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Abstract

We consider discrete-time infinite-horizon optimal control problems with a linear objective
function. For absolutely convergent linear optimal control problems, we prove the existence
of a solution, the necessity of a Euler and transversality conditions for a solution and the
sufficiency of competitive condition and a different transversality condition for a solution.
We show that the satisfaction of a “functional equation of dynamic programming” is
necessary and sufficient for a trajectory to solve the optimization problem. Under the
additional assumption, namely, “concave in pay-offs for the control variable”, being satisfied
by absolutely convergent linear optimal control problems, we show that the optimal value
functions are concave and continuous. We obtain closed form solutions for such problems
under the assumption that there is a state transition function that is strictly increasing and
strictly concave in the gap variable and satisfy mild interiority conditions.
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1. Introduction:

While programming in linear spaces originates in the work of Hurwicz (1958), its use in
economics- particularly programming in infinite dimensional linear spaces- has primarily
been in the context of infinite horizon dynamic optimization, whose abstract analysis is best
known in the work of Gale (1968). There may have been others who discussed specific
examples of dynamic optimizations prior to the work of Gale (1967), but the “reduced form
model” that is discussed in the survey paper of Mitra (2000) is very much in the tradition of
Gale (1967). A more recent survey of dynamic optimization can be found in chapter 5 of
Sorger (2015). The continuous version of the reduced form model of dynamic optimization is
what is known as “calculus of variation”. A generalization of calculus of variation is what is
known as optimal control theory. Blot and Hayek (2014) presents a discussion of “infinite
horizon optimal control in the discrete-time framework”. Our purpose here is to begin an
investigation of infinite horizon optimal control in the discrete-time framework, assuming
that the objective function is linear.

While linearity of the objective function may appear to be a special case of a significantly
more general non-linear context, this “supposed generality” is often based on the strict-
concavity (if not the existence of non-zero second derivatives of the instantaneous pay-off



functions) which become “inapplicable” once linearity of the objective function is assumed.
Thus, linearity is not a special case of the theory of discrete-time dynamic optimization as it
has in reality been applied in economics. The discrete-time infinite horizon reduced form
model with linear objective function has been discussed in Lahiri (2025b, Lahiri 2025c).
However, the reduced form model becomes a special case of linear optimal control, once at
any point in time, for a given pair of current and future values of the state variable, we allow
for the possibility of more than one value of the control variable to be compatible with the
pair, and the choice of the control variable affects the value of the objective function.

In order to emphasize concepts without imposing a huge mathematical load, we assume that
both the state variable and the control variable are real-valued, instead of being multi-
dimensional as in Blot and Hayek (2014). Even under such simplification, the model enjoys
considerable “traction” for the purpose of proving results that are conceptually powerful.

In section 2 we develop the framework of analysis. In section 3 we define the optimality
criteria and also define a subclass of linear optimal control problems for which our first result
in section 4 is about the existence of a (optimal) solution. We refer to the sub-class of
problems for which a solution is shown to exist as “absolutely convergent linear optimal
control problems”. The next result says that an “Euler-type” condition as well as a version of
“transversality condition” are necessary conditions for a solution and the last result in section
4 proves that the “competitive condition” along with a different “transversality condition” is
sufficient for optimality.

The existence of the optimal value function is an immediate consequence of the existence
result in section 4. Our first result in section 5, shows that the optimal value function satisfies
the “functional equation of dynamic programming” and that the satisfaction of the “functional
equation of dynamic programming” is necessary and sufficient for a trajectory to solve the
optimization problem. None of the results obtained up to this point in the context of the
general model, require the convexity of time-dependent two-period constraint sets, consisting
of feasible triplets of a value of the current state, a value of the control variable and a value of
the future state. However, our second result in section 5 concerning the concavity and
continuity of the optimal value function, requires that the two-period constraint sets satisfy
“some kind” of convexity property. We refer to the property that we require the linear
optimal control problem to satisfy as “concave in pay-offs for the control variable”.

In sections 6 and 7, we consider absolutely convergent linear optimal control problems with a
state transition function which is a strictly increasing and strictly concave function of the
difference between the state variable and control variable for the current period. The
difference may be viewed as a “gap variable”. The value of the control variable is constrained
to lie in the closed interval, whose left-hand end point is zero and the right-hand end point is
the minimum of the current value of the state variable and an affine function of the same
current value. Under “interiority conditions” for both state and control variables, we are able
to obtain explicit formulas for the evolution of state variable and control variable. Although
the definition of the state transition function requires the function to be either an affine
function of the square root of the gap variable or a quadratic function of the gap variable, the
model is quite general since the state transition function depends on additive and
multiplicative parameters.



As shown in Lahiri (2025d), the calculus of polynomials required in this paper, can be
developed using the ordered-field properties of the real number system and no more.

2. Framework of Analysis:

Let X = [0, b] < R (the set of real numbers), with b > 0 be such that set of available
alternatives at any time period is a non-empty subset of XxX. Given a current realization

xe X of the state variable that was chosen in the immediately previous time-period, a typical
alternative that is “chosen” during the current period is an u € X, where u is the value of the
control variable chosen for the current period. Based on the realization (x, u) during the
current period a value y for the state variable that is realized in subsequent period with yeX is
determined and an instantaneous pay-off is realized by the decision maker.

With N denoting the set of natural number (i.e., the set of strictly positive integers) let N°
denote NU{0}, i.e., the set of non-negative integers. Time is measured in discrete periods
te N°. At each time-period ‘t’ an alternative (state variable-control variable pair) is realized,
and the chosen alternative is denoted by (X, u)e XxX. While x; is “inherited” in the current
period, u; is chosen during the current period.

At each time-period te N°, Q, ¢ XxXxX is the two-period constraint set at time-period t,
satisfying the following properties:

(1) Q¢ is a non-empty and closed subset of XXXxX.
(i1) For all xe X, {(u, y)e XXXl (x, u, y)e Q} # ¢ and (x, u, y), (X, u, z)e Q; implies y = z.

For te N°, (x, u, y)e € can be interpreted in the following manner: given that xe X is the
realization of the state variable at time-period t, it is possible to choose the value ue X for the
control at time period t with the pair (x, u) determining the value ye X of the state variable at
time period t + 1 uniquely.

For all (x, t)e XxN°, let Q«(x) = {(u, y)e XxXI (x, u, y)e Q).

By (ii) for all (x, t)e XxN°, Q(x) # ¢ and thus by (i) Q(x) is a non-empty and closed subset
of XxX.

For xe X, let F(x) = {<(x, u)lte N°>| (xq, uy, xes1)€ Q, te N, x0 = x}.

We will (whenever necessary) refer to an infinite sequence <(X, uy)lte N? >e F(x) as a
trajectory starting at (from) x.

Clearly, F(x) is non-empty for all xe X.

Let <('p§t), 'pg)) | te N> be a sequence of pairs of real numbers. If x is the realization of the

state variable at time-period t and u is the choice of the control variable at time period ‘t’, the
instantaneous pay-off received by the decision-maker at time period ‘t’ is pgt)x + pg)u.

We shall refer to the array <((p{, p"), QI te N°> as the linear optimal control (LOC)
problem.



If we allow for the reasonable possibility that for some te NO, 'pg);é 0 and there exists (X, u, y),
(X, v, y) € Q; with u # v, then the corresponding LOC problem is an example of “several
values of the control variable” chosen at time-period t, being compatible with each value of
the state variables for time-periods t and t+1, thereby illustrating that our model of linear
optimal control discussed here is a generalization of the linear dynamic optimization model
discussed in Lahiri (2025b, 2025c¢), the latter being motivated by the reduced form model in
Mitra (2000) and Sorger (2015).

For what follows we assume that <(( Q(f),_p(zﬂ ), 2)1teN®> is a given LOC problem. As and
when necessary, we will impose additional assumptions on this LOC problem.

3. Optimal solution:

We will now consider the following optimization problem denoted OPT:

Given xe X, Maximize Z;:o [pgt)xt + pgt)ut] subject to the infinite sequence satisfying the

constraints: (X, U, Xu1)€ Q, te N, x0 = x.

Note 3.1: The exact mathematical interpretation of the expression (formula) ZZO [pgt)xt +

pgt)ut] is %1_1)’{)10 (Ztho [pgt)xt + pgt)ut] ). Thus, the problem we are concerned with here is in

the domain of asymptotic analysis, which is very different from infinite dimensional analysis.
Let §(x) = {<xdte N%>e F(x)| ZZO [pgt)xt + pgt)ut] > ZZO [pgt)yt + pgt)vt] for all <(yi,
wWite N’>e F(x)}.

S(x) is the set of solutions starting from x for OPT.

For all Te N°, and xe X, let FT(x) = {<(xs, ur) It = T>| (Xq, Uy, Xer1)€ Q¢ for all t > T and xt = x}.

For Te N? and ye X, <(xi, w)lt >T>e FT(x) may be referred to as a trajectory starting at
(from) x at time-period T.

It is easy to see that for all Te N° and xe X, FT(x) is non-empty.

Given (x, T)e XxN°, we will denote the following optimization problem by OPT-T:

Maximize ZZT [pgt)yt + pgt)vt] subject to < (y,, v,)| t=T >e FT(x)

For (x, T)e XxN°, §T(x) is the set of solutions starting from x for OPT-T, i.e., ST(x)

oo t t
- argmax 3 0%+ pPul

<(xpup)| t=2T>eFT (%)
Clearly, F(x) = F(x) and §°%(x) = §(x) for all xe X.

For all Te N° the correspondence h™: X —-—XxX defined by h™(x) = argmax (pgT)u +
(wy)eQr(x)
VT+1(y)) is said to be the optimal period-T decision rule.



As in Mitra (2000), Sorger (2015) and Lahiri (2025b) (among numerous others) we, in the
rest of this paper be concerned with an optimality criterion that requires the following
“Absolute Convergence” condition.

The LOC problem <((p1 . D5 )) Q)| te N> is said to satisfy Absolute Convergence if for
i€ (1,2}, X020 1p{P] < oo,

If <((p§t), P, )) Q)| te N> satisfies Absolute Convergence, then we may refer to <((p
pgt)), Q)| te N°> as an Absolutely Convergent LOC (AC-LOC) problem.

Let <(('p§t), pzt)), Q)| te N> be an AC-LOC problem. Thus, for all sequence <(x:, uy)lte N°>

with (i, u)e XxX for all te N, it must be the case that lim ngt)xt| =0, lim |pgt)ut| =0,
t—>00 t—oc0

2 pPx | €10, bR, 1011 and 37, 19wl [0, bE 2, S]],

Let M = max{b¥, 2, [p%”, bR, P51} < +oo.
Thus, for all sequence <(x, uy)lte N> with (x,, u))e XxX for all te N, it must be the case that
220 %+ pPud | <370 0%+ pPul <37 1P x| + Y ucl] < 2M

4. Existence of solution, “Euler type” condition, competitive condition, and
transversality condition:

The proof of the following proposition is analogous to the proof of proposition 4.1 in Lahiri
(2025b).

Proposition 4.1: Let <((p\", p”), QI te N®> be an AC-LOC problem. S7(x) # ¢ for all (x,
T)e XxN°. Hence, the optimal period-T decision rule hT is non-empty valued for all Te N°.

Proof: Let (x, T)e XxN°.

Qi XxXxX = [0, b]x[0, b]x[0, b] for all te N° and hence as noted in section 3, for all
sequence <(Xg, U)lte NO> with (X, u)e XxX for all te NO, it must be the case that

2000 7% + 2P ud 1 <370 Ip % + pu] <370 [P x] + 1Y uel] < 2M.
In particular, for all sequence <(x., uylte N°> with (x,, u)e XxX for all te N°, it must be the

case that I%,7, [7x, + 3 w] | < B2 Ip{ % + P ul < 220 (1917 + [P uel] <2M,
Let <(ys, volt > T>€ FT(x). Clearly, 2M < 3 [pPy, + pYv,] <2M.

Thus, S(x) = sup {¥.. T [pgt)yt (t)vt]l<(yt, v)lt > T>e FI(x)} < +oo.

Thus, there is a sequence of infinite sequences <<(x§n), utn))l t > T>| ne N> in FT(x) such that

0 4 p(t) (n)]

for all ne N, S(x) - —<Zt P17 %, 5 Uy



Since, <(x¥21, u;rfl)l ne N> is a sequence in the closed and bounded set XXX, it has a
convergent subsequence <(x¥j_(1n), uﬁ_(ln))lne N> converging to (x3,1, ub, ;)€ XxX.

n) _N

Further, (x, u;”, le(ln))e Qr for all ne N implies (x, u%, xgﬂ)e Qr since Qr is closed.

+

Consider the sequence <(x¥j_(2"), ugj_(zn))lne N>.

By an argument similar to the one in the previous step, it has a convergent subsequence

<(x¥i(2n), ugi(zn))l ne N> converging to (x%,, ud,,)e XxX.

: N N .
Since, <(fo_(1n), Uy f_(ln))l ne N> is a subsequence of the convergent subsequence <(x¥j_(1n),
N . N N
uTi(ln))I ne N>, it must be the case that <(xTi(1n), uTi(ln)I ne N> converges to (X1, U 1).

No(n No(n No(n ..
The sequence <(xTi(1 ), uTi(l ), xTi(z )) ne N> is in Qr41 and converges to (1, ud g, X0

Since Q.1 is closed (9,1, U, 1, UD4,)E Qrat.
: : N:(n) Nz(n) N(n)
Having obtained convergent subsequences <(x;1, "1, Ui, 1, X7y, )l n€ N>€ Qrir for all T

_ Nep1(m) o Nep1(m) | Nepr(n)
=1, ..., tforsome t>1,let<(x;}, "7, upyy , xp,, | ne N>be a convergent subsequence

of the sequence <(x¥i(tn ), uyi(tn ), xgi(tn lel ne N> in the closed and bounded set XxXxX,

. . Ni(n N¢(n N:(n
converging to (X%, ., ud,,, X3, 4 1)e XxXxX. Since, <(th+(t ), uT_i(t ), xTi(t lel ne N>e Qry; and

Q. is a closed subset of XxXxX, it must be the case that (x2,,, U, ;. X, 14 1)€ Q.

Consider the sequence <(x3,,, u%, Ite N°>. Since, (x9,,, ud,, X%, ;,1)e Q. for all te N,
where x = x, it must be the case that <x}, ,Ite N® >e F(x).

oo T T
Thus, ¥, _, [pg +t)x%rﬁ 'pg +t)u%rt] < S(x).

We wish to show that Z;:o [p§T+t)x%+t+ pgﬂ't)ug +¢] = S(X).

. 0 N(n) 0 N:(n) _ Ne(n) _N:(n)
Since, for all te N”, <x;1> | ne N> converges to xT+Tand (X s Upyy s Xpiyi1)€ Qror, for

all t<tand ne N, given € > 0, for all te N, there exists a sequence <ndte N> in N satisfying

ne1 > ne for all te N such that for all ne N withn >2n and T < ¢, (x%_(rn), u%_(rn), xﬁj_(gl)e Q1

(T+7) (T+71) T+1)_ N T+ N 811 . T+t)_N
and Ipl i X"(l)'+r pz : u"(l)'+r 'pg T)XT+t(Tn) - pg T)uT+t(‘:l)I < 8 2)[’ 1€, g T)XTt(Tn)
T+ N E1 T+ T+ T+1). N T+ N E1
pg T)uTt(:L) + —8(—2)t > pg T)X%+T +pg T)Ur?~+T > pg T)XTt(Tn) + pg T)UT:_(:L) - —8(—)t.

t f(l)f -

£ E -1 1 . 1 N
Note that 31" _ = s (DT =52 (DT=0- @ and 0™ = x for all (t,

PR
n)e Nx N.

T+ T+ T+7) N T+7) N
Thus, for all te N, Ztr:o [pg T)X%_H +pg T)u%H] > th‘:o [pg +T)XT1(:) + pg ”)uTi(f)]_

f(l- (%)t) for all n > n..



T+1)_ N T+1). N T+1) N
For all te N: Z o [P1 ( T)XTi(rn) + ’pg K Tj-(rn)]> S() - N(n) ZT t+1 [’pg T)XTi(:) "
p Ul ] for all n > n,.
Thus, forall teN, X°_ [P Vxfe +5 Pub >3 U Oxs + pf Put] -

32 IO+ pIu ] - 0y foralln > n

—(1 ( )) > S(x) -

N (n) T=t+1
T T oo T+7) N T+1) N
Thus, for all te N, Z [ ( +T)XT+T +pg +T)uTJrT] + Z’Z'=t+1 [pg +T)XT_’;(:L) + pg +T)quF(T")] >
- _Z t
S(x) - N( ) (1 ( ))fora11n>nt

By hypothesis, 37 [p{”] < + oo for i€ {1, 2} and for all (t, n)e N°xN, both x?;€ [0, b] and
u €0, b].

Thus, for all te N and n > nq,

%

T+ N T+ N T+ T+ N
[Py P+ 1pS urs P 1=x | ey P + Ipy P lugel.

T=t+1 =t+1

For all te N and ne N, x(n)e [0, b] and ugn)e [0, b] implies for all te N and n > n,
by

(T+1) |XNt(n) + Ip(T+‘[) |uNt(n)] .

T+ T+
({21 + p{ P12 % T T

[Ipy

T=t+1 T=t+1

(T+‘[)|XNt(n) + Ip(T+‘[)|uNt(n)] >

Further, for all te N andn>n,, 3. Tt T4t

T=t+1 [Ip

oo T+ N T+ N
3 [pTF RN | 40 Moy

Thus, for all te N, Z [ (T+T)XT+T + pgTH)uTH] +bY% [Ip(T+T)| + IP(TH)I] 2

T=t+1

Zt [ (T+7)_0 (T+7)

oo T N T N
Py XT+r +D, uT+r] +2 [ R ( +T) t(n)] >S(X) -——=- (

X +
T=t+1 P1 T+t P;  “Urye N() 2

(E)‘) for all n > n..

[ (T+7)_0 (T+7)

Thus, for all teN, X _ e #0500 1 +027 [+ 105 > S(x) -

T=t+1

L& G 19 for all n > ny.

N() 4

Thus, for all te N, X°_ [p 00 e+ 0] +bY 121+ 10T 71 2 S(x) -
£ ) £ Ly o . 1 _

lim - - £(1- ()9 = Sx) - 5(1- G since lim ——==0.



(T+7)_ 0 (T+7)

Thus, forall teN, X°_ [P “xfye +p5 Puldid +02  [Ipy 71+ 1p5 V12800 -

=t+1
&0
2= Q.
. . & 1 € . T T co T
Since lim (1= ()9 =gand lim3*_ [ xdec +p5 ] =27 oy xbic +

(T+7) (T+71)_ 0 (T+7)

T T
Py Dbl weget BT [PY xdir +p5 Pulid +limbRT [+ Py 12

T=t+1

S(x) - f

Since, for all te N, Z;O_Hl ngf)l < + oo for i€ {1, 2}, it must be the case that

lim by [p{* )+ I+ = 0.

t—oo T=t+1
T+ T+ £
Thus, %7 [P Vxf4e +95 ufidd 2S00 -7

Since the above holds for all € > 0, we get Z [pgTH)XTJrT + pg”r)uT +1] 2 S(X).

T T
Thus, £ [P 7xf4e +95 ufied = S0,

Thus for S7(x) # ¢ and (u?, x>, ;)€ h™(x). Hence, h"(x) # ¢. Q. E. D.

Note 4.1: For the iterative process outlined above we are unaware of any possibility of it

“invariably” converging to a strictly increasing sequence <N«(n)lne N> such that for all te N°,

(™) e, ivf’l(") )e Q for all ne N and <(x}*™, ul*™) ne N> converges to (2, u?).

However, in appendlx A.2 (entitled “A Diagonal Process of Cantor””) of Blot and Hayek

(2014), it seems to be indicated (provided our understanding is correct), that for all te N, the

Ny(n) Np(n)
+t > Uy

converges to (X%, ud,,).

subsequence <(x; )I ne N> derived from the construction in the proof above,

The next result is an “Euler-type” necessary condition for a solution.

Proposition 4.2: Let <((pgt), p2 ), Q) te N°> be an AC-LOC problem. For xe X, let <(x,
u)lte N%>e S(x).

(i) Suppose that for some Te N, and (v, y)e Qr.1(xT.1) it is the case that given € > 0, there
exists <(Vru, yr+o)lte NO>e ?T(y) satisfying IVT+t 1 — Ut+-1l L €lv —ur.il and lyts — X1l < €ly —
xtl if y # xr for all te N. Then p; )(y XT) + p2 )(V ur.) <0.

Gi) lim (|p$?|x, + [pP|uy) = 0.
t—0c0



Proof: (i) Suppose that for some Te N, and (v, y)e Qr.1(xt.1) it is the case that given € > 0,
there exists <(Vr, yrsolte NO>e FI(y) satisfying Ivrse1 — urseil < €lv —urgl and lyra — Xrad <
ely — xtl if y # x for all te N.

Towards a contradiction suppose that pgT) (y —x1) + pgT_l)(V —ur.1) > 0 and let € > 0 be such

T T-1 oo oo 1
that pg )(y — Xr) + pg )(v —ur) > e(ly = xily, ;g |’P§t)| V=l ngt )|)-

This is possible since we have assumed towards a contradiction that pgT) (y —x1) + pgT_l)(V -
ur.1) > 0.

Let <(z:, wy)lte NO>e F(Xx)suchthat zi=xfort=0, ..., T-1, wra =v, wi=ucfort =0, ..., T-2
(provided T = 2), zr =y, zZu1 = yw1 and wy= veforall t > T.

If for t > T+1, pgt) > 0, then pgt)yt > p&t)xt - epgt)ly — Xxrl.

If for t 2 T+1, pgt) <0, then pgt)yt 2 pgt)xt +£p§t)ly —xrl.

Thus, for t > T+1, pgt)yt > pgt)xt - elpgt) [ly — x1l

If for t> T+1, p{ ™ 20, then p§ vir 2 p Puci- epl v — url.
If for t > T+1, pgt_l) <0, then 'pgt_l)vt-l > pgt_l)ut-ﬁ spgt_l)lv —url.
Thus, for t > T+1, pgt_l)vt-l > pgt_l)ut-l— € ngt_l)llv —url.

Case 1: T=1.
Hence, T—-1=0.

oo 0 0 1 1 oo 0
Thus, 77 [p30 20+ pPwi = pPx + pSv + pPy + pSvi + 272 0Py pPv1 = pOx +

0 1 oo t t—1
Py v+ iy + 207, [Pyt Py vl

oo -1 oo oo —1
32 Py 08 Po 1 =37 0Py + 307, 8 P,

oo 0 0 1 oo -1 0
Thus, 77 [p30 20+ pPwi] = pPx + pPv + pPy + 272 0Pyt py Vv 1= pVx +

0 1 oo oo -1
PV +pPy + 37 oy, + 320 pE Py

We know that, for t > 2, pgt)yt > pgt)xt - z—:|p§t)|ly —xil, and for t > 2, pgt_l)vt_l > pg_l)ut_l— €
SVl — uol.

oo oo oo oo —1
Therefore, )., _, pgt)yt 2 pgt)xt -ely —xil), _, |p§t)| and ) _, pgt )vt_lz

oo t—1 oo t—1
Zt =2 pg )ut—l_ SIV - HOIZt =2 ng )l



oo oo —1 oo oo —1 oo
Hence’ Zt =2 pgt):)’t + Zt =2 pgt )vt—l 2 Zt =2 pgt)xt + Zt =2 pgt )ut—l_ S(Iy - Xllzt =2 |pgt)| +

oo -1
v —uly 2, IpS .

oo 0 0 1 0o oo -1 0
Thus, ¥.°7, [0 24+ 09w ] = pOx + pPv + pPy + 377 0Py, + 377 08 P> pOx +

0 1 oo oo -1 oo oo -1

PV + Py + 272, 0 + 277, 8 V- ey - xig 2, ] + v — w2, Ip§ ).
0 0 1 oo 0o -1 oo 0
Now, p{¥x + pv + pVy + 577, p P, + 277, 08 Puemi= 377 [pP % pYued + pP v -
o) + pi(y - x1).
Thus, 5.7 [P0 2+ 057wl 2 277 [p{ %+ pSwe] - elly —xily 2, Ip3] + v -
co -1 0 1

wiXZ, P57 D + P57 (v = uo) + piP(y - xa).
However, according to our assumption towards a contradiction, pgo)(v —up) + pgl)(y —-X1) >

elly —xi1% o2, [P0 + v -z 2, S P).

Thus, Z:O:O [pgt)zt+ pgt)wt] > ZZO [pgt)xt+ pgt)ut], which in conjunction with <(z,,
wolte N%>e F(x) contradicts <(xq, u)lte N9>e S(x).

Thus, it must be that pgT) (y — x1) + pgT_l)(v —ur1) <0.

Case2: T> 1.

Hence, T-1>0and T-22>0.

oo t t T-2 t t T—-1 T—1 T
Thus, ¥.°7, [0 24+ 0w, = 32 [P+ pPu) + 8 Va4 08 v+ pPy +

oo t t—1
2 POy pS P, g1,

oo t t—1 oo t oo t—1
Zt =T+1 [pg )yt+ pg )vt—l] = Zt =T+1 pg )yt + Zt =T+1 pg )vt—l

oo T—2 T—-1 T—-1 T
Thus, ¥ [p30 20+ 0wl = 22 0%+ pPud + 0 P+ p5 v+ pPy +

t=0
oo t t—1 T—1 T—-1 T oo t
2 Py 08 v = p x40 v+ p Py + 272 2Py +
oo t—1
Y =r+1 pg vt
We know that, for t > T+1, pgt)yt > pgt)xt - £|p§t) |ly = xtl, and for t > T+1, pgt_l)vt_l > p;t_l)ut_
(-1
1-€lp, llv —ural.
oo t oo t oo t co t—1
Therefore, Xy 2y, Py Ve 2 Xyeyy P % - €ly = xal¥e 2y, [P0 and 377, 0y~ o 42

Zoo (t-1)

co (1)
rer41 P2 Ue—1- ElV - url};, _, 57|



oo 1 co co 1
Hence Zt =T+1 pgt)yt + Zt =T+1 pgt )vt—l 2 Zt =T+1 pgt)xt + Zt =T+1 pgt )ut—l_ S(Iy -

t t—1
xt1Ee 7y [P0+ v —unalS 2 150D
oo T-1 T—-1 T
Thus, 77 [p30ze+ 0wl = X722 0%+ pPud + 9 Pxr + 05 v+ 9y +

oo 1 -1 T—1 T
N PO+ 2 2 vy 2 X2 Pt pPud + 0 P + 8Py 4 p Py +

oo t t—1 oo t t—1
N POx+ X0 0w g ey = xalX D PP+ v — w2 ISP,

t T—1 T t
Now, 37 2 0%+ pPud + 9 Vxra + 05 v+ 0y + 272 0%, +

oo t—1 t t -1 -1 oo t
Zt =T+1 p; )ut—l = Zt =0 [pg )xt+ p; )ut] + pl ) X1-1 + pg )uT‘l + pl )XT + Zt—T-I-l pg )xt

t—1 T — T oo t t
+ 07 Py Pug + @ v+ p§ ) = @Y Pur + pPx0) = 372 %+ pPu] +

(T-1) 9 (T-1)

(p; v+p;’y)-(p; uri+ p1 XT).

Thus, Zt -0 [Pgt)Zﬁ Pgt)Wt] 2 Zt -0 [Pgt)xﬁ Pgt)ut] +Pq

) t t—1 (¢
Y=+ Pg )xf + Zt =T+1 Pg )uf—l' e(ly - XTIZ:t=T+1 1 )l +Iv—ur. llzt =T+1

(T- 1) +pgT 1)V+'p§T)y+

1
Ip$ 1) =

22 PPx pPu ] + 0 Vv —ur) + p(y —x1) - ey - x1l% 2, 1P0] + v —ur

oo -1
) - i DY

However, according to our assumption towards a contradiction, (p )(v ur.1) + py )(y -

1
xr)> e(ly - x1l¥ 2, (PP + v —ural R Ips ).

Thus, ¥+ ‘=0 [pgt)zt+ pgt)wt 1> ZZO [pgt)xt+ p2 ut], which in conjunction with <(z,,

wo)lte N%>e F(x) contradicts <(x;, uy)lte NO>e S(x).
Thus, it must be that pgT) (y —x1) + pgT_l)(V —ur) <0.

(i) Since, <((p%”, p$?), Qo te N®> is an AC-LOC problem, lim Ip®| =0 forie{1,2} and
x€ [0, b], we [0, b] for all te N°. Thus, 11m(|p@|xt + |p(t)|ut) -0. QED.

Note 4.1: Part (i) of proposition 4.2, is similar in spirit to what is referred to in section 5.2 of
Sorger (2015) as the Euler equation. We may refer to part (i) of the proposition above as

“Euler condition.” The condition llm( |p(t) |x; + |p(t) |u:) = 0 in part (ii) of proposition 4.2
resembles the several versions of “transversality condition” that are available in the literature
on dynamic optimization.

The following result, analogous to proposition 4.1 in Mitra (2000), provides a “neat”
sufficient condition for a trajectory starting at x to belong to 5(x).

Proposition 4.3: If for <(x,, u)lte N°>e F(x) and there is a sequence <qIte N°> of non-
negative real numbers satisfying:



(i) For all te N°: pgt)xt + pgt)ut +q"*xu1 —qV% 2 pgt)y + 'pgt)u +q*Yz — qWy for all (y, u,

Z)E Qt,
(i) lim qPx, =0,
then, <(x, u)lte N%>e S(x).

Proof: Let <(yi, v)lte N9>e F(x).

Then, (i) implies that for all te N°: 'pgt)xt + 'pgt)ut +q"xe1 —qV% 2 pgt)yt + 'pg)vt +
Dy —qOye.

Thus, for all te N°: (pgt)xt + pgt)ut) - (pgt)yt + pgt)vt) > (" Vyu1 — qY%0) — (@ Vxw1 — qUx)).
Hence, for all Te N°: ZLO (pgt)xt + pgt)ut) - ZLO (pgt)yt + p;t)vt) > (q™Dyrs — qO%) -
(@™ Vxr41 — qOx) = q T Vyrys - T Dx141 2 - qT Vx4, since TP > 0 and yri1 > 0 implies
q(T+1)yT+l >0.

oo oo . T .
Thus, .7 (1% + p5 u) - 20 @1 ve + 93 v0) = lim Ty_o 0% + p3”u,) - lim

Temo Py + 93 v) = im B, 0% + 93 w) — T, 01y +py v 12
lim — ¢ Yx;,, =0, by (ii). Q.E.D.

T—oo

Note 4.2: Conditions (i), is a variant of what is referred to as the “competitive condition” in
Mitra (2000). In Mitra (2000), (ii) is referred to as the transversality condition.

5. Linear Dynamic Programming:

By proposition 4.1 we know that (x, T)e XxN°, $T(x) # ¢, and hence for all Te N°, there
exists a function VT: X —R such that for all xe X, V(x) = ZZO P P et D P up ]
for all <(xXrs1, uts)lte NO>e ST (x). Clearly for all for all Te N° VT is well defined on X.

We may refer to VT as the period-T optimal value function

We will denote V? by V. V is said to be the optimal value function.

Thus, for all xe X, V(x) = pgo)x + pgo)uo + Z;O_l p§T+T)xT+T+ pgTH)uTH], where <(xq,

w)lte N%>e S(x).

The following result is analogous to well-known results on dynamic programming available
in Mitra (2000), Sorger (2015) and Lahiri (2025b).

Proposition 5.1: (i) For all Te N, VT satisfies the following functional equation of dynamic

programming: For all xe X and <(x,, u)lt > T>e ST(x) and t > T: Vi(x,) = pgt)xt + pgt)ut +

VL (x =pPYx + max O 4 pt+1 )
(xt+1) P1 X uery) {r; 62}

(ii) For all xe X: <(x;, u)lte N%>e §(x) if and only if <(x, u)lte N®>e F(x) and for all Te N it

is the case that VT(xt) = pgT)x + pgT)uT + VI (X14).



Proof: (i) Let Te N° and xe X. Let <(x, u)lt > T>e ST(x).
Thus, VI(x) = VIxn) = 27 (017%, +p§ur).

Towards a contradiction suppose there exists t > T, such that V'(x;) > pgt)xt + pgt)u +

Vt+1(xt+1)-

Thus, there exists <(ym, vur)lte N'>e Fi(x,) such that y, = x; and p1 xt + pgt)v +
2 @y + P50 > p x4 puct VI ) 2 ke p w + I 01
(T) )
T

Hence, py”vi+ X% (017y: + 9570 > 3w+ V() 2957w+ 37 0%

T=t+1
pPuy).

Clearly, {tT = t+1l (vt.1, yo) # (Ur1, X1) } # 0.

Let <(z:, wo)l T>T> be such that zc = x: fort=T, ..., t, zZc = yc for all T > t+1, w; = u; for T =
T,..,t-1(ft>T)and wr=v fort > t.

Thus, <(z1, wo)l T 2 T>e F'(x) and Z (p(T)Z +pPw,) = Z (p(T)Z +pPw,) +

¥ 0Pz +pPwy).

T=t+1
Case 1:t=T.
T T T
Then, $77 (0177 + py"wd) =p{ 2 + py wr+ B 0172z +p5Pw)) = p{xy
Py Q ONENRENG) ® Dy 4+ pPy )=
vt S, 0y 0 v > prar A py w BT (0% _+py u )=

€] (7 : d (T) (™) o ) ©) - g
Z (p X +p; uf), ie., ZT:T z_ +p5 WT) > ZTzT (p; X + p, uT), contradicting
<(Xt, wplt > T>e ST(x).

Case 2:t>T.
Then, Z (p(T)Z + p(T)WT) Z (T)Z + p(T)WT) + (p(t)zt + p(t)wt) +

%

T=t+1

Q NN N C) Q ® ® @,
pi'z_+p; Wi)—ZH(plx +0u) + (P X+ v+ BT 017y

(T) f) >Zf 1 (p('f)x +p(7)uf) +p§t)xt +pgt)ut Z (p(T)x (T)uf) _

2 (p(T)x n p(r)uﬁ)’ e Z (p(T)Z + p(T)w1) > ZZT ('pgf)x + p(r)ui), once again

contradlctmg <(Xp, Wt =>T>e S T(x).



Thus, it must be the case that, for all t > T: V(x,) = pgt)xt + pgt)ut + V5 (x,q) = pgt)xt

+ max {pgt)u + Vt*1(y)}, which is the “functional equation of dynamic programming”.

(wy)eR(xy)
(i) Suppose <(xi, u)IN’>e S(x). Then from (i) it follows that <(x, u)IN’>e F(x) and for all
Te N? it is the case that VT(xr) = pgT)x + pgT)uT + VT (x141).
Now suppose <xte N>e F(x) and for all Te N VT(x1) = p{"xr + p{ur + VI (x741).
Hence, V(x) = VO(x) = pVx + pPug + V1 (x)= pVx + pPuo + pPx1 + pPus + V2(xr)
==Y @Px + pPu) + V*(xra) for all Te N,

Since, IV T (x7)I < bZZT (|p§t)| + |pgt)|) and since }1_rﬂr)1O Z::T (|p§t)| + |pgt)|) =0, it follows

that Jim Vil (xr41) = 0.

Thus, V(x) = lim %7_, 0% + pPu) + lim V™ (xpy1) =37, @Px, + pPuy).

Thus, <(x,, u)lte N>e S(x). Q.E.D.

Note 5.1: Proposition 5.1 and its proof is similar to the second proposition and its proof in
section 5 of Lahiri (2025b).

LOC <(('p§t), 'pg)), Qolte N°> is said be concave in pay-offs for the control variable if for
all te N°, (x, u, y), (z, v, ¥)e Qi and Be (0, 1), there exists we X such that (6x + (1-8)z, w, Oy
+ (1-8)y)e Q; and pg)w > epg)u + (l—e)pg)v.

If for all te N°, Q is convex, then the LOC is concave in pay-offs for the control variable.

The following proposition and its proof is similar to the first proposition and its proof in

section 5 of Lahiri (2025b).
Proposition 5.2: If <((p§t), pg)), Q)lte N®> is an AC-LOC that is concave in pay-offs for the

control variable, then for all Te N°, VT is concave and continuous on X.

Proof: Let Te N°. For all (x, T), (y, T)e XxN°, let <(x, u) It > T>e ST(x) and <(ys, vo)lt >
T>e §T(y). Suppose 6€ (0, 1) and consider the infinite sequence <(0x; + (1-0)ys, Ou; + (1-0)v¢)
It >T>.

Since (X, Uy, Xer1)€ Q¢ and (yi, Vi, Yur1)€ Q¢ for all t > T and the AC-LOC is concave in pay-offs
for the control variable, for all t > T, there exists wi X such that (0x; + (1-0)y., Wi, OXw+1 + (1-

0)yw1) € Qi for all t > T and pgt)wt 2 Gpgt)ut + (1—6)pgt)vt.

Thus, <(0x; + (1-0)y:, W, Ou + (1-0)v)lt > T>e FT(0x + (1-0)y).

Thus, VI(0x + (1-8)y) 2 3% [pP(6x, + (1 =60)y,) + pPw, 1257 [0 (6x, + (1 -
us, V(0x + (1-6)y) 2 thT [Pl ( Xt ( )Yt) | w; ] —thT [p1 xe + (

0)y:) + pY (6, + (1-6)v,) =057, 0P x, + pPue) + 1-0)T7, @y, + pSv,) =
OVTI(x) + (1-0)V(y).



Thus, for all Te N°, VT is a concave function on X.

From corollary 1 of proposition 1 and part (1) of proposition 3 in Lahiri (2025a) it follows
that since VT is concave on X = [0, b], it must be the case that VT is continuous on (0, b) and
both lim VT (x) and lim VT (x) exists and belong to the interval [-2M, 2M] where M =

X— X—

max {b%, 70 [p$7], bY 7 [p$7]) < +oo.

Further, it must be that lirrol VT(x) 2VT(0) and lirrg VT (x) 2V (b).
X X—

Now let xe X and <x™Ine N> be a sequence in X converging to x.

For each ne N, let <(x77,, ul?))I te N0>e S(x™).

(n)

Since x; m _ X.

=x® forallne N, lim x;”’ =
n—o

Since, <(x;"), u;"), x;’fl)l ne N> is a sequence in the closed and bounded set XXXXX, it has a

Ni(n Ni(n Ni(n .
convergent subsequence <(xT1( ), uTl( ), ij_(l ))Ine N> converging to (x2, u2, x%, ;)

€ XXXxX, where x% =X.

Further, (x¥1(n)’ ugl("), xg}r(ln))e Qr for all ne N implies (x, u?, x3_ ;)€ Qr since Qr is closed.

Having obtained convergent subsequences <(x¥j_(21, uyj_(:_)l, xyj_(rn))l ne N>e Q. for all ©

_ Ner1(m) o Nep1(m) N1 (n)
=1,...,tforsome t>1,let <(x;); ", upy,  , Xp, | neN>be aconvergent subsequence

of the sequence <(x¥i(tn ), uyi(tn ), xgi(tn lel ne N> in the closed and bounded set XxXxX,

Ne(n) | Ne(n)  Ne(n)
T+t » Yrte 0 XT4e41
Q. is a closed subset of XxXxX, it must be the case that (X%, ,, ud,,, x>, .. ;)€ Q.

converging to (2, UL, X9y 141)€ XXXXX. Since, <(x | ne N>e Qr. and

Since, for all te NO, <(xr: ™, wht®™ | xM™) ) ne N> converges to (4947, 40 4p X9y 141)€ Qrir,
for all T < tand ne N, given € > 0, for all te N, there exists a sequence <ndte N> in N

satisfying ne+1 > n¢ for all te N such that for all ne N withn>2n,and T<t,

N, N, N, T+ T+ T+1)_N T+1) N
(xT+(1:n)' uT+(1'n)’xT+(:21)EQT+T and lp§ T)X'(l)"+‘r+ pg T)U%H —pg T)XTi(rn)'pg T)uT-tI—(‘:l)|<
E1l. . T+1)_ N T+t) N E1 T+ T+ T+t)_N
20y ie p{ O 4 pT U4 Z0ys pTOR, 4 pI T Pud, > p O

T+1) N £1
Py urpe -5

¢ ‘_glt< t €15t _&q_ L
Notethatzfzog(z) _22_208(2) _Z(l (2) ).

Thus, for all te N, Ztr:o (pgﬂt)x% ot pgTH)u% o) > Ztr:o (pgﬂt)xﬁ&") + pgT+T)u¥i(:L))—

f(l— (%)‘“) for all n > n.



Thus, for all te N, 3 (p(T+T)XT+T+ pgT+T)uT+T)>z (p(T+T>x¥;(f) + pOuNemy £ -

T+1)_N T+1) N 1

G =Vt 5% I+ piOugi®) - S1- @) foralln 2,
Thus, for all te N, VI(x) > Z (p(TJrT)xT+T + pgTH)uTH) Z (T+T)XT ot

(T+t) (T+7)_0 (T+1) (T+t) N¢(n)

uT+T) ZT t+1 (p XT+T + pz uT+T) > V(x t(n)) Z t=TH1 1 XTi‘[ +

T+1) N T T
p( = Ti(Tn)) (1 ( )Hl) Zz‘ 1 (p( -I-T)XTJFT + pg +T)uTJrT) for all n 2 n.
Thus, for all te N and n > n,, VI(x) > V(x":™)- Zt - (p(T+T)X¥i(: S pgﬂt) ¥f,(Tn)) g

T+ T+
(p( T)XT+‘E+ pg T)uT+t)

)t+1) Z

T=t+1

By hypothesis, 37 [p{”] < + oo for i€ {1, 2} and for all (t, n)e NN, both x?,€ [0, b] and
u €0, b].

[l (T+‘r)| N¢(n) +

Thus, for all te N and n > n, bZZ_ [|p(T+T)| + |pgT+T) 1= X4t

T

T=t+1

T+ T+ N,
[l ( T)l Tt(n) | ( T)l t(n)]_

Further, for all te Nandn>n,, 3~ Up o

T=t+1

T+ N T+ N
[I ( T) t(n)+p( T) T-i-(rn)l]

%

T=t+1

Thus, for all te N and n > n,, VI(x) + b [IpS 2| + [p{* )] 2 VI(x)

T=t+1

T+t N T+t) N T+t N T+1) N
ZT » [l ( T)XTi(.:l)-l'p( T) Ti(;l)l]ZVT(X)_i_ZT [l ( T)XT-tl-(‘:l)-}_p( T) T-tl—(‘:l)l]
Thus, for all te N and n 2 n, V() + b3 1[|p(T+T)| +1pV 02 Vi) +
oo T+ T+ N T+
N7 IO 4 OGO S yT ) S g + 57 (5 O+
T+
pg T)uT+‘r)

Thus, for all te N, VI() +bX  [Ip{ 21+ [p§ 1] > limsup V7 (x":®)

n—oo

T+ T+
-G+ 2T O+ Py ud).

By hypothesis, Y7 [p\”] < + oo for ie {1, 2}.



Thus, limb 37 [Ipy 71+ Ipy 7l =

Also, lim (1 — () =7 and im %% (o s, + p§ ud ) =o0.

[I'p(TH)I + Ip(T+T)|] > hm limsup VT (xN:(W) -
T=t+1 n—oo

Thus, VI(x) = VI(x) + llm by

}img(l (3 )y 4 lim %9, + pdud, ) = lim limsup VT(th("))

n—>oo

Thus, VT(x) > hm limsup VT(th(”))

n—oo

The above being true for all € > 0, we get VT(x) > lim limsup VT (Ve

n—>oo

However, lim VT (x™) exists implies lim VT (x™) = limsup VT (x"«() for all te N.

n—oo

Thus, VT(x) > lim limsup VT (Ve = YT(x) > lim lim VT (x™) = lim VT (x™), ie., VI(x) >

n—oo

lim VT (x(™).

n—oo
This combined with the continuity of VT on (0, b), lim VT (x) = VT(b) and lim VT (x) = VT(0)
x— x—
implies lim VT (x) = VI(b), lim VT (x) = VT(0 ) and hence the continuity of VT on X. Q.E.D.
X— X—

6. Linear Optimal Control with Linear and Square-Root Constraints:

The following is an example of a linear optimal control problem that can be relevant for
intertemporal economics.

For all te N°, there exists a pair of real numbers (a,, by) satisfying a; > 0 and a, + bb > 0 and an
ordered pair of non-negative real numbers (c;, d) satisfying d; > 0 and c; < b, such that for all

xe X, Q(x) = {(u, y)l ue [0, min {x, a; + bx}] and y = min {b, ¢+ dy/ (x — 1) }.

Since for all te N%, ¢, < b it must be the case that for all xe X, [u = x implies y = min {b, ¢;} =
Ct.

Note that the function &l— ¢, + dt\/E on R, assumes the value ¢ at § = 0 is strictly increasing
on R, is twice continuously differentiable on R, , with its first derivative being strictly
positive and its second derivative being strictly negative at all points in R, .. Further, the first
derivative diverges to + oo as § tends to zero.

If y < b, then it must be the case that y = ¢; + di/(X — u) sothat\/(x — u) = y; L
_ (H)Z

dy

A LOC problem <((pgt), P )) Q)| te N%> is said to be a linear optimal control problem
with linear and square-root constraints (LOC-LSRC) if all (x, t)e XxN° Qx) = {(u, y)I

ue [0, min {X, a; + bx}] and y = min {b, ¢+ di,/(x — u) } }.



For a LOC-LSRC if <(x, u)lte N°>e F(x), then u; = x; — (xm 92 if X1 < b.

Proposition 6.1: Suppose <(('p§t), pzt)), Qo)lte N> is an LOC-LSRC with a,= 0, b, = 1 and

'pg);t 0 for all te N°. Suppose xe X and <(x, uy)lte N> S(x) satisfies 0 < u; < x; < b for all

(dy) (p(H'l) (H'l)) (t+1)+ pgt+1)

te N°. Then, for all te N°, x1 = ¢ + o and u, = (ZZT)Z-
pS p

Proof: Under the conditions of proposition 6.1 and the assumption that <(x., u)lte N’>e §(x),
it follows that <(y, vy)lte N%>e F(x), where yr=xcforall T #t+1, vi =y for all T ¢ {t, t+1},

Ye+1—Ct Xt+2~Ct+1\2
( dy ( dey1 )

interval around X 1.

Vi = Xt — )? and Vie1 = Y1 — so long as yu1 belongs to a sufficiently small

Thus, for all te N°, (uy, xw1) is a local maximizer of the optimization problem: Maximize 'pg)u

+ (p(t+1)+ p&””)y, subject to u = X¢ — (%)2.

t

Thus, for all te N°, x.1is a local maximizer of the optimization problem: Maximize (p( Dy

(t+1)) (t) e :t)

(t+1) (t)(

+p; +1))y D, )2) is continuously differentiable in a

neighborhood of x1. Thus, its derivative at y = X1 must be zero.

The function yl— (p,

(t+1)

The derivative of the function yl— p; "y - pgt)( )2) in a small interval around X1 1s

+1) | (t+1
vy ) - D).

(t+1)

d 2. (t+1)
Thus, (p(t+1)+ pgt“)) 2 (t)(xt;);t) = 0 and hence Xt+l:Ct+( )(pz (;pl ),
p;
(t+1) |, _(t+1)
e (Kt17CeND _ p2 try 2
Further, ui=x¢ - (—— ZRE )" = 0 )%. Q.E.D.

Note 6.1: For te N° and (x4, u, y)e y, u = X, implies y = min {b, ¢} =c.

(t+1)

The right-hand derivative of the function yl— (p, "+ p; +1))y (t)( )2)2 aty =cis

(p(t+1) §t+1)).

If u is decreased slightly from its initial value of x, then the value of y goes up slightly

leading to an increase in the value of the function, if (p(tﬂ) pgtﬂ)) > 0.

Thus, assuming (p( ™y pgtﬂ)) > 0 for all te N’ may be consistent with the premises of

proposition 6.1, so that the proposition is not “vacuously true”, i.e., a trajectory satisfying the
premises in the statement of proposition 6.1 exists.

Note 6.2: Proposition 6.1 is a characterization of a “specific type” of solution provided such a
solution exists. It does not provide us with enough information to define optimal decision
rules, which are functions on X.



7. Linear Optimal Control with Linear and Quadratic Constraints:

Yet another example of a linear optimal control problem that can be relevant for
intertemporal economics is the following.

For all te N°, there exists a pair of real number (ay, by) satisfying a; > 0 and a; + bb > 0 and an

. . e d
ordered triplet of non-negative real numbers (ct, d, e¢) satisfying di>0,e;>0and c;<b < i,
t

such that for all xe X, Q.(x) = {(u, y)l ue [0, min {x, a;+ bx}] and y = min {b, ¢ + d«(x- u) -

e(x —w)?}).

Since for all te N°, ¢, < b it must be the case that for all xe X, [ue {x - %, x} implies y = min
t

{b, Ct} = Ct.

Note that the graph of the function &l— ¢ + di§ - e«&? on R, is an inverted parabola that

dy)? d
4e; 2e;

2] a2
dt+ (dt) +4€tCt

29[

assumes the value ¢ at § = 0, attains its maximum value ¢, +

2l 02
dt+ (dt) +4’etCt

29[
function on R, is strictly greater than c;.

and assumes the value zero at § = . The maximum value of the

If y < b, then it must be the case that y = ¢ + d(x- u) - el(x — u)?.

A LOC problem <((p§t), pg)), Q)| te N%> is said to be a linear optimal control problem
with linear and quadratic constraints (LOC-LQC) if all (x, t)e XxN°, Q(x) = {(u, y)|
ue [0, min {x, a + bx}] and y = min {b, ¢ + di(x- u) - e«(x — u)?}}.

Note 7.1: For a LOC-LQC if <(x, u)lte N%>e F(x), then xu1 = ¢¢ + di(Xc- wo) - el(x, — u,)? if

X+l < b.

Further, x¢1€ [ci, b]. If X1 = ¢ then ue {Xq, X - %} for all te N°. However, uy< x,<b < de <
t

Zet

di. . d o o :
—implies uc= x — < 0, which is not possible since u; > 0. Thus, if X1 = ct then ur=x«.
t t

Also, note that on the set of {ue [0, x| ¢t + di(xc- u) - el(x, — u)? < b}, the function ul— ¢ +
d(X¢- u) - e(x, — w)? is a strictly increasing and strictly concave function of u. The fact that it
is strictly increasing function of u on {ue [0, x/]! ¢ + du(X¢- u) - el(x, — u)? < b} implies that if

2
det / (d)?+4e(ce—y)

S 1.e., U# X -
2e;

y = ¢+ di(Xc- 1) - el(x; — u)? for any u in this set, then u = x; -

2 2
de— [(dp)“+4ei(ce—y)

29[

Proposition 7.1: Suppose <((p\”, p\?), Qolte N% is an LOC-LQC with a;= 0, by = 1,

'pgtﬂ) + pgt+1)> 0 and (d,)? + 4e,(c, — b) > 0, for all te N°. Suppose xe X and <(xi,

w)lte N%>e S(x) satisfies 0 < u; < x; < b for all te N°. Then, for all te N°, u, = x, -

(pgtH)‘l' pgt+1)) dt—Pgt)

2(p§t+1)+ pgt+1)

Jet



Proof: Under the conditions of proposition 7.1 and the assumption that <(x., u)lte N’>e §(x),
it follows that <(y, vy)lte NO>eF (x), where yr = x¢ forall T # t+1, vi = u- for all T & {¢, t+1},
Vel = o+ di(Xe- Vo) - e — V)2, X2 = ¢+ di( Y1 - Vert) - (Vg1 — Ver1)? so long as vy,
belongs to a sufficiently small interval of uy, so that yw1 remains in a sufficiently small
neighborhood of X1 and yu1 <b.

2
dev1+ \/(dt+1)2 +aerr1(Ctr1—Xe+2)

2er1

Xur2 = o+ di(Yis1 - Vir1) - €(Ver1 — Vep1)? implies vier = yuei -

Hence, if v, remains in a sufficiently small neighborhood of u;, vi+1 remains close to uw1 and
satisfies 0 < Vi1 < yir1.

Thus, for all te N°: (u;, X1) is a local maximizer of the optimization problem: Maximize 'pg)u

N (p(t+1)+ pgt+1))y’ subject to y = ¢ + di(Xc- u) - ed(x, — u)?.

OM

Hence, for all te N°: u, is a local maximizer of the optimization problem: Maximize p,

(p(t+1)+ 'ngl))(ct + di(X¢- u) - el(x, — u)?) which in turn is equivalent to the statement, [for

all te N°: uy is a local maximizer of the optimization problem: Maximize p u+ (p(Hl)

P di(xi- 1) - e, — w))].

(t+1) + p(t+1) (t+1)

+ ) (di(xi - w)
- ei(x; — u)?) on [cy, b] is continuously differentiable and locally strictly concave in a
neighborhood of u.. Thus, its derivative at u = u; must be zero.

The derivative of the function ul— p(t)
(t+1)

Since we have assumed p; > 0, the function ul— p(t)u + (p;

(t+1) pzt+1))(Ct + di(xe- u) - el(x, —u)?)ina

u+ (p
(t+1) (t+1

small interval around u; is pz) (p; '+ szl))d +2(p; T+, ))et(xt -u)

(t+1)

Thus, 'p(t) (p(t+1)+ P, +1))dt +2(p; T+ pgﬂ))et(xt— ) = 0 implies x(— u¢ =
( (t+1)+ p(t+1)) d; p(t)

<o that u = ( (t+1)+ p(t+1))d p;t)
2(p§t+1)+ p(t+1)) e, t= 2(P§t+1)+ p(t+1))et

(pgt+1)+p(t+1)) dt—pgt) (pgt+1)+p(t+1))d Pgt) ,
2% CEON (t+1))et ) — e’ (t+1) (Hl))t )=. Q.E.D.

Hence X1 = ¢ + di(

Note: In view of a related paper entitled “Infinite Horizon Linear Optimal Control with
Linear Constraints” the current revised version of this paper excludes all discussion on linear
optimal control problems with linear constraints that was contained in any earlier version.
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