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Abstract

We consider discrete-time infinite-horizon optimal control problems with a linear objective
function. For an important subclass of such problems, we provide a necessary condition and a
somewhat stronger sufficient condition for optimality in terms of linear programming
problems. For absolutely convergent linear optimal control problems, we prove the existence
of a solution, the necessity of a Euler and transversality conditions for a solution and the
sufficiency of competitive condition and a different transversality condition for a solution.
We show that the satisfaction of a “functional equation of dynamic programming” is
necessary and sufficient for a trajectory to solve the optimization problem. Under the
additional assumption, namely, “concave in pay-offs for the control variable”, being satisfied
by absolutely convergent linear optimal control problems, we show that the optimal value
functions are concave and continuous. We obtain closed form solutions for such problems
under the assumption that there is a state transition function that is strictly increasing and
strictly concave in the gap variable and satisfy mild interiority conditions.
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1. Introduction:

While programming in linear spaces originates in the work of Hurwicz (1958), its use in
economics- particularly programming in infinite dimensional linear spaces- has primarily
been in the context of infinite horizon dynamic optimization, whose abstract analysis is best
known in the work of Gale (1968). There may have been others who discussed specific
examples of dynamic optimizations prior to the work of Gale (1967), but the “reduced form
model” that is discussed in the survey paper of Mitra (2000) is very much in the tradition of
Gale (1967). A more recent survey of dynamic optimization can be found in chapter 5 of
Sorger (2015). The continuous version of the reduced form model of dynamic optimization is
what is known as “calculus of variation”. A generalization of calculus of variation is what is
known as optimal control theory. Blot and Hayek (2014) presents a discussion of “infinite
horizon optimal control in the discrete-time framework™. Our purpose here is to begin an
investigation of infinite horizon optimal control in the discrete-time framework, assuming
that the objective function is linear.



While linearity of the objective function may appear to be a special case of a significantly
more general context, this “supposed generality” is often based on the strict-concavity (if not
the existence of non-zero second derivatives of the instantaneous pay-off functions) which
become “inapplicable” once linearity of the objective function is assumed. Thus, linearity is
not a special case of the theory of discrete-time dynamic optimization as it has in reality been
applied in economics. The discrete-time infinite horizon reduced form model with linear
objective function has been discussed in Lahiri (2025b, Lahiri 2025¢). However, the reduced
form model becomes a special case of optimal control, once at any point in time, for a given
pair of current and future values of the state variable, more than one value of the control
variable is compatible with the pair, and the choice of the control variable affects the value of
the objective function. This, for instance is the case discussed in section three for “linear
optimal control problems with linear constraints”, when the evolution of the state-variable at
times, is independent of the chosen control variable.

In order to emphasize concepts without imposing a huge mathematical load, we assume that
both the state variable and the control variable are real-valued, instead of being multi-
dimensional as in Blot and Hayek (2014). Even under such simplification, the model enjoys
considerable “traction” for the purpose of proving results that are conceptually powerful.

In section 2 we develop the framework of analysis. In section 3, we present the model of
linear optimal control with all constraints for the control variable being linear upper bounds
and the dynamics of the state variable being governed by a linear equation. We refer to such a
problem as a linear optimal control problems with linear constraints. This model is an
example of the model we develop in section 2. In section 4 we define the optimality criteria
that we are concerned with and provide one necessary condition and a somewhat stronger
sufficient condition for optimality for linear optimal control problems with linear constraints
in terms of linear programming problems. In section 4, we also define a subclass of linear
optimal control problems for which our first result in section 5 is about the existence of a
(optimal) solution. We refer to the sub-class of problems for which a solution is shown to
exist as “absolutely convergent linear optimal control problems”. A corollary of the existence
result provides a “closed form” solution of period-wise optimal decision rules for linear
optimal control problems whose state-transition is defined by a single linear equation that
does not depend on the control variable and the control variable cannot assume a value that
exceeds the current value of the state variable. The next result says that an “Euler-type”
condition as well as a version of “transversality condition” are necessary conditions for a
solution and the last result in section 5 proves that the “competitive condition” along with a
different “transversality condition” is sufficient for optimality.

The existence of the optimal value function is an immediate consequence of the existence
result in section 5. Our first result in section 6, shows that the optimal value function satisfies
the “functional equation of dynamic programming” and that the satisfaction of the “functional
equation of dynamic programming” is necessary and sufficient for a trajectory to solve the
optimization problem. None of the results obtained up to this point in the context of the
general model, require the convexity of time-dependent two-period constraint sets, consisting
of feasible triplets of a value of the current state, a value of the control variable and a value of
the future state. In the case of linear constraints- which is an example- convexity of the two-
period constraint sets, is an endogenous property of the model. However, our second result in
section 6 concerning the concavity and continuity of the optimal value function, requires that



the two-period constraint sets satisfy “some kind” of convexity property. We refer to the
property that we require the linear optimal control problem to satisfy as “‘concave in pay-offs
for the control variable”.

In sections 7 and 8, we consider absolutely convergent linear optimal control problems with a
state transition function which is a strictly increasing and strictly concave function of the
difference between the state variable and control variable for the current period. The
difference may be viewed as a “gap variable”. The value of the control variable is constrained
to lie in the closed interval, whose left-hand end point is zero and the right-hand end point is
the minimum of the current value of the state variable and an affine function of the same
current value. Under “interiority conditions” for both state and control variables, we are able
to obtain explicit formulas for the evolution of state variable and control variable. Although
the definition of the state transition function requires the function to be either an affine
function of the square root of the gap variable or a quadratic function of the gap variable, the
model is quite general since the state transition function depends on additive and
multiplicative parameters.

As shown in Lahiri (2025d), the calculus of polynomials required in this paper, can be
developed using the ordered-field properties of the real number system and no more.

2. Framework of Analysis:

Let X =[0, b] < R (the set of real numbers), with b > 0 be such that set of available
alternatives at any time period is a non-empty subset of XxX. Given a current realization
xe X of the state variable that was chosen in the immediately previous time-period, a typical
alternative that is “chosen” during the current period is an ordered pair (u, y)e XxX, where u
is the value of the control variable chosen for the current period and ‘y’ is the value of the
state variable that will be realized (as an inheritance) in the immediately next period. Based
on the realization (x, u) during the current period an instantaneous pay-off is realized by the
decision maker.

With N denoting the set of natural number (i.e., the set of strictly positive integers) let N°
denote NU{0}, i.e., the set of non-negative integers. Time is measured in discrete periods
te N°. At each time-period ‘t’ an alternative (state variable-control variable pair) is realized,
and the chosen alternative is denoted by (X, ur)e XxX. While x; is an “inheritance” in the
current period, u, is chosen during the current period.

At each time-period te N, Q, c XxXxX is the two-period constraint set at time-period t,
satisfying the following properties:

(i) Q is a non-empty and closed subset of XxXxX.
(i) For all xe X, {(u, y)e XxXI (x, u, y)e Q} # 0.

For te N°, (x, u, y)e Q can be interpreted in the following manner: given that xe X is the
realization of the state variable at time-period t, it is possible to choose the pair (u, y)e XxX
at time-period t.

For all (x, t)e XXN?, let Qi(x) = {(u, y)e XxXI (x, u, y)e Q}.



By (ii) for all (x, t)e XxN°, Q(x) # ¢ and thus by (i) Q(x) is a non-empty and closed subset
of XxX.

For xe X, let F(x) = {<(xy, uo)lte NO>| (x, ug, Xu1)e Q, te N, xo = x}.

We will (whenever necessary) refer to an infinite sequence <(xi, uy)lte N’ >e F(x) as a
trajectory starting at (from) x.

Clearly, F(x) is non-empty for all xe X.

Let <(p§t), 122 )) | te N°> be a sequence of pairs of real numbers. If x is the realization of the

state variable at time-period t and u is the choice of the control variable at time period ‘t’, the
instantaneous pay-off received by the decision-maker at time period ‘t’ is pg x + pgt) u.

We shall refer to the array <((p1 . Dy )), Q)| te N%> as the linear optimal control (LOC)
problem.

For what follows we assume that <(( 111 ,_112 ),Q}I teN®> is a given LOC problem. As and
when necessary, we will impose additional assumptions on this LOC problem.

3. Linear optimal control problems with linear constraints:

A very important and interesting type of LOC problem is one in which for all te N°, there
exists a matrix [A'l B'] with a finite number of rows and two-columns and a point (c', d',
e')e R3 such that for all (x, t)e XxN°, (u, y)e Qu(x) if and only if [(u, y)e XxX, u < A} + Bix
where for every i the ordered pair (A¢IBY) is the i row of the matrix [A'| B'] and y = ¢' + d'x
+ e'u]. We shall refer to such an LOC problem as a linear optimal control problem with
linear constraints (or an LOC-LC problem).

t
Note 3.1: u < A! + Bix for every i, y = ¢' + d'x + e'u and d' # 0 implies u < At+Bt(y ¢ —clu

)

. et ct Bt .
ie., u(l—Bf—J < (A?—BFE) +—7y for every i. However, since y = ¢! + d'x + e'u, the chosen pair

(u, y) depends on x. On the other hand, if d; = 0, then x does not play any role in determining
y, but x 1mposes an upper bound on the ch01ce of u If d'=0, then y = c' + ' u. Further, if for

every i, l—BL- ? > 0, then u(1-B¢ —t) < (AL-B iE) + Ey for every i, implies u < af + Bty for

Ab— B B

. . gt t
every i, where for every i, a} = < and Bt =—¢ —.
- ldt Pt

We will_represent an LOC-LC problem by <((p”, p), [A'I BY, (c\.d',e")l te NO>.

In the case of a LOC-LC problem it is easy to see that, for all te N°, Q is a non-empty, closed
and “convex” subset of XXXXxX. Thus, in the case of a LOC-LC, for all xe X, F(x) is a non-
empty and convex set.

The number of rows of the matrix [A'| B'] may vary with the time-period.

Since for all (x, t)e XxNUO it is the case that Qu(x) # ¢ it must be that for all te NO, Q(0) # ¢,
Qb ) # ¢ and both €(0) as well as Q(b) are closed and convex subsets of [0, b]x [0, b].



Thus, it must be the case that for all te N°, At > 0 and AY + Btb > 0 for all i, i.e., min{Afl
(AYIBY) is the i row of [A!I B']} > 0 and min{ A} + B!bl (A%IB?Y) is the i row of [A!| BY]}> 0.

Since for xe (0, b), x = (1- %)0 + %b, it follows from above that for all xe [0, b], min{A¢ + B¢xl
(AYIBY) is the i row of [A!'I B']}>0

Similarly, ©(0) # ¢ implies that there exists ue [0, min{ A}l (A!IBY) is the i row of [A'| BY]}]
satisfying u < b and c' + e'ue [0, b].

Q(b) # ¢ implies that there exists ve [0, min{A¢ + Bibl (A!IB}) is the i row of [A' | BY]}]
satisfying v <b and c' + d'b + e've [0, b].

Since for xe (0, b), x = (1- )0 + 3b, if for ue [0, min{Afl (A{IB{) is the i row of [A'| B}
satisfying u < b we have c' + e'ue [0, b] and for ve [0, min{ A} + Bibl (ALIB}) is the i row of
[A'I B']}] satisfying v < b we have ¢' + d'b + e've [0, b], then for w = (1- %)u + fv, we get c' +

dx + etve [0, b]. ’
Thus, for a LOC-LC problem the following conditions are required for all te N°:
(i) min{ A%I(A8IBY) is the i row of [A'| B} > 0.

(ii) min{ A} + B!bl(A%IBY) is the i row of [A'I BY}> 0.

(iii) There exists ue [0, min{ A¢I(A%IBY) is the i row of [A'| BY]}] satisfying u < b and c' +
eue [0, b].

(iv) For some ve [0, min{A} + B!bl(ALIBY) is the i row of [A!| BY]}] satisfying v < b, we have
ct +db + etve [0, b].

Of particular interest is a (1x1)-LOC-LC problem in which for all te NO, the matrix [A'| BY]
has a single row given by the ordered pair (a', b").

For a (1x1)-LOC-LC problem, for all (x, t) € XxN%: Q(x) = {(u, y)e XxXI such that u < a' +
b'x and y = c'+ d'x + e'u}.

We will represent a (1x1)-LOC-LC problem by <((p'”, p\?), (', bY), (¢!, d', &)l te N>,
For a (1x1)-LOC-LC problem the following conditions are required for all te N°:

(1) a'>0.

(ii) a'+ b'b > 0.

(iii) For some ue [0, a'] satisfying u < b, c' + e'ue [0, b].

(iv) For some ve [0, a' + b'b] satisfying v < b, we have c' + d'b + e'ue [0, b].

y—ct—dtx y—ct—dtx

If for all te N°, it is the case that e' # 0, then for all te N°, u = oS0 that
b'x.

<at+

et

Thus, for a (1x1)-LOC-LC problem satisfying e' # 0 for all te N° then for all (x, t)e XxN°,
there is a single state transition constraint given by ye [0, min {b, a'e' + b'e'x + (c' + d'x)}] if



e'> 0 and ye [max {0, a'e' + b'e'x + (c' + d'x)}, b] if e' < 0. In this case, p1 x+p2 u= p1 )x +

'pgt) ¥ Ce d'x , which is a linear function of x and y. This, model has been discussed in detail in
Lahiri (2025c¢).

Thus, in the case of (1x1)-LOC-LC problem, our analysis would go beyond what has already
been discussed in Lahiri (2025c¢), only if e' = 0 for some te N°, the latter being a very
reasonable possibility. In fact, if for some te N°, e! = 0, then the corresponding (1x1)-LOC-
LC problem is an example of several values of the control variable chosen at time-period t,
being compatible with each value of the state variable for time-period t+1, thereby illustrating
that our model of linear optimal control discussed here is a generalization of the linear
dynamic optimization model discussed in Lahiri (2025b, 2025c¢), the latter being motivated
by the reduced form model in Mitra (2000) and Sorger (2015).

If e' = 0 for all te N°, then for all xe X: <(x,, u)lte N’ >e F(x) if and only if u, < a' + b'x, and
X1 = ¢t + d'x, for all te N°,

4. Optimal solution:

We will now consider the following optimization problem denoted OPT:

Given xe X, Maximize ¥~ . [pgt)xt + pgt)ut] subject to the infinite sequence satisfying the

constraints: (X, U, Xu1)€ 4, te N, x0 = x.

Note 4.1: The exact mathematical interpretation of the expression (formula) ZZO ['pgt)xt +

pgt)ut] is %1_1)’{)10 (ZtT=O [pgt)xt + pgt)ut] ). Thus, the problem we are concerned with here is in

the domain of asymptotic analysis, which is very different from infinite dimensional analysis.

Let S(x) = {<xdte N%>e Fx)I B2, 0% + pPu] 237 0Py, + p3v,] for all <(ys,
wWite N’>e F(x)}.

S(x) is the set of solutions starting from x for OPT.

For all Te N°, and xe X, let FT(x) = {<(xy, uo) It = T>| (xq, uy, Xer1)€ Q¢ for all t > T and xt = x}.

For Te N? and ye X, <(xi, w)lt >T>e FT(x) may be referred to as a trajectory starting at
(from) x at time-period T.

It is easy to see that for all Te N° and xe X, FT(x) is non-empty.

Given (x, T)e XxN°, we will denote the following optimization problem by OPT-T:

Maximize Z::T [pgt)yt + pgt)vt] subject to < (y;, v,)| t=>T >e FT (x)
For (x, T)e XxN°, §T(x) is the set of solutions starting from x for OPT-T, i.e., ST(x)

t
= argmax Zt _r [p( )xt + p2 ut]
<(xpup)| t=T>eFT (x)

Clearly, F(x) = F(x) and $§%(x) = §(x) for all xe X.



For all Te N° the correspondence h™: X —-—XxX defined by h™(x) = argmax (pgT)u +
(wy)eQr(x)
VT+1(y)) is said to be the optimal period-T decision rule.

We now provide one necessary condition and a somewhat stronger sufficient condition for
optimality for an LOC-LC in terms of linear programming problems.

Proposition 4.1: Let <((pgt), pgt)), [A'] BY, (c.d,e"))l te N> be an LOC-LC problem and
suppose that for some xeX, <(x, u)lte N> F(x).

Part 1: If <(x,, u)lte N®>e S(x) then for all Te N, <(x,, u)lt =0, 1, ..., T> solves the

following linear programming problem: Maximize ZtT=0 [pgt)yt + pgt)vt], subject to v < Af +
Bly foreveryiand vi<bforallt=0,1, ..., T, yui =c' +dyc+e'viand yi<b forall t =0, ...,

T-1, yo=x0=X,y¢>0,v(>0, forallt=0, 1, ..., T, & both yr = X1, vr = ur.

Part 2: If for all Te N, <(x;, u)lt =0, 1, ..., T> solves the following linear programming

problem: Maximize ZtT:o [pgt) Ve + pgt)vt], subject to vi < A! + Bly, for every i and v <b for

allt=0,1,...,T,ysi=c'+dyi+e'viandy <bforallt=0, ..., T-1, yo=X0 =X, y¢ > 0, v( >
0,forallt=0, 1, ..., T, then <(x, u)lte N%>e S(x).

Proof: Part 1: Suppose <(x;, u)lte N®>e §(x) and towards a contradiction suppose that for
some Te N,, there exists <(yi, v)lt =0, 1, ..., T> such that

(i) vi< Al + Bty foreveryiand vi<bforallt=0,1, ..., T,
(i1) yw1 =c'+d'yi+e'viandyc<bforallt=0, ..., T-1,

(1i1) yo = Xo = X, YT = XT, VT = UT,

(iv) y¢>0,v¢>0,forallt=0,1, ..., T, and

W T Py +pPv] > B 0% + Y ue].

Let <(z:, wy)lte N°> be such that that (z, wi) = (y, vi) forall t=0, 1, ..., T, (z, o) = (X, ) for
allt>T.

Since yo = X0 = X, YT = XT, VT = U, it is easily verified that <(z, w)lte N°> € F(x).

Thus, 2;020 [P(f)zt + Pgt)Wt] = Ztho [Pgt)}’t + P%t)vt] + Z;o:m.l [pgt)xt + pgt)ut] >
S % + 0P ud + X0 0P+ pPu] = 32 0% + pY .

This contradicts, <(x., u)lte N°>e §(x) and proves Part 1.

Part 2: Suppose that for all Te N, <(x., u)lt =0, 1, ..., T> solves the following linear

programming problem: Maximize ZtT=O ['pgt)yt + 'pg)vt], subject to vi < Af + Bly, for every i

and vi<bforallt=0,1,...,T,ys1=c'+d'yc+e'viandy<bforallt=0, ..., T-1, yo=x0 =
X, y¢=0,v¢>0,forallt=0, 1, ..., T. Towards a contradiction suppose that <(x,
w)lte NO>¢ S(x).



Thus, there exists <(yi, Wit = 0, 1, ..., T>e F(x) such that ¥."_ [p"y, + pPv,] >

2 00y + pPv] > 32 [p(”xt +pPu,].

® ® ® ®

By note 4.1, lim ¥{_, [P7y: +p3 vl = ZiZ, [P ye + P ve] > 207 [P x, + p§u] =

lim ¥

t t
A 2ie—o [p( )xt + Pg )ut]

Thus, there exists T"e N, such that for all Te N satisfying T > T", it must be the case that
3o [0V ye + 050 > B 1% + p3w].

Since <(yi, volt=0, 1, ..., T>e F(x), vi < A + Bly foreveryiand vi<b forall t =0, 1, ..., T",
yui=c +dyc+eviand y <bforallt=0, ..., T-1,yo=xo=X, y¢>0, v¢>0, forall t = 0,
1,...,T.

This contradicts our assumption that <(x;, uy)lt =0, 1, ..., T> solves the following linear
programming problem in the statement of Part 2 of this proposition and thus proves Part 2.
Q.E.D.

Note 4.1: The sufficient condition is stronger than the necessary condition because the
constraints on the terminal values of the state and control variables in the linear programming
problem in the necessary condition (i.e., in Part 1) are “absent” from the constraints in the
linear programming problem in the sufficient condition (i.e., in Part 2).

As in Mitra (2000), Sorger (2015) and Lahiri (2025b) (among numerous others) we, in the
rest of this paper be concerned with an optimality criterion that requires the following
“Absolute Convergence” condition.

The LOC problem <((p1 , 'pgt)) Q)| te N> is said to satisfy Absolute Convergence if for

ie {1,2},21‘:0|p§t>| < +oo,

If <((p§t), p; )) Q)| te N%> satisfies Absolute Convergence, then we may refer to <((p§t),
(t)) Q)| te N°> as an Absolutely Convergent LOC (AC-LOC) problem.

Let <((pgt), P, )) Q) te N°> be an AC-LOC problem. Thus, for all sequence <(xi, ut)lte NO>

with (xi, u)e XxX for all te N°, it must be the case that lim |p1 xt| =0, lim |p2 u| =0,
t—>00 t—o00

22 1%, €10, b3, 1711 and 7 1p$Pw ] [0, b, IpS 1.

Let M = max{bYr~, IP\1, bE2) [pS 1} < oo,
Thus, for all sequence <(x:, uy)lte N> with (x,, u))e XxX for all te N, it must be the case that
2000 PP + pPu] 1 <320 10P% + Yl <372 x| + [p ] < 2M

5. Existence of solution, “Euler type”’ condition, competitive condition, and
transversality condition:



The proof of the following proposition is analogous to the proof of proposition 4.1 in Lahiri
(2025b).

Proposition 5.1: Let <((p\", p”), QI te N®> be an AC-LOC problem. S7(x) # ¢ for all (x,
T)e XxN°. Hence, the optimal period-T decision rule hT is non-empty valued for all Te N°.

Proof: Let (x, T)e XxN°.

Qi XxXxX = [0, b]x[0, b]x[0, b] for all te N° and hence as noted in section 3, for all
sequence <(x, uy)lte N> with (x;, u)e XxX for all te N, it must be the case that

oo t t oo t t oo t t
22 03P + pPu] 1 <22 1pPx + pPul <327 [IpPx ] + pFw]] < 2M.

In particular, for all sequence <(x., uylte N°> with (x,, u)e XxX for all te N°, it must be the

case that IX,7, [7x, + 5 w] | < B2 Ip{ % + P ul < 520 (1957 + [P uel] < 2M.

Let <(ys, volt > T>€ F(x). Clearly, 2M < 3 [p\Py, + pYv,] <2M.

Thus, S(x) = sup { %27 [P Y: + P3 vlI<(ye VIt 2 T>e FT(x)} < +oo.

Thus, there is a sequence of infinite sequences <<(x§n), uﬁ"))| t > T>| ne N> in FT(x) such that
for all ne N, S(x) - = < 57 [p7x” + pPu™]

Since, <(x¥21, u;?l)l ne N> is a sequence in the closed and bounded set XXX, it has a

N N .
convergent subsequence <(ij_(1n), uTj_(ln))Ine N> converging to (x3,1, ud,1)e XxX.

Further, (x, u;"), xy}r(ln))e Qr for all ne N implies (x, u%, xgﬂ)e Qr since Qr is closed.

Ni(n)

Ni(n)
T2 > Uryy )Ine N>,

Consider the sequence <(x
By an argument similar to the one in the previous step, it has a convergent subsequence

<(x¥i(2n), ugi(zn))l ne N> converging to (x5, u%, ,)e XxX.

. N N . N
Since, <(x; f_(l"), Uy f_(ln))l ne N> is a subsequence of the convergent subsequence <(x'

T+1
uyj_(ln))l ne N>, it must be the case that <(x¥f_(1n), ugf_(ln)l ne N> converges to (X1, uS, ).

No(n Ny(n No(n ..
The sequence <(xT_f_(1 ), qu_(l ), xT_f_(Z ))l ne N> is in Qr+1 and converges to (1, ud g, X0

- - 0 0 0
Since Q41 is closed (X741, Upyq, UTy2)E QT41.

Having obtained convergent subsequences <(x¥i(rn_)1, uyi(rn_)l, xyi(rn))l ne N>e Qr.r for all T

_ Nep1(m) o Nep1(m) | Nepr(n)
=1, ..., tforsome t>1,let<(x;}, 7, upyy , xp,, | ne N>be a convergent subsequence

of the sequence <(x¥i(tn ), uyi(tn ), xgi(tn lel ne N> in the closed and bounded set XxXxX,

. . Ni(n N¢(n N:(n
converging to (x%, ., ud,,, X0, ,41)e XxXxX. Since, <(th+(t ), uT_i(t ), xTi(t lel ne N>e Qry and

Q. is a closed subset of XxXxX, it must be the case that (x2,,, U, ;, X, 11 1)€ Q.



Consider the sequence <(x3.,,, ul, Ite N°>. Since, (x9,,, b X9, 14 1)€ Q for all te N,

where x = x, it must be the case that <x?, ,Ite N >e F(x).

oo T T
Thus, ¥, [P§ +t)xT+t"' p; +t)uT+t] < S(x).

We wish to show that ¥ > =0 [p§T+t)xT+t+ p;TH)uTH] = S(x).

. N
Since, for all te N°, <ij_(T")I ne N> converges to x°  and (ij_(T"), quI_(T"), ij_(gl)e Qr.z, for

T+T
all T <tand ne N, given € > 0, for all te N, there exists a sequence <n{dte N> in N satisfying

ne+1 > ng for all te N such that for all ne N withn > n;and t <t, (xTi(Tn), uTi(Tn), i(rrfal)e Qriz

T+ T+ T+17) N T N ) T+1) N
and Ip( T)XTJrT +pg T)uTJrT —pg R Ti&") pg ) Ti(T")I <—( )t i.e., pg H)XT_’;(:) +

T+7) N T+ T+ T+1) N T+7)_ N €1
pY w20y pT O, 4p Pud > plT IR 4 pi O Sy

E)T =237 ()T=21-6)) and 1y ™

=x for all (t,
7=08 ~2 T=0 "2

Notethatz 8(2)t<2
n)e Nx N.

Thus, for all te N, Z [ (TH)XTJrT +pgT+T)uTJrT >Z [pgT+T)X¥i(:) + pgT+T)u¥i(:)]

£1- 6 forall n 2 n.

ForallteN: X°_ [p{ “xqi%” + p§ Pupi®]> S0 - N 1 R O

Ui ¢(1) ZT=t+1 +

pgT+T)u¥i(T )] for all n 2 n.
Thus, for all te N, Z NI (TH)XTJ,T +p§T+T)uT+T] >Z NI §T+T)x¥i(: ) 4+ pgT+T)u¥i(Tn)]
£ (T+7) Ne(n) (T+7) Ne(m)7 € 1y
(1 ( )5 > S(X) - N(n) ZT i [Pi " “Xrir * Py upi]-7(1-()) foralln>ne.
Thus, for all te N, 2 [ (T+T)XT  t pgT+T)uT L]+ 27 [p§T+T)x¥i(Tn) + pgT+T)u¥i(T")] >

T=t+1

1

£ 1,
Voo~ aU- @) foralln2n.

S(x) -

By hypothesis, Z o Ip(t)l < + oo forie {1, 2} and for all (t, n)e N°xN, both xT+t €0, b] and
u;ﬁ)te [0, b].

Thus, for all te N and n > n,,

%

(T+7)_N; (T+7). N;

T N T N
[ x|+ S Pugs =2 eI + p§ e

T+t T+t

[Ip

T=t+1 T=t+1

For all te N and ne N, x(n)e [0, b] and ugn)e [0, b] implies for all te N and n 2> n,,

T T T T N
NN 112 R 1 R D et |12 (R MR P R AR

T=t+1 T=t+1



Further, for all te N and n > n,, 2 [I'p(Tﬂ)l Ne(n) (FHD)) el

—t4+1 T+T + Ip T+‘l.' ] 2

oo (T+1)_N¢(n) (T+T) N¢(n)
ZT=t+1 [P T+r TPy Urg |

Thus, for all teN, X°_ [P “xfye +p5 Pudid #0287 [Ipy 1+ Ip5 VN2

T=t+1
T+ T+ oo T+7)_N T+7). N £
RN | TS R I e | S e S RNV R = B (B

T=t+1 Ne(n) 4

(E)t) for all n = n..

Thus, for all te N, 3 [p 0%+ 09, 1+ by [|p(T+T)| +1p7 1] > S(x) -

T=
-  _ I t
N() 4(1 ( )Y for all n > n..
Thus, forall €N, X°_ [p 0y e+ 0] +bZT [|p(T+T)| +1p5 7)) 2 8(x) -
fa-&y=s 1- @) I =0
lim =5 - @) =5() - —( ()) since lim (n) .
Thus, for all te N, 3 [p 00 e+l +bYT [|p(T+T)| +1pT 2 S(x) -

£, 1,
-G

Since lim%(1— (3)) =sand lim 3 [ "xdyc +p5 Pud 1 =35 [P Oxh, +

(T+1)

T+ T+
Py Wi weget X7 [( x} g

T T+
Xoe +05 Dud+lim b [Py O]+ Iy O 2

T=t+1

S(x) - f

Since, for all te N, Z;O_Hl ngf)l < + oo forie {1, 2}, it must be the case that

T+ T+
limby> [y "+ 1Py 1=
oo T T 6'
Thus, %7 [Py “xdie +P5 ubia] 2800 -7

[ (T+7)_ 0 (T+7)

Since the above holds for all € > 0, we get Z P, X3 + 12 uly ] > SX).

oo T T
Thus, %7 [P) xbie +P5 ufidd = S.

Thus for ST(x) # ¢ and (u?, x>, ;)eh™(x). Hence, h"(x) # ¢. Q. E. D.



Note 5.1: For the iterative process outlined above we are unaware of any possibility of it
“invariably” converging to a strictly increasing sequence <N«(n)lne N> such that for all te N°,
(Ve gyt X, f’l(") )e Q for all neN and <(x¥*™, 1) ne N> converges to (x?, u?).
However, in appendlx A.2 (entitled “A Diagonal Process of Cantor”) of Blot and Hayek
(2014), it seems to be indicated (provided our understanding is correct), that for all te NO, the
subsequence <(xT_’”;En), uTi(tn))I ne N> derived from the construction in the proof above,

converges to (X9, ud,,).

In section 3, we defined a (1x1)-LOC-LC <((p§t), 12 )) (', bY), (c, d, e"l te N°>, such that

for all (x, t) € XXN°: Qu(x) = {(u, y)e XxX| such thatu < a' + b'’x and y = c' + d'x + e'u}. We
also discussed in section 3, the implications on the parameters that define such an LOC.

An immediate and interesting consequence of proposition 5.1 is the following corollary.

Corollary 1 of proposition 5.1: Suppose <((p1 . D3 )) @@, by, (¢, d4, "l te N°> is an

absolutely convergent (1x1)-LOC-LC. If for some Te N it is the case that e' = 0 and p, #0
for all t > T, then, for all xe X: <(x, uylt > T>e 8T (x) if and only if for all t > T: X1 = c' +

(t)
dx¢ and u; = max { Nor (a' + b'x¢), 0}. Thus, for all t > T and xe X, it must be that h'(x) = (max

®

®
{|pft) (a' + b'x), 0}, ¢! + d'x), so that h' is continuous on X.

Proof: We know from proposition 5.1 that for all xe X, 87 (x) # ¢. Recall that for all (x,
t)e XxX, a' + b'x 2 0 and e =0 for all t > T implies, c', c' + d'be [0, b]. The rest follows from
the requirements in the statement of this corollary. Q.E.D.

The next result is an “Euler-type” necessary condition for a solution.

Proposition 5.2: Let <(('p§t), p; )), Q)| te N> be an AC-LOC problem. For xe X, let <(xi,
w)lte NO>e S(x).

(i) Suppose that for some Te N, and (v, y)e Qr.1(XT.1) it is the case that given € > 0, there
exists <(vrs, yr+lte NO>e FI(y) satisfying Vi1 — urse1l < €lv — uril and lyra — xredd < €ly —

xtl if y # xr for all te N. Then p{"(y — x1) + p{ (v — ur1) 0.

Gi) Tim (|p$2)x + [0S ue) = 0.
t—>co

Proof: (i) Suppose that for some Te N, and (v, y)e Qr.1(XT.1) it is the case that given € > 0,
there exists <(Vrs, yr+o)lte N'>e F1(y) satisfying Vrse1 — urscil < €lv —uril and lyrs — X <
ely — xtl if y # x1 for all te N.

Towards a contradiction suppose that pgT) (y — x1) + pgT_l)(V —ur.1) > 0 and let € > 0 be such

that P )(y XT) + pZ )(V ur.y) > 8(|y Xllzt i Ip(t)l +1Iv-ur 1|Zt C I (t— 1)|)

This is possible since we have assumed towards a contradiction that p; )(y XT) + p2 )(v -
ur.1) > 0.



Let <(zi, wy)lte NO>e FX)suchthat zi=xfort=0, ..., T-1, wrai =v, wi=ucfort =0, ..., T-2
(provided T =22), zr=y, z+1 =y and we= veforall t 2 T.

If for t = T+1, pgt) >0, then pgt)yt > p&t)xt - epgt)ly - xrl.

If for t 2 T+1, pgt) <0, then pgt)yt 2 pgt)xt +£p§t)ly —xrl.

Thus, for t > T+1, pgt)yt > pgt)xt - elpgt) [ly — xTl

If for t > T+1, pgt_l) >0, then pgt_l)vt-l > pgt_l)lh-l' Epg_l)lv —ur1l.
If for t > T+1, pgt_l) <0, then pg_l)vt-l > pgt_l)ut-ﬁ spgt_l)lv —u-l.
Thus, for t > T+1, pgt_l)vt-l > pgt_l)ut-l— € ngt_l)llv —url.

Case 1: T=1.

Hence, T—-1=0.

oo 0 0 1 1 oo 0
Thus, 77 [p30 20+ 0w = pPx + pSv + pPy + pSvi + 272 0Py pPv1 = pOx +

0 1 oo t t—1
Y+ 0y + 207, [Pyt Py vl

o -1 oo co -1
2, POyt 0 Pv 1 =370, 00y + 207, 0 PV

co 0 0 1 oo -1 0
Thus, ¥.°7 [0 24 0P, = pOx + 0PV + pPy + 377 0Py py P11 =pOx +

0 1 oo oo -1
PV + oy + 577, 00y + 200, o v
We know that, for t > 2, pgt)yt > pgt)xt - slpgt)lly —xil, and for t > 2, pgt_l)vt_l > pgt_l)ut_l— €
SVl - wol.
oo oo oo oo —1
Therefore, )., _, pgt)yt 2 pgt)xt -ely —xily, _, |P§t)| and ) _, pgt )vt_lz

oco t—1 co t—1
Zt =2 pg )ut—l_ SIV - HOIZt =2 ng )l

® oo _ (t=1)

oo oo oo -1
Hence, %72, p0y, + 370 08 v,y 237 pP% + 377 ©

CoaPy ueg-ely —xily, o pi | +

oo -1
v —uly 2, IpSHD.

oo 0 0 1 0o oo -1 0
Thus, ¥.77, [0 24 pPw ] = pOx + pOv + pMy + 377 0Py, + 377 08 P> pOx +

0 1 oo oo -1 oo oo -1
PV + Py + 272, 00 + 277, 08 V- ey - xig 2, ] + v - w2, Ip§ ).

0 0 1 oo oo —1 oo 0
Now, pVx + pOv +pPy + 37 0% + 72 08 P, 1= 37 [pPx+ pPud + v -

up) + Pgl)(y - X1).



Thus, 77 [p0z0+ pPw, 2 372 0Px4+ 0P, - ey - xilg, [pP] + v -

Wiy, IpS D + pS0 (v —wo) + p§P(y = xi).

However, according to our assumption towards a contradiction, pgo)(v — o) + pgl)(y -X1) >
oo oo -1
e(ly —xiIX 2, [pP] + v —ulx 2, [pS ).
Thus, ¥°°  [pPz+ pPw,l > 3% [pPx,+ p? hich in conjunction with
s D=0 IP1 Ze+ Dy W ¢ =0 LP1 " X¢+ Py U], which in conjunction with <(z,
wolte N%>e F(x) contradicts <(x;, uy)lte NO>e S(x).

Thus, it must be that pgT) (y —x1) + pgT_l)(v —ur1) <0.
Case2: T> 1.

Hence, T-1>0and T-22>0.

oo T—2 T-1 T—-1 T
Thus, 372 (00204 pPw, = X722 0P x4+ pPud + 0 Pap_y 4 p8 v +pPy +

oo -1
2 Py 08 P,

oo t t—1 oo t oo t—1
2 PPyt Y v 1 =2 POy 2 p T

co T—2 T—1 _— .
Thus, £;7 [p37ze+ py wel = 3 o [PV %+ pPucd + p§ xea + 95 Dy +ply +
> -1 T-1 T-1 T oo
o4t [pgt)Yt"‘ Pgt )vt—l] = p§ Dx11 + p§ )y + Pg )Y + 2 41 Pgt)}’t +

co t—1
Y =r+1 pg vy

(=1

We know that, for t > T+1, p{¥y: > pOx. - e[p{”|ly - xrl, and for t > T+1, p§ Dvir 2 p§u,

- € ngt_l)llv —url.

oo (t-1)

Therefore, ¥ - (t)yt >y (t)xt - €ly - XT'ZZTH |P§t)| and ), P;

t=T+1P1 t=T+1P1 Vg2

Zoo (t-1)

co (1)
rer41 P2 Ue—1- ElV - ural}, _, 2P

oo t oo t—1 oo t oo -1
Hence, Zt =T+1 Pg )yt + Zt =T+1 Pg )vt—l > Zt =T+1 Pg )xt + Zt =T+1 Pgt )ut—l‘ i—:(ly -
oo t oo t—1
xtly e PO+ v —uralS 2 1SV,
oo T-2 T—1 T—-1 T
Thus, ¥ [p30 20+ 0w = 722 0%+ 0P + 0 P+ p5 Vv +pPy +

t=0
oo oo -1 T-2 T—1 T—1 T
N POy + 2 2 vy 2 T2 Pt pPud + 9 ke + 8 Py 4 p Py +

oo t oo t—1 oo t oo t—1
N POx+ X0 0 T u - ey = xalX D PP+ v — w2 ISP,



T-2 T—1 T—1 T oo
Now, Zt =0 [pgt)xt"' pgt)ut] + P§ )XT—I + Pg )V + p§ )Y + Zt =T+1 pgt)xt +

oo -1 T-2 T—1 T-1 T oo
X —T41 'pgt )ut_l =20 [pgt)xt+ 'p;t)ut] + pg )XT-l + pg )UT-I + 'pg )XT +2, —T41 'pgt)xt

oo -1 T—-1 T T—-1 T (2]
22 S Puy + @8 v+ pPy) - 0 Purs +pPxn) = 277 0Pt pPu] +
T-1 T T-1 T
@5 v+ p"y) - @8 Pura + piPxn).
oo T-2 T—1 T-1 T

Thus, ¥.77 [0 24+ 09w, > 32 [pP e+ pPu] + 0 Pxrs + 8 v + 9Py +

oo oo -1 oo oo -1
N P+ 2 S T ue - elly — xal Ry PP+ v —urlE T ST ) =

Z:O:o [pgt)xt+ pgt)ut] + (pgT_l)(v —ur1) + pgT)(y —xr1) — &y - XTlZ:O:T_I_l |p§t)| + v —ur.

oo -1
Y ISP,

However, according to our assumption towards a contradiction, (pgT_l)(V —ur) + pgT) (y -

oo oo -1
x1)> ey - xtlyee ., PP+ v —uraly 2, 10y VD).

Thus, Z::o [pgt)zt+ pgt)wt] > Z::o [pgt)xt+ pgt)ut], which in conjunction with <(z,

wolte N%>e F(x) contradicts <(x;, u)lte N9>e S(x).

Thus, it must be that pgT) (y —x1) + pgT_l)(V —ur) <0.

(i) Since, <((p%”, p$?), Qo te N®> is an AC-LOC problem, lim Ip®| =0 forie {1,2} and
x&[0, bl, we [0, b] for all te N°. Thus, lim(|p{”|x, + [p§’u) =0. QED.

Note 5.2: Part (i) of proposition 5.2, is similar in spirit to what is referred to in section 5.2 of
Sorger (2015) as the Euler equation. We may refer to part (i) of the proposition above as

“Euler condition.” The condition !im( |pgt) |x; + |pgt) |u:) = 0 in part (ii) of proposition 5.2

resembles the several versions of “transversality condition” that are available in the literature
on dynamic optimization.

The following result, analogous to proposition 4.1 in Mitra (2000), provides a “neat”
sufficient condition for a trajectory starting at x to belong to 5(x).

Proposition 5.3: If for <(x,, u)lte N°>e F(x) and there is a sequence <qIte N°> of non-
negative real numbers satisfying:

(i) For all te N°: pgt)xt + pgt)ut +q"Vxe1 —qV% 2 'pgt)y + 'pgt)u +q®Vz — qVy for all (y, u,

Z)E Qt,
(ii) lim qPx, =0,
then, <(x, u)lte N¥>e S(x).

Proof: Let <(y;, v)lte N%>e F(x).



Then, (i) implies that for all te N°: 'pgt)xt + 'p(t)u +q"x — V% 2 p )y + P,

q(t+1 )Yt+l _ q(t)yt.

(t)

Thus, for all te N°: (p(t)xt + p(t)ut) (p(t)y + pgt)vt) > (q*Dyu1 — qOy0) — (@ Dxe1 — qOx).

Hence, for all TeN®: 37 (p{"x, + p3"u,) - ¥1_o 01"y + pY v0) = (@™ Vyra - qOx) -
(@™%re1 — q0%) = q™Vy1ar - qTVx141 = - ¢ %141, since ¢™Y > 0 and yrv1 = 0 implies
q(TH)YTH > 0.

Thus, 3,2, (017% + 3 u) - 22, @ ye +p3°v) = lim X7, @01, +p3’w) - lim

Teco P1ye +p3 v = im B, (0% + 93 w) — Ty 01y +py v 12
lim — ¢ Vx,,, =0, by (11). Q.E.D.

T—-oo

Note 5.3: Conditions (i), is a variant of what is referred to as the “‘competitive condition” in
Mitra (2000). In Mitra (2000), (ii) is referred to as the transversality condition.

6. Linear Dynamic Programming:

By proposition 5.1 we know that (x, T)e XxN°, $T(x) # ¢, and hence for all Te N°, there

exists a function VT: X —R such that for all xe X, VI(x) = Z ['p(TJr L 'pg D]

for all <(Xt4, urs)lte NO>e 8T (x). Clearly for all for all Te NO, VT is well defined on X.
We may refer to VT as the period-T optimal value function

We will denote V? by V. V is said to be the optimal value function.

Thus, for all xe X, V(x) = pgo)x + pgo)u + Z;O_l p§T+T)xT+T+ pgTH)uTH], where <(xq,

u)lte NO>e S(x).

The following result is analogous to well-known results on dynamic programming available
in Mitra (2000), Sorger (2015) and Lahiri (2025b).

Proposition 6.1: (i) For all Te N°, VT satisfies the following functional equation of dynamic
programming: For all xe X and <(X[, ult > T>eST(x) and t > T: Vi(x() = pgt)xt + pgt)u +

Vitl(x =p9%+ m Iy + prt )
(xt41) = P71 Xt Wl Qt(xt){p )}

(i1) For all xe X: <(xq, ut)lte N0>e S(x) if and only if <(x,, uy)lte N°>e F(x) and for all Te N? it

is the case that VT(xt) = p1 )x + pgT)uT + VI (X741).

Proof: (i) Let Te N° and xe X. Let <(x, u)lt > T>e ST(x).
Thus, VI(x) = Vixn) = X7 (017 + P3 w).

Towards a contradiction suppose there exists t > T, such that Vi(x;) > pgt)x + 'pgt)u +

Vt+1(xt+1)-



Thus, there exists <(yur, Virr)lte NO>e Fi(x,) such that y; = x and 'p1 Dxi + 'pgt)v +

O] () (¥
Z T=t+1

Ve + 2P0 > pPxe+ 0w+ V() 2 pPxe+ pPu+ 37 (0Px,
(T) T)

(p1 (p1

T=t+1

) (1')

Hence, pyvi+ 37 (017ye +p37v0) > pg i+ Vi () 2p i+ X7

pPuy).

Clearly, {tT > t+1I (vT.1, yo) # (Ur1, X0) } # 0.

Let <(z:, wo)l T2 T>be such that zz=x:fort=T, ..., t, Zc =y for all T =2 t+1, we = u; for T =
T,..,t-1(ft>T)and wr=v fort > t.

Thus, <(z¢, wo)l T2 T>€ FT(x) and 3, (p@z, +pPw,) = . (p(T)ZT +pPw,) +

CHNG
2 @z P W),
Case 1:t=T.

T T T
Then, 377 ("2 + P53 we) = p{ 2 + p3 wi+ I (012 + P53 w) = pi %y

T T
Py v+ N 0yt 000 > o + o u BT 00 +p3u) =

7=T+1 7=T+1

Z (p(T)x + p(T)uf), ie., Z:—:T (p(T)Z + p(T)Wf) > Z:T (p(T)x + pmuf), contradicting
<(xt, u)lt > T>e ST(x).

Case 2:t>T.
Then, Z (p(T)z + p Wf) th_ 1T (p(T)z + pg)wf) + ('pgt)zt + pgt)wt) +

S, @z W) =S 0P 9 u )+ 0 e+ v) + 3T 0y,

T=t+1 T=t+1

pPv > 0 x o) + P+ pPu + 3T (P +pPu ) =

©) ©) : (™ ©) oo ©) ©) :
2 (P ! x _+ Dy uf), ie. Z P ! z_+ 2% W1) > ZZ_=T (py" x _+ 2% uT), once again
contradlctmg <Xy, Wt >T>eS T(x).

Thus, it must be the case that, for all t > T: V(x¢) = pgt)xt + pgt)u + VN (xpq) = pgt)xt

+ ( ) a ( ){p u+ V**1(y)}, which is the “functional equation of dynamic programming”.
u,y)ey(x

(i) Suppose <(xi, u)IN’>e S(x). Then from (i) it follows that <(x, u)IN’>e F(x) and for all
Te N° it is the case that VT(xr) = pgT)X + pgT)UT + VI (X141).

Now suppose <xdte N’>e F(x) and for all Te N°: VT(xr) = pgT)xT + pgT)uT + VT (x141).



Hence, V(x) = VO(x) = pVx + puo + V1 (x)=px + pPuo + p{Vx1 + pSPui + V2(xr)
=..= Zt 0 ('p(t)xt + p(t)u ) + VI*!(x1y1) for all Te N.

Since, IV T (xp)l < bY (Ip$] + [p3 ) and since lim 3,7 < (pP] + IpY) = 0, it follows
that }lm VT+1(XT+1) =0.

Thus, V(x) = lim Zt 0 (p(t)xt + p u,) + lim VIt (xr41) =X, (p(t)xt + p(t)ut).

Thus, <(x, u)lte N°>e S(x). Q.E.D.

Note 6.1: Proposition 6.1 and its proof is similar to the second proposition and its proof in
section 5 of Lahiri (2025b).

LOC <((pgt), p; )) Q)lte N°> is said be concave in pay-offs for the control variable if for
all te N°, (x, u, y), (z, v, ¥)e Q and B€ (0, 1), there exists we X such that (8x + (1-8)z, w, Oy
+(1-0)7)e Q and pPw > 0pPu + (1-0)pPv.

If for all te N°, Q is convex, then the LOC is concave in pay-offs for the control variable.
Clearly an LOC-LC is concave in pay-offs for the control variable.

The following proposition and its proof is similar to the first proposition and its proof in

section 5 of Lahiri (2025b).
Proposition 6.2: If <((p§t), P, )), Q)lte N®> is an AC-LOC that is concave in pay-offs for the

control variable, then for all Te N°, VT is concave and continuous on X.

Proof: Let Te N°. For all (x, T), (y, T)e XxN°, let <(x, u) It > T>e ST(x) and <(ys, volt >
T>e §T(y). Suppose 6€ (0, 1) and consider the infinite sequence <(0x; + (1-0)ys, Ou; + (1-0)vy)
It >T>.

Since (X, Uy, Xer1)€ Q¢ and (yi, Vi, Yr1)€ Qi for all t > T and the AC-LOC is concave in pay-offs
for the control variable, for all t > T, there exists wi X such that (0x; + (1-0)y:, Wi, OXw+1 + (1-

0)yw1) e Qi forall t 2 T and pgt)wt = G'pgt)ut + (1—9)pgt)vt

Thus, <(0x; + (1-0)yi, W, Ou + (1-0)v)lt > T>e FT(0x + (1-0)y).
Thus, VI(Ox + (1-8)y) 2 Y. [P0 (%, + (1 = 60)y,) + pYw, 1232 [pl) (é’xt +(1-

0)y.) + pS)(u, + (1 -60)v,) =057, (Vx + pi7u) + 1-0)T7, 0y, + pve) =
OVTI(x) + (1-0)VI(y).
Thus, for all Te N°, VT is a concave function on X.

From corollary 1 of proposition 1 and part (1) of proposition 3 in Lahiri (2025a) it follows
that since VT is concave on X = [0, b], it must be the case that VT is continuous on (0, b) and



both lim VT (x) and lim VT (x) exists and belong to the interval [-2M, 2M] where M =
xX— X—

max (b2, Pi” |, bEZ, (P51} < +oe.

Further, it must be that lim VT(x) =2 VT (0) and lim VT(x) =2 VT(b).
x— x—
Now let xe X and <x™Ine N> be a sequence in X converging to x.

For each ne N, let <(x{", ul) )l te N0>e S(xm).

()

Since xp, ()

=x™ for all ne N, llm N X~ =X

Since, <(x7”, u®, x%,)I ne N> is a sequence in the closed and bounded set XxXxX, it has a

N N N .
convergent subsequence <(xp 1) uTl(") Tj_(ln))lne N> converging to (9, ud, x>, 1)

€ XxXxX, where x =

Further, (le(n) ugl(") yj_(ln))e Qr for all ne N implies (x, u, x%,;)e Qr since Qr is closed.

Having obtained convergent subsequences <(x¥ +(T")1, Uy +(T")1, Xrir ))I ne N>e Qryg forall ©

N N
=1, ..., tfor some t > 1, let <(x t+1(n), Upit! ®) xT‘“( )| ne N> be a convergent subsequence

of the sequence <(ij_(t ), Uy +(tn ), x%_(:l lel ne N> in the closed and bounded set XxXxX,

: N N
converging to (X9, ., Ud, ;. X014 1)€ XXXxX. Since, <(fo|_(tn ), Uy +(t" ), ij_(:l 31' ne N> Qr and

Q. is a closed subset of XxXxX, it must be the case that (x%,,, u%,,, x>, .. 1)€ Qrs.

N:(n) | N:(n) Ny (n) 0 0 0
Yy o Uply Xyl ne N> converges to (X74p, Uryr, X74741)€ Qe

for all T < tand ne N, given € > 0, for all te N, there exists a sequence <ndte N> in N
satisfying ne1 > n¢ for all te N such that for all ne N withn >n;and T <t,

Since, for all te N°, <(x;;

N, +1 T+ T+1)_N T+1). N

(xT+(-[n); u7‘+(-[n) +(1121)€ Qri and Ip( ) T+‘l.'+ pg T)uT+T pg T)XT-tI-(Tn) pg K T-tl-(rn)I <
. T+1t)_N T+t) N T+ T+ T+t N

£yt PSRN SO Sy pTOR 4 pTOud, > pT O

(T+T) Ne(m) €1y
T+t 8(5) .

Note that Z 08 (2 )t < Z ( )T: %1_ (%)Hl)'

7=08 ~2
Thus, for all te N, X°_ (p(T+T)XT+T+ pS Pud, ) > . (p(T“)xﬁ@ + pSOulemy.
£01- @) for all n > n.

Thus, for all te N, 3’ (p(T+T)XT+T+ pgT+T)uT+T)>z (p(T+T)X¥i(:)+ pS " u ﬁ?) 2a

( )t+1) V(th(n)) Zt . gT+T) g_tl_(;l)_i_ pgT+T) ¥-t|-(:)) (1_ (%)Hl) for all n > n..



Thus, for all te N, VT(x) > X% (p(T+T)XT+T+ p Pud, ) = . (p(T+T)XT+T+

(T+‘l.') (T+1v)_0 (T+1) (T+1) _N¢(n)
uT+T) ZT t+1 (p XT+T+ pz uT+T) >V(x t(n)) Zt 1 (p XTj-‘l.’ +
T N T T
ps Ui ) -1 @+ 27 0 s+ py T Vud,) forall n > ne

T=t+1

(T+‘r) N¢(n) (T+t) N; (n)) 8

Thus, for all te N and n > n,, VI(x) > V(xV:(W)- Zt 1 P11 Xt P2 TUrgg
T+ T+
( )Hl) ZZ’ t+1 (p( T)XT+‘E + pg T)uT+t)

By hypothesis, Y1~y [p{”] < + oo for i€ {1, 2} and for all (t, n)e N°xN, both x7,€ [0, b] and
u;nfte [0, b].

(T+1) (T+71) (T+1)| . Ne(n)
> >
Thus, for all te N and n > n,, bZT - [Ip; |+ 1p; |]_ZT 1 [Ilp;  “Ixpie +

(T+T)| Nt(n)]

T+‘l.' :
(T+71) t(m) (T+1),. .N:(n)
Further, for all te N and n > n,, 2 1 [Ip; |xT+ +1p;  Clupic ]2
(T+1) _N:(n) (T+T) N (n)

2 P X + ik

Thus, for all te N and n > n,, VIx) + b [IpS 2| + [p{* )] 2 VI(x)

T=t+1

[lp(T+T)X¥i(Tn) + p(T+T)u¥-tl-‘:L)|] > VT(x) + Z (T+1)  Ne(m) (T+1)  Ne(n)

+Z [lp XT+t +p uT+‘r ]

T=t+1 T=t+1

Thus, for all te N and n > n,, VI(x) + b [|p{* 2] + [pS™*9)) 2 Vix) +

T=t+1
co T+ T+ N T+
%% PO 4 OGO 5 yT ) S g + 57 (0§ O+
T+
pg T)uT+‘r)

Thus, for all te N, VT(x) +bE > [|p(T+T)| +1pY ] = limsup V7 (x:()

n—oo

(T+t)_. 0 (T+1)

(1 ()Hl) Z T=t+1 (p XT+T+ pz uT+T)'

By hypothesis, Z o I'p(t)l <+ooforie{l, 2}.
Thus, limby™ [P0 +1py 1] =

Also, }imf(l — (%)”1) =f and lim ¥ Z (p(Tﬂ)xT+T + pgTH)uTH) 0.



Thus, VT(x) = VI(x) + limb Y. 21+ 157 2 lim limsup V7 (x*®) -

T=t+1 oo

}img(l (5 Lyerty hm (p( JFT)XTJFT + pgTH)uTH) = llm limsup VT(th("))

n—>oo

Thus, VT(x) > hm limsup VT(th(”))

n—oo

The above being true for all € > 0, we get VT(x) > lim limsup VT (Ve

n—>oo

However, lim VT (x™) exists implies lim VT (x™) = limsup VT (x"«() for all te N.

n—oo

Thus, VT(x) > lim llmsup VT (xVe ™) = YT (x) > lim lim VT (x™) = lim VT (x™), ie., VI(x) >

t—0o0 n—oo

lim VT (x(™).

n—oo
This combined with the continuity of VT on (0, b), lim VT (x) = VT(b) and lim VT (x) = VT(0)
X— X—
implies lim VT (x) = VI(b), lim VT (x) = VT(0 ) and hence the continuity of VT on X. Q.E.D.
X— X—

7. Linear Optimal Control with Linear and Square-Root Constraints:

The following is an example of a linear optimal control problem that can be relevant for
intertemporal economics.

For all te N°, there exists a pair of real numbers (a,, by) satisfying a; > 0 and a, + bb > 0 and an
ordered pair of non-negative real numbers (c;, d) satisfying d; > 0 and c; < b, such that for all

xe X, Q(x) = {(u, y)l ue [0, min {x, a; + bx}] and y = min {b, ¢+ dy/ (x — 1) }.

Since for all te N%, ¢, < b it must be the case that for all xe X, [u = x implies y = min {b, ¢;} =
Ct.

Note that the function &l— ¢, + dt\/E on R, assumes the value ¢ at § = 0 is strictly increasing
on R, is twice continuously differentiable on R, , with its first derivative being strictly
positive and its second derivative being strictly negative at all points in R, .. Further, the first
derivative diverges to + oo as § tends to zero.

If y < b, then it must be the case that y = ¢; + diy/(x — u) sothat \/(x— u) =
_ (H)Z

dy

A LOC problem <((p1 . Dy )) Q) te N°> is said to be a linear optimal control problem
with linear and square-root constraints (LOC-LSRC) if all (x, t)e XxN°, Q(x) = {(u, y)

ue [0, min {X, a; + bx}] and y = min {b, ¢+ di,/(x — u) } }.
For a LOC-LSRC if <(x, uy)lte N°>e F(x), then u, = x, — (%)2 if xe1 <b.

t



Proposition 7.1: Suppose <((p1 . D )), Qo)lte N> is an LOC-LSRC with a,= 0, b, = 1 and

pg)i 0 for all te N°. Suppose xe X and <(x, u)lte N> S(x) satisfies 0 < u; < x; < b for all
FRCPRCENRCEY (t+1) | (t+1)
te N°. Then, for all te N°, x1 = ¢ + @0y +py ) and u, = (w)?
2 gt) Zpgt)

Proof: Under the conditions of proposition 7.1 and the assumption that <(x., u)lte N’>e §(x),

it follows that <(y[, volte N%>e F(x), where yr=xcforall T #t+1, vi =y for all T ¢ {t, t+1},

YVi+1—
(—

92 and Vi1 = Y1 —

X —C
Vi= X — (M)z
t

so long as yu1 belongs to a sufficiently small
t

interval around X 1.

Thus, for all te N°, (uy, xw1) is a local maximizer of the optimization problem: Maximize 'pg)u

+ (p(t+1)+ p&””)y, subject to u = x; — (% d_ct)z.
t

Thus, for all te N°, x.1is a local maximizer of the optimization problem: Maximize (p(t+1)

D)y p® e ct)

(t+1) (t)(

+p; +1))y D, )2) is continuously differentiable in a

neighborhood of x1. Thus, its derivative at y = X1 must be zero.

The function yl— (p,

(t+1)

The derivative of the function yl— p; "y - pgt)( )2) in a small interval around X1 1s

@5+ P ) - 200 ()

(d)*”"
d 2 (t+1)+ (t+1)
Thus, (p(t+1)+ pgt“)) 2 (t)(xt;);t) =0 and hence X1 = ¢+ (@) PO i)
(t+1) | (t+1)
Further, u; = x; - (xt(?)zct)z %)2 Q.E.D.
)

Note 7.1: For te N° and (x,, u, y)e Q, u = x implies y = min {b, ¢} = c..

(t+1)

The right-hand derivative of the function yl— (p, "+ p; +1))y (t)( )2)2 aty =cis

(p(t+1)+ p§t+1))

If u is decreased slightly from its initial value of x, then the value of y goes up slightly

leading to an increase in the value of the function, if (p(t+1)+ pgt“)) > 0.

Dy pgtﬂ)) > 0 for all te N’ may be consistent with the premises of

Thus, assuming (p,
proposition 7.1, so that the proposition is not “vacuously true”, i.e., a trajectory satisfying the

premises in the statement of proposition 7.1 exists.

Note 7.2: Proposition 7.1 is a characterization of a “specific type” of solution provided such a
solution exists. It does not provide us with enough information to define optimal decision
rules, which are functions on X.

8. Linear Optimal Control with Linear and Quadratic Constraints:



Yet another example of a linear optimal control problem that can be relevant for
intertemporal economics is the following.
For all te N°, there exists a pair of real number (ay, by) satisfying a, > 0 and a, + bb > 0 and an

. . e d
ordered triplet of non-negative real numbers (ct, ds, ey satisfying di >0, e>0and ci<b < i,
t

such that for all xe X, Q.(x) = {(u, y)l ue [0, min {x, a; + bx}] and y = min {b, ¢ + di(x- u) -
edx —u)?}}.

Since for all te N°, ¢, < b it must be the case that for all xe X, [ue {x - %, x} implies y = min
t

{b, C[} = Ct.

Note that the graph of the function &l ¢, + di§ - e«&% on R, is an inverted parabola that

L . dp)? d
assumes the value ¢ at & = 0, attains its maximum value c; + ( 4:) >0at§= i <
t t
2 ’ 2
dt+ (dt)2+4'etct dt+ (dt)2+4etct

and assumes the value zero at § = . The maximum value of the

Zet
function on R, is strictly greater than c..

Zet

If y < b, then it must be the case that y = ¢ + di(x- u) - el(x — u)?.

A LOC problem <((pgt), pgt)), Q)| te N%> is said to be a linear optimal control problem
with linear and quadratic constraints (LOC-LQC) if all (x, t)e XxN°, Q(x) = {(u, y)!
ue [0, min {X , ar+ bxx}] and y = min {b, ¢ + di(x- u) - e«(x — u)?}}.

Note 8.1: For a LOC-LQC if <(x, u)lte N®>e F(x), then xu1 = ¢ + du(Xc- w) - el(x, — u,)? if

X+l < b.

Further, x1€ [cq, b]. If X411 = ¢ then we {xq, X; - %} for all te N°. However, uy < x,<b < Zth <
t t

d. . d o o .
e—t implies u; = x —e—‘ < 0, which is not possible since u; > 0. Thus, if X¢+1 = ¢ then u; = X«
t t

Also, note that on the set of {ue [0, Xl ci + du(X¢- u) - el(x; — u)2 < b}, the function ul— ¢ +
di(X¢- u) - e(x; — w)? is a strictly increasing and strictly concave function of u. The fact that it
is strictly increasing function of u on {ue [0, x| ¢ + di(x:- u) - ex(x, — u)? < b} implies that if

2
det , (d)?+4ei(ce—y)

i.e., U # X -
Zet

y = ¢+ di(Xc- 1) - el(x; — u)? for any u in this set, then u = x; -

2
di— . ’ (dp)?*+4ec(ce—y)

Zet

Proposition 8.1: Suppose <((p\”, p\”), Qolte N% is an LOC-LQC with a,= 0, b, = 1,
ngl) + pgt+1)> 0 and (d,)? + 4e,(c, — b) > 0, for all te N°. Suppose xe X and <(xi,
u)lte NO>e S(x) satisfies 0 < u; < x; < b for all te N°. Then, for all te N°, u, = x, -
(P04 D) gyp®

pi Py )dt 2

2(p§t+1)+ pgt+1))et

Proof: Under the conditions of proposition 8.1 and the assumption that <(x, u;)lte N%>e S(x),
it follows that <(yi, vo)lte N%>e F(x), where yr = X for all T# t+1, ve = uc for all T ¢ {t, t+1},



Yert = ¢+ di(Xe- Vi) - e — V)2, X2 = C+ AVt - Vie1) - €(Ves1 — Vesq)? 0 long as vy,
belongs to a sufficiently small interval of uy, so that yw1 remains in a sufficiently small
neighborhood of X1 and yw1 <b.

2
dep1+ \/(dt+1)2 +aerr1(Cer1—Xe+2)

2ery1

X2 = Ct + dt(}’t+1 - V1) - et(yt+1 - Ut+1)2 implies Vi+l = Y+l -

Hence, if v remains in a sufficiently small neighborhood of u, vi+1 remains close to uw1 and
satisfies 0 < Vi1 < yir1.

Thus, for all te N: (u, xi+1) is a local maximizer of the optimization problem: Maximize 'pgt)u

+ (p§t+1)+ pgﬂ))y, subject to y = ¢ + di(X¢- u) - el(x, — u)?.

Hence, for all te N°: u, is a local maximizer of the optimization problem: Maximize pgt)u +

(p§t+1)+ pgtﬂ))(ct + di(xc- u) - el(x, — u)?) which in turn is equivalent to the statement, [for
(t+1)

all te N°: u, is a local maximizer of the optimization problem: Maximize 'pg)u +(p; T+
pgtﬂ))(dt(xt— u) - e, — w)?)].

(t+1) + pgt+ 1)

Since we have assumed p; ® (t+1) | (t+1

> 0, the function ul— p, u+ (p; "+ p, ))(dt(Xt‘ u)
- ed(x; — u)?) on [cy, b] is continuously differentiable and locally strictly concave in a

neighborhood of u:. Thus, its derivative at u = u; must be zero.

The derivative of the function ul— 'pg)u + (p§t+1)+ ng—l))(Ct +di(xe- u) - el(x, —u)?)ina
small interval around u; is pgt)— (p§t+1)+ pgtﬂ))dt + 2(p§t+1)+ 'pgﬂ))et(xt -u)

Thus, pgt)— (p§t+1)+ pgﬂ))dt + 2(p§t+1)+ pgtﬂ))et(xt— ue) = 0 implies X¢— ue =

(pgt+1)+ pgt+1)) dt_pgt) (pgt+1)+ p;t+1)) dt_pgt)

so that u; = X -
2(p§t+1)+ Pgtﬂ))et t t 2(p§t+1)+ Pgtﬂ))et
(pgt+1)+ Pgtﬂ)) dt_pgt) (pgt+1)+ ngl)) dt—Pgt) )
Hel’lCC X[+1 = C[ + d[( (t+1) (t+1) ) - e[( (t+1) (t+1) ) . Q.E.D.
2(p1 +p, et 2(p1 +p; et
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