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Abstract

We consider discrete-time infinite-horizon optimal control problems with a linear objective
function. For absolutely convergent linear optimal control problems, we prove the existence
of a solution, the necessity of a Euler and transversality conditions for a solution and the
sufficiency of competitive condition and a different transversality for a solution. We show
that the optimal value functions satisfy a “functional equation of dynamic programming” and
that the satisfaction of this functional equation is necessary and sufficient for a trajectory to
solve the optimization problem. Under the additional assumption, namely, “concave in pay-
offs from the control variable”, being satisfied by absolutely convergent linear optimal
control problems, we show that the optimal value functions are concave and continuous. We
obtain closed form solutions for such problems under the assumption that there is a state
transition function that is strictly increasing and strictly concave in the gap variable and
satisfy mild interiority conditions.
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1. Introduction:

While programming in linear spaces originates in the work of Hurwicz (1958), its use in
economics- particularly programming in infinite dimensional linear spaces- has primarily
been in the context of infinite horizon dynamic optimization, whose abstract analysis is best
known in the work of Gale (1968). There may have been others who discussed specific
examples of dynamic optimizations prior to the work of Gale (1968), but the “reduced form
model” that is discussed in the survey paper of Mitra (2000) is very much in the tradition of
Gale (1968). A more recent survey of dynamic optimization can be found in chapter 5 of
Sorger (2015). The continuous version of the reduced form model of dynamic optimization is
what is known as “calculus of variation”. A generalization of calculus of variation is what is
known as optimal control theory. Blot and Hayek (2014) presents a discussion of “infinite
horizon optimal control in the discrete-time framework”. Our purpose here is to begin an
investigation of infinite horizon optimal control in the discrete-time framework, assuming
that the objective function is linear.

While linearity of the objective function may appear to be a special case of a significantly
more general context, this “supposed generality” is often based on the strict-concavity (if not



the existence of non-zero second derivatives of the instantaneous pay-off functions) which
become “inapplicable” once linearity of the objective function is assumed. Thus, linearity is
not a special case of the theory of discrete-time dynamic optimization as it has in reality been
applied in economics. The discrete-time infinite horizon reduced form model with linear
objective function has been discussed in Lahiri (2025b, Lahiri 2025¢). However, the reduced
form model becomes a special case of optimal control, once at any point in time, for a given
pair of current and future values of the state variable, more than one value of the control
variable is compatible with the pair, and the choice of the control variable affects the value of
the objective function. This, for instance is the case discussed in section three for “linear
optimal control problems with linear constraints”, when the evolution of the state-variable at
times, is independent of the chosen control variable.

In order to emphasize concepts without imposing a huge mathematical load, we assume that
both the state variable and the control variable are real-valued, instead of being multi-
dimensional as in Blot and Hayek (2014). Even under such simplification, the model enjoys
considerable “traction” for the purpose of proving results that are conceptually powerful.

In section 2 we develop the framework of analysis. In section 3, we present the model of
linear optimal control with all constraints being linear equalities. This model is an example of
the model we develop in section 2. We provide optimality results for finite horizon
optimization problems with linear constraints. Such results are meant for meaningful
approximations of infinite horizon problems. In section 4 we define the optimality criteria
that we are concerned with and also define a subclass of linear optimal control problems for
which a (optimal) solution exists, the latter being our first result in section 5. We refer to the
sub-class of problems for which a solution is shown to exist as “absolutely convergent linear
optimal control problems”. A corollary of the existence result provides a “closed form”
solution of period-wise optimal decision rules for linear optimal control problems whose
state-transition is defined by a single linear equation that does not depend on the control
variable and the control variable cannot assume a value that exceeds the current value of the
state variable. The next result says that an “Euler-type” condition as well as a version of
“transversality condition” are necessary conditions for a solution and the last result in section
5 proves that the “competitive condition” along with a different “transversality condition” is
sufficient for optimality.

The existence of the optimal value function is an immediate consequence of the existence
result in section 5. Our first result in section 6, shows that the optimal value function satisfies
the “functional equation of dynamic programming” and that the satisfaction of the “functional
equation of dynamic programming” is necessary and sufficient for a trajectory to solve the
optimization problem. None of the results obtained up to this point in the context of the
general model, require the convexity of time-dependent two-period constraint sets, consisting
of feasible triplets of a value of the current state, a value of the control variable and a value of
the future state. In the case of linear constraints- which is an example- convexity of the two-
period constraint sets, is an endogenous property of the model. However, our second result in
section 6 concerning the concavity and continuity of the optimal value function, requires that
the two-period constraint sets satisfy “some kind” of convexity property. We refer to the
property that we require the linear optimal control problem to satisfy as “concave in pay-offs
from the control variable”.



In sections 7 and 8, we consider absolutely convergent linear optimal control problems with a
state transition function which is a strictly increasing and strictly concave function of the
difference between the state variable and control variable for the current period. The
difference may be viewed as a “gap variable”. The value of the control variable is constrained
to lie in the closed interval, whose left-hand end point is zero and the right-hand end point is
the minimum of the current value of the state variable and an affine function of the same
current value. Under “interiority conditions” for both state and control variables, we are able
to obtain explicit formulas for the evolution of state variable and control variable. Although
the definition of the state transition function requires the function to be either an affine
function of the square root of the gap variable or a quadratic function of the gap variable, the
model is quite general since the state transition function depends on additive and
multiplicative parameters.

As shown in Lahiri (2025d), the calculus of polynomials required in this paper, can be
developed using the ordered-field properties of the real number system and no more.

2. Framework of Analysis:

Let X =[0, b] = R (the set of real numbers), with b > 0 be such that set of available
alternatives at any time period is a non-empty subset of XxX. Given a current realization
xeX of the state variable that was chosen in the immediately previous time-period, a typical
alternative that is “chosen” during the current period is an ordered pair (u, y) e XxX, where u
is the value of the control variable chosen for the current period and ‘y’ is the value of the
state variable that will be realized (as an inheritance) in the immediately next period. Based
on the realization (x, u) during the current period an instantaneous pay-off is realized by the
decision maker.

With N denoting the set of natural number (i.e., the set of strictly positive integers) let N°
denote N {0}, i.e., the set of non-negative integers. Time is measured in discrete periods
teN°. At each time-period ‘t’ an alternative (state variable-control variable pair) is realized,
and the chosen alternative is denoted by (xt, uf)e XxX. While x: is an “inheritance” in the
current period, us is chosen during the current period.

At each time-period teN°, Q; = XxXxX is the two-period constraint set at time-period t,
satisfying the following properties:

(1) €t is a non-empty and closed subset of XxXxX.
(i1) For all xe X, {(u, y)eXxX] (X, u, y)eQ} # ¢.

For teN°, (x, u, y)e€) can be interpreted in the following manner: given that xe X is the
realization of the state variable at time-period t, it is possible to choose the pair (u, y) e XxX
at time-period t.

For all (x, t)e XxN?, let Q«(x) = {(u, y)eXxX| (x, u, y)e Q}.

By (ii) for all (x, t)e XxN°, Q(x) # ¢ and thus by (i) Q«(x) is a non-empty and closed subset
of XxX.

For xeX, let F(x) = {<(xt, u)[te N°>| (x4, us, X¢11)e, teN°, xo = x}.



We will (whenever necessary) refer to an infinite sequence <(x, us)[teN® >eF(x) as a
trajectory starting at (from) x.

Clearly, F(x) is non-empty for all xeX.

Let <(p£t), pgt)) | te N> be a sequence of pairs of real numbers. If x is the realization of the

state variable at time-period t and u is the choice of the control variable at time period ‘t’, the
instantaneous pay-off received by the decision-maker at time period ‘t’ is pit)x + pgt)u.

We shall refer to the array <((p£t), pgt)), Q)| teN°> as the linear optimal control (LOC)
problem.

For what follows we assume that <((p(1t), pg)), Q)| teN°> is a given LOC problem.
As and when necessary, we will impose additional assumptions on this LOC
problem.

3. Linear optimal control problems with linear constraints:

A very important and interesting type of LOC problem is one in which for all teN°, there
exists a matrix [A' | B'] with a finite number of rows and two-columns and a point (¢!, d',
e’)eR3 such that for all (x, t)eXxN°, (u, y)e Qu(x) if and only if [(u, y)e XxX, u < A} + Bfx
where for every i the ordered pair (A¢|Bf) is the i™ row of the matrix [A' | B'] and y = ¢' + d'x
+ ¢e'u]. We shall refer to such an LOC problem as a linear optimal control problem with
linear constraints (or an LOC-LC problem).

We will represent an LOC-LC problem by <((p§t), pgt)), [A'| B, (c',d',e"))| te N>,

In the case of a LOC-LC it is easy to see that, for all teN°, Q) is a non-empty, closed and
“convex” subset of XxXxX. Thus, in the case of a LOC-LC, for all xe X, F(X) is a non-
empty and convex set.

The number of rows of the matrix [A' | Bl may vary with the time-period.

Since for all (x, t)e XxN? it is the case that Q«(x) # ¢ it must be that for all teN°, Q(0) # ¢,
Qu(b ) # ¢ and both Q(0) as well as Q(b) are closed and convex subsets of [0, b]x [0, b].
Thus, it must be the case that for all teN°®, AL > 0 and A% + Bfb > 0 for all i, i.e., min {A}|
(AY|B)) is the i row of [A!| B']} > 0 and min{A} + Bb| (A}|Bf) is the i row of [A! | B']}> 0.
Since for xe(0, b), x = (1- %)O + %b, it follows from above that for all xe (0, b), min{A} + Bfx|
(A|Bf) is the i row of [A'| B']}> 0

Similarly, Q(0) # ¢ implies that there exists ue[0, min{A¢| (4A¢|B}) is the i™ row of [A'| B]}]
satisfying u < b and ¢' + e'ug[0, b].

Qu(b) # ¢ implies that there exists ve[0, min{A} + Bfb| (A%|B}) is the i row of [A!| BT]}]
satisfying v <b and ¢' + d'b + e've[0, b].

Since for xe(0, b), x = (1- g)o + gb, if for ue[0, min{A%| (A¢|BY) is the i row of [A'| BY]}

satisfying u < b we have ¢' + e'ue[0, b] and for ve[0, min{A} + Bfb| (A¢|Bf) is the i™ row of



[A'| B']}] satisfying v < b we have ¢' + d'b + e've[0, b], then for w = (1- %)u + %V, we get ¢' +
d'x +e've[0, b].

Thus, for a LOC-LC problem the following conditions are required for all teN°:
(i) min{A|(A¢|B}) is the i row of [A'| B']} > 0.
(i) min{A¢ + Bfb|(A}|Bf) is the i row of [A"| BY]}> 0.

(iii) There exists ue[0, min{A¢|(A}|Bf) is the i row of [A' | B']}] satisfying u < b and c' +
e'ue[0, b].

(iv) For some ve[0, min{A¢ + Bfb|(Af|Bf) is the i row of [A! | B']}] satisfying v < b, we
have ¢!+ d'b + e've[0, b].

Of particular interest is a (1x1)-LOC-LC problem in which for all teN°, the matrix [A'| B']
has a single row given by the ordered pair (a', b').

For a (1x1)-LOC-LC, for all (x, t) e XxN%: Q«(x) = {(u, y)eXxX] such that u < a' + b'x and y
=d'+e'x + f'u}.

We will represent a (1x1)-LOC-LC problem by <((p§t), pgt)), (@', b, (c!, d, e)| te N>,
For a (1x1)-LOC-LC the following conditions are required for all te N°:

(i)a'>0.

(i) a* + bb > 0.

(iii) For some ue[0, a'] satisfying u <b, c¢' + e'ue[0, b].

(iv) For some ve([0, a' + b'b] satisfying v < b, we have ¢! + d'b + e'ue[0, b].

t_qt t_ 4t
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If for all teN©, it is the case that e' # 0, then for all teN°, u = <al+
b'x.

Thus, for a (1x1)-LOC-LC problem satisfying e' # 0 for all teN° then for all (x, t)e XxN°,
there is a single state transition constraint given by y [0, min {b, a'e' + b'e'x + (c' + d'x)}] if

e'> 0 and ye[max {0, a'e' + b'e’x + (c' + d'x)}, b] if ' < 0. In this case, pf)x + pgt)u = pit)x +
_t_ gt
gt) 4 Cet d % which is a linear function of x and y. This, model has been discussed in detail

in Lahiri (2025¢).

Thus, in the case of (1x1)-LOC-LC, our analysis would go beyond what has already been
discussed in Lahiri (2025c¢), only if e' = 0 for some teN°, the latter being a very reasonable
possibility. In fact, if for some teN°, ' = 0, then the corresponding (1x1)-LOC-LC is an
example of several values of the control variable chosen at time-period t, being compatible
with each value of the state variable for time-period t+1, thereby illustrating that our model of
linear optimal control discussed here is a generalization of the linear dynamic optimization
model discussed in Lahiri (2025b, 2025¢), the latter being motivated by the reduced form
model in Mitra (2000) and Sorger (2015).



On the other hand, if e' = 0 for all te N, then for all xe X: <(xt, u)|te N® >eF(x) if and only
if u < a' + b'x; and x+1 = ¢' + d'x, for all teN°.

Given (x, T)e XxN, <(x;, uy)|teN® >e F(x) is said to be T- optimal if for all <(yi, v;)|te N°
>eF(x) satisfying yra = xrer, Zoolpy” (8- = ¥2) + p5” (u- — v] 2 0.

The following result is a re-statement of “T-optimal” for LOC-LC problems.

Proposition 3.1: Given xeX. <(x, u))|[teN® >e F(x) is “T-optimal” for an LOC-LC problem
<@, piP), [A| B, (¢!, d!, &) teN> if and only if <(xs, us)lt =0, 1, ..., T> solves the

following linear programming problem:

Maximize ZLO[pY) vy, + pgr)vf], subject to v < A] + B/y« for every i, y+1 = ¢* + d%y: + evr,

vi<bh,y:<b,vi20,y:20,7=0,1, ..., T, yrr1 = XT+1, Yo = X.

An immediate corollary of proposition 3.1 is the following re-statement of “strongly optimal
along the way” for (1x1)-LOC-LC problem.

Corollary 1 of proposition 3.1: Given xe X, <(xi, u)|teN° >e F(x) is “T-optimal” for a
(1x1)- LOC-LC problem if and only if <(xr, us)|t =0, 1, ..., T> solves the following linear
programming problem:

Maximize Z§=1[p§7) v+ pgr)vf], subject to vt < a® + blyr, yrr1 = ¢* + dyr + €%y, v < b, yi <
b,vi>0,y:20,t=1,..., T, yo=X, yr+1 = Xr+1 and vo > 0.

The following result follows immediately from the implications of complementary slackness
of a “feasible pair” for the primal and dual of linear programming problems, as discussed in
Lahiri (2020).

Proposition 3.2: Given xe X, <(x, uy)|teN° >eF(x) is “T-optimal” for a (1x1)- LOC-LC
problem if and only if there exists a sequence <(af, /)|t =0, 1, ..., T> in R%, a sequence
<é§| t=1,...,T>in R, and a sequence <,BT| 1=0,1, ..., T>in R such that:

T
() of - e’[;’: +A 2 p?, (dF - e"ﬁz + - pu: =0, fort=0,1, ..., T.
Gi)-b'al -df + L+ 6L 2pl, (bl -df + f o -pi)xe =0, fort=1, ..., T.
(iii) (ur - b'x: -a%)al =0, fort=0, 1, ..., T.
(iv) (ur - b)yff =0,fort=0,1,...,T.
(V) (x:-b)o- =0, fort=1, ..., T.

The interesting “problem” in the case of LOC-LC is the characterization of a trajectory that
is T-optimal for all TeN°.

4. Optimal solution:
Following Gale (1967), we introduce the following in the context of LOC problems.

Given xe X and <(x, u)|teN° >, <(yi, vo)|teN° >e F(x), we say that:



(i) <(x1, u)|te N > overtakes <(yi, vi)|te N° > if there exists TeN such that for all t > T,
Eoolpi? (e = ¥ + P57 (w — v 2 0.

(i) <(xt, u)|teN° > catches up with (weakly overtakes) <(y:, v¢)[teN® > if for all & > 0,

there exists T(e)eN such that for all t > T(e), Y% O[p(r) (x,—y) + p(r) (u,—v,)]=-¢.

Given xe X, <(xt, u)|te N® >eF(x) is said to be strongly optimal along the way if for all
<(yi, vi)|teN? >eF(x), it is the case that <(xi, u;)[teN° > “overtakes” <(yi, v¢)[teN° >

Given xe X, <(xi, u)[teN® >e F(x) is said to be weakly optimal along the way if for all
<(yi, vi)|teN°? >e F(x), it is the case that <(x, uy)[te N® > “weakly overtakes” <(yt, vi)[te N>

As in Mitra (2000), Sorger (2015) and Lahiri (2025b) (among numerous others) we will from
this section onwards be concerned with a stronger optimality criterion that implies the two
optimality conditions of Gale (1967). For what follows we will require the following
“Absolute Convergence” condition.

The LOC problem <((p§t), pgt)) Q)| teN®> is said to satisfy Absolute Convergence if for
ie{1.2}, TiZo Ip{”] < +n.

If <((p§t), pzt)), Q)| te N> satisfies Absolute Convergence, then we may refer to <((p§t),
pgt)), Q)| teN%> as an Absolutely Convergent LOC (AC-LOC) problem.

Let <((p£t), pzt)), Q)| teN°> be an AC-LOC problem. Thus, for all sequence <(xi, uy)|te N>

with (xq, u)e XxX for all teN°, it must be the case that lim |p xtl =0, llm |p(t)

Yo P x| €[0, bEo [pP|] and 372, (9w, | [0, bzt o|p(”|

Let M = max{b¥:Zo [p.7], bYZo [pSP]} < +oo.

utl :0:

Thus, for all sequence <(x, up)|te N°> with (xt, u)eXxX for all teNO, it must be the case that
(t) (1)

Seolpixe + p5 uel | < Tio Ipy”xe + p5 uel < Sollpi”xel + Ipg uel] < 2M
Let <((p£t), pzt)), Q)| teN°> be an AC-LOC problem. We will now consider the following
optimization problem denoted OPT:

(®

Given xeX, Maximize },;Zo[p; "x¢ + pgt)ut], subject to the infinite sequence satisfying the

constraints: (X, U, Xi+1)eQ, teN°, xo = x.
Note 4.1: The exact mathematical interpretation of the expression (formula) .72 O[pit) X +
1 ® ®
ut] 1S im (Z =olp;

the domam of asymptotic analysis, which is very different from infinite dimensional analysis.

x¢ + p, ‘u.]). Thus, the problem we are concerned with here is in

Let S(x) = {<xteN>>eF ()| Xio[p V%, + p$Pu] > 3 o[p Py, + pPv,] for all <(yi,
vy)lteN>e F(x)}.

S(x) is the set of solutions starting from x for OPT.



For all TeN°, and xeX, let FT(x) = {<(x, us) [t = T>| (x4, ug, xe+1)€ Q for all t > T and xt =
X}.

For TeN? and yeX, <(xi, w)|t >T>e F'(x) may be referred to as a trajectory starting at
(from) x at time-period T.

It is easy to see that for all TeN? and xeX, F'(x) is non-empty.

Given (x, T)e XxN°, we will denote the following optimization problem by OPT-T:

®

Maximize };/Zr[p; Ve + pét)vt] subject to < (v, V)| t>T > eFT(x)

For (x, T)eXxN°, §T(x) is the set of solutions starting from x for OPT-T, i.e., ST(x) =

22 t t
argmax 2t=T[p§ )xt + Pé )ut]-

<(xpup)| t2T>eFT (x)
Clearly, F(x) = F(x) and §°(x) = §(x) for all yeX.

For all TeN® the correspondence h™: X -—XxX defined by h'(x) =

(1)

argmax (p, ‘u +VT*D(y)) is said to be the optimal period-T decision rule.

(wy) e2r(x)

5. Existence of solution, “Euler type” condition, competitive condition, and
transversality condition:

The proof of the following proposition is analogous to the proof of proposition 4.1 in Lahiri
(2025Db).

Proposition 5.1: Let <((p£t), pzt)), Q)| teN°> be an AC-LOC problem. ST(x) # ¢ for all (x,
T)eXxN°. Hence, the optimal period-T decision rule h' is non-empty valued for all for all
TeN°,

Proof: Let (x, T)e XxN°.

Q< XxXxX = [0, b]x[0, b]x[0, b] for all teN° and hence as noted in section 5, for all
sequence <(x, ur)[te N°> with (x, u)e XxX for all teN°, it must be the case that

sl o[p(t)xt + P(t)ut] | <20 |P(t)xt + P utl <X 0[|P(t)xt| + |P(t)ut|] <2M.

In particular, for all sequence <(xi, uy)|[te N> with (x;, u)e XxX for all teNP, it must be the
case that [X¢Z T[p(t)xt + P(t)ut] | <Xir |P(t)xt + P(t)ut| <X T[lp(t)xtl + |P(t)ut|] <2M.

Let <(yt, i)t > T>eF T(X). Clearly, -2M < Zg‘;T[pit) v + (t)v ] < 2M.
Thus, S(x) = sup {32 [pVy: + 5PV ]I<(ve VIt > T>eFT(x)} < +oo.

Thus, there is a sequence of infinite sequences << (x(n) gn))| t > T> neN> in F1(x) such
that for all neN, S(x) - Z < Zt:T[pf)xt(n) + pgt)utn)]

Since, <(x¥21, ;T1)| neN> is a sequence in the closed and bounded set XxX, it has a

convergent subsequence <(xT}r(1n), uTl(n))|ne N> converging to (x2,, ud,,)eXxX.



Further, (x, u;n), le(n))EQT for all neN implies (x, ud, x2,,)eQr since Qr is closed.

Consider the sequence <(xT}r(2n), yi(zn))me N>,

By an argument similar to the one in the previous step, it has a convergent subsequence
<(x1TVfr(2n), uTi(zn))| neN> converging to (x3,,, ud,,)eXxX.

Since, <(x1TVfr(1n), qur(ln))| ne N> is a subsequence of the convergent subsequence <(xT}r(1n),
u;\,’}r(ln))| ne N>, it must be the case that <(x¥fr(1n), uTZ(n)| neN> converges to (x%, 1, ud,1).

n Ny(n n
The sequence <(for(1 ), uri(1 ), xTZ( ))| neN> is in Qr+ and converges to (X1, U1,

x2,,). Since Qry1 is closed (X2, 1, UD 41, U, ,)E Qi1

Having obtained convergent subsequences <(for(f )1, uTjr(f)l, for(f )| neN>eQrir for all ©

=1,...,tforsomet>1, let <(x71Yi+tl(n), u?ﬁr‘}l(n), x;ijtl (n)| neN> be a convergent
subsequence of the sequence <(xp.l”, unt®, xNt | neN> in the closed and bounded set

. 0 0 0 . Ne(m) | Ne(n)  Ne(n)
XxXxX, converging to (Xg.4¢, U ¢, X74e41) EXXXXX. Since, <(Xpi; ") Upyr »Xpirig

neN>eQr. and Qr+ is a closed subset of XxXxX, it must be the case that (x>, uS,,,
X pe41) EQT .

Consider the sequence <(x2,,, u>,[te N> Since, (x2, ¢, UD 11, XD ¢41)€Q for all teNO,
where x9 = x, it must be the case that <x2,[teN? >e F(x).

(T+t)

Thus, Y./Z o[P(TH)xTHJr Py ufye] < S(X).

(T+t)

We wish to show that ¥,/2o[p; % 9yet p(TH)uTH] = S(x).

Since, for all teN°, <xT + n)| neN> converges to x2, , and (xp +(?), Uy +(f), +(;l+)1)eQT+T, for
all t<tand neN, given ¢ > 0, for all te N, there exists a sequence <n{te N> in N satisfying

ne+1 > ng for all teN such that for all neN withn>n;and T <t, (xTIYfr(;l ), u;\,’fr(f), ITVfr(;?l)e Qe

T+1 T+71 T+7) Ne(n T+7)  Ne(n & . 1+Z' N¢(n
and |p( )XT+T p( )UT+T - p]( ) Tt(z') pz( )uTt(z_)| < ( )t 1.€. p] ) Tt(z')
T+7 N n 1+T 1+T 1+T n 1+T N n

Note that Xt % (5)f <X ()7 =sXih(;)7 = (1-(§)t)andx’TVf(”)=xfora11(t,n)eNx
N.

Thus, for all teN, X7 o[P(T+T)xT+ p§T+T)uT+T]>ZT =olP JETH) e P(TH) Nt(n)] (1

xT+ T T+ T
()" forall n > n;

T+7) N T o T+7) N
Forall teN: 3}t _ O[pi +T)for(;l) + p( Iy t(n)] >S(X) - (n) r= t+1[p§ +T)xrfr(;l) +

p 94Nt for all n > ny,

Thus, for all teN, 35 _o[p;" * 220, + p{ Pud, 1> B8 o lp{™ Pt ? + pi* ugt?V] -

xT+2'
(—)t) > §(x) - Hl[piT+ T)fo(n) + p(T”) i(f)] - Z(l' (E)t) for all n > n..

N (n)



Thus, for all teN, X7 0[p(T+T)xT+r p§T+T)uT+r + 27 t+1[p§T+T)th(n) + p(TH)uTt(n)] =
S(x) - —— - %(1- (5)") for all n > n.

N, (n)

By hypothesis Y20 Ip| <+ oo for ie {1, 2} and for all (t, n)e N°xN, both x{", €[0, b] and
ul e[0, b].

Thus, for all te Nandn >n¢, Y. 7- t+1[|P(T+T)x¥i(?)| +

T N, T N N,
p O 1=y [p T et 4 | pSTH 200

For all teN and neN, x(n) [0, b] and ugn) [0, b] implies for all teN and n > ny,
(T T (T N T N
bEoenallpl™ 1+ 105 7N 2 Zeallpt 21 + 1S gt 1

Further, for all teN and n > ny, Z‘;‘;Hl[lpiﬂﬂ |x71Yfr(;l) + |p§T+T) |u¥fr(;l)] >

t+1[P£T+T)th(n) +p(T+r) 5-(?)]-

Thus, for all e, £ —olpy' " xf ot 9, ub ] + DR Esallpy’ ") + 101 2

T T
O[P( +T)9CT+ p§ +T)uT+r + X r=elp

(E)t) for all n > n,.

(T+T)xT t(n) + p(T+T) t(n)] S(X)

&
-<(1-

N (n)

Thus, for all teN, 25 _o[py" " Vx4 4 P Pudy ]+ b callpy 21 + o5 211> S(x) -

—| _t
N(n)'4(1 ( )") for all n > n..

Thus, for all teN, Xt _olps" P pé”’)um *bT7 eSO+ I8P 2 8(x) -
-5(1- G = S®) - 2(1- ), =0.

Tlﬁ‘ooNt(n) n)

Thus, for all teN, 25 _o[py" " 7x2, + pé”’)um bR calloy 21+ 08P 2 S(x) - X(1-
1

3.

Since lim 7 (1 — (%) = £ and lim T4 _o[p{™ Pxf, .+ p§"* Pudy ] = Tesolpy” e 4

T T
T ), we et Tl Py udy d+ lim bR llp” 7 + Ipg 7l 2

&
S(X) - Z
Since, for all teN, . 7_;,; |pl.(f)| <+ oo forie{l, 2}, it must be the case that
lim b¥Zoeallpf™ 1+ Ips" 11 =0

Thus, 57-olpy s 05" Pude 12500 -7

Since the above holds for all & > 0, we get Y,7_o[p; (T+D20. + pé” 949, 1> S(x).

Thus, X7 o[p; 20+ py' Puds ] = S(0).

Thus for ST(x) # ¢ and (u2, x3,,)eh’(x). Hence, h'(x) # ¢. Q. E. D.



Note 5.1: For the iterative process outlined above we are unaware of any possibility of it
“invariably” converging to a strictly increasing sequence <Nw(n)[ne N> such that for all
teN°, (xiV =), uivw(n) xév jf(ln))e Q¢ for all neN and <(x£V =), u?”(n))| neN> converges to
(x?, u?). However, in appendix A.2 (entitled “A Diagonal Process of Cantor”) of Blot and
Hayek (2014), it seems to be indicated (provided our understanding is correct), that for all
teN°, the subsequence <(x¥ﬁgn), uyi(tn))| ne N> derived from the construction in the proof

above, converges to (X2, UD,p).

In section 3, we defined a (1x1)-LOC-LC <((p§t), pét)), (@', b, (¢!, d', e')| teN°>, such that
for all (x, t) eXxN%: Q(x) = {(u, y)eXxX| such that u < a' + b'x and y = ¢' + d'x + e'u}. We
also discussed in section 3, the implications on the parameters that define such an LOC.

An immediate and interesting consequence of proposition 5.1 is the following corollary.

Corollary 1 of proposition 5.1: Suppose <((p£t), pét)), (@', bY, (¢!, d', e')| teN°>is an

absolutely convergent (1x1)-LOC-LC. If for some TeN? it is the case that e' = 0 and pgt);t 0
for all t > T, then, for all xe X: <(x, u)t > T>eST (x) if and only if for all t > T: x¢1 =c' +

®

Ip%t)l (@' + b'xy), 0}. Thus, for all t > T and xeX, it must be that h'(x) = (max
)

d'x; and u; = max {

®)

{Ip?t)l (a' +b'x), 0}, ¢' + d'x), so that h' is continuous on X.
L)

Proof: We know from proposition 5.1 that for all xeX, ST (x) # ¢. Recall that for all (x,
t)eXxX, a' + b'x > 0 and e; = 0 for all t > T implies, ¢!, ¢' + d'be[0, b]. The rest follows from
the requirements in the statement of this corollary. Q.E.D.

The next result is an “Euler-type” necessary condition for a solution.
Proposition 5.2: Let <((p.”, p{"”), Q)| teN®> be an AC-LOC problem. For xeX, let <(xi,
w)teN?>eS8(x).

(1) Suppose that for some TeN, and (v, y)eQr.1(xT.1) it is the case that given € > 0, there
exists <(Vr+, yrio)|te NO>eF(y) satisfying |[vrie1 — urie1| < €]v — urai] and |yt — X1+ < gy —
xt| if y # x7 for all teN. Then piT)(y —X7) + pgT_l)(v —ur1) <0.

(i) lim (|p;” | + P lue) = 0.

Proof: (i) Suppose that for some TeN, and (v, y)eQr.1(xt-1) it is the case that given € > 0,
there exists <(vr+, yr«)|teN*>eF(y) satisfying [vri1 — urie1| < €lv —ur.1| and [y — Xro <
ely — xt| if y # xr for all teN.

Towards a contradiction suppose that piT) (y—x1)+ péT_l)(v —ur.1) > 0 and let € > 0 be such
T T-1 © o -1
that py (y—x0) + Py (v —ur) > e(ly = xilZorsn 17|+ IV uralEir e Ipg D,

This is possible since we have assumed towards a contradiction that piT)(y —XT1) + pgT_l)(V -
ur-1) > 0.



Let <(zi, wi)[te N°>eF(x) such that zi=x; fort =0, ..., T-1, wr.i = v, wy=uc for t =0, ..., T-
2 (provided T 2 2), zr =y, Z«+1 = yw+1 and wy= v forall t > T.

If for t > T+1, pit) > 0, then pgt)yt > pit)xt - spit) ly — X1/.

If for t > T+1, pit) <0, then pit)yt > pit)xt +sp§t)|y - X1].

Thus, for t > T+1, pit)yt > pf)xt - glpf)Hy — X1]

If fort > T+1, pgt_l) >0, then pgt_l)vt_l > pét_l)ut-l— spgt_l) v —ur.].
If for t > T+1, pgt_l) <0, then pgt_l)vm > pét_l)ut-p“ epgt_1)|v —ut-1f.

Thus, for t > T+1, pgt_l)Vt-l > pét_l)Ut—l' € |p§t_1)||v —ur-|.
Case 1: T=1.
Hence, T—1=0.
® ) (0) (0) (€Y (1)Vl + Y7 ® ) ] (0)

Thus, X =olp;y et Py ‘Wl =Py X +py V+py +p, Py Vet Dy Vel =Dpp X

0 1 00 t t—1
+p v+ pMy + 22 Py + p Vv,

@ t t-1 o0 t o t-1
Zt=2[p§ )J’t+ pg )Ut—l] =Xi=2 P§ )Yt + X =2 pi )Ut—l

0 _ 0 0 1 o -1 _ 0
Thus, ¥7-o[p{” 2+ pSPw,] = O + pOv + pPy + 22, [Py + pl Vv 1= pOx +

péo)v + pil)y + Xl =2 Pit)J’t + 20 =2 Pit_l)vt—r

We know that, for t > 2, pit)yt > pft)xt - elpit) |ly — x1], and for t > 2, pgt_l)vt-l > pgt_l)um— €

t—1
PV — uol.

Therefore, X7, pi"ye = 5=y P, - ely — X1, 1] and X7, py Vs>
TPy e elv —wol%E, Ips V).

Hence, .7, Pit)J’t + XY= Pét_l)vt—l > = Pit)xt + 2= Pét

+ v —uoXE, [pSD.

-1) t) |

Ur_1- e(ly —x1[Xf=2 |P§

P t ¢ 0 0 1 0 t @
Thus, Y¢ =0[P£ )Zt+ Pg )Wt] = Pi )X + Pg )V + P§ )Y + X =2 P§ )Yt + X =20 V12 P X
+ Pg )V + pi )Y + XY= pi )xt + X =2 pg )ut—l' e(ly —x11X¢ =2 |P£ )| + v -
o0 t—1
wlEi, Ips V).

Now, Pfo)x + PéO)V + Pfl)

—ug) + PF)(Y - X1).

(t-1) (0

© t w t—1 w ¢ t 0
y+2Xi= Pi )xt + =2 Pg )ut—lz Xt =0[P§ )xt+ Pg )ut] + Pé )(V

Thus, 57o[p "2+ pPwe] > T2 o0+ pPwe] - elly — x1[E7=, [p80] + v -

WX, 1050 + p2 (v — o) + pP vy — x1).

However, according to our assumption towards a contradiction, pgo)(v —uo) + pgl)(y —X1)>
o0 t o t—-1
ely —xi|ZE= 11”1+ v = wlZE, Ipg ).



Thus, Zfzo[pit)zﬁ pét)wt] > Z?’:O[pit)xﬁ pét)ut], which in conjunction with <(z,
wy)[teN?>e F(x) contradicts <(x, u)|teN°>e S8 (x).

Thus, it must be that pr) (y —x1)+ pgT_l)(V —ur-1) <0.

Case 2: T> 1.

Hence, T—1>0and T-2 > 0.

® ®) ® ®) (T-1) (T-1) ()

Thus, X7 olpy zet Py Wel =Xt S5[py %t p3 Uty xXr_qtpy, vEpy Y+
Z;O:T+1[p£t)3/t+ Pgt_l)vt—ﬂ-

Z;O:TH[PY)J’PL Pét_l)vt—ﬂ = Xf=T+1 Pit)J’t + X =T+ pit_l)vt—l

Thus, X7-o[py" 2+ Py Wil = X123 %+ pPw,] + p Vxrr +py D+ ply +
Z?=T+1[P§t)%+ Pgt_l)vt—ﬂ = PiT_l)XT-l + PET_DV + PiT)y + X =T41 Pit)J’t +

Xt =T+1 pit_l)vt—l-

We know that, for t > T+1, pit)yt > pit)xt - slpit) |ly — x1/, and for t > T+1, pgt_l)vm >

pét_l)lh—l' € |p§t_1)||v —ur-1|.
o0 t 22) t 0 t 0 t—1
Therefore, Y.¢’~-r+1 pi )Yt > Yl =r+1 Pi )xt - ely = X1 Xt =141 |P§ )| and Y{’~r41 Pé )Ut—12
w (t-1) B o ®
Yi=r+1D; U1~ €V —ura X2 vyl

© t w t—1 w t w t-1
Hence, Y./ —r41 PJE )J’t + Xf=r41 Pg )Vt—1 > Y =r+1 Pi )xt + 2 =141 Pg )ut—l' e(ly -

o) t 0 t—1
1|1 PO+ IV = urt S DSV

(T-1) (T-1) (T

xT_1+p2 v+p1 y+

Thus, $7-o[p{” 2+ pSPw,] = ST 230w+ pPu] + p!
+ piT_l)xT-l + péT_l)V + piT)y +

XE=T+1 Pit)}’t + =T+ Pit_l) ® ® ]
)}

Vpq 2 Z;%)[Pl Xet Dy U
o B, 4 yo (t-1) P O @
Yi=r+1Dy Xe t Xf=re1Py  Up—1- €Y — XTI X =rs1 [Py | T IV = U1 =r 41 D2

— T-1 T-1 T 2
Now, ST 23[p O xet psPucl + p{ Pxra +pd v + "y + 57 px +
(t-1) ) ® T-1)

ut]+p£T_1)XT-1 +p§ U +p£T)XT+

(T-1) W)

Yire1Ps U1 = Ni=olP1 Xet D
XE=T+1 Pit)xt + X0=T41 pét_l)ut—l +(p, Vtpyy) - (PET_I)UTJ + PiT)XT) =
Si-olpsxet S ud + 0F v+ py) = (0 Pur +p{xa).

w t ¢ o (t ¢ T-1

Thus, Y¢ =0[P£ )Zt+ Pg )Wt] 2 ZZ:%)[Pi )xt+ Pg )ut] + Pi )
0 t 0 t—1 0 t 0

Y=T+1 PJE )xt + X =41 Pg )ut—l' e(ly = X1 Xf=r+1 |P£ )| TV —ur1 X =r1 |P§

Yo%+ pSPu ] + (v —urn) + p(y — x1) — e(ly — x1(XFori1 [p7] + v — ur-

o0 —1
1S PSP,

XT.1 + pgT_l)V + piT)y +

t—l)l) —

However, according to our assumption towards a contradiction, (ng)(v —ur.1) + piT) (y -

o t P t—1
x1) > &(ly = X1|8 81 [PO] + IV = ura| S [PSV)).

Thus, Zg‘;o[pit)zﬁ pét)wt] > Z;‘;o[pit)xﬁr pét)ut], which in conjunction with <(z,
wy)lteN°>e F(x) contradicts <(x, u)[teN’>eS(x).



Thus, it must be that piT) (y —x1)+ pgT_l)(v —ur1) < 0.

(ii) Since, <((p.7, ), Q)| teN°> is an AC-LOC problem, lim 1] =0 forie{1, 2} and
—00
xie[0, b], wel0, b] for all teN°. Thus, lim ( 0P 1x, + [pP|uy) =0. QE.D.
—>0

Note 5.2: Part (i) of proposition 5.2, is similar in spirit to what is referred to in section 5.2 of

Sorger (2015) as the Euler equation. We may refer to part (i) of the proposition above as
“Euler condition.” The condition gim( |p§t) | + |p§t) |ug) = 0 in part (ii) of proposition 5.2
—0

resembles the several versions of “transversality condition” that are available in the literature
on dynamic optimization.

The following result, analogous to proposition 4.1 in Mitra (2000), provides a “neat”
sufficient condition for a trajectory starting at x to belong to S(x).

Proposition 5.3: If for <(x;, u)[te N°>eF(x) and there is a sequence <q"|te N°> of non-
negative real numbers satisfying:

(i) For all teN°: pit)xt + pgt)ut +q " Dx1 — q% > pft)y +p§t)u +q®Vz — qWy for all (y, u,

z)el),
(ii) lim ¢®x, =0,
t—o0
then, <(x, u)teN°>eS(x).
Proof: Let <(yi, v)[teN°>eF (x).
Then, (i) implies that for all te N°: pit)xt + pgt)ut +q"Dxer — qVx > pit)yt +p§t)vt +
q(“'l)yt 4 - q(t)}’t-
Thus, for all teN°: (pit)xt + pgt)ut) - (pit)yt +p§t)
q(t)xt).

Vi) 2 (q(tﬂ)ytﬂ - q(t)yt) — (q(tH)XtH —

Hence, for all TeN®: ¥T_o (0%, + pPuy) - o0 Py, + pSPv) = (@™ yrar — qO) -

(@™ Vx4 — q9%) = T Vyre1 - T Pxre1 > - ¢ T Vx4, since T > 0 and yr41 > 0 implies
(T+1)

q YT+ 2 0.

Thus, £iZo(py” % + p5"we) - ZiZo(Py”ve + P57 v0) = lim Blo(py”%, + p5”ue) -
}i_r)rgo(pit)yt + Pét)vt) = }%[ZLO(PP% + Pét)ut) - Z:O(Pit)% + Pgt)vt)] 2

lim —qT*VYx;,, =0, by (ii). Q.E.D.

T —>c0

® (®)

Note 5.3: Conditions (i), is a variant of what is referred to as the “competitive condition” in
Mitra (2000). In Mitra (2000), (ii) is referred to as the transversality condition.

6. Linear Dynamic Programming:

By proposition 5.1 we know that (x, T)e XxN°, S§T(x) # ¢, and hence for all TeN°, there

exists a function V': X =R such that for all xe X, VI(x) = Z‘;":o[piT+ Ddre pgT”)

all <(x1+, ur+)|teN?>eS87(x). Clearly for all for all TeN®, VT is well defined on X.

Ury z'] for



We may refer to VT as the period-T optimal value function

We will denote V® by V. V is said to be the optimal value function.

Thus, for all xeX, V(x) = pio)x + péo)uo +X7 [p£T+T)xT+,+ pgﬂr)

=1 Ury ], where <(x,
w)teN?>e S(x).

The following result is analogous to well-known results on dynamic programming available
in Mitra (2000), Sorger (2015) and Lahiri (2025b).

Proposition 6.1: (i) For all TeN°, VT satisfies the following functional equation of dynamic
programming: For all xeX and <(xy, u)|t > T>e87(x) and t > T: V'(x¢) = pit)xt + pét)ut +

Vt+1 x — (t)X 4 max (t)u+ Vt+1 .
(Xt+1) =P; "Xt (u,y)e[)t(xt){pz )}

(i) For all xe X: <(x, u)|teN°>eS(x) if and only if <(xi, u)|te N*>eF(x) and for all TeN? it
is the case that VI(x1) = piT)x + pgT)uT + VT (xr4q).

Proof: (i) Let TeN? and xeX. Let <(x, uy)t > T>eST(x).

Thus, V1(x) = VT(xr) = 2271 %, + 5”1
Towards a contradiction suppose there exists t > T, such that V'(x¢) > Pit)xt + pét)ut T
VL (g

Thus, there exists <(yi+r, Vitr)|te N> F'(x,) such that y; = x; and pit)xt + pgt)vt +

0 t t t t o)

N2 1Py + 1) > pPx+ pPuc+ VI (x41) = pPOxe + pPue + N2 1 (087 x, +
(D)

| u,).

Hence, pSOvi+ 22 110y, + 0520 > pSPu + Vi (xp4) = pSPu+ X2, (08, +

ps7u,).
Clearly, {t>t+1| (V,_1, 1) # (Ur-1, X0)} # ¢.

Let <(zx, wi)] T2 T>besuchthatzz=x:fort=T, ..., t, Zz=yc forall t > t+1, w: = uc for t =
T,..,t-1 (ift>T)and wir=vcfort > t.

Thus, <(zz, wo)| t 2 T>eF(x) and 2,07z, + p$2w,) = ¥ 10z, + pPw,) +

;.O=t+1(p£z—)zr + PéT)WT)
Case 1:t=T.
0 T T ) T
Then, ¥2r(p{”z, + 03w = p\" 21 + S Wit T Zpsa (072, + py"w,) = p{Vxr +

PéT)VT“L + ZﬁTﬂ(PET)J’r + Pér)vr) > PET)XT + Pét)ut + Zon:T+1(P§T)xr + Pér)ur) =

20 0Px+ pPu), ie, X200z, + pPw) > L2 (p 7%, + p{Pu,), contradicting

<(Xt, w)|t > T>eST(x).

Case 2:t>T.



Then, 3.2, ({72, + p$w,) = T2z, + pSPw,) + (002, + pPwy) + 22 11 (072, +

pPw) = Y Px, + pSPu) + 0% + pPv) + 21 0y, + p$Pv) >

1k, + pSPu) + pPOx, + pPup + X2 (0%, + pSPu) = X2 (0%, + pPuy),

ie. Z",":T(pir)zr + pgr)wr) > Z",":T(pir)xr + pér)ur), once again contradicting <(x, u)|t >
T>eST(x).

Thus, it must be the case that, for all t > T: V'(x¢) = pit)xt + pét)ut +V 1 (xppq) = pit)xt

+  max {pgt)u + Vt*1(y)}, which is the “functional equation of dynamic
(u,y) eQp(xe)
programming”.
(i) Suppose <(x, u)|N°>e8(x). Then from (i) it follows that <(x, u;)|N°>eF(x) and for all
TeN?O it is the case that VI(x1) = piT)x + pgT)uT +V T (xrpq).
Now suppose <xi|te N°>eF(x) and for all TeN°: VI(xr) = piT)XT + pgT)uT +V T (xppq).

Hence, V(x) = V'(x) = pfo)x + péo)uo +V (x)= pio)x + pgo)uo + pil)m + pél)m + V2(x71)
=..= Zfzo(pit)xt + pét)ut) +V T+ (xp,,) forall Te N.
Since, |V T (xr)| < b2, (1pP] + [pSP]) and since lim Y2 (1P + [pP]) =0, it follows

that lim V 7+ (xr,,) =0.
T —o0
Thus, V(x) = lim Yoo Px + pPuy) + Lim VI Cergq) Yo% + Py uy).

Thus, <(x, uy)|teN°>eS(x). Q.E.D.

Note 6.1: Proposition 6.1 and its proof is similar to the second proposition and its proof in
section 5 of Lahiri (2025b).

LOC <((p§t), pét)), Q)|teN°> is said be concave in pay-offs from the control variable if
for all teN°, (x, u, y), (z, v, §)eQc and 0€(0, 1), there exists we X such that (0x + (1-0)z, w,
Oy + (1-0)5)eQ: and pS”w > 6p{ u + (1-0)p .

If for all teN°, Q) is convex, then the LOC is concave in pay-offs from the control variable.
Clearly an LOC-LC is concave in pay-offs from the control variable.

The following proposition and its proof is similar to the first proposition and its proof in
section 5 of Lahiri (2025b).

Proposition 6.2: If <((p£t), pgt)), Q)|teN°> is an AC-LOC that is concave in pay-offs from

the control variable, then for all TeN°, VT is concave and continuous on X.

Proof: Let TeN°. For all (x, T), (y, T)e XxN°, let <(x, uy) [t > T>eST(x) and <(yi, V)|t >
T>eS"(y). Suppose 0€(0, 1) and consider the infinite sequence <(0x; + (1-0)yt, Out + (1-0)vy)
[t>T>.



Since (xt, ut, Xi+1)€Q¢ and (yt, Vi, ye+1)€C for all t > T and the AC-LOC is concave in pay-
offs from the control variable, for all t > T, there exists wie X such that (0x; + (1-0)y:, w,

0x¢+1 + (1-0)yir1) €Qi forall t > T and pgt)wt > Gpgt)ut + (l-e)pét)vt.

Thus, <(0x¢ + (1-0)yi, Wi, Oue + (1-0)vo)|t > T>eF1(0x + (1-0)y).

Thus, V(6x + (1 0)y) > N [p(0x: + (1= Oy) + pPw,] > zz'iT[pif><0xt
(1= Qy) + pP(Ous + (1 — Ovy) =082 (p %, + pPuy) + (1-0) 2 (0 Vy,
pPv) = 8V(x) + (1-0)V'(y).

Thus, for all TeN°, VT is a concave function on X.

From corollary 1 of proposition 1 and part (i) of proposition 3 in Lahiri (2025a) it follows
that since V' is concave on X = [0, b], it must be the case that V' is continuous on (0, b) and
both lirr(l) V(x) and lirrll2 V (x) exists and belong to the interval [-2M, 2M] where M =

x> xX—

max {bT o [0, bR, [pS0]} < 0.

Further, it must be that lim V7 (x) > V7(0) and lim VT (x) > VT (b).
x—0 xX—=b
Now let xe X and <x™|ne N> be a sequence in X converging to x.

For each neN, let <(x%,, u{™)| teN>e S(x™).

Since x( ) = x® for all ne N, lim x; ) =x.

n—o
Since, <(x;n), u;n), xg_?l)| neN> is a sequence in the closed and bounded set XxXxX, it has a
convergent subsequence <(xN1(n) uyl(n) x? 1(n))|ne N> converging to (x2, u®, x2,,)

e XxXxX, where xy = x.

N1(n)

Further, (le(n) le(n)) €Qr for all neN implies (x, ud, x2, ,)eQr since Qr is

closed.
N:n)  Ne(n)  Ny(n)
Having obtained convergent subsequences <(x;,";, Ui, 1, Xri, | neN>€Qrir forall

=1,...,tforsomet>1, let <(x71Yi+tl(n), u?ﬁr‘}l(n),ngj(n)

Ne(n) | Ne(n) | Ne(n)
subsequence of the sequence <(x;; ', Uriy »Xpiriq

| neN> be a convergent

| neN> in the closed and bounded set
N¢(n) | Ne(n) | Ne(n)
T+t » Yree 1 XT4e41

neN>eQr. and Qr+ is a closed subset of XxXxX, it must be the case that (x2,,, u%,,,
X y41) €QTs.

XxXxX, converging to (X2, ,, U ¢, X904 p41)€XXxXxX. Since, <(x

Since, for all teN°, <(for(f), uﬁ(?), xTJ:(:r)l
Qrir, for all T <t and neN, given € > 0, for all teN, there exists a sequence <nite N>in N

satisfying ne+1 > n¢ for all teN such that for all neN with n > n;and t <t, (xITVi(Tn ), uﬁ(?,

| neN> converges to (x>, ,, U, ., X2, 11)€

N, T T T N, T .
xpt T eQricand [p{ x4 pf  Pudy -l Oxt D pT gt < S0y e,
T N, T N, T T T T N

pTHI M., pT4O MO Sy pT400 4 pT+00 5 +’)fo(”)+p( M

g(;)t-



1 1 1
Note that Zgzog B <Th, g 6= f(l' (E)Hl)'

Thus, for all te N, %o o(py* Pxfsr + p§ ufe ) > Doy xps s + p5  upt)-

f(l— (%)t“) for all n > n.

Thus, for all teN, St (@222, , + P Pudy ) > Tlo(* Dape® + p*Iui™).

1 o 1
- =V ™) T a0y P xps T + ps Pupt ) - 2(1- ) forall n > n,

Thus, for all teN, VI(x) = 2o(py 72y, + py Pud ) = Xo(py  Px2y, +

T+ [22) T+ T+ 2e) T+ N,
P U, ) + N2 @ %2, + U, ) > V) 3 (e R

+7
N, 1 0
s Pup ) - (1. O+ B a2 + s T Pud,) foralln > e,

Thus, for all teN and n > ng, VI(x) + £2 111 (@ F P 4 plT+ T)uyﬁr(f)) > V(xNe) - f(l—

T+t
1 o0 T T
(E)t+l)+22=t+1(p§ +T)x’?"+z' + pé +T)u’?"+r)'

By hypothesis, )2, |pi(t)| <+ oo forie{l, 2} and for all (t, n)e N°xN, both xj(f?t €[0, b] and
)]
ur . €[0,b].

Thus, for all teN and n > n, bE 71 [0 21 + 165 211 2 B2 pa [Ip T2 e ™ 4
(T+2) |, Ne(n)
|p2 |uT+r ]

T+r)|th(n) + |p§T+T)|uNt(n)] >

Further, for all teN and n > n;, f=t+1[|p£ T4r T4r

o T+7) N T+7). N
r=t+1[p§ T)for(;l)+p§ T)uTi(?)]-

Thus, for all teN and n > n,, VI(x) + bZ‘;":t+1[|p§T+T)| + |p§T+ 9 11> Vi(x)+

) T N T N, ) T N T N,
2 e [T 2 Lot ST 21t ] > V() + 22, [Tt 4 plT 0y, )

Thus, for all teN and n > n,, VI(x) + b7 o1 [P 2] + 104 2)] 2 Vi) +
o T+0)_N. T+, N 1 o T
2o @y gt 4 piOugt ™y > vT M) X1 )+ B (ol e, +

(T+7)_ .0
pz uT+r .

Thus, for all teN, VTG0 + bEZaallpy” 1+ [p"* 1] 2 limsup V7 (") - £1- )1 +
n—ow

0 (T+2) (T+2)
z=t+1(p1 z—x’?"+2' + pz z—u’?'+r)'

Thus, for all teN, VI(x) + bE7er 1[I0 2] + [pS72|] 2 limsup VT (xNe) - - (%)tﬂ) +
n—oo

o (T+2) (T+2)
z=t+1(p1 z—x’?"+2' + pz z—u’?'+r)'

By hypothesis, )2, |pi(t)| <+ooforie{l,2}.
Thus, limb S22 [lp; 1 + Ipy” 11 =0.

Also, lim £ (1 — (™) =< and lim 32 ., @ %%, , + p+%ul, ) =0.
t—o04 2 4 t—o0



Thus, VI(x) = VI(x) + imb £7 4 [Ip;" 1 + P57 1] 2 lim limsup V7 (2™ -

—>00 >0
fim $(1— QU+ lim T (o b + p‘”’)um) = lim limsup V7 (x") - 2
—>00 —>0

% nowo

Thus, VI(x) > 11m limsup VT (xV 7(n)) _E

% nwo

The above being true for all & > 0, we get V'(x) > lim limsup V7 (xNt(®),
2% 150

However, lim VT (x™) exists implies lim VT (x™) =limsup VT (xNt™) for all teN.

n—oo
Thus, VI(x) > llm limsup VT (xMNeM) = T (x) > llm llm VT (x™) = llm VT (x™), ie.,
t>% nsew
VI(x) > lim VT (x™).
n—oo

This combined with the continuity of V' on (0, b), lim VT (x) > VI(b) and lim VT (x) > V(0)
X x>
implies lim VT (x) =V(b), lim VT (x) = V(0 ) and hence the continuity of V! on X. Q.E.D.
X x>

7. Linear Optimal Control with Linear and Square-Root Constraints:

The following is an example of a linear optimal control problem that can be relevant for
intertemporal economics.

For all teN°, there exists a pair of real numbers (ay, by) satisfying a; > 0 and a; + bb > 0 and
an ordered pair of non-negative real numbers (ct, d) satisfying d¢ > 0 and c¢ <b, such that for

all xeX, Q(x) = {(u, y)| ue[0, min {x, a+ bx}] and y = min {b, ¢t + di,/ (X — W) }.

Since for all teN?, ¢, < b it must be the case that for all xe X, [u = x implies y = min {b, ¢;} =
Ct.

Note that the function &|— c; + dt\/g on R, assumes the value c; at & = 0 is strictly increasing
on R, is twice continuously differentiable on R, , with its first derivative being strictly
positive and its second derivative being strictly negative at all points in R, ,. Further, the first
derivative diverges to + oo as & tends to zero.

If y <D, then it must be the case that y = ¢ + d,/ (x — u) so that/(x — u)—d—c,1e u=x
_ (X=Cey2
2y,

A LOC problem <((p§t), pzt)), Q)| teN°> is said to be a linear optimal control problem
with linear and square-root constraints (LOC-LSRC) if all (x, t)e XxN°, Q(x) = {(u, y)|

ue[0, min {x, a;+bx}]and y =min {b, c; + diy/ (x — u)}}.
For a LOC-LSRC if <(x, w)|teN*>eF(x), then u;=x; - (EE=)2 if x1y <b.
t

Proposntlon 7.1: Suppose <((p1 , D, )), Q)[teN°> is an LOC-LSRC with a; =0, by =1 and

pz ) 0 for all teNO. Suppose xeX and <(xi, uy)|te N°>eS(x) satisfies 0 < u; < x; < b for all

(t+1) (t+1) (t+1) (t+1)

+ p1 ) — pZ + pl 2
© and Ut = Xt — (W) .
2

teNO. Then, for all teN°, x. = ¢, + & )’y .
P2




Proof: Under the conditions of proposition 7.1 and the assumption that <(x:, u;)[te N°>eS(x),
it follows that <(yt, v)|teN°>e F(x), where y: = X« for all © # t+1, vi = y: for all © ¢ {t, t+1},

(Yt+1 (xt+z—Ct+1

Ve =Xt — £)? and i+l =yl — )? so long as yi+1 belongs to a sufficiently small

de+1
interval around Xt+1.

Thus, for all teN°, (ug, X¢+1) is a local maximizer of the optimization problem: Maximize

(t)u +(p, (t+1) p£t+1))y, subject tou = x¢ — (y;Ct)z.
t

Thus, for all teN°, x.+1 is a local maximizer of the optimization problem: Maximize (p( My

P )y - piP Ly

1 t+1 t
RIS C N p()(y ct

The function y|— (p2 Y?), is continuously differentiable in a

neighborhood of x¢+1. Thus, its derivative at y X¢+1 must be zero.

The derivative of the function y|— p(Hl)y pgt)( )2) in a small interval around X¢+1 is
(t+1) (t+1) t) ,y—ct

(pz + pl ) - 2 ((dt)z)‘

d (t+1) (t+1)
Thus, (p§t+1)+ p§t+1)) 2p§t) (xf(;)zq) 0 and hence Xu| = ¢ G 0? (pzzp(t) )

2
_ (t+1) , _(t+1)

Further, u = x; - (A5)2 = x, — (%)2 Q.E.D.

(d)?

Note 7.1: For teN° and (x, u, y)€Q;, u = x; implies y = min {b, ¢t} = c..

(t+1 t+1 t
1 p(trDyy B2

The right-hand derivative of the function y|— (p2 )2 aty =cis

t+1 t+1
@D+ pHY)y,

(dp)?

Ifu is decreased slightly from its initial value of xi, then the value of y goes up slightly

leading to an increase in the value of the function, if (p§t+1)+ piHl)) > 0.

Thus, assuming (p§t+1)+ pi”l)) > 0 for all teN® may be consistent with the premises of
proposition 7.1, so that the proposition is not “vacuously true”, i.e., a trajectory satisfying the
premises in the statement of proposition 7.1 exists.

Note 7.2: Proposition 7.1 is a characterization of a “specific type” of solution provided such a
solution exists. It does not provide us with enough information to define optimal decision
rules, which are functions on X.

8. Linear Optimal Control with Linear and Quadratic Constraints:

Yet another example of a linear optimal control problem that can be relevant for
intertemporal economics is the following.

For all teN?, there exists a pair of real number (ay, by) satisfying a; > 0 and a; + bb > 0 and an

d
ordered triplet of non-negative real numbers (ct, ds, ¢) satisfying di >0, et>0and ¢t <b < et ,
t



such that for all xeX, Q.(x) = {(u, y)| ue[0, min {x, a; + bix}] and y = min {b, ¢ + d(x- u) -
e(x —w)?}}.

Since for all teN°, ¢, <b it must be the case that for all xeX, [ue {x - %, x} implies y = min
t
{b, Ct} = Ct.

Note that the graph of the function &|— c¢ + di§ - et.fz on R, is an inverted parabola that

. . de)? d
assumes the value c at § = 0, attains its maximum value ¢ + ¢ 42) >0atg= i <
t t

dt+21((dt)2+4etct dt+2\/ (dt)2+49tct

2e¢ 2et
function on R is strictly greater than c.

and assumes the value zero at § = . The maximum value of the

If y <b, then it must be the case that y = ¢ + di(x- u) - ei(x — u)?.

A LOC problem <((p£t), pzt)), Q)| teN®> is said to be a linear optimal control problem
with linear and quadratic constraints (LOC-LQC) if all (x, t)e XxN°, Qy(x) = {(u, y)|
ue[0, min {x, a; + bx}] and y = min {b, c; + di(x- u) - es(x — u)?}}.

Note 8.1: For a LOC-LQC if <(x, u()[te N> F(x), then x¢+1 = ¢ + di(x¢ - wy) - el(xp — up)? if

Xt+1 <b.

Further, X¢+1€[ct, b]. If X¢+1 = ¢¢ then uce {xq, X - —} for all teN°. However, uy< x,<b < T <
t

de dy
1mp11es U = X¢ — < 0, which is not possible since ut = 0. Thus, if x¢+1 = ¢ then uc =

Also, note that on the set of {ue[0, x(]| ¢t + di(x(- u) - e(x; — u)? < b}, the function u|— ¢+
di(xe- u) - el(x; — w)? is a strictly increasing and strictly concave function of u. The fact that it
is strictly increasing function of u on {ue[0, x| c; + di(x¢- u) - e(x; — u)? <b} implies that

de+3/(de)? +4ee(c—y)

2et

if y = ¢+ di(x¢- u) - el(x; — u)? for any u in this set, then u = x, - ,1.e., U #

_de— ) +ae(ce—y)

2et

Proposition 8.1: Suppose <((p1 , pzt)), Q))|teN?> is an LOC-LQC with a, =0, by =1,
pltﬂ) + p(t+1)> 0 and (d;)? + 4e.(c; — b) > 0, for all teN°. Suppose xeX and <(xi,
w)|te NO>e §(x) satisfies 0 < u¢ < x¢ <b for all teN°. Then, for all teN°, u¢=x; -

( (t+1) (t+1))d p(t)

(t+1))e

+p

5 (p§t+1)

+p

Proof: Under the conditions of proposition 8.1 and the assumption that <(x:, u;)[te N°>eS(x),
it follows that <(ys, vi)[te N°>eF(x), where yr = x« for all © # t+1, vi = uc for all © ¢ {t, t+1},
Y1 =Ct t dt(Xt Vt) et(xt - Ut) , X2 =Ct t+ dt(yt+1 - Vt+1) et(ytﬂ - vt+1) SO long as Vi,
belongs to a sufficiently small interval of uy, so that y«+1 remains in a sufficiently small
neighborhood of x¢+1 and y+1 <b.

2
der1+V(des)?+4€e1(Coar—Xer2)
2ety1 '

Xer2 = e+ di(yert - Virt) - e(Vea1 — Verp)? implies virr = yer -



Hence, if v remains in a sufficiently small neighborhood of uy, vi+1 remains close to ue+1 and
satisfies 0 < ve+1 < yi+1.

Thus, for all te N°: (uy, x¢+1) is a local maximizer of the optimization problem: Maximize

P u+ P+ pl )y, subject to y = ¢+ dixi- w) - e (o — ).

Hence, for all teN°: u; is a local maximizer of the optimization problem: Maximize p( u+

(p1t+1)+ p(Hl))(Ct + di(x¢- u) - el(x; — u)?) which in turn is equivalent to the statement, [for

all teN°: uy is a local maximizer of the optimization problem: Maximize p u+ (p(t+1)+

P (di(xe- u) - e(xe — w)?)).

(E+1) 4 p(t+1)> 0, the function u|— pgt)u + (p§t+1)+ pé”l))(dt(m -

u) - e(x; — u)?) on [c, b] is continuously differentiable and locally strictly concave in a
neighborhood of u:. Thus, its derivative at u = u; must be zero.

Since we have assumed p;

The derivative of the function uj— p(t)u + (p§t+1)+ pé”l))(ct +di(xi-u) - el(x; —u)?)ina
small interval around uy is p, ©_ (p§t+1)+ p§t+1))dt + 2(p§t+1)+ pé”l))et(xt -u)

Thus, pgt) (p§t+1)+ p§t+1))dt + 2(p£t+1)+ p§t+1))et(Xt— u;) = 0 implies x¢— u; =

( (t+1)+p(t+1)>d pgt) - (p§t+1) p(t+1)) t_pgt)
2(p§t+1) (t+1)) o so that u¢ = x; - 20 gt+1) (t+1))€t
B (p§t+1)+ ng—l))d pgt) (p§t+1)+ pé”l))dt pgt) 5
Hence x¢+1 = ¢t + di( (G (t+1) ) — e T+, (t+D) )~ Q.E.D.
( 1 ) t 2( 1 + pz )
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