta Multigraph of depth ). For ¢ € Ny, an iterated meta multigraph of depth t is a
labeled multigraph
M@ = (V(t),E(t),tp(t),/l(t)),

with V(O c MO A0 E® — 8™ and
Vee EO: o0 (e) = {X,¥Y} = (X.¥) €1 (e). 5)

Example 2.30 (University Pathways as an Iterated Meta Digraph). Let D be course-prerequisite digraphs.
Consider three curricula, each a single prerequisite arrow:

Dcac = ({C1, G2}, {(C1,C2)}),  Daan = ({M1, My}, {(My, M2)}),
DPhys = ({P19P2}’{(P1’P2)})'

Let R = {Hom}, where (D, D;) € Hom iff there exists a digraph homomorphism 4 : V(D) — V(D;)
preserving arcs. Define

hem(Cr) = My, hey(C2) =My = (Dcale, Dvan) € Hom,
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hyp(My) = Py, hyp(M2) =Py = (DMath, Dphys) € Hom.

Level 1 (Meta digraphs of departments). Let

Msei = (Vscis Aseis 5:1,4), Vsai = {Dcaies Dvatn}s - Dcale —— Dytans
and
Mgng = (VEng, AEng, 5,1, 1), VEng = {Dphys) (no internal meta-arc).
Lifted relation. Define Hom' on level-1 meta objects by
(M, M>) € Hom" & 3x € Vy,, y€ Vs, : (x,y) € Hom.
Because (Dmath, Dphys) € Hom with Dyjam € Vsci and Dprys € Veng, We have

(MScis MEng) € HomT.

Iterated meta digraph (depth 1). Set

Hom?'
MY = ({Msci, Meng}. {E}, sV, 6, 20), E : Msi —— Ming.

The incidence condition (3)) holds since (s(l) (E),tV(E )) = (Msci, Mgng) € Hom'. Interpretation: a concrete
prerequisite mapping from Mathematics to Physics at the course level induces a department-to-department
articulation arrow at the iterated meta level.

Theorem 2.31 (Iterated Meta Multigraph generalizes Meta Multigraph). Depth 1 coincides with the meta level:
{meta multigraphs over (M, S)} = {iterated meta multigraphs of depth 1}.

Hence the class of Iterated Meta Multigraphs (depth t > 1) strictly extends the class of Meta Multigraphs.
Proof. By Definition [2.28] 9! equals the class of all finite meta multigraphs over (M, S), and S = ST,
Unfolding Definition[2.29]at = 1 gives: an object

M = (V(l),E(l),(p(l),/l(l))
with V(D ¢ MW and A : ED — SO satisfying (). This is precisely the notion of a meta multigraph one
level up (its vertices are multigraphs-at-level 1, i.e., ordinary meta multigraphs). Therefore depth 1 iterated

meta multigraphs coincide (after one expansion) with meta multigraphs. Allowing ¢ > 1 yields a hierarchy that
contains the =1 case, so iterated meta multigraphs generalize meta multigraphs. O

2.7 Meta-Bidigraph

A Meta-Bidigraph models relations among bidigraphs, with meta-edges labeled by corridor relations, ensuring
endpoint orientations match operational requirements.

Definition 2.32 (Meta-Bidigraph over (B, R)). Let R € P (B x B) be a nonempty family of binary relations
on B. A Meta-Bidigraph is a labeled bidigraph

M := (Vi, Em, 0w, T, Am)

consisting of:

* Vi € B (meta-vertices are bidigraphs),

e an incidence map &y : Ey — {{X,Y} CVul| X+ Y},

16



¢ a meta bidirection 1y : Viy X Eyy — {-1,0,1} with nyy(v,e) = 0 iff v ¢ dy(e) and otherwise
(v, e) € {-1,+1},

e alabel map Ay : Eyv — R,

subject to the witnessing constraint: for each e € Ey; with dy(e) = {X, Y}, define the demand set

{(X, 1)}, if (tu(X,e),mu(Y,e)) = (=1,+1),

{(Y» X)}’ if (TM(X’ 6),TM(Y, e)) = (+1’ _1)’
Dem(e) :=

{(X,Y),(Y,X)}, if (tm(X,e),mu(Y,e)) = (+1,+1),

0, if (tu(X,e), mu(Y,e)) = (-1,-1).

Then one requires Dem(e) C Ayr(e) (i.e. every oriented requirement encoded by the local signs is witnessed
by the chosen relation label).

Example 2.33 (City Logistics Corridors as a Meta-Bidigraph). Ground level (bidigraphs). Let B contain
district-level curbside logistics networks modeled as bidigraphs Br, Bo, By for Tokyo, Osaka, Nagoya. Each
B = (G, 1) has intersections as vertices and street segments as edges. At each incident pair (v, ), the local sign
7(v,e) € {1, +1} indicates whether the segment e is configured away from v (-1, dispatch/loading outflow)
or fowards v (+1, arrival/unloading inflow). (Non-incidences get 0.)

Assume there is a long-haul corridor between the two districts By and Bo realized by a street segment e7o
whose endpoints lie on the district boundaries (abstracted at the meta level). Operationally, freight travels from
Br to Bp, so we record at the meta level the local signs

(tu(Br.er0), u(Bo. ero)) = (-1, +1).
Similarly, suppose Bo and By operate a balanced exchange corridor (temporary shuttle both ways), so for a
meta edge epony We set

(tu(Bo.eon), tu(Bn.eon)) = (+1,+1).
Relation family. Let R = {Ship, Sync}, where

(X,Y) € Ship & there exists at least one operational outbound lane in X and inbound lane in Y along the corridor,

(X,Y) e Sync &< (X,Y) € Shipand (Y, X) € Ship (hence Sync is symmetric).

Meta-Bidigraph. Define the Meta-Bidigraph
M = (Via, En, i, T Ama), Vu = {Bt,Bo.Bn},
with meta-edges and labels
du(ero) = {Br,Bo}, hu(ero) = Ship, du(eon) = {Bo,Bn}, Au(eon) = Sync.
Witnessing holds:
Dem(ero) = {(Br,Bo)} € Ship = Au(ero),  Dem(eon) = {(Bo,Bn), (BN, Bo)} € Sync = lu(eon).

Thus M is a concrete Meta-Bidigraph of district curb networks: meta-vertices are bidigraphs of local streets,
and meta-edges encode corridor policies with endpoint-local orientations.

Remark 2.34 (Directed shadow). Given a Meta-Bidigraph M, its directed shadow is the labeled digraph
M= (Vi Asit,A), A= {e€Ey|ma(X.e) = -1, mg(Y,e) = +1},

with s(e) = X, t(e) =Y, and A(e) := Ay(e). Thus (=1, +1) at the endpoints realizes a directed meta-arc
X-Y.
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Definition 2.35 (Simple digraph and Meta DiGraph (recall, restricted)). Let D° be the class of finite simple
digraphs D = (Vp, Ap): no loops; for distinct u # v there is at most one of (u,v) or (v,u) in Ap (i.e. no
2-cycles and no parallel arcs). Let Q € P (D° x D°) be a nonempty family of binary relations. A (labeled)
Meta DiGraph over (D°, Q) is a quintuple

M= Vpm,Apm,Sm-tm, Am),
with Vay € D°, syt - Ay — Vi, Ay 2 Ay — Q and the incidence constraint
Yae Ay : (sm(a).tm(a)) € Ap(a).

Definition 2.36 (Embedding @ : ©° — B). For D = (Vp, Ap) € D°, define the bidigraph ®(D) = (G, 1) as
follows:
G = (Vp,E), E = {{u,v}QVD | (u,v) € Ap or (v,u) EAD}.

For e = {u,v} € E set
(-1,+1), if(u,v) € Ap,

(t(u.e).7(v.e)) := {<+1,_1), if (v,u) € Ap.

This is well-defined because D° forbids 2-cycles, so at most one of (u, v), (v, u) exists.
Definition 2.37 (Relation transfer Q — R). Given Q C P (D° x D°), define
R = {R"CBxB | ReQ and R"(®(D),®(D2)) & (D1,D») € R}.

Thus each crisp relation R on digraphs is transported to a relation R” on the image bidigraphs.

Theorem 2.38 (Meta-Bidigraph generalizes Meta DiGraph). Let M = (Vag, Apr, S tar, Ap) be a Meta
DiGraph over (D°, Q). Define a Meta-Bidigraph

M := (Var, Eut, O, T, )
over (B, R) by
Vi :={®(D) | D € Viy},  Ew:=Aym,  ula) = {®(sm(a)), Dt (a))},
T (@(sm(a)),a) = -1, 1y(®(tar(a)).a) = +1,  Au(a) = Ay (a).
Then M is a Meta-Bidigraph, and its directed shadow ﬁ is canonically isomorphic to M.
Proof. (1) Well-defined bidirection. For each a € Ay, the edge a is incident exactly with the two meta-vertices

®O(spr(a)) and ©(tps(a)). By definition 1y (-, a) € {—1, +1} on these two vertices and 0 elsewhere, hence it is
a valid bidirection.

(2) Witnessing constraint. Leta € Ey and write X = ®(spr(a)), Y = @(tpr(a)). Then (nu(X, a), nu(Y,a)) =
(~=1,+1), so Dem(a) = {(X,Y)}, which must be contained in Ay (a). Since l(a) = Apr(a)® and
(sm(a),trp(a)) € Apr(a) by the Meta DiGraph incidence, we get (X,Y) € Ap(a)® = Aw(a) by the defi-
nition of R’. Thus the witnessing constraint holds for every a.

(3) Directed shadow. By construction, a € A (the shadow arcs) iff (TM(X, a), (Y, a)) = (-1,+1), with
s(a) = X and t(a) =Y. The map

¢:Vy >V, (D) :=d(D),

is a bijection (because @ is injective); and a — a identifies Ay, with A preserving source, target, and labels
-
(A (a) corresponds to Ayr(a) = Aps(a)?). Hence M is canonically isomorphic to M.

Therefore M is a Meta-Bidigraph whose directed shadow recovers the given Meta DiGraph, proving that
Meta-Bidigraphs generalize Meta DiGraphs (on the natural simple-digraph domain D°). O
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2.8 Iterated Meta-Bidigraph

An Iterated Meta-Bidigraph recursively builds meta-levels of bidigraphs, capturing hierarchical corridor struc-
tures where alliances of bidigraphs interact through lifted relations.

Definition 2.39 (Iterated universes and lifted relations). Fix a nonempty universe B of finite bidigraphs and a
nonempty family R(®) € P (B x B) of binary relations on B. Define recursively for r € Ny:

BO .= B, B+ .= { all Meta-Bidigraphs over (23“),7%(’)) },

RU+D .= {RT | Re R® }, where (X,Y)eR! & JxeVx,yeW: (x,y) €R.
(Here Vx denotes the meta-vertex set of X € BU+D )

Definition 2.40 (Iterated Meta-Bidigraph of depth ). For t € Ny, any object M®) € B®) is called an Iterated
Meta-Bidigraph of depth t. Equivalently, M(*+!) is a Meta-Bidigraph whose meta-vertices are elements of 8"
and whose labels lie in R"), with the (previously fixed) Meta-Bidigraph witnessing constraint enforced at level
t+1.

Example 2.41 (Regional Alliances as an Iterated Meta-Bidigraph). Level O (bidigraphs and relations). Keep
Br, Bo, By and R(®) = {Ship, Sync} as in the previous example, so that, in particular, (Br, Bo) € Ship and
(Bo,BnN), (Bn,Bo) € Ship (hence (Bp, By) € Sync).

Level 1 (Meta-Bidigraphs of alliances). Form two Meta-Bidigraph alliances:
E: Vg = {Br,Bo} (East Alliance), W: Vi ={Bny} (West Alliance),

with their internal meta-edges inherited (e.g., { Br, Bo } labeled Ship, signs (-1, +1) as above).

Lifted relations to level 1. By the iterated construction, define
RMD = (RT | R e R}, (X,Y)eR! &< 3FxeVx, yeVy: (x,y) €R.
Because (Bop, By) € Ship with Bp € Vi and By € Vyy, we have

(E, W) € Ship'.

Iterated Meta-Bidigraph (depth 1). Create a level-2 object whose meta-vertices are the level-1 Meta-Bidi-
graphs E and W:
M = (V(l),E(l),a(l),‘r(l),/l(l)), v = (B, W}.

Add a meta-edge e!) with
oV (M) =&, W}, (tV(E D), rM(W,eM)) = (-1,+1), a2V (eV) = Ship'.
Witnessing at level 1 holds since
Dem(e'") = {(E, W)} C Ship! = AV (eV),

because it is witnessed by the base pair (Bp, By) € Ship. Interpretation: a concrete corridor from Osaka to
Nagoya at the district level induces an alliance-level oriented supply relation from the East to the West, encoded
as a meta-edge in the Iterated Meta-Bidigraph.

Theorem 2.42 (Depth 1 recovers Meta-Bidigraphs). B is precisely the class of Meta-Bidigraphs over
(B, RO Hence Iterated Meta-Bidigraphs (with arbitrary depth t > 1) generalize Meta-Bidigraphs.
Proof. By definition, B! := {all Meta-Bidigraphs over (8, R(®))}. Thus the statement is immediate from

the recursive construction. O
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Theorem 2.43 (Iterated Meta-Bidigraphs generalize Iterated Meta DiGraphs). Let D*) be a universe of finite
simple digraphs and Q\®) C P(D(O) X ’D(O)) a nonempty family of binary relations. Let IMetaD") denote the
class of Iterated Meta DiGraphs of depth t over (D(O), Q(O)), with the same existential vertex-witness lifting
used above to define Q"*Y) from Q). Assume R is chosen as the transport of Q) along a fixed injective
base embedding ® : D) < BO) (the standard “arc < signed end” translation), i.e.

R*(®(D)),®(Dy)) & (D1,Dy) eR forReQ,
and set RO := {R* : R € Q0. Then, for every t > 0, there exists an injective map
E, : IMetaD?) — B
such that the directed shadow of E,(M) is canonically isomorphic to M for all M € IMetaD"). Consequently,

Iterated Meta-Bidigraphs strictly extend Iterated Meta DiGraphs.

Proof. We proceed by induction on ¢.
Base caset = 0. Set Eg := @ : DO s BO) which is injective by construction.

Inductive step t — t+1. Assume E, : IMetaD") < B) injective and that for every S € Q") its transport
SP e R satisfies

S*(E/(X), E;(Y)) = (X,Y)eS  forall X,Y € IMetaD"").
Let M = (Vag, Apt, Sms tar, Ay) € IMetaD*D | Define E,, (M) to be the Meta-Bidigraph
(Var, Enas O, T, i)

with
Vie={E() |veVy} € 8", Ey:i=Ay, dula):={E(su(a)), E(tu(a)},

4 (Er (sm(a)),a) = —1, i (Es (tar(a)), a) = +1, Au(a) = Ay (a)® € RW.

This is well-defined: the local signs are {—1, +1} at the two incident meta-vertices and O elsewhere. For the
witnessing constraint at level +1, fix a € Ey and write X := E;(sps(a)), Y := E;(¢p(a)). By construction,
the demand set is Dem(a) = {(X,Y)}. Since (spr(a), tpr(a)) € Apr(a) € QM) the transport property gives

(X,Y) € An(a)* = Au(a),

so Dem(a) C Ay(a), as required.

Directed shadow and injectivity. The directed shadow M of E;+1(M) has vertex set Vi and arc set in bijection

with Apy, preserving sources/targets and labels; henceﬁ = M. Distinct M yield distinct E; (M), so E;4; is
injective.

Compatibility of lifted relations. By construction of R+ from R") and of Q*") from Q") via the same
existential vertex-witness rule, the transport (-)” commutes with lifting:

(sT)" = ()"
Thus the label family at level #+1 matches the embedding above.

This completes the induction and proves the claim. O
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2.9 Meta-Neutrosophic Graph

A Meta-Neutrosophic Graph organizes neutrosophic graphs as vertices, with edges reflecting truth, indetermi-
nacy, and falsity components of higher-level relational uncertainty.

Let NG be a fixed universe of (finite, undirected, loopless unless stated) neutrosophic graphs G with vertex-
membership oG : V(G) — [0, 1]? and edge-membership ug : V(G) x V(G) — [0, 1]3, written

o6(v) = Te(), Ic(). Fo(v),  pc(u,v) = (Tu(u,v), Li(u,v), Fu(u,v)),
satisfying for all distinct u, v:

Tu(u,v) <min{Ty(u), To(v)},  1,(u,v) > max{l,(u), Io(v)}, Fu(u,v)>max{Fs(u), Fs(v)}.
Let R C ([0, 1]3)NG*NG pe a nonempty family of neutrosophic relations R(X,Y) = (T, Ir, FR).
Definition 2.44 (Meta-Neutrosophic Graph). A Meta-Neutrosophic Graph over (NG, R) is a quadruple

N=(V,Zy,Mn,Lum)

with V S NG, Zp 0V — [0,1]3, My : VXV — [0,1]%, and Lps : V XV — Pgn(R), such that for all
X,YeV:

Tyy (X, Y) < min{T,, (X), Tz, (Y)}, (0)
Imy (X,Y) 2 max{ly,, (X), Iz, (Y)}, (7
FMN(X,Y) ZmaX{FZM(X),FZM(Y)}’ (8)
and the label witnessing bounds

Ty (X,Y) < sup Tgr(X,Y), 9

ReLy (X.Y)
Iy (X,Y) 2 inf  Ir(X,Y), (10)

ReLpy (X.Y)
Fupy (X,Y) > inf  Fr(X,Y), (11)

ReLy (X.Y)

with conventions sup 0 := 0 and inf @ := 1 (componentwise).

Example 2.45 (Hospital Data-Sharing under Uncertainty as a Meta-Neutrosophic Graph). Let NG contain
three hospital-level neutrosophic graphs A = (Tokyo General), B = (Osaka Central), C = (Nagoya West),
each internally describing clinical entities (labs, encounters) with neutrosophic memberships (omitted here).
Define the meta-vertex neutrosophic memberships (institution-level reliability/uncertainty):

Ta(A) = (0.85, 0.10, 0.05),  Zp(B) = (0.75, 0.20, 0.10),  Zp(C) = (0.65, 0.25, 0.15).

Let R contain two neutrosophic relations on NG x NG:

Rajign (X, Y) = (Tu(X,Y), Iu(X,Y), Fa(X,Y)) (policy & coding alignment),
Rihare (X, Y) = (T (X, Y), [ (X,Y), Fn(X,Y)) (data-sharing readiness).

For (A, B) assume (symmetric values suffice here):
Raign(A, B) = (0.70, 0.25, 0.10), Rshare (A, B) = (0.60, 0.15, 0.20).
Set the label set Ly (A, B) = {Rulign, Rshare} and define the meta-edge membership

My (A, B) = (0.68, 0.22, 0.12).

Verification of the Meta-Neutrosophic constraints. First, vertex bounds (6)—(8):
min{Ts,, (A),Ts,, (B)} = min{0.85,0.75} = 0.75 > Ty, (A, B) = 0.68,
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max{Zs,, (A), Is,, (B)} = max{0.10,0.20} = 0.20 < Iy, (A, B) = 0.22,
max{Fx,, (A), Fx,, (B)} = max{0.05,0.10} = 0.10 < Fu, (A, B) = 0.12.
Next, witnessing bounds @)—(IT) with Ly, (A, B):

IA

A

sup Tr(A, B) = max{0.70,0.60} = 0.70 > 0.68 = Ty, (A, B),
RelLp

inf Ig(A, B) = min{0.25,0.15} = 0.15 < 0.22 = I;;, (A, B),
RelLp

A

inf Fg(A,B) = min{0.10,0.20} = 0.10 < 0.12 = Fy;, (A, B).
ReLp

All inequalities hold, so with V = {A, B, C} and L), defined likewise on other pairs, N = (V, Zps, My, Lpy) is
a concrete Meta-Neutrosophic Graph modeling hospital-to-hospital data-sharing under uncertainty.

Theorem 2.46 (Generalization). (i) Neutrosophic graph = meta. Given G € NG with vertex set V(G), for
each v € V(G) let A, be the one-vertex neutrosophic graph with o4, (v) = 0 (v) and no edges. Define

Vi={A, :veV(G)}, ZIm(A):=06(v), Mn(AuA)) = pcu,v),

and Ly (Ay, Ay) := {Ry.} where Ry, ,(Ay, Ay) = ug(u,v) and Ry, (-, ) = (0,0, 0) otherwise.

(ii) Meta-Fuzzy = meta-neutrosophic. For a Meta-Fuzzy Graph M = (o, ppr, L) on a fuzzy-graph universe
FG, define the lift
a—ab = (a,0,1—-a) on[0,1].

Set V := supp(oar), Zy(F) = oa (F), My (F,G) := pp(F, G, and Ly (F,G) := {R* : R € L(F,G)}
where (RY)7 =R, (RH); =0, (RHr =1-R.

The constructions in (i) and (ii) embed, respectively, neutrosophic graphs and Meta-Fuzzy Graphs into Meta-
Neutrosophic Graphs. Hence Meta-Neutrosophic Graphs generalize both classes.
Proof. (i) For A,, A,,
Trty = Ty, (,v) < min{Torg (u), Torg; ()} = min{Ts,, (4,), T, (A4,)},
and similarly (7)—(8). For witnessing, R, ,(Ay, A,) = pc(u,v) gives (O)—(TT) with equality.
(ii) Since ups < min{opy, o}, We obtain
Tvy = upm < minf{oy, op ) = minf{Ts,,, Ts,, },  Imy = 0> max{0,0}, Fp, =1-upy = max{l-opy,l-oum}.
For witnessing, with Q = Rﬁ,

Ty <supR= sup Tp, 1 =0> inf Ip=0, Fpy,=1- > inf (1-R) = inf Fp.
My S T o, M ocLy © Mn # 2 fuf (1-R) = inf Fo

2.10 Iterated Meta-Neutrosophic Graph

An Iterated Meta-Neutrosophic Graph recursively applies neutrosophic meta-construction, forming multi-level
structures representing layered uncertain interactions among complex neutrosophic networks.

Definition 2.47 (Neutrosophic lifting of relations). Let each level-t object X have a vertex-set Vx and Xx :
Vx — [0, 1]3. For R on the previous level define, for X,Y,

Tri(X,Y) := sup min{Ts, (u), Ts, (v), Tr(u,v)},
ueVx, veVy

It (X,Y) := inf max{/s, (u), Is, (v), Ir(u,v)},
ueVx, veVy

FRT(X’ Y) = inf maX{FZX(u)»FZ)/(V)’ FR(M,V)}.

ueVy, veVy
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Definition 2.48 (Iterated universes and objects). Fix NG(O) := NG and R©® ¢ 0,1 3)NG” x JG(O). Recur-
)]
sively fort > 0,

NG*! := { Meta-Neutrosophic Graphs over (NG, R(")) }, RUED .= (RT: R e RV},

(t+1)

Any element of NG is an Iterated Meta-Neutrosophic Graph of depth t.

Example 2.49 (Regional Health Consortia as an Iterated Meta-Neutrosophic Graph). Form two level-1
meta-neutrosophic vertices (consortia):

X = East Consortium on {A, C}, Y = West Consortium on {B}.
Give level-1 vertex memberships (institutional fitness at the consortium level):
> (x) =(0.82,0.18,0.12), = (¥) = (0.90, 0.15, 0.10).

For lifting (Definition [2.47), we need the level-0 memberships of the inner vertices. Specify (componentwise)
for X and Y:

Yx(A) = (0.80, 0.15, 0.10), X=x(C) = (0.65, 0.25, 0.15), Zy(B) = (0.88, 0.20, 0.10).
Assume base-level relation values on pairs with B:
Raiign (A, B) = (0.60, 0.30, 0.20), Raiign (C, B) = (0.50, 0.35, 0.25),

Ryhare (A, B) = (0.55, 0.25, 0.25),  Rspare (C, B) = (0.40, 0.40, 0.30).

Lifted relations to level 1. Using Definition , compute for R!

align:
T (X,Y)= sup min{Tsy (1), Txy (v), TRy, (4, v) }
align ue{A,C},v=B
= max{min(0.80, 0.88,0.60), min(0.65,0.88,0.50)} = max{0.60, 0.50} = 0.60,

Iy (X,Y) = iungmax{lzx (), Isy (v), IRy, (1, v) }

gl
g

= min{max(0.15, 0.20, 0.30), max(0.25,0.20,0.35)} = min{0.30, 0.35} = 0.30,

FRT (X,Y) = }Bg max{Fx, (u), Fs, (v), FRalign(u’ v)}

align

= min{max(0.10, 0.10, 0.20), max(0.15,0.10,0.25)} = min{0.20, 0.25} = 0.20.

Hence R (X,Y) = (0.60, 0.30, 0.20).

align

1

share”

Similarly for R

Ty (X.Y) = max{min(0.80, 0.88, 0.55), min(0.65,0.88,0.40)} = max{0.55, 0.40} = 0.55,

Thus R'

share

(X,Y) = (0.55, 0.25, 0.25).

Level-1 meta-edge and verification. Take the meta-label set L) (X, Y) = {RT R!

align’ *“share

} and define

M (X,Y) = (0.58,0.26, 0.21).

Vertex bounds:
min{7sm (X), Tx1 (Y)} = min{0.82,0.90} = 0.82 > 0.58,
max{/s (X), Iz (Y)} = max{0.18,0.15} = 0.18 < 0.26,
max{Fsu (X), Fso(Y)} = max{0.12,0.10} = 0.12 < 0.21.
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Witnessing with lifted labels:
sup Tgr(X,Y) = max{0.60,0.55} = 0.60 > 0.58,

ReL®™

inf Igr(X,Y) =min{0.30,0.25} = 0.25 < 0.26,
ReL(®

inf Fg(X,Y) = min{0.20,0.25} = 0.20 < 0.21.
ReLM

Therefore NV = ({X,Y}, =D, MI(VI), LMY is a valid Iterated Meta-Neutrosophic Graph: a concrete hos-
pital-pair evidence at level O lifts to a consortium-to-consortium relation at level 1 with all neutrosophic
constraints satisfied componentwise.

Theorem 2.50 (Depth 1). NGV equals the class of Meta-Neutrosophic Graphs over (NG(O), RO,

Proof. Unfold Definition [2.48|at ¢ = 0. O

Theorem 2.51 (IMNG generalizes IMFG and MNG). Let FG? bea Sfuzzy-graph universe with fuzzy relations
SO, Define the levelwise lift § by a — (a,0, 1 — a) on memberships and relations, and extend recursively:

# e FG® < NG, f: SV — R
Then for all t > 0:

1. § embeds Iterated Meta-Fuzzy Graphs (depth t) into Iterated Meta-Neutrosophic Graphs (depth t).
2. Att = 0 this reduces to Theorem[2.46} att = 1 to the Theorem.

Proof. Forany R € S and XY € FG"), using a* = (a,0,1 - a):
T(Ru)w(ﬁX, #Y) = sup min{Zx (u), Zy (v), R(u,v)} = Tr1 (X, Y),
I eyt ($X, 4Y) = inf max{0,0,0} = 0,
u,v

Figeyt (A, 4Y) = inf max{1 = Zx(u), 1 = Sy (), 1 = R, )} = 1 = Trr (X, ),

hence (Rﬂ)T = (RT)ﬁ and the label families match levelwise. Edge/vertex bounds are preserved exactly as in
Theorem [2.46(ii), now at level 7. mi

2.11 Meta-Weighted Graph
A meta-weighted graph has vertices that are graphs, edges labeled by relations, and real weights encoding
costs, capacities, or strengths.

Definition 2.52 (Universe and relation family). Fix a nonempty universe ® of finite (undirected, loopless by
default) graphs and a nonempty family
R C P(6Gx6)

of binary relations on ® (e.g. subgraph, homomorphism, minor, isomorphism).

Definition 2.53 (Meta-Weighted Graph over (®, R)). A Meta-Weighted Graph is a directed, labeled multidi-
graph with edge weights
M = (V’E’s’t7ﬁ’w)?

where VC ®,s,t: E—>V,1: E— R,andw : E — R, such that
Ve € E : (s(e), t(e)) € A(e) (incidence witnessing).
Elements of V are meta-vertices (each is itself a graph G € ®). For ¢ € E we write

Ale
s(e) —L5 1(e),
w(e)

and call w(e) the meta-weight of e. If every R € R is symmetric and for each unordered pair {x, y} the multiset
of arcs x — y equals that of y — x with identical weights, M can be regarded as an undirected weighted,
labeled meta-multigraph.
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Remark 2.54 (Forgetting weights and labels). There are natural forgetful maps:
Uy (V,E, s, t,4,w) — (V,E,s,1,4), Ub @ (V. E,s,1,4,w) +—> (V. E, 5,1, W),
which discard, respectively, weights and labels.

Example 2.55 (Inter—city Transport Corridors as a Meta—Weighted Graph). Let ® be the universe of finite
city—level transportation graphs, each encoding local stations/airports and routes. Fix a family of binary
relations R = {Rail, Air, Hwy} on ®, where

(X,Y) € Rail & there exists a direct rail corridor between cities represented by X and Y,

and analogously for Air (direct scheduled flight) and Hwy (limited—access highway).

Consider three city graphs G (Tokyo), G (Osaka), Gy (Nagoya) in ®. Define the meta—weighted graph
M= (V,E,s,t,A,w), V={Gr,Go,Gn},
as a directed, labeled multigraph whose meta—edges record the type of corridor and whose weights are door—
to—door median travel times (hours):
el s(e) = Gr, 1(e20) = Go, A(ef)) = Rail, w(el) = 2.5,

eg}iro : s(eg}iro) =Gr, t(eg}iro) =Go, /l(eaTiE)) = Air, W(ey}iro) = 1.0,

eroai}v : s(egi}v =Go, t(ergi}v =Gy, /l(eroai}\, = Rail, w(eroai}\,) = 1.8,
h h h h h
eT\ﬁ : s(eT“Ig) =Gr, t(eT\ﬁ) =Gy, /l(eT‘}g) = Hwy, w(eTwNy) =3.1.

Each meta—edge e satisfies the incidence constraint (s(e), t(e)) € A(e) by construction (e.g. (Gr,Gp) € Air
and (Gr,Go) € Rail), while the weight w(e) numerically encodes the operational cost/time of that corridor.
Multiple edges between a pair (e.g. rail and air) capture alternative modalities.

Theorem 2.56 (Meta-Weighted Graphs generalize MetaGraphs). Let My = (Vy, Eg, So, to, Ag) be a MetaGraph
over (&, R). Define

G (Mo) = (Vo, Eo, 50, 10, A0, W1), wi(e) =1 (Ve € Ep).

Then vy (My) is a Meta-Weighted Graph and UW(LM(;(MO)) = My. Hence Meta-Weighted Graphs strictly
extend MetaGraphs.

Proof. Incidence witnessing for iy (M) is identical to that of My, and constant weights pose no additional
constraint. The equality under Uy, is immediate. Strictness follows since different weightings of the same
metagraph yield distinct Meta-Weighted Graphs. O

Definition 2.57 (Singleton-graph embedding). For a set X, write pt(x) for the one-vertex graph with vertex x
and no edges.

Theorem 2.58 (Meta-Weighted Graphs generalize Weighted Graphs). Let G = (Vg, Eg,wg) be a (finite,
undirected, loopless) weighted graph with wg : Eg — R. Fix any nonempty R and, for each unordered pair
{u,v} C Vg, introduce a label

R,y € R with (pt(u),pt(v)) € Ry, v.
Define a Meta-Weighted Graph over (®,R) by
V= {pt(v) |veVg}, E:={eusy,evoul{u,v}€Eg},

s(eu—w) = pt(u), t(eu—w) = pt(V), /l(eu—w) = Ru,v’ W(eu—w) = WG({M,V}),

and symmetrically for e, _,,,. Then:

1. Incidence is witnessed by construction, so (V,E,s,t,A,w) is a Meta-Weighted Graph.
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2. Collapsing opposite arcs into a single undirected edge and keeping the common weight recovers G.
Thus weighted graphs embed into Meta-Weighted Graphs.

Proof. (1) By definition (pt(u),pt(v)) € Ry, = A(ey—,); similarly for the reverse arc. (2) The map
¥ :Vs — V,v > pt(v) is a bijection. For each {u,v} € Eg, the two arcs e,_,, and e, _,, have identical
weight wg ({u, v}), so the undirected identification yields an edge of the same weight between W (u) and ¥ (v).
This gives a canonical isomorphism between G and the undirected quotient of (V, E, 5,1, 4, w). |

2.12 Iterated Meta-Weighted Graphs

An iterated meta-weighted graph uses metagraphs as vertices, recursively repeating labeling and weighting to
form multi-level graph-of-graphs structures across hierarchies.

Definition 2.59 (Relation lifting). Given R on ®, define its /ift RT on finite Meta-Weighted Graphs over (®, R)
by
R :={RT | R e R}, (M;,M>) € R! — 3AxeV(M)), y e V(M) : (x,y) €R.

(Weights play no role in witnessing; they are additional structure on edges.)

Definition 2.60 (Iterated universes). Define recursively for ¢ € Ny:
69 .= G, RO .= R,
G = {all finite Meta-Weighted Graphs over (6, R(")) }, RIHD .= (ROYT,

Definition 2.61 (Iterated Meta-Weighted Graph of depth 7). For ¢ € Ny, an Iterated Meta-Weighted Graph of
depth t is a tuple
M® = (v E® O 40 20 0

with V) ¢ &0 20 . ) 5, QW) 4, (1) . ) _, R and
Ve e EW : (s (e), 1V (e)) € 2 (e).

Example 2.62 (Division—Level Planning as an Iterated Meta—Weighted Graph). Start from the meta—weighted
graph M above. Form two level-1 meta—vertices, each of which is itself a meta—weighted graph:

X := “East” corridor view on {G7,G N}, Y := “West” corridor view on {Gp}.
Lift the relation family R to RT by the usual existential witness rule:
(X,Y)eR! & 3xeV(X),yeV(¥): (x,y)€R, ReR.
Define the iterated meta—weighted graph of depth 1
MDD = (V(]),E(]),s“),t(l),/l(l),w(l)), v = {(X,Y},

with two meta—edges whose labels are lifted relations and whose weights aggregate underlying corridor weights
(minimum over witnessing pairs, i.e. best available time):

e s =x, (M =y, A0 (V) = Airl,
air air
w® (1)) = min{w(edlh) } = 1.0,
e s =x /D=y A(l)(e(l)) = Rail'
rail * ’ ’ rail ’
w (el) = min{w(efh), w(edih)} = 1.8.
Incidence holds: Air! is witnessed by the pair (G7,Go) with a direct flight, and Rail" by (Go,Gy) (or
(G1.Go)). The weights w'!) summarize lower—level options into division—level best travel times, enabling

hierarchical planning across meta—vertices X and Y.
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Theorem 2.63 (Depth 1 recovers the meta level).

{Meta-Weighted Graphs over (®, R)} = 6.

Proof. By Definition, G(!) is exactly the class of Meta-Weighted Graphs over (6, R). O
Theorem 2.64 (Iterated Meta-Weighted Graphs generalize Iterated MetaGraphs and Meta-Weighted Graphs).

For everyt > 0:

1. The assignment
(VO E® s 40 A0y (v @ EO g0 40 40 1)

(where 1 is the constant-1 weight on E\")) embeds Iterated MetaGraphs of depth t into Iterated Meta-
Weighted Graphs of depth t, and forgetting weights inverts this embedding.

2. The case t = 1 reduces to the Theorem; hence Iterated Meta-Weighted Graphs strictly extend Meta-
Weighted Graphs.

Proof. (1) Incidence witnessing is unchanged; the extra constant weight satisfies the definition of an Iterated
Meta-Weighted Graph. The forgetful map U, applied levelwise recovers the original Iterated MetaGraph,
giving a left inverse and hence an embedding.

(2) Immediate from Definition and the Theorem. i

3 Conclusion

In this paper, we extended the frameworks of fuzzy graphs, neutrosophic graphs, multigraphs, digraphs, and
bidirected graphs by embedding them into the unified setting of MetaGraphs and Iterated MetaGraphs. In the
future, we intend to investigate extended systems of the concepts defined in this paper by employing Plithogenic

Sets [21},/42-44], Intuitionstic Fuzzy Sets [45,/46], Bipolar Fuzzy Sets [47,48|, Hesitant Fuzzy Sets [49}/50],
HyperFuzzy Sets [51-56], HyperGraphs [57-59], and SuperHyperGraphs [60-63]].

Funding

No external funding was received for this work.

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this work.

Acknowledgments
We thank all colleagues, reviewers, and readers whose comments and questions have greatly improved this

manuscript. We are also grateful to the authors of the works cited herein for providing the theoretical foundations
that underpin our study. Finally, we appreciate the institutional and technical support that enabled this research.

Data Availability

This paper is theoretical and did not generate or analyze any empirical data. We welcome future studies that
apply and test these concepts in practical settings.

Research Integrity

The author confirms that this manuscript is original, has not been published elsewhere, and is not under
consideration by any other journal.

27



Use of Computational Tools

All proofs and derivations were performed manually; no computational software (e.g., Mathematica, SageMath,
Coq) was used.

Code Availability

No code or software was developed for this study.

Ethical Approval

This research did not involve human participants or animals, and therefore did not require ethical approval.

Use of Generative AI and AlI-Assisted Tools

We use generative Al and Al-assisted tools for tasks such as English grammar checking, and We do not employ
them in any way that violates ethical standards.

Supplementary Information

No supplementary materials accompany this paper.

Disclaimer

The ideas presented here are theoretical and have not yet been validated through empirical testing. While
we have strived for accuracy and proper citation, inadvertent errors may remain. Readers should verify any
referenced material independently. The opinions expressed are those of the authors and do not necessarily
reflect the views of their institutions.

References

[1] Reinhard Diestel. Graph theory. Springer (print edition); Reinhard Diestel (eBooks), 2024.
[2] Jonathan L Gross, Jay Yellen, and Mark Anderson. Graph theory and its applications. Chapman and Hall/CRC, 2018.
[3] RB Azevedo, Rolf Lohaus, and Tiago Paixao. Networking networks. Evol Dev, 10:514-515, 2008.

[4] Claire Donnat and Susan Holmes. Tracking network dynamics: A survey using graph distances. The Annals of Applied Statistics,
12(2):971-1012, 2018.

[5

Olivier C Martin and Andreas Wagner. Multifunctionality and robustness trade-offs in model genetic circuits. Biophysical journal,
94(8):2927-2937, 2008.

Jiaqi Cao, Shengli Zhang, Qingxia Chen, Houtian Wang, Mingzhe Wang, and Naijin Liu. Network-wide task offloading with leo
satellites: A computation and transmission fusion approach. arXiv preprint arXiv:2211.09672, 2022.

Lotfi A Zadeh. Fuzzy sets. Information and control, 8(3):338-353, 1965.

[6

=

[7
[8] Hans-Jiirgen Zimmermann. Fuzzy set theory—and its applications. Springer Science & Business Media, 2011.
[9
[10] TM Nishad, Talal Ali Al-Hawary, and B Mohamed Harif. General fuzzy graphs. Ratio Mathematica, 47, 2023.

—

—

Talal Al-Hawary. Complete fuzzy graphs. International Journal of Mathematical Combinatorics, 4:26, 2011.

[11] Azriel Rosenfeld. Fuzzy graphs. In Fuzzy sets and their applications to cognitive and decision processes, pages 77-95. Elsevier,
1975.

[12] Muhammad Akram and Anam Luqman. Fuzzy hypergraphs and related extensions. Springer, 2020.

[13] Lotfi A Zadeh. Fuzzy logic, neural networks, and soft computing. In Fuzzy sets, fuzzy logic, and fuzzy systems: selected papers by
Lotfi A Zadeh, pages 775-782. World Scientific, 1996.

[14] Florentin Smarandache. Neutrosophic Overset, Neutrosophic Underset, and Neutrosophic Offset. Similarly for Neutrosophic Over-
/Under-/Off-Logic, Probability, and Statistics. Infinite Study, 2016.

[15] Florentin Smarandache. Operators for uncertain over/under/off-sets/-logics/probabilities/-statistics. Neutrosophic Sets and Systems,
79:493-500, 2025.

[16] Said Broumi, Mohamed Talea, Assia Bakali, and Florentin Smarandache. Single valued neutrosophic graphs. Journal of New theory,
(10):86-101, 2016.

28



[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]
[32]

[33]
[34]

[35]

[36]

[37]
[38]

[39]
[40]

[41]
[42]
[43]
[44]

[45]
[46]
[47]

(48]
[49]

Said Broumi, Mohamed Talea, Assia Bakali, and Florentin Smarandache. Interval valued neutrosophic graphs. Critical Review, XII,
2016:5-33, 2016.

Said Broumi, Assia Bakali, Mohamed Talea, and Florentin Smarandache. An isolated bipolar single-valued neutrosophic graphs.
In Information Systems Design and Intelligent Applications: Proceedings of Fourth International Conference INDIA 2017, pages
816-822. Springer, 2018.

Keneni Abera Tola, VN Srinivasa Rao Repalle, and Mamo Abebe Ashebo. Theory and application of interval-valued neutrosophic
line graphs. Journal of Mathematics, 2024(1):5692756, 2024.

Said Broumi, Assia Bakali, Mohamed Talea, Florentin Smarandache, and Prem Kumar Singh. Properties of interval-valued
neutrosophic graphs. Fuzzy Multi-criteria Decision-Making Using Neutrosophic Sets, pages 173-202, 2019.

Takaaki Fujita and Florentin Smarandache. A review of the hierarchy of plithogenic, neutrosophic, and fuzzy graphs: Survey
and applications. In Advancing Uncertain Combinatorics through Graphization, Hyperization, and Uncertainization: Fuzzy,
Neutrosophic, Soft, Rough, and Beyond (Second Volume). Biblio Publishing, 2024.

Sunil Mathew and MS Sunitha. Cycle connectivity in weighted graphs. Proyecciones (Antofagasta), 30(1):1-17, 2011.

A. Buck and James M. Keller. Evaluating path costs in multi-attributed fuzzy weighted graphs. 2019 IEEE International Conference
on Fuzzy Systems (FUZZ-IEEE), pages 1-6, 2019.

Chris Cornelis, Pieter M. M. De Kesel, and Etienne E. Kerre. Shortest paths in fuzzy weighted graphs. International Journal of
Intelligent Systems, 19, 2004.

P. Sinthamani. Mathematical modeling of optimizing television cable network using fuzzy weighted graph. Malaya Journal of
Matematik, 2019.

Shinji Umeyama. An eigendecomposition approach to weighted graph matching problems. IEEE transactions on pattern analysis
and machine intelligence, 10(5):695-703, 1988.

Michael B Teitz and Polly Bart. Heuristic methods for estimating the generalized vertex median of a weighted graph. Operations
research, 16(5):955-961, 1968.

Takaaki Fujita. Extensions of multidirected graphs: Fuzzy, neutrosophic, plithogenic, rough, soft, hypergraph, and superhypergraph
variants. International Journal of Topology, 2(3):11, 2025.

Adam L. Buchsbaum, Emden R. Gansner, and Suresh Venkatasubramanian. Directed graphs and rectangular layouts. 2007 6th
International Asia-Pacific Symposium on Visualization, pages 61-64, 2007.

Frank Gurski and Carolin Rehs. Comparing linear width parameters for directed graphs. Theory of Computing Systems, 63:1358—
1387, 2019.

Ping Zhang and Gary Chartrand. Introduction to graph theory. Tata McGraw-Hill, 2:2—1, 2006.

Takaaki Fujita. Review of plithogenic directed, mixed, bidirected, and pangene offgraph. Advancing Uncertain Combinatorics
through Graphization, Hyperization, and Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond, page 120.

Rui Xu and Cun-Quan Zhang. On flows in bidirected graphs. Discrete mathematics, 299(1-3):335-343, 2005.

Jack Edmonds and Ellis L Johnson. Matching: A well-solved class of integer linear programs. In Combinatorial Optimization-
Eureka, You Shrink! Papers Dedicated to Jack Edmonds 5th International Workshop Aussois, France, March 5-9, 2001 Revised
Papers, pages 27-30. Springer, 2003.

Laura Gellert and Raman Sanyal. On degree sequences of undirected, directed, and bidirected graphs. European Journal of
Combinatorics, 64:113-124, 2017.

Landon Butler, Alejandro Parada-Mayorga, and Alejandro Ribeiro. Convolutional learning on multigraphs. IEEE Transactions on
Signal Processing, 71:933-946, 2023.

Gordon F Royle. Graphs and multigraphs. In Handbook of Combinatorial Designs, pages 757-765. Chapman and Hall/CRC, 2006.

Hiroshi Nagamochi and Toshihide Ibaraki. Computing edge-connectivity in multigraphs and capacitated graphs. SIAM Journal on
Discrete Mathematics, 5(1):54-66, 1992.

Vijay Ingalalli, Dino Ienco, and Pascal Poncelet. Mining frequent subgraphs in multigraphs. Information Sciences, 451:50-66, 2018.

Oana Andrei and Hélene Kirchner. A rewriting calculus for multigraphs with ports. Electronic Notes in Theoretical Computer
Science, 219:67-82, 2008.

Takaaki Fujita. Iterative multifuzzy set, iterative multineutrosophic set, iterative multisoft set, and multiplithogenic set. 2025.
Florentin Smarandache. Plithogeny, plithogenic set, logic, probability, and statistics. arXiv preprint arXiv:1808.03948, 2018.
WB Vasantha Kandasamy, K Ilanthenral, and Florentin Smarandache. Plithogenic Graphs. Infinite Study, 2020.

Fazeelat Sultana, Muhammad Gulistan, Mumtaz Ali, Naveed Yaqoob, Muhammad Khan, Tabasam Rashid, and Tauseef Ahmed. A
study of plithogenic graphs: applications in spreading coronavirus disease (covid-19) globally. Journal of ambient intelligence and
humanized computing, 14(10):13139-13159, 2023.

Krassimir T Atanassov. Circular intuitionistic fuzzy sets. Journal of Intelligent & Fuzzy Systems, 39(5):5981-5986, 2020.
Krassimir T Atanassov and G Gargov. Intuitionistic fuzzy logics. Springer, 2017.

Wen-Ran Zhang. Bipolar fuzzy sets and relations: a computational framework for cognitive modeling and multiagent decision
analysis. NAFIPS/IFIS/NASA ’94. Proceedings of the First International Joint Conference of The North American Fuzzy Information
Processing Society Biannual Conference. The Industrial Fuzzy Control and Intellige, pages 305-309, 1994.

Muhammad Akram. Bipolar fuzzy graphs. Information sciences, 181(24):5548-5564, 2011.

Viceng Torra and Yasuo Narukawa. On hesitant fuzzy sets and decision. In 2009 IEEE international conference on fuzzy systems,
pages 1378-1382. IEEE, 2009.

29



[50]
[51]
[52]

[53]

[54]
[55]
[56]

(571
[58]
[59]

[60]

[61]

[62]

[63]

Viceng Torra. Hesitant fuzzy sets. International journal of intelligent systems, 25(6):529-539, 2010.
Jayanta Ghosh and Tapas Kumar Samanta. Hyperfuzzy sets and hyperfuzzy group. Int. J. Adv. Sci. Technol, 41:27-37, 2012.

Takaaki Fujita. Advancing Uncertain Combinatorics through Graphization, Hyperization, and Uncertainization: Fuzzy, Neutro-
sophic, Soft, Rough, and Beyond. Biblio Publishing, 2025.

Z Nazari and B Mosapour. The entropy of hyperfuzzy sets. Journal of Dynamical Systems and Geometric Theories, 16(2):173-185,
2018.

Young Bae Jun, Seok-Zun Song, and Seon Jeong Kim. Length-fuzzy subalgebras in bck/bei-algebras. Mathematics, 6(1):11, 2018.
Yong Lin Liu, Hee Sik Kim, and J. Neggers. Hyperfuzzy subsets and subgroupoids. J. Intell. Fuzzy Syst., 33:1553-1562, 2017.

Young Bae Jun, Seok-Zun Song, and Seon Jeong Kim. Distances between hyper structures and length fuzzy ideals of bck/bcei-algebras
based on hyper structures. Journal of Intelligent & Fuzzy Systems, 35(2):2257-2268, 2018.

Claude Berge. Hypergraphs: combinatorics of finite sets, volume 45. Elsevier, 1984.
Alain Bretto. Hypergraph theory. An introduction. Mathematical Engineering. Cham: Springer, 1,2013.

Yifan Feng, Haoxuan You, Zizhao Zhang, Rongrong Ji, and Yue Gao. Hypergraph neural networks. In Proceedings of the AAAI
conference on artificial intelligence, volume 33, pages 3558-3565, 2019.

Takaaki Fujita. Superhypergraph neural networks and plithogenic graph neural networks: Theoretical foundations. arXiv preprint
arXiv:2412.01176, 2024.

Masoud Ghods, Zahra Rostami, and Florentin Smarandache. Introduction to neutrosophic restricted superhypergraphs and neutro-
sophic restricted superhypertrees and several of their properties. Neutrosophic Sets and Systems, 50:480-487, 2022.

Florentin Smarandache. Extension of HyperGraph to n-SuperHyperGraph and to Plithogenic n-SuperHyperGraph, and Extension
of HyperAlgebra to n-ary (Classical-/Neutro-/Anti-) HyperAlgebra. Infinite Study, 2020.

Mohammad Hamidi and Mohadeseh Taghinezhad. Application of Superhypergraphs-Based Domination Number in Real World.
Infinite Study, 2023.

30



	1 Preliminaries
	1.1 MetaGraph(Graph of Graph)
	1.2 Iterated MetaGraph(Graph of Graph of ... of Graph)
	1.3 Fuzzy Graph
	1.4 Weighted Graph
	1.5 Directed Graph and Bidirected Graph
	1.6 MultiGraph

	2 Reviews and Main Results
	2.1 Meta-Fuzzy Graph
	2.2 Iterated Meta-Fuzzy Graph
	2.3 Meta-DiGraph
	2.4 Iterated Meta-DiGraph
	2.5 Meta-MultiGraph
	2.6 Iterated Meta-MultiGraph
	2.7 Meta-Bidigraph
	2.8 Iterated Meta-Bidigraph
	2.9 Meta-Neutrosophic Graph
	2.10 Iterated Meta-Neutrosophic Graph
	2.11 Meta-Weighted Graph
	2.12 Iterated Meta-Weighted Graphs

	3 Conclusion

