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Abstract

Graph theory provides a mathematical framework for representing relationships and connectivity through
vertices and edges [|1,/2]]. Hypergraphs extend this classical notion by introducing hyperedges that may connect
more than two vertices at once [3]. Superhypergraphs further enrich the model by employing iterated powerset
constructions, thereby capturing hierarchical and self-referential structures among hyperedges [4,5[. A fuzzy
n-SuperHyperGraph advances this approach by assigning membership degrees to both supervertices and
superedges, offering a flexible tool for modeling uncertainty in complex systems. In this paper, we propose an
extension of this framework, termed the Fuzzy Off-SuperHyperGraph, which integrates the offgraph paradigm
into fuzzy n-SuperHyperGraphs. We establish its formal definition, investigate its structural properties, and
discuss its potential applications in uncertainty modeling and hierarchical network analysis.
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1 Preliminaries

We record basic notions and notation used throughout. Unless stated otherwise, all graphs are finite, undirected,
and loopless (multiple edges are allowed only when explicitly declared).

1.1 SuperHyperGraphs

Classical hypergraphs enrich ordinary graphs by allowing an edge to join any finite number of vertices; this
makes them apt for modeling multiway relations [3,/6H10]. A SuperHyperGraph pushes this idea further
by building vertices and edges from iterated powersets of a ground set; this perspective has recently attracted
attention in several settings [11-16]]. Applications have appeared in, e.g., molecular modeling, network analysis,
and signal processing [[11L[17-21]]. Throughout, the level parameter n is a fixed nonnegative integer.

Definition 1.1 (Base set). [22-24] A base set (or ground set) is a fixed finite set S from which higher-level
objects are formed:
S = {x | x lies in the chosen domain }.

All constructions below ultimately draw their elements from S.

Definition 1.2 (Powerset). [2526] For a set X, its powerset is
P(X) ={A|ACX}.

We also use the nonempty powerset £*(X) := P(X) \ {@}.

Definition 1.3 (Iterated powerset). [27-30] For k € Ny define

PUX) =X, PHIX) :=P(PX).
Similarly, with nonempty levels,
) ') =X (7)) = PP ).
Proposition 1.4 (Cardinality recursion). Let m := |X|. Then
Plx0|=27 |[PM(x)| = 2PN (k> 0).

In particular, if m > 1 then |(P*) (X)| = 2" = 1 and |(P")1(X)| = 2101



Proof. The identity |P(Y)| = 2/¥! is standard. Applying it with ¥ = Pk (X) gives |P k*1(X)| = 217" X, For
the nonempty versions, subtract 1 (removing @) at each step. O

Definition 1.5 (Hypergraph [3L[31]]). A hypergraph is a pair H = (V(H), E(H)) where V(H) # @ and
E(H) € P*(V(H)). In this paper we work with finite V(H) and finite E (H).

Example 1.6 (Real-world hypergraph: project teams). Interpretation. Vertices are students; each hyperedge
is a project team (a team may have more than two members).

Construction. Let
V ={81,52,83, 54}, E = {{S1,52.S3}, {S2,S4}}.

Then H = (V, E) is a finite hypergraph since E C #*(V). The 3-way relation “work together on Project A” is
encoded by the hyperedge {Si, S», S3}, while Project B uses {S;, S4}.

Definition 1.7 (n-SuperHyperGraph). [4}32-35] Fix a finite base set V. For a level n € Ny, an n-
SuperHyperGraph is a pair

SHG™ = (V,E), VP (Vy), ECP"(V),

whose elements are called n-supervertices (elements of V) and n-superedges (elements of E). When desired,
one may require E C (P* )"(Vo) to forbid empty superedges at every level.

Example 1.8 (Real-world n-SuperHyperGraph (n = 1): meal planning). Interpretation. Base items are dishes;
supervertices are bundles of dishes; superedges specify bundles served together.

Construction. Let the base set be V = {D, S, M} (drink, salad, main). Take
v = {{D}. {S}. (M}, {D.S}} € P(V).
Define superedges as nonempty subsets of V:
e1={{DL{S}}, e={{D,;SL,{M}}, E={e e} P (V).

Then SHG" = (V, E) is a 1-SuperHyperGraph: V, E C P! (Vp).

1.2 Fuzzy n-SuperHyperGraphs

A fuzzy set assigns a membership degree in [0, 1] to each element of a universe [36,/37]]. Fuzzy graphs and
fuzzy hypergraphs endow vertices and (hyper)edges with such degrees [38-45]. A fuzzy n-SuperHyperGraph
is a higher-level network structure assigning membership degrees to supervertices and superedges for modeling
complex relations (cf. [41/46]).

Definition 1.9 (Fuzzy n-SuperHyperGraph). (cf. [47,48]) Let SHG™ = (V, E) be an n-SuperHyperGraph.
A fuzzy n-SuperHyperGraph is a quadruple
(V.E,o,u),

where o : V — [0,1] and p : E — [0, 1] satisfy the appurtenance constraint

u(e) < min o(v) forevery e € E.
vee

Example 1.10 (Real-world fuzzy n-SuperHyperGraph (n = 1): sensor fusion). Interpretation. Base sensors:
temperature (T), humidity (H), pressure (P). Supervertices are singletons/pairs of sensors; memberships model
detection reliability in [0, 1]. Superedges connect bundles that co-trigger an alert.

Construction. Let Vy = {T,H, P} and

er = {{T}, {H}},
€y = {{T’H}’ {P}}’

Define vertex-memberships o : V — [0, 1] and edge-memberships u : E — [0, 1] by

V= {{T}’ {H}s {P}’ {T»H}} c P(VO), E = {61, 62}'

o({T}) =0.85, o({H}) =0.65, o({P})=0.40, o({T,H}) =0.70.



Then the admissible maxima are
Umax (€1) = min{0.85,0.65} = 0.65, Umax (€2) = min{0.70, 0.40} = 0.40.

Choose
u(er) =0.60 < 0.65, u(ez) = 0.38 <0.40.

Verification. For each edge e € E,
u(e) < mino(v)
VEe

holds numerically by the computations above; hence (V, E, o, y) is a valid fuzzy 1-SuperHyperGraph.

1.3 Fuzzy Offgraph

A fuzzy offgraph is a variant of the offset/offgraph model in which membership values may exceed the classical
unit interval, inspired by studies on neutrosophic offsets and over/under offgraphs(cf. [22[l49H53])).

Definition 1.11 (Fuzzy Offgraph). [53] Let G = (V, E) be a finite, loopless, undirected graph, so E C (‘2/)
Fix real bounds ¥ < 0 < 1 < Q. A fuzzy offgraph on G is a quadruple

Gr = (V. E, ty, tg),
where the vertex- and edge-membership maps satisfy
ty 1V — [V,Q], e 1 E — [¥P,Q],
together with the offness condition
AvgeV: by(vg) ¢ [0,1] and Feg€ E: Le(eg) ¢ [0,1].
Equivalently, writing
Vor:={veV|ty(v) ¢[0,1]}, Eoi:={e€E|lp(e) ¢[0,1]},

a fuzzy offgraph satisfies Vo # @ and Eog # @. If Vog = Eo = @ (i.e., all memberships lie in [0, 1]), one
recovers an ordinary fuzzy graph on G.

Example 1.12 (Real-world fuzzy offgraph: road network load). Interpretation. Vertices are intersections
{x,y,z}; edges are road segments {{x, v}, {y, z}}. Memberships measure relative load vs. nominal: values in
[0, 1] are normal-to-saturated, > 1 indicates overload, < 0 denotes closure/contraflow.

Construction. Let G = (V,E) with V = {x,y,z} and E = {{x,y},{y,z}} C (‘2/) Fix bounds ¥ = -0.5,
Q = 1.3. Define
tv(x) = 115 (> 1), &y(y) =0.80, ¢y (2) = 0.60,

te({x,y}) = 1.05 (> 1), te({y,z}) = -0.10 (< 0).
Verification (offness).

Vot = {x} (since 1.15 > 1), Eofr = {{x,y},{y,2z}} (one >1, one <0).

Thus Vo # @ and Eog # @, 50 Gp = (V, E, {y, ) is a fuzzy offgraph in the sense of Definition

2 Result: Fuzzy Off SuperHyperGraph

Throughout this section let SHG™ = (V, E) be an n-SuperHyperGraph at a fixed level n € Ny, as in the
preliminaries. For all results below we adopt the following incidence convention:

E C P (V),

i.e., each n-superedge e € E is a nonempty finite subset of n-supervertices.



Definition 2.1 (Fuzzy Off n-SuperHyperGraph). Fix real bounds ¥ < 0 < 1 < Q. A fuzzy off n-
SuperHyperGraph (abbreviated FOSH) on SHG™ is a quintuple

6 = (V.E,o,um¥.Q),

where
o:V—[¥.Q], u:E— [, Q],

and the following two conditions hold.

(i) Appurtenance (admissibility) inequality:

u(e) < min o(v) for every e € E. (1)
veEe

(>ii) Offness condition (both sides present): there exist
vo € V with o(vg) ¢ [0, 1], ep € E with u(ep) ¢ [0,1].

We write
Vigi={veViaow >1}, Vi={veV:o(v) <0},
Ely:={ecE:u(e)>1}, Ez:={eckE:pu(e) <0}
so the offness condition is equivalent to (Vi UV_) # @ and (Ef; UE ;) # @.

Remark 2.2 (Choice of the aggregator). Inequality (T)) uses the min aggregator on the extended interval [¥, Q].
All theorems below remain valid if min is replaced by any nondecreasing, permutation-invariant aggregator
T : [¥,Q]% — [¥,Q] (for each arity k > 1) that reduces to min on [0, 1]; for concreteness we keep min.

Example 2.3 (Hospital triage groups (level n = 1)). Interpretation. Supervertices encode symptom bundles;
superedges encode co-occurring triage groups. Values above 1 capture extreme urgency; negative values
penalize contraindicated bundles.

Construction. Let Vy = {A,B,C} andn = 1. Set

er := {{A}.{B}},
ex:= {{A, B},{C}},
Choose bounds ¥ = —0.5, Q = 1.4. Define o : V — [P, Q] by

V = {{A}. {B}.{C}.{A,B}} c P(W), E ={e1,es} CP (V).

c({A}) =1.25, o({B}) =0.80, o({C}) =030, o({A,B}) = -0.10.

Then
1" (e1) = min{1.25,0.80} = 0.80, 1" (e2) = min{-0.10,0.30} = —0.10.

Pick u: E — [¥,Q] as
u(er) =0.75 < 0.80, u(ez) = —=0.12 < -0.10.

Verification. For each e € E, u(e) < min,c, o (v) holds by the calculations above. Offness holds on both
sides: o-({A}) = 1.25 > 1 (vertex offness) and u(e;) = —0.12 < 0 (edge offness). Hence (V,E,a-,,u;‘P,Q) is
a valid FOSH.

Example 2.4 (Priority shipping bundles (level n = 2)). Interpretation. Supervertices are bundles of items;
superedges are joint shipping lanes. Overshoot > 1 represents expedited priority; negatives represent blocked
routes.

Construction. Let Vo = {x, y}, n = 2. Write P(Vy) = {@, {x}, {y}, {x, y}}. Define three level-2 supervertices
v= O v {a) va = {ol ik
and set V = {vy,va,v3} € P2(Vp). Let

er :={vi,va}, ez := {va,v3}, E ={ej,e2} CP(V).



Choose ¥ = —1.0, Q = 1.5. Define o by
o(vy) = 1.30, o(vy) = 1.10, o(v3) = 0.60.
Then
1" (e1) = min{1.30,1.10} = 1.10, 1" (e2) = min{1.10,0.60} = 0.60.

Pick u as
u(er) =1.05 < 1.10, u(ez) =0.55 < 0.60.

Verification. Admissibility holds since u < u™** edgewise. Offness holds on both sides: o (vy) = 1.30 > 1
gives vertex offness and u(e;) = 1.05 > 1 gives edge offness. Thus we obtain a FOSH at level n = 2.

Example 2.5 (Cybersecurity alert aggregation (level n = 1)). Interpretation. Supervertices encode aggregated
indicators of compromise; superedges aggregate correlated alerts. Large > 1 means critical; negative means
known false-positive pattern.

Construction. Let Vo = {a,B,7y,6},n = 1. Set

V= {{a}’ {ﬁ’y}’ {6}’ {a’ﬁ}} c P(V()),

and define

ey = {{a}’{ﬁ77}}’ € = {{a’ﬁ}’ {6}}’ E = {81, 62}'
Choose ¥ = —0.8, Q2 = 1.2. Let

oc({a}) =095, o({B,y}) =020, o({6}) =050, o({a,B}) = 1.10.

Then
1" (er) = min{0.95, -0.20} = —-0.20, 1" (e2) = min{1.10,0.50} = 0.50.

Pick u as
u(er) = -0.25 < -0.20, u(ez) =0.48 < 0.50.

Verification. For each edge, u(e) < min, ¢, o(v) holds numerically. Offness on both sides is witnessed by
o({a,B}) = 1.10 > 1 (vertex) and u(e) = —0.25 < 0 (edge). Hence this is a valid FOSH at level n = 1.

Theorem 2.6 (Reduction to fuzzy n-SuperHyperGraphs). If in Definition2.1lwe set ¥ = 0 and Q = 1, then
every FOSH (V, E, o, u; 0, 1) is precisely a fuzzy n-SuperHyperGraph.

Proof. With ¥ = 0 and Q = 1, the codomains become [0, 1]. Condition (I is exactly the appurtenance
constraint for fuzzy n-SuperHyperGraphs. The offness condition is automatically false (no value can lie
outside [0, 1]), but it is not part of the fuzzy n-SuperHyperGraph definition; hence we recover that model
verbatim. O

Theorem 2.7 (Reduction to fuzzy offgraphs). Let n = 0 and assume E C (‘2/) (loopless simple case). Then a
FOSH (V,E, o, u;¥, Q) is exactly a fuzzy offgraph on the underlying simple graph, with &y = o and (g = p.

Proof. When n = 0 we have V C Vp and E C P*(V). The restriction E C (‘2/) matches the edge set of a
loopless simple graph. Definition gives o 1V — [V,Q], u : E — [¥,Q] with both vertex and edge
offness allowed, which is precisely the fuzzy offgraph setting. The inequality () reduces to the standard bound
by the two incident vertices. O

Proposition 2.8 (Maximal admissible edge map). Given o : V — [V, Q], define
U™ (e) := mino(v) (e € E).
vee

X

Then u satisfies if and only if u < U™ pointwise. In particular, u™ is the largest admissible edge-

membership map for a fixed o .

Proof. Immediate from (T)) and the definition of p™**. O



Proposition 2.9 (Monotonicity in vertex memberships). Suppose o,0 : V. — [¥,Q] satisfy o1 < o
pointwise. Then

Uoi (e) = minoy(v) < minon(v) = pe, (e) (Ve € E).
veEe veEe
Hence the feasible set {u : u < u"} expands monotonically with o
Proof. Each minimum is nondecreasing in each argument. m|

Proposition 2.10 (Propagation of under-offness). If v~ € V satisfies o(v™) < O, then for every e € E with
v~ € e one has u™*(e) < o(v™) < 0. Consequently, any admissible p must satisfy u(e) <0, i.e., e € E_g.

Proof. By definition, g™ (e¢) = min, e, 0(v) < o(v™) < 0. Thus u(e) < u™*(e) < 0 for all admissible
A O

Remark 2.11. By contrast, if o-(v) > 1 for all v € e, then u™*(e) > 1 but admissible u(e) may still lie in
[0, 1]; overshoot does not force an edge to be off.

Theorem 2.12 (Clipping to a fuzzy n-SuperHyperGraph). Lezclip(x) := min{1, max{0,x}}. If (V. E, o, u; ¥, Q)
is a FOSH, then
(V, E, clipoo, Clipou)

is a fuzzy n-SuperHyperGraph (codomain [0, 1]) and still satisfies

cliplu(e)) < Igleigclip(o(v)) (Ve € E).

Proof. The map clip is nondecreasing. Hence

clip(u(e)) < chp(nvlelBO'(v)) = min clip(o(v)).
The codomains are contained in [0, 1], so we obtain a fuzzy n-SuperHyperGraph. O

Theorem 2.13 (Affine normalization). Define an increasing affine map T : [¥,Q] — [0, 1] by

x—-Y
Q-¥

T(x) :=

If(V, E,o,u'Y, Q) is a FOSH, then
(V.E, Too, Topu)

is a fuzzy n-SuperHyperGraph, and T (u(e)) < minye, T (0 (v)) holds for all e € E.

Proof. Since T is nondecreasing,
T(u(e)) < T(min O'(V)) = minT (o (v)).
vee vee

The images lie in [0, 1]. O
Proposition 2.14 (Induced substructures). Let W C V and E|w = {e € E : e C W}. Restrict o and u to
W and E\w, respectively. Then (W, Elw, o |w, ulE|,,; ¥, Q) is a FOSH (or a fuzzy n-SuperHyperGraph when
Y=0Q=1).

Proof. All defining conditions are hereditary under restriction. O

Lemma 2.15 (Edge feasibility is downward closed). Fix . If ui,up : E — [V, Q] satisfy uy < up < u™,
then any convex combination Auy + (1 — A)up with A € [0, 1] is admissible.

Proof. Foreach e,

Aur(e) + (1= Dpa(e) < ™ (e) + (1 =™ (e) = u™(e).



Lemma 2.16 (Tightness on incident under-off vertices). If e € E has a vertex v~ € e with o(v™) =
minge, o (u), then t"™*(e) = o(v™). In particular, whenever o(v~) < 0 is unique on e, any admissible
u(e) must lie in [V, 0 (v7)] C (—o0,0).

Proof. Direct from the definition of p™**. O

Lemma 2.17 (Subgraph closure for off sets). Let W C V. Then
(VENW)and {e € E|w : e € EX}

are, respectively, the vertex and edge off sets of the induced FOSH on W.

Proof. Immediate from Definition [2.1)and Proposition[2.14 O

3 Conclusion

In this paper, we proposed an extension of the existing framework, termed the Fuzzy Off-SuperHyperGraph,
which incorporates the offgraph paradigm into fuzzy n-SuperHyperGraphs. This novel structure broadens the
scope of uncertainty modeling by allowing vertex and edge memberships to extend beyond the classical unit
interval.

For future work, we plan to further develop the theory of Fuzzy Off-SuperHyperGraphs by exploring their
integration with several advanced set-theoretic models, including HyperFuzzy Sets [35}/54-59], Neutrosophic
Sets [60-62]], Spherical Fuzzy Sets [63,64]], Hesitant Fuzzy Sets [65-67]], Rough Sets [[68-70], Soft Sets [[71-73]],
Quadri-Neutrosophic Sets [74)75]], and Plithogenic Sets [76H80]. Such extensions are expected to provide richer

tools for modeling complex, uncertain, and multi-dimensional systems, and open new directions for applications
in decision-making, data analysis, and hierarchical network structures.
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